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ABSTRACT. In this study, approximation properties of the Mellin-type non-
linear integral operators defined on multivariate functions are investigated.
In order to get more general results than the classical aspects, we mainly
use the summability methods defined by Bell. Considering the Haar measure
with variation semi-norm in Tonelli’s sense, we approach to the functions of
bounded variation. Similar results are also obtained for uniformly continuous
and bounded functions. Using suitable function classes we investigate the rate
of convergence in the approximation. Finally, we give a non-trivial application
verifying our approach.

1. INTRODUCTION

In this paper, we study the approximation properties of the Mellin-type non-
linear integral transforms which have some important applications in many ar-
eas, such as, optical physics, engineering, statistics, economics, signal process (see
[10, 11, 15, 16, 17, 19, 25, 26]). We have mainly motivated from the recent papers by
Angeloni and Vinti (see [5, 6]). We use the Haar measure, which is invariant under
multiplicative group operation, instead of the Lebesgue measure. In the approxima-
tion to multivariate functions defined on the N-dimensional open interval (0, oo)N
we consider a general summability process rather than the usual convergence, which
enables us to get more general results than the classical aspects.

It is known that a summability method is a common and useful method to handle
the lack of the usual convergence. It is also used for acceleration of convergence
rate of a sequence. We adopt the Bell-type summability methods which are more
general than the Cesaro convergence [18] and almost convergence [22].

Recall the following definitions from the summability theory:

Let A = {[al,]} (n,k,v € N) be a family of infinite matrices. For a sequence
z = (z), A—transform of z is a sequence Az := {(Az),} defined by (Az), =
>heqabgx, (n,v € N) if the series is convergent for every n,v. Then z is A-
summable to a number L if lim,,_, (Az)” = L uniformly in v € N. We will denote
this convergence by

)

A—limz = L.
In this method, regularity of a family of matrices play an important role since
the usual approximation result becomes a special case of a regular summability

process. For general properties of A-summability methods, we refer to the papers
[13, 14, 20, 21, 22].
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We say that a method A is regular if limax = L implies A—limx = L. A
characterization for regularity of a method was given by Bell in [14]: “A is reg-
ular if and only if (a) for every £ € N, lim, o a’, = 0 uniformly in v; (b)
limy, 00 D peq @), = 1 uniformly in v; (¢) for each n,v € N, 377 | |a¥,| < oo, and
there exist integers N, M such that sup,,> y ,en Dopeq [aky| < M”. Throughout the
paper we will assume that the method A is regular together with nonnegative real
entries.

In this paper, we investigate the Mellin-type nonlinear integral operators defined
by

> dt
Toalfis) = St [ Kt f(s0) 55 (1)
k=1 RY {t)
where f € L)? (Rf ) i.e., f is essentially bounded with respect to the Haar measure.
Here we use the following notations:
o RY ={(z1,29,...,2n) 1 2; >0 fori=1,2,...,N},
e s=(51,82,...,5N), t = (t1,t2,...,tn) € R{\L
e st = (Sltl, 82t2, ey SNtN),
o (t) =tity...ty.

In (1.1), we adopt the followings:

o A={[a¥,]} 7, is a regular summability method,

o Ki(s,t) : RY xR — Ris a family of kernels such that Kj(s,t) = Ly(s)Hy(t)
foreverysERfJERandkeN,

o [} : Rf — R is a sequence of functions such that Ly € L

e H; : R — R is a sequence of functions such that Hy (0 nd Hj is
Lipschitz, uniformly in k& € N i.e., there exists a constant C' > 0 such that
|Hg (x) — Hi (y)] < Clz —y| for all z,y € R and k € N,

Then, we observe that 7, (f;s) is well defined (see Proposition 2.1 for details).
Our aim is to apply summability process on the nonlinear integral operators in (1.1).
We should note that the usage of some summation techniques in the approximation
by linear operators may be found in the papers [8, 9, 24, 27]. In this study, we
generalize the results obtained by Angeloni and Vinti [5, 6]. More precisely, under
the suitable conditions on Lj, we will get an approximation with respect to the
variation semi-norm to an absolutely continuous function f of several variables by
means of 7, ,(f). In this approximation we will use the Tonelli variation, which is
more appropriate than the other definitions of bounded variation in IN-dimension.
Then we also evaluate the rate of convergence for suitable Lipschitz classes. The
same process will be done for the classical uniform norm. Finally in the last section,
we give a specific example verifying our approach.

