
❙✉♣❡r✲r❡s♦❧✉t✐♦♥ ■♠❛❣✐♥❣

❜②

❙té❢❛♥ ❏♦❤❛♥♥ ✈❛♥ ❞❡r ❲❛❧t

❉✐ss❡rt❛t✐♦♥ ♣r❡s❡♥t❡❞ ❢♦r t❤❡ ❞❡❣r❡❡ ❉♦❝t♦r ♦❢ P❤✐❧♦s♦♣❤② ✐♥

❊♥❣✐♥❡❡r✐♥❣ ❛t ❙t❡❧❧❡♥❜♦s❝❤ ❯♥✐✈❡rs✐t②

Pr♦♠♦t♦r✿ Pr♦❢✳ ❇❛r❡♥❞ ▼✳ ❍❡r❜st

❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s

❉❡❝❡♠❜❡r ✷✵✶✵



❉❡❝❧❛r❛t✐♦♥

❇② s✉❜♠✐tt✐♥❣ t❤✐s ❞✐ss❡rt❛t✐♦♥ ❡❧❡❝tr♦♥✐❝❛❧❧②✱ ■ ❞❡❝❧❛r❡ t❤❛t t❤❡ ❡♥t✐r❡t② ♦❢ t❤❡

✇♦r❦ ❝♦♥t❛✐♥❡❞ t❤❡r❡✐♥ ✐s ♠② ♦✇♥✱ ♦r✐❣✐♥❛❧ ✇♦r❦✱ t❤❛t ■ ❛♠ t❤❡ ♦✇♥❡r ♦❢ t❤❡

❛✉t❤♦rs❤✐♣ t❤❡r❡♦❢ ✭✉♥❧❡ss t♦ t❤❡ ❡①t❡♥t ❡①♣❧✐❝✐t❧② ♦t❤❡r✇✐s❡ st❛t❡❞✮ ❛♥❞ t❤❛t

■ ❤❛✈❡ ♥♦t ♣r❡✈✐♦✉s❧② ✐♥ ✐ts ❡♥t✐r❡t② ♦r ✐♥ ♣❛rt s✉❜♠✐tt❡❞ ✐t ❢♦r ♦❜t❛✐♥✐♥❣ ❛♥②

q✉❛❧✐✜❝❛t✐♦♥✳

❙✳❏✳ ✈❛♥ ❞❡r ❲❛❧t ✷✸ ❆♣r✐❧ ✷✵✶✵

✐



❈♦♣②r✐❣❤t ➞ ✷✵✶✵ ❙t❡❧❧❡♥❜♦s❝❤ ❯♥✐✈❡rs✐t②

❆❧❧ r✐❣❤ts r❡s❡r✈❡❞✳



❆❜str❛❝t

❙✉♣❡r✲r❡s♦❧✉t✐♦♥ ■♠❛❣✐♥❣

❙✳❏✳ ✈❛♥ ❞❡r ❲❛❧t

❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s

❙t❡❧❧❡♥❜♦s❝❤ ❯♥✐✈❡rs✐t②

Pr✐✈❛t❡ ❇❛❣ ❳✶✱ ▼❛t✐❡❧❛♥❞ ✼✻✵✷✱

❙♦✉t❤ ❆❢r✐❝❛

❉✐ss❡rt❛t✐♦♥✿ P❤❉❊♥❣

❉❡❝❡♠❜❡r ✷✵✶✵

❙✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐♠❛❣✐♥❣ ✐s t❤❡ ♣r♦❝❡ss ✇❤❡r❡❜② s❡✈❡r❛❧ ❧♦✇✲r❡s♦❧✉t✐♦♥ ♣❤♦✲

t♦❣r❛♣❤s ♦❢ ❛♥ ♦❜❥❡❝t ❛r❡ ❝♦♠❜✐♥❡❞ t♦ ❢♦r♠ ❛ s✐♥❣❧❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❡st✐♠❛t✐♦♥✳

❲❡ ✐♥✈❡st✐❣❛t❡ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ t❤✐s ♣r♦❝❡ss✿ ✐♠❛❣❡ ❛❝q✉✐s✐t✐♦♥✱ r❡❣✐str❛✲

t✐♦♥ ❛♥❞ r❡❝♦♥str✉❝t✐♦♥✳ ❆ ♥❡✇ ❢❡❛t✉r❡ ❞❡t❡❝t♦r✱ ❜❛s❡❞ ♦♥ t❤❡ ❞✐s❝r❡t❡ ♣✉❧s❡

tr❛♥s❢♦r♠✱ ✐s ❞❡✈❡❧♦♣❡❞✳ ❲❡ s❤♦✇ ❤♦✇ t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ st♦r❡ t❤❡ tr❛♥s❢♦r♠

❡✣❝✐❡♥t❧②✱ ❛♥❞ ❤♦✇ t♦ ♠❛t❝❤ t❤❡ ❢❡❛t✉r❡s ✉s✐♥❣ ❛ st❛t✐st✐❝❛❧ ❝♦♠♣❛r✐s♦♥ t❤❛t

✐♠♣r♦✈❡s ✉♣♦♥ ❝♦rr❡❧❛t✐♦♥ ✉♥❞❡r ♠✐❧❞ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥✳ ❚♦ s✐♠♣❧✐❢②

r❡❝♦♥str✉❝t✐♦♥✱ t❤❡ ✐♠❛❣✐♥❣ ♠♦❞❡❧ ✐s ❧✐♥❡❛r✐s❡❞✱ ✇❤❡r❡❛❢t❡r ❛ ♣♦❧②❣♦♥✲❜❛s❡❞ ✐♥✲

t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r ✐s ✐♥tr♦❞✉❝❡❞ t♦ ♠♦❞❡❧ t❤❡ ✉♥❞❡r❧②✐♥❣ ❝❛♠❡r❛ s❡♥s♦r✳ ❋✐✲

♥❛❧❧②✱ ❛ ❧❛r❣❡✱ s♣❛rs❡✱ ♦✈❡r✲❞❡t❡r♠✐♥❡❞ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐s s♦❧✈❡❞✱ ✉s✐♥❣

r❡❣✉❧❛r✐s❛t✐♦♥✳ ❚❤❡ s♦❢t✇❛r❡ ❞❡✈❡❧♦♣❡❞ t♦ ♣❡r❢♦r♠ t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s ✐s ♠❛❞❡

❛✈❛✐❧❛❜❧❡ ✉♥❞❡r ❛♥ ♦♣❡♥ s♦✉r❝❡ ❧✐❝❡♥s❡✱ ❛♥❞ ♠❛② ❜❡ ✉s❡❞ t♦ ✈❡r✐❢② t❤❡ r❡s✉❧ts✳

✐✐✐



❙❛♠❡✈❛tt✐♥❣

❙✉♣❡r✲r❡s♦❧✉s✐❡ ❇❡❡❧❞✈♦r♠✐♥❣

❙✳❏✳ ✈❛♥ ❞❡r ❲❛❧t

❚♦❡❣❡♣❛st❡ ❲✐s❦✉♥❞❡

❯♥✐✈❡rs✐t❡✐t ✈❛♥ ❙t❡❧❧❡♥❜♦s❝❤

Pr✐✈❛❛ts❛❦ ❳✶✱ ✼✻✵✷ ▼❛t✐❡❧❛♥❞✱ ❙✉✐❞✲❆❢r✐❦❛

Pr♦❡❢s❦r✐❢✿ P❤❉■♥❣

❉❡s❡♠❜❡r ✷✵✶✵

■♥ s✉♣❡r✲r❡s♦❧✉s✐❡ ❜❡❡❧❞✈♦r♠✐♥❣ ✇♦r❞ ✈❡rs❦❡✐❡ ❧❛❡✲r❡s♦❧✉s✐❡ ❢♦t♦✬s ✈❛♥ ✬♥ ♦♥❞❡r✲

✇❡r♣ ❣❡❦♦♠❜✐♥❡❡r ✐♥ ✬♥ ❡♥❦❡❧❡✱ ❤♦ë✲r❡s♦❧✉s✐❡ ❛❢s❦❛tt✐♥❣✳ ❖♥s ♦♥❞❡rs♦❡❦ ❡❧❦❡

st❛♣ ✈❛♥ ❤✐❡r❞✐❡ ♣r♦s❡s✿ ❜❡❡❧❞✈♦r♠✐♥❣✱ ✲❜❡❧②♥✐♥❣ ❡♥ ❤♦ë✲r❡s♦❧✉s✐❡ s❛♠❡st❡❧❧✐♥❣✳

✬♥ ◆✉✇❡ ♠❡t♦❞❡ ✇❛t st❛❛t♠❛❛❦ ♦♣ ❞✐❡ ❞✐s❦r❡t❡ ♣✉❧str❛♥s❢♦r♠ ✇♦r❞ ♦♥t✇✐❦❦❡❧

♦♠ ❜❡❧❛♥❣r✐❦❡ ❜❡❡❧❞❦❡♥♠❡r❦❡ t❡ ✈✐♥❞✳ ❖♥s ✇②s ❤♦❡ ♦♠ ❞✐❡ tr❛♥s❢♦r♠ ❡✛❡❦t✐❡❢

t❡ ❜❡r❡❦❡♥ ❡♥ ❤♦❡ ♦♠ r❡s✉❧t❛t❡ ❦♦♠♣❛❦ t❡ st♦♦r✳ ❉✐❡ ❦❡♥♠❡r❦❡ ✇♦r❞ ✈❡r❣❡❧②❦

❞❡✉r ♠✐❞❞❡❧ ✈❛♥ ✬♥ st❛t✐st✐❡s❡ ♠♦❞❡❧ ✇❛t ❜❡st❛♥❞ ✐s t❡❡♥ ❦❧❡✐♥ ❧✐♥❡êr❡ ❜❡❡❧❞✲

✈❡r✈♦r♠✐♥❣s✳ ▼❡t ❞✐❡ ♦♦❣ ♦♣ ✬♥ ✈❡r❡❡♥✈♦✉❞✐❣❞❡ s❛♠❡st❡❧❧✐♥❣s❜❡r❡❦❡♥✐♥❣ ✇♦r❞

❞✐❡ ❜❡❡❧❞✈♦r♠✐♥❣s♠♦❞❡❧ ❣❡❧✐♥❡❛r✐s❡❡r✳ ■♥ ❞✐❡ ♥✉✇❡ ♠♦❞❡❧ ✇♦r❞ ❞✐❡ ❦❛♠❡r❛s❡♥s♦r

❣❡♠♦❞❡❧❧❡❡r ♠❡t ❜❡❤✉❧♣ ✈❛♥ ✈❡❡❧❤♦❡❦✲✐♥t❡r♣♦❧❛s✐❡✳ ❯✐t❡✐♥❞❡❧✐❦ ✇♦r❞ ✬♥ ❣r♦♦t✱ ②❧✱

♦♦r❜❡♣❛❛❧❞❡ st❡❧s❡❧ ❧✐♥❡êr❡ ✈❡r❣❡❧②❦✐♥❣s ♦♣❣❡❧♦s ♠❡t ❜❡❤✉❧♣ ✈❛♥ r❡❣✉❧❛r✐s❡r✐♥❣✳

❉✐❡ s❛❣t❡✇❛r❡ ✇❛t ✈✐r ❤✐❡r❞✐❡ ❜❡r❡❦❡♥✐♥❣❡ ♦♥t✇✐❦❦❡❧ ✐s✱ ✐s ❜❡s❦✐❦❜❛❛r ♦♥❞❡r❤❡✇✐❣

❛❛♥ ✬♥ ♦♦♣❜r♦♥✲❧✐s❡♥s✐❡ ❡♥ ❦❛♥ ❣❡❜r✉✐❦ ✇♦r❞ ♦♠ ❞✐❡ ❣❡❣❡✇❡ r❡s✉❧t❛t❡ t❡ ✈❡r✐✜❡❡r✳

✐✈



❚♦ ♠② ❢❛t❤❡r✱ ✇❤♦ ♦♣❡♥❡❞ s♦ ♠❛♥② ❞♦♦rs ❢♦r ♠❡✱

❛♥❞ t♦ ♠② ♠♦t❤❡r✱ ✇❤♦ t❛✉❣❤t ♠❡ t♦ ❝r♦ss t❤❡✐r t❤r❡s❤♦❧❞s ✇✐t❤ ❛ s♠✐❧❡✳



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❆s ✇✐t❤ ♠❛♥② ❛ ❧❛r❣❡ ✉♥❞❡rt❛❦✐♥❣✱ ❞♦❝t♦r❛❧ r❡s❡❛r❝❤ ❛✛❡❝ts t❤❡ ❝❛♥❞✐❞❛t❡✬s ❧✐❢❡

✐♥ ✇❛②s ✉♥❛♥t✐❝✐♣❛t❡❞ ❜❡❢♦r❡❤❛♥❞✳ ■✬❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤♦s❡ ❢r✐❡♥❞s✱ ❝♦❧❧❡❛❣✉❡s

❛♥❞ ❢❛♠✐❧② ♠❡♠❜❡rs ✇❤♦ s✉♣♣♦rt❡❞ ♠❡ ❞✉r✐♥❣ t❤✐s ❢❛s❝✐♥❛t✐♥❣ ✭❛♥❞ s♦♠❡t✐♠❡s

❞❛✉♥t✐♥❣✦✮ ❥♦✉r♥❡②✳ ❆t t❤❡ r✐s❦ ♦❢ ♥❡❣❧❡❝t✐♥❣ s♦♠❡✱ ■✬❞ ❧✐❦❡ t♦ ♠❡♥t✐♦♥ ❛ ❢❡✇

✐♥❞✐✈✐❞✉❛❧s ❛♥❞ ✐♥st✐t✉t✐♦♥s ❜② ♥❛♠❡✿

❼ ▼② st✉❞② ❛❞✈✐s♦r✱ Pr♦❢✳ ❇❡♥ ❍❡r❜st✱ ✇❤♦ ❛❧❧♦✇❡❞ ♠❡ t❤❡ ❢r❡❡❞♦♠ t♦

❡①♣❧♦r❡ ❛♥❞ ❛❧♠♦st ❝❡rt❛✐♥❧② ❤❛❞ ♠♦r❡ ❢❛✐t❤ ✐♥ ♠❡ t❤❛♥ ■ ❞❡s❡r✈❡❞✳

❼ ❉P❙❙ ✭❉❡❢❡♥❝❡ P❡❛❝❡✱ ❙❛❢❡t② ✫ ❙❡❝✉r✐t②✱ ❛ ❜r❛♥❝❤ ♦❢ t❤❡ ❈❙■❘✮✱ t❤❡

◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥ ❛♥❞ ❙t❡❧❧❡♥❜♦s❝❤ ❯♥✐✈❡rs✐t② ✇❤♦ s✉♣♣♦rt❡❞

♠❡ ✜♥❛♥❝✐❛❧❧②✳ ❆❞❞✐t✐♦♥❛❧ ❢✉♥❞✐♥❣ ❢♦r ♦✈❡rs❡❛s tr❛✈❡❧ ✇❛s ♣r♦✈✐❞❡❞ ❜②

❊♥t❤♦✉❣❤t✱ ■♥❝✳✱ t❤❡ P②t❤♦♥ ❙♦❢t✇❛r❡ ❋♦✉♥❞❛t✐♦♥ ❛♥❞ t❤❡ ❍❡❧❡♥ ❲✐❧❧s
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✻✳✸ ❖t❤❡r ❛♣♣r♦❛❝❤❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✻✳✸✳✶ ❆✈❡r❛❣✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✻✳✸✳✷ ▼❛♣ ❛♥❞ ❞❡❜❧✉r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✻✳✸✳✸ P❛♥✲s❤❛r♣❡♥✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✻✳✸✳✹ ❈♦♠♣r❡ss✐✈❡ s❛♠♣❧✐♥❣ ✴ ❝♦♠♣r❡ss❡❞ s❡♥s✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✼ ❙✉♣❡r✲r❡s♦❧✉t✐♦♥ ❛s ❛ s♣❛rs❡ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✽✺

✼✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✼✳✷ ❚❤❡ ❝❛♠❡r❛ ♠❛tr✐①✱ A ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✼✳✸ ▲✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✼✳✸✳✶ ❇✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✼✳✸✳✷ P♦❧②❣♦♥✲❜❛s❡❞ ✐♥t❡r♣♦❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✼✳✹ ❙♦❧✈✐♥❣ t❤❡ ❧❛r❣❡✱ s♣❛rs❡ ❧❡❛st✲sq✉❛r❡s ♣r♦❜❧❡♠ Ax = b ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✼✳✹✳✶ ■t❡r❛t✐✈❡ ♦♣t✐♠✐s❛t✐♦♥ ♠❡t❤♦❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✼✳✹✳✷ ■t❡r❛t✐✈❡✲✐♥t❡r♣♦❧❛t✐♦♥ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

✼✳✺ ❙tr✉❝t✉r❛❧ ♠❡tr✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸
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✼✳✻ ❙❡♥s✐t✐✈✐t② t♦ ♣❤♦t♦♠❡tr✐❝ r❡❣✐str❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✼✳✼ ❘❡❝✉rs✐✈❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✼✳✽ ❘❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✽ ❈♦♥❝❧✉s✐♦♥ ✶✶✸

❆ ❉❛t❛✲s❡t ❢♦r♠❛t ❆✲✶

❇ ❙♦❢t✇❛r❡ ❆P■ ❇✲✶



▲✐st ♦❢ ❙②♠❜♦❧s

❱❡❝t♦rs ❛♥❞ ▼❛tr✐❝❡s✿

x ❈♦❧✉♠♥ ✈❡❝t♦r ✭❧♦✇❡r✲❝❛s❡✱ ❜♦❧❞✮

xT ❘♦✇ ✈❡❝t♦r

A ▼❛tr✐① ✭✉♣♣❡r✲❝❛s❡✱ ♣❧❛✐♥✮

I ■❞❡♥t✐t② ♠❛tr✐①

●r❛❞✐❡♥t ❛♥❞ ❞❡r✐✈❛t✐✈❡s✿

∂f
∂x P❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ f(x, y) ✇✐t❤ r❡s♣❡❝t t♦ x✳

∇ ●r❛❞✐❡♥t

∇f = df(x)
dx =

[

∂f
∂x1

∂f
∂x2

. . . ∂f
∂xn

]T

❙❡ts✿

card(V ) ❈❛r❞✐♥❛❧✐t② ♦❢ ✭♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥✮ t❤❡ s❡t ❱✳

A
⋃

B ❯♥✐♦♥ ♦❢ t❤❡ s❡ts A ❛♥❞ B✳

A
⋂

B ■♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ s❡ts A ❛♥❞ B✳

①



❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

✏❯♥❧✐❦❡ ♠❛♥② ♦t❤❡r ❜r❛♥❝❤❡s ♦❢ s❝✐❡♥❝❡✱ st✉❞❡♥ts ♦❢ ❞✐❣✐t❛❧ ✐♠❛❣❡

✇❛r♣✐♥❣ ❜❡♥❡✜t ❢r♦♠ t❤❡ ❞✐r❡❝t ✈✐s✉❛❧ r❡❛❧✐③❛t✐♦♥ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧

❛❜str❛❝t✐♦♥s ❛♥❞ ❝♦♥❝❡♣ts✳ ❆s ❛ r❡s✉❧t✱ r❡❛❞❡rs ❛r❡ ❢♦rt✉♥❛t❡ t♦ ❤❛✈❡

✐♠❛❣❡s ❝❧❛r✐❢② ✇❤❛t ♠❛t❤❡♠❛t✐❝❛❧ ♥♦t❛t✐♦♥ s♦♠❡t✐♠❡s ♦❜s❝✉r❡s✳ ❚❤✐s

♠❛❦❡s t❤❡ st✉❞② ♦❢ ❞✐❣✐t❛❧ ✐♠❛❣❡ ✇❛r♣✐♥❣ ❛ tr✉❧② ❢❛s❝✐♥❛t✐♥❣ ❛♥❞ ❡♥✲

❥♦②❛❜❧❡ ❡♥❞❡❛✈♦r✳✑

✖ ●❡♦r❣❡ ❲♦❧❜❡r❣ ❬❲♦❧✾✵❪ ✐♥ ❛ q✉♦t❡ ❡q✉❛❧❧② ✈❛❧✐❞ ❢♦r ❝♦♠♣✉t❡r

✈✐s✐♦♥ ❛♥❞ ❞✐❣✐t❛❧ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣✳

❙❛t❡❧❧✐t❡s ❝❛♥♥♦t ❜❡ r❡✲❧❛✉♥❝❤❡❞ ❛♥❞✱ ❛s ❢❛r ❛s ✇❡ ❛r❡ ❛✇❛r❡✱ t✐♠❡ tr❛✈❡❧ ✐s ♥♦t

♣♦ss✐❜❧❡✶✳ ❚❤❡s❡ ❝♦♥str❛✐♥ts ✐♥❞✐❝❛t❡ t✇♦ s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ s✉♣❡r✲r❡s♦❧✉t✐♦♥

✐♠❛❣✐♥❣ ❝♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ s❛t❡❧❧✐t❡ ❞❡s✐❣♥❡❞ t♦ ♠♦♥✐t♦r ❝r♦♣

❣r♦✇t❤ ♠❛② ❧❛t❡r ❜❡ r❡t❛r❣❡tt❡❞ ❢♦r ♠✐❧✐t❛r② ♦❜s❡r✈❛t✐♦♥✳ ❋♦r t❤❡ ❧❛tt❡r ♣✉r♣♦s❡✱

t❤❡ r❡s♦❧✉t✐♦♥ ✭♦r s❛♠♣❧✐♥❣ ✐♥t❡r✈❛❧✮ ♦❢ r❡❝♦r❞❡❞ s✐❣♥❛❧s✱ s✉❝❤ ❛s ♣❤♦t♦❣r❛♣❤s ♦r

✈✐❞❡♦s✱ ♥❡❡❞ t♦ ❜❡ ♠✉❝❤ ❤✐❣❤❡r✳ ■♥ ♠♦st ❝❛s❡s✱ ✐t ✇♦✉❧❞ ♥♦t ❜❡ ❝♦st✲❡✛❡❝t✐✈❡ t♦

r❡❢✉r❜✐s❤ t❤❡ s❛t❡❧❧✐t❡ ❝❛♠❡r❛ ✇✐t❤ ❛ ♥❡✇ ❧❡♥s ✭❛❧t❤♦✉❣❤ t❤✐s ✐s s♦♠❡t✐♠❡s ❞♦♥❡✱

❛s ✇✐t❤ ◆❆❙❆✬s ❍✉❜❜❧❡ s❡r✈✐❝❡ ♠✐ss✐♦♥s✮✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s s❡❝✉r✐t② ❢♦♦t❛❣❡✱

t②♣✐❝❛❧❧② t❛❦❡♥ ✇✐t❤ ❛ ❧♦✇✲❝♦st ❝❛♠❡r❛✳ ❆ ❝r✐♠✐♥❛❧ ❛❝t ✐s ❝♦♠♠✐tt❡❞✱ ❜✉t t❤❡

❢❛❝❡ ♦❢ t❤❡ ♣❡r♣❡tr❛t♦r ❝❛♥♥♦t ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ❞✉❡ t♦ t❤❡ ❧♦✇ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡

❢♦♦t❛❣❡✳ ■♥ ❜♦t❤ t❤❡s❡ s✐t✉❛t✐♦♥s✱ ❛ s✐❣♥❛❧ t❤❛t ✇♦✉❧❞ ♦t❤❡r✇✐s❡ ❜❡ ♦❢ ❧✐tt❧❡ ✉s❡

♠❛② ②✐❡❧❞ ✐♠♣♦rt❛♥t ✐♥❢♦r♠❛t✐♦♥ ❛❢t❡r ❛♣♣❧②✐♥❣ ✐♠❛❣❡ s✉♣❡r✲r❡s♦❧✉t✐♦♥✳

❚❤❡ ❘❡❣✐♥❛❧❞ ❉❡♥♥② ❝❛s❡ ✇❛s t❤❡ ✜rst t✐♠❡ t❤❛t s✉♣❡r✲r❡s♦❧✉t✐♦♥ t❡❝❤♥✐q✉❡s

✇❡r❡ ✉s❡❞ ✐♥ ❛ ❯♥✐t❡❞ ❙t❛t❡s ❝♦✉rtr♦♦♠ ❬▼♦r✾✼❪✳ ❉❡♥♥②✱ ❛ tr✉❝❦ ❞r✐✈❡r✱ ✇❛s

♥❡❛r❧② ❜❡❛t❡♥ t♦ ❞❡❛t❤ ❞✉r✐♥❣ t❤❡ ✶✾✾✷ ▲♦s ❆♥❣❡❧❡s r✐♦ts✱ ❜✉t ❤✐s ❛ss❛✐❧❛♥ts

✇❡r❡ ❝❛♣t✉r❡❞ ♦♥ ✈✐❞❡♦ ❜② ❛ ♥❡✇s ❤❡❧✐❝♦♣t❡r✳ ❚♦ ♣r♦✈❡ t❤❡ ✐❞❡♥t✐t② ♦❢ ♦♥❡ ♦❢

t❤❡ ♠♦❜st❡rs✱ s✉♣❡r✲r❡s♦❧✉t✐♦♥✲❧✐❦❡ t❡❝❤♥✐q✉❡s ✇❡r❡ ❛♣♣❧✐❡❞ t♦ ❛ ✈✐❞❡♦ s❡❣♠❡♥t

s❤♦✇✐♥❣ ❛ r♦s❡ t❛tt♦♦ ♦♥ ❤✐s ❛r♠ ❬◆❨◆✾✸❪✳ ■♥ t❤❡ ❡♥❞✱ t❤✐s ❡✈✐❞❡♥❝❡ ✇❛s ♥♦t

❡♥♦✉❣❤ ❢♦r ❛ ❝♦♥✈✐❝t✐♦♥✱ ❜✉t ✐t ♣❛✈❡❞ t❤❡ ✇❛② ❢♦r s✐♠✐❧❛r ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣

t❡❝❤♥♦❧♦❣② ✐♥ t❤❡ ❆♠❡r✐❝❛♥ ❝♦✉rtr♦♦♠✳
✶❚❤✐s st❛t❡♠❡♥t ♠❛② ❜❡ r❡❢✉t❡❞ ❜② ❢✉t✉r❡ t✐♠❡✲tr❛✈❡❧❧❡rs✳

✶
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◆♦ ♠❛tt❡r ❤♦✇ ❤✐❣❤ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛ ❝❛♠❡r❛ s②st❡♠✱ t❤❡r❡ ♦❢t❡♥ ❡①✐sts

t❤❡ ♥❡❡❞ t♦ ✐♠♣r♦✈❡ ✐t✳ ❚❤✐s ✇❛s t❤❡ ❞r✐✈✐♥❣ ❢♦r❝❡ ❢♦r r❡s❡❛r❝❤ ❞♦♥❡ ❛t ◆❆❙❆

❆♠❡s t❤❛t ❧❡❞ t♦ t❤❡ ✜rst ♠❛t❤❡♠❛t✐❝❛❧ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ❢♦r♠✉❧❛t✐♦♥ ❬❈❑❑+✾✸❪✳

▼❛❦✐♥❣ t❤❡ ❜❡st ♦❢ t❤❡ ❡①✐st✐♥❣ s✐t✉❛t✐♦♥✱ t❤❡② ❛♣♣❧✐❡❞ t❤❡✐r t❡❝❤♥✐q✉❡s t♦ ♣❤♦✲

t♦s t❛❦❡♥ ❞✉r✐♥❣ t❤❡ P❛t❤✜♥❞❡r ♠✐ss✐♦♥✱ t❤❡ r❡s✉❧t ♦❢ ✇❤✐❝❤ ✐s s❤♦✇♥ ❛t t❤❡

❜❡❣✐♥♥✐♥❣ ♦❢ ❈❤❛♣t❡r ✻ ✐♥ ❋✐❣✉r❡ ✻✳✶✳

❲❡ s❤♦✉❧❞ ♣♦✐♥t ♦✉t t❤❛t ✏r❡s♦❧✉t✐♦♥✑ ✐s ❛ ♥❡❜✉❧♦✉s ❝♦♥❝❡♣t✳ ■t ✐s ❡❛s②

t♦ ✐♥❝r❡❛s❡ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛♥ ✐♠❛❣❡ ❜② s✐♠♣❧② s❝❛❧✐♥❣ ✭r❡s✐③✐♥❣✮ ✐t✱ ♣♦ss✐❜❧②

✉s✐♥❣ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ♠❡t❤♦❞ s✉❝❤ ❛s ▲❛♥❝③♦s ♦r ❝✉❜✐❝ ✐♥t❡r♣♦❧❛t✐♦♥✳ ❲❤✐❧❡

t❤✐s ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ♣✐①❡❧s✱ ✐t ❞♦❡s ♥♦t ❛❞❞ ❛♥② ✐♥❢♦r♠❛t✐♦♥ t♦ t❤❡

