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Abstract
The objectiveof this work is the super-resolutionen-

hancementof image sequences.We considerin particular
imagesof scenesfor which thepoint-to-pointimage trans-
formationis a planeprojectivetransformation.

We first describethe imaging model, and a maximum
likelihood (ML) estimatorof the super-resolution image.
We demonstrate theextremenoisesensitivityof theuncon-
strainedML estimator. We showthat the Irani and Peleg
[9, 10] super-resolutionalgorithmdoesnot suffer fromthis
sensitivity, andexplain that this stability is dueto theerror
back-projectionmethodwhich effectivelyconstrainstheso-
lution. We thenproposetwo estimators suitablefor theen-
hancementof text images: a maximuma posterior(MAP)
estimatorbasedon a Huber prior, and an estimatorreg-
ularizedusing the Total Variation norm. We demonstrate
theimprovednoiserobustnessof theseapproachesover the
Irani and Peleg estimator. We also showthe effectsof a
poorly estimatedpoint spreadfunction(PSF)on thesuper-
resolutionresultand explain conditionsnecessaryfor this
parameterto beincludedin theoptimization.

Resultsare evaluated on both real and syntheticse-
quencesof text images. In the caseof the real images,
theprojectivetransformationsrelatingthe imagesare esti-
matedautomaticallyfromtheimagedata,sothat theentire
algorithmis automatic.

1. Introduction
Super-resolution enhancementinvolves generating a

“still” imagefrom a sequenceat a higher-resolutionthan
is presentin any of the individual frames. The observed
imagesare regardedas degradedobservations of a real,
high-resolutiontexture. Thesedegradationstypically in-
cludegeometricwarping,opticalblur, spatialsamplingand
noise. Given several suchobservationsa maximumlikeli-
hood (ML) estimateof the high-resolutiontexture is ob-
tained such that when reprojectedback into the images
it minimizes the differencebetweenthe actualand “pre-
dicted”observations.

If a modelof the high-resolutiontexture is available in
the form of a Bayesianprior then this may be utilized in

computinga maximuma posterior (MAP) estimate. The
traditionalapproachis to modelthetextureasa first-order,
stationaryMarkov RandomField (MRF). We proposea
MAP estimatorwhich usesthe Huber edge-penaltyfunc-
tion, andcomparethiswith regularizationbasedonthetotal
variationnorm.

In this work our targetimagesareof text, andtheimage
to imagetransformationis a planarprojective transforma-
tion. This is the most generaltransformationrequiredto
relateperspective imagesof planarscenes.

1.1. Previous Work

Early super-resolutionwork by Irani andPeleg consid-
eredimagesundergoingsimilarity [9] andaffine [10] trans-
formations. Mann and Picard [12] extendedthis work
to includeprojective transformations.Otherauthorshave
considerednon-parametricmotion models [16] and re-
gion/contourtracking[1].

Various imaging degradationmodelshave beenused.
Irani and Peleg modelled image degradationsincluding
both optical blur andspatialquantization.The techniques
wereextendedby Bascleet al. [1] to includemotion blur.
Cheesemanet al. [6] obtaintheir imagingmodel from the
benchcalibrationof theirVidiconcamera.

Approachesalsovary in their useof statisticalpriorsor
regularizing terms. Cheesemanet al. [6] develop a MAP
estimatorbasedon a Gaussiansmoothnessprior for the
purposeof enhancingViking Orbiter images.Schultzand
Stevenson[16] furtheredthe Bayesianapproachby com-
paringrestorationmethodson bothsingleandmultiple im-
agesusinganMRF prior with a Huberpenaltyfunctionon
edgeresponse.CapelandZisserman[3] alsoinvestigated
both ML andMAP estimatorsfor the super-resolutionen-
hancementof videomosaics.ZometandPeleg [18] applied
the Irani andPeleg error-backprojectionalgorithmto mo-
saicsobtainedusingtheir pipe-projectionmethod.Rudinet
al. [15] proposeamethodin whichregisteredframesarere-
sampledandthendeblurringis appliedasafinal step.They
employ thetotal variationnormasa regularizerin their de-
blurringalgorithm.



