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SUMMATION, TRANSFORMATION, AND EXPANSION FORMULAS
FOR BIBASIC SERIES

GEORGE GASPER

Abstract. An indefinite bibasic sum containing three parameters is evaluated
and used to derive bibasic extensions of Euler's transformation formula and of
a Fields and Wimp expansion formula. It is also used to derive a transformation
formula involving four independent bases, a 9-Lagrange inversion formula, and
some quadratic, cubic and quartic summation formulas.

1. INTRODUCTION

Defining the ^-shifted factorial by (a;q)0 = 1, (a;q)n = (1 - a)(l - aq)
■ ■ ■ (1 - aq"~x), n > 1,  and letting

K -a2.am;q)n = (ax;q)n(a2;q)n---(am;q)n,

an r<j>s basic hypergeometric series in base q may be defined by

r s h        h ¿S<«.*i.**:«)/ '
ax, ... ,ar
bx,...,bs

where (5) =«(«-l)/2.
Even though there is extensive literature on summation and transformation

formulas for these series (see, e.g., Slater [21] and Gasper and Rahman [13]),
very little has been published on series containing two or more independent
bases. In 1966, Andrews [4] derived a double series expansion for a series
containing two independent bases and then used it to derive mock theta function
identities, including all of the known identities for the fifth order functions of
Ramanujan. One year later, Agarwal and Verma [1,2] used contour integrals
and the calculus of residues to derive some transformation formulas expressing
certain sums of bibasic series of the form
.. y. ^("1.ar;g)n(bx,... ,bt;p)n_„
{     ] ^(cx,...,cs;q)n(dx,...,du;p)nZ

in terms of other sums of similar series._
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258 GEORGE GASPER

In 1973, Carlitz [9, Theorem 5] used the g-binomial theorem to prove that
the system of equations

f^(Q;q)n(P',p)k\p;p)„-k
« = 0,1.N,

is equivalent to the system of equations

(1.4)

t'0l-apnq-k(p;p)k(p;p)n_k(p-n/a;q)k

« = 0,1.N.

Eleven years later, Al-Salam and Verma [3] used the fact that the «th in-
difference of a polynomial of degree less than « is equal to zero to derive
the bibasic summation formula

( _£\ A (-i)W;«),.,  (°-7)=s
(L5) V   <i)t0(p;p)k(p;p)n-kP

where (a;q)_x = (l-aq~x)~x and ân m is the Kronecker delta function. They
used (1.5) to show that Euler's transformation formula

oo oo k

(1-6) Ev^B-^f^*^
n=0 k=0

where

and
f(x) = b0 + bxx + b2x +

kav.-b-O-,
j=0

and Jackson's [17] ^-analogue of it have a bibasic extension of the form

TTa»,        \*     VV     \*f "    *    ï      ^   (l-ap"q")w"AnY^AnBn(-xw)   =J2(-x) (aqp  ;i),_1^__- "
»=0 fc=0 n=o(P>P)k-n(aaP   >«)«

X¿    ip;p)j   XB^P   ■

They also observed that (1.7) is equivalent to the fact that the triangular matrix
77 = (hnj), where

nn h        (-^rJ(aqp";q)n_x(l-ap]q])
nj (p-,P)n-j(aqp  ;q)j
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BIBASIC SERIES 259

is inverse to the triangular matrix G= (gjn), where

(19) g. JapHqn\q)!-»pW.
(      ] gj" (P\P)j-n

Gessel and Stanton [15, 16] pointed out that this is equivalent to the above-
mentioned Carlitz result and that these are also equivalent to a bibasic analogue
of Lagrange inversion for x/(l - x) +x and for x/(l - xr) +x. In addition,
they used these results to derive identities of the Rogers-Ramanujan type and
observed that, since inverse matrices commute, the fact that G = H~ is also
equivalent to the bibasic summation formula

,lim T-yl-apq   (a;p)k(q    ,q)k   „k     .

~     1-û     (q\q)k(apq";p)k "'°

Mizan Rahman [19] gave another proof of (1.10) and used the special cases
p — q and p = q to derive some quadratic and cubic summation formulas.
The author observed that Rahman's proof of ( 1.10) could be extended to infinite
series to give

(lid fl-aÍ¿&uíCiíW.o
¿To     l~a     (r,a)k(abp;p)k

when max(|/?| ,|^|,|Z)|)<1, and that this formula could in turn be extended to
the transformation formulas

f,l-apqK(a;p)k(c/b;q)kbk
fi     1-a     (q;q)k(abp;p)kk=0

oo

(1.12)

1-g v- (aP>P)k(clb^)k(h^k
- l-bf^ (q;q)k(abp;p)kK q)

l-c   ^(ap\p)k(cq/b;q)kuk

l~abPto (q\q)k(abp2;p)k

(l-cUap-p)^ A (¿^^(cg/jg)^^
V-bKabP>P)0ofrj(p;p)k(bqpk;q)

when max(|/?|, \q\, \ap\, \b\) < 1, where

(a;q)00 = (l ~a)(l -"AX1 -aq2)-- ,        \q\ < 1.

After receiving a copy of these formulas, William Gosper observed in a letter
to the author that the series on the left sides of (1.10) and (1.11) telescope,
yielding the indefinite bibasic sum

(113) y l-apkqk    (a;p)k(c;q)k   £-k _  (ap\P)„(cq\q)n c~n
¿J     1-a     (q;q)k(ap/c;p)k (q\q)n(ap/c;p)n

where « = 0,1,2,....
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260 GEORGE GASPER

In this paper we shall extend ( 1.13) to the bibasic indefinite summation for-
mula

(1.14)

"(l-apkqk)(l-bpkq-k)      (a ,b;p)k(c ,a/bc;q)k       k
¿J (l-fl)(l-6) (q,aq/b;q)k(ap/c,bcp;p)kq

(ap,bp;p)n(cq,aq/bc;q)n
(q,aq/b;q)n(ap/c,bcp;p)n

and give several applications of it; including extensions of (1.7)—(1.9), some
quadratic, cubic, and quartic summation formulas, a transformation formula
for a series containing four independent bases, and extensions of Verma's [25,
p. 349] extension of the Fields and Wimp [11] expansion formula

(1.15)

Fr+t    s+u
aR'CT .
bS'dU

; xw = E («AKdU-*)"

\n + a,n + ß ,n + at
* r+2 ,+i [  i + 2n + 7tn + bs

X  t+2Fu+2
-n ,n + y ,cT

a,ß,dv
; w

where

(1.16) (fl)0=l,       (a)n=a(a+l)---(a + n-l),       «>1,

is the shifted factorial function and the contracted notations used are aR for
ax,a2.ar,  (aR)n  for (ax)n(a2)n ■ ■■ (ar)n , and n + aR  for n + ax,n +
a2, ... ,n + ar.