=~

(RY),
0 a

2. SUMMABILITY PROCESS ON THE OPERATORS (1.1) WITH RESPECT TO THE
VARIATION SEMI-NORM

In this section, we investigate the convergence in variation of the nonlinear op-
erators given in (1.1).

We first need the following notations, which were considered in [1, 2, 3, 4, 5, 6,
7,28, 29].

o [ = Hfil [a;, b;] denotes an N-dimensional interval in RY.
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o [} = [a;,b;] denotes the N — 1 dimensional interval, which is obtained
by deleting the jth coordinate of I, i.e., I} = Hf\;l it [a;, b;], so that
I = IJI X [aj,bj].

e For any vector x = (z1, 2, ...,2y) € RY we write x = (x;,xj) where 2, 1=
(1,...,%j-1,%j41,...2¢n). Similarly, we also write f (m;-,xj) = f(x) for
any f : ]Rf — R.

° Lb (Rf ) denotes the space of all functions f : Rf — R such that

/ FeE
By

where (t) = t1ta...ty.

o Let Vi, b1 [f (x;, )] be the one dimensional Jordan variation (in the usual
sense) of the jth section of f.

e Define the (N — 1)-dimensional integral ®; by

v
© (1) = [Vieo [F 050] 774
/. J

N
where (2) = [T,Z;, i Ti
® denotes the Euclidean norm of the vector (®q,...,®y), that is

1

N 3
(b(fvl) = {Z(I)?(f7l)} )
k=1

where @ (f,I) = oo if ®; (f,I) = oo for some j =1,2,...,N.

Then, the variation semi-norm of f on I C Rf is defined as

Vi [f]i=sup Y ®(f, i),
=1

where the supremum is taken over all the finite families of N-dimensional intervals
{J1,J2, ..., Jm} which form partition of I. Then if we pass supremum over all the
intervals I C Rf , we get the variation of f on Rf , namely

V[f]= sup Vi[f].
ICRY
Now let
BV (RY) :={feL,(RY):V[f] <oo}.
Notice that if f € BV (Rf), then f (x;, ) is of bounded variation in the classical
Jordan sense on Ry and Vi, [f (x;, 9] € L), (Rf‘l) for almost every z’; € Rf‘l.
A function f : Rf — R is said to be locally absolutely continuous on I =
Hi]\il [a;,b;] € RY if, for every j = 1,...,N and for every ¢ > 0 there exists
0 > 0 such that for almost every x; € Rf ~1 and for all collection of nonover-
lapping intervals [o”, %] C [a;,b;] v = 1,...,n, >.i_ (Y —a”) < & implies
ooy ‘f (xg, 6”) —f (J:;, a”)‘ < e. By AC),. (Rf), we denote the set of all locally
absolutely continuous functions. Finally, we define

AC (RY) :== BV (RY) N ACj,. (RY),
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which is a closed subspace of BV (R%) with respect to the variation functional (see

[5])-

We consider the following assumptions:

(i) There exists a constant A > 0 such that sup > ;o a”, || Lill;. = A < o0,
n,veEN ®

(43) A—lim R[v L) & | =1,

7i4) for any 6 > 0, A—lim Li (t) 9t | =0, where 1 :=(1,1,---,1),
{t)
[1-t]>6

(iv) VnJI [(C;’)‘] — 0 as k — oo uniformly in every proper bounded interval J C R,

where Gy, (u) := Hy (u) — u; Vy[Gg] is the usual one dimensional Jordan
variation of Gy and m (J) is the length of the interval J C R.

Remark 2.1. Due to the nonlinearity of the kernels of our integral operators,
we need to use assumption (iv). Notice that condition (iv) implies the Lipschitz
property of Hy, asymptotically (see, for details, [6]). But then, the sum in the
definition of T, would start from a sufficiently large number ky. On the other
hand, our operators (1.1) may be written as follows:

T (fi8) = & aiuTil i)

where

T (fis) = [ Kk<t,f<st>>§t>. (2.1)

Hence, if one takes A = {I}, the identity matriz, then we immediately get the
operators (2.1) which were considered in [5, 6]. In this case, our conditions (i)— (i)
reduce to the ones in [5, 6].