2. The imaging model
The imaging model specifieshow the high-resolution

textureis transformedto synthesizealow-resolutionimage.
This typically involvesa geometrictransformation,an il-
luminationmodel,blurring (opticaland/ormotion),spatial
sampling(due to the CCD array),anda noiseterm. The
synthesizedimage

�� is givenby��������
	���
���	 ����������� (1)

where � is the super-resolutionimage, ������� is a function
specifyingtheilluminationmodel, � is thegeometrictrans-
formationinto theimage,� is thePSF, and ��� is thedown-
samplingoperatorby a factorS.

The model usedhereallows for a projective transfor-
mation, an affine illumination model (spatially invariant
shift/scalingof intensities),and blurring by a linear, spa-
tially invariant,symmetricPSF. Hencethemodelbecomes
for the � -th image !#"%$'&)(+*-,/.10123 042365 $'7)(�89,�$':/"9;<$�=>"?$'&/@A7)(�*
@A89,�,<@CB%"-,+DFEGD9H

(2)
where ���JI�KL� is definedon the samplinglattice of the im-
age, �NMOI�PJ� aretheaffineilluminationparameters,�J��Q�I�R%� is
thePSF, and SUT ���JI�KL� is thehomographytransformingim-
agecoordinatesto coordinatesin the super-resolutionim-
age.ThemodelparametersSUT I�M T IVP T vary from imageto
image.

Knowledgeof thePSFfor any given imagesequenceis
usuallyunavailable,so hereit is modelledasa Gaussian.
Comparisonswith themeasuredPSFof severalCCDbased
imagingsystemsshow this approximationto be quite rea-
sonableandthis is furtherverifiedby goodsuper-resolution
resultsobtainedonrealimages.A procedurefor estimating
thePSFis describedin [14].

3. The ML estimator
Assumingthe image noise to be Gaussianwith mean

zero,varianceW/X , the total probabilityof theobservedim-
age � T given an estimateof the super-resolutionimage

��
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andhencetheassociatednegativelog-likelihoodfunctionist �N� T �u�wv1xy{z}| ~ � �� T ���\IVKL��v�� T �N�\I�KL�V� X (4)

Themaximumlikelihoodestimate����� is obtainedby max-
imizing this functionoverall observedimages.���������}���9�k�}�� x T t �N�U�-� (5)

Figure 1. The ground-truth images used to create
the synthetic sequences (100 � 100 pix els).

W ���L���}� , � ���%� �
W ���L� �9� , � ���%� �

Figure 2. Examples of the synthetic projective
images created with Gaussian smoothing W and
down-sampling ratio � (50 � 50 pix els).

3.1. Tests on synthetic images
In orderto testvariousestimatorsundercontrolledcon-

ditions we usesyntheticimages. The ground-truthimage
(figure 1) is projectively warped(using bicubic interpo-
lation), smoothedwith an isotropic Gaussian,and down-
sampled(figure 2). Various levels of additive Gaussian
noisearethenapplied.

The startingpoint for all minimizationsis the average
of theregistered(warped)input frames.Suchaninitial esti-
matehasthedesirablepropertiesof beingsmoothandbeing
closeto theoptimalsolution.

TheML formulationgivenabove is simply a very large,
sparsesystemof linear equations.Analysisof the eigen-
valuesof this systemshows that in generalit is extremely
poorlyconditioned.Figure3 showstheresultof theML es-
timatorappliedto 10 low-resolution,syntheticimages,with
3 differentlevelsof additivenoise.Notethehigh frequency
error which appearsasnoiseis increasedin the input im-
ages. This is to be expectedgiven the poor conditioning
of thesystem.Thereprojectionerror is extremelyinsensi-
tive to thesehigh-frequency componentswhich arealmost
completelyattenuatedin thesimulationprocessby the(low-
pass)PSF(i.e. they arenear-null vectorsof the linear sys-



noiseW �^�9� � noiseW ���L� � noiseW ���?� �
Figure 3. Results of appl ying the ML estimator to
10 synthetic input images with 3 levels of additive ,
Gaussian noise .

tem). Clearly this estimatoris extremelysensitive to even
smallamountsof noisein theinput images.It doesnotper-
form well unlessmany more imagesareavailable(100 or
more).
Implementation details All large scaleoptimizationsin
this paper(except in the caseof the Irani andPeleg algo-
rithm) arecarriedoutusingLiu andNocedal’sNetlib imple-
mentationof thelimited memoryBFGSmethod[11, 13].

