Arch. Math. 115 (2020), 279-287
© 2020 The Author(s).
0003-889X,/20,/030279-9

published online 29 May 2020 I . .

https://doi.org/10.1007/s00013-020-01480-1 Archiv der Mathematik
Check for
updates

Sums of S-units in the solution sets of generalized Pell equations
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Abstract. In this paper, we give various finiteness results concerning solu-
tions of generalized Pell equations representable as sums of S-units with
a fixed number of terms. In case of one term, our result is effective, while
in case of more terms, we are able to bound the number of solutions.
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1. Introduction. There are many papers about equations of the form
Un =21+ + 2, (1)

where (U,,)22, is a linear recurrence sequence, and z1, . . ., z;, are integers with
prime factors coming from a fixed finite set of primes. Here we only refer to
the recent papers Guzman-Sanchez and Luca [8], Bertdk et al. [1], Bérczes et
al. [2], and the (many) references there, where several and various finiteness
results have been proved. We mention that there are also many results in the
literature where other related problems are discussed. For example, Bravo et al.
[4] considered a problem connected to sums of terms of a recurrence sequence
yielding perfect powers (also see the references there).

In this paper, we consider the problem of representability of solutions of
generalized Pell equations as a fixed term sum of integers with prime factors
coming from some finite set of primes. As we shall see, this problem is closely
related to Eq. (1). In fact, the problem is more general: it turns out that we
need to find sums of the form z; + - - - + z; in unions of recurrence sequences,
rather than in only one fixed sequence. We note that there are some closely
related results in the literature. We mention only two recent papers Luca and
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Togbé [11] and Ddamulira and Luca [5] about the z-coordinates of certain
Pell-equations which are (generalized) Fibonacci numbers, and the references
therein, and a very fresh one by Erazo et al. [6] on linear combinations of prime
powers in the z-coordinates of solutions of Pell equations.

2. New results. Before formulating our theorem, we need to introduce some
new notation.
The equation

2 —dy? =t (2)

is called a generalized Pell equation, where d,t € Z, d > 1 is square-free, and ¢
is a non-zero integer. (Note that the name Pell equation usually refers to the
cases t = +1, +4, while for the other values of ¢, (2) is a norm form equation
in Q(v/d).) Write X and Y for the sets of solutions of Eq.(2) in z € Z and
y € Z, respectively.

Let p1,...,ps be distinct primes and put S = {p1,...,pe}. Then a rational
number z is an S-unit if z can be written as

with some by,...,by € Z. Write Ug for the set of S-units.

Further, for v € Q, write h(7y) for the maximum of the absolute values of
the numerator and the denominator of +. Finally, for a non-zero integer m, let
w(m) denote the number of distinct prime divisors of |m|.

Now we can give our results about sums of S-units in the solution sets
of generalized Pell equations. In the particular case of ’one-term’ sums, our
theorem is effective, that is, we are able to bound all the parameters involved.
In the general case, we can bound only the number of solutions.

Theorem 2.1. Use the above notation, and let k > 1. Then there are at most
c1 tuples (z1,...,2x) € UL such that

Zi1+"'+zij7é0 (3)
forany0<j<kandl<i <---<i; <k, and
21+ -+ 2z € XUY, (4)

where ¢ is an effectively computable constant depending only on w(t), k, and
L. Further, if k = 1, then we also have

h(Zl) < Cg,
where ¢y 1s an effectively computable constant depending only on d, t, and S.

Remark. Schinzel [13] proved that the greatest prime divisor of f(z), where
f is a quadratic polynomial with integer coefficients having distinct roots,
effectively tends to infinity as |x| — oo. From this, the case k = 1 of the
above theorem easily follows. However, to keep the presentation coherent, we
shall give a general proof of Theorem 2.1, ultimately based upon the theory of
S-unit equations.
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We also note that the condition (3) is not only natural, but it is necessary,
as well. Indeed, if for some z1,..., 2z, we have (4), but (3) does not hold for
some 0 < j <kand1l<iy <---<ij; <k, then the sums

zi4 -tz (20— Dz +0 +2i;) (20 € Us)

would yield infinitely many solutions for the inclusion (4).

3. The proof of Theorem 2.1. To prove our theorem, we need several lemmas.
The first one describes the solutions of Eq.(2) in the particular, but very
important case t = 1.

