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Abstract

Sumudu transform of the Dixon elliptic function with non zero modulus ¢ # 0 for arbitrary powers s (x, &) ; N >
1, sm¥(x,a)em(x, @) ; N >0 and sm" (x,a)em?(x, ) ; N >0 is given by product of Quasi C fractions. Next by
assuming denominators of Quasi C fraction to 1 and hence applying Heliermann correspondance relating formal power
series (Maclaurin series of Dixon elliptic functions) and regular C fraction, Hankel determinants are calculated and
showed by taking o@ = 0 gives the Hankel determinants of regular C fraction. The derived results were back tracked
to the Laplace transform of sm(x, @) , cm(x, &) and sm(x, o)cm(x, @).

Keywords : Dixon elliptic functions, non-zero modulus, Sumudu transform, Hankel determinants, Continued
fractions, Quasi C fractions.
Mathematics subject classification : 33E05, 44A10, 11AS55, 11C20.

1 Introduction

To determine the coeffecients in the Maclaurin series of Jacobi elliptic functions, continued fractions and the Heilermann
correspondence the relation employing Formal Power Series (FPS) and its continued fraction to calculate Hankel
determinants are used in [2], also determinants of Bernoulli numbers were calculated from the correspondence in [2].
By using continued fraction and Fourier series expansions of Jacobi elliptic functions in [13] obtained orthogonal
polynomials which are related to each other through multiplication formulas of Jacobi elliptic functions in [13]. Laplace
transform of Jacobi elliptic functions expanded as continued fractions and shown their coeffecients are orthogonal
polynomials and derived dual Hahn polynomials in [19]. Fourier series and continued fractions expansions of ratis of
Jacobi elliptic functions and their Hankel determinants are given in [25] from which different ways of representing
sum of square numbers derived in determinant forms in [25]. Laplace transform of bimodular Jacobi elliptic functions
expanded as continued fractions in [14] and by modular transformation results were back tracked to unimodular Jacobi
elliptic functions in [14].

A. C. Dixon studied the cubic curve x> +y> —30xy = 1 ; o # —1 for the orthogonal polynomials, where the curve
has double period in [16] which then give raise to two set of elliptic functions sm(x,a) and cm(x, o) now known
as Dixon Elliptic Functions (DEF). The examples, its relation to hypergeometric series, modular transformation and
formulae for their ratio given in [17]. When a = 0 in the above cubic curve, their series expansions and transformations
studied in [18]. DEF were used in the study of conformal mapping and geographical structure of world maps in [1]
addition and multiplication formulae for DEF are derived in [1]. Laplace transform applied for DEF for both the cases
of & =0 and o # 0 to expand as set of continued fractions in [14]. The above cubis curve and its relation to Fermat
curve is studied for the Urn representation and combinatorics in [15]. Number theory related results followed by [25]
for factorial of numbers using DEF given in [4]. DEF relation to trefoil curves and relation to Weierstrass and its
derivative functions shown in [23].
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Fractional heat equations are solved using Sumudu transform in [3]. Sumudu transform embedded in decomposition
method in [27] and in homotopy perturbation method to solve Klein-Gordon equations in [26]. Fractional Maxwell’s
equations solved with Sumudu transform in [28] and some differential equations with Sumudu transform in [29].
Fractional gas dynamics differential equations using Sumudu transform is solved in [5]. Sumudu transform definition
for trigonometric functions and its infinite series expansions proved with examples comprising tables and properties
in [6]. Maxwell’s coupled equations solved with Sumudu transform for magnetic field solutions in TEMP waves given
in [7]. Without using any of decomposition, perturbation (or) analysis techniques Sumudu transform of functions
calculated by differentiating the function in [8]. Symbolic C++ program for Sumudu transform given in [8]. Sumudu
transform applied for bimodular Jacobi elliptic functions [ 14] for arbitrary powers in [9] as associated continued fraction
and their Hankel determinants. Applying modular transformation, Sumudu transform of tan(x) and sec(x) derived in [9].

il .
Sumudu transform of f(x) defined in the set A = {f(x)|3M, 71,72 > 0,|f(x)| < Me™ ,if x € (—1)7 x [0,0) } given by
integral equation.

S[F()])(u) £ F(u) = /Owe_x (ux)dx = %/Owe_%f(x)dx; ue(—1,mn). (1)

In this work Sumudu transform applied for DEF of arbitrary powers sm” (x, ) ; N > 1, sm" (x,a)cm(x,a) ; N > 0
and sm" (x,@)cm? (x, &) ; N > 0 and expanded as Quasi C Fractions (QCF). Using the numerator coeffecients of QCF,
Hankel determinants are calculated by the correspondence connecting FPS and Regular C fractions through Sumudu
transform.