4. The Irani and Peleg algorithm
Irani andPelegproposedanalgorithm[9, 10] whichmin-

imizes the samecost function as the ML estimatorabove
(althoughthe illumination parametersareomitted),but the
iterative updateof the super-resolutionestimateproceeds
by an error back-projectionschemeinspiredby computer-
aided tomography. When all the low-resolution images
have beensimulated,the residualimages(simulatedmi-
nusobserved) areconvolved with a back-projectionfunc-
tion (BPF)andwarpedbackinto thesuper-resolutionframe.
Theback-projectederrorsfrom all theobservedimagesare
averagedandusedto directlyupdatetheestimateasfollows�����J�������G  �¡ x y T �k¢£�T 	 �
¤�¥�¦C
���§
� �� T v¨� T �+�+I (6)

where
¡

is a constantand �
¤�¥�¦ is theback-projectionker-
nel. Irani and Peleg suggestthat �)¤�¥�¦��©���%¥�ª«¦G��¬ where­�® � is agoodchoiceof BPF, ensuringconvergencewhilst
suppressingspuriousnoisecomponentsin thesolution.

Throughoutthis paperwe have used � ¤�¥�¦ �©�q� ¥�ª«¦ � X .
Figure4 showsresultsof thisalgorithmappliedto thesame
imagesas the ML estimatorin figure 3. The increased
noise-robustnessis clear.

Thereasonfor this robustnesslies in thechoiceof BPF.
Sinceeachupdateto the super-resolutionestimateis sim-
ply a linearcombinationof BPFkernelsthen,if theBPFis
smooth,theresultingestimatetendsto besmoothalso.The
algorithmis unableto introducethe high-frequency noise
componentsthattendto dominatetheunconstrainedML es-
timates.It is similar to aconstrainedminimizationin which
thesmallest(andmosttroublesome)eigenvectorsof thelin-
earsystemmentionedabove areconstrainedto zero. The

noise W �¯�9� � noise W ���%� � noiseW ���L� �
Figure 4. Results of appl ying the Irani-P eleg esti-
mator to the same images used in figure 3.

°+±�² �¯� ±�³c² � X °+±�² � ±)³´²
Figure 5. Results of appl ying the Irani-P eleg esti-
mator to 5 images with noise W �¯�%� � grey-levels,
using 2 diff erent forms of back-pr ojection kernel.

effect of the BPF on the estimateis illustratedin figure 5
in which estimatesareobtainedfrom 5 imageswith addi-
tiveGaussiannoise W ���%� � grey-levelsusingtwo different
BPF. ThenarrowerBPF(left) producesa noisyresult. The
wider BPF(right) reducesnoisebut increasessmoothing.

5. A MAP estimator
If a prior probabilitydistributionon thesuper-resolution

image is available then this information may be usedto
“regularize” the estimation. The maximum a posterior
(MAP) estimatorhastheform:����µ�¶p���9�V�9�U�}�� �qx T t �N�U�F�\ 4· X t �����V� (7)

where
t ����� providesameasureof thelikelihoodof apartic-

ular estimate� .
Theprior usedhereappliesapenaltyto theimagegradi-

ent ¸ � . TheMAP estimatoris then� ��µ�¶ ���9�V�F�k�{�� �qx T t �N� � ��v¹· X xy´z9| ~ ² � ¸ ���N�\I�KL�V��� (8)

wherethe penaltyfunction
² ���)� is definedby the Huber

function, ² �N�)�º� � X I�»�¼J�¾½¿M� �}M¹À ��À{vÁM X IVÂ}ÃVÄ?Åa��Æ�»Ç�VÅ



This penaltyfunctionencourageslocal smoothness,whilst
beingmore lenient toward stepedges,thusencouraginga
piecewiseconstantsolution.