Lemma 3.1. Let ug and vy be the smallest positive solutions (in x and y, respec-
tively) of the equation

2 —dy* = 1. (5)

Then all positive integer solutions u,v of (5) are given by
u+ Vv = (uo—&-\/gv()) (m>1).
Proof. The statement is [12, Theorem 7.26, p. 354]. O

Before formulating our further lemmas, we need to introduce some notation
concerning recurrence sequences. Let A, B be integers with B # 0, and let
Uy, Uy be integers such that at least one of them is non-zero. Then the sequence
U = (Up)n>o satistying the relation

Up=AU,_1 +BU,_» (n > 2) (6)

is called a binary linear recurrence sequence. We shall also use the notation
U =U(A, B,Uy,Uy) for the sequence. The characteristic polynomial of U is
defined by

f(z) :=2* - Az — B.

Write « and § for the roots of f(z). The sequence U is called degenerate if
a/f is a root of unity; otherwise it is called non-degenerate. It is well-known
that if U is non-degenerate, then we have

(U1 — Uoﬁ)()én — (U1 — U()Oé)ﬁn
a—p

Our second lemma shows that the sets of the coordinates of the solutions
of Eq. (2) are unions of finitely many non-degenerate binary linear recurrence
sequences. We note that this assertion is long and well-known qualitatively.
However, we do not know any source where this statement is explicitly for-
mulated (let alone the paper of Liptai [10] which is in Hungarian). In fact,
we shall only need the case concerning solutions with ged(z,y) = 1. However,
we find the general case of possible independent interest. For a non-negative
integer m, write 7(m) for the number of divisors of |m].

U, = (n>0). (7)
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Lemma 3.2. Let ug be as in Lemma 3.1. If Eq.(2) has a solution, then all its
solutions are given by

(2,9) = (GO HP)  (i=1,...,1)
with some binary recurrence sequences
G =GO (2up,-1,6¢),GY),  HD = HO (2u0, 1, B, H{").

Here I and G(()i), Ggi), Héi), Hl(i) (i =1,...,1I) are some positive integers with
I <c3 and

GOLIEY < 0<j<1 1<), )

where c3 is an effectively computable constant depending only on 7(t), while ¢4
18 an effectively computable constant depending only on d and t. Further, for
the solutions (xz,y) of (2) with ged(z,y) = 1, the same conclusion holds with
I < c5 and (8), where c5 is an effectively computable constant depending only
on w(t).

Proof. Obviously, we may restrict to positive integer solutions of (2). So let
(p, q) be a positive solution of (2). Then the norm N(p+ +/dg) of the algebraic
integer p + V/dq is t in the field Q(v/d). By [9, Lemma 5], we know that there
are only finitely many pairwise non-associate algebraic integers U + V/d in
Q(+/d) of norm t, and their number I can be bounded in terms of 7(t); further,
under the assumption ged(p,q) = 1, even in terms of w(t). It is well-known
(see, e.g., [14, Chapter A]) that we may assume here that

max(|U[, [V]) < ¢,

where ¢g is an effectively computable constant depending only on d,¢. Thus
there exist algebraic integers U; + v/dV; with N(U; + \/;iVZ) = t and
max(|U;|,|Vi]) < e (i =1,...,I) such that

p+ Vdq = v(U; +VdV;)

for some 1 < i < I, where v is a unit in Q(v/d). We immediately get that
N(v) = 1. Thus Lemma 3.1 yields that

v ==+(ug + Vduy)* (2 € 7).

For simplicity, we assume that v = (ug + \/31)0)’“ with some m > 0 since all
the other cases are similar (or can be excluded by our assumption that p and
q are positive). Then we have

p+Vdg = (U; + VdV;)(ug + Vo)™,
whence also
p— Vdg = (Ui — VdV;)(ug — Vduvo)™.
Putting
o= uy + \/gvo, B:=wug — \/Evo,
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from these assertions, we obtain

UlJr\/ng m Ulf\/gvl
O

/Bm
and

U, +Vav; . U — Vv gm
= [0 — .
2Vd 2vd
Hence, as «, 3 are roots of the polynomial 2% — 2ugz + 1 (also in view of
(7)), we get that p and ¢ are elements of the recurrence sequences G =

G(A,B,G",G\") and H = H(A, B, H", H"), respectively, with

A= QUO, B = 71,
and
(G, G\ = (Ui, uoUs + dvoVi),  (HS, HD) = (Vi voU; + 2uo V).