2 Preliminaries

Cubic curve x> +y* —3axy = 1 ; (& # —1) studied for its orthogonal polynomials in [16] derived the two set of elliptic
functions namely sm(x, &) and cm(x, &) which are having double period. Derivative of DEF (equations (1) and (3),
page 171, [16] and equations (1.18) and (1.19), page 9, [14]) takes the following,

d d

d—sm(x, a) = cm®(x, o) — asm(x,a) and d—cm(x, a) = —sm*(x,a) + acm(x, o). )
x x

and have (equation (1.21), page 10, [14]),

sm(0,a) =0 and cm(0,a)=1. (3)

these functions satisfies the cubic curve mentioned above what is called Pythagorean theorem (equation (2), page
171, [16] and equation (1.22), page 10, [14]).

s (x, &) + cm® (x, o) — 3ousm(x, o )em(x, o) = 1. 4)

Continued fraction notation is followed from (equation (2.1.4b), page 18, [20] and (equation (1.2.5'), page 8, [22]).

rOnas A1 4y 43 ai
Wby bit+ byt b3 b+ a

a
by +

as
b3+

by+ .

Definition 1. Leta = {a,}, b = {b,} and u is an indeterminate, then the continued fraction of following form is called
C-fraction (equation (7.1.1), page 221, [20]), [30] and (equation (54.2), page 208, [31]).

+K1

n=1
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When the sequence f3(n) is constant then C-fraction is called Regular C fraction. And QCF has the following form.

ao T dpl
bo(u)+ K bu(u)’

n=

Sometimes the coeffecient a, = a,(u) thus the coeffecients are functions of u which can be seen in the main results of
this work.

Definition 2. Letc = {cv}‘;"=1 be a sequence in C. Then the following m x m matrices are defined [14,20,25], whose
)

determinants are denoted by respective H,(,," and ;-
Cn Cn+l te Cm+n—2 Cntm—1
Y E ) S| TR et e
Cmt+n—1 Cm+n *°° Cm+n-3 Com+n-2
C1 ) oo Cm—1  Cm+1
def def €2 3 o Cm Cm+2

Xm = Xm(cy) = det
Cm  Cm+1 te Com—2 Com

Remark 1. The matrix for J,, is obtained from the matrix for H r(nlll
[14,20,25]. Forn =1, Hl(l) = ¢y and )1 = ¢;. Determinants H,El") and Y, are named as persymmetric determinants

(or) Turanian determinants (or) Hankel determinants.

by deleting the last row and next to last column

The relation between FPS and Regular C fraction is given as lemma [14], (Theorem 7.2, pp 223-226, [20]), [25].

Lemma 1. When the Regular C fraction converges to FPS.

1+ Y e =1+ K™% (@#0). )
v=1 n=1
then,
H(e])#0 , HP(je]) 20 and a=H"([¢,]); (m>1). (6)
1 2 1 2
aom = —Hml_)llgn) and a1 = —H'E'Z%H%Z_il ; (m=>1). 0
m Hm—l Hp " Hp

where H'" = H'* = 1. Conversely if Eqs (6) and (7) holds then Eq (5) holds true. Also,
0 0 y 1L Eq q

H2 () = (15D () ﬁazj = (=1 HY, () [T —— 5 m> 1), ®)

3 Main results 1 : Sumudu transform of Dixon elliptic functions (o # 0)

Laplace transform of DEF sm(x, ) , cm(x, o) and sm(x, a)(cm(x, &)) given as QCF in [14]. In this work Sumudu
transform Eq (1) of DEF sm" (x, ) ; N > 1, sm" (x, a)em(x, &) ; N > 0 and sm" (x, o)em? (x, &) ; N > 0 for arbitrary
powers derived as QCF. Followed by assuming the denominator of QCF be 1, using Lemma 1, Hankel determinants
are calculated. The following three theorems are main results of this work.
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Theorem 1. Sumudu transform of DEF sm" (x,a) ; N > 1 as QCF given by the following enumerates:

(i) For j > 1.
azj=(3j-2)(3j—1)
B u " antt® ) byj(u) = (1—(6j—1)ow)
St o) = g T ey K500 Y anger — (372G + 1) ©
byjri(u)=(1-23j+ow)(1+ (3j+1)ou)
(i1) For j > 1.
aj=(3j—2)*3j—1)
1 S an® | byi(u) = (1-2(3j— Dau)(1+(3j—1)au)
om0 =gt K50 Yoy = - 12
bajy1(u) = (1—(6j+1)owu)
azj = (3j—1)(3))
2u? " an® ) byj(u) = (1—(6j+1)ow) (10)

X
(I —4dow)(1+20u)+ i by (u) @jy1 = (3j—|—1)2(3j—|—2)
byjyi(u)=(1-2(3j+2)ou)(1+ (3j+2)au)

(iii) Let N =3,6,9,12,--- and j > 1.

arj = (3j+3i—4)*(3j+3i—3)
B (3i—2)u S an® | byj(u) = (1-2(3j+3i—3)au)(1+(3j+3i —3)aw)
Slam" (x, )] —Q (1— (6i—3)ou)+ Kbn(u) a2;+1 = (3j+3i—3)(3j +3i—2)?
baj1(u) = (1— (6 +6i—3) o)
azj=(3j+3i—3)(3j+3i—2)2
(3i — 1) (3i)u? o an® | byj(u) = (1—(6j+6i—3)ow)
Xg(172(3i)au)(1+(3i)au)+gbn(u) a2j~+1:(3j+3i—1)2(3j+3i)
byjyi(u) = (1—-2(3j+3i)ou)(1+ (3j+3i)om)
(11)

N
3

N
3

(iv) LetN =4,7,10,13,--- and j > 1.
aj=(3j-2)(3j—1)