2. Derivation of (1.14) and some extensions

Set

(2.1) s. - (ap, bp ;p)n(cq,aq/bc;q)n
"     (q,aq/b;q)n(ap/c,bcp;p)n

for « = 0,1,2, ... , s_, = 0, and define the difference operator A by

Asn=5„-i„_,.

Then As0 = sa = 1,

X^ = v        «>0,
fc=0
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BIBASIC SERIES 261

and, hence, (1.14) follows from the observation that

*** =•**-■**-!
_ (ap.bP;P)k_i(cq>aq/bc;q)k_x

(q,aq/b;q)k(ap/c,bcp;p)k
(2.2) x {(1 - apk)(l - bpk)(l - cqh)(l - aqk/be)

- (1 - qk)(l - aqk/b)(l - apk/c)(l - bcpk)}

= (l-apkqk)(l-bpkq-k)      (a,b;p)k(c ,a/bc;q)k       k
(l-a)(l-b) (q ,aq/b;q)k(ap/c ,bcp;p)kq

for k = 1,2, ... . Now that ( 1.14) is known, it can also be verified by induction
on «.

Theseriesin (1.14) is partially of well-poised type in the sense that b(aq/b) =
aq and c(ap/c) = (a/bc)(bcp) = ap. Gosper's formula (1.13) follows from
(1.14) by letting b tend to zero or infinity. Formula (1.14) also holds for
« = oo, provided that \p\ < 1 and \q\ < 1, whereas the right side of (1.13)
tends to zero as n —► oo if |c| > 1, yielding formula (1.11) with b — c~ .

When c = q~" , « = 0,1, ... ,  formula (1.14) reduces to

n ,* A (l-apkqk)(l-bpkq-k)     (a ,b;p)k(q-" ,aq"/b;q)k      k =
h O"«)*1-*) (q,aq/b;q)k(apq",bpq-";p)kq        "'°'

since (qx~n ;q)n — 0 for « > 1. This formula was independently derived in an
equivalent form by Bressoud [8, §4].

Note that by replacing a, b , c in (1.14) by pa , pb , pc, setting p = q
and letting q —» 1, we obtain the limit cases

(2.4)

and

(2.5)

"(a + k + k/X)(b + k- k/k) (a)k(b)k(Xc)k(Xa -kb- Xc)k
f-^ ab k\(ka+l-kb)k(a+l-c)k(b + c+l)k

(a+l)n(b + l)n(kc+l)n(ka+l -kb-kc)n
n\(Xa+l-kb)n(a+l-c)n(b + c+l)n

I" a,l+ka/(k+l),l+kb/(k-l),b,kc,ka-kb-kc
6  5[ka/(k+l),kb/(k-l),ka+l-kb,a+l-c,b + c+l

r(ka + 1 - kb)Y(a + 1 - c)T(b + c+l)
T(a + 1 )T(b + 1 )T(kc + 1 )T(ka + I - kb - kc)'

It should also be noted that when p — q formula (1.14) reduces to

.2*
(2-6)      E1^1 -aq        (a,b ,c ,a/bc\q)k       k _ (aq.bq , cq , aq/bc ;q)n

q  =
k=0 a   (q ,aq/b,aq/c ,bcq;q)k (q ,aq/b ,aq/c ,bcq;q)n
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262 GEORGE GASPER

which is the special case e - aqx+" of Jackson's sum [21, (IV.8), p. 247]

8^7

(2.7)

a ,qy/a , -qy/a ,b ,c ,d ,e ,q "
\fà, - s/a , aq/b , aq/c , aq/d, aq/e, aqx+" '

(aq , aq/bc , aq/cd , aq/bd ; q)n
(aq/b , aq/c , aq/d , aq/bcd ; q)n '

where a q = bcdeq . It was in trying to derive a bibasic extension of (1.13)
which would reduce to (2.6) when p = q that the author discovered the choice
of sn in (2.1). One may, of course, further extend (1.14) by proceeding as
above with sn replaced by, for example,

n g) c =  ^P)n(b^)n(c;P)n(d;Q)n
"    (e;p')n(f;q')n(q;P')n(h;Q')n'

but then Ask does not simplify as in (2.2), except in special cases.
Formula (1.14) can be extended to a transformation formula containing four

independent bases. Just observe that, since
n n—k n n—k

(2-9) E«*E4 = E^E^
k=0       j=0 k=0        j=0

by a change in order of summation, if we take

_(l-apkqk)(l-bpkq-k)      (a ,b;p)k(c ,a/bc;q)k       k
k (i-a)(l-b) (q,aq/b;q)k(ap/c,bcp;p)kq

and
(l-APkQk)(l-BPkQ~k)       (A,B;P)k(C,A/BC;Q)k k

k (i-A)(l-B) (Q,AQ/B;Q)k(AP/C,BCP;P)k{¿   '
then we obtain

(2.10)
^(l-apkqk)(l-bpkq-k)      (a ,b;p)k(c ,a/bc ;q)k
f^o (l-a)(l-b) (q,aq/b;q)k(ap/c,bcp;p)k

(Cp-"/A,p-"/BC;P)k(Q-",BQ-"/A;Q)k   k
X (Q-"/C , BCQ-"/A ; Q)k(P~"/A , P~"/B ; P)k Q
(ap,bP;p)n(cq.aq/bc;q)n (Q ,AQ/B;Q)n(AP/C ,BCP;P)n
(q,aq/b;q)n(ap/c,bcp;p)n (AP ,BP;P)n(CQ , AQ/BC ;Q)n

