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Abstract: We derive expressions for sums of first, second, third and fourth powers of Fibonacci
and Lucas numbers and their alternating versions. On our way of exploration we rediscover some
known results and present new. Focusing on third and fourth order power sums, our findings
complete those of Clary and Hemenway, Melham and Adegoke.
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1 Introduction

The Fibonacci numbers F;, and Lucas numbers L,, satisfy the relations F,, = F,,_; + F,,_» and

L, = L, 1+ L,_», respectively, with initial conditions Fy = 0,F; = land Ly = 2,L; = 1.

Their Binet forms equal

a” — pg"
a—pf"

where « and 3 are roots of the quadratic equation 22 — 2 — 1 = 0.

F, =

L, = a + Bna n > 07 (1.1)

The evaluation of sums of powers of these sequences is a challenging issue. Two pretty
examples are

> F=F.F.,
k=1

*Disclaimer: Statements and conclusions made in this article are entirely those of the author. They do not
necessarily reflect the views of LBBW.

94



and the cubic formulas derived by Clary and Hemenway [3]

zn: 3 iF3L3+1Fn_1Ln+2 if n is even
* TL2F? Ly 1Fpys ifnisodd

n* n+l

and
Z Fy, = F22n Fypyo(Langa + 6).

These sums (alternating and/or non-alternating forms) are also studied by Melham [6], Kilic
et al. [5] and in two recently published articles by Adegoke [1, 2]. The results obtained, as
beautiful as they are, still leave some gaps, which we attempt to fill in this note. Building on a
new bottom-up approach, we derive closed-form expressions for sums of first, second, third and
fourth powers of Fibonacci and Lucas numbers. We consider both non-alternating and alternating
variants.

2 The key identity

Our results are based on the following telescoping identities:

Theorem 2.1. Let f(k) be a real sequence and m,n and j be positive integers. Then

> [ Fmk+ ) = flm(k = )] = Z f(mk) Z f(mk), @1
and
n n+j J
SO0 fone4 ) = k=) = 3 (=DM mk) = Y (<) k),
k=1 k=n+1—j k=1—j

(2.2)
Especially, for 7 = 1

n

S [£mts+ 1)) = fonlk = 1)] = fon(n+ 1) + flmn) = flm) = £O), @3

k=1

(=)™ f(m(n+1))+(=1)"f (mn) + £ (m) — f(0).
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2.4)
Proof. We have
n n+j
> [Fomlk+ ) = flm(k )| = 3 Fmb) -5 s
k=1 k=1+j k=1-j
n+j J n+j n+j
=3 sk Y S [ 3 fmb— S s
k=1—j k=1—j k=1—j k=n—j+1
This proves the first identity. The second one is proved similarly. O]
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3 Applications to Fibonacci and Lucas sums

3.1 First-order sums

Proposition 3.1. Let m and n be any positive integers. Then

> Fok = 7| Flwen) + Fon = 72 3.1)
k=1 m m
and .
k o (_1)n 2 2 Fm

k=1

Proof. We start with the following identity, that can be found in [4]: For all £ and m

ForFom = Fprn = Fip. (33)
Replacing k by km gives
FomiFom = F i1y — Fore1y- (3.4)

Set f(k) = F7 in Equation (2.3) to get
Y For = ! F? F? F?
Z 2mk = ﬁ[ 1) T Fon — m] (3.5)
k=1 m

The result follows from the the relation L,, = Fy,,/F,,.
The alternating sum is obtained in the same manner from Equation (2.4). O]

An alternative evaluation of the sum in (3.1) is obtained in the recently published preprint [2]
by Adegoke (Lemma 2.2):

n FonFnms1)/Frn  if miseven
> Fomk =1 FunLmms1)/Lm  if mis odd and n is even (3.6)
k=1 Ly Fryns1y/ L if mis odd and n is odd.

Concerning the evaluation of the alternating version the author could not find a reference in the
literature. A result of similar nature is stated in [5] (Corollary 1), where among others a formula
for Y1 (—1)"Flam1)k is derived.

The corresponding identities for Lucas numbers are given in the next Proposition:

Proposition 3.2. Let m and n be any positive integers. Then

a 1
>~ Lok = | Fomian) + Fomn| = 1. 3.7
2m
k=1
and .

N T GO . _

> () Lok = = | Fam(n) = Famn| — 1. (3.8)

2m

k=1
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Proof. Set f(k) = Fbyi 2, in Equation (2.3) and use
FvLu = Lyutv — (_1)vFu7v (39)

with v = 2m and v = 2m(k + 1) to get

FomLom@+1) = Fom@+2) — Fomk- (3.10)
This gives .
Fom Y Lom(es1) = Fam(me2) + Fam(ns1) — Fim — Fom. (3.11)
k=1
Since
n+1

Z L2m(k+1) = Z Loy, — Lom,
k=1 k=1

the first part follows after replacing n + 1 by n and using the relation L,,, = Fy,,/F,,.
The alternating sum is obtained in the same manner from Equation (2.4). O]