_ u = i | baju) = (1 - (6j— 1))
S[sm™ (x, )] = (1 —=2au)(1+ aqu)+ XX by(u) az;H — (3/)2(3j+1)
bajr1(u) = (1—-2(3j+1)ow)(1+(3j+1)ow)
N—1 Bj= (3j+3i—3)2(3j+3i—2)

(3i—1)u o anu | boj(u) = (1—-2(3j+3i—2)ow)(1+ (3j+3i—2) o)
A bn(u) | azjyr = (3j+3i—2)(3j+3i—1)*
bojr1(u) = (1—(6j+6i—1)au)
arj=(3j+3i—2)(3j+3i—1)?
xﬁ (3i)(3i+1)u? o anu® ) baj(u) = (1—(6j+6i—1)ow)
s (1=2(3i+ ow) (14 (3i+ 1) o)+ AN b, (u) | azjr = (3j+3i)*(3j+3i+1)
baji1(u) = (1—=2(3j+3i+ Do) (1 + (3j+3i+1)au)
(12)

n=2
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(v) Let N=5,8,11,14,--- and j > 1.

azj=(3j-2)*(3j—1)
o (. )] — 1 o an® | byj(u) = (1-2(3j—1)au)(1+3j—1)au)
S[ ( 7a)] (1 — au)+ ) bn(“) arjy+1 = (3]— 1)(3])2
by () = (1= (6] + 1) o)
azj = (3j—1)(3/)?
" 2u? o an | baj(u) = (1—(6j+1)au)
(1 — o) (1 +20u)+ IX by (u) | aje1 = (3j+1)2(3j+2)
bajyi(u) = (1-2(3j+2)ou)(1+(3j+2)owm)
arj=(3j+3i—2)23j+3i—1)
(3i)u o au | baj(u) = (1—-2(3j+3i—1)ow)(1+(3j+3i—1)ow)
(1= (6i+ D)ou)+ KW by(u) | azjrr = (3j+3i—1)(3j+3i)?
b2j+1(u) =(1—(6j+6i+1)ou)
arj = (3j+3i—1)(3j+3i)?
(3i+1)(3i+2)u? o an® ) byj(u) = (1—(6j+6i+1)ow)
T (1=23i+2)au)(1+ (3i+2)ou)+ IW by (u) | azjyr = (3j+3i+1)2(3j+3i+2)
baji1(u) = (1-2(3j+3i+2)ou) (1 + (3j+3i+2)au)

¥
o

—

Il
R

=
b

—

(13)
Proof. Defining the Sumudu transform of DEF by integral equations, Let N =0,1,2,---.
Slsm (x, )] = Ay = / e “sm® (xu, o) dx. (14)
0
S[sm" (x, o) cm(x, )] = By = / e *sm (xu, a)em(xu, o) dx. (15)
0
Ssm" (x, o)em? (x, )] = Cy = / e sm" (xu, ot)em® (xu, ot)dx. (16)
0
By parts method, using Eqs (2) - (4), with Ag = 1 leads to the following:
A] = MC() — (XMA1 .
A2 = 2uC1 — 20614142.
A3z = 3uC) — 30uAs.
ANy =NuCy_1 —NouAy.
Solving with the recurrences of Egs (15) and (16) yields the following QCF:
A N—1)Nu?
N _ (N —1)Nu — . (N>2). (17)
By-2 (1 —-2Now)(1+Now) +N(N + 1u? =
B N
N u . (N>2). (18)

Av-1 (1= N+ Do)+ (N + Dufy2
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When N = 1,2 and 3.

u

A = ) (19)
(1—2au)(1—|—au)+2u2§—f
2 2
Ay = By X " - (20)
(1 —4otu)(1+20u) + 6u> 3>
6 2
A3 =By x “ @21

(1—60u)(1+30w) +12u> 54

Now Eq (9) obtained from Eq (19) by iterating with Eqs (17) and (18). Next Eq (10) obtained from Eq (20) by iterating
with Eqgs (17) and (18) where By is derived from Eq (15). Following the same procedure Eqs (11) - (14) derived upon
continuous iteration of Eqs (17) and (18) and after the mathematical simplifications. ]

Theorem 2. Sumudu transform of sm" (x, ot)cm(x, &) ; N > 0 as QCF is given by following equations:
(i) For j > 1.

aj=(3j—2)*(3j—1)
1 " an® ) baj(u) = (1-2(3j—1)au)(1+3j—1)au)

Slemn = = gy 3,00 Yy = 37— 1352 22
byjri(u)=(1—(6j+1)ou)
(i1) For j > 1.
azj = (3j=1)*(3))
S{sm(x, ot)om(x, )] = u o an® ) byj(u) = (1-2(3j)au)(1+ (3j)au) (23)

(1=30wu)+ I by(u) | azjs1 = (3/)(3j+1)
b2j+1(u) =(1-(6j+3)au)

(iii) For j > 1.

mj=(3j-2)3j-1)
u S an® ) baj(u) = (1—(6j—1)ow)
(1=20m)(1+ou)+ I by (u) | azj1 = (3/)*(3j+1)
byjp1(u) =(1-2(3j+1)ou)(1+(3j+1)ou)
azj = (3/)*(3j+1)
" 2u o ant® | byj(u) = (1-2(3j+1)au)(1+3j+1)au)
(1=50u)+ I by(u) | azje1 = (3j+1)(3j+2)*
bajer (1) = (1— (6 + 5)otw)