✐♠❛❣❡✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ t❤✐♥❦ ♦❢ ✐♠♣r♦✈❡❞ r❡s♦❧✉t✐♦♥ ❛s ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❤✐❣❤✲

❢r❡q✉❡♥❝② ✐♥❢♦r♠❛t✐♦♥✖t❤❡ ❞❡t❛✐❧ t❤❛t ♣r♦✈✐❞❡s ❞❡✜♥✐t✐♦♥ ♦♥ ❛ s♠❛❧❧ s❝❛❧❡✳ ❲❡

❛✐♠ t♦ ♠❛❦❡ ❜❧✉rr❡❞ t❡①t ❧❡❣✐❜❧❡✱ ♦r t♦ r❡❝♦❣♥✐s❡ ❢❛❝❡s t❤❛t ✇❡r❡ ♣r❡✈✐♦✉s❧②

✉♥r❡❝♦❣♥✐s❡❛❜❧❡✳

❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❞❡s❝r✐❜❡ ✐♠❛❣❡ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ❛s ❛ ❝❧❛ss ♦❢ ❛❧❣♦r✐t❤♠s

t❤❛t ❝♦♠❜✐♥❡ s❡✈❡r❛❧ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✭▲❘✮ ✐♠❛❣❡s ✐♥t♦ ❛ s✐♥❣❧❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥

✭❍❘✮ ✐♠❛❣❡ ♦❢ ✐♠♣r♦✈❡❞ ❞❡t❛✐❧✳ ■❢ ❛❧❧ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡s ❛r❡ ✐❞❡♥t✐❝❛❧✱ ♥♦

✐♠♣r♦✈❡♠❡♥t ✐s ♣♦ss✐❜❧❡✱ ❜✉t ✐♥ ♣r❛❝t✐❝❡ ❡✈❡♥ ✐♠❛❣❡s t❛❦❡♥ ♦❢ ❛ st❛t✐❝ ♦❜❥❡❝t ❢r♦♠

t❤❡ s❛♠❡ ❝❛♠❡r❛ ♣♦s✐t✐♦♥ ❝♦♥t❛✐♥ ❞✐✛❡r✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❞✉❡ t♦ s✐❣♥❛❧ ♥♦✐s❡✳ ❋♦r

❡①❛♠♣❧❡✱ ❛ ❝♦♠♠♦♥ t❡❝❤♥✐q✉❡ ✉s❡❞ ❜② ❛♠❛t❡✉r ❛str♦♥♦♠❡rs ✐s t♦ ♣❤♦t♦❣r❛♣❤

❛ s❡❝t✐♦♥ ♦❢ t❤❡ s❦② ✇✐t❤ ❛♥ ✐♥❡①♣❡♥s✐✈❡ ❈❈❉✲❝❛♠❡r❛ ♠♦✉♥t❡❞ ♦♥ ❛ tr❛❝❦✐♥❣

t❡❧❡s❝♦♣❡✳ ❆♥② ♦♥❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ✐♠❛❣❡s ✐s ♦❢ ❧✐tt❧❡ ✈❛❧✉❡ ♦♥ ✐ts ♦✇♥✱ ❜✉t ❜②

❛❞❞✐♥❣ t❤❡♠ t♦❣❡t❤❡r t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ s✐❣♥❛❧ ✐s r❛✐s❡❞ ✇✐t❤ r❡s♣❡❝t t♦

③❡r♦✲♠❡❛♥ ♥♦✐s❡❀ st❛rs ❛♥❞ ❣❛❧❛①✐❡s ❛♣♣❡❛r ❛s ✐❢ ❜② ♠❛❣✐❝✳

❚♦ ♣❡r❢♦r♠ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐♠❛❣✐♥❣✱ ✇❡ ♥❡❡❞ t♦ ♠♦❞❡❧ t❤❡ ❡♥t✐r❡ ♣❤♦t♦✲

❣r❛♣❤✐❝ ♣r♦❝❡ss✿ ❢r♦♠ t❤❡ t✐♠❡ t❤❡ ❧✐❣❤t r❡✢❡❝ts ♦✛ ❛ s✉r❢❛❝❡ ✉♥t✐❧ ❞✐❣✐t❛❧ ❞❛t❛

❛rr✐✈❡s ♦♥ ♦✉r ❝♦♠♣✉t❡rs✳ ❚❤✐s ♣r♦❝❡ss ❡♥❝♦♠♣❛ss❡s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❞✐st♦r✲

t✐♦♥s✱ ♥♦✐s❡ ♣r♦❝❡ss❡s ❛♥❞ ♦t❤❡r ♥♦♥✲❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✖t♦♦ ♠❛♥② t♦ ♠♦❞❡❧

r❡❛❧✐st✐❝❛❧❧②✳ ❲❡ t❤❡r❡❢♦r❡ ♠❛❦❡ ♥✉♠❡r♦✉s ❛ss✉♠♣t✐♦♥s ❛♥❞ s✐♠♣❧✐✜❝❛t✐♦♥s t♦

✜♥❞ ❛ s✉✐t❛❜❧❡ ❧✐♥❡❛r ♠♦❞❡❧ t❤❛t ❧❡❛❞s t♦ ✈✐❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥✳ ❖✉r ♠♦❞❡❧ ✐s

❡①♣r❡ss❡❞ s✐♠♣❧② ❛s t❤❡ ✭♦✈❡r❞❡t❡r♠✐♥❡❞✮ s❡t ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✱

Ax = b,

✇❤❡r❡ x ✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❝❡♥❡ ✐♥ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✭t❤✐s ✐s ✇❤❛t ✇❡

✇♦✉❧❞ ❧✐❦❡ t♦ ❡st✐♠❛t❡✮✱ b ❛r❡ ♦✉r ❧♦✇ r❡s♦❧✉t✐♦♥ ✐♠❛❣❡s ❛♥❞ A ✐s ❛ ♠❛tr✐① t❤❛t

❡♥❝♦♠♣❛ss❡s t❤❡ ❡♥t✐r❡ ♣❤♦t♦❣r❛♣❤✐❝ ♣r♦❝❡ss✳

❆❧♠♦st ❛❧❧ ♦✉r ❡✛♦rt ✐s s♣❡♥t ✜♥❞✐♥❣ t❤❡ ♠❛tr✐① A t❤❛t ♠♦❞❡❧s t❤❡ r❡❧❛t✐♦♥

♦❢ t❤❡ ❛✈❛✐❧❛❜❧❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ♣❤♦t♦❣r❛♣❤s t♦ t❤❡ ❞❡s✐r❡❞ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ s❝❡♥❡

♣❤♦t♦❣r❛♣❤ ❛❧❧ t❤❡ ✇❛② ❞♦✇♥ t♦ ✐♥❞✐✈✐❞✉❛❧ ♣✐①❡❧ ❧❡✈❡❧✳ ❚❤❡r❡❛❢t❡r✱ ✜♥❞✐♥❣ x ✐s
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❋✐❣✉r❡ ✶✳✶✿ ❆♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ♣r♦❝❡ss✳

❛ ♠❛tt❡r ♦❢ s♦❧✈✐♥❣ ❛ ❧❛r❣❡✱ s♣❛rs❡ ❧✐♥❡❛r s②st❡♠✳

❚❤❡ r❡s✉❧ts s❤♦✇♥ ✐♥ ❈❤❛♣t❡r ✼ ♣r♦✈✐❞❡ ❝♦♥✈✐♥❝✐♥❣ ❡✈✐❞❡♥❝❡ t❤❛t s✉♣❡r✲

r❡s♦❧✉t✐♦♥ ❞♦❡s ✇♦r❦✖♠❛②❜❡ ♥♦t ❛s ✇❡❧❧ ❛s ✐♥ t❤❡ ♣♦♣✉❧❛r t❡❧❡✈✐s✐♦♥ s❡r✐❡s

❈r✐♠❡ ❙❝❡♥❡ ■♥✈❡st✐❣❛t✐♦♥✖❜✉t ✇❡❧❧✱ ♥♦♥❡t❤❡❧❡ss✳

❙tr✉❝t✉r❡ ♦❢ t❤✐s ❞♦❝✉♠❡♥t

❙✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐♠❛❣✐♥❣ ✐s ♥♦t ❛ s✐♥❣❧❡ ♦♣❡r❛t✐♦♥✱ ❜✉t r❛t❤❡r ❛ ❝♦♠❜✐♥❡❞ s❡✲

q✉❡♥❝❡ ♦❢ ❛❧❣♦r✐t❤♠s✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✐s ❞✐s❝✉ss❡❞ ✐♥ ❛ s❡♣❛r❛t❡ ❝❤❛♣t❡r ♦❢ t❤✐s

❞✐ss❡rt❛t✐♦♥ ✭s❡❡ ❋✐❣✉r❡ ✶✳✶✮✳ ❊❛❝❤ ❝❤❛♣t❡r ♦♣❡♥s ✇✐t❤ ❛ ❝♦♥❝✐s❡ ✐♥tr♦❞✉❝t✐♦♥ t♦

t❤❡ t♦♣✐❝✱ ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛ ❧✐st ♦❢ r❡❢❡r❡♥❝❡s t♦ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✳ ❉✉❡ t♦ t❤❡

❣❡♥❡r✐❝ ♥❛t✉r❡ ♦❢ t❤❡s❡ s✉❜❥❡❝ts✱ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ❧✐st ✐s ♥♦t ❢❡❛s✐❜❧❡❀ ✐♥st❡❛❞✱ ✇❡

❛tt❡♠♣t t♦ ❝♦❧❧❡❝t ❛ r❡♣r❡s❡♥t❛t✐✈❡ s✉❜✲s❡t ♦❢ ✐♥✢✉❡♥t✐❛❧ ♣❛♣❡rs ✐♥ ❡❛❝❤ ✜❡❧❞✳

❆♥ ✐♠♣♦rt❛♥t ❝♦♠♣❧❡♠❡♥t t♦ t❤✐s ❞♦❝✉♠❡♥t ✐s t❤❡ ❛❝❝♦♠♣❛♥②✐♥❣ s♦❢t✇❛r❡

♣❛❝❦❛❣❡✳ ❉❡✈❡❧♦♣❡❞ ✉♥❞❡r ❛ ❢r❡❡✱ ♦♣❡♥ s♦✉r❝❡ ❧✐❝❡♥s❡✱ t❤✐s P②t❤♦♥ ❛♥❞ ❈ ❜❛s❡❞

❧✐❜r❛r② ✐♠♣❧❡♠❡♥ts ❛❧❧ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❛❧❣♦r✐t❤♠s r❡q✉✐r❡❞ t♦ ❝♦♥t✐♥✉❡ ❢✉rt❤❡r

r❡s❡❛r❝❤ ♦♥ s✉♣❡r✲r❡s♦❧✉t✐♦♥✳ ❙♥✐♣♣❡ts ♦❢ ❝♦❞❡ ❛r❡ ❣✐✈❡♥ t❤r♦✉❣❤♦✉t t❤❡ t❡①t t♦
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✐❧❧✉str❛t❡ ✐ts ✉s❡✳ ❋✉♥❝t✐♦♥s ❛r❡ ❞♦❝✉♠❡♥t❡❞ ♠♦r❡ ❝♦♠♣❧❡t❡❧② ✐♥ ❆♣♣❡♥❞✐① ❇✲✶✳

❈❤❛♣t❡r ✷ ❞✐s❝✉ss❡s ✐♠❛❣❡ ❛❝q✉✐s✐t✐♦♥✱ t❤❡ ♣r♦❝❡ss ♦❢ ❝❛♣t✉r✐♥❣ ❞✐❣✐t❛❧ ❞❛t❛

❢r♦♠ ♣❤♦t♦❣r❛♣❤✐❝ ❤❛r❞✇❛r❡ s✉❝❤ ❛s ❝❛♠❡r❛s ♦r s❝❛♥✲s❡♥s♦rs✳ ❲❡ ✐♥tr♦❞✉❝❡

t❤❡ ❞✐✛❡r❡♥t ❞❡❣r❛❞❛t✐♦♥s ❡①♣❡r✐❡♥❝❡❞ ❞✉r✐♥❣ ❞✐❣✐t❛❧ ✐♠❛❣❡ ❢♦r♠❛t✐♦♥✱ ✐♥ ❛♥✲

t✐❝✐♣❛t✐♦♥ ♦❢ ❛♥ ✐♠❛❣✐♥❣ ♠♦❞❡❧ r❡q✉✐r❡❞ ❢♦r r❡❝♦♥str✉❝t✐♦♥✳ ❙✉✐t❛❜❧❡ ❝❛♠❡r❛

❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ❞✐s❝✉ss❡❞✱ ❛♥❞ ♥♦✐s❡ s✉♣♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s ❛r❡ s✉❣❣❡st❡❞✳

❈❤❛♣t❡r ✸ ❣✐✈❡s ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠ ✭❉P❚✮✱ ❛s

✇❡❧❧ ❛s ✐ts ❡✣❝✐❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s✱ ✐♥ ♣r❡♣❛r❛t✐♦♥ ❢♦r t❤❡

✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❢❡❛t✉r❡s ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡rs✳

❈❤❛♣t❡rs ✹ ❛♥❞ ✺ ❣♦ ❤❛♥❞ ✐♥ ❤❛♥❞✱ ❛♥❞ ❞❡s❝r✐❜❡ ❤♦✇ t♦ ❛❧✐❣♥ t✇♦ ✐♠❛❣❡s

✇❤❡r❡ ♦♥❡ ❤❛s ✉♥❞❡r❣♦♥❡ ❛ ❣❡♦♠❡tr✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥✳ ❈❤❛♣t❡r ✺ ❞✐s❝✉ss❡s

t✇♦ ♣♦♣✉❧❛r ♠❡t❤♦❞s✿ ❞✐r❡❝t ❛♥❞ ❢❡❛t✉r❡ ❜❛s❡❞ r❡❣✐str❛t✐♦♥✳ ❋♦r t❤❡ ❧❛tt❡r

♣✉r♣♦s❡✱ ❈❤❛♣t❡r ✹ ❞❡✈❡❧♦♣s ❛ ❢❡❛t✉r❡ ❞❡t❡❝t♦r ❜❛s❡❞ ♦♥ t❤❡ ❉✐s❝r❡t❡ P✉❧s❡

❚r❛♥s❢♦r♠ ♦❢ ❈❤❛♣t❡r ✸✳ ❈❤❛♣t❡r ✺ ❛❧s♦ tr❡❛ts ♣❤♦t♦♠❡tr✐❝ ❝♦rr❡❝t✐♦♥✿ ❛❞❥✉st✐♥❣

t❤❡ ❤✐st♦❣r❛♠ ♦❢ t✇♦ ✐♠❛❣❡s t♦ ❜❡ ♠♦r❡ s✐♠✐❧❛r✳

❖♥❝❡ ❛❧❧ ✐♠❛❣❡s ❛r❡ ❛❝❝✉r❛t❡❧② ❛❧✐❣♥❡❞✱ ❈❤❛♣t❡r ✻ ❝♦♥str✉❝ts t❤❡ s✉♣❡r✲

r❡s♦❧✉t✐♦♥ ♣r♦❜❧❡♠✱ ❜❛s❡❞ ♦♥ ❛ ♠♦❞❡❧ ♦❢ t❤❡ ✐♠❛❣❡ ❛❝q✉✐s✐t✐♦♥ ♣✐♣❡❧✐♥❡ ❢r♦♠

❈❤❛♣t❡r ✷✳ ■t ❛❧s♦ ❧✐sts ❛ ♥✉♠❜❡r ♦❢ ❢❛st ❤❡✉r✐st✐❝ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ♠❡t❤✲

♦❞s✳ ❈❤❛♣t❡r ✼ s❤♦✇s ❤♦✇ t♦ s❡t ✉♣ t❤❡ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ❛s ❛♥ ♦✈❡r✲

❞❡t❡r♠✐♥❡❞ s❡t ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✱ ❛♥❞ ❤♦✇ t♦ s♦❧✈❡ t❤❡ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠

✉s✐♥❣ ✐t❡r❛t✐✈❡ s♣❛rs❡ ♠❡t❤♦❞s✳

❚❤❡ ❛♣♣❡♥❞✐❝❡s✱ st❛rt✐♥❣ ♦♥ ♣❛❣❡ ❆✲✶✱ tr❡❛t t♦♣✐❝s t❤❛t ❛r❡ ❞❡❡♠❡❞ ❛♥❝✐❧❧❛r②

t♦ t❤❡ ♠❛✐♥ ❞✐s❝✉ss✐♦♥✳

❈♦♥tr✐❜✉t✐♦♥s

❚❤❡ ❜❛s✐❝ ✐❞❡❛s ✐♥ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ❛r❡ ✇❡❧❧ ❡st❛❜❧✐s❤❡❞❀ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❢r❛♠❡✲

✇♦r❦ ♣r♦✈✐❞❡❞ ❜② ❈❤❡❡s❡♠❛♥ ❡t ❛❧✳ ✐♥ ✶✾✾✸ ❬❈❑❑+✾✸❪ ✐s st✐❧❧ ✉s❡❞ t♦❞❛②✳ ❈❧♦s❡

✐♥✈❡st✐❣❛t✐♦♥ ♦❢ s❡❡♠✐♥❣❧② ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s s✉❝❤ ❛s ❬❇❛♥✵✾❪ ♦❢t❡♥ r❡✈❡❛❧s

s✐♠✐❧❛r str❛t❡❣✐❡s✱ ❛♥❞✱ ✉♥❧❡ss ❛ r❡✈♦❧✉t✐♦♥❛r② ♥❡✇ ❛♣♣r♦❛❝❤ ✐s ❞✐s❝♦✈❡r❡❞✱ ✐♠✲

♣r♦✈❡♠❡♥t ❧✐❡s ✐♥ t❤❡ ❞❡t❛✐❧ ♦❢ ❡①✐st✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❲❡ t❤❡r❡❢♦r❡ ❝❛r❡❢✉❧❧② ✐♥✲

✈❡st✐❣❛t❡ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡①✐st✐♥❣ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ❢r❛♠❡✇♦r❦✱ ❛♥❞ ♠❛❦❡

✐♠♣r♦✈❡♥ts ✇❤❡r❡ ♣♦ss✐❜❧❡✳ ❚❤❡s❡ ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ❧✐st❡❞ ❜❡❧♦✇✱ ❛♥❞ ❛r❡ ❢✉rt❤❡r

❞❡t❛✐❧❡❞ ✐♥ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛♣t❡rs ♦❢ t❤❡ ❞✐ss❡rt❛t✐♦♥✳

❆❝q✉✐s✐t✐♦♥

Pr❡✲♣r♦❝❡ss✐♥❣ ✐s ❛✈♦✐❞❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❞✉❡ t♦ ✐ts t❡♥❞❡♥❝② t♦ r❡♠♦✈❡ ♦r ❞❡✲

str♦② t❤❡ ✐♥❢♦r♠❛t✐♦♥ r❡q✉✐r❡❞ t♦ ♣❡r❢♦r♠ s✉♣❡r✲r❡s♦❧✉t✐♦♥ r❡❝♦♥str✉❝t✐♦♥✳ ❲❡

s❤♦✇ ❤♦✇ ❝❡rt❛✐♥ ♥♦✐s❡✲r❡♠♦✈❛❧ t❡❝❤♥✐q✉❡s✱ ♣♦♣✉❧❛r✐s❡❞ ✐♥ ❛str♦♥♦♠✐❝❛❧ ❛♥❞
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❢♦r❡♥s✐❝ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣✱ ❝❛♥ ❜❡ ✉s❡❞ ✇✐t❤♦✉t ❛❞✈❡rs❡❧② ❛✛❡❝t✐♥❣ r❡❝♦♥str✉❝✲

t✐♦♥✳

❘❡❣✐str❛t✐♦♥

❋♦r ❢❡❛t✉r❡✲❜❛s❡❞ r❡❣✐str❛t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❢❡❛t✉r❡ ❞❡t❡❝t♦r✱ ❜❛s❡❞ ♦♥ ❛

t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ♣✉❧s❡ tr❛♥s❢♦r♠✳ ❋❡❛t✉r❡ ❝♦rr❡s♣♦♥✲

❞❡♥❝❡s ❛r❡ ❢♦✉♥❞ ✉s✐♥❣ ❛ st❛t✐st✐❝❛❧ ♠❛t❝❤✐♥❣ ❛❧❣♦r✐t❤♠✳

❘❡❝♦♥str✉❝t✐♦♥

❚♦ ♦❜t❛✐♥ ❛ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ❡st✐♠❛t❡✱ ❛ ❧❛r❣❡✱ s♣❛rs❡ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✱

Ax = b✱ ❤❛s t♦ ❜❡ s♦❧✈❡❞✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛♥ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞

s✉❝❤ ❛s ▲❙◗❘✱ ✇❤✐❧❡ ❢♦r❝✐♥❣ t❤❡ r❡s✉❧t t♦ ❜❡ ❝❧♦s❡ t♦ ❛ ♣r✐♦r ❡st✐♠❛t❡✳ ■t ✐s ♣♦s❡❞

t❤❛t t❤❡ ❝❛♠❡r❛ ♣r♦❝❡ss ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ s✐♠♣❧② ✉s✐♥❣ ❛ ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥

♦♣❡r❛t♦r✳ ❚❤❡ ❜✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t♦r ❝❛✉s❡s ♦✈❡rs♠♦♦t❤✐♥❣ ❛♥❞ t❤❡ ❛♣♣❡❛r❛♥❝❡

♦❢ ❛rt❡❢❛❝ts✱ t❤❡r❡❢♦r❡ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t♦r✱ ❜❛s❡❞ ♦♥ ♣♦❧②❣♦♥

❣❡♦♠❡tr②✱ t♦ ❛♠❡❧✐♦r❛t❡ t❤❡s❡ ♣r♦❜❧❡♠s✳

❙♦❢t✇❛r❡

✏❋♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ s❝✐❡♥t✐st✱ ❝♦❞❡ ✐s ❛♥ ❡♠❜♦❞✐♠❡♥t ♦❢ s❝✐❡♥❝❡✱

❛ ✇❛② t♦ t❡st ❛♥❞ ✉s❡ ✐❞❡❛s t♦ ♠❛❦❡ ♣r❡❞✐❝t✐♦♥s✱ ❛♥❞ ❛ ✇❛② t♦ ❣❛✐♥

✐♥s✐❣❤t ✈✐❛ ♦❜t❛✐♥❡❞ ❞❛t❛✳✑ ✖ ❉✳❊✳ ❙t❡✈❡♥s♦♥ ❬❙t❡✾✾❪

❆ s✉♣❡r✲r❡s♦❧✈❡❞ ✐♠❛❣❡ ✐s t❤❡ r❡s✉❧t ♦❢ ❛ s❡r✐❡s ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❞♦♥❡ ❜② ❛ ❝♦♠✲

♣❧❡① ♣✐❡❝❡ ♦❢ s♦❢t✇❛r❡✳ ❯s✉❛❧❧②✱ ✇❡ ✇♦✉❧❞ ♥♦t tr✉st ❡①♣❡r✐♠❡♥t❛❧ ♦✉t❝♦♠❡s ✇✐t❤✲

♦✉t ❡①❛♠✐♥✐♥❣ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❢♦❧❧♦✇❡❞ ✐♥ ❛❝❝♦♠♣❛♥②✐♥❣ ♣❛♣❡rs ❛♥❞ t❤❡r❡ ✐s

♥♦ r❡❛s♦♥ ✇❤② s♦❢t✇❛r❡ s❤♦✉❧❞ ❜❡ tr❡❛t❡❞ ❛♥② ❞✐✛❡r❡♥t❧② ❬❍❘✾✹❪✳

❆ ❢r❡❡ ❛♥❞ ♦♣❡♥ s♦✉r❝❡ P②t❤♦♥✲❜❛s❡❞ s♦❢t✇❛r❡ ❢r❛♠❡✇♦r❦ ✇❛s ✇r✐tt❡♥ t♦

♦❜t❛✐♥ t❤❡ r❡s✉❧ts s❤♦✇♥ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✳ ❲❡ ❤♦♣❡ t❤✐s ✇✐❧❧ ❡♥❝♦✉r❛❣❡ ♦t❤❡rs

t♦ ✐♥s♣❡❝t ♦✉r ♠❡t❤♦❞s s♦ t❤❛t t❤❡② ♠❛② ✐♠♣r♦✈❡ ✉♣♦♥ t❤❡♠✳ ❲❡ ✇❡❧❝♦♠❡ t❤❡

✉s❡ ♦❢ ♦✉r ❝♦❞❡ ✐♥ r❡s❡❛r❝❤ ❛♥❞ t❡❛❝❤✐♥❣✱ ❛♥❞ ❛♣♣r❡❝✐❛t❡ ❝♦♥tr✐❜✉t✐♦♥s ✐♥ t❤❡

❢♦r♠ ♦❢ s✉❣❣❡st✐♦♥s✱ ❜✉❣ r❡♣♦rts ♦r ✜①❡s✳ ❲❡ ✐♥❝❧✉❞❡ ❛❧❣♦r✐t❤♠s ❢♦r✿

❼ ❆❝❝✉r❛t❡ ✐♠❛❣❡ ❛❧✐❣♥♠❡♥t ✈✐❛ ❢❡❛t✉r❡ ♠❛t❝❤✐♥❣✱ ❞❡♥s❡ r❡❣✐str❛t✐♦♥ ♦r t❤❡

❧♦❣ ♣♦❧❛r tr❛♥s❢♦r♠✳

❼ ❋❡❛t✉r❡ ❞❡t❡❝t✐♦♥ ✉s✐♥❣ t❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠✳

❼ ❙✉♣❡r r❡s♦❧✉t✐♦♥ ✉s✐♥❣ ❛ s❡❧❡❝t✐♦♥ ♦❢ ♦♣❡r❛t♦rs✱ ♥♦r♠s✱ ♦♣t✐♠✐s❛t✐♦♥ ♠❡t❤✲

♦❞s ❛♥❞ ♦t❤❡r ❛❞❥✉st♠❡♥ts✳

❼ ❲❛✈❡❧❡t ✐♠❛❣❡ ❞❡♥♦✐s✐♥❣✳
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❼ ▼✐s❝❡❧❧❛♥❡♦✉s t❛s❦s✱ s✉❝❤ ❛s ✐♠❛❣❡ ✇❛r♣✐♥❣✱ ❘❆◆❙❆❈✱ ♣♦❧②❣♦♥ ❝❧✐♣♣✐♥❣✱

❝❤✐r♣ ③✲tr❛♥s❢♦r♠❛t✐♦♥✱ ♣❤❛s❡ ❝♦rr❡❧❛t✐♦♥✱ ♥♦r♠❛❧✐s❡❞ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥✱

s✉♠♠❡❞ ❛r❡❛ t❛❜❧❡s✱ ❥♦✐♥t ❤✐st♦❣r❛♠ ❛♥❞ ♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥ ❝♦♠♣✉t❛✲

t✐♦♥s✳

❙
♦❢
t✇
❛r
❡ ❙✉♣❡r ❘❡s♦❧✉t✐♦♥ ❙♦❢t✇❛r❡ ✭❤tt♣✿✴✴♠❡♥t❛t✳③❛✳♥❡t✴s✉♣r❡♠❡✮

❚❤r♦✉❣❤♦✉t t❤❡ t❡①t✱ ❜♦①❡s ❧✐❦❡ t❤❡s❡ ❛♣♣❡❛r ✇✐t❤ ✐♥str✉❝t✐♦♥s ♦♥ ❤♦✇ t♦ ✉s❡

t❤❡ ❛❝❝♦♠♣❛♥②✐♥❣ s♦❢t✇❛r❡✳ P❧❡❛s❡ ❡♥s✉r❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡♣❡♥❞❡♥❝✐❡s

❛r❡ s❛t✐s✜❡❞✿

P②t❤♦♥ ✭❤tt♣✿✴✴✇✇✇✳♣②t❤♦♥✳♦r❣✮✮

❆ ❢r❡❡ ❛♥❞ ♦♣❡♥✲s♦✉r❝❡✱ ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ♣♦♣✉❧❛r

✐♥ s❝✐❡♥t✐✜❝ ❝♦♠♣✉t✐♥❣✳

◆✉♠P② ✭❤tt♣✿✴✴♥✉♠♣②✳s❝✐♣②✳♦r❣✮

❆♥ ◆✲❞✐♠❡♥s✐♦♥❛❧ ❛rr❛② ♣❛❝❦❛❣❡✳

❙❝✐P② ✭❤tt♣✿✴✴s❝✐♣②✳♦r❣✮

❙❝✐❡♥t✐✜❝ ❝♦♠♣✉t✐♥❣ t♦♦❧s✳

■P②t❤♦♥ ✭❤tt♣✿✴✴✐♣②t❤♦♥✳♦r❣✮

❆♥ ❡♥❤❛♥❝❡❞ ✐♥t❡r❛❝t✐✈❡ s❤❡❧❧✳

▼❛t♣❧♦t❧✐❜ ✭❤tt♣✿✴✴♠❛t♣❧♦t❧✐❜✳s❢✳♥❡t✮

❆ ♣❛❝❦❛❣❡ ❢♦r ✷✲ ❛♥❞ ✸✲❞✐♠❡♥s✐♦♥❛❧ ♣❧♦tt✐♥❣✳

❚❤❡s❡ ♣❛❝❦❛❣❡s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✉♥❞❡r t❤r❡❡ ♣r♦♠✐♥❡♥t ♣❧❛t❢♦r♠s ✭▲✐♥✉①✱ ▼❛❝