Next result gives that the operator 7, , is well-defined.

Proposition 2.1. Let A = {[a’,]} be a nonnegative reqular summability method.
Then for all f € Ly (Rf), Tow(f;s) < oo for all s € Rf. Moreover, if the
condition (i) holds, then T, ,(f) € L}, (RY) for every f € L, (RY).

Proof. By the definition of the operator (1.1), using Holder inequality it can be
seen that

Tow(f9)] < kz-laZkRZ L (6] | (f(st))| ft;
dt

t —
<C Z Ak HLkHLl ||f||L°°
(t) = " g

<Cyay [ ILuo]1f6t)
k=1 RN

< CA||fl
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for every s € Rf . Moreover considering the condition (i), by the Fubini-Tonelli
theorem we obtain that

/ Tolf:9) / Zank / L (8)] | ( <st>>2“> <d>

J\E
<O/Zank\Lk /|f 5%

o0
<O al ILallyy Iy < CANSlly
k=1

which gives the result. ]

We also get the following result.

Proposition 2.2. Let A = {[a’,.]} be a nonnegative reqular summability method.
If fe BV (Rf) and condition (i) holds, then we have

VTow (] < (CAV[S].

Proof. Let I = IIV, [a;,b;] C RY and let {J1,...,J,,} be a partition of I with
Jg = H;V:l [?a;,9b;], ¢ =1,2,...m. For every fixed j =1,...,Nand g=1,...,m
assume that {sg =%aj,..., 5?‘ =1 bj} is a partition of the interval [?a;,?b;]. Then
for each s’ € I}, we obtain that

e

i\:iak | L (t) ’Hk mof (5} J)) Hk(th( —1))‘:11;

p=1k=1 R

-1
Towf (55 54) = T (s5,557"))|

IN

N
+

A
<C2ank/\Lk Z th (s5:57) th(ﬂ’ % 1)‘&5

dt
<CZank/\Lk Vi, [ 5529)

RY

where 7 f (s) := f (st) s, t ERf denotes the dilation operator. Then passing to the
supremum over all partitions of [7a;,7b;], we get

Vieay av] [Taw f (55,7)] <C Y aly / | Lk ()] Viaay a6, [16.f (5,)] t)’
k=1



6 ISMAIL ASLAN AND OKTAY DUMAN

By the Fubini-Tonelli theorem, one can see that

ds’;
o, (ol <C/ St [ 101V 8 5 5 | 72

RN

b/

dsj | dt
-0y / Le(o) / View oy [0S (55.7)] 722

> dt
—cS / L)1, (. T) T
k=1 g
s

Using the generalized Minkowski-type inequality it is not hard to see that

2y 3
BT I <CLS Zank JIZCILACORAL
J=1 \ k=1 RY
2y 3
%) N
<oy andy /|Lk % (n():. 7))
k=1 7j=1

+

oo N 2
<oy, / Lk (t) {Z@j <n<f>,Jq>>2} de
k=1 Rf

=1

fczank/wk )@ (re(f), Ty) T
RN

Now summing over ¢ = 1,...,m and passing to the supremum over the partitions
of {J1,..., Jm} then we get the following:

Since I C RY is an arbitrary interval, by (i)

< CVIAY_ankliLelly, = (CAVf]
k=1
holds for all n,v € N. O

Now we get the first approximation result with respect to the variation semi-
norm.
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Theorem 2.3. Let A = {[al,]} be a nonnegative regular summability method.
Assume that conditions (i) — (iv) hold. Then, we have

lim V [Tn.(f) — f] =0, uniformly in v € N,

n—oo

for every f € AC (Rf)

Proof. Using the same notation in the proof of Proposition 2.2, we may write from
the triangle inequality and condition (7) that

0= 3o (55 ) £ 68) — [T (5:557) 1 (5.567)]
pn=1
< iia ’9/|L’c )| [ H (f (SJtJ’S?t ) - f(SJtJ755t)
p=1k=1 RN
- (1 (1 (st 00)) =1 (s70)] |
A oo
# 30 3 at [ IS ($58505005) — 1 (5:5))

p=1k=1

holds. Now passing to the supremum over the partitions of the interval [Za;,? b;]
we get the next inequality

Vida;.a0;) (Taf (82‘7 )= f (3;, 9]
dt

S [ O e/~ )