Finally, note that it is obvious that the terms of these recurrence sequences
are solutions of (2). Hence our claim follows. O

We shall also need a recent finiteness result of Bérczes et al. [2] concerning
the number of terms of recurrence sequences representable as k-term sums of
S-units.

Lemma 3.3. Let U,, be a non-degenerate binary linear recurrence sequence as
in (6), and suppose that the characteristic polynomial of U, has irrational
roots. Then for any fized k > 1, Eq. (1) is solvable in z1,...,z, € Us at most
for finitely many n. Further, the number of indices n for which (1) is solvable
for this fized k, can be bounded by an effectively computable constant depending
only on £ and k.

Proof. The statement is a simple consequence of [2, Theorem 1] and its proof.

Note that the statement in [2] concerns only the case where 21, ...,z € UsNZ,
however, from the proof it is clear that this more general formulation is also
valid. O

Our last lemma is a deep result concerning the finiteness of the solutions
of S-unit equations. For its formulation, we need to introduce some further
notation.

Let K be an algebraic number field, and let S = {Py,..., P} be a finite
set of prime ideals of K. Write Ug for the S-units in K, that is, for the set of
those a € K for which the principal fractional ideal () can be represented as

(@)= PP P (by,...,by € 7).

By the (naive) height h(y) of an element v € K we mean the maximum of the
absolute values of the coefficients of the defining primitive polynomial of v in
Z[z]. Note that for v € Q, h(y) is just the maximum of the absolute values of
the numerator and denominator of ~.
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Lemma 3.4. Use the above notation, and let ay,...,ar be non-zero elements
of K. Then the equation

a1x1 + - +agxy =1 (9)

has at most c7 solutions (x1,...,xx) € U§ for which the left hand side of
(9) has no vanishing subsums. Here c7 is an effectively computable constant
depending only on k, ¢, and deg K.

Further, if k = 2, then we also have max(h(x1),h(xz2)) < cs, where cg is
an effectively computable constant depending only on a1, a2, K, S.

Proof. The statement follows from [7, Theorem 6.1.3, p. 132] and [7, Corollary
4.1.5, p. 65]. For the history of the equation and for related results, see [7]. O

Now we are ready to give the proof of Theorem 2.1.

Proof of Theorem 2.1. Let z1,...,2, € Ug satisfy (4) and (3). Assume first
that

21+t 2z e X
Let (p,q) be a solution of (2) such that
Zit+-+zp=p,
and write z = ged(p, ¢). Observe that z | t. By Lemma 3.2, we have that

24+ 2 = 2GY (10)
with some ¢ € {1,...,I} and n > 0, where I is bounded in terms of w(t)

and Gg) is a term of a non-degenerate binary recurrence sequence G =
G (2ug, —1, G[()Z), ng)). Note that as vg > 0 (in Lemma 3.1), we have ug > 1.
Thus the roots a and 8 of the characteristic polynomial

flz) = 2% —2up+1
are (real) irrational numbers. (Observe that here f(x), hence o and 3 are
independent of i.) We can rewrite (10) as

Tl 4427l =GO,
and observe that here w; := 2712 (j =1,...,k) is an S*-unit, where

S*=SU{p prime:p|t}.
Thus by Lemma 3.3, we see that the number of possible indices n in (10) is
bounded by a constant ¢g depending only on ¢, w(t), and k. Further, by (3),
el # 0 in (10). Thus setting a; = 1/G£f) for j = 1,...,k, Eq.(10) can be
rewritten as

awy + -+ apwg = 1.

Hence in view of (3), and as the number of the above type equations appearing
is at most cg, our statement concerning the number of solutions to (4) follows
by Lemma 3.4. Further, in the particular case k = 1, Eq. (10) reduces to

w; = GW, (11)
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which in view of Lemma 3.2 and (7) can be rewritten as
w1 w1
with some a;, b; depending only on d, t, where
a=uy+Vdvy, B=uo— V.
Let
S= U {P: P is a prime ideal in Q(v/d), P|(p)}.
peES*
As o and 3 are roots of the polynomial 2% — 2ugx + 1, they are units in Q(\/ﬁ),
so «, 3 € Us. Thus by Lemma 3.4, we obtain that for some (y1,72) € Us X Us
with max(h(v1), h(y2)) < c10, where ¢qg is a constant depending only on d, ¢,
and S, we have

an mn
— =7, — =7
w1 w1
By multiplying these expressions, in view of a8 = 1, we obtain
1
wi = —,
Y172

whence we can bound h(z1) in terms of d,¢, and S. Hence in this case, our
claim follows also for k£ = 1.
Let now

z1+--+z €Y.