S[sm? (x, &)em(x, )] =

(24)
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(iv) LetN =3,6,9,12,--- and j > 1.

wmj=(3j-2)*(3j-1)
B 1 o an® | byj(u) = (1-2(3j—Dau)(1+(3j—1)au)
S[SmN(X, OC)Cm(X, OC)} = (1 — om)+ Ig b,,(u) a2j+1 _ (3j— 1)(3j)2
byjir(u) = (1—(6j+1)ow)
arj = (3j+3i—4)(3j+3i—3)?
(3i —2)(3i — 1)u? " an | baj(u) = (1—(6j+6i—5)0u)
(1-2 31—1)(xu)(1+(3i—1)(xu)+ SN by(u) | azjir = (3j+3i—2)*(3j+3i—1)
baji1(u) = (1—2(3j+3i— Daw)(1+ (3 +3i—1)aw)
aj=(3j+3i—2)>3j+3i—1)
XH o an | byj(u) = (1-2(3j+3i—1)awu)(1+(3j+3i—1)ou)

x
T :w\z

vz

- 6t+1 Jou)+ AW by(u) | azjp1 = (3j+3i—1)(3j+3i) =
b2j+1(u) =(1—(6j+6i+1)ou)
(v) LetN=4,7,10,13,--- and j > 1.
aj = (3j=1)*(3))
= 3 . .
N B u anw’ | byj(u) = (1-2(3j)ou)(1+(3j)owm)
S[Sm (x,a)cm(x,a)] — (1 _3au)_|_ g bn(u) a1 = (3,])(3]+ 1)2
byjy1(u) = (1—(6j+3)ow)
. azj=(3j+3i—3)(3j+3i—2)2
y 2 (3i — 1) (3i)u? K ant® ) baj(u) = (1—(6j+6i—3)au)
o 2(3i)ou) (1+ (3i)au)+ AW by (u) | azjy1 = (3j+3i—1)2(3+3i)
baji1(u) = (1—2(3j+3i)ow)(1+ (3, + 3i) o)
. arj = (3j+3i—1)%(3j+3i)
y & (3i+1)u o anu® ) baj(u) = (1—2(3j+3i)ow)(1+ (3, + 3i) o) 26)

it (1= (6i+3) o)+ W by(u) | agjr1 = (3j+3i)(3j+3i+1)
b2j+1(u) =(1—(6j+6i+3)au)
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(vi) Let N =5,8,11,14,--- and j > 1.

wmj=(3j-2)3j-1)
u o an® ) byj(u) = (1—(6j—1)owu)
(1= 20 (1 + o)+ I8 b)Y anjr = (3712374 1)
byjri(u) =(1-23j+1)owu)(14+(3j+1)ow)

Slsm® (x, a)em(x, o)) =

a;=(3j)°(3j+1)
y 2u " an | baj(u) = (1-2(3j+1)ow)(1+3j+1)owu)
(1—=50u)+ I by(u) | azje1 = (3j+1)(3j+2)*
bajy1(u) = (1—(6j+5)owu)
arj=(3j+3i—2)(3j+3i—1)?

N—

w

y ﬁ (3i)(3i+1)u? S an | baj(u) = (1—(6j+6i—1)au)
i 2(3i+ Do) (1+ (3i+ 1) o)+ I by (u) | azjyr = (3j+30)*(3j+3i+1)
byjp1(u) = (1—-2(3j+3i+1)au)(1+ (3j+3i+1)ou)
o arj = (3j+3i)%(3j+3i+1)
Xﬁ (3i+2)u " an® ) baj(u) = (1-2(3j+3i+1)au)(1+(3j+3i+1)au) 27
i (1= (6i +5)ou)+ IW b, (u) | azj1 = (3j+3i+1)(3j+3i+2)?
b2j+] (u) = (1 - (6j—|—6i—|—5)06u)
Proof. Solving the recurrences of Eq (15):
By =1—uA, + ouBy.
B, =u—2uA3z+30uB).
By, =2uA| —3uA4 +50uB;.
B3 = 3uA> —4uAs+ TouBs.
By =NuAn_| — (N+ 1)uAN+2 + (2N—|— I)OCMBN.
For N =0, 1 and 2 in Eq (15) after solving with recurrences of Eqs (14) and (16):
1
By=——1. (28)
(1—oau)+ ug
u
Bj=——— . (29)
(1-3owu) +2uz
2
By=Ajx —— (30)

(1 —5au) +3ugt

Now Eq (22) derived from Eq (28) upon iterating with Eqs (17) and (18). Eq (23) derived from Eq (29) upon iterating
with Eqs (17) and (18). Eq (24) derived from Eq (30) where A; given by Eq (19) and both are iterated with Eqs
(17) and (18). Continuing in the same way Eqs (25) - (27) obtained by iterations, mathematical calculations and
simplification. O

Theorem 3. Sumudu transform of sm" (x, &¢)cm?(x, &) ; N > 0 as QCF given by the following equations:

(i) For j > 1.
azj(u) = (3j=2)(3j—1)*(1+(3j+ 1)ow)
o (x B 1 ° an (u)u byj(u) =Ysj—1
Slem”(x, 0)] = (1—20m)+ S ba(u) | azjr1(u) = (37)*(3j+1)(1+ (3j —2) o) GD
byj1(u) = (1—(6j+2)ou)
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(i1) For j > 1.

doi:10.20944/preprints201806.0095.v1

aj=(3j-2)(3j—1)
B 1 o an® | byj(u) = (123 —Dawu)(1+(3j—1)aw)
S[sm(x,oc)cmz(x,a)]f(l_au)_i_ \OwP azj’-u (3j—1)(3))?
b2j+1( )=(1—(6j+1)ou)
azj(u) = (3j—1)(3/)*(1+ (3j+2)au)
u o ay (u)ud byj(u) =Y3;
a0t B 5000 Yangar () = (374 1267421+ Gj— Dy~ 2
b2j+1(u):(l—(6j+4)(xu)
(iii) For j > 1.
azj=(3j—1)*(3))
u ant® | boi(u) = (1—2(3j)o)(1+ (35) o)
S[SmZ(X,O!)sz(X OC)] (1 _3au) 0\ bn(u) a2;+1 ( )(3j+1)2
baji1(u) = (1—(6j+3)ow)
azj(u) = (3/)(3j+1)*(1+(3j+3) o)
2u o an(u)® | byj(u) = Y341
(l—éau)—i-!:(z ba(u) | azjs1(u) = (3j+2)*(3j+3)(1+(3))ou) 59
b2j+1(u):(1—(6j+6)(xu)
@iv) For j > 1.
wmj=(3j-2)3j-1)
u S an® | boyi(u) = (1—(6j—1)au)
Slom’ e, e)em (x, 0)) = A Ko, azj-H G)PGi+1)
byjp1(u) =(1-23j+1)ou)(1+(3j+1)ou)
aj = (3j)*(3j+1)
2u " an® ) baj(u) = (1-2(3j+1)au)(1+3j+1)au)
(1=50u)+ I by(u) | azje1 = (3j+1)(3j+2)*
baji1(u) = (1—(6j+5)au)
azj(u) = (3j+1)(3j+2)*(1+ (3 +4)au)
3u ° an(u)u? byj(u) =Y3j40 (34)
(1—8au)+ 4™ by(u) | azjri(u)=(3j+3)*(3j+4)(1+(3j+1)ow)
b2.,+1(u) = (1 — (6j+8)0€u)
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(v) Let N=4,7,10,13,--- and j > 1.

wmj=(3j-2)*(3j-1)
1 " ant® ) baj(u) = (1-2(3j—1)au)(1+3j—1)au)

(1—au)+ IX b, (1) | azjr1 = (3j—1)(3))>

byjyi(u) = (1—(6j+1)au)

arj=(3j+3i—4)(3j+3i—3)?
(3i —2)(3i — 1)u? o anu’ | baj(u) = (1—(6j+6i—5)au)
1 (1=2(3i = Dau) (14 (3i— Do)+ IW by(u) | ajyr = (3j+3i—2)*(3j+3i—1)
baji1(u) = (1—=2(3j+3i— Do) (1 + (3j+3i— 1)au)

arj=(3j+3i—2)23j+3i—1)

Slsm®™ (x, a)em? (x, )] =

=z

w‘

X

b

xﬁ (3i)u o au | baj(u) = (1—-2(3j+3i—1)ow)(1+(3j+3i—1)ow)
it (1= (6i+ 1)ow)+ I8 by (u) | azjy = (3j+3i—1)(3j+3i)>
bajr1(u u)=(1—(6j+6i+1)au)
arj(u) = (3j+N—-2)3j+N—1)*(1+3j+N+1)ou)
I°°( ud | byj(u) =Ysjin-1 (35)
TR, N—i—l )ow)+ azji1(u) = (3j+N)2(Bj+N+1)(1+(3j+N—2)au)
byjyi(u) = (1—(6j+2(N+1))owu)

(vi) Let N =5,8,11,14,--- and j > 1.

azj = (3j—1)*(3))
u o an® ) baj(u) = (1—2(3j)au)(1+ (3j)au)
(1=3au)+ I by(u) | azjp1 = (35)(3j+1)*
bji1(u) = (1 (6j+3)aw)
arj=(3j+3i—3)(3j+3i—2)?
1 (3i—1)(3i)u? " an® ) byj(u) = (1—(6j+6i—3)awu)
x Q (1—2(3i)au)(1+ (3i)au)+ gb,,(u) arjr1 = (3j+3i—1)*(3j+3i)
byjp1(u) = (1—-2(3j43i)au) (14 (3j+ 3i)au)
arj = (3j+3i—1)%(3j+3i)
xﬁ (3i+1)u S an | baj(u) = (1—-2(3j+3i)au)(1+ (3 +3i) o)
SN by (u) | azjir = (3j+3i)(3j+3i+1)
b2j+1( )_(l—(6j+6i+3)06u)
)=0Bj+N—-2)3j+N—-1)>(1+3j+N+1au)
Nu ° an(u)u byj(u) =Y3j4n—1
ISZ (u) | azjs1(u)=3j+N)>?@Bj+N+1)(1+(3j+N—2)au) 36)
by () = (1— (6j+2(N +1))aw)