+Zank/|Lk (t)| Viaa, a0 [(Tt (f)—1) (s], )] %

/ oo , dt
Voo [ (509)] Zank/Lk(t)wl .
k=1 Rf
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Hence, the Fubini-Tonelli theorem implies that

dt
< Zank / L)1, (7 (Heo £ = 1)) s
]R+
I NI ACILAC R RAR:
k=1 RY
> dt
RSN ) SE RACE- S
k=1 Py
BN
Using the generalized Minkowski inequality, we obtain that
® (Tnw(f) = f.Jq)
= dt
<Y aly [ L)@ (re (Hio f = £),Jg) 71
k=1 (t)
]RN
23 an [l e - &
" ) o)
k=1 RY
= dt
o v L (t 1
F () [ [ Lo
sy
Summing over ¢ = 1,...,m and after passing to the supremum over all the parti-

tions of N-dimensional interval I, one can see that

Vi [Too(f) =[]
<Zank/|Lk WVilne (o f = D] 55

+Zank/|Lk ) Vi e (f) f]ﬁfj

RN

+ Vi f] ay Lp(t)— —1
gy / HHT)
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holds. Since I C RN is arbitrary, we derive the following inequality:

VIT, <Zank L1V [ (o £ = D) G
]R+
= dt
" gk/ LV (1) 1) G

=: Ii(n,v) + Is(n,v) + I3(n,v).
It follows from the properties of variation in Rﬁ that

Vir (Hiof = f)] =V [Hiof - fl]

for every t € Rf. Now, if we consider the hypothesis (iv), then Proposition 3.3 in
[6] implies that, for a given € > 0 there exists ko such that V [Hy o f — f] < & for
every k > ko. Then, we can divide I;(n,v) into two parts as follows:

- dt

L ( [Hy, o Li( [Hy o —

Zank/u IV e f =115 kkz+1nk/|k IV IHef =15
::Il(n,l/)—i—ll(n,u).

We observe that
ko

Ii(n,v) < MZaka,
k=1

where M = maxi<p<i, { V [Hr o f — f] [ |Li(t)] (C}:—t) . We also get
RN

dt
Ilnz/<52a /|Lk t)] —

k=ko+1 R_’X <t>

Now using the regularity of A and also considering the hypothesis (i), both I{(n,v)
and I#(n,v) converge to zero as n tends to infinity (uniformly in v).
On the other hand, from Theorem 1 in [5], for every £ > 0, there exists a § > 0
such that |1 — t| < ¢ implies
Vir(f)—fl<e (2.2)

So, we divide Iz(n,v) into two parts as follows:

o0 dt
szlagk / |Li()| V [ (f +Z“nk / |Lk(t>|v[7’t(f)_f]®

[1—t|<6 [1-t|>6
= I3(n,v) + I2(n,v).
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Now considering (7i7) and (2.2), it is obvious that

I%(?LV)—&-IQQ(TL,V) SA*{':"’_V[Tt (f) —f]g
<(A+2V[f])e

holds for sufficiently large n € N and for each v € N, which means that I3(n,v)
and I2(n,v) converge to zero as n tends to infinity (uniformly in v).

Finally, condition (i7) guarantees that I3(n,v) also goes to zero as n tends to
infinity (uniformly in v). Therefore, the proof is completed. |

Now we study the rate of approximation for the operators in (1.1) using the
suitable Lipschitz class of functions of AC' (Rf ) . To evaluate the order of approx-
imation we need the following assumptions which are observed by modifying the
assumptions (i7) , (i44) and (iv).

Let 0 < a < 1. Then we will assume that

Zazk /L;c (t) 211; —1=0(n"") as n — oo (uniformly in v), (2.3)
k=1

N
R

for any fixed 6 > 0,

= dt
Za;/ﬂc / Ly (t)] log t| ) =0 (n"*) as n — oo (uniformly in v), (2.4)
k=1 |1-t|<é
Z np, / |Li (t)] % =0 (n~*) asn — oo (uniformly in v). (2.5)
FEL -tze

We use the following class of functions, which was introduced in [5, 6]:
VLip" (a) == {f € AC (RY) : V[rf — f] = O(Jlogt|*), as |1 —t| =0},
where logt := (logty,...,logtn), t € Rﬂ\_’.

