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1 Introduction

A prime example of duality between a three-dimensional and a two-dimensional theory
is the relation between a Chern-Simons theory in the presence of a boundary and the
associated chiral Wess-Zumino-Witten (WZW) model: on the classical level for instance,
the variational principles are equivalent as the latter is obtained from the former by solving
the constraints in the action [1-3].

In the case of the Chern-Simons formulation of three-dimensional gravity [4, 5], the role
of the boundary is played by non trivial fall-off conditions for the gauge fields. For anti-de
Sitter or flat asymptotics, a suitable boundary term is required in order to make solutions
with the prescribed asymptotics true extrema of the variational principle. Furthermore,
the fall-off conditions lead to additional constraints that correspond to fixing a subset of
the conserved currents of the WZW model [6, 7]. The associated reduced phase space
description is given by a Liouville theory for negative cosmological constant and a suitable
limit thereof in the flat case [8, 9]. This procedure was also implemented in the context of
three dimensional higher spin gravity without cosmological constant, where a flat limit of
Toda theory is recovered [10].

In this paper, we apply the construction to three-dimensional asymptotically flat V' = 1
supergravity, whose algebra of surface charges has been shown to realize the centrally



extended super-BMS3 algebra [11]. The non-vanishing Poisson brackets read

{Tm, In} = (M —n)Tmin + %m35m+n,0 )

'L{jrrw Pn} = (m - n)Pern + %m35m+n,0 s

| - (1.1)
Z{jma Qn} = (5 - n) Qern’

{Qma Qn} = Pm—i—n + Cﬁm25m+n,0 s

6

where the fermionic generators Q,, are labeled by (half-)integers in the case of
(anti)periodic boundary conditions for the gravitino, and the central charges are given
by

3 3

—, Co = —. 1.2
e 2 (1.2)

Here, G and p stand for the Newton constant and the coupling of the Lorentz-Chern-Simons

Cl = U

form, respectively.

The resulting two-dimensional field theory admits a global super-BMSs3 invariance.
By construction, the associated algebra of Noether charges realizes (1.1) with the same
values of the central charges. We provide three equivalent descriptions of this theory: (i) a
Hamiltonian description in terms of a constrained chiral WZW theory based on the three-
dimensional super-Poincaré algebra, (ii) a Lagrangian formulation in terms of a gauged
chiral WZW theory and (iii) a reduced phase space description that corresponds to a
supersymmetric extension of flat Liouville theory.

Besides the extension to the supersymmetric case, previous results in the purely bosonic
sector are also generalized. This is due to the inclusion of parity-odd terms in the action,
which suitably modifies the Poincaré current subalgebra, and consequently, turns on the
additional central charge ¢; in (1.1).

2 Brief review of (minimal) N/ = 1 flat supergravity in 3D

As in the case of pure gravity, minimal N' = 1 supergravity in three dimensions [12-14]
with vanishing cosmological constant admits a Chern-Simons formulation [15]. Different
extensions of this theory have been developed in e.g., [16-29]. Hereafter we consider the
most general supergravity theory with N' = 1 that is compatible with asymptotically
flat boundary conditions, and leads to first order field equations for the dreibein, the
spin connection and the gravitino [19](see also [11, 30]). The standard minimal N' = 1
supergravity theory is recovered for a particular choice of the couplings (see below). The
gauge field A = A, dz" is given by

A=¢e"P,+ 0% Ty + v Qa (2.1)

where €%, w® and ¥® stand for the dreibein, the dualized spin connection w, = %eabcwbc,

and the (Majorana) gravitino, respectively; while @ := w® + ve® and the set { Py, Jao, Qu}



spans the super-Poincaré algebra,

[Janb] :EabCJCa [Jaapb] = EabcPCa [Pa,Pb] :0>
(2.2)
o Qel = 5 (00 Qs [Pu@al =0, {QuQs) = —3 (CT%), P

where C' is the charge conjugation matrix (see appendix A for conventions). In these terms,
the action reads