The identities presented in Proposition 3.2 offer a way for a concise treatment of the first-
order Lucas sums. However, they can be modified to obtain more familiar versions known from
previous studies: If m is even, then we can use

LyFy = Fyyy+ (=1)°F,_, (3.12)

with v = m and u = 2mn + m to get

LmFm(QnJrl) = F2m(n+1) + Fomn. (313)
This results in
a Fm(2n+1) anLm(n+1)
Loy = —m@nth) g mnZmin ). 3.14
1;:1 2mk P P (3.14)

These formulas appear in Adegoke [1, Equation (2.4)] and Melham [6, Equation (5.3)]. If m
is odd, we can use the similar identity

F,L, = utv (_1)vFu7v (3.15)

with v = m and u = 2mn + m to get

FmLm(Zn—i-l) = FZm(n-l—l) + Fomn- (3.16)
This gives
- Linn
> Lo = =2 1, (3.17)
k=1 "

which appears in Adegoke [1, Equation (2.9)]. Melham [6, Equation (2.12)] states the relation as

z”: L { 5 FnFon(ni1)/ L if m is odd and n is even G1s)
k=1

LynLinns1y/ L~ if m is odd and n is odd.

97



The alternating sum identity (3.8) appears in the article of Kilic et al. [S]. Adegoke [1] and
Melham [6] state the identity in different versions: If m is odd, then

n

anLm n
D (1) Loy = (—1) = (3.19)
k=1 m

(Adegoke [1, Equation (2.5)] and Melham [6, Equation (5.1)]) and if m is even, then

_ Lm mn
S (1) Lo = (—1)”—22 . (3.20)
k=1 m

3.2 Second-order sums

Proposition 3.3. Let m and n be any positive integers.
If m is even, then

1+2n
Z i Bt + Fama] = 220 (3.21)
If m is odd, then
( 1)n+1
Z 2= o | Fomtos) + Famn] + ——. (3.22)
Also, if m is odd, then
i( gz, = D [F F ] L+an (3.23)
mk = 2m(n+1) — L2mn| — ) .
and if m is even, then
- (=" (="
S (DR, = [Fzm(m) - Fzmn} + (3.24)
Proof. Replacing m by mk in the relation
5F2 = Loy + (—1)™112, (3.25)
and summing from k£ = 1 to n gives
5 Fli= Lo —2» (-1, (3.26)
k=1 k=1 k=1

and

5§nj(—1>kFik—Z( Lm—zz 1)(m ik (3.27)
k=1

k=1
Now, both expressions follow essentially from Proposition 3.2 and the observation that

n

& n if m is even
S (= .
P (=14 (=1)™)/2 if mis odd.
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Proposition 3.4. Let m and n be any positive integers.
If m is even, then

Z L |:F2m(n+1) + F2mn:| —1+2n.

If m is odd, then

Also, if m is odd, then

n _1)
§:<—1ﬁLik=:ﬁ——l[szwH>—fam4 —1+2n

Proof. Replacing m by mk in the relation
L2, =5F2 + (—1)"4,

and summing from k = 1 to n gives

N Lh=5) Fl4+4) (-
k=1 k=1 k=1
and

> (-1 k_5z k+4z 1)(m+Dk

k=1

The statements follow from Proposition 3.3.

The first four special cases of the quadratic sums are
Zﬂz [Fanso + Fon + (—1)"1],

S (-1 = %[an+2 — Fy] -

1+2n
5 b

Z L; = Fopio+ Fop — 24 (—1)",
k=1

and

n

> (—1FLE = (=1)" [Fanga — Fou] — 1+ 2.
k=1
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Z(_l)kL?nk = # |:F2m(n+1) — Fgmn] — 24 (=)™

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)



3.3 Third-order sums

Proposition 3.5. Let m and n be any positive integers. Then

1r1 F: 31 1 F
3 _ 2 2 3m 2 2 m
Z Fka - 5 |:F6m |:F3m (n+1) FSmn] L3m:| - g |:F2 |:F (n+1) + an] - m:| . (3.39)

k=1

Similarly,

} 31" 1) 25m - (3.40)

- N 2 2 2

k=1

Proof. Replacing m by 2mk in the relation
52 = Fsp, — 3(—=1)"F,,, (3.41)

and summing from k& = 1 to n gives

5ZF23mk = ZFfimk _3ZF2mk7 (3.42)
k=1 k=1 k=1
and .
5 (~VFFS,, = Z( *Fomi — 3 Z ) Fom. (3.43)
k=1 k=1
Now, both results follow immediately from Proposition 3.1. [

Proposition 3.6. Let m and n be any positive integers. Then

Z Ly = |:F6m(n+1) + Fﬁmn] o |:F2m(n+1) + Fzmn] — 4. (3.44)
2m
Similarly,
- —1)" 3(—1)"
Z<_1)kL§mk = u [FGm(n—i-l) - FGmn} + u |:F2m(n+1) - Fan:| —4. (345)
k=1 Fom Fom
Proof. The proof follows from the identity
Ly, = Lam + 3(=1)" Ly, (3.46)
and Proposition 3.2. [

Our results for the non-alternating cubic sums for £, and/or L, must be seen as variants of
the remarkable product evaluations of Adegoke [2] and Clary and Hemenway [3]. In contrast, the
evaluations of the alternating counterparts seem to be new. The author could not find a reference
for these sums.