6. The Total Variation estimator
Thetotal variationnormis commonlyusedasa regular-

izer in the literatureon denoising/deblurringof single im-
ages(see[17, 4, 15]). It appliesthesamepenaltyto a step
edgeasit doesto a smoothtransitionof thesameheight.ÈCÉ �N�Ê�u� 0GË À ¸ �´À�Ì
Í (9)

and is employed here in a Tikhonov style regularization
scheme:�VÎLÏÐ���9�V�F�U�}�� �qx T t �N���G��vÁ· X xy{z9| ~ À ¸ ���N�\I�KL��À � (10)

Thegradientof theTV termisÌ ÈCÉÌL� �¯v 0 ¸ � ¸ �À ¸ �cÀ (11)

andhencethereis a singularityat ¸ �Ñ�Ò� . This is prob-
lematicfor gradientdescentminimization,sotheterm À ¸ �´À
is often replacedby Ó ³ Xz   ³ X~  ÐP , wherebeta is a tiny

perturbation.An alternativeschemewith betterglobalcon-
vergencepropertiesis proposedby Chanet al. [5]. Figure
6 comparesresultsfrom the Irani-Peleg algorithmto those
obtainedusingthe MAP andTV estimatorsgiven increas-
ingly noisyinputimages.TheIrani-Pelegestimatebecomes
ratherblotchyat high noiselevels. TheMAP andTV esti-
matorsmaintainamorepiece-wiseconstantsolution.

7. The point-spread function
Thepoint-spreadfunctionusedin theimagingmodelcan

have a pronouncedeffect on the super-resolutionestimate.
This is demonstratedin figure 7. The reasonfor this be-
haviour is easiestto imaginein thecasewheretheinput im-
agesarerelatedby only Euclideantransformations(transla-
tion/rotation)andthePSFis isotropic. In this casetheop-
erationsof warpingthe super-resolutionestimateandcon-
volving with thePSFcommute.This meansthat thereis a
family of PSF/super-resolutionpairsthatcangiveriseto the
samesetof observed images.If thePSFis too “low-pass”
then the super-resolutionimagedevelopshigh-frequency,
“ringing” artifactsto compensate.Similarly, if the PSFis
too “high-pass”the estimatebecomessmoother. So under
Euclideantransformationsthe reprojectionerror is insen-
sitive to the sizeof the PSF, only the cost of the prior or
regularizingtermvaries.Thiscanconfoundmethodswhich
attemptto optimizethePSFalongwith thesuper-resolution
estimate.

Thesameeffect is observedwhendealingwith affine or
projective transformations,althoughin thesecasesthe re-
projectionerror is sensitive to PSFvariations,asillustrated

Irani and Peleg

W ���?� � W ���L� � W ���%� �
Map estimator ( ·Ñ���?���FIVM���� )

W ���?� � W ���L� � W ���%� �
Total variation estimator ( ·p���L�Ç� )

W ���?� � W ���L� � W ���%� �
Figure 6. Estimates obtained at 2 � zoom using 10
images, with increasing levels of additive Gaus-
sian noise applied to the input images.

in figure7. Thegraphin figure8 shows thecorresponding
variation of reprojectionerror as the PSF W varies. Note
that the minimum lies at the correctvalue of W �Ô�L���}� .
This wasthevalueusedto make theoriginal simulatedim-
ages.Hence,in the caseof affine or projective sequences
the valueof the PSF W may be optimizedby gradientde-
scent.
7.1. A note on PSF implementation

When implementingthe image synthesisprocessthe
super-resolution estimate must first be geometrically
warped, then blurred with the PSF and finally down-
sampled.This givesrise to two alternative schemeswhich
werenot madeexplicit in Irani andPeleg’soriginalpaper,Õ Either performthewarpontoaregularlatticeusingan

interpolationoperator(e.g.bicubic),followedby con-
volutionwith a discretizedform of thePSFanddown-
sampling.Õ Or warp thesuper-resolutionimageaspoint samples,
andconvolvewith acontinuousform of thePSFat the
requiredsamplingpositions.

The former is generallymuch easierto implement. The
warpingandconvolutionareeasilyoptimzedfor speedwith
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Figure 7. The MAP estimator is applied to 10 syn-
thetic images (figure 2 top), ·��Ô�L�Ç� , MÖ�×�%� � .
When the PSF is too narr ow (high-pass) the super -
resolution estimate is too smooth. When the PSF
is too wide (low-pass) the estimate develops “ring-
ing” artifacts to compensate .