S[smN(x, (x)cmz(x, o)] =

azj(u

10
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(vii) Let N =6,9,12,15,--- and j > 1.

amj=(3j-2)3j-1)
u o an® ) byj(u) = (1—(6j—1)ow)
(1=20u)(1+ ou)+ IW by (u) | azjy1 = (3j)*(3j+1)
bajii(u) = (1—2(3j+ )auw)(1+ (3j+ 1) aw)

Slsm®™ (x, a)em? (x, )] =

axj = (3j)*(3j+1)
y 2u " an | baj(u) = (1-2(3j+1)ow)(1+(3j+1)ou)
(1—50u)+ I by (u) | azje1 = (3j+1)(3j+2)*
b1 () = (1= (6j+5)aw)
arj=(3j+3i—2)(3j+3i—1)?
xﬁ (3i)(3i+ 1)u? S an | baj(u) = (1—(6j+6i—1)au)
1 (1=2i+ Dawu)(1+ (3i+1)au)+ IW by(u) | azjyr = (3j+30)*(3j+3i+1)
byjp1(u) = (1—-2(3j+3i+1)au)(1+ (3j+3i+1)ou)
arj = (3j+3i)*(3j+3i+1)
Xﬁ (3i+2)u o an® ) byj(u) = (1-2(3j+3i+1)au)(1+(3j+3i+1)au)
i1 (1= (6i+5)ou)+ I by(u) | azjy1 = (3j+3i+1)(3j+3i+2)?
byjri(u) = (1—(6j+6i+5)0u)

=
L

Il
R

n=

Nu ap
x (1—(2(N—|—1))(Xu)+K by (u) azjy1(U

n=

)
o (u)u3 sz(u)( =Y3j4N-1 37)
(

Proof. Evaluating by parts Eq (16) gives:

Co=1—-2uB +20uCy.

C1 = uBy —3uB3 +40uC;.

Cy = 2uBy — 4uB4 + 60uC;,.

C3 = 3uB) — 5uBs + 8auCs.

Cy =NuBy_1 — (N+2)uByy2+ (2N +2)auCy.

Solving with recurrences of Eqs (14) and (15) yields the QCF:

Byt (1— (2N +2)ouw) + (N +2)u2
By (N— DN+ (N +2)au)u?

Cn2 Yy +(N+ 1N +2)(1+ (N — Do) Gt

N>2). (39)

where,

Yy =Yy(u,00) = (1— 2N+ 1)ou)(1+ (N—1)au)(1+ (N+2)au). (40)

11
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For N =0,1 and 2 in Eq (16).

1
Co=—— . A1)
(1 —2au)—|—2ulé—(2)

u

Ci=Byx ————————. (42)
(1 —4au) +3ug:

2

C=Bjx—— 2 (43)

(1—60u) +4ugt

Hence Eq (31) obtained by iterating Eqs (38) and (39) starting with Eq (41). Eq (32) obtained from the Eq (42) with
By given by Eq (28) iterating both respectively with Eqs (17), (18) and Egs (38), (39). Following the same way Eq (33)
obtained from (43). Eqs (34) - (37) derived by continuous iteration of Eqs (38) and (39) after mathematical calculations
and simplification yields the results. O

4 Main results 2 : Applications - Hankel determinants calculations

By assuming the denominator of QCF to 1, QCF converted to Regular C fractions. So that Lemma 1 can be applied to
QCEF for deriving their Hankel determinants. In Lemma 1 H ((1)) ([ey]) represents the Hankel determinants of Associated
continued fractions. As QCF is dealing in this article, Quasi Associated continued fractions are considered which are
discussed in detail in [11]. Therefore H, ) ([ey]) of Lemma 1 are taken from [11]. The main results of this section are
given in the following theorems which are Hankel determinants of the Theorems 1 - 3 respectively.

Theorem 4. Hankel determinants corresponding to Theorem 1 are given by the following equations:

()
H (sm(x, @)]3,1) = —4(1 - Saw). “4)
HP ([sm(x, @)]avy1) = 2400(1 — Sou)*Ey. 45)
m—1 m
H ([sm(x, 0)3011) = (—1)"6 = (1 = So)™ "1 E Y H BTG -2Gi— 125 m>3.
=0 j=1 j=1
(46)
(i1)
Hl(z)([smz(x, o)]3v42) = —36(1 —Tau). (47)
m—1 m
Hr(nZ)([smz(x, a)]3v+2) = (—1)'"2'" 70tu m H 3j+2 H 3] _ 1 T m 2 2. (48)

J=1

(iii) Let N =3,6,9,12,-.

HP ([sm" (x, &)]34) = — (30) 3i+ 1)2E3,~ (49)
H ([sm" (x, 00)]30n) = (—1)"E3} H ESIH ) H (j4+3i-3)3j+3i-2)%;m>2.  (50)
where i =1,2,3,--- ,%.
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(iv) Let N =4,7,10,13,---

HY (fsm" (x, 0)]3p48) = —(3i + 1)(3i+2)253i+1 (51)
H (fsm (x,@)]av4n) = (—1)"EZ, H E3§”+3’,+1 3,+3, 5 H (3j+3i—2)3j+3i—1);m>2. (52
where i =1,2,3,---, Y=L,

(v) Let N =5,8,11,14,---.