For m = 1 we get the following identities as explicit examples of the results from this section:

- 1 3 1
Zng:E[F§n+3+F32n}_5[F2+1+F2:|+2 (3.47)
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S = Sl [ -] - - F] g e

- 10
S Ly = é | Fonss + Fon| + 3| Fansz + Fan| = 4, (3.49)
and . .
S (14, = % [F6n+6 - Fﬁn] +3(=1)" [F2n+2 - F%} —4 (3.50)
k=1

3.4 Fourth-order sums

The results of this section represent alternative expressions to the product identities of Melham
[6] and Adegoke [1]. Instead of choosing a compact form, we write them as separate sums.

Proposition 3.7. Let m and n be any positive integers. Then

25 zn: F;;lzk = Fum [F4m(n+1) + F4mn} - ﬁ [FQW(”-H) + FQm”} +3+6n if m is even
k=1

ﬁ [F4m(n+1) + F4mn] - 4(1;2271 [F2m(n+1) - Fan] +3+4+6n ifmisodd.

(3.51)

Also, if m is even, then

95 Zn:(_1>kp4k _ ﬁ [F4m(n+1) - F4mn} - ﬁ [FQm(n+1) - Fzmn] +3 ifniseven
k=1 " ﬁ [F4m(n+1) - F4mn} + ﬁ [Fzm(nH) — Fzmn] —3 ifnisodd.
(3.52)

2

Finally, if m is odd, then

25 En:(_l)k},ﬂk _ ﬁ [Fim(nt1) = Famn] = ij [Fom@ns1) + Fomn| +3  if niseven
k=1 " ﬁ,ln [F4m(n+1) - F4mn} - ij [FQm(n—i—l) + Fan} —3 ifnisodd.

(3.53)
Proof. Squaring the identity
5F2 = Ly, — (—1)™2, (3.54)
replacing m by mk and summing from £ = 1 to n gives
n Sory Lak — 4> 7 Lopk + 4n if m is even
25 oy = (3.55)
k=1 S L2 =AY (1) Lok +4n  if m is odd.
The first formula follows from Propositions 3.4 and 3.2.
To establish the alternating versions, we first observe that
k=1 Dopey (FDFLE = 4370 (1) Loy, + 4375, (=1)* if m is even.
(3.56)

The last sums equal 0 or —1 depending on the parity of n. This leads to four different (m, n)-
combinations. The final results follow again from Propositions 3.4 and 3.2. [

101



Proposition 3.8. Let m and n be any positive integers. Then

Z - ﬁ [Fimns1) + Fimn] + ﬁ [Fom@ns1) + Fomn] — 5+ 6n if m is even

P [Py + Fan] + 4(;233n [Fom(ni1) — Fomn] — 54 6n  if m is odd.

(3.57)

Also, if m is even, then

Z( DA = F [Fimnt1) — Famn] + 75— F2 [Fom(nt1) — Fomn] —5  if niseven
k=1 F [F4m(n+1) F4mn} — m [Fgm(n+1) — Fan} — 11 ifnisodd.
(3.58)
Finally, if m is odd, then

Z( DELE = p [F4m(n+1) F4mn] o [Fzm(nH) + Fgmn] —5 ifniseven
" F_ [F4m(n+1) F4mn] Fi [FQm(n-H) + Fan] — 11 ifnisodd.

k=1
(3.59)
Proof. Squaring the identity
L2 = Loy + (=1)"2, (3.60)
replacing m by mk and summing from k£ = 1 to n gives
Sor L3470 Lopk + 4n if m is even
Z Ly = (3.61)
Donet Lo 4351 (=1)  Lopmy, + 4n if mis odd.
and
n Sonoy (DFLS AT Lo +4 3 (—1)F if m is odd
(D L =
= Sonea (ZDFL 43 (= 1) Lok + 43 (=1)"  if mis even.
(3.62)
The identities follow again from Propositions 3.4 and 3.2. [
We conclude with four explicit examples:
25 Z F = F4n+4 + Fin] — 4(=1)"[Fanyo — Fon] + 3+ 6n, (3.63)
n 1 . .
925 Z(_l)kFlf _ 3 [1F4n+4 - F4n] - 4[F2n+2 + an} + 3 %fn %s even (3.64)
—1 -3 [F4n+4 - F4n] - 4[F2n+2 + an] —3 ifnisodd,
Z Li= F4n+4 + Fu) +4(=1)"[Fonso — Fan] — 5+ 6n, (3.65)
and
. k4 %[F4n+4_F4n} +4[F2n+2+F2n] -5 if n is even
D (D=1 % o (3.66)
k=1 _§[F4n+4 _F4n} +4[F2n+2+F2n] — 11 ifnisodd.
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