^(l-APkQk)(l-BPkQ~k)       (A,B;P)k(C,A/BC;Q)k
Xh (l-A)(l-B) (Q,AQ/B;Q)k(AP/C,BCP;P)k
y   (cp-"/a,p-"/bc;p)k(q-",bq-"/a;q)k     k

(q~"/c , bcq-"/a ;q)k(p~"/a , p~n¡b ; p)k

for « = 0 , 1 , 2 , ... ,  which reduces to (1.14) when C = 1.
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BIBASIC SERIES 263

When p = P = Q = q, (2.10) reduces to a transformation formula for
'split-poised" x0<j>9 series:

10^9 Q,q

(2.11)

a.qs/a.-qs/a',b.c.a/be,C/Aqn, l/BCq",B/Aq",q~n
y/ä, -s/ä,aq/b,aq/c,bcq, \/Cqn ,BC/Aqn, l/Bq", \/Aq" '

(aq, bq, eg, aq/bc, Aq/B, Aq/C, BCq; q)n
(Aq, Bq¡ Cq, Aq/BC, aq/b, aq/c, beq; q)„

A,q\fA, -q\TÂ,B, C, A/BC,c/aq", \/bcq",b/aq",q~"
XlO09 \ÍA,-\ÍA, Aq/B, Aq/C,BCq, l/cq",bc/aq", \/bqn, \/aq" <l,<¡

Formula (2.10) can also be used to derive a transformation formula containing
two independent bases and shifted factorials by replacing A, B, C by P ,
PB , Pc, setting P = Q" , and letting Q -* 1 to get

(1 -apkqk)(\ -bpkq  k)      {a,b;p)k(c,a/bc;q)k
(\-a)(\-b) (q,aq/b;q)k{ap/c,bcp;p)k

x     (C-A- ri)k(-B -C- n)k(ßB - fiA - n)k(-n)k      k
(-/iC - n)k(nB + fiC-fiA- n)k(-A - n)k(-B - n)k

(ap,bp;p)„(cq,aq/bc;q)„      n\(pA+\ - (iB)„(A + 1 - C)„(B + C + 1)„
(q,aq/b;q)„(ap/c,bcp;p)„ [A+ l)n(B + l)n(ßC + \)n(pA+ 1 - fiB - ftC)„

(A + k + k/M)(B + k- kin) (A)k(B)k(yC)k(nA - pB - pC)k

k=0

(2.12)

ABE
t-o
(clap*. \/bcp";p)k(q-n,b/aq";q)k

{\/cqn ,bc/aq";q)k(\/ap" ,\/bp";p)k

k\(/iA + 1 - fiB)k(A + 1 - C)k(B + C + l)k

Similarly, replacing a, b , c in (2.12) by pa , p  , pc, setting p = q   and let-
ting q —► 1, we obtain the rather strange looking 10F9 transformation formula

(2.13)
10^9

a, 1 +Xa/(X+ 1), \+M>l(k- \),b,Xc,Xa-Xb - Xc,
Xa/(X+ \),Xb/(X- \),Xa+ 1 -Xb,a+ 1 -c,b + c+ 1,

C — A — n, —B — C — n.iiB — fiA — n,—n
-/iC - n, nB + fiC - fiA - n, -B - n,-A- n

(«+ l)n(b+ \)JXc + \)n(Xa + \ - Xb - Xc)n(liA + 1 - fiB)„(A + 1 -C)„(B + C +

1

1)»
C)n(b+C+ 1)«'

10^9

(A + \)n(B + l)„((iC + l)n(ßA +\-nB- pC)n(Xa + 1 - Xb)„(a + 1
r   A, I +fiA/(fi+ 1),1 +iiB/(n- \),B,nCnA- pB- fiC,
\.HA/Ut+l).MB/lM-l),nA+l liB,A + \-C,B + C+\,

c - a — n,—b - c — n,Xb - Xa — n,—n
-Xc - n.Xb + Xc - Xa- n,-b — n,-a- n

To prove (1.11) and the transformation formulas in (1.12) first observe that,
since 1 - apkqk = (1 - apk)qk + (1 - qk),

(2.14)
*=o

l-apkqk (a;p)k(c/b;q)kbk_s +s
1-a    (q\q)k(abp;p)k '      2
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264 GEORGE GASPER

with

(2.15) Sx=±^f'b'q)k(bq)k,
1     ES (q\q)k(abp;p)kK H'

(2.16) Si-j^t^Wf^'b*.2     l-af^(q;q)k_i(abp;p)k

Employing the ff-binomial theorem

(2.17) g(^k/_(^iik

we have

(q;q)k       (z;q)c

("P;P)oo ^ (c/b;q)k,.¿(abpk+x;p)cç _  i^^oo \^^iu^)k(ba\
b\~ (nhn-n\      ¿^    (n-n\.    (°q)

(2.18)

(abP'P)oofo  (q>q^k (a/+l;P)oo

iaPiP)„ y (£^Lik(^f ^¿fV+y

(^^¿(T^)/^ ¿S  (g ;«), W/?J

(ap;/>)oo g (b>p)j(cvpj><¡)oo.   j

WpiP^feipiptybqpJ-.q),,,
Similarly,

5.
A:=0

(a;p)k+l(c/b^q)^x   k+l1     y{a\P)k+i(c/b;q)k+lb
' l~afi, (q;q)k(ahp;p)k+l'■q)k(abp;p)k+

. -x   /_l_-*+2(b-c)(ap;p)ODy,(cq/b;q)k(abp     ;p)c

(<*bP>P)oo      f0    (ff;ff),(a/+1;p)oo
(¿-c)(qp;p)00 ^ (cq/b;q)kuk ^ (bp;p)j      k+lJ

(2-19) "    (^;p)oo    SWS^ÍV   }
(abp-p)^     ¿- (/>;/>)/ P; ¿-   (*;*),   lP;

= (6-c)(fl/>;p)oo A (b;p)j(cgpJ;g)00      }
(l-b)(abp;p)ooj^(p-p)j(bqpJ;q)o0{ P) '

Hence

(2.20) 52 = ^5, ,

(2.21) 5i+52 = i~5,,
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which, in combination with (2.18) and (2.19), gives (1.12).   Formula (1.11)
follows by setting c = 1 in (1.12).