I[A] = % /(A,dA - §A2> : (2.3)

where the bracket (-,-) stands for an invariant nondegenerate bilinear form, whose only
nonvanishing components are given by

(Pas Jb) = Nab » (Jas Jp) = 1Nab » (Qa,Qp) = Cag, (2.4)

and the level is related to the Newton constant according to k = %. Hence, up to a
boundary term, the action reduces to

ko[ R
Twoy = 3 / 2R%eq + pl(w) = Yo DY, (2.5)

where 1, = Cagwﬁ is the Majorana conjugate, and with respect to the connection w®, the
curvature two-form and the covariant derivative of the gravitino are defined as

1 . 1
R® = do® + ieab%bwc, Dy = dip + iwarazp, (2.6)

b0 is the corresponding Lorentz-Chern-Simons

respectively, while L(w) = cbadd)a—i—%eabcd}ad)
form.
By construction the action is invariant, up to a surface term, under the following local

supersymmetry transformations
o__Llra o1 4 1,
et = _§€F Y, ow = 576F Y, 01 = De + Je Tue, (2.7)

where De = de + %w“l“ae is the standard Lorentz covariant derivative of a spinor. The
field equations F = dA + A% = 0, whose general solution is locally given by A = G~1dG,
decompose as

R = LM ee, + i, T° = —yeee, — 10T, Db = —1eTath, (28)
where R%, and T% = de® + ¢*“wye. stand for the curvature and torsion two-forms, respec-
tively.

Defining @ = %@“Fa, e = %e“f‘a and contracting the first two equations in (2.8) with
%Fa gives the matrix form dw + &% = 0, de + [0, €] = —%wzﬁ, so that the decomposition of
the general (local) solution is

S=AYdA, b =Aldy, e=A"" <—indn - édﬁnl + db> A, (2.9)



where A is an SL(2,R) group element,  a Grassmann-valued spinor and b a traceless 2 x 2
matrix.

The asymptotic conditions proposed in [11] imply that the gauge field is of the form
A=h"tah+htdh, (2.10)

where the radial dependence is completely captured by the group element h = e~ "0, while
M N M v
a= 7du—i— ?dgb Py+du P + 7d<;5J0+d¢J1 + qubQJr, (2.11)

with functions M, N, and the Grassmann-valued spinor component 1) that depend on the
remaining coordinates u, ¢.

The standard supergravity theory with N' = 1 with its asymptotically flat behaviour is
then recovered for y = v = 0. It is also worth pointing out that the fall-off conditions (2.11)
can be generalized, along the lines of [31], so as to include a generic choice of chemical
potentials [30].

3 Chiral constrained super-Poincaré WZW theory

3.1 Solving the constraints in the action

Up to boundary terms and an overall sign which we change for later convenience, the
Hamiltonian form of the Chern-Simons action (2.3) is given by

hﬂAy——i;/kﬁﬁmj>+2qumdA+up), (3.1)

where A = duA, + A.

One of the advantages of the gauge choice in (2.10), for which the dependence in the
radial coordinate is completely absorbed by the group element h, is that the boundary can
be assumed to be unique and located at an arbitrary fixed value of r = rg. Hence, the
boundary generically describes a two-dimensional timelike surface with the topology of a
cylinder (R x S1). We will also discard all holonomy terms. As a consequence, the resulting
action principle at the boundary only captures the asymptotic symmetries of the original
gravitational theory. Note also that positive orientation in the bulk is taken as dudeodr.