❖❙ ❳ ❛♥❞ ❲✐♥❞♦✇s✮✳ ❚❤❡② ❛r❡ ♣r❡✲♣❛❝❦❛❣❡❞ ✉♥❞❡r ❛❧♠♦st ❛❧❧ ▲✐♥✉① ❞✐s✲

tr✐❜✉t✐♦♥s✳ ❋♦r ❲✐♥❞♦✇s ❛ s✐♥❣❧❡✲❡①❡❝✉t❛❜❧❡ ✐♥st❛❧❧❡r ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠

❡✐t❤❡r ❤tt♣✿✴✴♣②t❤♦♥①②✳❝♦♠ ♦r ❤tt♣✿✴✴❝♦❞❡✳❡♥t❤♦✉❣❤t✳❝♦♠✳ ❆t t❤❡

s❛♠❡ ❯❘▲✱ ❊♥t❤♦✉❣❤t ♣r♦✈✐❞❡s ❛ ❉▼● ❢♦r ▼❛❝ ❖❙ ❳✳

❇✐❜❧✐♦❣r❛♣❤②

❬❇❛♥✵✾❪ ❱✳ ❇❛♥♥♦r❡✳ ■t❡r❛t✐✈❡✲■♥t❡r♣♦❧❛t✐♦♥ ❙✉♣❡r✲❘❡s♦❧✉t✐♦♥

■♠❛❣❡ ❘❡❝♦♥str✉❝t✐♦♥✿ ❆ ❈♦♠♣✉t❛t✐♦♥❛❧❧② ❊✣❝✐❡♥t

❚❡❝❤♥✐q✉❡✳ ❙♣r✐♥❣❡r✱ ✷✵✵✾✳

❬❈❑❑+✾✸❪ P✳ ❈❤❡❡s❡♠❛♥✱ ❇✳ ❑❛♥❡❢s❦②✱ ❘✳ ❑r❛❢t✱ ❏✳ ❙t✉t③✱ ❛♥❞

http://mentat.za.net/supreme
http://www.python.org)
http://numpy.scipy.org
http://scipy.org
http://ipython.org
http://matplotlib.sf.net
http://pythonxy.com
http://code.enthought.com
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❘✳ ❍❛♥s♦♥✳ ❙✉♣❡r✲r❡s♦❧✈❡❞ s✉r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠

♠✉❧t✐♣❧❡ ✐♠❛❣❡s✳ ■♥ ●✳ ❘✳ ❍❡✐❞❜r❡❞❡r✱ ❡❞✐t♦r✱ Pr♦❝❡❡❞✲

✐♥❣s ♦❢ t❤❡ ❚❤✐rt❡❡♥t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣ ♦♥ ▼❛①✐✲

♠✉♠ ❊♥tr♦♣② ❛♥❞ ❇❛②❡s✐❛♥ ▼❡t❤♦❞s✳ ❑❧✉✇❡r ❆❝❛❞❡♠✐❝✱

✶✾✾✸✳

❬❍❘✾✹❪ ▲✳ ❍❛tt♦♥ ❛♥❞ ❆✳ ❘♦❜❡rts✳ ❍♦✇ ❛❝❝✉r❛t❡ ✐s s❝✐❡♥t✐✜❝

s♦❢t✇❛r❡❄ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙♦❢t✇❛r❡ ❊♥❣✐♥❡❡r✐♥❣✱

✷✵✭✶✵✮✿✼✽✺✕✼✾✼✱ ✶✾✾✹✳

❬▼♦r✾✼❪ ▲✳❈✳ ▼♦rr✐s♦♥✳ ❈♦♠♣✉t❡r✐③❡❞ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ✐♥ t❤❡

❘❡❣✐♥❛❧❞ ❉❡♥♥② ❜❡❛t✐♥❣ tr✐❛❧✳ ■♥ ▲✳■✳ ❘✉❞✐♥ ❛♥❞ ❙✳❑✳

❇r❛♠❜❧❡✱ ❡❞✐t♦rs✱ ❙♦❝✐❡t② ♦❢ P❤♦t♦✲❖♣t✐❝❛❧ ■♥str✉♠❡♥t❛✲

t✐♦♥ ❊♥❣✐♥❡❡rs ✭❙P■❊✮ ❈♦♥❢❡r❡♥❝❡ ❙❡r✐❡s✱ ♣❛❣❡s ✸✾✕✺✵✱

✶✾✾✼✳

❬◆❨◆✾✸❪ Pr♦s❡❝✉t✐♦♥ r❡sts ✐ts ❝❛s❡ ✐♥ ▲♦s ❆♥❣❡❧❡s r✐♦t tr✐❛❧✳

❙❛r❛t♦s❛ ❍❡r❛❧❞✲❚r✐❜✉♥❡✱ ❙❡♣t❡♠❜❡r ✶✾✾✸✳

❬❙t❡✾✾❪ ❉✳❊✳ ❙t❡✈❡♥s♦♥✳ ❆ ❝r✐t✐❝❛❧ ❧♦♦❦ ❛t q✉❛❧✐t② ✐♥ ❧❛r❣❡✲

s❝❛❧❡ s✐♠✉❧❛t✐♦♥s✳ ❈♦♠♣✉t✐♥❣ ✐♥ ❙❝✐❡♥❝❡ ✫ ❊♥❣✐♥❡❡r✐♥❣✱

✶✭✸✮✿✺✸✕✻✸✱ ✶✾✾✾✳

❬❲♦❧✾✵❪ ●❡♦r❣❡ ❲♦❧❜❡r❣✳ ❉✐❣✐t❛❧ ■♠❛❣❡ ❲❛r♣✐♥❣✳ ■❊❊❊ ❈♦♠✲

♣✉t❡r ❙♦❝✐❡t② Pr❡ss✱ ▲♦s ❆❧❛♠♦s✱ ✶✾✾✵✳



❈❤❛♣t❡r ✷

■♠❛❣❡ ❛❝q✉✐s✐t✐♦♥

✏❊✈❡r②♦♥❡ ✐s ❧✐❦❡❧② t♦ ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ❝♦♥❝❡♣t ♦❢ ✐♠❛❣❡ r❡s♦❧✉✲

t✐♦♥✱ ❜✉t ✉♥❢♦rt✉♥❛t❡❧②✱ t♦♦ ♠✉❝❤ ❡♠♣❤❛s✐s ✐s ♦❢t❡♥ ♣❧❛❝❡❞ ♦♥ t❤✐s

s✐♥❣❧❡ ♠❡tr✐❝✳ ❘❡s♦❧✉t✐♦♥ ♦♥❧② ❞❡s❝r✐❜❡s ❤♦✇ ♠✉❝❤ ❞❡t❛✐❧ ❛ ❧❡♥s ✐s

❝❛♣❛❜❧❡ ♦❢ ❝❛♣t✉r✐♥❣ ✕ ❛♥❞ ♥♦t ♥❡❝❡ss❛r✐❧② t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❞❡t❛✐❧

t❤❛t ✐s ❝❛♣t✉r❡❞✳ ❖t❤❡r ❢❛❝t♦rs t❤❡r❡❢♦r❡ ♦❢t❡♥ ❝♦♥tr✐❜✉t❡ ♠✉❝❤ ♠♦r❡

t♦ ♦✉r ♣❡r❝❡♣t✐♦♥ ♦❢ t❤❡ q✉❛❧✐t② ❛♥❞ s❤❛r♣♥❡ss ♦❢ ❛ ❞✐❣✐t❛❧ ✐♠❛❣❡✳✑

✖ ❙❡❛♥ ▼❝❍✉❣❤✱ ❈❛♠❜r✐❞❣❡ ✐♥ ❈♦❧♦✉r✱ ❤tt♣✿ ✴✴ ❝❛♠❜r✐❞❣❡✐♥❝♦❧♦✉r✳

❝♦♠ ✳

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣❛t❤ ❛ ♣❤♦t♦♥ ❢♦❧❧♦✇s ❢r♦♠ ✇❤❡r❡ ✐t ✐s r❡✢❡❝t❡❞ ♦✛ ❛♥ ♦❜❥❡❝t t♦ ✇❤❡r❡

✐t ✜♥❛❧❧② r❡❛❝❤❡s t❤❡ ❝❛♠❡r❛ s❡♥s♦r ✐s ✐♥✢✉❡♥❝❡❞ ❜② ♠❛♥② ❢❛❝t♦rs✳ ❚❤❡ ✐♥✐t✐❛❧

❞✐r❡❝t✐♦♥ ♦❢ s❝❛tt❡r✐♥❣ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♦❜❥❡❝t s✉r❢❛❝❡✱ ✇❤❡r❡❛❢t❡r t❡♠♣❡r✲

❛t✉r❡ ❞✐✛❡r❡♥❝❡s ❛♥❞ ♣❛rt✐❝❧❡s ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡ ✐♥✢✉❡♥❝❡ ✐t ❢✉rt❤❡r✳ ❲❤❡♥

t❤❡ ❝❛♠❡r❛ ✐s r❡❛❝❤❡❞✱ s❡✈❡r❛❧ ❧❡♥s❡ ❡❧❡♠❡♥ts ❤❛✈❡ t♦ ❜❡ tr❛✈❡rs❡❞✱ ❛♥❞ ❛t t❤❡

❛♣❡rt✉r❡ ✈❛r✐❛t✐♦♥ ❞✉❡ t♦ ❞✐✛r❛❝t✐♦♥ ♠❛② ❜❡ ✇✐t♥❡ss❡❞✳ ❖♥❝❡ ❛t t❤❡ s❡♥s♦r t❤❡

♣❤♦t♦♥ ❡①❝✐t❡s ❛ ❝❤❛r❣❡ ✇❤✐❝❤ ♠❛② ❜❡ ♦✛s❡t ❜② ♥♦✐s❡ ❢r♦♠ t❤❡ ❡❧❡❝tr♦♥✐❝s✳

❚❤❡ ❞❡s❝r✐♣t✐♦♥ ❛❜♦✈❡ ✐s ❤❛r❞❧② ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ♦✈❡r✈✐❡✇ ♦❢ ❛❧❧ ❢❛❝t♦rs ✐♥✲

✈♦❧✈❡❞✱ ❜✉t ✐t ❡♠♣❤❛s✐s❡s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ✐♠❛❣❡ ❢♦r♠❛t✐♦♥✳ ■♥ ♦r❞❡r t♦ ♣❡r❢♦r♠

s✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ r❡❝♦♥str✉❝t✐♦♥✱ ✇❡ ❡✐t❤❡r ♥❡❡❞ t♦ ♠♦❞❡❧ t❤❡s❡ ❡✛❡❝ts ♦r

❝❤♦♦s❡ t♦ ✐❣♥♦r❡ t❤❡♠✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ♠❡♥t✐♦♥s ❛ ❢❡✇ ♣r♦♠✐♥❡♥t ❡✛❡❝ts✱

❛♥❞ ♠♦t✐✈❛t❡s ♦✉r ❝❤♦✐❝❡ ❢♦r ✐❣♥♦r✐♥❣ ♠♦st ♦❢ t❤❡♠ ✐♥ ♦✉r ✐♠❛❣✐♥❣ ♠♦❞❡❧✳

❋♦r ❛ ❞❡t❛✐❧❡❞ ♦✈❡r✈✐❡✇ ♦❢ ✐♠❛❣❡ ❢♦r♠❛t✐♦♥✱ ✇❡ r❡❢❡r t♦ ❙✐❞♥❡② ❋✳ ❘❛②✬s

❝♦♠♣r❡❤❡♥s✐✈❡ ✏❆♣♣❧✐❡❞ P❤♦t♦❣r❛♣❤✐❝ ❖♣t✐❝s✑ ❬❘❛②✵✷❪✳

✽

http://cambridgeincolour.com
http://cambridgeincolour.com
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✷✳✷ ❉✐❣✐t❛❧ ♣❤♦t♦❣r❛♣❤②

✷✳✷✳✶ ▲❡♥s ❞✐st♦rt✐♦♥s

❘❛❞✐❛❧ ❞✐st♦rt✐♦♥

❚❤❡ ❝❛♠❡r❛ ❧❡♥s ♠❛② ✐♥tr♦❞✉❝❡ ❛ ♥✉♠❜❡r ♦❢ ❞✐st♦rt✐♦♥s✱ t❤❡ ♠♦st ❝♦♠♠♦♥ ♦❢

✇❤✐❝❤ ✐s r❛❞✐❛❧ ✭♦r ❜❛rr❡❧✮ ❞✐st♦rt✐♦♥✳ ❘❛❞✐❛❧ ❞✐st♦rt✐♦♥ ♦❝❝✉rs ✇❤❡♥ ❛ ❧❡♥s ✐s

♥♦t s②♠♠❡tr✐❝❛❧❧② ❞❡s✐❣♥❡❞ ✇✐t❤ r❡❣❛r❞ t♦ t❤❡ ❛♣❡rt✉r❡ st♦♣✳ ❋✐❣✉r❡ ✷✳✶ s❤♦✇s

r❛❞✐❛❧ ❞✐st♦rt✐♦♥ ✐♥ ❛ r❡❛❧ ♣❤♦t♦❣r❛♣❤✳

❘❛❞✐❛❧ ❞✐st♦rt✐♦♥ ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ❛♥❞ r❡♠♦✈❡❞ ❜❡❢♦r❡ r❡❝♦♥str✉❝t✐♦♥✱ ❜✉t

t❤✐s ❞❡str♦②s s♦♠❡ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐♥❢♦r♠❛t✐♦♥✳ ■♥st❡❛❞✱ t❤❡ ♣❛r❛♠❡t❡rs ♠❛②

❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ❬❈❏❆❊✵✺❪✳ ❲❡ ❝❤♦♦s❡ t♦ ♥❡❣❧❡❝t r❛❞✐❛❧

❞✐st♦rt✐♦♥✱ s✐♥❝❡ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐s ❛❧♠♦st ❛❧✇❛②s ❡①❡❝✉t❡❞ ♦♥ ❛ s♠❛❧❧ r❡❣✐♦♥

✐♥s✐❞❡ ❛ ♠✉❝❤ ❧❛r❣❡r ✐♠❛❣❡✱ ✇❤❡r❡ t❤❡ ❞✐st♦rt✐♦♥ ✐s ♥❡❣❧✐❣✐❜❧❡✳

❱✐❣♥❡tt✐♥❣

❚❤❡ ❡✛❡❝t ♦❢ r❡❞✉❝❡❞ ♣❡r✐♣❤❡r❛❧ ✐♠❛❣❡ ✐❧❧✉♠✐♥❛t✐♦♥ ✐s ❦♥♦✇♥ ❛s ✈✐❣♥❡tt✐♥❣✳

❱✐❣♥❡tt✐♥❣ ♦❝❝✉rs ♥❛t✉r❛❧❧② ✭s❡❡ ❬❘❛②✵✷✱ ♣✳ ✶✸✶❪✱ t❤❡ ✏cos4 θ ❧❛✇ ♦❢ ✐❧❧✉♠✐♥❛t✐♦♥✑✮✱

❞✉❡ t♦ ❧❡♥s ❞❡s✐❣♥ ♦r ❞✉❡ t♦ ♣❛rt ♦❢ t❤❡ ❝❛♠❡r❛ ❡①t❡♥❞✐♥❣ ✐♥t♦ t❤❡ ✜❡❧❞ ♦❢ ✈✐❡✇✳

■t ✐s ♥♦t ❤❛r❞ t♦ ♠❡❛s✉r❡ ❛♥❞ ❝♦rr❡❝t ❢♦r ✈✐❣♥❡tt✐♥❣✱ ❜✉t ✐♥ ♦✉r ❞❛t❛✲s❡ts ♠♦st

♦❜❥❡❝ts ♦❢ ✐♥t❡r❡st ❛r❡ ✐♥ t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❢r❛♠❡✳

❈❤r♦♠❛t✐❝ ❛❜❡rr❛t✐♦♥

❚❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞✐❝❡s ♦❢ ♦♣t✐❝❛❧ ♦❜❥❡❝ts ✈❛r② ❛❝❝♦r❞✐♥❣ t♦ ✇❛✈❡❧❡♥❣t❤✳ ■♥ ❞✐✛❡r✲

❡♥t ❝♦❧♦✉r ❜❛♥❞ ♦❜❥❡❝ts ♠❛② t❤❡r❡❢♦r❡ ❛♣♣❡❛r ❛t s❧✐❣❤t❧② ❞✐✛❡r✐♥❣ ♣♦s✐t✐♦♥s✱ ❛s

s❡❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✷✳ ■♥ ♦✉r ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❛ss✉♠❡ t❤❛t ❝❤r♦♠❛t✐❝ ❛❜❡rr❛t✐♦♥ ✐s

♥♦t s❡✈❡r❡✳

✷✳✷✳✷ ❊✛❡❝ts ❞✉❡ t♦ ♠♦t✐♦♥

●❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥

❘♦t❛t✐♥❣ ♦r tr❛♥s❧❛t✐♥❣ ❛ ❝❛♠❡r❛ ❝❛✉s❡s s✐♠✐❧❛r ❝❤❛♥❣❡s ✐♥ t❤❡ r❡s✉❧t✐♥❣ ♣❤♦✲

t♦❣r❛♣❤s✳ ❆s ♣❛rt ♦❢ ♦✉r ♠♦❞❡❧✱ ✇❡ ♥❡❡❞ t♦ ❡st✐♠❛t❡ t❤❡s❡ ❝❤❛♥❣❡s s♦ t❤❛t ♣✐①❡❧s

✐♥ ❞✐✛❡r❡♥t ✐♥♣✉t ♣❤♦t♦s ♠❛② ❜❡ r❡❧❛t❡❞ t♦ ♦♥❡ ❛♥♦t❤❡r ✭t❤❡ t♦♣✐❝ ♦❢ ❈❤❛♣t❡r ✺✮✳

❚❤✐s ❡st✐♠❛t✐♦♥ ♣r♦❝❡ss ✐s ♠✉❝❤ s✐♠♣❧✐✜❡❞ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ tr❛♥s❢♦r♠❛✲

t✐♦♥ ✐s ❧✐♥❡❛r✱ ❛ ✈❛❧✐❞ ❛ss✉♠♣t✐♦♥ ✐❢ t❤❡ ♦❜❥❡❝t ❧✐❡s ♦♥ ❛ ♣❧❛♥❡ ♦r ❢❛r ❛✇❛② ❢r♦♠

t❤❡ ❝❛♠❡r❛✳ ❚❤❡ ♥❡❡❞ ❢♦r s✉♣❡r✲r❡s♦❧✉t✐♦♥ ♦❢t❡♥ ❛r✐s❡s ✐♥ t❤❡s❡ ❝✐r❝✉♠st❛♥❝❡s✱

✇❤❡♥ ♣❤♦t♦❣r❛♣❤s ♦❢ ❛ ❢❛r✲❛✇❛② ♦❜❥❡❝t ✐s t❛❦❡♥✱ ②✐❡❧❞✐♥❣ ♦♥❧② ❧♦✇✲r❡s♦❧✉t✐♦♥

r❡♣r❡s❡♥t❛t✐♦♥s✳
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❋✐❣✉r❡ ✷✳✶✿ ❇❛rr❡❧ ❞✐st♦rt✐♦♥✳ ❆ t❡st ♣❛tt❡r♥ ✭t♦♣ ❧❡❢t✮ ✇❛s ♣❤♦t♦❣r❛♣❤❡❞❀ ❛ s♠❛❧❧
s❡❝t✐♦♥ ♦❢ t❤❡ ♣❤♦t♦ ✐s s❤♦✇♥ ♦♥ t❤❡ r✐❣❤t✳ ❖♥ t❤❡ ♣❤♦t♦✱ t❤❡ ❜❧❛❝❦ ❧✐♥❡ ✐s ❝✉r✈❡❞✱
❛s s❡❡♥ ✇❤❡♥ ❝♦♠♣❛r✐♥❣ t♦ t❤❡ s✉♣❡r✐♠♣♦s❡❞ ❞❛s❤❡❞ ✇❤✐t❡ ❧✐♥❡✳ ❘❛❞✐❛❧ ✭♦r ❜❛rr❡❧✮
❞✐st♦rt✐♦♥✱ s❤♦✇♥ ♦♥ t❤❡ ❞✐❛❣r❛♠ ❛t t❤❡ ❜♦tt♦♠ ❧❡❢t✱ ✐s ✇✐t♥❡ss❡❞✳
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❋✐❣✉r❡ ✷✳✷✿ ❈❤r♦♠❛t✐❝ ❛❜❡rr❛t✐♦♥✱ ♣r♦♠✐♥❡♥t❧② ✈✐s✐❜❧❡ ❛s ❝♦❧♦✉r❡❞ ❜❛♥❞s ❛r♦✉♥❞
❡❞❣❡s✳

P❛r❛❧❧❛①

❲❤❡♥ t❤❡ t❛r❣❡t ♦❜❥❡❝t ✐s ❝❧♦s❡✱ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❝❛♠❡r❛ ♠❛② ✐♥tr♦❞✉❝❡ ♣❛r✲

❛❧❧❛①✳ ❇② ❝❛r❡❢✉❧❧② r♦t❛t✐♥❣ t❤❡ ❝❛♠❡r❛ ❛r♦✉♥❞ ✐ts ♣✐✈♦t ♣♦✐♥t ✭♥♦t ✐ts ❢r♦♥t

♦r r❡❛r ♥♦❞❛❧ ♣♦✐♥t✮✱ ♣❛r❛❧❧❛① ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✸✳ ❋✐❣✲

✉r❡ ✷✳✹ s❤♦✇s ❛ ♣r❛❝t✐❝❛❧ ❡①❛♠♣❧❡✳ ■❢ ♣❛r❛❧❧❛① ✐s ♣r❡s❡♥t✱ t✇♦ ✐♠❛❣❡s ❛r❡ ♥♦

❧♦♥❣❡r r❡❧❛t❡❞ ❜② ❛ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥✱ ❛♥❞ ❛ ♠♦r❡ ❝♦♠♣❧❡① ♠♦t✐♦♥ ♠♦❞❡❧

✐s r❡q✉✐r❡❞✳ ■♥ ♦✉r ❡①♣❡r✐♠❡♥ts✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ♦❜❥❡❝ts ❛r❡ ❡✐t❤❡r ❢❛r ❛✇❛②

❢r♦♠ t❤❡ ❝❛♠❡r❛✱ ♦r t❤❛t t❤❡ ❝❛♠❡r❛ ✇❛s r♦t❛t❡❞ ❛r♦✉♥❞ ✐ts ♣✐✈♦t ♣♦✐♥t s♦ t❤❛t

♥♦ ♣❛r❛❧❧❛① ♦❝❝✉rs✳

▼♦t✐♦♥ ❜❧✉r

■❢ ❡✐t❤❡r t❤❡ ❝❛♠❡r❛ ♦r t❤❡ t❛r❣❡t ♦❜❥❡❝t ♠♦✈❡s ✇❤✐❧❡ t❤❡ s❤✉tt❡r ✐s ♦♣❡♥✱ ❛

s✐♥❣❧❡ s❝❡♥❡ ♣♦✐♥t ✐❧❧✉♠✐♥❛t❡s ♠✉❧t✐♣❧❡ s❡♥s♦r ♣✐①❡❧s✳ ❚❤✐s ❝❛✉s❡s ❛ s♠❡❛r✐♥❣

❡✛❡❝t✱ ❦♥♦✇♥ ❛s ♠♦t✐♦♥ ❜❧✉r✳ ❚❡❝❤♥✐q✉❡s s✉❝❤ ❛s ❞❡❝♦♥✈♦❧✉t✐♦♥✱ ♠♦r❡ s✉✐t❡❞ t♦

t❤✐s ♣r♦❜❧❡♠ t❤❛♥ s✉♣❡r✲r❡s♦❧✉t✐♦♥✱ ❛r❡ ♦❢t❡♥ ✉s❡❞ t♦ r❡♠♦✈❡ t❤✐s ❡✛❡❝t✳

▲✐❣❤t✐♥❣ ❝❤❛♥❣❡s

▼♦✈❡♠❡♥t ♦❢ t❤❡ t❛r❣❡t ♦❜❥❡❝t✱ ❝❛♠❡r❛ ♦r ❧✐❣❤t s♦✉r❝❡s ♠❛② ✐♥tr♦❞✉❝❡ ✈❛r②✲

✐♥❣ ♦❜❥❡❝t ❧✐❣❤t✐♥❣✳ ❚♦ ❛❞❞r❡ss t❤✐s ♣r♦❜❧❡♠ r❡q✉✐r❡s ✜♥❞✐♥❣ t❤❡ ♣♦s✐t✐♦♥s ♦❢

❧✐❣❤t s♦✉r❝❡s ❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢ ❛♥ ♦❜❥❡❝t ❜❛s❡❞ ♦♥ ❧✐❣❤t✐♥❣✖❜♦t❤ ✐❧❧✲♣♦s❡❞

♣r♦❜❧❡♠s✳ ❲❡ t❤❡r❡❢♦r❡ ❛ss✉♠❡ t❤❛t ❧✐❣❤t✐♥❣ r❡♠❛✐♥s ❝♦♥st❛♥t ❛❝r♦ss ❛❧❧ ✐♥✲

♣✉t ❢r❛♠❡s❀ ❛ r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥ ❣✐✈❡♥ t❤❛t ❢r❛♠❡s ❛r❡ ♦❢t❡♥ t❛❦❡♥ ✐♥ q✉✐❝❦

s✉❝❝❡ss✐♦♥ ✭❡✳❣✳✱ ✐♥ ✈✐❞❡♦ ❢♦♦t❛❣❡✮✳
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❋✐❣✉r❡ ✷✳✸✿ ✏❘♦t❛t✐♦♥ ♦❢ ❝❛♠❡r❛ ✇✐t❤ ✬❜❡❤✐♥❞ t❤❡ ❧❡♥s✬ ❛♣❡rt✉r❡ st♦♣✑ r❡♣r♦❞✉❝❡❞
❢r♦♠ ❚❤❡ Pr♦♣❡r P✐✈♦t P♦✐♥t ❢♦r P❛♥♦r❛♠✐❝ P❤♦t♦❣r❛♣❤② ❬❑❡r✵✽❪ ❜② ❉♦✉❣❧❛s ❆✳ ❑❡rr
✇✐t❤ ♣❡r♠✐ss✐♦♥ ♦❢ t❤❡ ❛✉t❤♦r✳
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✭❛✮ ❘♦t❛t✐♥❣ t❤❡ ❝❛♠❡r❛ ❛r♦✉♥❞ ❛♥② ♣♦✐♥t ♦t❤❡r t❤❛♥ ✐ts ♣✐✈♦t ♣♦✐♥t ✐♥tr♦❞✉❝❡s ♣❛r❛❧❧❛①✳ ◆♦t❡
❤♦✇ t❤❡ ❜✉♥♥②✬s ❤❛♥❞ ❞✐s❛♣♣❡❛rs ❜❡❤✐♥❞ t❤❡ ❜✉s✳

✭❜✮ ❚❤❡ ❝❛♠❡r❛ ✐s r♦t❛t❡❞ ❛r♦✉♥❞ ❛ ♣♦✐♥t ♥❡❛r❜② t❤❡ ♣✐✈♦t ♣♦✐♥t✳ P❛r❛❧❧❛① ✐s ♥♦t✐❝❛❜❧② r❡❞✉❝❡❞✳

❋✐❣✉r❡ ✷✳✹✿ ❘♦t❛t✐♥❣ ❛ ❝❛♠❡r❛ ♠❛② ✐♥tr♦❞✉❝❡ ♣❛r❛❧❧❛①✳ ❍❡r❡ ✇❡ s❤♦✇ ✇❤❛t ❤❛♣♣❡♥s
✇❤❡♥ t❤❡ ❝❛♠❡r❛ ✐s r♦t❛t❡❞ ❛r♦✉♥❞ ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t ✭t♦♣✮ ♦r t❤❡ ♣✐✈♦t ♣♦✐♥t ✭❜♦tt♦♠✮✳
❚❤❡ ♣✐✈♦t ♣♦✐♥t ✇❛s ❡st✐♠❛t❡❞ ❜② ❡②❡✱ s♦ s♦♠❡ ♣❛r❛❧❧❛① ♠❛② st✐❧❧ ❜❡ ♣r❡s❡♥t ✐♥ ✭❜✮✳