In this case, a similar argument applies, using the sequences H® in place of
the sequences GV, Thus we omit the details, and the proof of the theorem is
complete. O

Remark. In case of t € {41, £4}, one can easily check that the sequences G
and H® are Lucas-sequences of the first and second kind, respectively. Hence
in this case, for k = 1, in (11) (or in the equation wy = H when 2 € Y), one
can get a very good bound for n, using the famous result of Bilu, Hanrot, and
Voutier [3] concerning the existence of primitive prime divisors of the terms of
such sequences.

Acknowledgements. Open access funding provided by University of Debre-
cen (DE). The authors are indebted to the referee for the insightful remarks,
which, in particular, helped to find the optimal formulation of Theorem 2.1
and Lemma 3.2 with respect to the dependence on the parameters involved.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and repro-
duction in any medium or format, as long as you give appropriate credit to the orig-
inal author(s) and the source, provide a link to the Creative Commons licence, and
indicate if changes were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative



286 L. HAJDU AND P. SEBESTYEN Arch. Math.

Commons licence and your intended use is not permitted by statutory regulation
or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Bertok, C., Hajdu, L., Pink, I., Rdbai, Z.: Linear combinations of prime powers
in binary recurrence sequences. Int. J. Number Theory 13, 261-271 (2017)

[2] Bertok, C., Hajdu, L., Pink, I., Rout, S.S.: Sums of S-units in recurrence
sequences. J. Number Theory 196, 353-363 (2019)

[3] Bilu, Y., Hanrot, G., Voutier, P.M.: Existence of primitive divisors of Lucas and
Lehmer numbers. With an appendix by M. Mignotte. J. Reine Angew. Math.
539, 75-122 (2001)

[4] Bravo, J.J., Faye, B., Luca, F.: Powers of two as sums of three Pell numbers.
Taiwanese. J. Math. 21, 739-751 (2017)

[5] Ddamulira, M., Luca, F.: On the z-coordinates of Pell equations which are k-
generalized Fibonacci numbers. J. Number Theory 207, 156-195 (2020)

[6] Erazo, H., Gémez, C. A., Luca, F.: Linear combinations of prime powers in
X-coordinates of Pell equations. Ramanujan J. (to appear)

[7] Evertse, J.-H., Gy6ry, K.: Unit Equations in Diophantine Number Theory,
xv+363 pp. Cambridge University Press, Cambridge (2015)

[8] Guzman-Sanchez, S., Luca, F.: Linear combinations of factorials and S-units in
a binary recurrence sequence. Ann. Math. Qué. 38, 169-188 (2014)

[9] Gyéry, K.: On the numbers of families of solutions of systems of decomposable
form equations. Publ. Math. Debr. 42, 65-101 (1993)

[10] Liptai, K.: Pell egyenletek megolddsa linedris rekurziv sorozatok segitségével.
Acta Acad. Paed. Agriensis Sect. Mat. 21, 15-26 (1993)

[11] Luca, F., Togbé, A.: On the z-coordinates of Pell equations which are Fibonacci
numbers. Math. Scand. 122, 18-30 (2018)

[12] Niven, I., Zuckerman, H.S., Montgomery, H.L.: An Introduction to the Theory
of Numbers, 5th edn. Wiley, Hoboken (1991)

[13] Schinzel, A.: On two theorems of Gelfond and some of their applications. Acta
Arith. 13, 177-236 (1967). Corrigendum: Acta Arith. 16, 101 (1969/1970)

[14] Shorey, T.N., Tijdeman, R.: Exponential Diophantine Equations. Cambridge
University Press, Cambridge (1986)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Vol. 115 (2020) Sums of S-units in the solution sets of Pell equations 287

L. HAJDU AND P. SEBESTYEN
University of Debrecen

Institute of Mathematics

P.O. Box 400

Debrecen 4002

Hungary

e-mail: hajdul@science.unideb.hu

P. SEBESTYEN
e-mail: sebestyen.peter@science.unideb.hu

Received: 26 February 2020



	Sums of S-units in the solution sets of generalized Pell equations
	Abstract
	1. Introduction
	2. New results
	3. The proof of Theorem 2.1
	Acknowledgements
	References