3. Inverse matrices and extensions of
Euler's transformation formula

By switching p and q in (2.3) and replacing n, a, b and k by n-m,
apmqm , bp'mqm and j-m,v/e find that

n

(3.1) /   o.„,bin,= ô„ mv       / /  j    nj   jm n ,m
j=m

with

(3-2)       ani =
(_1 )»+;(i _ apJqj)(l - bp-jqj)(aqp",bqp-";q)n_x

"J ~        (P ; P)n.j(aqp" , bqp-" ;q)j(bpx-2n/a ;p)
t ftl     fit      i      —Ttl    ffl \
(ap  g   ,bp    g   \q)j_m (   g   i+2my-m   2('~m).... . («P   H    >»V      H    ,<i)j-m (    fl„l+2m\

(p,apl+¿m/b;p)j_ P
m

which shows that the triangular matrix A = (a .) is inverse to the triangular
matrix B = (bjm). Also see Bressoud [8, §4]. The Al-Salam and Verma inverse
matrices 77 and G are the b —> 0 limit cases of A and B.

Computing the jkth term of the product matrix BA , we get
Jz* (l-apkqk)(l-bp-kqk)(apk+"qk+x,bp-k-"qk+x ;q)j_k_x

(3.4) h (P \ PUP > P)j-k-n(ap2k+n/b ; P)j.k+i

x(l_^»)(_l)V(^-1)+^"")=(5.,,

which, on replacing j, n, a, b, respectively, by n + k, k, ap~ q        ,
bp q      ', gives the following extension of (1.5)
(3.5)
(l      a)(l      b\y{Clpk'bp~k>q)n-¿{-aP2klb\    {)k   k(n-l)+(-7)_5
v  9)\  4)h(p>p)k(p->p)»-k("pk/b>p)n+l

We can now use this bibasic sum to derive an extension of the Al-Salam and
Verma bibasic extension (1.7) of Euler's transformation formula (1.6). Replace
« in (3.5) by ; , multiply both sides by Bn+j(-x)"+J(a/b)jpjU+l)/2, sum from
j = 0 to co, change the order of summation and then replace k by k - n and
j by j + k - « to get

" V     qj\     */-£   (p;p)k-n
(3.6) f,  (apk-\bpn-k;q)j+M   /   aW«*-

j=o(P,P)j(aP     /b,P)j+k-n+l      b/

xxjB     n(*-«)^-"-')+G)+Ca7"+')
J + K
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266 GEORGE GASPER

Now replace a by ap"q"+x, b by bp~"q"+x, multiply both sides by Anw" ,
then sum from « = 0 to oo to obtain '

\Tj  », x-      ^(aW'bQP~k>Q)k-x(     v*E4A(-*™) = E—, *,,,     * (-*)
^ (1 - a//y)(1 - bp-"q")(apk/b;p)n t     ,

(3.7) ¡S (P\P)k_n(aqpk,bqp k;q)n
~   (apkgk ,bp~kqk;q)j   ,   a   2ny+*-"

X^(/';^W+1/¿;p)/ *' '
x 5. ;fjyfc-»>(;+*-»-i)+(ü+(j+*r+,)>

We have written this formula in a form so that it tends directly to (1.7) as
b —> 0. By replacing An , Bn , x, w by suitable multiples, formula (3.7) can
be written in an equivalent form which tends to (1.7) as b —> oo.  Also, by
replacing An , Bn , x, w by Anp yi>, Bnp    Kl>, - bx/a ,aw/b , respectively,
(3.7) can be written in the simpler looking equivalent form

V-     D    n   n     ^(aqpk ,bqp-k;q)k_x        kk+m
2ZAnBnXW    =E—-*,,        , (-*)   P     K2)
»=o ¿fc=o     (P-aP lb\p)k

(3.8) x f (l-^V)(l-^Vy.a^;,)^ wn
¿J (aqpk,bqp-k;q)n
™(aqkpk,bqkp~k;q)j ¡  }

X ^      (r,    n¿k^lh-n\ J+kX   P   'j=o   (P.ap      /b;p)j

As in our derivation of (2.4) from (1.14), we find that both (3.7) and (3.8)
yield the expansion formula

f.    n xnn       ̂  (ka+l+kk)k_x(kb+l-kk)k_x k
h"" 'to kl(a + k-b)k ^

*  (Aa + « + A«)(A¿ + « - A«)(-/c)„(a + k-b)n       n
{    } ho (ka+l+kk)n(kb+l-kk)n

™(ka + k + kk) Akb + k-kk).
¿¿        j\(a + 2k + l- b)j J+k    '

Here, as elsewhere, either the parameters and variables are assumed to be
such that the (multiple) series converge absolutely, or the series are considered
to be formal power series in the variables x and w .

In [23] Srivastava repeated the Al-Salam and Verma proof of (1.5) in a form
corresponding to inverting the base p and used this formula to derive a multi-
variable generalization of the Al-Salam and Verma expansion (1.7) which gen-
eralized several of his earlier results. Unfortunately, he did not observe that his
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formula [23, (10)] was, in fact, a special case of (1.7), as can be easily seen by
using the observation that, for arbitrary positive integers mx, ... ,mr,

£  h(kx,...,kr)zk;---z
k.kr=0

(3.10)

kr

'1E       E      Mk,.kr)z\--
M=0kim¡-i-\-krmr=M

k,.kr>0

Applying this observation to (3.8) with

(3.11) An= ¿2 A^.K)^---^'       *„ = ÍV
k\m\-\-\-k,m,=n

k'.käO
and letting

(3.12) M = M(mx, ... ,mr ,kx , ... ,kr) = kxmx H-^Kmr •
where ml, ... ,mr are (fixed) positive integers, we obtain the multivariable
expansion formula

oo

£    A(*,.... ,K)Clk¡mi+...+krmr(x'r"wm'zx)k'...(xm^zrf
k.kr=0

_ A (aqpn.bqp-";q)n_x        /,/■+(;)

'h       (P'"P"/b>P)n       (-
oo (aq"p",bq"p-n;q)j

(3.13) x V- ^ »•>»**     "j'jr*     XJ J
h (p.«p2n+l/b>ph i+n

y (I - aqMpM)(l - bqMp-M)(p~" ,ap"/b;p)M
* w-^U<« (aqpn,bqp-";q)M

k¡.kr>0

xA(kx,...,kr)(wm¡zx)kl--(wm'zr)k',

which extends [23, (10)] and is equivalent to (3.8). Use of (3.11) in (3.9) gives
a limit case of (3.13).