little needfor cachingof intermediatestepsor look-up ta-
bles. However, linear interpolationschemessuchasbilin-
earor bicubic have an unavoidablelow-passeffect. If the
projective transformationof the imagesis severe(e.g. pro-
nouncedforeshortening)thentheseinterpolantsoften per-
form poorly and this in turn adverselyaffects the super-
resolutionresult.Also, whenusinga gradientdescentmin-
imizer, the Jacobianmust includeboth the interpolantand
thePSF. This leadsto a ratherinelegantformulationwhich
is furthercomplicatedby any boundaryconditions.For this
reasonwe have chosenthelatterimplementationpath.The
PSFis a continuous,isotropic Gaussian,truncatedat �L���
standarddeviations. This continuousform allows fairly
simple evaluation of simulatedpixels and Jacobians. It
alsoallows for straightforward propagationof registration
parametercovarianceto provide confidenceweightingson
thesimulatedpixels. Suchcovarianceinformationis a by-
productof unconstrained,ML registrationalgorithmssuch
asfeature-basedbundle-adjustment[8].

8. Results using real data
In thesyntheticexamplestheregistrationwasknown ex-

actly. In theserealexamplesinitial registrationis obtained
usingthefeaturebasedML algorithmdescribedin [3].

TheilluminationparametersM T andP T areestimatedus-
ing arobustline-fit to theintensitiesof correspondingpixels
in the simulatedandobserved images. This estimationis
carriedout at thestart,usingtheinitial super-resolutiones-
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Figure 8. The variation of repr ojection error withW ¥�ª«¦ of the Gaussian point-spread function. Each
data point is the end-point of an estimation using
the MAP estimator applied to 10 synthetic, projec-
tivel y warped images. The minim um corresponds
to the correct PSF.

timate,andthenagainat intervalsthroughouttheminimiza-
tion. Figure9 shows resultsof the Irani-Peleg, MAP and
TV estimatorswhenappliedto 20 CCD cameraimagesof
a sampleof text undergoingplanar-projective motion. The
super-resolutionzoomratio is 2.0. TheMAP andTV esti-
matesarebothslightly sharperthantheIrani-Peleg version
becausethey encouragethesolutionto bemorepiece-wise
constant. Thereis little differencebetweenthe MAP and
TV estimates.However, theTV estimatoronly requiresone
globalparameterto beset( · ), asopposedto thetwo ( · andM ) requiredby theHuberfunction,hencetheTV schemeis
rathereasierto usein practice.

9. Summary and future development
We have demonstratedthe superiorityof the Irani and

Peleg algorithmto theML estimatorandexplainedtherea-
sonsfor its robustness.

Furthermore,it hasbeenshown that resultscomparable
to or betterthanthoseobtainablewith Irani andPeleg’s al-
gorithmcanbeachievedusingasimpleMAP estimatoror a
traditionaltotal variationregularizer. We have shown these
estimatorsto have improvednoiserobustness.

We have also demonstratedthe effect of a poorly esti-
matedpoint-spreadfunctionon thesuper-resolutionresult,
and explained the conditionsunderwhich this parameter
maybesuccessfullyoptimized.

Theestimatorsproposedhereareparticularlyapplicable
to enhancementof text sincethey encouragea piece-wise
constantsolution. For othertypesof image,suchsimplis-
tic priors areinappropriate.We arethereforeinvestigating
methodsof learningstatisticalimagemodelsdirectly from
imagessuchasproposedby FreemanandPasztor[7], and
alsoBormanetal. [2].

The basicML super-resolutionestimatoris too poorly
conditionedto be useful. However, the Irani andPeleg al-
gorithm demonstratesthat with a restrictedsolution basis
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Figure 9. Super -resolution at 2 � zoom from 20 im-
ages captured using a Pulnix CCD camera. (a) one
of the original low-res images, (b) the initial esti-
mate (average of registered frames), (c) the result
of the Irani-P eleg algorithm, (d) the result of the
MAP algorithm, ·¯�Ø�L� �L� , M��Ù�%� � ,PSF W �Ø�?���
pix els, (e) the TV result, ·1�Ú�L� �9�?� , PSF W �Ú�?���
pix els, (f) the TV estimate with ·¯�Ø�L� �9�-� . The
MAP and TV estimates are both slightl y sharper
than the Irani-P eleg estimate , although there is lit-
tle diff erence in quality between MAP and TV. Both
are clearl y far superior to the original image reso-
lution.

useful resultscanstill be obtained. With this in mind we
are also investigatingrestrictedimagebasesin which the
super-resolutionproblemis betterconditioned,therebyal-
lowing anML estimatorto beused.
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