The boundary term in the wvariation of the Hamiltonian action is given by
—%dud(Au,5A>. Thus, by virtue of the boundary conditions (2.11), the components of
the gauge field at the boundary fulfill

wi=el, wi=0, Yf=0=1,, 3.2
o]

so that the boundary term becomes integrable. Consequently, the improved action principle
that has a true extremum when the equations of motion are satisfied is given by

k

QW:MW—M/MM%MFW (3.3)



In this action principle A, are Lagrange multipliers, whose associated constraints are locally
solved by A = G~1dG for some group element G(u,r,$). Solving the constraints in the
action yields

k — — a r=r
I= ( / dude [(G~104G, G 0,G) — whwae]™ " +P[G}> , (3.4)
where 1
NG| = § [(G 6. (6 o). (3.5)
Equivalently, in terms of the gauge field components, the action can be conveniently
written as
k a a a a 7 r=r
I= E (/ dudg [W¢eau + CopWau — WyplWae + HWpWau — ¢u'¢¢>} *+ F[G]> ) (36)
with
1 a, b c a, b c 3 a a8
IG) = 8 (Begpee®w’w’ + pegpew w’w — v (CTo)apt“y7), (3.7)

and the understanding that A, = G_lauG. Decomposing this connection according to
eq. (2.9) allows one to rewrite this expression in terms of a 2 by 2 matrix trace, so that
integrating by parts the first term in I'[G] gives

k
I—

2

LA Aa—1 ﬂ / 1A =112 Ia—1ha—1 @T:mﬁ —1\3
dudg Tr2AA™ | — 1 +b | —(ANA™ )+ pAATTANT + 5 + 3 Tr(dAA™)”.
iy

(3.8)

Furthermore, the boundary conditions (2.10), (2.11) imply that dsA, = 0, and hence

G = g(u, ¢)h(u,r). More precisely, since in the asymptotic region h = e~"0, one obtains

in particular that A(u,79) = 0. The decomposition in (2.9) is then refined as

A= )‘(ua <f>) c(u, 7’) )

n=v(u,¢)+ Ao(u,r), (3.9)
1 1
b=a(u,¢)+ qvoA " + oA WL+ AB(u, A,

where ¢(u,r9) = 0(u,ro) = B(u,r9) = 0. Therefore, up to a total derivative in u and ¢, one
finds that the action reduces to that of a chiral super-Poincaré Wess-Zumino-Witten theory,

k : . 1,. 1.
I\ onv] = o /dud¢ Tr [2)\)\_10/ — NATH2Z AT 51/5 — 5/\)\_11/17’
+4 / Tr(dAA~)3. (3.10)

The field equations are then obtained by varying (3.10) with respect to «, v, A, which gives

o 1 1 1, 1 ,.
DMl 4 (pdy — By)(NATY) — ijl — ga’vl + Z/\A—lw’ + gw\)\—lul =0,



respectively. The general solution of these equations is given by

A= T(U)"f(¢) )
v ="1(C1(u) + (), (3.12)

a= T<a(¢) +0(u) +uk'k ! — plln T, In k] + ig‘l@ + ;52C11>7'_1 )

3.2 Symmetries of the chiral WZW model

By using the Polyakov-Wiegmann identities, the action (3.10) can be shown to be invariant
under the gauge transformations

A= Zw), v—=Er, a—ZaE"l. (3.13)

Moreover, it is also invariant under the following global symmetries

A=\, v, a— a+ AD(PAL,

A= 2071 (9), v—u, a—a—uNO N (3.14)
1 - 1.

A=A, v— v+ AY(d), a—>a+1VT)\_1+§T)\_1V1,

whose associated infinitesimal transformations read

SeA =0, S =0, Sgar = Ao (P)AL,

S9d = —\9(o) Sgv =0, Sy = —uNI' AL, (3.15)
1 1

5A=0, Sy v = Ay(e), Sy = ZWA‘I + gw—lm .