Analogous to the ^-analogue of Lagrange inversion for x/(l-x) +x inGessel
and Stanton [15, Theorem 3.7], the fact that B — A~x is equivalent to the
following bibasic Lagrange inversion result:

If oo

Gn(x) = Ybjnxinv   '       Z—/   jn
j=n

where bjn is as defined in (3.3), and if
oo oo

/w = E// = E<^/i(*)"
j=0 Z!=0
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then

(3-14) 4-EV.
n=0

and, vice versa,

(3-15) Cn = Eanjfj>
j=0

where a    is as defined in (3.2).
For some applications of special cases of the above result to identities of

Rogers-Ramanujan type and to quadratic and cubic transformations, see [15,
16].

4. Extensions of the Fields and Wimp expansion

Verma [25] showed that the Fields and Wimp expansion (1.15) is a special
case of the expansion

oo /       \n oo        ,       ,n
(XW)" _ ^     (-X)"     A   «+k(ß)n+k   D      vk

...(y + n)n^k\(y + 2n+l)k/i=0 n=0      w '" k=0 K„   "   »    «! ¿^n\(y + n)„¿-^k\(y + 2n+l)í   "+k

{4A) A (-")/»+ y)W

and derived the ^-analogue

OO / ■,/!

¿* " "(q;q)„

..y      (-*)"      J»y   («.ß->q)n+k  B
(4.2) -¿*(n.vn"-a\q      ¿^ f~   „„2/.+ 1 . ^   °'/!+*■'nS^'W";«)»       ^(q,yqln^\q)k

^(q-n,yq";q)j 4i

where we have corrected a slight misprint.
To derive bibasic extensions of (4.2), first observe that

f*(i -YP'+Jgr+J)(i -crpr+jq-r-j)(vprqr.°prq~r;p)j

¿J      (i-w>V)(i-<vV)       («.jw",«2r+,;-ff)i
(4 3)v   •J; ,   -m -1   2r+m      >

(g    .yg   g      ;g)7   _ jr _

(y/?    ?      .op    q        ;p)j
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by (1.14), and hence, if Cr m are complex numbers such that Cr 0 = 1 for
r = 0,1,2.
(4.4)

r     ^ I - ycJ-Xq2r+2m (ycr-Xq2r ;q)m(ypqr ,apq-r ;p)r

r* "èï   l-yo-x~2'    '--*  <—r+m —-'-m-
m=0

ya~xqlr    (q;q)m(ypqr+m,crpq-r-m;p)r

r+m ,
^ r+m    r ,m m ,\)

~  ~ (1 - yp"q")(l - ap"q-")(l - ya~x q2"+2k)(yo'x qn+r+x ;g)n+,_f_,

hh (q;q)k(q;q)n(ypq"+k,°pq-"-k;p)n
i r ~r       \ i   —»       \  i     * \« n        ^-. "+£   /l(l+r—/l—k)+(Í)

*(ypq ,°pq   ;p)„-i(q   ;<7)r(-i) Bn+kCr n+k_rx    qK '™

by letting j = n-r and m = n+k-r. Now multiply both sides by Arwr/(q ; a),
and sum over r from r = 0 to oo to obtain the bibasic expansion formula

oo /        \n oo    /i n    fi\/t n    —ri\ , .

y;AnBnpaL = £(i-^q)d-^g ){_X)V«$

xy l-yg   g_B   xk
(4.5) fr0(q;q),(^qn+V^q-n-fc;p)„   "+*

^(q-n;q)J(yo-Xqn+i+l;q)n+k.j.{

to {q'q)J

x (ypq1 ,apq~J ;p)n_lAjCj n+k_jWJqniJ~n~k)

where C^ 0 = 1 for ; = 0,1.... . Similarly, formula (3.7) can be extended by
replacing Bj+k in (3.6) by Bj+kCn j+k_n with Cn 0 = 1 for « = 1,2.

When p = q and Cjm = l, (4.5) reduces to an expansion equivalent to

(4.6)
¿Tab -^1 = V ^>y^xl0^'ß\q)n rxy

- " "(°->«)n   ¿S      (q.w";q)„      ^n=0 \i»i/„       n=0

¿To (g,gnN/^--q',v/^.)'q2',+1;g)fc "+**

^              (q~n.yqn;q)i Al    j
x>   --,-¡-1-A(wq).
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Verma's expansion (4.2) is the a —► oo limit case of (4.6). For basic hypergeo-
metric series, (4.6) gives the expansion
(4.7)

Ar+t^s+u
aR,cT

; q ,xw\

/i+i
ibs,dv

_^ (cT.eK,o,yqn^/o;q)n (xy „  .y. ij),

"to    «i-dv.fM.yq";q)n    W   [(   1)9    J
m+u—k—t

K^k+t+4 ^m+u+i

yq2n/o,qn+X< f—j /¡+1    i—;—       —Inn'y/o , - q     y/y/a ,a    ,cTq  , eKq

q"\ß/ä, -q"sfy/ö,yq 2/1+1 djjq",fMq"
n(m+u—k—t)q.xq"

"m+r+2 Vk+s+2h
—n n rq    ,yq .aR,f}M

1-/1-,_/i+i /_    „i—n i_    Lyq     ¡a, q     ¡a ,b s 'eK
; q,wq

where we used a contracted notation analogous to that used in (1.15). This
formula is a ^-analogue of a generalization of the Fields and Wimp expansion
(1.15). Some other expansions are given in Fields and Ismail [10]. The multi-
variable expansion formula which follows by using (3.11) in (4.5) and its limit
cases (see, e.g., [18 and 22]) will be omitted.