✷✳✷✳✸ ❙❡♥s♦r ❧❛②♦✉t

■♥ ❝♦❧♦✉r ✐♠❛❣✐♥❣ t❤❡r❡ ❛r❡ t❤r❡❡ ♣r❡❞♦♠✐♥❛♥t ✇❛②s ♦❢ s❡♣❛r❛t✐♥❣ ❧✐❣❤t ✐♥t♦

r❡❞✱ ❣r❡❡♥ ❛♥❞ ❜❧✉❡✳ ❚❤❡ ✜rst ✐s t♦ ✉s❡ ❛ ❜❡❛♠ s♣❧✐tt❡r t♦ r❡❞✐r❡❝t ✐♥❝♦♠✐♥❣

❧✐❣❤t t❤r♦✉❣❤ t❤r❡❡ s❡♣❛r❛t❡ ✜❧t❡rs✳ ❚❤❡s❡ ❞❛②s✱ ❛ ♠♦r❡ ✐♥t❡❣r❛t❡❞ ❛♣♣r♦❛❝❤

✐s ❢♦❧❧♦✇❡❞ ✇❤❡r❡❜② t❤❡ ❧✐❣❤t ✐s ✜❧t❡r❡❞ ♦♥❝❡ ✐t ❛rr✐✈❡s ❛t t❤❡ ✐♠❛❣✐♥❣ s❡♥s♦r✳

❚❤✐s ❧❡❛❞s t♦ t❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤✱ ♣❛t❡♥t❡❞ ✐♥ t❤❡ ✶✾✼✵s ❜② ❇✳❊✳ ❇❛②❡r ♦❢

t❤❡ ❊❛st♠❛♥ ❑♦❞❛❦ ❈♦♠♣❛♥② ✭s❡❡ ❋✐❣✉r❡ ✷✳✺✮✱ ♦❢ ♣❧❛❝✐♥❣ ❛ ♠❛s❦ ♦✈❡r t❤❡

✐♠❛❣✐♥❣ s❡♥s♦r ✭❋✐❣✉r❡ ✷✳✻✮ s♦ t❤❛t ❛❧t❡r♥❛t✐♥❣ ♣✐①❡❧ ❡❧❡♠❡♥ts ❝❛♣t✉r❡ ❞✐✛❡r❡♥t

❝♦❧♦✉rs✳ ❚❤❡ r❡s✉❧t✐♥❣ ✐♠❛❣❡ ❤❛s s❧✐❣❤t❧② ❧♦✇❡r r❡s♦❧✉t✐♦♥✱ s✐♥❝❡ t❤❡ ❞✐✛❡r❡♥t

❝♦❧♦✉r ✈❛❧✉❡s ♠✉st ❜❡ ❝♦♠❜✐♥❡❞ ✭✏❞❡♠♦s❛✐❝❦❡❞✑✮ t♦ ❢♦r♠ ❛ ❢✉❧❧✲❝♦❧♦✉r ✐♠❛❣❡✳

❚❤❡ t❤✐r❞ ❛♣♣r♦❛❝❤✱ ✉s❡❞ ✐♥ ❋♦✈❡♦♥✬s ❳✸ s❡♥s♦r✱ ♠❛❦❡s ✉s❡ ♦❢ s✐❧✐❝♦♥✬s ❝♦❧♦r

❛❜s♦r♣t✐♦♥ ♣r♦♣❡rt✐❡s t♦ r❡❛❞ r❡❞✱ ❣r❡❡♥ ❛♥❞ ❜❧✉❡ ✈❛❧✉❡s ❢r♦♠ ❛ s✐♥❣❧❡ ♣✐①❡❧

❡❧❡♠❡♥t✳ ❉❛t❛ ❢r♦♠ ❛♥ ❳✸ s❡♥s♦r ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ ❛s t❤r❡❡ s❡♣❛r❛t❡ ♠♦♥♦❝❤r♦♠❡

✐♠❛❣❡s✱ ✉♥❧✐❦❡ t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❇❛②❡r ✜❧t❡r❡❞ s❡♥s♦r✳
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❲❤✐❧❡ t❤✐s ❞✐ss❡rt❛t✐♦♥ ♦♥❧② tr❡❛ts ♠♦♥♦❝❤r♦♠❡ ✐♠❛❣❡s✱ ✇❡ ❛✐♠ t♦ ♠♦❞❡❧

t❤❡ ❇❛②❡r ❞❡♠♦s❛✐❝❦✐♥❣ ♣r♦❝❡ss ❛s ♣❛rt ♦❢ ❢✉t✉r❡ r❡s❡❛r❝❤ ✐♥t♦ ❝♦❧♦✉r s✉♣❡r✲

r❡s♦❧✉t✐♦♥✳

✷✳✷✳✹ ❉✐✛r❛❝t✐♦♥ ❧✐♠✐t❡❞ ♣❤♦t♦❣r❛♣❤②

❊✈❡♥ ✇✐t❤ ❛ ♣❡r❢❡❝t ❧❡♥s✱ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛ ♣❤♦t♦❣r❛♣❤ ✐s ❧✐♠✐t❡❞ ❜② ❞✐✛r❛❝t✐♦♥✳

❉✐✛r❛❝t✐♦♥ ♦❝❝✉rs ✇❤❡♥❡✈❡r ❛ ✇❛✈❡ ❡♥❝♦✉♥t❡rs ❛♥ ♦❜st❛❝❧❡❀ ❢♦r ❡①❛♠♣❧❡ ✇❤❡♥

❧✐❣❤t ✐s ❢♦r❝❡❞ t❤r♦✉❣❤ ❛ s♠❛❧❧ ♦♣❡♥✐♥❣✱ s✉❝❤ ❛s ❛ ❝❛♠❡r❛✬s ❛♣❡rt✉r❡✳ ■♥st❡❛❞ ♦❢

tr❛✈❡❧❧✐♥❣ ✐♥ ❛ str❛✐❣❤t ❧✐♥❡✱ t❤❡ ❧✐❣❤t s♣r❡❛❞s ♦✉t r❡s✉❧t✐♥❣ ✐♥ t❤❡ ✐♥t❡r❢❡r❡♥❝❡

♣❛tt❡r♥ ❦♥♦✇♥ ❛s ❛♥ ❆✐r② ❞✐s❝✳ ❋♦r ✈❡r② s♠❛❧❧ ❛♣❡rt✉r❡s✱ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❆✐r②

❞✐s❝ ✐s ✇✐❞❡ r❡❧❛t✐✈❡ t♦ ✐♥❞✐✈✐❞✉❛❧ s❡♥s♦r ♣✐①❡❧s❀ t❤❡ r❡s✉❧t✐♥❣ ♦✈❡r❧❛♣ ❝❛✉s❡s ❛

❧♦ss ♦❢ ❝♦♥tr❛st✳ ❚❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ♦❢ ❛♥ ✐♠❛❣✐♥❣ s②st❡♠✱ ❦♥♦✇♥ ❛s ✐ts P♦✐♥t

❙♣r❡❛❞ ❋✉♥❝t✐♦♥ ✭P❙❋✮✱ ✐s ❛♥ ❆✐r② ❞✐s❝ ✐❢ ❞✐✛r❛❝t✐♦♥ ✐s t❤❡ ♦♥❧② ❧✐♠✐t❛t✐♦♥✳ ❚❤❡

●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥ ❛♣♣r♦①✐♠❛t❡s t❤❡ ❆✐r② ❞✐s❝ ✇❡❧❧✱ ❛♥❞ ✐s ✉s❡❞ ❛s t❤❡ ❝❛♠❡r❛

P❙❋ ✐♥ ♦✉r ✐♠❛❣✐♥❣ ♠♦❞❡❧✳

✷✳✷✳✺ ◆♦✐s❡ ♣r♦❝❡ss❡s

❚❤❡ ♦♣❡r❛t✐♦♥ ♦❢ ❛ ❈❈❉ ✐s ♦❢t❡♥ ❝♦♠♣❛r❡❞ t♦ ♠❡❛s✉r✐♥❣ t❤❡ s♣❛t✐❛❧

❞✐str✐❜✉t✐♦♥ ♦❢ r❛✐♥❢❛❧❧ ♦✈❡r ❛ ✜❡❧❞ ❜② ♣❧❛❝✐♥❣ ❛♥ ❛rr❛② ♦❢ ❜✉❝❦❡ts ♦♥

t❤❡ ✜❡❧❞✳ ❋♦❧❧♦✇✐♥❣ ❛ st♦r♠✱ t❤❡ ❜✉❝❦❡ts ❛r❡ s②st❡♠❛t✐❝❛❧❧② tr❛♥s✲

❢❡rr❡❞ ❜② ❝♦♥✈❡②♦r ❜❡❧ts t♦ ❛ ♠❡t❡r✐♥❣ st❛t✐♦♥ ✇❤❡r❡ t❤❡ ❛♠♦✉♥t ♦❢

✇❛t❡r ✐♥ ❡❛❝❤ ❜✉❝❦❡t ✐s ♠❡❛s✉r❡❞✳ ❊❛❝❤ ♠❡❛s✉r❡♠❡♥t t❤❡♥ r❡♣r❡✲

s❡♥ts t❤❡ ❛♠♦✉♥t ♦❢ r❛✐♥❢❛❧❧ ❛t ❛ ♣❛rt✐❝✉❧❛r ❧♦❝❛t✐♦♥ ♦♥ t❤❡ ✜❡❧❞✳

✖ ●✳❊✳ ❍❡❛❧❡② ❛♥❞ ❘❛❣❤❛✈❛ ❑♦♥❞❡♣✉♥❞② ❬❍❑✾✹❪✱ ♣❛r❛♣❤r❛s✐♥❣ ❏✳

❑r✐st✐❛♥ ❛♥❞ ▼✳ ❇❧♦✉❦❡ ❬❑❇✽✷❪✱ ♠❡♠♦r❛❜❧② ❞❡s❝r✐❜❡ t❤❡ ❢✉♥❝t✐♦♥✐♥❣

♦❢ ❛ ❈❈❉ s❤✐❢t r❡❣✐st❡r✳

■♠❛❣✐♥❣ ♥♦✐s❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ s❡♥s♦r t❡❝❤♥♦❧♦❣②✳ ❚❤✐s ❞✐s❝✉ss✐♦♥

tr❡❛ts t❤❡ ♥♦✐s❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❈❈❉ ✭❈❤❛r❣❡✲❝♦✉♣❧❡❞ ❞❡✈✐❝❡✮ s❡♥s♦rs✱ ✇❤✐❝❤

❛r❡ ❝♦♠♠♦♥❧② ❢♦✉♥❞ ✐♥ ❝♦♥s✉♠❡r ❞✐❣✐t❛❧ ❝❛♠❡r❛s ❛♥❞ ❛r❡ ✉s❡❞ ❡①t❡♥s✐✈❡❧② ❢♦r

❛str♦✲♣❤♦t♦❣r❛♣❤②✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣✱ ❜✉t ✇✐t❤ ❞✐✛❡r❡♥t s♣❡❝✐✜❝s✱ ♠❛② ❜❡

❛♣♣❧✐❡❞ t♦ ❈▼❖❙ ✭❈♦♠♣❧❡♠❡♥t❛r② ♠❡t❛❧✲♦①✐❞❡✲s❡♠✐❝♦♥❞✉❝t♦r✮ s❡♥s♦rs✳

■♥ ❬❋▼✵✻❪ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ ♣r❡✈❛❧❡♥❝❡ ♦❢ ♥♦✐s❡ s♦✉r❝❡s ❝❤❛♥❣❡ ❢♦r ❞✐✛❡r❡♥t

❡①♣♦s✉r❡ ❧❡✈❡❧s✳ ❆t ❧♦✇ ✐♥t❡♥s✐t✐❡s✱ r❡❛❞♦✉t ♥♦✐s❡ ✭❛❧s♦ ❦♥♦✇♥ ❛s ❛♠♣❧✐✜❡r ♥♦✐s❡✮

✐s ♣r♦♠✐♥❡♥t✱ ♦✈❡rs❤❛❞♦✇❡❞ ❛t ♠❡❞✐✉♠ ✐♥t❡♥s✐t✐❡s ❜② s❤♦t ♥♦✐s❡✱ ✐♥ ✐ts❡❧❢ ❛

❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♣❤♦t♦♥ ❛♥❞ ❞❛r❦ ♥♦✐s❡✳ ❆t ❤✐❣❤ ❡①♣♦s✉r❡ ❧❡✈❡❧s✱ ✜①❡❞ ♣❛tt❡r♥

♥♦✐s❡ ❞✉❡ t♦ s❧✐❣❤t ✈❛r✐❛t✐♦♥s ✐♥ ♣✐①❡❧ ❣❡♦♠❡tr✐❡s ❛♥❞ s❡♥s✐t✐✈✐t✐❡s ✐s ♠♦st r❡❧❡✈❛♥t

❬❏❛♥✵✶❪✳
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❋✐❣✉r❡ ✷✳✺✿ ❋r♦♥t ♣❛❣❡ ♦❢ ❇✳❊✳ ❇❛②❡r✬s ❯❙ ♣❛t❡♥t✳
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❋✐❣✉r❡ ✷✳✻✿ P✐①❡❧ ❝♦❧♦✉r✐♥❣ ✐♥ t❤❡ ❇❛②❡r ♣❛tt❡r♥✳

❋✐❣✉r❡ ✷✳✼✿ ❚❤❡ ❆✐r② ❞✐s❝ ✭✷❉ ❛♥❞ ✸❉ r❡♣r❡s❡♥t❛t✐♦♥s✮ ✇❤✐❝❤ s❤♦✇s t❤❡ ✐♥t❡♥s✐t②
❞✐str✐❜✉t✐♦♥ ♦❢ ❧✐❣❤t t❤❛t tr❛✈❡❧❧❡❞ t❤r♦✉❣❤ ❛ ❝✐r❝✉❧❛r ❛♣❡rt✉r❡✳

❘❡❛❞♦✉t ♥♦✐s❡ ✐s ♠♦❞❡❧❧❡❞ ❛s ✇❤✐t❡ ♥♦✐s❡✱ ✇❤✐❧❡ ♣❤♦t♦♥ ❛♥❞ ❞❛r❦ ♥♦✐s❡ ❛r❡

P♦✐ss♦♥✲❞✐str✐❜✉t❡❞✖♦❢t❡♥ ❛♣♣r♦①✐♠❛t❡❞ ❛s ●❛✉ss✐❛♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❋✐①❡❞

♣❛tt❡r♥ ♥♦✐s❡ ✐s ❛ ❣❛✐♥ ❢❛❝t♦r t❤❛t ❞✐✛❡rs ❢♦r ❡❛❝❤ ♣✐①❡❧ ❡❧❡♠❡♥t✳

◆♦✐s❡ r❡♠♦✈❛❧

❙✉♣❡r✲r❡s♦❧✉t✐♦♥ ❡st✐♠❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✐♥♣✉t ❢r❛♠❡s t♦ ♣r♦✲

✈✐❞❡ ♠✐ss✐♥❣ ❤✐❣❤✲❢r❡q✉❡♥❝② ❝♦♥t❡♥t✱ ❞❡str♦②❡❞ ❞✉❡ t♦ ❛❧✐❛s✐♥❣✳ ❙❧✐❣❤t s❤✐❢ts ✐♥

❝❛♠❡r❛ ♣♦s✐t✐♦♥ ②✐❡❧❞ s♠❛❧❧✱ ❧♦❝❛❧✐s❡❞ ❝❤❛♥❣❡s ✇❤✐❝❤ ✇❡ ❡①♣❧♦✐t t♦ ❞♦ t❤❡ r❡❝♦♥✲

str✉❝t✐♦♥✳ ◆♦t❛❜❧②✱ ❛♥② ♥♦✐s❡ r❡♠♦✈❛❧ ♣r♦❝❡ss t❤❛t ❝♦♠❜✐♥❡s ♥❡✐❣❤❜♦✉r✐♥❣ ♣✐①❡❧s

❞❡str♦②s t❤✐s ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡ ♣r♦❝❡ss ❝♦♠❜✐♥❡s ♣✐①❡❧s ❢r♦♠ ❞✐✛❡r❡♥t ❢r❛♠❡s✱

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❛♠❡ s❝❡♥❡ ♣♦s✐t✐♦♥✱ ❛ ♣r♦❝❡ss ✐♥ s♦♠❡ ✇❛②s s✐♠✐❧❛r t♦

❛✈❡r❛❣✐♥❣✳ ❆s s✉❝❤✱ ♥♦✐s❡ ❢r♦♠ ③❡r♦✲♠❡❛♥ ♣r♦❝❡ss❡s ♦❢t❡♥ ❞♦ ♥♦t ❞✐st✉r❜ t❤❡

r❡❝♦♥str✉❝t✐♦♥ s✐❣♥✐✜❝❛♥t❧②✳

❖❢ t❤❡ ❛❜♦✈❡✱ t❤❡ ♦♥❧② ♣r♦❝❡ss ♠♦❞❡❧❧❡❞ ❛s ❤❛✈✐♥❣ ❛ ♥♦♥✲③❡r♦ ♠❡❛♥ ✐s ✜①❡❞

♣❛tt❡r♥ ♥♦✐s❡ ❬❍❑✾✹❪✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❛♥❞ r❡♠♦✈❡❞✱ ❛s ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳

◆♦t❡ t❤❛t ❝❛r❡ ❤❛s t♦ ❜❡ t❛❦❡♥ ✇✐t❤ ♥♦✐s❡ r❡♠♦✈❛❧✿ ✐t ✐s ❡❛s② t♦ ❞✐st♦rt ♦t❤❡r

③❡r♦✲♠❡❛♥ ♥♦✐s❡ s♦✉r❝❡s t♦ ❤❛✈❡ ♥♦♥✲③❡r♦ ♠❡❛♥s✳ ❚❤✐s ♠✐❣❤t ❜❡ t❤❡ r❡❛s♦♥ ✇❤②

♥♦✐s❡ r❡♠♦✈❛❧ ✐s ♥♦t ❛♣♣❧✐❡❞ ✐♥ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ❧✐t❡r❛t✉r❡✳
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❋❧❛t✲✜❡❧❞ ❝♦rr❡❝t✐♦♥

❚❤❡ t❡❝❤♥✐q✉❡ ❞❡s❝r✐❜❡❞ ❤❡r❡ ❢♦r r❡♠♦✈✐♥❣ ✜①❡❞ ♣❛tt❡r♥ ♥♦✐s❡✱ ❝❛❧❧❡❞ ✢❛t✲✜❡❧❞

❝♦rr❡❝t✐♦♥✱ ✐s ❝♦♠♠♦♥♣❧❛❝❡ ✐♥ ❛str♦✲♣❤♦t♦❣r❛♣❤②✖s♦ ❝♦♠♠♦♥♣❧❛❝❡✱ ✐♥ ❢❛❝t✱

t❤❛t ✇❡ ✇❡r❡ ✉♥❛❜❧❡ t♦ tr❛❝❡ t❤❡ ✜rst ♣❛♣❡r ♦♥ t❤❡ t♦♣✐❝✳ ■t ✐s ♥♦t ❛s ✇❡❧❧

❦♥♦✇♥ ✐♥ ✐♠❛❣❡s r❡st♦r❛t✐♦♥✱ s♦ ✇❡ ❡❧❛❜♦r❛t❡ ❜❡❧♦✇✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❞❡s❝r✐♣t✐♦♥

❛♥❞ ♥♦t❛t✐♦♥ ❢r♦♠ ❬❋r✐✵✾❪ ✭♥♦t❡ t❤❡✐r ✉s❡ ♦❢ ❜♦❧❞ ❝❛♣✐t❛❧ ❧❡tt❡rs t♦ ✐♥❞✐❝❛t❡ ✈❡❝✲

t♦rs✮✳

◆❡❣❧❡❝t✐♥❣ ♥♦✐s❡✱ t❤❡ ❝❛♠❡r❛ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ✐s ♦❢t❡♥ ♠♦❞❡❧❧❡❞ ❛s

Iopt = (gY)γ

✇❤❡r❡ Y ✭✇❤♦s❡ ❡❧❡♠❡♥ts ❧✐❡ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✮ ✐s t❤❡ ❧✐❣❤t ✐♥❝✐❞❡♥t ♦♥ t❤❡

s❡♥s♦r✱ Iopt ✐s t❤❡ ✐❞❡❛❧ ♦✉t♣✉t ✐♠❛❣❡✱ g ✐s ❛ ❝❤❛♥♥❡❧ ❣❛✐♥ ✭❞✐✛❡r❡♥t ❢♦r r❡❞✱

❣r❡❡♥ ❛♥❞ ❜❧✉❡✮ ❛♥❞ γ ✐s ❛ ❣❛♠♠❛ ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r✳ ❚❤❡ ❣❛♠♠❛ ❝♦rr❡❝t✐♦♥

❢❛❝t♦r ♠♦❞❡❧s t❤❡ s❡♥s♦rs✬ t❡♥❞❡♥❝② t♦ ❝♦♠♣r❡ss ❤✐❣❤ ✐♥t❡♥s✐t② ✈❛❧✉❡s ❛♥❞ t♦

❡①♣❛♥❞ ❧♦✇ ✐♥t❡♥s✐t✐❡s✳ ❆❞❞✐♥❣ ♥♦✐s❡✱ s❡♣❛r❛t✐♥❣ t❤❡ ③❡r♦✲❛✈❡r❛❣❡ ✜①❡❞ ♣❛tt❡r♥

♥♦✐s❡ ❣❛✐♥✱ K✱ ❢r♦♠ ❛❧❧ ♦t❤❡r s❡♥s♦r ♥♦✐s❡ s♦✉r❝❡s✱ Ω✱ ②✐❡❧❞s

I = gγ [(1+K)Y +Ω]
γ
.

❆❧❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛r❡ ♣♦✐♥t✲✇✐s❡✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ t❡r♠✱ Q✱ ✐s ❛❞❞❡❞ t♦ ♠♦❞❡❧

♣r♦❝❡ss ♥♦✐s❡ s✉❝❤ ❛s q✉❛♥t✐s❛t✐♦♥ ♦r ❏P❊● ❝♦♠♣r❡ss✐♦♥✿

I = gγ [(1+K)Y +Ω]
γ
+Q.

❯s✐♥❣ t❤❡ ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ♦❢ (1 + x)γ = 1 + γx +O
(

x2
)

❛t x = 0✱ t❤❡

❛❜♦✈❡ ❜❡❝♦♠❡s

I = (gY)γ [1+K+Ω/Y]
γ
+Q

≈ (gY)γ [1+ γK+ γΩ/Y] +Q

= Iopt + IoptγK+Θ

= Iopt + IoptN+Θ

= (1+N)Iopt +Θ

✇❤❡r❡ N = γK✱ ❛♥❞ Θ r❡♣r❡s❡♥ts t❤❡ ♠♦❞❡❧❧✐♥❣ ♥♦✐s❡✱ γIoptΩ/Y+Q. ●✐✈❡♥ d

❞✐✛❡r❡♥t ✐♠❛❣❡s✱ Id✱ ✇❡ ✐♥t✉✐t✐✈❡❧② ❡st✐♠❛t❡ N ❛s

N̂ =
∑

d

(

Id − Îd,opt

)

Îd,opt
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✇❤❡r❡ Îd,opt ✐s ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✐❞❡❛❧✱ ♥♦✐s❡✲❢r❡❡ ✈❡rs✐♦♥ ♦❢ Id✳ ❚❤✐s ❛ss✉♠❡s

t❤❛t Θ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ Iopt ❛♥❞ ❞✐str✐❜✉t❡❞ ♥♦r♠❛❧❧② ✇✐t❤ ③❡r♦✲♠❡❛♥✳ ❖❢

❝♦✉rs❡✱ Θ ✐s ♥♦t ✐♥❞❡♣❡♥❞❡♥t ♦❢ Iopt✱ ❜✉t s✐♥❝❡ ✐t ✐s s♦ ♠✉❝❤ s♠❛❧❧❡r ✐♥ ❛♠♣❧✐t✉❞❡

t❤❡ ❛ss✉♠♣t✐♦♥ ❤❛s ♥♦ ♥♦t✐❝❛❜❧❡ ✐♠♣❛❝t✳ ❚❤❡ ❝♦rr❡❝t❡❞ ✐♠❛❣❡ ✐s

Icorrected =
I

1+ N̂
.

■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ✈❛r✐❛♥❝❡ ♦❢ N ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡

✐♥♣✉t ✐♠❛❣❡✱ ❛♥❞ ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ ✐ts ❛♠♣❧✐t✉❞❡ sq✉❛r❡❞ ❬❋r✐✵✾❪✳ ❚❤✐s

♦❜s❡r✈❛t✐♦♥ s✉❣❣❡sts t❤❛t N ✐s ❜❡st ❡st✐♠❛t❡❞ ❢r♦♠ ❛ s♠♦♦t❤ ♣❤♦t♦ ♦❢ ❛ ❜r✐❣❤t

♦❜❥❡❝t ✭❛❧t❤♦✉❣❤ t❤❡ s❡♥s♦r ♠✉st ♥♦t s❛t✉r❛t❡✮✳ ❆ ❜r✐❣❤t ❛r❡❛ ♦❢ t❤❡ s❦② ✇✐t❤

t❤❡ ❝❛♠❡r❛ s❡t ♦✉t ♦❢ ❢♦❝✉s ✇♦r❦s ✇❡❧❧✳

❙
♦❢
t✇

❛r
❡

❆♥ ❡st✐♠❛t❡ ♦❢ Îd,opt✱ t❤❡ ✐❞❡❛❧✱ ♥♦✐s❡✲❢r❡❡ ✈❡rs✐♦♥ ♦❢ Id✱ ✐s ♦❜t❛✐♥❡❞ ❜②

❛♣♣❧②✐♥❣ ❛ ❞❡♥♦✐s✐♥❣ ✜❧t❡r t♦ Id✳ ❚❤❡ ✇❛✈❡❧❡t ✜❧t❡r s✉❣❣❡st❡❞ ✐♥ ❬❋r✐✵✾❪ ❛♥❞

❞❡s❝r✐❜❡❞ ✐♥ ❬▼❑❘▼✾✾❪ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛s s✉♣r❡♠❡✳♥♦✐s❡✳❞✇t❴❞❡♥♦✐s❡✳

■♥ ♣r❛❝t✐❝❡✱ ❛str♦♥♦♠❡rs ❢♦❧❧♦✇ ❛ ❞✐✛❡r❡♥t ♣r♦❝❡❞✉r❡✳ ❚❤❡② ♣♦✐♥t t❤❡✐r t❡❧❡✲

s❝♦♣❡s ❛t ❛ r❡❣✐♦♥ ♦❢ ✉♥✐❢♦r♠❧② ❧✐t s❦② ❞✉r✐♥❣ s✉♥r✐s❡ ♦r s✉♥s❡t✱ ♦r ❛ s❤❡❡t ✐♥s✐❞❡

t❤❡ ❞♦♠❡✳ ❚❤✐s ♣r♦❞✉❝❡s ❛ ✏✢❛t✲✜❡❧❞ ✐♠❛❣❡✑ ♦❢ t❤❡ ❢♦r♠

Iflat = (1+N)C +Θ

✇❤❡r❡ C ✐s t❤❡ ♠❡❛♥ ♣❤♦t♦ ✐♥t❡♥s✐t②✳ ●✐✈❡♥ t❤✐s ❞❛t❛✱ ✐t ✐s ♥♦ ❧♦♥❣❡r ♥❡❝❡ss❛r②

t♦ ❡st✐♠❛t❡ N✱ s✐♥❝❡ ❛ ❝♦rr❡❝t❡❞ ✐♠❛❣❡ ✐s s✐♠♣❧②

Icorrected = C
I

Iflat

= C
(1+N)Iopt +Θ

(1+N)C +Θflat

≈ Iopt +Θ′.