Theorem 2.4. Let {Ly} be a sequence of kernels such that supyey || Lil| 0 = M <
i

oo for some M > 0, and let o € (0,1]. Assume that (2.3), (2.4), (2.5) hold.
Assume further that {B} is a null sequence of positive real numbers satisfying that

VilGr] B
m(7) ="k (2.6)
(for all k € N and for every bounded interval J C R)
and
Z at.Br =0 (n™%) asn — oo (uniformly in v). (2.7)
k=1

Then for every f € V LipN ()

V(Taof —f1=0 (") asn— oo (uniformly in v).
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Proof. By the proof of the Theorem 2.3 it is obvious that

VTowf — 1< aV [Hyo f— f] / ILa(t)] 33
k=1 RN

=, dt
+Z¥ﬁJMNMan—ﬂ@
=, dt
+VIf] kz_lankRsz(t)M 1

= Ji(n,v) + Ja(n,v) + J3(n,v).

About Ji(n,v), by Proposition 4.1 in [6], (2.6) implies that V [Hio f — f] < B
and using the hypothesis sup,en || Lx| ;1 = M < oo it follows that

Ji(n,v) <MY aly B,
k=1

which implies
Ji(n,v) = O(n~%) as n — oo (uniformly in v). (2.8)

due to the assumption (2.7). About Jo(n,v), since f € VLip" («), there exists K,
§ > 0 such that V [ref — f] < K |logt|” whenever |1 —t| < §. Then it is not hard
to see that

Ran) =Y [ LIV R () -1 5
k=1

[1—-t|<d

+Z%k/|uwvmmﬁﬂf
=L s
ﬁ

<k a [ mlhost”

k=1 1 %)<s

dt

+wm;%k/|mmm.

1-t1>5
Then, using (2.4) and (2.5), we get
Ja(n,v) = 0(n™%) as n — oo (uniformly in v). (2.9)
Finally, from (2.3), we immediately see that
J3(n,v) = O0(n™%) as n — oo (uniformly in v). (2.10)

So, combining (2.8), (2.9) and (2.10), the proof is completed. O
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3. APPROXIMATION BY THE OPERATORS (1.1) WITH RESPECT TO THE
UNIFORM NORM

In this section we study the approximation properties of the nonlinear operator
(1.1) by using the classical uniform norm on R¥, denoted by ||| ...

Let |x| be the Euclidean norm of the N-dimensional vector x. We say that a
real-valued function defined on Rf is log-uniformly continuous if, for every € > 0,
there exists a § > 0 such that |f (x) — f (y)| < ¢ for every x,y € R¥ satisfying
log x—logy| < & (see, for instance, [12, 23]). By B (RY) and UClog (RY) we de-
note the spaces of all bounded functions and all log-uniformly continuous functions
on Rf, respectively. We also define BU Cioq (Rf) = UCog (Rf) NnB (Rf)

In the uniform approximation, we need the following assumption instead of (iv):

(iv) ||Gkll; — 0 as k — oo for every bounded interval J C R, where Gj(u) =

Hj(u) —u as stated before and ||-|| ; denotes the usual uniform norm on the
interval J.

We first get the next result.

Proposition 3.1. Let A = {[a’,.]} be a nonnegative reqular summability method.
If feB (Rf) and (i) holds, then there exists a positive constant D such that

[T (Pl e < DI flloo
for every n,v € N, which implies T, ., (B (Rf)) CcB (Rf) .
Proof. By the definition of the operator (1.1), one can see that

= dt
T (39| < ;/ L] 1 ()] T

> dt
<C) ap [ [Le(®)[[f(st)] =

oo
<Clifllo D @ikl

k=ko
<CA|fllo
which gives
[ Tnw (oo < D11l
with D := C'A. Here the constants C' and A come from the Lipschitz property and
condition (7). O

Then, we obtain the following approximation result with respect to the uniform
norm.

Theorem 3.2. Let A = {[al,]} be a nonnegative regular summability method.
Assume that conditions (i)—(iii) and (iv) hold. Then, for every f € BUCloq (RY),
we have
nhHH;O | T (f) = flloo = 0, uniformly in v €N,
or, equivalently,
A-IimTy(f) = f,
where Tp,, and Ty, are given by (1.1) and (2.1), respectively.
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Proof. Using the triangle inequality, we get the following

1Tu(F) = Fl Zk/ La(®)] e (Hivo f — f>||ooftt>
= dt
+k§k/ L 17() = Fle T

- dt
v L _
1l k§:1:ank / W)y 1

= Ii(n,v) + Iz(n,v) + Is(n,v).