In a subsequent paper, we shall use a special case of (4.7) to derive a q-
analogue of the inequality used by de Branges [7] in his proof of the Bieberbach
conjecture. Also see [5 and 12].

5. Quadratic, cubic, and quartic summation formulas

One of the advantages of (1.14) is that by setting p = q  ,q  , ...  or q =
2       3p ,p , ... we obtain quadratic, cubic,... summation formulas which can then

be used to derive other quadratic, cubic,...  summation formulas.
In a letter to Gessel and Stanton, Gosper stated the following nonterminating

version of the quadratic summation formula (1.4) in Gessel and Stanton [15]

VVl -abc 3n+X)    ^abCq 'd ' qld''q^n^bca 'acg ' abq'>q2)n      "
/i=0 (q2 , abcq'/d, abcdq2 ; q2)n(aq ,bq,cq; q)n

(5.1)

(abcq ; q)00(adq , aq2/d ;g2)^

(aq ; q)oa(abcql/d , abcdq2 ; q2)c

x((llc;q)O0(bdq,bq2/d;q2)oi
V (t>q;q)00(q/cd,d/c;q2)00

+
(d,q/d;q)(bcq;q\
(bq,cq;q)(q2;q2)

oo
xE (q/bc;g )n

ff0(d/c,q/cd;q )n+x
-»>- (Ç)oo

/1+1\

(continues)
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(continued)

- a
(abcq ,d ,q/d;q)00(bcq ,acq ,abq;q )x

(q2, abcq1 / d, abcdq2 ; a2)„(fla ,bq,cq ; a).

^(adq,aq2/d;q2)    2«+i
>   -2- ö
„=o (abq,acq;q )n+x

The author observed that the right side of (5.1) could be simplified to give
the formula

VVl-   h   3/1+K    (abcq ld,q/d;q)n(bcq,acq,abq;q )n      „
(q2, abcq3/d, abcdq2 ; q2)n(aq .bq.cq; q)nn=o

(5.2)

(abcq ,l/c;q)00(adq , aq2/d, bdq , bq2/d ; a2)c
(aq , ¿>a ; q)   (abcq3/d , a¿ca"a2, q/cd, d/c ; a2)(

aq
(abcq ,d ,q/d; q)00(abq3, acq2, beg , aq2/c , I ¡acq ;g2)00

(aa , bq , ca ; a^fa2. abcqi/d, abcdq2, g/o/, <//c ; a2)^
2

X  302 aag , aa /a", aèg     2   a
aa2/c , abq3     '      ' ac

by using the transformation formula
2

3^2
aaa , aa /a", abq     2   q

a# /c,aoa ac
(q/cd, d/c-q2^

(aq2/c,l/acq;q2)c

3</>2

(5.3)

aaa , aa2/a", a2 2    2
3   . 3 ; q -qaca ,aoa

(adq ,aq2/d;q2)
acq(l -d/c)(l - q/cd)(abq  ,acq ;q )

x ,</>2^2
g ,q/bc 2   ¿a

<fo2/c , q^/cd ' q '  c
which follows from formula (10.2) in Sears [20] by applying Heine's

(5.4) 2cpx

and Jackson's [ 17]

(5.5) 2<f>x

a.b ; q.x

a.b ; q.x

(ax.b-^)^
(c.-*;q)oo

(q*;q)oo

2^1
c/b ,x

ax \q.b

(x\q)c 2^2
a ,c/¿>
ax ,c ; q ,bx

transformation formulas.
We shall show how the special case

(5.6) ¿2
k=0

^ (1 - aa3*)(l - bq'")      (a , b;q)k(q-¿" , aa2"/¿ ;a\
(l-a)(l-¿)       (q2,aq2/b;q2)k(aq2"+x,bqx-2";q)k

ikq    = 4/i.O
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of (1.14) can be used to prove (5.2). For any sequence An , (5.6) gives
(5.7)

4>=E(alb;q¿)n(l/b;q)2n A,
„%   (q ;q )„(aq;q)2„

"   (I - aq*k)(l - bq~k)      (a,b;q)k(q-¿n ,aql"/b;q\        2k

to      (1-«>(!-*>      (q2,aq2/b;q\(aq2"+x,bqx-2";q)kq

= v^(i-ag3<:)(i-¿q"fc)(q,¿,i/¿;q)fc(q/¿;g2)2^-v^)
'to      (»-«K1"*)       (q2.aq2/b;q2)k(aq;q)3k 3k

^(aq*k/b,qk/b,qk+x/b;q2)

t    (q2,aq^2,aq^x;q\      "+k

provided that the series converge absolutely. By taking

(q2VaJb, - q2VaJb ,c ,d, a2q/cd ; q2)n        ln
(5.8) A.=

"     (\fa~Jb , - sfajb , aq2¡be , aq2/bd, cdq/ab ; a2)„

(5.7) gives

1     f*(l-aq3k)(l-bq-k)(a,b,l/b;q)k(a/b;q2)2k
t      d-a)(l-b)       (q2,aq2/b;q2)k(aq;q)3k

(5-9) x       (a2Vajb , - a2y/ajb , c , d, a2q/cd ; q2)k k 3*+(*)
(\fa~fb , - y/ajb , aq2¡be , aq2/bd, cdq/ab ; a2)*.

nr i      *k il      2   2k+\ ,   j 2k      ,  2k      k ,,       k+l .,       2      2,x %Wn(aq   /b;aq      /cd.cq    ,dq    ,q /b.q     /b;q ,q),

where we let

(5.10)
¿W^aib.c.d ,e ,f;q,z)

r »4>7
a,qy/â, -qy/á,b ,c ,d,e,f

yja , - \fa~, aq/b , aq/c , aq/d, aq/e, aq/f
; q,z

Applying Bailey's nonterminating extension of Jackson's summation formula
[21, (IV. 15), p. 248]
(5.11)

tW7(a\b ,c ,d ,e ,f;q,q)
_ (aq , b/a , aq/de, aq/ce, aq/cd, aq/cf, aq/df, aq/ef ; q)^