❚❤✐s ♣r♦❝❡❞✉r❡✱ ✇❤✐❝❤ ❝♦rr❡❝ts ❢♦r ✜①❡❞ ♣❛tt❡r♥ ♥♦✐s❡✱ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✇✐t❤✲

♦✉t ❞❡str♦②✐♥❣ s❡♥s✐t✐✈❡ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐♥❢♦r♠❛t✐♦♥✳ ◆♦t❡ t❤❛t s♦♠❡ ♠♦❞❡r♥

❝❛♠❡r❛s ♣❡r❢♦r♠ ✢❛t✲✜❡❧❞ ❝♦rr❡❝t✐♦♥ ❛s ♣❛rt ♦❢ t❤❡ ❜✉✐❧t✲✐♥ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣

♣✐♣❡❧✐♥❡✳
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r❡s♦❧✉t✐♦♥ ✇✐t❤ ✐♥t❡❣r❛t❡❞ r❛❞✐❛❧ ❞✐st♦rt✐♦♥ ❝♦rr❡❝t✐♦♥✳

❙✐①t❤ ▼❡①✐❝❛♥ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r

❙❝✐❡♥❝❡ ✭❊◆❈✬✵✺✮✱ ♣❛❣❡s ✶✻✺✕✶✼✸✱ ✷✵✵✺✳

❬❋▼✵✻❪ ❍✐❧❞❛ ❋❛r❛❥✐ ❛♥❞ ❲✳ ❏❛♠❡s ▼❛❝▲❡❛♥✳ ❈❈❉ ♥♦✐s❡ r❡✲

♠♦✈❛❧ ✐♥ ❞✐❣✐t❛❧ ✐♠❛❣❡s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ■♠❛❣❡
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❝❡ss✐♥❣ ▼❛❣❛③✐♥❡✱ ✷✻✭✷✮✿✷✻✕✸✼✱ ✷✵✵✾✳

❬❍❑✾✹❪ ●✳❊✳ ❍❡❛❧❡② ❛♥❞ ❘✳ ❑♦♥❞❡♣✉❞②✳ ❘❛❞✐♦♠❡tr✐❝ ❈❈❉

❝❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥ ❛♥❞ ♥♦✐s❡ ❡st✐♠❛t✐♦♥✳ ■❊❊❊ ❚r❛♥s✲

❛❝t✐♦♥s ♦♥ P❛tt❡r♥ ❆♥❛❧②s✐s ❛♥❞ ▼❛❝❤✐♥❡ ■♥t❡❧❧✐❣❡♥❝❡✱

✶✻✭✸✮✿✷✻✼✕✷✼✻✱ ✶✾✾✹✳

❬❏❛♥✵✶❪ ❏❛♠❡s ❘✳ ❏❛♥❡s✐❝❦✳ ❙❝✐❡♥t✐✜❝ ❝❤❛r❣❡✲❝♦✉♣❧❡❞ ❞❡✈✐❝❡s✳
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❬❑❇✽✷❪ ❏✳ ❑r✐st✐❛♥ ❛♥❞ ▼✳ ❇❧♦✉❦❡✳ ❈❤❛r❣❡✲❝♦✉♣❧❡❞ ❞❡✈✐❝❡s ✐♥

❛str♦♥♦♠②✳ ❙❝✐❡♥t✐✜❝ ❆♠❡r✐❝❛♥✱ ✷✹✼✿✻✼✕✼✹✱ ❖❝t♦❜❡r
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❬❑❡r✵✽❪ ❉♦✉❣❧❛s ❆✳ ❑❡rr✳ ❚❤❡ Pr♦♣❡r P✐✈♦t P♦✐♥t ❢♦r

P❛♥♦r❛♠✐❝ P❤♦t♦❣r❛♣❤②✳ ❤tt♣✿✴✴❞♦✉❣✳❦❡rr✳❤♦♠❡✳

❛tt✳♥❡t✴♣✉♠♣❦✐♥✴P✐✈♦t❴P♦✐♥t✳♣❞❢✱ ✷✵✵✽✳

❬▼❑❘▼✾✾❪ ▼✳ ▼✐❤❝❛❦✱ ■✳ ❑♦③✐♥ts❡✈✱ ❑✳ ❘❛♠❝❤❛♥❞r❛♥✱ ❛♥❞

P✳ ▼♦✉❧✐♥✳ ▲♦✇✲❝♦♠♣❧❡①✐t② ✐♠❛❣❡ ❞❡♥♦✐s✐♥❣ ❜❛s❡❞ ♦♥

st❛t✐st✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ ✇❛✈❡❧❡t ❝♦❡✣❝✐❡♥ts✳ ■❊❊❊ ❙✐❣♥❛❧

Pr♦❝❡ss✐♥❣ ▲❡tt❡rs✱ ✻✭✶✷✮✿✸✵✵✕✸✵✸✱ ✶✾✾✾✳

❬❘❛②✵✷❪ ❙✳❋✳ ❘❛②✳ ❆♣♣❧✐❡❞ ♣❤♦t♦❣r❛♣❤✐❝ ♦♣t✐❝s✳ ❋♦❝❛❧ Pr❡ss✱
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http://doug.kerr.home.att.net/pumpkin/Pivot_Point.pdf
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❚❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠

P❛rts ♦❢ t❤✐s ❝❤❛♣t❡r ✇❡r❡ ❡①❝❡r♣t❡❞ ❢r♦♠ ❬❋❘❱✵✾❪✱ ❝♦✲❛✉t❤♦r❡❞ ✇✐t❤ ■✳ ❋❛❜r✐s✲

❘♦t❡❧❧✐✱ ❯♥✐✈❡rs✐t② ♦❢ Pr❡t♦r✐❛✳

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠ ✭❉P❚✮ ❞❡❝♦♠♣♦s❡s ❛ s✐❣♥❛❧ ✐♥t♦ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢

♣✉❧s❡s✳ ■♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✱ ❛ ♣✉❧s❡ ✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② ✐ts st❛rt ❛♥❞ ❡♥❞ ♣♦s✐t✐♦♥

❛s ✇❡❧❧ ❛s ❜② ✐ts ❛♠♣❧✐t✉❞❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛ ♣✉❧s❡ ✐s ❛ ♥✉♠❜❡r ♦❢ ❛❞❥❛❝❡♥t

♣♦s✐t✐♦♥s t❤❛t ❤❛✈❡ ❛ ❝♦♥st❛♥t ✈❛❧✉❡✳ ❙✐♠✐❧❛r❧②✱ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s✱ ❛ ♣✉❧s❡

❞❡s❝r✐❜❡s ❛ ❝♦♥♥❡❝t❡❞ r❡❣✐♦♥ ✭❛❞❥❛❝❡♥t ✈❛❧✉❡s ✐♥ t❤❡ ✹✲ ♦r ✽✲❝♦♥♥❡❝t❡❞ s❡♥s❡✮

♦✈❡r ✇❤✐❝❤ ❢✉♥❝t✐♦♥ ✈❛❧✉❡s ❛r❡ ❝♦♥st❛♥t ✭s❡❡ ❋✐❣✳ ✸✳✶✮✳

❚❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠ ✐s r❡❧❛t❡❞ t♦ ♠♦r♣❤♦❧♦❣✐❝❛❧ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣

t❡❝❤♥✐q✉❡s✱ ♦❢ ✇❤✐❝❤ ❛♥ ♦✈❡r✈✐❡✇ ✐s ❣✐✈❡♥ ✐♥ ❬❙❲✵✾❪✳ ❯♥❧✐❦❡ t❤❡ ❞✐s❝r❡t❡ ❋♦✉r✐❡r

❛♥❞ ✇❛✈❡❧❡t tr❛♥s❢♦r♠s✱ t❤❡ ❉P❚ ✐s ♥♦t ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧

❬❘▲✵✻❪✱ ❜✉t ✐s ❞❡✈❡❧♦♣❡❞ ❡♥t✐r❡❧② ✐♥ t❤❡ ❞✐s❝r❡t❡ ❞♦♠❛✐♥✳ ■ts ❛❜✐❧✐t② t♦ ❝♦♥str✉❝t

❛♥ ✐♠❛❣❡ s❝❛❧❡ s♣❛❝❡ ✐s ✉s❡❞ ✐♥ ❈❤❛♣t❡r ✹ t♦ ✐❞❡♥t✐❢② ❢❡❛t✉r❡ ♣♦✐♥ts✳

❚❤❡ ❉P❚ ✐s ❜❛s❡❞ ♦♥ t❤❡ LULU ✲♦♣❡r❛t♦rs✱ ✜rst s✉❣❣❡st❡❞ ❜② ❈❍ ❘♦❤✇❡r

✭❤✐s ❜♦♦❦✱ ❬❘♦❤✵✺❪✱ ❣✐✈❡s ❛ t❤♦r♦✉❣❤ ♦✈❡r✈✐❡✇✮✳ ❚❤❡ ♥❛♠❡ LULU ❞❡r✐✈❡s ❢r♦♠

t❤❡ L ❛♥❞ U ♦♣❡r❛t♦rs t❤❛t ❛r❡ ❝♦♠❜✐♥❡❞ t♦ ♣r♦❞✉❝❡ t❤❡ ❉P❚✖✇❡✬❧❧ ❡①❛♠✐♥❡
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❋✐❣✉r❡ ✸✳✶✿ P✉❧s❡s ✐♥ ♦♥❡ ❛♥❞ t✇♦ ❞✐♠❡♥s✐♦♥s✳ ❋♦r t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣✉❧s❡✱ t❤❡
❛♠♣❧✐t✉❞❡ ✐s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ z✲❛①✐s✱ ✇❤❡r❡❛s t❤❡ ♣♦s✐t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② x ❛♥❞ y✳

✷✵
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t❤❡s❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧✳ ❚❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❉P❚ ✇❛s ❡①t❡♥❞❡❞ t♦ t✇♦ ❞✐♠❡♥s✐♦♥s

❛♥❞ ❤✐❣❤❡r ❜② ❆♥❣✉❡❧♦✈ ❛♥❞ ❋❛❜r✐s✲❘♦t❡❧❧✐ ❬❆❋❘✵✽❪✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡t❛✐❧ ❛ ❢❛st ❛♥❞ ♠❡♠♦r②✲❡✣❝✐❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡

t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ ♣✉❧s❡ tr❛♥s❢♦r♠✳

✸✳✷ ❇❛❝❦❣r♦✉♥❞ t❤❡♦r②

❋♦r ❛ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ t❤❡♦r② ✐♥✈♦❧✈❡❞✱ ✇❡ r❡❢❡r t♦ t❤❡

s♦✉r❝❡s ❝✐t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ❍❡r❡✱ ✇❡ s✐♠♣❧② ❣✐✈❡ ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ t❤❡

L ❛♥❞ U ♦♣❡r❛t♦rs ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ ❤♦✇ t❤❡② ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t✇♦

❞✐♠❡♥s✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✶✳ ■♥ ❬▲❘✵✻❪✱ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ Lm ❛♥❞ Um ♦♣❡r❛t♦rs✱ ❛♣♣❧✐❡❞

t♦ ❛ s❡q✉❡♥❝❡ X =
[

x0 x1 . . . xN−1

]

✱ ✐s ❞❡✜♥❡❞ ❛s

Lm = ∨m ∧m

Um = ∧m∨m

✇❤❡r❡

(∧mX)j = min
k=j−m,...,j

xk ❛♥❞ (∨mX)j = max
k=j,...,j+m

xk.

❚❤❡ s✐♠♣❧❡st ✇❛② ♦❢ ❤❛♥❞❧✐♥❣ k ♦✉ts✐❞❡ [0, N−1] ✐s t♦ ♥❡❣❧❡❝t t❤♦s❡ ✈❛❧✉❡s ✐♥ t❤❡

r✉♥♥✐♥❣ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠✳ ■♠♣♦rt❛♥t❧②✱ ♥♦t❡ t❤❛t Lm r❡♠♦✈❡s ❛❧❧ ♣❡❛❦s

♦❢ ❞✉r❛t✐♦♥ m✱ ✇❤✐❧❡ Um r❡♠♦✈❡s ❛❧❧ tr♦✉❣❤s ♦❢ ❞✉r❛t✐♦♥ m✳ ❆❢t❡r ❛♣♣❧✐❝❛t✐♦♥

♦❢ L ❛♥❞ U ✱ t❤❡ s❡q✉❡♥❝❡ ❤❛s ❢❡✇❡r ❡①tr❡♠❛ t❤❛♥ ❜❡❢♦r❡✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡

♥❛♠✐♥❣ LULU ✲s♠♦♦t❤❡r✳

❚❤❡ Lm ❛♥❞ Um ♦♣❡r❛t♦rs ❛r❡ ❛♣♣❧✐❡❞ ✐♥ s✉❝❝❡ss✐♦♥ t♦ ❢♦r♠ t❤❡ ❧❡✈❡❧s ♦❢ t❤❡

♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ ♣✉❧s❡ tr❛♥s❢♦r♠✱ Dk✳ ❙t❛rt✐♥❣ ✇✐t❤ X0 = X ✭✇❤❡r❡

t❤❡ 0 ✐♥ X0 ✐♥❞✐❝❛t❡s ❛♥ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r✱ ♥♦t ❛♥ ✐♥❞❡①✮✱

X1 = L1U1(X0)

D1 = X0 −X1,

✇❤❡r❡❛❢t❡r t❤❡ ♣r♦❝❡ss ✐s r❡♣❡❛t❡❞ t♦ ❣✐✈❡

Xk = LkUk(Xk−1)

Dk = Xk−1 −Xk.

◆♦t❡ t❤❛t Dk ❝♦♥t❛✐♥s ♦♥❧② ♣✉❧s❡s ✭❝♦♥s❡❝✉t✐✈❡ ❡❧❡♠❡♥ts ✇✐t❤ t❤❡ s❛♠❡ ✈❛❧✉❡✮

♦❢ ❞✉r❛t✐♦♥ k✱ ❛♥❞ ✐s ♦t❤❡r✇✐s❡ ③❡r♦✳ ❆❢t❡r ❛ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ t❤❡ s❡q✉❡♥❝❡
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X ❜❡❝♦♠❡s ♠♦♥♦t♦♥❡ ✭♦r ❝♦♥st❛♥t✮✱ ✇❤❡r❡❛❢t❡r t❤❡ LU ♦♣❡r❛t♦r ❤❛s ♥♦ ❡✛❡❝t✳

❚❤❡ ♦r✐❣✐♥❛❧ s❡q✉❡♥❝❡ ✐s r❡❝♦♥str✉❝t❡❞ ❜② s✉♠♠✐♥❣ t❤❡ ❞✐✛❡r❡♥t ❧❡✈❡❧s ♦❢ t❤❡

❞❡❝♦♠♣♦s✐t✐♦♥✿

X =
∑

L

DL.

❊①t❡♥s✐♦♥ t♦ t✇♦ ❞✐♠❡♥s✐♦♥s

❚❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ ♣✉❧s❡ tr❛♥s❢♦r♠ ✐s ♦❜t❛✐♥❡❞ ✐♥ ♠✉❝❤ t❤❡ s❛♠❡ ✇❛②✱

❛❧t❤♦✉❣❤ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ Lm ❛♥❞ Um ❤❛✈❡ t♦ ❜❡ ❛❞❛♣t❡❞✳ ❚❤❡ ❡①t❡♥s✐♦♥ t♦

t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✐s ❣✐✈❡♥ ❜② ❆♥❣✉❡❧♦✈ ❛♥❞ ❋❛❜r✐s✲❘♦t❡❧❧✐ ✭✇❡ r❡❢❡r t♦

❬❆❋❘✵✽❪ ❢♦r ❛♥ ♦✈❡r✈✐❡✇✮✳

■♥ t✇♦ ❞✐♠❡♥s✐♦♥s✱ ✇❡ s❛② t❤❛t t✇♦ ♣✐①❡❧s ❛r❡ ❝♦♥♥❡❝t❡❞ ✐❢ t❤❡② ❛r❡ ♥❡✐❣❤❜♦✉rs✖

t②♣✐❝❛❧❧② ✐♥ ❛ ✹✲ ♦r ✽✲❝♦♥♥❡❝t❡❞ s❡♥s❡✱ ✐✳❡✳✱ ◆♦rt❤✱ ❙♦✉t❤✱ ❊❛st✱ ❲❡st ❛♥❞ ♣♦ss✐❜❧②

t❤❡ ❞✐❛❣♦♥❛❧ ❞✐r❡❝t✐♦♥s✳ ❆ ❝♦♥♥❡❝t❡❞ s❡t ♦♥ (x, y) ✐s t❤❡ s❡t ✐♥❝❧✉❞✐♥❣ (x, y) ❛♥❞

♣✐①❡❧s ❝♦♥♥❡❝t❡❞ t♦ (x, y) ✈✐❛ ❛♥② ♦t❤❡r ❝♦♥♥❡❝t❡❞ ♣✐①❡❧✳ ❋♦r ❡①❛♠♣❧❡✱ f(x, y) ✐s

❝♦♥♥❡❝t❡❞ t♦ f(x+ 2, y) ✈✐❛ f(x+ 1, y)✳ ❲❡ ❝❛❧❧ s✉❝❤ ❛ ❝♦♥♥❡❝t❡❞ s❡t N (x, y)✳

❙♣❡❝✐✜❝❛❧❧②✱ ❛ ❝♦♥♥❡❝t❡❞ s❡t ❝♦♥t❛✐♥✐♥❣ n+1 ❡❧❡♠❡♥ts ✭t❤❛t ✐s✱ (x, y) ✐ts❡❧❢ ♣❧✉s

n ❝♦♥♥❡❝t✐♦♥s✮ ✐s ❞❡♥♦t❡❞ Nn(x, y)✳

❉❡✜♥✐t✐♦♥ ✷✳ ❚❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♦♣❡r❛t♦rs✱ Ln ❛♥❞ Un✱ ❛r❡ ❞❡✜♥❡❞ ❛s

Lnf(x, y) = max
V ∈Nn(x,y)

min
(i,j)∈V

f(i, j), (x, y) ∈ Z
2,

Unf(x, y) = min
V ∈Nn(x,y)

max
(i,j)∈V

f(i, j), (x, y) ∈ Z
2.

✸✳✸ ■♠♣❧❡♠❡♥t❛t✐♦♥

❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❣✐✈❡♥ ❤❡r❡ ✇❛s ❞❡s✐❣♥❡❞ ❢♦r t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❛♥❞

✇❛s ✜rst ♣r❡s❡♥t❡❞ ❛s ❬❋❘❱✵✾❪✳ ■♥ t❤❡ ♠❡❛♥t✐♠❡✱ ❉✳ ▲❛✉r✐❡ ✭✇❤♦✱ t♦❣❡t❤❡r

✇✐t❤ ❈✳ ❘♦❤✇❡r✱ ✜rst ❞❡s❝r✐❜❡❞ ❛ ❢❛st ❛❧❣♦r✐t❤♠ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❞✐s❝r❡t❡

♣✉❧s❡ tr❛♥s❢♦r♠ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥ ❬▲❘✵✻❪✮ ♣r♦♣♦s❡❞ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❣r❛♣❤✲❜❛s❡❞

r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss t❤❛t s❤♦✉❧❞ ❛❧❧♦✇ ❛♥ ❡✣❝✐❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥

❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳ ❆t t❤❡ t✐♠❡ ♦❢ ✇r✐t✐♥❣✱ ♥♦ ♦♣t✐♠✐s❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s

❛✈❛✐❧❛❜❧❡ ❢♦r ❝♦♠♣❛r✐s♦♥✳ ■♥ ❬❙❲✵✾❪✱ ❛ s✐♠✐❧❛r ✐❞❡❛ ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❝♦♥t❡①t

♦❢ ❝♦♥♥❡❝t❡❞ ♦♣❡r❛t♦rs✳

❲❤❡♥ ❞❡❝♦♠♣♦s✐♥❣ ❛♥ ✐♠❛❣❡ ✐♥t♦ ♣✉❧s❡s ✉s✐♥❣ t❤❡ ❉P❚✱ t❤❡ ♥✉♠❜❡r ♦❢

♣✉❧s❡s ♠❛② ✈❛r② ❢r♦♠ ❛♣♣r♦①✐♠❛t❡❧② ✸✵✱✵✵✵ ❢♦r ❛ t②♣✐❝❛❧ 300 × 300 ✐♠❛❣❡ t♦

♦✈❡r ❛ ❤✉♥❞r❡❞ t❤♦✉s❛♥❞ ❢♦r ❛ 500 × 500 ✐♠❛❣❡✳ ❲❡ ♥❡❡❞ ❛♥ ❡✣❝✐❡♥t st♦r❛❣❡

s❝❤❡♠❡ t♦ r❡♣r❡s❡♥t s✉❝❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣✉❧s❡s ✐♥ ♠❡♠♦r②✳ ❋✉rt❤❡r♠♦r❡✱

✇❡ ♥❡❡❞ t♦ ❜❡ ❛❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ ❝❡rt❛✐♥ ❛ttr✐❜✉t❡s ♦❢ t❤❡ ♣✉❧s❡s ✭s✉❝❤ ❛s t❤❡
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❛r❡❛ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡s✮ r❛♣✐❞❧②✱ ✇❤✐❝❤ ❡①❝❧✉❞❡s ♦t❤❡r ❝♦♠♠♦♥ st♦r❛❣❡

s❝❤❡♠❡s s✉❝❤ ❛s r✉♥✲❧❡♥❣t❤ ❡♥❝♦❞✐♥❣✳

❙❡❝t✐♦♥ ✸✳✸✳✶ ❞❡s❝r✐❜❡s ❤♦✇ t♦ r❡♣r❡s❡♥t ♣✉❧s❡s ❡✣❝✐❡♥t❧② ✐♥ ♠❡♠♦r②✱ ❤♦✇ t♦

❝❛❧❝✉❧❛t❡ t❤❡✐r ❛r❡❛ ❛♥❞ ❜♦✉♥❞❛r✐❡s✱ ❛♥❞ ❤♦✇ t♦ ♠❡r❣❡ t✇♦ ❛❞❥❛❝❡♥t ♣✉❧s❡s✳ ❙❡❝✲

t✐♦♥ ✸✳✸✳✷ t❤❡♥ ♦✉t❧✐♥❡s ❛ ♣r♦❝❡❞✉r❡ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡

♣✉❧s❡ tr❛♥s❢♦r♠✳

✸✳✸✳✶ P✉❧s❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ♠❛♥✐♣✉❧❛t✐♦♥

❙t♦r❛❣❡

❚❤❡ st♦r❛❣❡ s❝❤❡♠❡ ✉s❡❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣♦♣✉❧❛r ❈♦♠♣r❡ss❡❞ ❙♣❛rs❡ ❘♦✇ ✭❈❙❘✮

❢♦r♠❛t✱ ❬❉●▲✽✾✱ ❇❇❈+✾✹❪✱ ❢♦r r❡♣r❡s❡♥t✐♥❣ s♣❛rs❡ ♠❛tr✐❝❡s✳ ❯s✐♥❣ t❤✐s s❝❤❡♠❡✱

t❤❡ ♠❛tr✐①













5 0 1 2 0

0 0 0 3 0

0 0 0 0 0

0 6 0 9 0













✐s ✇r✐tt❡♥ ❛s

✬

✫

✩

✪

❼ values =
[

5 1 2 3 6 9
]

❼ columns =
[

0 2 3 3 1 3
]

❼ row−offset =
[

0 3 4 4 6
]

❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥ts ❛r❡ st♦r❡❞ ✐♥ values✱ ❛♥❞ t❤❡✐r ❝♦❧✉♠♥✲

♣♦s✐t✐♦♥s ❣✐✈❡♥ ❜② columns✳ ❊❛❝❤ ❡♥tr② ♦❢ row−offset s♣❡❝✐✜❡s ❛♥ ♦✛s❡t ✐♥t♦

columns✱ ✐♥❞✐❝❛t✐♥❣ t❤❡ st❛rt✐♥❣ ♣♦s✐t✐♦♥ ♦❢ ❛ ♥❡✇ r♦✇✳ ■♥ t❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡✱

✇❡ s❡❡ t❤❛t t❤❡ s❡❝♦♥❞ r♦✇ ✭s❡❝♦♥❞ ❡❧❡♠❡♥t ♦❢ row−offset✮ st❛rts ❛t ♣♦s✐t✐♦♥ ✸

♦❢ columns✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥ r♦✇ j ✐s ❣✐✈❡♥ ❜② row−offset[j + 1]−
row−offset[j]✳

❲❤❡♥ st♦r✐♥❣ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣✉❧s❡s✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ♣✉❧s❡

❼ ♠❛② ♦♥❧② ♦❝❝✉♣② ❛ s♠❛❧❧ ♣♦rt✐♦♥ ♦❢ t❤❡ ✐♠❛❣❡✱

❼ ❤❛s ❛ s✐♥❣❧❡ ❛♠♣❧✐t✉❞❡ ✈❛❧✉❡ ❛❝r♦ss t❤❡ ♣✉❧s❡ ❛♥❞

❼ ❝♦♥s✐sts ♦❢ r❡❣✐♦♥s ❝♦♥♥❡❝t❡❞ ❤♦r✐③♦♥t❛❧❧② ✭❛s ✇❡❧❧ ❛s ✈❡rt✐❝❛❧❧② ❛♥❞ ❞✐❛❣✲

♦♥❛❧❧②✱ ❜✉t t❤❛t ✐s ♥♦t r❡❧❡✈❛♥t ❤❡r❡✮✳

❲❡ t❤❡r❡❢♦r❡ ♠♦❞✐❢② t❤❡ st♦r❛❣❡ str✉❝t✉r❡✱ s♦ t❤❛t t❤❡ ♣✉❧s❡



❈❍❆P❚❊❘ ✸✳ ❚❍❊ ❉■❙❈❘❊❚❊ P❯▲❙❊ ❚❘❆◆❙❋❖❘▼ ✷✹













0 0 0 0 0

1 1 1 1 1

0 1 1 0 1

0 1 1 1 0













✐s ✇r✐tt❡♥ ❛s

✬

✫

✩

✪

❼ value = 1

❼ columns =
[

0 5 1 3 4 5 1 4
]

❼ start−row = 1

❼ row−offset =
[

0 2 6 8
]

■♥st❡❛❞ ♦❢ s♣❡❝✐❢②✐♥❣ ❝♦❧✉♠♥ ✈❛❧✉❡s✱ columns ♥♦✇ ✐♥❞✐❝❛t❡s t❤❡ st❛rt ❛♥❞ ♣❛st✲

❡♥❞ ✐♥❞✐❝❡s ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣✉❧s❡s t❤❛t ❝♦♠♣r✐s❡ t❤❡ r♦✇s✳ ❚❤❡ ✈❛❧✉❡s

♦❢ row−offset✱ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱ s♣❡❝✐❢② ✇❤❡r❡ ✐♥ columns ❡❛❝❤ ♥❡✇

r♦✇ st❛rts✳ ❚❤❡ ♣✉❧s❡ ♠❛② ♦♥❧② ❝♦✈❡r ❛ ❢❡✇ r♦✇s ♦❢ t❤❡ ❡♥t✐r❡ ✐♠❛❣❡✱ t❤❡r❡❢♦r❡

✇❡ ✉s❡ start−row t♦ ✐♥❞✐❝❛t❡ t❤❡ ✜rst ♦❝❝✉rr❡♥❝❡✱ s❛✈✐♥❣ ✉s ❢r♦♠ st♦r✐♥❣ ❡✈❡r②

s✐♥❣❧❡ r♦✇✳

❆s ❛♥ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ t❤✐r❞ r♦✇ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣✉❧s❡ ❛❜♦✈❡✱

✇❤✐❝❤ ❝♦♥s✐sts ♦❢ t✇♦ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣✉❧s❡s✿ t❤❡ ✜rst str❡t❝❤✐♥❣ ❢r♦♠ ❝♦❧✉♠♥ ✶

✉♣ t♦ ✭❜✉t ❡①❝❧✉❞✐♥❣✮ ✸✱ t❤❡ ♦t❤❡r ❢r♦♠ ✹ ✉♣ t♦ ✺✳ ❙✐♥❝❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡

t❤✐r❞ r♦✇ ✭r♦✇ ♥✉♠❜❡r ✷✮✱ ❛♥❞ ✇❡ ♦♥❧② st❛rt r❡❝♦r❞✐♥❣ r♦✇s ❛t start−row = 1✱

✇❡ ✜♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❧✉♠♥ ✐♥❞✐❝❡s ✐♥ row❴offset[2−1] = 2✳ ❆t ♣♦s✐t✐♦♥

✷✱ columns ❝♦♥t❛✐♥s ✶✱ ✸ ❛♥❞ ✹✱ ✺ ❛s ❡①♣❡❝t❡❞✳

❆♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s st♦r❛❣❡ s❝❤❡♠❡ ✐s t❤❛t ✐t ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ st♦r❡

❝♦♥♥❡❝t❡❞ r❡❣✐♦♥s✱ ❛ ❝❛♣❛❜✐❧✐t② ✇❡ ❡①♣❧♦✐t ❧❛t❡r t♦ ✐♥✐t✐❛❧✐s❡ t❤❡ ❛❧❣♦r✐t❤♠✳

◗✉❡r✐❡s

●✐✈❡♥ ❛ ♣✉❧s❡ ✐♥ t❤❡ ❛❜♦✈❡ ❢♦r♠❛t✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣

q✉❡r✐❡s r❛♣✐❞❧②✿

❆r❡❛ ✴ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦s ❚❤❡ ❛r❡❛ ♦❢ t❤❡ ♣✉❧s❡ ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❧❡♥❣t❤s

♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣✉❧s❡s ❝♦♠♣r✐s✐♥❣ ✐ts r♦✇s✳ ❊❛❝❤ s✉❝❤ ❧❡♥❣t❤ ✐s ❣✐✈❡♥ ❛s

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣✉❧s❡ st❛rt✲❡♥❞ ♣♦s✐t✐♦♥s ✐♥ columns✳

■♥ t❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡✱ t❤❡ ❛r❡❛ ✇♦✉❧❞ ❜❡ (5− 0) + (3− 1) + (5− 4) + (4− 1) =