Observe that || (Hg o f — f)|l = [Hk o f — fll = |Gk ()|, for every t € RY.
On the other hand since f is bounded, one can conclude that

Gx (f GO < MGl = sup |H (u) = ul,

where J = [C1, Cs] and C7, Cs are the minimum and maximum values of f on Rf
respectively. Hence by (iv)’, for every & > 0 there exists a number ky such that
|Gkl ; < e for all k > ko. Then the sum I;(n,v) becomes

ko
B €3 el lGuly [ Le(b)] G +e4
k=1 ]Rﬂ\r’
ko
<D al +eA,
k=1

where D := maxi<p<k, | [|Gkll; | |Li(t)] ?Tt) . Also considering the regularity of
RN

A, we immediately see that

lim I1(n,v) =0, uniformly in v.
n— oo

Since f is log-uniformly continuous on ]Rf , for every € > 0 there exists a v > 0
such that [log (st) —log (s)| < v implies |f (st) — f (s)| < €. Using the fact that

[log (st) — log (s)[ = [log (s) + log (t) —log (s)| = [log (t)],

we observe that |[logt| < + implies |f (st) — f (s)| < e. Also since |[logt| — 0 as
|1 —t| — 0, for a given v > 0, there is a § > 0 such that |logt| < v whenever
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|1 — t| < 0. Hence, taking into account the condition (i), we get

s d
By =Y a | |Lk<t>||mf—f|\oo§
k=111 %<5
o d
| |Lk<t>|||nf—f||ooé
F=L e
> dt
A v L —_—
< e 2011 3oy JC

|1—t]>0
Hence, from the assumption (ii7) we obtain that

lim I3(n,v) =0, uniformly in v.
n— oo

Finally, condition (i7) immediately gives that

lim I3(n,v) =0, uniformly in v.
n— oo

Combining the above results, the proof is completed. O

Now we investigate the order of approximation. For this, in addition to the
conditions (2.3), (2.4) and (2.5) we need the following Lipschitz class.

Let 0 < a < 1. Then, by ULip" (a) we denote the class of all functions f
belonging to BUClog (Rf ) for which

I7e(f) = flls = O (llogt|*), as [1—t[ — 0.

Theorem 3.3. Let A= {[a%,]} be a nonnegative reqular summability method and

let {Li} be a sequence of kernels such that supyey || Lkl = M < oo for some
b

M >0, and let o € (0,1]. Assume that (2.3), (2.4), (2.5) hold. Assume further

that {vx} is a null sequence of positive real numbers satisfying that

(for all k € N and for every bounded interval J C R) ’
and
Z abve =0 (n™%) asn — oo (uniformly in v). (3.2)
k=1

Then, for every f € ULip" (),

| Tow(f) = fll, =0 (n*"‘) asn — oo (uniformly in v).
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Proof. As in the proof of the Theorem 3.2, it is clear that

=, dt

IToslf) = e < 3t |Gk||JR4 L) G5
S v T
+3 o JZCIEGE

N
R

= dt
e[St [ e G -1
k=1 RY
= Ji(n,v) + Ja(n,v) + J3(n,v)
holds. From (3.1), we get
Ji(n,v) < MZaZlﬂk'
k=1

Therefore, using this and also considering the assumptions (2.3), (2.4), (2.5), (3.2)
we easily arrive to the following:

Ji(n,v) = O (n™%) as n — oo (uniformly in v).

for each ¢ = 1,2, 3, which completes the proof. [

4. AN APPLICATION AND GRAPHICAL ILLUSTRATIONS

In this section, using the operators (1.1), we approximate to the function
1
x,y) := — |(sin (log z) , sin (lo 4.1
f(z,y) \/5\( (log ) , sin (log y))| (4.1)
defined on Ri.
Using the inverse triangle inequality, one can see that

f (z,y) = f (u,0)] = % [|(sin (log z) , sin (log y))| — |(sin (log u) , sin (log v))|
1

< 7 |(sin (log ) — sin (log u) , sin (log y) — sin (logv))]

1
< 7 |(log  — log u, logy — log v)| .