(aq/c , aq/d, aq/e , aq/f, be/a, bd/a, be/a, bf/a ; a)^
_(bq/c , bq/d,bq/e,bq/f ,aq ,c ,d ,e ,f .b/aiq)^_

(b2q/a, be/a, bd/a , be/a , bf/a , aq/c, aq/d, aq/e, aq/f, a/b ; q)^
x gW^b ¡a\b ,bc/a, bd/a, be/a, bf/a;q ,q),
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where a q = bcdef, we find from (5.9) that

l = (aq/c, aq/d; q)oo (abq, abq/cd, aq2/b, aq1 ¡bed; q2)<x
(aq, aq/cd;q)oo(abq/c, abq/d, aq2/bc, aq2/bd;q1)0o

x y-v ( 1 - aq3k (a,b, q/b;q)k(c,d,a2q/cd;q2)k

k=o
1 -a    (q2,aq2/d,abq;q2)k(aq/c,aq/d,cd/a;q)k

(5.12)
(a2bq2/cd, 1/6; g)oo(c, d, abq/cd, aq2/b, a2qi/c2d, a2q3/cd2;q2)O0

(aq/cd, aq; q)oo(abq/c, abq/d, cd/abq, aq2/bc, aq2/bd, ¡uq2; q2)oo

Y^ (p, <l\fß, -q\/ü, abq/d, abq/c, a2q/cd, aq/cd, aq2/cd; q2)j

j-0

k=0

(q2, y/ß, -sffi, a2qi/c2d, a2 q"5/cd2, abq3 ¡cd, a2bq2/cd, a2bq3/cd; q2)¡

(1 - aq3k)(\ - bq~k)     (a, b;q)k(a2ql+2J/cd,cdq~2J/abq;q2)k       2k
(1 -a)(l -b)       (q2,aq2/b;q2)k(cdq-V/a,a2bq2+2i/cd;q)kq

i2>

■J 111
with p = a bq ¡c d . The case n = oo of (1.14) shows that the sum over k
in (5.12) equals

(aq , bq ; q)(a2q2j+3/cd, cdqx~2j/ab ; a2)

(a2, aq2/b ; q^cdq^/a , a2bq2j+2/cd ; q)c

and so the double sum over j and k in (5.12) equals
(5.13)

(aq,bq;q)oo(a2q3/cd,cdq/ab;q2)00

(a2, aq2/b ; q1) Jed I a, a2bq2/cd ; q)x

(p.q^fp, -qsfp, abq/d , abq/c , a q/cd, abq/cd ; q V
%(q2.sß>-sß, aV/c2d, a2q3/cd2 , abq3/cd, a2q3/cd ; a2),.

*E

gq \ Ai)
bed a

Now observe that by letting g —► oo in Watson's transformation formula [21,
(3.4.1.5)] we get

(5.14)

~ {a,qyß,-qyß,c,d,e,f;q)j (   a V V
t (? - Vä, - v/ä, aa/c , aq/d, aq/e , aq/f ; a)7 \   coW J

V-«)
(aq,aq/ef;q).

3^2(aq/e, aq/f ;q)

Hence, the sum over j in (5.13) equals

aa/ca" ,e ,f        aq
aa/c , aa/a* '    ' *?/

,2      3.    4,   2,2      2N(q  ,a bq /c d ;q )o
(abq3/cd,a2q3/cd;q2)<

%<t>7
abq/cd, a2 q/cd, aq2 /bed     2    2

„2„3/ .2 „2 3.2.    ; q .aa q ¡cd ,aq/cd
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and it follows from (5.12) that

(5.15)

E
fc=0

1 - aq Ik (a ,b ,q/b;q)Jc ,d ,a2q/cd;q2).
1 -a   (q2 ,aq2/b ,abq ;q2)k(aq/c ,aq/d ,cd/a;q)k

(aq , aq/cd ; q)Jabq/c , abq/d , aq2/be , aq2/bd ; q2)c
(aq/c , aq/d ; q)Jabq , abq/cd, aq2/b , aq2¡bed ; q2)c

+ aq(aq ,b ,q/b;q)Jc ,d ,a2q3¡cd2 ,a2q3/c2d;q\
cd(aq/c ,aq/d ,cd/a;q)   (abq ,abq/cd ,aq /b ,aq /bcd;q )

X   ,<7J3^2
abq/cd, a2q/cd, aq2 ¡bed     2    2

23/  j2     23/2.      j q   > qa q/cd ,a q ¡c a

Hence, replacing a, b , c , d, respectively, by abcq , d, beq, acq, we obtain
the quadratic summation formula

1 - abcq3/t+l (abcq ,d ,q/d;q). (beq ,acq ,abq;q )

k=0

(5.16)

1 - abcq    (q21abcq3/d,abcdq2;q2)k(aq,bq,cq;q)

(abcq2 ,d ,q/d; q)Jacq , beg , aq2/c , bq2/c ; q2)^
c(aq ,bq,cq; q)Jd/c , q/cd , abcdq2, abcg3/d ; a2)c

k      k
q

X   ,0, abq , d/c , q/cd     2    2
2/   . 2,. ; q >q3^2 [ aq2/c , bq2/c

= (abcq2 ,l/c;q)Jadq ,bdq ,aq2/d ,bq2/d;q2)oo
(aq , bq ; q)Jd/c , q/cd , abcdq2, abcq3/d ; a2)œ

Note that the above 3</>2 series is balanced (Saalschützian) and hence summable
when it terminates. Formula (5.2) follows from (5.16) and the Sears' [20, (10.1)]
transformation formula

(5.17) 3^2
a ,b ,c ef
e , /   '    ' abc S</>2 /

In a letter to the author, Mizan Rahman gave a longer proof of (5.2) in which
he started with formula (1.10). He also showed that the right side of (5.2) could
be written as a sum of an g</>7 series and a 4<f>3 series which is symmetric in
a, b , c . His proofs in [19] of other nonterminating quadratic summation
formulas can be shortened by using (1.14) in place of (1.10).