The Noether currents associated to a global symmetry, whose parameters are collectively

denoted by X7, generically read Jé‘(l = —k‘)‘(l + 88<£¢>i Sx, @', with 6x, £ = Oukg(l. Hence, in
i

the case of global symmetries spanned by (3.15), the corresponding currents are given by
Jb =26 Tr[oP], JY = 26 Tx[0]], JI = 26 Tr[yQ], where

k

P=_—X\1\
2 ’
k -1 7 —1 7\ —1y7/ 1 e 1—/
J=—— AT dA=uATN) AT N — AT’ — <ol (3.16)
2 4 8
k
Q=5

For the Noether n — 1-forms jx, = Jg(l(d"_lcc)u, the current algebra can then be
worked out by applying a subsequent symmetry transformation dy,, so that

0x,0x1 = Jix1,x0) T Kxp,x, + “trivial”, (3.17)

where [0x,,0x,] = 01x,,x,]» and K'x, x, denotes a possible field dependent central extension,
and “trivial” stands for exact n — 1 forms plus terms that vanish on-shell. Furthermore,
general results guarantee that, in the Hamiltonian formalism, this computation corresponds



to the Dirac bracket algebra of the canonical generators of the symmetries, i. e., dx, J)Ofl =
{‘]9(1’ JQQ }*, see e.g. [32-35]. Once applied to the components of the currents, given by

Pu(¢) =Tr[LaP),  Ju(¢) =Tellat],  Qal®) =—5 7N,  (318)
this yields
(Pa(0), Pi(@)}" =0,
(), (0" = cane (6 — &) — pnaod(6 — ).
(a(68), P} = careP76(6 — &) — 5 nadyb(6 — &)
(Pa(6), Qu(@)) =0,
(J0(6), Qa(#)}" = 5(@Ta)ab(6 — &),
{Q(6). a6} = ~ L (CT) 0 Pub(6 — &) — - Casdyb(6 — &),

(3.19)

which is the affine extension of the super-Poincaré algebra (2.2).

3.3 Super-BMSj3 algebra from a modified Sugawara construction

In order to recover the super-BMSj3 algebra (1.1) from the affine extension of the super-
Poincaré algebra in (3.19), it can be seen that the standard Sugawara construction has to
be slightly improved. Indeed, let us consider bilinears made out of the currents components
P,, Ju, Qa, given by

2
H= PPy, P=—"TJ"Pat it +2QaC"Qy, §=2""7(PQs+V2RQ),
(3.20)
for which the current algebra (3.19) implies

{H(¢), Pal(¢)}" = {P(9), Pa(¢)}" = Pa(0)d'(¢ — ¢) ,
{H(¢), Ja(@)} = =Pa(¢)0 (¢ = ¢),  {P(d), Ja(¢)}" = Ja(¢)0 (¢ — ¢),  (3:21)
{H(¢),Qa(¢)}" = {P(4),Qa(¢)}" = Qa(0)d' (¢ — ¢'),

{G(6), Jald)}" = — 21/4k<eabc<c2r 1P+ PaQ)0(0 — ) = 66— )51 (QTa)4 (6

(6(6), Q&))" = ~ 517 HCas8(6 — &) + 86— &) 177 (CT)ar P(6) (3.22)

When expressed in terms of modes, the algebra of the generators H, P corresponds to
the pure BMS;3 algebra without central extensions, i.e., the bosonic part of (1.1) with
c1 = 0 = ¢y. This does however not hold for the mode expansion of the full set H, P, G
whose algebra disagrees with the non-centrally extended super BMS3 algebra given in (1.1).
It reflects the fact that the non-constrained super-WZW model (3.10) is invariant under



global BMS3 transformations, but not under the full super-BMS3 symmetries, in the sense
that there are no (obvious) superpartners to H, P that would close with them according
to the (non centrally extended) super-BMS algebra (see [7] for an analogous discussion in
the case of the superconformal algebra).

According to the fall-off of the gauge field in (2.11), the remaining boundary conditions
that have to be taken into account imply that [A*N]' =1, A\"1/]7 =0, (A} (—Jvi/ —
%17’ vl + /)AL = 0. In terms of the currents, this amounts to imposing the following first
class constraints

k k
- =P g, =0. (3.23)
27 27

The super-BMS3 invariance of our model with the correct values of the central charges

Py

is recovered only once the constraints (3.23) are imposed. The generators of super-BMS3
symmetry in the constrained theory are given by
7:[ = H + 8¢P2,
P =P — 04Jo, (3.24)
G=0+205Q4+(9),
which are representatives that commute with the first class constraints (3.23), on the

surface defined by these constraints. Furthermore, on this surface, the Dirac brackets of
the generators are given by