5 + 2 + 1 + 3 = 11✳

❆❞❥❛❝❡♥t ❙❡t ✴ ❇♦✉♥❞❛r② ♣♦s✐t✐♦♥s ❊❛❝❤ ♣✉❧s❡ ❤❛s ❢♦✉r ♦r ♠♦r❡ ❜♦✉♥❞❛r②

♣♦s✐t✐♦♥s ✕ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♣✉❧s❡ ✐♥ ❛ ✹✲ ♦r ✽✲❝♦♥♥❡❝t❡❞ s❡♥s❡ ✭s❡❡ ❋✐❣✳ ✸✳✷ ❢♦r

❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ✹✲❝♦♥♥❡❝t❡❞ ❝❛s❡✮ ✕ t❤❛t ❢♦r♠ t❤❡ ❛❞❥❛❝❡♥t s❡t✳ ❚♦ ✜♥❞ t❤❡
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Pulse Boundary

❋✐❣✉r❡ ✸✳✷✿ ❇♦✉♥❞❛r② ♣♦s✐t✐♦♥s ♦❢ ❛ ♣✉❧s❡✳

❋✐❣✉r❡ ✸✳✸✿ ❙❝❛♥❧✐♥❡s ✉s❡❞ t♦ ✜♥❞ ❜♦✉♥❞❛r② ♣♦s✐t✐♦♥s✳

❜♦✉♥❞❛r② ♣♦s✐t✐♦♥s✱ ✇❡ ❢♦❧❧♦✇ ❛ s❝❛♥❧✐♥❡ ❛♣♣r♦❛❝❤✱ ✇✐t❤ t❤r❡❡ s❝❛♥❧✐♥❡s ♠♦✈✐♥❣

❢r♦♠ t❤❡ t♦♣ ♦❢ t❤❡ ♣✉❧s❡ t♦ t❤❡ ❜♦tt♦♠ ✭s❡❡ ❋✐❣✳ ✸✳✸✮✳ ❍❡r❡✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡

♦♣❡r❛t✐♦♥ ♦♥❝❡ t❤❡ s❝❛♥❧✐♥❡s ❤❛✈❡ ❡♥t❡r❡❞ t❤❡ ♣✉❧s❡ ✭✐♥ ♦t❤❡r ✇♦r❞s✱ ♥❡❣❧❡❝t✐♥❣

t♦♣ ❛♥❞ ❜♦tt♦♠ ❜♦✉♥❞❛r✐❡s✱ ✇❤✐❝❤ ♥❡❡❞ t♦ ❜❡ ❤❛♥❞❧❡❞ s❡♣❛r❛t❡❧②✮✿

✶✳ ❚❤❡ s❝❛♥❧✐♥❡s ❛r❡ ❝❡♥tr❡❞ ❛r♦✉♥❞ r♦✇ j ❛♥❞ ❛r❡ ❢♦r♠❡❞ ❜② ❝♦♥str✉❝t✐♥❣

t❤❡ ♣✉❧s❡ ❛t r♦✇s j− 1✱ j ❛♥❞ j+1✳ ❚❤❡ s❝❛♥❧✐♥❡ ✐s ✇✐❞❡r ❜② ♦♥❡ ♣✐①❡❧ ♦♥

❡❛❝❤ s✐❞❡ t❤❛♥ t❤❡ ♣✉❧s❡ ✐ts❡❧❢✳

✷✳ ❋♦r ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ❝❡♥tr❛❧ s❝❛♥❧✐♥❡ t❤❛t ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ ♣✉❧s❡✱

❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛♥② ♦❢ ✐ts ♥❡✐❣❤❜♦✉rs ✭❛❜♦✈❡✱ ❜❡❧♦✇✱ ❧❡❢t✱ r✐❣❤t ♦r ❞✐❛❣✲

♦♥❛❧❧②✱ ✐♥ t❤❡ ✽✲❝♦♥♥❡❝t❡❞ ❝❛s❡✮ ❜❡❧♦♥❣ t♦ t❤❡ ♣✉❧s❡✳ ■❢ t❤❡② ❞♦✱ t❤❡♥ t❤❡

❝✉rr❡♥t ❡❧❡♠❡♥t ❧✐❡s ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ◆♦t❡ t❤❛t ♦♥❧② ❡❧❡♠❡♥ts ❝♦✈❡r❡❞ ❜②

t❤❡ ❝❡♥tr❛❧ s❝❛♥❧✐♥❡ ❛r❡ ❛♥❛❧✐s❡❞ ❛t ❛♥② st❛❣❡✳

✸✳ ▼♦✈❡ t❤❡ s❝❛♥❧✐♥❡s ♦♥❡ r♦✇ ❞♦✇♥ ❛♥❞ r❡♣❡❛t ✭✐t ✐s ♦♥❧② ♥❡❝❡ss❛r② t♦ r❡✲

❝❛❧❝✉❧❛t❡ t❤❡ ❜♦tt♦♠ s❝❛♥❧✐♥❡ ❛t ❡❛❝❤ st❡♣✮✳
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❆♥♦t❤❡r ✇❛② t♦ ✐♠♣❧❡♠❡♥t t❤✐s ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ✉s✐♥❣ ✐♥t❡r✈❛❧ tr❡❡s✱

❜✉t t❤❡ str✉❝t✉r❡s ❛♥❞ ♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥s ✐♥✈♦❧✈❡❞ ❛r❡ ♠♦r❡ ❝♦♠♣❧❡①✱ s♦ ✐t ✐s

♥♦t ♦❜✈✐♦✉s ✇✐t❤♦✉t ❛ ❜❡♥❝❤♠❛r❦ ✇❤❡t❤❡r t❤❛t ✇♦✉❧❞ ❜❡ ❜❡♥❡✜❝✐❛❧✳

❖♣❡r❛t✐♦♥s

▼❡r❣✐♥❣ ❚✇♦ P✉❧s❡s ▲❛t❡r ♦♥✱ ✇❤❡♥ ♣❡r❢♦r♠✐♥❣ t❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s✲

❢♦r♠✱ ✇❡ ❛r❡ r❡q✉✐r❡❞ t♦ ♠❡r❣❡ t✇♦ ♣✉❧s❡s t❤❛t t♦✉❝❤✳ ❚❤✐s ✐s ❞♦♥❡ ♦♥ ❛ r♦✇✲

❜②✲r♦✇ ❜❛s✐s✳ ■♥ t❤❡ tr✐✈✐❛❧ ❝❛s❡ ✇❤❡r❡ ❛ r♦✇ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ♦♥❧② ♦♥❡ ♦❢ t❤❡ t✇♦

♣✉❧s❡s✱ ✇❡ s✐♠♣❧② ✐♥❝❧✉❞❡ t❤❛t r♦✇ ✐♥ t❤❡ ♦✉t♣✉t✳ ❖t❤❡r✇✐s❡✱ ✇❡ ♥❡❡❞ t♦ s♦rt ❛♥❞

❥♦✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣✉❧s❡s t❤❛t ❝♦♠♣r✐s❡ t❤❡ r♦✇ ❝❛r❡❢✉❧❧②✳ ◆♦t❡✱ ❤♦✇❡✈❡r✱

t❤❛t t❤❡s❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣✉❧s❡s ❝❛♥♥♦t ♦✈❡r❧❛♣ ✐♥ ♦✉r ♣r♦❜❧❡♠ ❞❡s❝r✐♣t✐♦♥✳

❲❡ t❤❡r❡❢♦r❡✿

✶✳ ❊①tr❛❝t t❤❡ st♦♣✲st❛rt ✐♥t❡r✈❛❧s t❤❛t ❢♦r♠ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣✉❧s❡s ✐♥

r♦✇ j✳

✷✳ ❙♦rt t❤❡ ✐♥t❡r✈❛❧s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r st❛rt✐♥❣ ♣♦s✐t✐♦♥✳

✸✳ ❙t❡♣ ♦✈❡r t❤❡ ✐♥t❡r✈❛❧s ❛♥❞ ❧✐♥❦ ✭❥♦✐♥✮ t❤❡♠ ✐❢ t❤❡② t♦✉❝❤✳

✹✳ ❙❛✈❡ t❤❡ ❧✐♥❦❡❞ ✐♥t❡r✈❛❧s ❛s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ r♦✇ j✳

✺✳ ❘❡♣❡❛t ❢♦r r♦✇ j + 1✳

✸✳✸✳✷ ❆❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ✷❉ ❉✐s❝r❡t❡ P✉❧s❡

❚r❛♥s❢♦r♠

❊❛❝❤ st❡♣ ♦❢ t❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠ ✐s ♥♦✇ ❞❡s❝r✐❜❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧✳ ❲❡

✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠s✿

■♥♣✉t ✐♠❛❣❡ ❚❤❡ ✐♥♣✉t ✐♠❛❣❡ ♦r ❞❛t❛ ✕ ❛♥ M × N ♠❛tr✐① ♦❢ ✐♥t❡❣❡r ✈❛❧✉❡s

❜❡t✇❡❡♥ ✵ ❛♥❞ ✷✺✺✳

▲❛❜❡❧ ✐♠❛❣❡ ❆♥ M ×N ❛rr❛② ♦❢ ✐♥t❡❣❡r ✈❛❧✉❡s t❤❛t ✐♥❞✐❝❛t❡ t❤❡ ❝♦♥♥❡❝t✐✈✐t②

♦❢ ♣✐①❡❧s ✐♥ ❛♥ ✐♠❛❣❡✳ ■❢ ♥❡✐❣❤❜♦✉r✐♥❣ ♣✐①❡❧s ❤❛✈❡ t❤❡ s❛♠❡ ✈❛❧✉❡ ✭✐✳❡✳ ❛r❡

✹✲❝♦♥♥❡❝t❡❞✮✱ t❤❡♥ t❤❡② ❛r❡ ❛ss✐❣♥❡❞ t❤❡ s❛♠❡ ❧❛❜❡❧ ✈❛❧✉❡✳

■♥t❡r♠❡❞✐❛t❡ r❡❝♦♥str✉❝t✐♦♥ ❆♥ M × N ✐♠❛❣❡ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦

♣✉❧s❡s ✇✐t❤ ❛r❡❛s r❛♥❣✐♥❣ ❢r♦♠ 1 t❤r♦✉❣❤ MN ✳ ❲❤❡♥ ❛❞❞❡❞ t♦❣❡t❤❡r✱

t❤❡s❡ ♣✉❧s❡s r❡❝♦♥str✉❝t t❤❡ ✐♥♣✉t ✐♠❛❣❡✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ♦♥❧② ❛❞❞

♣✉❧s❡s ✇✐t❤ ❛r❡❛ > k✳ ❲❡ ❝❛❧❧ t❤✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ r❡❝♦♥str✉❝t✐♦♥✱ ❛s ✐t

♦♥❧② ❛♣♣r♦①✐♠❛t❡s t❤❡ ✐♠❛❣❡ ✉♣ t♦ ❛ ❝❡rt❛✐♥ ❧❡✈❡❧✳

❚❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ♦❢ t❤r❡❡ st❡♣s✿
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❋✐❣✉r❡ ✸✳✹✿ ❚✇♦ tr❡❡s ✇✐t❤ ❧❛❜❡❧❧❡❞ ♥♦❞❡s✳

✶✳ ❋✐♥❞ ❛❧❧ ❝♦♥♥❡❝t❡❞ r❡❣✐♦♥s ✴ ❛❞❥❛❝❡♥t s❡ts ✐♥ t❤❡ ✐♠❛❣❡✳ ❆♠♦♥❣ t❤❡s❡ s❡ts

✇❡ ✜♥❞ ❛❧❧ ♣✉❧s❡s ♦❢ s✐③❡ ✶✱ ✇❤✐❝❤ ❢♦r♠ t❤❡ ✜rst ❧❡✈❡❧ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳

✷✳ ❆♣♣❧② t❤❡ L1 ❛♥❞ U1 ♦♣❡r❛t♦rs✱ t❤❛t r❡♠♦✈❡ ♣❡❛❦s ❛♥❞ tr♦✉❣❤s ♦❢ s✐③❡ ✶✱

t♦ t❤❡ ❛❞❥❛❝❡♥t s❡ts✳ ❘❡♠♦✈❡❞ ♣❛rts ♦❢ t❤❡ s✐❣♥❛❧ ✐s st♦r❡❞ ❛s t❤❡ ❧❡✈❡❧ ✶

✭♦r ❛r❡❛ ✶✮ ♣✉❧s❡s✳

✸✳ ❘❡♣❡❛t t❤✐s ♣r♦❝❡ss ✇✐t❤ L2 ❛♥❞ U2 t♦ ❡①tr❛❝t ♣✉❧s❡s ♦❢ ❛r❡❛ ✷ ✭t❤❡ s❡❝♦♥❞

❧❡✈❡❧ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✮✱ t❤❡♥ L3 ❛♥❞ U3✱ ❡t❝✳

❍❡r❡ ❢♦❧❧♦✇s ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ♦✈❡r✈✐❡✇ ♦❢ ❡❛❝❤ st❡♣ ✐♥✈♦❧✈❡❞✳

❋✐♥❞✐♥❣ ❈♦♥♥❡❝t✐♦♥ ❘❡❣✐♦♥s

❋✐rst✱ ✇❡ ✐❞❡♥t✐❢② ❛❧❧ ✹ ♦r ✽ ❝♦♥♥❡❝t❡❞ r❡❣✐♦♥s ✐♥ t❤❡ ✐♠❛❣❡ ✭t❤❡s❡ ❛r❡ t❤❡ ✐♥✐t✐❛❧

♣✉❧s❡s t❤❛t ❛r❡ ♣r♦❝❡ss❡❞ t♦ ②✐❡❧❞ t❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠✮✳ ❚❤✐s ✐s ❞♦♥❡

✉s✐♥❣ t❤❡ ❯♥✐♦♥✲❋✐♥❞ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ❛❧❣♦r✐t❤♠ ♦❢ ❋✐♦r✐♦ ❛♥❞ ●✉st❡❞t

❬❋●✾✻❪✱ ✇✐t❤ t❤❡ ❝♦♥♥❡❝t✐✈✐t② tr❡❡ st♦r❡❞ ✐♥ ❛♥ ❛rr❛② ❛s s✉❣❣❡st❡❞ ❜② ❲✉ ❡t ❛❧✳

✐♥ ❬❲❖❙✵✺❪✳ ■t ✐s ❢✉rt❤❡r s❤♦✇♥ ✐♥ ❬❲❖❙✵✺❪ t❤❛t t❤✐s ❛❧❣♦r✐t❤♠ ❡①❡❝✉t❡s ✐♥

O(N)✱ ❛♥❞ ✇❡ ❣✐✈❡ ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢ ✐ts ❢✉♥❝t✐♦♥✐♥❣✶✿

❘❡♣r❡s❡♥t✐♥❣ ❛ tr❡❡ ✉s✐♥❣ ❛♥ ❛rr❛② ❖♥❡ ♦r ♠♦r❡ tr❡❡s ❝♦♥s✐st✐♥❣ ♦❢ N

♥♦❞❡s ❝❛♥ ❜❡ st♦r❡❞ ✐♥ ❛♥ ❛rr❛② ♦❢ ❧❡♥❣t❤ N ✳ ❊①❛♠✐♥❡ t❤❡ tr❡❡s s❤♦✇♥ ✐♥

❋✐❣✉r❡ ✸✳✹ ✇✐t❤ ♥♦❞❡s ❧❛❜❡❧❡❞ n = 0, . . . , 8✳ ❚❤❡s❡ tr❡❡s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s

t❤❡ ❛rr❛②

x =
[

0 0 2 1 0 4 4 2 2
]

✶◆♦t❡ ♦♥ ●r❛♣❤✐❝s Pr♦❝❡ss✐♥❣ ❯♥✐t ✭●P❯✮ ✐♠♣❧❡♠❡♥t❛t✐♦♥✿ ❆❧❣♦r✐t❤♠s ❛r❡ ✇❡❧❧ s✉✐t❡❞
t♦ ❛ ●P❯ ✐❢ ❡❧❡♠❡♥ts ♦❢ t❤❡ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ ✐s♦❧❛t✐♦♥✳ ❲❤❡♥ ✜♥❞✐♥❣ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts✱ ❡❛❝❤ ❡❧❡♠❡♥t ❞❡♣❡♥❞s ♦♥ ✐ts ♥❡✐❣❤❜♦✉rs✱ ❛♥❞ ♣♦ss✐❜❧② ❛❧❧ t❤❡ ♦t❤❡r ♣✐①❡❧s ✐♥ t❤❡
✐♥♣✉t✱ ❝♦♥s❡q✉❡♥t❧② t❤❡ ♣r♦❜❧❡♠ ✐s ♥♦t ❡❛s② t♦ ♣❛r❛❧❧❡❧✐s❡✳
■♥ ❤✐s ♠❛st❡r✬s t❤❡s✐s ❬❖✬❈✵✾❪✱ ❙✳ ❖✬❈♦♥♥❡❧❧ ❛❞❛♣t❡❞ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ❛❧❣♦r✐t❤♠

❢♦r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦♥ ❛ ●P❯✳ ❋♦r t❤❡ r❡❛s♦♥ ❣✐✈❡♥ ❛❜♦✈❡✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦♥ t❤❡ ●P❯ ✐s
❧❡ss t❤❛♥ ♦♣t✐♠❛❧ ❛♥❞ r♦✉❣❤❧② s✐♠✐❧❛r t♦ t❤❛t ♦❢ t❤❡ ❈P❯ ✭✾♠s ❢♦r ❛ 512 × 512 ✐♠❛❣❡ ✕ t❤❡
s❛♠❡ t✐♠✐♥❣ ❛❝❤✐❡✈❡❞ ❜② ♦✉r ❈P❯✲❜❛s❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✮✳
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✇❤❡r❡ xn ❣✐✈❡s t❤❡ ♣❛r❡♥t ♦❢ ♥♦❞❡ n✳ ❋♦r ❡①❛♠♣❧❡✱ x3 = 1✱ ✇❤✐❝❤ t❡❧❧s ✉s t❤❛t

t❤❡ ♣❛r❡♥t ♦❢ ♥♦❞❡ t❤r❡❡ ✐s ♥♦❞❡ ♦♥❡✳ ❙✐♠✐❧❛r❧②✱ x2 = 2 ✐♠♣❧✐❡s t❤❛t ♥♦❞❡ t✇♦

❤❛s ♥♦ ♣❛r❡♥t✖✐t ✐s t❤❡ r♦♦t ♦❢ ❛ tr❡❡✳

▲❛❜❡❧❧✐♥❣ ❝♦♥♥❡❝t❡❞ r❡❣✐♦♥s ❛s tr❡❡s ❚❤❡ ❣♦❛❧ ♦❢ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦✲

♥❡♥ts ❛❧❣♦r✐t❤♠ ✐s t♦ ❛ss✐❣♥ ✉♥✐q✉❡ ❧❛❜❡❧s t♦ ❡❛❝❤ ❝♦♥♥❡❝t❡❞ r❡❣✐♦♥ ✐♥ ❛♥ M×N

✐♠❛❣❡ I✳ ❆♥ ❛rr❛②✱ L✱ ♦❢ ❧❡♥❣t❤ MN ✐s ✉s❡❞ t♦ st♦r❡ tr❡❡s ❛s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡

♣❛r❛❣r❛♣❤ ❛❜♦✈❡✳

❚❤❡ ✐♠❛❣❡ ✐s tr❛✈❡rs❡❞ ✐♥ r❛st❡r s❝❛♥ ♦r❞❡r ✭✐✳❡✳ ❛❧♦♥❣ r♦✇s✮✳ ❆ r❡❣✐♦♥

❝♦✉♥t❡r✱ k✱ ✐s ✐♥✐t✐❛❧✐s❡❞ t♦ ③❡r♦✳ ❆t ❡❛❝❤ ♣✐①❡❧ ♣♦s✐t✐♦♥ (r, c)✿

✶✳ ❈❛❧❝✉❧❛t❡ t❤❡ ♦✛s❡t ✐♥t♦ t❤❡ tr❡❡ ❛rr❛② ❛s t = rN + c✳

✷✳ ■❢ t❤❡ ♣✐①❡❧ ✐s ♥♦t ❝♦♥♥❡❝t❡❞ t♦ ✭❞♦❡s ♥♦t ❤❛✈❡ t❤❡ s❛♠❡ ✈❛❧✉❡ ❛s✮ t❤❡ ♣✐①❡❧

❛❜♦✈❡ ✐t ♦r t♦ t❤❡ ❧❡❢t✱ ❛ss✐❣♥ Lt = t✱ ❡✛❡❝t✐✈❡❧② ❝r❡❛t✐♥❣ ❛ ♥❡✇ tr❡❡✳

✸✳ ■❢ t❤❡ ♣✐①❡❧ ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♣✐①❡❧ ❛❜♦✈❡✱ ❛ss✐❣♥ Lt = Lt−N ✱ ❥♦✐♥✐♥❣

♥♦❞❡ t t♦ ✐ts ♣❛r❡♥t ✐♥ t❤❡ ♣r❡✈✐♦✉s r♦✇✳

✹✳ ■❢✱ ✐♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♣✐①❡❧ ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❧❡❢t✱ ❛ss✐❣♥ Lt−1 = Lt−N ✳

✺✳ ■❢ t❤❡ ♣✐①❡❧ ✐s ♦♥❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❧❡❢t✱ ❛ss✐❣♥ Lt = Lt−1✳

❆♣♣r♦♣r✐❛t❡ ❝❛r❡ ♥❡❡❞s t♦ ❜❡ t❛❦❡♥ ✐♥ t❤❡ ✜rst r♦✇ ❛♥❞ ❝♦❧✉♠♥ t♦ ♣r❡✈❡♥t

✐♥❞❡①✐♥❣ ❡rr♦rs ♦♥ t❤❡ ✐♠❛❣❡ ❜♦✉♥❞❛r②✳

❚❤❡ ❧❛❜❡❧ ✈❡❝t♦r✱ L✱ ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ❛s t❤❡ ✢❛tt❡♥❡❞ ✈❡rs✐♦♥ ♦❢ ❛ ❧❛❜❡❧ ✐♠❛❣❡

s♦ t❤❛t Lr,c = LrN+c✳ ❋r♦♠ t❤✐s ✐♠❛❣❡✱ ❛❧❧ ❝♦♥♥❡❝t❡❞ r❡❣✐♦♥s ❛r❡ ❡①tr❛❝t❡❞ ❛s

♣✉❧s❡s ❛♥❞ st♦r❡❞ ✐♥ t❤❡ ❢♦r♠❛t ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✶✳

❲❡ t❤❡♥ ♣r♦❝❡❡❞ t♦ ♣❡r❢♦r♠ t❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠ ❛s ❞✐s❝✉ss❡❞ ♥❡①t✳

■❞❡♥t✐❢②✐♥❣ P✉❧s❡s t♦ ▼❡r❣❡ ❚❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠ ✐s ♣❡r❢♦r♠❡❞

❜② ❛❧t❡r♥❛t❡❧② ❡①❡❝✉t✐♥❣ t❤❡ Lk ✭❧♦✇❡r✮ ❛♥❞ Uk ✭✉♣♣❡r✮ ♦♣❡r❛t♦rs t❤❛t ❡①tr❛❝t

♣✉❧s❡s ♦❢ ❛r❡❛ k✳ ■❢ ②♦✉ t❤✐♥❦ ♦❢ t❤❡ ✐♠❛❣❡ ❛s ❛ ❤❡✐❣❤t✲♠❛♣✱ t❤❡♥ t❤❡ U1✲♦♣❡r❛t♦r

r❡♠♦✈❡s ❛❧❧ ✈❛❧❧❡②s ♦❢ ❛r❡❛ ♦♥❡✳ ❍❡r❡✱ ❛ ✈❛❧❧❡② ✐s ❞❡✜♥❡❞ ❛s ❛ ❝♦♥♥❡❝t❡❞ ❛r❡❛

t❤❛t ✐s s✉rr♦✉♥❞❡❞ ♦♥❧② ❜② ❤✐❣❤❡r ✈❛❧✉❡s✳ ❙✐♠✐❧❛r❧②✱ t❤❡ L1✲♦♣❡r❛t♦r r❡♠♦✈❡s

♣❡❛❦s ♦❢ ❛r❡❛ ♦♥❡✱ ✇❤❡r❡ ♣❡❛❦s ❛r❡ ❝♦♥♥❡❝t❡❞ ❛r❡❛s s✉rr♦✉♥❞❡❞ ♦♥❧② ❜② ❧♦✇❡r

✈❛❧✉❡s✳

❆❢t❡r ❛♣♣❧②✐♥❣ t❤❡ L1✲ ❛♥❞ U1✲♦♣❡r❛t♦rs ❛♥❞ st♦r✐♥❣ t❤❡ r❡♠♦✈❡❞ ♣❡❛❦s ❛♥❞

✈❛❧❧❡②s ✭t❤♦s❡ ❢♦r♠ t❤❡ ✜rst ❧❡✈❡❧ ♦❢ t❤❡ ❉P❚✮✱ ✇❡ ♥❡❡❞ t♦ ♠❡r❣❡ ♣✉❧s❡s t❤❛t

✇❡r❡ ❥♦✐♥❡❞ ✐♥ t❤❡ ♣r♦❝❡ss✳ ◆♦t❡ t❤❛t✱ ❛t ❡❛❝❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ❧❡✈❡❧✱ ✇❡ ❤❛✈❡ t❤❡

✐♥t❡r♠❡❞✐❛t❡ r❡❝♦♥str✉❝t✐♦♥ ❛✈❛✐❧❛❜❧❡✳ ■t ✐s ♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣ t❤❡ ✐♠❛❣❡ ✈❛❧✉❡s

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡♠♦✈❡❞ ♣♦s✐t✐✈❡ ✭♥❡❣❛t✐✈❡✮ ♣✉❧s❡s ❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠✉♠

✭♠✐♥✐♠✉♠✮ ✈❛❧✉❡ ♦♥ t❤❡ ❛❞❥❛❝❡♥t s❡t✳
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❋♦r ❡❛❝❤ ♣✉❧s❡✱ ✇❡ ❝❛❧❝✉❧❛t❡ ✐ts ❜♦✉♥❞❛r② ♣♦s✐t✐♦♥s ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ❞❡✲

s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✶✳ ❲❡ t❤❡♥ ❡①❛♠✐♥❡ t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡s ♦♥ t❤❡ ✐♥t❡r♠❡✲

❞✐❛t❡ r❡❝♦♥str✉❝t✐♦♥✱ ❛♥❞ ✐❢ ❛♥② ♦❢ t❤♦s❡ ✈❛❧✉❡s ❛r❡ ❡q✉❛❧ t♦ t❤❡ ♣✉❧s❡ ✈❛❧✉❡✱ ❛

♠❡r❣❡ ✐s r❡q✉✐r❡❞✳ ❆❢t❡r ❡①❛♠✐♥✐♥❣ ❛❧❧ ❜♦✉♥❞❛r② ♣♦s✐t✐♦♥s✱ ❛ ❧✐st ✐s ❞r❛✇♥ ✉♣

♦❢ ❛❧❧ ❝♦♦r❞✐♥❛t❡s t❤❛t ❢❛❧❧ ♦♥ ♠❡r❣❡ ❜♦✉♥❞❛r✐❡s✳ ❆t ❡❛❝❤ ♦❢ t❤♦s❡ ♣♦s✐t✐♦♥s✱ ❛

♠❡r❣❡ ✐s ♣❡r❢♦r♠❡❞ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✶✱ ❛❢t❡r ✇❤✐❝❤ t❤❡ ❧❛❜❡❧ ✐♠❛❣❡ ✐s

✉♣❞❛t❡❞✳

❚❤❡ Lk+1 ❛♥❞ Uk+1 ♦♣❡r❛t♦rs ❛r❡ ♥♦✇ ❛♣♣❧✐❡❞✱ r❡♣❡❛t✐♥❣ t❤❡ ♠❡r❣✐♥❣ ♣r♦❝❡ss

❢♦r ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ k ✉♥t✐❧ t❤❡ ✐♠❛❣❡ ❤❛s ❜❡❡♥ ❡♥t✐r❡❧② ❞❡❝♦♠♣♦s❡❞ ✭✐♥ ♦t❤❡r

✇♦r❞s✱ ✉♥t✐❧ t❤❡ ✜♥❛❧ MN ✲s✐③❡❞ ♣✉❧s❡ ❤❛s ❜❡❡♥ r❡♠♦✈❡❞✮✳ ❆❧❧ t❤❡ r❡♠♦✈❡❞

♣✉❧s❡s t♦❣❡t❤❡r ❢♦r♠ t❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠ ♦r ❞❡❝♦♠♣♦s✐t✐♦♥✳