By starting with the special case
(5.18)

4k...        .    -2k. ,        s    /    -3/1 3/1 ,1        3n
3kE

k=0

(l-gq4k)(l-bq-2k)

(l-a)(l-b)
(a,b;q)k(g-3",aq3"/b;q3)k

(q3,aq3/b;q3)k(aqx+3",bq 1-3/1
;«).

-q    = 6,
n ,0
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of (1.14) and setting

(5.19)

we get
"     (Vafb.

(q'VaJb , -q'y/ajb ,c ,a2b/c;q\     3n
ta/b .aq^bc ,cq /ab ;q )n

i   E(a/,;vn(1/¿,;g)3^,
«"n.O

(5.20)

(q3;q3)„(aq;q)3;,

El - aa4<c (a,b;q
1 _/j /„3   ^

/i=0
oo 1 - ag4<c (a , b ; g)fc(a/6 ; q\k(q¡b ; g)^

fc=0 -q      (aJ,aa7o;aJ)fc(aa;a)4i

(q3VaTb , - q3y/äjb , c , a2¿/c ; q3)k       k 3fc+2(*)
* (>/5/5, - Vajb , aq3¡bc , cq3¡ab2 ; q3)k      Q

117/        6k IL 2L    Ml ik 2k IL 2k+l  IL 2k + 2x %Wn(aq   ¡b;abq   ¡c ,cq    ,q   ¡b,q      ¡b,q
Jk

¡b;q  ,q ).
Now apply (5.11), with b replaced by a7bq>K¡c , to the above iW1, proceed
as in the derivation of (5.13), and use the following c —► oo limit case of (5.14)

(a.qsß, -qVä,d,e,f;q)j

(5.21) ;=o (q , sß, -sß, aq/d, aq¡e, aq/f ; q)}

(aq.aq/ef^)^
' (aq/e,aq/f;q).

Ai)

</>,2"H
e,f        aq_
aq/d ,q'ef

to obtain the cubic summation formula
1 - ag4*      (a,b;q)k(q¡b ,q2 ¡b;q\(c ,a2b¡c;q3)k

k=o 1 -a (q3 ,aq3¡b;q3)k(abq ,ab ;q2)k(aq/c , cq/ab;q)k

(5.22)

ab2      (aq ,bq,l¡b; q)Jc , a2bq3 ¡c2 ; a3)^
c   (ab , cq/ab , aq/c ; q)Jab2/c , aq3/b ; q3)c

x ,02^1
ab2/c,a2b¡c     3    3

a oq ¡c

_ (aq . able ; q)Jab2, ag3¡be ; a3)^
(ab , ag/c ; g)Jab2/c , aq3/b ; a3)^ '

For some additional cubic summation formulas, see [19].
Notice that by replacing a, b , c in (5.22) by a3" > a3 . q3c, letting q —► 1,

and using Gauss' formula [21, (III.3), p. 243] and the identity T(a)r(l - a) =
tt/ sin na, we obtain

7^6 [

(5.23)

3a, 1 + 3a/4.36,( 1 - 3¿>)/2,1 - 36/2,c,2a + b-c
3a/4,1 + a - b, ( 1 + 3a + 36)/2,3(a + />)/2, 1 + 3a - 3c. 1 + 3c - 3a - 3/3;
r(3a + 3fe)r(l+3a - 3c)T(a + lb - c)T(\ +a-b)
T(3a + 1 )H3a + 3b- 3c)r(a + 2b)r( l+a-b-

sin 3nb sin tic 1
c)

1 +
sin 37t(a + b - c) sin n(a + 2b).
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Mizan Rahman pointed out in a letter to the author that a special case of this
formula evaluates Gosper's 1Ff¡ series in [14, (6.1)] for the case b = 2a.

If, instead of starting with (5.6) or (5.18), we start with the special case
(5.24)

"(l-agik)(l-bg-3k)      (a,b;q)k(q-4",aq4"/b;q4)k
t       (l-a)(l-b)       (q\aq4/b;q\(aqx+4",bqx-4";q)k

of (1.14) and set

4k       fq    =6 nß

(q4Va7b,-q4Va7b,a2b2/q2;q4)n  4„
(Va7b,-Va7b,q6/ab3;q4)n     Q(5.25) C. =

we get
(5.26)

~ (a/b;q4)n(l/b;q)4

'to (q*;q\(aq;q)4n

= V" l ~aq5k (a ■b':q)k(q/b',q)Vc(a2b2'/q2;q4)k(aq4¡b;q4)2k ,-k 4*+3(*)

= 2^    l~a (q\aq4¡b,q6¡ab3;q4)k(aq;q)5k 9
nr i      ik il      2,2   4*-2      3k il      3k+\ ,,       3*+2/L      3A:+3 ,,       4      4.x %Wn(aq   ¡b;abq        ,q   ¡b ,q      ¡b,q      ¡b,q      ¡b;q,q).

k=0

By applying (5.11), with b replaced by a2b2g4   2, to the above g W1 and using
the / —► oo limit case of (5.21)

~     (a,gy/a, - qy/a ,d,e;q)j

(5.27)
j^Jq.\ß. - s/ä,ag/d,ag¡e;q)}

2   2\J

(aq\q)c
i^i(aq/e;q)

we obtain the quartic summation formula

e aq
aq/d ,q'e

2.2^1-aa^   (a,b;q)k(qlb,q¿lb,qi¡b;qX(a7bílqL;q*)k     k
f-í     I-a    (aA.aa*lh-k=0

+
ab'

(q*,aq*/b;q )k(abq ,ab ,ab/q;q )k(q /ab ;q)k

(aq ,bq,l/b; q)Ja2b2q2 ; a4)„

(5.28)
a2 (ab , g3/ab2 ; g)Jab/q ; q2)Jq4 - ab3/q2, aq4/b ; q4)c

x ,01
111

a b /q       4     ,32
2,2 2 ; q .ab q

a o q

(aq,ab2/q2;q).
(ab ; q)Jab/q ; q¿)Jaq«/b , ab*¡q* ; g«)^

A a-analogue of Gosper's strange evaluation [14, (6.1)] and additional results
will be given in joint paper with Mizan Rahman.
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