H ([sm (x, 00)]304n) = —(3i+2)(3i+3)2E3,~ (53)
2 . .
HY (fsm (x, 00)]3058) = (= 1)"EZ:.5 H Ea,+3,+z 3,+3,) | (3, +3i—1)(3j+3i)2;m>2. (54
Jj=1
wherei =1,2,3,---, Y2,

3

Here E( ) and H( ) are the polynomials in « and & given in [11].

Ey = Ey(u,c) = (N —2)(N — 1)N(1 — (2N +3)owr) ; (N
Hy = Hy(u,0) = N(N+ 1)(N+2)(1 — (2N —3)aow) ; (N

(AVARAYS

3).
3).

»

Proof. Let [sm" (x,a)]3,+n be coeffecients in Maclaurin series of sm" (x,a) ; N=1,2,3,---

i [smN(x,(X)]3v+Nx3v+N cN=1,2,3,-.

N
Q) =
s (x, ) ) (Bv+N)!

Assume denominators of Theorem 1 to 1. Now applying Eq (8) of Lemma 1 to the coeffecients of Theorem 1 where
H (41) are the Hankel determinants of quasi associated continued fraction given in [11]. Now iterating and simplifying
Hankel determinants of Eqgs (9) - (13) given by respective enumerates of Theorem 4. O

Theorem 5. Hankel determinants corresponding to Theorem 2 given by the following equations:

()
HY ([em(x, a)]3y) = —2F;. (55)
HP (lem(x,0)]3,) = 960(P 2P (56)
HY (Jem(x,00)]3,) = (—1)"6" 1 (B} Py~ 1Hls”’ mUpn ﬁlzj 22(3j-1);m>3. (57

(i)
HP (fsm(x, @)em(x, @)]s,11) = ~12P. (58)
H (Jsm(x, a)em(x, @)]3,41) = m"i‘[1s< P ﬁ oG ime2 (59)

(iii)
H ([sm? (x, o) em(x, @)]3y.42) = —72P; (60)
HY) (fsm? (x, ax)em(x, o)]3v42) = (~1)"2" (P3) Hsg,l ;;Z”H B3/)’Gj+1);m=2. (61

13
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(iv) Let N =3,6,9,12,---

HP ([sm" (x, &) em(x, o)) 3y n) = —(3i +1)2(3i + 2)P3i (62)
H,Ef)([smN(x, a)em(x, )]zvin) = "(Pyi)" H S3j+3, 3/+3z (3j+3i—2)*(3j+3i—1); m>2.
j=1
(63)

wherei=1,2,3,--- &

(v) Let N =4,7,10,13,---.

HP ([sm" (x, o) em(x, o) |3y 1) = —(3i+2)2(3i+3)P3,-+1 (64)
Hy? (fsm” (x, ot)em(x, &) 3un) = (—1)" (Pyi1)" HS3,+3, 3,+31)+1 (3j+3i—1)2(3j+3i); m>2.
Jj=1
(65)

where i =1,2,3,--- YL
(vi) Let N =5,8,11,14,---

HP ([sm" (x, &) em(x, &) 3pn) = — (3i +3)2(3i + 4)103,~+2 (66)
HY (fsm" (x, 00)em(x, &)]34x) = (—1)" (Pyis2)" HS3J+3, | 3]+3l)+2 (3j+3)2(Bj+3i+1); m>2.
i
(67)

where i =1,2,3,-- %2

Here P(’f) and S( ) are polynomials in u and & given in [11].

Py =Py (u,00) =(1 —4aw)(1+2au).

P =P (u,0) =(1 —60au)(1+3au).

P =P (u,00) =(1 — 8au)(1+4owm).

Py =Py(u,00) =(N—2)(N—1)N(1 — (2N +4)au)(1 + (N +2)au) ; (N > 3).

Sy =Sn(u,0) =(N+1)(N+2)(N+3)(1— (2N —2)au)(1+ (N —1)ow) ; (N > 1).

Proof. Let [sm" (x, o)cm(x, &)]3,+n denotes the coeffecients in Maclaurin series of sm® (x, a)em(x, o) ; N =0,1,2,---.

3v+N

= [sm (x, o) em(x, &) 3,4 N
!

S N=0,1,2,---.
s (Bv+N)!

sm® (x, o)em(x, o) =

=
Assume denominator of Theorem 2 to 1. Applying coeffecients of Theorem 2 in Eq (8) of Lemma 1 where H, (_1)
the Hankel determinants of Quasi associated continued fraction given in [11]. Iterating and simplifying leads to the
Hankel determinants of Eqs (22) - (27) by respective enumerates of Theorem 5. ]