{H(e), H(#)} =0,
(U(6), PO = (F0) + H()065(0 — o) — 5-05(6 — ).
(P(0), P} = (P(6) + P66 ~ &) ~ B35~ ),

{H(9),6(¢)}* =0, (3.25)

{P(9),9(6)}" = (G(e) + 56(¢))060(6 — ¢),
(6(6), 66" = A)5(0 — &)~ ~085(6 — &)

N =

so that, once expanded in modes according to
2m ) 5 2m ) N 2m ) _
Pm - / d¢ elmqu ) jm - / d¢ ezm¢7) ’ Qm - / d¢ elmqbg )
0 0 0
the super-BMS3 algebra (1.1) with central charges given in (1.2) is recovered.

4 Reduced super-Liouville-like theory

In order to obtain the reduced phase space description of the action (3.10) on the constraint
surface defined by (3.23), it is useful to decompose the fields according to

0
A = eoT1/2e=¢12/27T0 , o= gFO + §F2 + gf‘l , (4.1)



where o, p, 7,7,0, ( stand for functions of u, ¢. The constraints (3.23) then become

o = e,
1
¢ = ple?—-o')+ 50277' +ab, (4.2)
v = LJVJF’,

and hence, by virtue of (4.1) and (4.2), the reduced chiral super-WZW action (3.10) is
given by

k 1
Ip=— [ dudg |£'¢ — ¢ + g’ ¢ + —=xx 43
R 4ﬂ/uaﬁ[£s@ PPt EXX (4.3)
where ¢ := —2(0 +no) + (v~ v1), and x = e?/2ut . Tt is worth noting that, in the case
of = 0, the bosonic part of (4.3) is related to a flat limit of Liouville theory [9]. The

super-BMS3 generators (3.24) then reduce to

-k -k 1 ~ ~ k [1
M= (¢?-2¢"), P=— (5’¢’—£”+xx’) +uH, G=2Y4— (@’x—x’) :

4m V2 dr \ 2
(4.4)
which generate the following transformations
dp=Y¢' +Y’,
06 =2f¢ + €Y +2f —2"ex, (4.5)

1
x=Yx+ §Y’X + 2 Ve 4 23/4¢

with f = T(¢) + uY', Y = Y (¢), and € = €(¢). Therefore, by construction, the super-
Liouville-like theory turns out to be invariant under (4.5), and the mode expansion of the
algebra of Noether charges is again given by (1.1) and (1.2).

5 Gauged chiral super-WZW model

The super-Liouville-like action (4.3), that has been shown to be equivalent to the chiral
super-WZW model (3.10) on the constraint surface given by (3.23), can also be described
through a gauged chiral super-WZW model. Here we follow the procedure given in [36],
where it was shown that Toda theories can be written as gauged WZW models based on a
Lie group G. The action is endowed with additional terms involving the currents linearly
coupled to some gauge fields that belong to the adjoint representation of the subgroups of
G generated by the step operators associated to the positive and negative roots.
Hence, we consider the following action principle

I a,v, A, 0] = I\ a,v]

+ﬁ /dudgb Tr [Au ()\_lo/A —u(AW) - irlyw - ;ym)
™

+ A, ATN) = par Ay + CLA—W) qj} , (5.1)



where I[\, o, V] is the flat chiral super-Poincaré WZW action (3.10). Here A,, A, are along
Iy, and pyy := pl'y with g an arbitrary constant, while the fermionic gauge field ¥ fulfills
[¥]4 = 0 (see appendix B for more details on the construction in the bosonic case).

One can then show that the action (5.1) is invariant (up to boundary terms) under
the transformations given in (3.15), where a subset of the symmetries has been gauged
by allowing for an arbitrary u dependence of the part of o, that belongs to the subspace
generated by I'g, of the fermionic parameters that belong to the subspace defined by [§]+ =

0, [\y]” = 0 and the non-trivial transformations for the gauge fields are

0o Ay = — (6 +[Au,0]) , 6,0 = —0,7.