✸✳✸✳✸ ❇❡♥❝❤♠❛r❦

❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ❛♥ ❡①❡❝✉t❡❞ ♦♥ ❛ ■♥t❡❧

❈♦r❡ ❉✉♦ ✸✳✶✻●❍③ ♣r♦❝❡ss♦r✳ ▼❡♠♦r② ✉t✐❧✐s❛t✐♦♥ ♣❡❛❦❡❞ ❛t ❧❡ss t❤❛t ✶✺✵▼❇

❞✉r✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❆✐r♣❧❛♥❡ ❛♥❞ r♦✉❣❤❧② ✻✵▼❇ ✇❤✐❧❡ ♣r♦❝❡ss✐♥❣ ❈❤❡❧s❡❛

✭✐♥❝❧✉❞✐♥❣ t❤❡ ♠❡♠♦r② r❡q✉✐r❡❞ t♦ st♦r❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐ts❡❧❢✮✳ ❈♦♠♣✉t❛t✐♦♥

t✐♠❡s ✇❡r❡ ✸✳✼✸s ✭❆✐r♣❧❛♥❡✮ ❛♥❞ ✶✳✺✶s ✭❈❤❡❧s❡❛✮✳ ❘❡❝♦♥str✉❝t✐♦♥ ❡①❡❝✉t❡❞ ✐♥ ❛

❢❡✇ ♠✐❧❧✐s❡❝♦♥❞s✳

❋✐❣✉r❡ ✸✳✻ s❤♦✇s ❜❡♥❝❤♠❛r❦ t✐♠❡s ❢♦r t❤❡ ❞✐s❝r❡t❡ ♣✉❧s❡ tr❛♥s❢♦r♠ ❛♣♣❧✐❡❞

t♦ r❛♥❞♦♠ ♠❛tr✐❝❡s✳ ❘❛♥❞♦♠ ♠❛tr✐❝❡s ✇✐t❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❞✐s❝r❡t❡ ✈❛❧✉❡s

s❡❡♠ t♦ ❜❡ t❤❡ ✇♦rst ❝❛s❡✖❡①❡❝✉t✐♦♥ t✐♠❡s ❛r❡ ♠✉❝❤ ❧♦✇❡r ❢♦r r❡❛❧ ♣❤♦t♦❣r❛♣❤s

❛♥❞ ❢♦r s✐❣♥❛❧s ❧✐♠✐t❡❞ t♦✱ s❛②✱ ✷✺✺ ❞✐s❝r❡t❡ ✈❛❧✉❡s✳ ❇♦t❤ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡

❡①♣❧❛✐♥❡❞ ✐♥t✉✐t✐✈❡❧②✿ ❛ r❛♥❞♦♠ ♠❛tr✐① ❤❛s ♠❛♥② ♠♦r❡ ♣✉❧s❡s t❤❛♥ ❛ t②♣✐❝❛❧

♣❤♦t♦❣r❛♣❤ ❛♥❞ ❧✐♠✐t❡❞ ❞✐s❝r❡t❡ ✈❛❧✉❡s ❝❛✉s❡ ♠❡r❣✐♥❣ ♦❢ ♣✉❧s❡s t❤❛t ✇♦✉❧❞ ♦t❤✲

❡r✇✐s❡ r❡♠❛✐♥ s❡♣❛r❛t❡❞✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r ❛ ❧✐♥❦

❡①✐sts ❜❡t✇❡❡♥ ✐♠❛❣❡ ❡♥tr♦♣② ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣✉❧s❡s ❣❡♥❡r❛t❡❞✳
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❙
♦❢
t✇

❛r
❡ ❚❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛s s✉♣r❡♠❡✳❧✐❜✳❞♣t✳

❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✿

✐♠♣♦rt s✉♣r❡♠❡✳❛♣✐ ❛s sr

✐♠❛❣❡ ❂ sr✳t❡st❴❞❛t❛ ✭✮

★ P❡r❢♦r♠ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✲✲ t❤✐s ♠❛② t❛❦❡

★ ✺✲✶✵ s❡❝♦♥❞s

♣✉❧s❡s ❂ sr✳❧✐❜✳❞♣t✳❞❡❝♦♠♣♦s❡✭✐♠❛❣❡✳❛st②♣❡✭✐♥t✮✮

★ ❘❡❝♦♥str✉❝t t❤❡ ♦r✐❣✐♥❛❧ ❢r♦♠ t❤❡ ♣✉❧s❡s

❩ ❂ sr✳❧✐❜✳❞♣t✳r❡❝♦♥str✉❝t✭♣✉❧s❡s ✱ ✐♠❛❣❡✳s❤❛♣❡✮

★ ❉✐s♣❧❛② t❤❡ t✇♦ ✐♠❛❣❡s s✐❞❡ ✲❜②✲s✐❞❡

sr✳s❤♦✇✭✐♠❛❣❡ ✱ ❩✮

❚❤❡ r❡t✉r♥❡❞ ❵♣✉❧s❡s❵ ✐s ❛ ❞✐❝t✐♦♥❛r② ✐♥❞❡①❡❞ ❜② ❛r❡❛✱ ✐✳❡✳✱ ♣✉❧s❡s❬✷❪

❝♦♥t❛✐♥s ❛❧❧ ♣✉❧s❡s ♦❢ ❛r❡❛ ✷ ✭t❤♦s❡ t❤❛t ❢♦r♠ t❤❡ s❡❝♦♥❞ ❧❡✈❡❧ ♦❢ t❤❡ ❞❡✲

❝♦♠♣♦s✐t✐♦♥✮✳

❚❤❡ r❡❝♦♥str✉❝t✐♦♥ s✐♠♣❧② ❛❞❞s ❛❧❧ t❤❡ ♣✉❧s❡s t♦❣❡t❤❡r✱ ❛♥❞ ❝❛♥

❛❧s♦ ❜❡ ❞♦♥❡ ♠❛♥✉❛❧❧②✱ ❛s ✐❧❧✉str❛t❡❞ ❜❡❧♦✇✳ ◆♦t❡ t❤❡ ✉s❡ ♦❢ t❤❡

❝♦♥♥❡❝t❡❞❴r❡❣✐♦♥❴❤❛♥❞❧❡r t♦ ❝❛❧❝✉❧❛t❡ ♣✉❧s❡ ✈❛❧✉❡s ❛♥❞ t♦ ❛❞❞ ♣✉❧s❡s

t♦ t❤❡ ♦✉t♣✉t ❛rr❛②✳ ❚❤✐s ✐s ♥❡❝❡ss❛r② ❜❡❝❛✉s❡ t❤❡ ♣✉❧s❡ ✐ts❡❧❢ ✐s st♦r❡❞ ✐♥ ❛

s♣❛rs❡ ❢♦r♠❛t✱ ❛s ❞✐s❝✉ss❡❞ ❧❛t❡r ✐♥ t❤✐s ❝❤❛♣t❡r✳

✐♠♣♦rt ♥✉♠♣② ❛s ♥♣

❢r♦♠ s✉♣r❡♠❡✳❧✐❜✳❞♣t ✐♠♣♦rt ❭

❝♦♥♥❡❝t❡❞❴r❡❣✐♦♥❴❤❛♥❞❧❡r ❛s ❝r❤

★ ❈r❡❛t❡ ❛♥ ♦✉t♣✉t ✐♠❛❣❡

♦✉t ❂ ♥♣✳③❡r♦s✭✐♠❛❣❡✳s❤❛♣❡ ✱ ❞t②♣❡❂✐♥t✮

★ ❘❡❝♦♥str✉❝t ♦✉t♣✉t ❜② ❛❞❞✐♥❣ ❛❧❧ t❤❡ ♣✉❧s❡s

❢♦r ❛r❡❛ ✐♥ ♣✉❧s❡s✿

❢♦r ♣ ✐♥ ♣✉❧s❡s❬❛r❡❛❪✿

❝r❤✳s❡t❴❛rr❛②✭♦✉t ✱ ♣✱ ❝r❤✳❣❡t❴✈❛❧✉❡✭♣✮✱ ✬❛❞❞✬✮

sr✳s❤♦✇✭♦✉t✮
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❋✐❣✉r❡ ✸✳✺✿ ❚✇♦ t❡st ✐♠❛❣❡s ✉s❡❞ ❢♦r ❜❡♥❝❤♠❛r❦✐♥❣ t❤❡ ✷❉ ❉P❚✳ ❖♥ t❤❡ ❧❡❢t ✐s
❈❤❡❧s❡❛ t❤❡ ❈❛t ✭ 300× 351✮ ❛♥❞ ♦♥ t❤❡ r✐❣❤t ✐s ❆✐r♣❧❛♥❡ ✭512× 512✮✳
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❋✐❣✉r❡ ✸✳✻✿ ❇❡♥❝❤♠❛r❦ ♦❢ t❤❡ ❞✐s❝r❡t❡ ♣✉❧s❡ tr❛♥s❢♦r♠ ♦♥ r❛♥❞♦♠ ✐♠❛❣❡s ♦❢ ✈❛r②✐♥❣
s✐③❡✳ ❱❛❧✉❡s ♦♥ t❤❡ ①✲❛①✐s ✐♥❞✐❝❛t❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣✐①❡❧s✱ ✐✳❡✳✱ N2 ❢♦r ❛♥ N × N

♠❛tr✐①✳ ■♥ t❤❡ ❜♦tt♦♠ ❝✉r✈❡✱ ❧❛❜❡❧❡❞ ✏r❡❝♦♠❜✐♥❛t✐♦♥✑✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐s❝r❡t❡ ✐♥♣✉t
✈❛❧✉❡s ✇❡r❡ ❧✐♠✐t❡❞ t♦ ✷✺✺✳ ❋♦r ❧❛r❣❡ ✐♠❛❣❡s✱ t❤✐s ❝❛✉s❡s t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❡①❡❝✉t❡ ♠♦r❡
q✉✐❝❦❧② t❤❛♥ ❡①♣❡❝t❡❞ ❞✉❡ t♦ ❛❝❝✐❞❡♥t❛❧ ♠❡r❣❡s✳
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❇✐❜❧✐♦❣r❛♣❤②

❬❆❋❘✵✽❪ ❘♦✉♠❡♥ ❆♥❣✉❡❧♦✈ ❛♥❞ ■♥❣❡r ❋❛❜r✐s✲❘♦t❡❧❧✐✳ ❉✐s❝r❡t❡

P✉❧s❡ ❚r❛♥s❢♦r♠ ♦❢ ■♠❛❣❡s✳ ▲❡❝t✉r❡ ◆♦t❡s ■♥ ❈♦♠♣✉t❡r

❙❝✐❡♥❝❡✱ ✺✵✾✾✿✶✲✾✱ ✷✵✵✽✳

❬❇❇❈+✾✹❪ ❘✳ ❇❛rr❡tt✱ ▼✳ ❇❡rr②✱ ❚✳❋✳ ❈❤❛♥✱ ❏✳ ❉❡♠♠❡❧✱ ❏✳ ❉♦✲

♥❛t♦✱ ❏✳ ❉♦♥❣❛rr❛✱ ❱✳ ❊✐❥❦❤♦✉t✱ ❘✳ P♦③♦✱ ❈✳ ❘♦♠✐♥❡✱

❛♥❞ ❍✳ ❱❛♥ ❞❡r ❱♦rst✳ ❚❡♠♣❧❛t❡s ❢♦r t❤❡ ❙♦❧✉t✐♦♥ ♦❢

▲✐♥❡❛r ❙②st❡♠s✿ ❇✉✐❧❞✐♥❣ ❇❧♦❝❦s ❢♦r ■t❡r❛t✐✈❡ ▼❡t❤♦❞s✱

✷♥❞ ❊❞✐t✐♦♥✳ ✶✾✾✹✳

❬❉●▲✽✾❪ ■✳ ❙✳ ❉✉✛✱ ❘♦❣❡r ●✳ ●r✐♠❡s✱ ❛♥❞ ❏♦❤♥ ●✳ ▲❡✇✐s✳ ❙♣❛rs❡

♠❛tr✐① t❡st ♣r♦❜❧❡♠s✳ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥ ▼❛t❤❡♠❛t✲

✐❝❛❧ ❙♦❢t✇❛r❡✱ ✶✺✭✶✮✿✶✕✶✹✱ ▼❛r❝❤ ✶✾✽✾✳

❬❋●✾✻❪ ❈❤r✐st♦♣❤❡ ❋✐♦r✐♦ ❛♥❞ ❏❡♥s ●✉st❡❞t✳ ❚✇♦ ❧✐♥❡❛r t✐♠❡

❯♥✐♦♥✲❋✐♥❞ str❛t❡❣✐❡s ❢♦r ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣✳ ❚❤❡♦r❡t✐❝❛❧

❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✶✺✹✭✷✮✱ ✶✾✾✻✳

❬❋❘❱✵✾❪ ■✳ ❋❛❜r✐s✲❘♦t❡❧❧✐ ❛♥❞ ❙✳❏✳ ❱❛♥ ❉❡r ❲❛❧t✳ ❚❤❡ ❉✐s❝r❡t❡

P✉❧s❡ ❚r❛♥s❢♦r♠ ✐♥ ❚✇♦ ❉✐♠❡♥s✐♦♥s✳ ■♥ ❋✳ ◆✐❝♦❧❧s✱

❡❞✐t♦r✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ t✇❡♥t✐❡t❤ ❛♥♥✉❛❧ s②♠♣♦s✐✉♠

♦❢ t❤❡ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥ ❆ss♦❝✐❛t✐♦♥ ♦❢ ❙♦✉t❤ ❆❢r✐❝❛

✭P❘❆❙❆✮✱ ❙t❡❧❧❡♥❜♦s❝❤✱ ❙♦✉t❤ ❆❢r✐❝❛✱ ✷✵✵✾✳

❬▲❘✵✻❪ ❉✳P✳ ▲❛✉r✐❡ ❛♥❞ ❈✳❍✳ ❘♦❤✇❡r✳ ❋❛st ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢

t❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠✳ ■♥ ❚✳❊✳ ❙✐♠♦s✱ ●✳ Ps✐✲

❤♦②✐♦s✱ ❛♥❞ ❈❤✳ ❚s✐t♦✉r❛s✱ ❡❞✐t♦rs✱ ■❈◆❆❆▼ ✷✵✵✻✿ ■♥✲

t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ❛♥❞ ❆♣✲

♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ♣❛❣❡s ✹✽✹✕✹✽✼✱ ❲❡✐♥❤❡✐♠✱ ✷✵✵✻✳

❲✐❧❡②✲❱❈❍✳

❬❖✬❈✵✾❪ ❙❡❛♥ ▼✳ ❖✬❈♦♥♥❡❧❧✳ ❆ ●P❯ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❈♦♥✲

♥❡❝t❡❞ ❈♦♠♣♦♥❡♥t ▲❛❜❡❧✐♥❣✳ ▼❛st❡r✬s t❤❡s✐s✱ ▲♦✉s✐❛♥❛

❙t❛t❡ ❯♥✐✈❡rs✐t②✱ ✷✵✵✾✳

❬❘▲✵✻❪ ❈✳ ❍✳ ❘♦❤✇❡r ❛♥❞ ❉✳ P✳ ▲❛✉r✐❡✳ ❚❤❡ ❉✐s❝r❡t❡ P✉❧s❡

❚r❛♥s❢♦r♠✳ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s✱

✸✽✭✸✮✿✶✵✶✷✱ ✷✵✵✻✳

❬❘♦❤✵✺❪ ❈❛r❧ ❍✳ ❘♦❤✇❡r✳ ◆♦♥❧✐♥❡❛r s♠♦♦t❤✐♥❣ ❛♥❞ ♠✉❧t✐r❡s♦❧✉✲

t✐♦♥ ❛♥❛❧②s✐s✳ ❇✐r❦❤ä✉s❡r ❱❡r❧❛❣✱ ❇❛s❡❧✱ ❇♦st♦♥✱ ✷✵✵✺✳
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❬❙❲✵✾❪ P❤✐❧✐♣♣❡ ❙❛❧❡♠❜✐❡r ❛♥❞ ▼✐❝❤❛❡❧ ❲✐❧❦✐♥s♦♥✳ ❈♦♥✲

♥❡❝t❡❞ ♦♣❡r❛t♦rs✳ ■❊❊❊ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ▼❛❣❛③✐♥❡✱
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❬❲❖❙✵✺❪ ❑✳ ❲✉✱ ❊✳ ❖t♦♦✱ ❛♥❞ ❆✳ ❙❤♦s❤❛♥✐✳ ❖♣t✐♠✐③✐♥❣ ❝♦♥✲

♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ❧❛❜❡❧✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❚❡❝❤♥✐❝❛❧ r❡✲

♣♦rt✱ ▲❛✇r❡♥❝❡ ❇❡r❦❡❧❡② ◆❛t✐♦♥❛❧ ▲❛❜♦r❛t♦r②✱ ❇❡r❦❡❧❡②✱
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❈❤❛♣t❡r ✹

❋❡❛t✉r❡ ❞❡t❡❝t✐♦♥ ❛♥❞

♠❛t❝❤✐♥❣

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

❙✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐♠❛❣✐♥❣ ❝♦♥s✐sts ♦❢ t❤r❡❡ ✐♠♣♦rt❛♥t st❡♣s✿ ✐♠❛❣❡ ❛❝q✉✐s✐t✐♦♥✱

r❡❣✐str❛t✐♦♥ ✭♦r ❛❧✐❣♥♠❡♥t✮ ❛♥❞ r❡❝♦♥str✉❝t✐♦♥✳ ❯♥❞❡r ♠♦st ❝✐r❝✉♠st❛♥❝❡s✱ t❤❡

❛❝❝✉r❛❝② ♦❢ ✐♠❛❣❡ r❡❣✐str❛t✐♦♥✱ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❈❤❛♣t❡r ✺✱ ❤❛s ❛ ♣r♦❢♦✉♥❞

✐♠♣❛❝t ♦♥ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥✳ ❆s s✉❝❤✱ ✐t ❞❡s❡r✈❡s t♦ ❜❡ tr❡❛t❡❞

✇✐t❤ ❝❛r❡✳

❚❤❡ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss r❡❧✐❡s ♦♥ t❤❡ r❡❣✐str❛t✐♦♥ t♦ ✐♥❞✐❝❛t❡ ❝♦rr❡s♣♦♥❞✲

✐♥❣ ♣♦s✐t✐♦♥s ✐♥ t❤❡ ❞✐✛❡r❡♥t ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♥♣✉t ❢r❛♠❡s✳ ❲✐t❤♦✉t t❤✐s ✐♥❢♦r✲

♠❛t✐♦♥✱ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ✐♥tr❛❝t❛❜❧❡✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡✈❡❧♦♣ ❛ ❢❡❛t✉r❡

❞❡t❡❝t♦r✱ ✉s❡❞ t♦ ❧♦❝❛t❡ s✐❣♥✐✜❝❛♥t ❢❡❛t✉r❡s ✐♥ t❤❡ ✐♠❛❣❡✳ ❖❢ ❝♦✉rs❡✱ t❤❡ ❞❡✜♥✐✲

t✐♦♥ ♦❢ ✏s✐❣♥✐✜❝❛♥t✑ ♠❛② ❝❤❛♥❣❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ❛ s♣❡❝✐✜❝ ❛♣♣❧✐❝❛t✐♦♥✳ ❍❡r❡✱ ✇❡

s✐♠♣❧② r❡❢❡r t♦ ❛ ♣♦✐♥t t❤❛t ❝❛♥ ❜❡ ❝♦♥s✐st❡♥t❧② ❞❡t❡❝t❡❞ ❜② ❛♥ ❛❧❣♦r✐t❤♠ ♦✈❡r

♠✉❧t✐♣❧❡ ✐♠❛❣❡s t❤❛t ✉♥❞❡r❣♦ ❣❡♦♠❡tr✐❝✱ ♣❤♦t♦♠❡tr✐❝ ♦r ♦t❤❡r ❞✐st♦rt✐♦♥s✳

❆❢t❡r ❢❡❛t✉r❡s ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞✱ t❤❡ s✉rr♦✉♥❞✐♥❣ ♣✐①❡❧s ❛r❡ ✉s✉❛❧❧② ❛♥❛❧②s❡❞

t♦ ❝♦♥str✉❝t ❛ ❢❡❛t✉r❡ ❞❡s❝r✐♣t♦r t❤❛t ❢❛❝✐❧✐t❛t❡s ♠❛t❝❤✐♥❣ ✭✜♥❞✐♥❣ ❝♦rr❡s♣♦♥❞✐♥❣

❢❡❛t✉r❡s ❛❝r♦ss ♠✉❧t✐♣❧❡ ✐♠❛❣❡s✮✳ ❚❤✐s ✐s ❛ ❣♦♦❞ ✐❞❡❛✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❝❤❛♣t❡r

✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❢♦❝✉s ♦♥❧② ♦♥ t✇♦ ❢✉♥❞❛♠❡♥t❛❧ ✐❞❡❛s✿ ✶✮ ❧♦❝❛t✐♥❣ ❢❡❛t✉r❡s

✉s✐♥❣ t❤❡ ❉✐s❝r❡t❡ P✉❧s❡ ❚r❛♥s❢♦r♠ ❛♥❞ ✷✮ ♠❛t❝❤✐♥❣ t❤♦s❡ ❢❡❛t✉r❡s ❜❛s❡❞ ♦♥

t❤❡ s✉rr♦✉♥❞✐♥❣ ♣✐①❡❧s ✭♦r ✐♠❛❣❡ ♣❛t❝❤❡s✮✳

❙♦♠❡ ❡①❝❡❧❧❡♥t ❢❡❛t✉r❡ ❞❡t❡❝t✐♦♥✴r❡♣r❡s❡♥t❛t✐♦♥ r♦✉t✐♥❡s✱ s✉❝❤ ❛s ❙■❋❚ ❬▲♦✇✵✹❪

❛♥❞ ❙❯❘❋ ❬❇❚❱✵✻❪✱ ❡①✐st✱ ❜✉t t❤❡s❡ ❛r❡ ♣❛t❡♥t ❡♥❝✉♠❜❡r❡❞✳ ▼❛①✐♠❛❧❧② ❙t❛❜❧❡

❊①tr❡♠❛❧ ❘❡❣✐♦♥s ✭▼❙❊❘✮ ❬❋▲✵✼❪ ❧♦♦❦s ♣r♦♠✐s✐♥❣✳ ❉❡t❡❝t♦rs t❤❛t ✇♦r❦ ✇❡❧❧ ✐♥✲

❝❧✉❞❡ ❋❆❙❚ ❬❘❉✵✻❪ ✭✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❛❝❝♦♠♣❛♥②✐♥❣ s♦❢t✇❛r❡✮ ❛♥❞ t❤❡ ❡♥❤❛♥❝❡❞

❍❛rr✐s ❞❡t❡❝t♦r ♣r♦♣♦s❡❞ ✐♥ ❬▼❙✵✺❪✳ ❲❤✐❧❡ t❤❡ ❝♦♠♠♦♥❧② ✉s❡❞ ❍❛rr✐s ❝♦r♥❡r

❞❡t❡❝t♦r ❬❍❙✽✽❪ ✐s st❛rt✐♥❣ t♦ s❤♦✇ s✐❣♥s ♦❢ ❛❣❡✱ ✐t st✐❧❧ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢

❜❡✐♥❣ ❡❛s② t♦ ✐♠♣❧❡♠❡♥t✳ ❆ r❡✈✐❡✇ ♦❢ ❢❡❛t✉r❡ ❞❡t❡❝t♦rs ✐s ❣✐✈❡♥ ✐♥ ❬❚▼✵✼❪ ❛♥❞

♦❢ ❢❡❛t✉r❡ ❞❡s❝r✐♣t♦rs ✐♥ ❬▼❙✵✺❪✳

✸✹
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✹✳✷ ❋❡❛t✉r❡ ❞❡t❡❝t✐♦♥ ✉s✐♥❣ t❤❡ ❞✐s❝r❡t❡ ♣✉❧s❡

tr❛♥s❢♦r♠

✹✳✷✳✶ ❙❝❛❧❡ s♣❛❝❡

❚❤❡ ❞✐s❝r❡t❡ ♣✉❧s❡ tr❛♥s❢♦r♠ ❞❡❝♦♠♣♦s❡s ❛♥ ✐♠❛❣❡ ✐♥t♦ ❛ s✉♠ ♦❢ ❞✐✛❡r❡♥t❧②

s✐③❡❞ ♣✉❧s❡s ✭s❡❡ ❈❤❛♣t❡r ✸✮✳ P✉❧s❡s ♦❢ ❛ ✜①❡❞ s✐③❡ ❢♦r♠ ❛ s✐♥❣❧❡ ❧❡✈❡❧ ♦❢ t❤❡

❉P❚✱ ❛♥❞ t❤❡ ❞✐✛❡r❡♥t ❧❡✈❡❧s ❛ s❝❛❧❡ s♣❛❝❡✱ s✐♠✐❧❛r ✐♥ ❝♦♥❝❡♣t t♦ t❤❡ ✇❡❧❧ ❦♥♦✇♥

●❛✉ss✐❛♥ s❝❛❧❡ s♣❛❝❡✱ ♦♥ ✇❤✐❝❤ ♠❛♥② ❢❡❛t✉r❡ ❞❡t❡❝t♦rs s✉❝❤ ❛s ❙■❋❚ r❡❧②✳

●✐✈❡♥ ❛❧❧ ♣✉❧s❡s pk,i(x, y) ∈ Dk ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❞✐✛❡r❡♥t ❧❡✈❡❧s k = 1 . . .K✱

t❤❡ ♦r✐❣✐♥❛❧ s✐❣♥❛❧ ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞ ✉s✐♥❣

f(x, y) =
∑

k

Dk(x, y) =
∑

k

∑

i

pk,i(x, y).

❚❤❡ r❛♥❣❡ ♦❢ i ✈❛r✐❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣✉❧s❡s ❛t ❛♥② s♣❡❝✐✜❝ ❧❡✈❡❧✳

❆ s✐♥❣❧❡ ♣✐①❡❧✱ (x, y)✱ ❜❡❧♦♥❣s t♦ ③❡r♦ ♦r ♠♦r❡ ♣✉❧s❡s ♦❢ ❞✐✛❡r❡♥t s✐③❡s ✭✐♥ ♦t❤❡r

✇♦r❞s✱ ✐t ✐s ✐♥❝❧✉❞❡❞ ✐♥ ③❡r♦ ♦r ♠♦r❡ ❧❡✈❡❧s ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✮✳ ❆ ♣❛rt✐❛❧

r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s✐❣♥❛❧ t❤❛t s✉♣♣r❡ss❡s ❤✐❣❤❡r ❧❡✈❡❧s ♦❢ ❞❡t❛✐❧ ✐s ❣✐✈❡♥ ❜②

f̂L = f −
L−1
∑

k=1

Dk ♦r ❡q✉✐✈❛❧❡♥t❧② f̂L(x, y) = f(x, y)−
L−1
∑

k=1

∑

i

pk,i(x, y).