are

Theorem 6. Hankel determinants corresponding to Theorem 3 given by the following equations:
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(i)
HP ([em?(x, a)]3,) = — 4T (1 + 4ow). (68)
HP (em?([x, 0)]3,) =400(Ty)2X; T3 (1 + o) (1 +7(xu) (69)
H? (fem? (x, @)]30) =(—1)" (T3 (X5 )"~ 73~ 1HX'" e Sy
Im]3] 2)(3j—1)2(1+(3j+1)ow) ; m > 3. (70)
(ii)
H ([sm(x, a)em?(x, &)]avs1) = — 18T (1 + Sow). (71)
HP ([sm(x, a)em® (x, 00)]3v41) =3240(T;)2X; Ty (1 + Sow) (1 + Saus). (72)
1 (fsm(e, e (e, @)seer) =(— 1" (TP ot Ty Vi)
-
165 DB+ 67+ 2w =5, 73)
i
(iii)
H ([sm? (x, a)em® (x, &) 3y11) = — 48T (14 6om) (74)
HE (fsm? (x, t)em? (x,00)3v41) = H X1
ﬁ )3+ 1) (14 (3j+3)ow) ; m>2. (75)
(iv)
HP ([sm? (x, a)em?® (x, &) 3y13) = — 100T3(1 + 7om) (76)
D (s (x, cx)om? (x, @) ]3y.43) =(—1)"T3" H el el
><ﬁl(sj+1)(3j+2)2(1+(3j+4)au);mzz. (77)
i
(v) LetN =4,7,10,13,---.
HP ([sm" (x, 00)em? (x, )| apn) = — (3i+2)(3i+ 3)2(1+ (3i+5) o) Ty 1. (78)
HE ([sm™ (x, ot)em® (x, ) 3v) = TS,HHXg;’;g’, L

m
H3]+3171 )(3j+30)*(1+(3j+3i+2)au); m>2. (79

wherei:1,2,3,~--¥
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(vi) Let N =5,8,11,14,---

Hf” ([sm®™ (x, &) cm? (x, @)]3p45) = — (3i + 3)(3i+4)2(1 + (3i+6)au) T3 y2. (80)
2 m m
Y (fsm® (x, @)om? (x, @)y en) =(—1)" T3, HX3,+;, T3l

m
H31+3z (3j+3i+1)>(14+(3j+3i+3)au) ; m>2.  (81)

where i =1,2,3,--- Y32,
(vii) Let N =6,9,12,15,---

HP ([sm" (x, &)em® (x, @)]3psn) = — (3i+4)(3i+5)2( + (3i+7) o) Ti 3. (82)

5 .
Hr(n)([SmN(Xaa)sz(xaa)varN) =(—1)"T5{s3 HX3;1:-311 T3(ﬁ3?4)r3

(3j+3i+ DGBj+3i+2)2(1+Bj+3i+4)au) ; m>2.  (83)
j=1

wherei:1,2,3,-~¥

Here T(*) , X(*f) , T(,) and X ) are the polynomials given in [11].

Ty =Ty (u,00) =(14 au)(1+4owm)(1 —Sau).

X5 =X; (u, 00) =24(14 au).

T =T (u,00) =(1+20u)(1 —7au)(1+50u).

X; =X{(u,0x) =60(1 — u)(l—l—ZOm)

Ty =Ty (u,00) =2(143au)(1 —9oum) (1 4 6au).

Ty =Ty(u,0) =(N—2)(N—1)N(1+(N+1)au)(1+ (N +4)ou)(1 — (2N +5)au) ; (N > 3).

Xy =Xy(u, ) =(N+2)(N+3)(N+4)(1 + (N + Do) (1 + (N — 2)o) (1 — (2N — Do) ; (N > 1).

Proof. Let [sm" (x, &t)em?(x, &)]3,+n be the coeffecients in Maclaurin series of sm” (x,&)cm? (x,&) ; N =0,1,2,---.

= [sm (x, o) em? (x, )]z nx> N

sm" (x, ot)em? (x, &) = v;) (3v+N)!

;N=0,1,2,

Assume denominator of Theorem 3 to 1. Next applying the coeffecients of Theorem 3 in Eq (8) of Lemma 1 where
H (.l) are the Hankel determinants of Quasi associated continued fraction given in [11]. Now iterating and simplifying
Hankel determinants of Eqs (31) - (37) given by respective enumerates of Theorem 6. m}

5 Results and discussions

Multiplying Eq (9) with u gives the Laplace transform of sm(x, o) in [14] (Theorem 19. page 61, [14]). Multiplication
of u to Eqs (22) and (23) gives the results given in [14] (Theorems 20 and 21 respectively, pp 62-63, [14]). Remaining
results in Theorems 1, 2 and 3 appears in this work are new to the literature reviewed.

Letting o = 0 in Eqs (44) - (46) gives the results in [14] (H,Ef) () in Theorem 16, pp 57-58, [14]). When o = 0 in Eqs

(55) - (57) and Eqs (58) and (59) gives the results in [14] (H,Ef) (.) of Theorems 17 and 18, pp 58-59, [14]) respectively.
Remaining results of Theorems 4, 5 and 6 appears for first time in this work as far as the literature reviewed.
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6 Conclusion

In this research work we applied the Sumudu integral transform to non-zero modulus Dixon elliptic functions to
derive general three term recurrences from which Quasi C fractions expanded. Next by assuming the functions in the
denominator of QCF we calculated the Hankel determinants H2 of non-zero DEF without expanding their Maclaurin’s
series by using Lemma 1 in which Hankel determinants H), are used from authors previous work [11]. Results and
discussions section ensures our asumptions are correct and gives the previous results. It remains the open query
of Sumudu transform of ¢m?(x, o) and other higher powers as they lead to four term recurrences. Secondly if the
assumption of denominators to 1 is restricted for the Hankel determinants of QCF is another open query which will be
the further study from this work.
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