: ~ . (5.2)
519Au = *(19 + [Amﬂ]) ) 519Au = *[Auaﬂ]'

Therefore, the reduced theory described by the action in (4.3) is equivalent to the one
in (5.1), which corresponds to a WZW model in which the subgroup generated by the first
class constraints has been gauged. Indeed, the gauge fields A,, A, and ¥ act as Lagrange
multipliers for these currents, so that the variation of the action with respect to these non-
propagating fields sets them to zero. In other words, solving the algebraic field equations
for the gauge fields into the action amounts to imposing the first class constraints (3.23),
which shows the equivalence of both descriptions.
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A Conventions

The orientation has been chosen so that the Levi-Civita symbol fulfills €y15 = 1, while the
tangent space flat metric 7,5, with a = 0, 1, 2, is assumed to be off-diagonal and given by

010
Tlab = 100
001

,10,



The Dirac matrices in three spacetime dimensions satisfy the Clifford algebra {T'y, 'y} =
214p, and have been chosen as

01 00 10
F02&(00)’ Fl:ﬂ(m)’ F2:<0—1>'

The matrices fulfill the following useful properties:
Tal'y = €apel € + nap 1, (F“)O‘ﬁ(ra)76 = 25?(5% — (5[‘}5(? , (A.1)

where o = +1, —1. The Majorana conjugate is defined as 1, = Cagzpﬁ, where

N 01
Cap = €ap = C* = <_1 0) ; (A.2)

stands for the charge conjugation matrix, which satisfies C* = —C and CT,0~' = —(T',)7.
Note that this implies that A=1¢) = ¢ A, for any A € SL(2,R). The conjugate of the product
of real Grassmann variables is assumed to fulfill (61602)" = 6,65.

B Gauged chiral bosonic WZW theory

Let us describe here a way to construct a gauged chiral iso(2,1) WZW model associated
to (3.10) for the purely bosonic case and p = 0. The action is given by

k : 1
I\ )= /dudqﬁTr [/\)\10/ - 5(/\’/\*1)2 , (B.1)
™
and it has the following Noether symmetries
SeA =0, Sox = Ao ()AL,
o= Ao o)
A = =AI(9), dga = —uAI' A\,

According to (3.23), we are interested in gauging the subset of these symmetries involving
the parts of o and ¢ along I'g. These parameters are promoted to depend on both u and ¢.
One can check that the action

k -
IO e, Ay) = I(M\ @) + = /dudd)Tr [—Au ()\_10/)\ Y (A—W)’) + Au)\‘l)\’] ., (B3)
T
is invariant under

SoA=0, Spa=Ao(u, )AL, 6,A,=0, 0pAy=—(6+[Ay,0]),
SoA=—N0(u, d), Oga=—uNIA",  SgA,=—(0+[An,0]), S9du=—[A,0], (B.A)

with o and ¥ along I'g.
Since the constraints we want to implement set some current components to a constant,
the suitable final action is

IO, A) = I\ o) + % /dudd) Tr [—Au (xlo/A —u (xlx)’) AN - HMAu] ,
(B.5)

— 11 —



where s := pl'1, with g an arbitrary constant, and A,, fiu are along I'g. The action (B.5)
is indeed still gauge invariant since, as noticed in [36], the variation of Tr[uasA,] under a
gauge transformation is a boundary term.

Finally, in order to see how the constraints are explicitly implemented, it is useful to
parametrize the fields according to

0
A =T /2e=¢l2/2emT0 - = gro + 502+ grl : (B.6)
The field equations for the gauge fields imply that o’e ™ = p and /0?4 20’0 —2¢’ = 0, so
that, taking p = 1, the reduced action is

k
I= o [ dudo [€5- 7). (B.7)

where £ := —2(0+n0), in full agreement with the centrally extended BMS3 invariant action
found in [9].
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