Then we immediately get f € BUClog (R2).
Define the functions Ly : Ri — R and Hy : R — R as follows, respectively:

4k? k ) 5 9 1
= ((4) +1)5t, i (s— 124 (t—1)2 < —
Lp(s,it):=4 T Ak (4.2)
0, otherwise
and P
_J utet -1, fo<u<1
Hy, (u) T { w el/(uk) -1, if u > 1, (43)

where we extend Hy, (u) in the odd-way for u < 0.
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Consider the Cesaro matrix summability A = {C1} = {(¢nk)} given by (see [18])

1

— 1<k<n
Cnk = n

0, otherwise.

Now take a = 1. Then, we show that all conditions (i) — (iv) and (2.3) — (2.7)
hold. By the definition of Ly, we get

n 4 n
Sewlily = — DK ((-DF+1) // dsdt
k=1

=1 (1-)2+(1-1)2< Ly
1 n A
= 22 (=04
k=1
_ 1, if n is even
- 1—1  ifnis odd,

which immediately implies (7). Using the last equality, we may also write that

which gives conditions (ii) and (2.3) for a = 1. Now, for any fixed § > 0, we get

1/4 dsdt

Z Cnk // |Lk(s,t)] (log2 s + log? t) m

k=1 1 sy2{(1-t)2<s?

1 & dsdt
—Z /|Lk(s,t)| (log® s + log® t)1/4s—
n— st

IN

2
]R+

4 n
= —> K (-DF+1) // (log” s + log> t) /* dsd.
nm
=t (1—s)*+(1—t)?< Ly
3

Since (1 —s)?2 + (1 —t)? < ﬁ < i, we observe that 5 < s < 5 which implies

1
2
log s| < [1— s|. Similarly, |logt| < |1 —¢| due to £+ <t < 2. Hence,

log? s +log?t < (1 —5)% + (1 — t)?
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holds. Then, it follows from the last inequality that

1/4 dsdt

n
Z Cnk // |Li(s,t)| (log” s + log® t) "
k=1

(1—s)24(1—1)2<52

< %ZkQ (=1)F +1) // (1= 92+ 1 —1)2)"" dsat
h=1 (1=s)+(1-)2< 2y
. or 1/2k
- S R (DR + 1)/ / /2 drdo
nm 1 ) )
2~ 1
< - ; N

Since >"7_, ﬁ < 2y/n, we may write that

1/4 dsdt < 4

chk // |Li(s,t)| (log® s + log*t) st~ /n’

k=1 g2 (1—1)2<s?

which guarantees that condition (2.4) is satisfied for o = % By using a similar way,
for any fixed & > 0 and for any sufficiently large n, we observe that

- dsdt
chk // |Lk(8>t)|7
k=1

[

(1-8)24(1-1)2252

]

S~

1
n
k=1

(1=s5)2+(1-1)%242
1 n
+— Ly (s, t)| —
DS I e
k=]l (-s)24(i-t)220
with the convention that the empty summation is zero, where [-] means the integer

part. From (4.2), the second summation on the right-hand side of the last equality
must be zero. Since

[25]
dsdt
| Li(s,)] e
F=1 (1624 (1-1)2262
4 125]
= =) K (-DF+1) // dsdt
™
k=1

1
2<(1-8)2 4 (1-1)2< 1y

2w k

] 1/2
k2 / / rdrdd
1 F)

0

E

o«""

IN
2|

k=

IN
S| =
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we obtain that

) O

s on — d/n’
FEL (1-s)2 4 (1-1)2 262

1
5

which yields conditions (ii¢) and (2.4) for a =

DU S

A

FIGURE 1. Approximation to f by means of 7y, ., (f) for odd values
of n = 15,23, 35.

FIGURE 2. Approximation to f by means of 7, ,, (f) for even val-
ues of n = 4,10, 20.

Finally, we know from [6] that the function Hy in (4.3) satisfies assumptions (iv)
and (iv)’; and also for every bounded interval J C R
ViG] <2
m(J) ~ k
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holds. Hence, defining the null sequence {8y} = {%}, one can get assumptions
(2.6) and (2.7).

As a result, it is possible to approximate to the function f defined by (4.1) by
means of the sequence {7,(f)} based on (4.2) and (4.3). This approximation is
indicated in Figures 1 and 2 for different values of n, where the bottom surface
coloured with blue shows the graph of f.
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