❚❤✐s ✐s t❤❡ ✐♠❛❣❡ r❡❝♦♥str✉❝t✐♦♥s ❛t s❝❛❧❡ L✳ ❙❝❛❧❡ ✶ r❡♣r❡s❡♥ts t❤❡ ♦r✐❣✐♥❛❧

✐♠❛❣❡✱ ✇❤✐❧❡ ❧❡✈❡❧ K r❡♣r❡s❡♥ts ♦♥❧② t❤❡ ❧❛r❣❡st ♣✉❧s❡s✳ ❆t s❝❛❧❡ L✱ ♦♥❧② s✐③❡

L ❛♥❞ ❧❛r❣❡r ♣✉❧s❡s ❛r❡ ✉s❡❞ ✐♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t✇♦

❧❛②❡rs✱ L ❛♥❞ L+ 1✱ ✐s DL =
∑

i pL✳

✹✳✷✳✷ P✉❧s❡ str❡♥❣t❤

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❈❛♠❜r✐❞❣❡ ❆❞✈❛♥❝❡❞ ▲❡❛r♥❡r✬s ❉✐❝t✐♦♥❛r②✱ ❛ ❢❡❛t✉r❡ ✐s ✏❛

t②♣✐❝❛❧ q✉❛❧✐t② ♦r ❛♥ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ s♦♠❡t❤✐♥❣✑✳ ■♥❞❡❡❞✱ ✇❡ ❤♦♣❡ t♦ ✐s♦❧❛t❡

❢❡❛t✉r❡s t❤❛t ❛r❡ r♦❜✉st✱ ✐✳❡✳ t❤❡② r❡♠❛✐♥ r❡❝♦❣♥✐s❛❜❧❡ ✉♥❞❡r ♠♦❞❡r❛t❡ ❣❡♦♠❡tr✐❝

❛♥❞ ♣❤♦t♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥s✳

❚❤❡ ❉P❚ ♣r♦✈✐❞❡s ❛♥ ❡❛s② ✇❛② t♦ ✐❞❡♥t✐❢② ♣r♦♠✐♥❡♥t ❢❡❛t✉r❡s✿ ✇❡ s✐♠♣❧②

❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ ♣✉❧s❡s ✐♥ ✇❤✐❝❤ ❛ ♣✐①❡❧ ♦❝❝✉rs✳ ❚❤❡ str❡♥❣t❤ ♦❢ ♣✐①❡❧ (x, y)

✐s

s(x, y) =
∑

k

∑

i

δx,y(pk,i)
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✭❛✮ ▲❂✶ ✭❜✮ ▲❂✶✵✵

✭❝✮ ▲❂✶✵✵✵ ✭❞✮ ▲❂✶✵✵✵✵

❋✐❣✉r❡ ✹✳✶✿ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢ ❈❤❡❧s❡❛ ❛t ❞✐✛❡r❡♥t s❝❛❧❡s✳ ❚❤❡ ❝❤❛♥❣❡s ✐♥ ❜r✐❣❤t♥❡ss
❛r❡ ❞✉❡ t♦ ❛✉t♦♠❛t❡❞ s❝❛❧✐♥❣✱ ❞♦♥❡ t♦ ♠❛❦❡ ♣✉❧s❡s ✭❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ❤✐❣❤❡r ❧❡✈❡❧s✮ ♠♦r❡
✈✐s✐❜❧❡✳

✭❛✮ ■♥♣✉t ■♠❛❣❡ ✭❜✮ P✉❧s❡ str❡♥❣t❤✳

❋✐❣✉r❡ ✹✳✷✿ ❚❤❡ ♣✉❧s❡ str❡♥❣t❤ ♦❢ ❛♥ ✐♠❛❣❡✱ ✉s❡❞ t♦ ✐❞❡♥t✐❢② ✐♠♣♦rt❛♥t s❡❣♠❡♥ts✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡ ♣✉❧s❡ str❡♥❣t❤ ✇❛s ❝❛❧❝✉❧❛t❡❞ ❢♦r ❛❧❧ ♣✉❧s❡s ♦❢ s✐③❡ ❧❡ss t❤❛♥ ✶✵✵✳ ❉❛r❦❡r
✈❛❧✉❡s ✐♥❞✐❝❛t❡ str♦♥❣❡r ♣✉❧s❡s✳



❈❍❆P❚❊❘ ✹✳ ❋❊❆❚❯❘❊ ❉❊❚❊❈❚■❖◆ ❆◆❉ ▼❆❚❈❍■◆● ✸✼

✇❤❡r❡ t❤❡ ❉✐r❛❝✲♠❡❛s✉r❡✱

δx(V ) =







1 ✐❢ x ∈ V

0 ✐❢ x /∈ V,

✐♥❞✐❝❛t❡s ✇❤❡t❤❡r ❛ ♣✐①❡❧ x ❜❡❧♦♥❣s t♦ ❛ ❣✐✈❡♥ ♣✉❧s❡ V ✳ ❲❡ ♠❛② ❝❤♦♦s❡ t♦ ❧✐♠✐t

k t♦ s♠❛❧❧ ✈❛❧✉❡s ✭s❛② k < 100) s✐♥❝❡ ✇❡ ❞♦ ♥♦t ❡①♣❡❝t ❣♦♦❞ ❢❡❛t✉r❡s t♦ ❜❡

❧❛r❣❡r t❤❛♥ r♦✉❣❤❧② 10× 10✱ ❛♥❞ ❡✈❡♥ ✐❢ t❤❡② ❛r❡✱ ✇❡ ❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥ t❤❡✐r

♣✉❧s❡ ❛ttr✐❜✉t❡s ✉♥t✐❧ t❤❡ ♣✉❧s❡s ❜❡❝♦♠❡ ❢❛✐r❧② s♠❛❧❧ ✭t♦ ❜❡ ✉s❡❢✉❧✱ ❢❡❛t✉r❡s ♥❡❡❞

t♦ ❜❡ ✇❡❧❧ ❧♦❝❛❧✐s❡❞✮✳ ❆s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ t❤❡ ❡①❛♠♣❧❡s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✷✱ t❤❡

♣✉❧s❡ str❡♥❣t❤ ❛❧♦♥❡ ✐s ♥♦t ❡♥♦✉❣❤ t♦ ✐s♦❧❛t❡ ❢❡❛t✉r❡s✳ ❘❛t❤❡r✱ t❤❡ ♣✉❧s❡ str❡♥❣t❤

❤✐❣❤❧✐❣❤ts ❛r❡❛s ✐♥ ✇❤✐❝❤ ✇❡ ♠❛② ❡①♣❡❝t t♦ ✜♥❞ str♦♥❣ ❢❡❛t✉r❡s✳ ❚❤❡ q✉❡st✐♦♥

t❤❡♥ ❜❡❝♦♠❡s✿ ✇❤❛t ❞✐✛❡r❡♥t✐❛t❡s ❛ ❣♦♦❞ ❢❡❛t✉r❡ ❢r♦♠ t❤❡ r❡st❄

■♥t✉✐t✐✈❡❧②✱ ✇❡ s❡t t✇♦ ❝r✐t❡r✐❛✿

✶✳ ❆ ❣♦♦❞ ❢❡❛t✉r❡ ❤❛s ❛ ❧❛r❣❡ ♣✉❧s❡ str❡♥❣t❤ ✭✐✳❡✳✱ ♦❝❝✉rs ✐♥ ♠❛♥② ❧❛②❡rs ♦❢

t❤❡ s❝❛❧❡ s♣❛❝❡✮✳

✷✳ ❆s ✇❡ tr❛✈❡rs❡ t❤❡ s❝❛❧❡ s♣❛❝❡ ❢r♦♠ K ❞♦✇♥ t♦ ✶✱ ❛ ❣♦♦❞ ❢❡❛t✉r❡ r❛♣✐❞❧②

s❤r✐♥❦s ✐♥ s✐③❡ ❛♥❞ ❝✉❧♠✐♥❛t❡s ✐♥ ❛ s❤❛r♣ ♣♦✐♥t✳

❲❤✐❧❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ s❤❛♣❡ ❞❡s❝r✐♣t♦rs t♦ ❛♥❛❧②s❡ ❧❛r❣❡r ❢❡❛t✉r❡s ✭❛s ❞♦♥❡

✐♥ ❬❋▲✵✼❪✮✱ ✇❡ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ s❤❛r♣ ♣❡❛❦s ❢♦r s✐♠♣❧✐❝✐t②✳

■❢ ✇❡ ✈✐s✉❛❧✐s❡ ❛ ❢❡❛t✉r❡ ❛s ❛ ♣②r❛♠✐❞ r✐s✐♥❣ ❢r♦♠ t❤❡ ❣r♦✉♥❞✱ t❤❡♥ ✐❞❡❛❧❧② ✐t

s❤♦✉❧❞ ❜❡ ❜✉✐❧t ✇✐t❤ s✉♥❦❡♥ ❡❞❣❡s ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✸✳ ❘❡❧❛t✐✈❡ t♦ t❤❡ ♣✉❧s❡

s✐③❡✱ t❤❡ ❛♠♣❧✐t✉❞❡ s❤♦✉❧❞ ✐♥❝r❡❛s❡ r❛♣✐❞❧②✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛s✉r❡ ♦❢ ❛

❢❡❛t✉r❡✬s s❤❛r♣♥❡ss ✭❛❣❛✐♥✱ ✇❡ ♠❛② ❝❤♦♦s❡ t♦ r❡str✐❝t k < 100✮✿

t(x, y) =
∑

k

∑

i

∣

∣pk,i(x, y)
∣

∣

√
k

.

❋✐♥❛❧❧②✱ ✇❡ ❝♦♠❜✐♥❡ t❤❡ t✇♦ ❝r✐t❡r✐❛✱

m(x, y) = t(x, y)s(x, y),

t♦ ❢♦r♠ ❛ ❢❡❛t✉r❡ ♠❛♣✳ P❡❛❦s ❛r❡ ❧♦❝❛t❡❞ ❜② ❡①❛♠✐♥✐♥❣ t❤❡ ❝❧♦s❡st s✉rr♦✉♥❞✐♥❣

♥❡✐❣❤❜♦✉rs✱ ❛♥❞ t❤♦s❡ ✇✐t❤ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡s ❛r❡ ❝❤♦s❡♥ ❛s ❢❡❛t✉r❡s✳ ❚❤❡ r❡s✉❧t

✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✹✳

❆t t❤✐s st❛❣❡✱ ✇✐t❤ t❤❡ ❢❡❛t✉r❡ ♣♦s✐t✐♦♥s ❞❡t❡r♠✐♥❡❞✱ ❛ ❢❡❛t✉r❡ ❞❡s❝r✐♣t♦r

❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜❛s❡❞ ♦♥ t❤❡ s✉rr♦✉♥❞✐♥❣ ♣✐①❡❧s✳ ❚❤✐s ✉s✉❛❧❧② ❛❧s♦ ✐♥❝❧✉❞❡s

❛ ✜❧t❡r✐♥❣ st❡♣✱ ✇❤❡r❡ ❤✐❣❤❧② s②♠♠❡tr✐❝ ❛♥❞ ♦t❤❡r ✏❞❛♥❣❡r♦✉s✑ ❢❡❛t✉r❡s ✭t❤❛t

❡❛s✐❧② ♠✐s♠❛t❝❤✮ ❛r❡ ❛❧s♦ r❡♠♦✈❡❞ ✭s❡❡ ❬❍❙✽✽❪ ❢♦r ❛ t❡❝❤♥✐q✉❡ ❝♦♠♠♦♥❧② ✉s❡❞✮✳
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❋✐❣✉r❡ ✹✳✸✿ P✉❧s❡ ❧♦❝❛❧✐s❛t✐♦♥ ♦❢ ❢❡❛t✉r❡s✳ ❋❡❛t✉r❡s t❤❛t q✉✐❝❦❧② ❢♦r♠ ❛ t❤✐♥✱ s❤❛r♣
♣♦✐♥t ❛r❡ ♠♦r❡ ❞❡s✐r❛❜❧❡ t❤❛♥ s❧♦✇❡r ❣r♦✇✐♥❣ ♦♥❡s✳
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❋✐❣✉r❡ ✹✳✹✿ ❋❡❛t✉r❡ ♠❛♣ ♦❢ ❍♦✉s❡ ✇✐t❤ t❤❡ ✶✵✵✵ ❜❡st ❢❡❛t✉r❡s ❤✐❣❤❧✐❣❤t❡❞✳ ◆♦t❡ ❤♦✇
t❤❡ ❢❡❛t✉r❡s ❛r❡ ❧♦❝❛t❡❞ ♦♥ ❝♦r♥❡rs ❛♥❞ ♦t❤❡r ❛r❡❛s ♦❢ ✐♥t❡r❡st✳
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■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss ♠❛t❝❤✐♥❣ ✐♠❛❣❡ ♣❛t❝❤❡s ❝✉t ♦✉t ❛r♦✉♥❞ t❤❡

❞❡t❡❝t❡❞ ❢❡❛t✉r❡s✳ ❚❤❡ ❉P❚ ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r♦✈✐❞❡s ❛ ❤✐♥t ❛s t♦ ✇❤❛t t❤❡ s✐③❡s

♦❢ t❤♦s❡ ♣❛t❝❤❡s s❤♦✉❧❞ ❜❡✿ ✐❢ ❛ ❢❡❛t✉r❡ ✐s ❝♦♠♣♦s❡❞ ♠❛✐♥❧② ♦❢ ❧❛r❣❡ ♣✉❧s❡s✱ t❤❡♥ ✐t

❞❡s❝r✐❜❡s ❛ ❧❛r❣❡r ♣❛rt ♦❢ t❤❡ ✐♠❛❣❡✱ ❛♥❞ ✐ts ✐♠❛❣❡ ♣❛t❝❤ s❤♦✉❧❞✱ ❝♦rr❡s♣♦♥❞✐♥❣❧②✱

❝♦✈❡r ❛ s✐♠✐❧❛r ❛r❡❛✳ ❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❢❡❛t✉r❡ ❛r❡❛ ❛s ❛♥ ❛✈❡r❛❣❡ ♦✈❡r ♣✉❧s❡ s✐③❡s✱

A(x, y) =
1

s(x, y)

∑

k

kδx,y(pk,i(x, y)).

■♥ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♠❛t❝❤✐♥❣ t❤❛t ❢♦❧❧♦✇s✱ t❤❡ ✇✐♥❞♦✇ s✐③❡ ✐s s❡t t♦ t❤❡

❛✈❡r❛❣❡ ❢❡❛t✉r❡ ❛r❡❛✱ Ā =
∑

x,y A(x, y)✳ ■♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ ❛❧s♦ ❧✐♠✐t

t❤❡ ✈❛❧✉❡s ♦❢ Ā t♦ ❜❡ ♥♦ ❧❛r❣❡r t❤❛♥ ✶✵✵ t♦ r❡❞✉❝❡ ♠❛t❝❤✐♥❣ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✳

❙
♦❢
t✇

❛r
❡ ❆ ❢❡❛t✉r❡ ♠❛♣ ❜❛s❡❞ ♦♥ t❤❡ ❞✐s❝r❡t❡ ♣✉❧s❡ tr❛♥s❢♦r♠ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞

✉s✐♥❣ t❤❡ ❢❡❛t✉r❡s ❢✉♥❝t✐♦♥ ❢r♦♠ s✉♣r❡♠❡✳❢❡❛t✉r❡✳❞♣t✳

❢r♦♠ s✉♣r❡♠❡✳❢❡❛t✉r❡✳❞♣t ✐♠♣♦rt ❢❡❛t✉r❡s

★ ❈❛❧❝✉❧❛t❡ ✐♠❛❣❡ ❢❡❛t✉r❡s ✱ ❜❛s❡❞ ♦♥ ♣✉❧s❡s ❢r♦♠ t❤❡

★ ❉P❚✳ ❚❤❡ ♣❛r❛♠❡t❡r ✬♠❛①❴❛r❡❛ ✬ ✐♥❞✐❝❛t❡s t❤❡ ❧❛r❣❡st

★ ♣✉❧s❡s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✇❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡

★ ❢❡❛t✉r❡ ❝❤❛r❛❝t❡r✐st✐❝s✳

❢♠❛♣ ✱ ❢❛r❡❛ ❂ ❢❡❛t✉r❡s✭♣✉❧s❡s ✱ ✐♠❣✳s❤❛♣❡ ✱ ♠❛①❴❛r❡❛ ❂✶✵✵✮

✹✳✸ ▼❛t❝❤✐♥❣ ❛♥❞ ❝♦rr❡s♣♦♥❞❡♥❝❡

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ❛ st❛t✐st✐❝❛❧ ♠❡t❤♦❞ ❢♦r ✜♥❞✐♥❣ ❢❡❛t✉r❡ ❝♦rr❡s♣♦♥❞❡♥❝❡s✱

❜❛s❡❞ ♦♥ s✉rr♦✉♥❞✐♥❣ ♣✐①❡❧ ✈❛❧✉❡s ✭♦r ✐♠❛❣❡ ♣❛t❝❤❡s✮✳ ❚❤✐s ♠❡t❤♦❞ ✐s ✇❡❧❧ s✉✐t❡❞

t♦ s✐t✉❛t✐♦♥ ✇❤❡r❡ s♠❛❧❧ t♦ ♠♦❞❡r❛t❡ ❣❡♦♠❡tr✐❝ ❝❤❛♥❣❡s ♦❝❝✉r ✭❛s ✐s ♦❢t❡♥ t❤❡

❝❛s❡ ✇✐t❤ ♠♦st s✉♣❡r✲r❡s♦❧✉t✐♦♥ s❡q✉❡♥❝❡s✮✳ ❋♦r ✇❛②s ♦❢ r♦❜✉st❧② ♠❛t❝❤✐♥❣

❢❡❛t✉r❡s ♦✈❡r ❧❛r❣❡ ❣❡♦♠❡tr✐❝ ❞✐st♦rt✐♦♥s✱ s❡❡ ❬❚❘❉✵✾❪✳

✹✳✸✳✶ ❙t❛t✐st✐❝❛❧ ❢❡❛t✉r❡ ❝♦♠♣❛r✐s♦♥

❆ ♥✉♠❜❡r ♦❢ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t❤❛t r❡❧② ♦♥ ❝❧❛ss✐✜❡rs t♦ ❞♦ ❢❡❛t✉r❡

♠❛t❝❤✐♥❣ ❬❙❉✵✶✱ ❘❉✵✻❪✳ ❖t❤❡r ♠❡t❤♦❞s r❡❧② ♦♥ st❛t✐st✐❝❛❧ ♠♦♠❡♥ts ♦❢ t❤❡

♣✐①❡❧s s✉rr♦✉♥❞✐♥❣ ❛ ❢❡❛t✉r❡ ❬❙❤❡✵✼❪✳ ❲❡ ♣r❡s❡♥t ❛ st❛t✐st✐❝❛❧ ♠❡t❤♦❞ t❤❛t ✐s

❡①tr❡♠❡❧② ❢❛st ❛♥❞ s✐♠♣❧❡ t♦ ✐♠♣❧❡♠❡♥t✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❝♦♠♣❛r❡ t❤❡ r♦✇s ♦❢

t✇♦ ❝❛♥❞✐❞❛t❡ ✐♠❛❣❡ ♣❛t❝❤❡s ✭t❤✐♥❦ ♦❢ t❤❡♠ ❛s ♠❛tr✐❝❡s ♦❢ ♣✐①❡❧s✮ ❜② ❝❛❧❝✉❧❛t✐♥❣

♠❛t❝❤✐♥❣ s❝♦r❡s ❢♦r ❡❛❝❤ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛✐r✳ ❚❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❧✐❦❡❧✐❤♦♦❞ ✐s

❜❛s❡❞ ♦♥ ❛ ◗✉❛♥t✐❧❡✲◗✉❛♥t✐❧❡ s❝♦r❡✱ ❞❡r✐✈❡❞ ❢r♦♠ ◗◗ ♣❧♦ts✳
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◗✉❛♥t✐❧❡✲◗✉❛♥t✐❧❡ ✭◗◗✮ ♣❧♦ts

❆ ◗◗✲♣❧♦t ✐s ❛ ❣r❛♣❤✐❝❛❧ t❡❝❤♥✐q✉❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r t✇♦ ❞❛t❛ s❡✲

q✉❡♥❝❡s ❛r❡ ❞r❛✇♥ ❢r♦♠ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ q✉❛♥t✐❧❡s ✭t❤❡ ❢r❛❝t✐♦♥ ♦❢

♣♦✐♥ts ❜❡❧♦✇ ❣✐✈❡♥ ♣r♦❜❛❜✐❧✐t② t❤r❡s❤♦❧❞s✮ ♦❢ t❤❡ ✜rst ❞❛t❛ s❡t ❛r❡ ♣❧♦tt❡❞ ❛❣❛✐♥st

t❤♦s❡ ♦❢ t❤❡ s❡❝♦♥❞✳ ■❢ t❤❡ ❞❛t❛ s❡ts ❝♦♠❡ ❢r♦♠ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥✱ t❤❡ r❡s✉❧t

s❤♦✉❧❞ ❜❡ ❛ str❛✐❣❤t ❧✐♥❡✳

❲❤❡♥ t❤❡ t✇♦ ❞❛t❛✲s❡q✉❡♥❝❡s t♦ ❜❡ ❝♦♠♣❛r❡❞✱ ❧❡t✬s s❛② x ❛♥❞ y✱ ❛r❡ ❡q✉❛❧

✐♥ ❧❡♥❣t❤ N ✱ ❛ s✐♠♣❧❡ ✇❛② t♦ ❢♦r♠ t❤❡ ◗◗✲♣❧♦t ✐s ❜② s♦rt✐♥❣ t❤❡ s❡q✉❡♥❝❡s ❢r♦♠

s♠❛❧❧ t♦ ❧❛r❣❡ ❛♥❞ t❤❡♥ ❝♦♥♥❡❝t✐♥❣ ♣♦✐♥ts (xi, yi) ❢r♦♠ i = 0 t♦ N − 1✳ ❚❤❡

❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ str❛✐❣❤t ❧✐♥❡ ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ❛s

∆ = x− y.

❙✐♥❝❡ ❜♦t❤ x ❛♥❞ y ❝♦♥t❛✐♥ ♦♥❧② ♣♦s✐t✐✈❡ ❡❧❡♠❡♥ts✱ ✇❡ ❝❛♥ ♥♦r♠❛❧✐s❡ ∆ ✉s✐♥❣

t❤❡ ♥♦r♠s ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts✱

∆1 =
‖∆‖2

max(‖x‖2 , ‖y‖2)
.

❚❤❡ ❤✐❣❤❡r t❤❡ ✈❛❧✉❡ ♦❢ ∆1✱ t❤❡ ❧❛r❣❡r t❤❡ ♠✐s♠❛t❝❤ ✐♥ ❞✐str✐❜✉t✐♦♥ ❜❡t✇❡❡♥

t❤❡ t✇♦ s❡q✉❡♥❝❡s✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ ❝♦rr❡s♣♦♥❞❡♥❝❡s✱ ❜❛s❡❞ ♦♥ t❤✐s

♣r✐♥❝✐♣❧❡✱ ✐s ❣✐✈❡♥ ❛s ❆❧❣♦r✐t❤♠ ✹✳✶✳

❚♦ ✉♥❞❡rst❛♥❞ ✇❤② t❤❡ ✷✲♥♦r♠ ♦❢ Q ✭❛s r❡❢❡rr❡❞ t♦ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✮ ✐s ❛

❣♦♦❞ ✐♥❞✐❝❛t✐♦♥ ♦❢ t❤❡ ♣❛t❝❤ ❞❡✈✐❛t✐♦♥✱ ❝♦♥s✐❞❡r ✉s✐♥❣ t❤❡ ✶✲♥♦r♠✱

‖Q‖1 = max
n

∑

m

∣

∣qm,n

∣

∣ ,

t❤❡ ♠❛①✐♠✉♠ ❛❜s♦❧✉t❡ ❝♦❧✉♠♥ s✉♠✳ ❚❤✐s ✐s ❛❦✐♥ t♦ ♠❡❛s✉r✐♥❣ t❤❡ ♠❛①✐♠✉♠

❡rr♦r ♦✈❡r ❛❧❧ q✉❛♥t✐❧❡s✳ ❚❤❡ ∞✲♥♦r♠✱

‖Q‖∞ = max
m

∑

n

∣

∣qm,n

∣

∣ ,

❣✐✈❡s t❤❡ ♠❛①✐♠✉♠ ❛❜s♦❧✉t❡ r♦✇ s✉♠✖✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ ♠❛①✐♠✉♠ ❞❡✈✐❛t✐♦♥

❛❝r♦ss ♣❛t❝❤ r♦✇s✳ ❚❤❡ ✷✲♥♦r♠✱

‖Q‖2 = max
x 6=0

‖Qx‖2
‖x‖2

,

❧✐❡s s♦♠❡✇❤❡r❡ ✐♥ ❜❡t✇❡❡♥✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t

1√
N

‖Q‖1 ≤ ‖Q‖2 ≤
√
N ‖Q‖∞ .
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❆❧❣♦r✐t❤♠ ✹✳✶ ❈❛❧❝✉❧❛t✐♥❣ ♣♦✐♥t✲❝♦rr❡s♣♦♥❞❡♥❝❡s ✉s✐♥❣ ◗✉❛♥t✐❧❡✲◗✉❛♥t✐❧❡
❝♦♠♣❛r✐s♦♥s✳
●✐✈❡♥ t❤❡ ❢❡❛t✉r❡s ✐♥ t✇♦ ✐♠❛❣❡s✱ A ❛♥❞ B✱ ❝❛❧❝✉❧❛t❡ ❧✐❦❡❧② ❢❡❛t✉r❡ ❝♦rr❡s♣♦♥✲
❞❡♥❝❡s ✭✐✳❡✳✱ ✇❤✐❝❤ ❢❡❛t✉r❡ ✐♥ A ✐s r❡♣r❡s❡♥t❡❞ ❜② ✇❤✐❝❤ ❢❡❛t✉r❡ ✐♥ B✮✳

✶✳ ❈✉t ♦✉t ✐♠❛❣❡ ♣❛t❝❤❡s ❝❡♥t❡r❡❞ ❛r♦✉♥❞ t❤❡ ❢❡❛t✉r❡s ✐♥ ❜♦t❤ A ❛♥❞ B✳ ❚❤❡
♣❛t❝❤❡s ✐♥ A ❛r❡ ❝❛❧❧❡❞ PA,i ❛♥❞ t❤♦s❡ ✐♥ B ❛r❡ PB,i✖t❤❡② ❢♦r♠ N × N
♠❛tr✐❝❡s✳ ❚❤❡ s✐③❡ ♦❢ ♣❛t❝❤❡s ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ t❤❡ ❞✐s❝r❡t❡ ♣✉❧s❡
tr❛♥s❢♦r♠ ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ♦r ❛❧t❡r♥❛t✐✈❡❧② s❡t t♦ t❤❡ ❡①♣❡❝t❡❞ s✐③❡ ♦❢
t❤❡ ❛✈❡r❛❣❡ ✐♠❛❣❡ ❢❡❛t✉r❡ ✭r♦✉❣❤❧② ❜❡t✇❡❡♥ 10× 10 ❛♥❞ 50× 50✮✳

✷✳ ❋♦r ❡❛❝❤ ♣❛t❝❤✱ s♦rt t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ ✐ts r♦✇s✱ ✐✳❡✳

PA,i =





3 9 2
1 8 3
4 4 1



 =⇒ PA,i =





2 3 9
1 3 8
1 4 4



 .

✸✳ ❋♦r ❡❛❝❤ ♣❛t❝❤ PA,i✱ ❝❛❧❝✉❧❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ❞❡✈✐❛t✐♦♥ ❛❣❛✐♥st ❛❧❧ ♣❛t❝❤❡s
❢r♦♠ B✿

✭❛✮ ❈♦♥str✉❝t t❤❡ ♠❛tr✐①

Q =











e0
e1
✳✳✳

eN−1











✇❤❡r❡ en = PA,i(n, ∗)−PB,j(n, ∗) ✇✐t❤ PA,i(n, ∗) ❜❡✐♥❣ t❤❡ n✲t❤ r♦✇
♦❢ PA,i✳

✭❜✮ ❈❛❧❝✉❧❛t❡ t❤❡ ♣❛t❝❤ ❞❡✈✐❛t✐♦♥ ❜❡t✇❡❡♥ ♣❛t❝❤ PA,i ❛♥❞ PB,j ❛s

Di,j =
‖Q‖2

max(
∥

∥PA,i

∥

∥

2
,
∥

∥PB,j

∥

∥

2
)
.

✹✳ ❚❤❡ ❜❡st ❝♦rr❡s♣♦♥❞❡♥❝❡ ❢♦r ♣❛t❝❤ PA,i ✐♥ B t❤❡♥ ✐s

argmin
j

Di,j .
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❋✐❣✉r❡ ✹✳✺✿ ❈♦rr❡s♣♦♥❞❡♥❝❡ ♠❛t❝❤✐♥❣ ♦♥ ❛ ♣✐❝t✉r❡ ♦❢ t❤❡ ❍✉❜❜❧❡ ❙♣❛❝❡ ❚❡❧❡s❝♦♣❡
✭t❛❦❡♥ ❢r♦♠ t❤❡ ◆❆❙❆ ❛r❝❤✐✈❡s✮✳ ❚❤❡ s❡❝♦♥❞ ❢r❛♠❡ ✐s ❛ r♦t❛t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ✜rst✳
◆♦t❡ t❤❛t t❤❡ ♠❛❥♦r✐t② ♦❢✱ ❜✉t ♥♦t ❛❧❧✱ ❝♦rr❡s♣♦♥❞❡♥❝❡s ❛r❡ ❝♦rr❡❝t✳

❋✐❣✉r❡ ✹✳✻✿ ❈♦rr❡s♣♦♥❞❡♥❝❡ ♠❛t❝❤✐♥❣ ♦♥ r❡❛❧✲✇♦r❧❞ ❞❛t❛✳ ❚❤❡s❡ ♣❤♦t♦s ✇❡r❡ t❛❦❡♥
❜② ◆❆❙❆ ❞✉r✐♥❣ t❤❡ P❛t❤✜♥❞❡r ♠✐ss✐♦♥s✳

❇❡❝❛✉s❡ t❤❡ ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t ❝♦♠♣✉t❡ ♣✐①❡❧ ✐♥t❡♥s✐t② ❞✐✛❡r❡♥❝❡s✱ ❜✉t r❛t❤❡r

❝♦♠♣❛r❡s ✐♥t❡♥s✐t② ❞✐str✐❜✉t✐♦♥s✱ ✐t ✐s ❢❛✐r❧② r♦❜✉st t♦ ♠✐❧❞ ❣❡♦♠❡tr✐❝ tr❛♥s✲

❢♦r♠❛t✐♦♥s✳ ❚❤❡ ♦✉t♣✉t ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ❛♣♣❧✐❡❞ t♦ ❜♦t❤ ❛♥ ❛rt✐✜❝✐❛❧ ❛♥❞ ❛

r❡❛❧✲✇♦r❧❞ ❞❛t❛ s❡t✱ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡s ✹✳✺ ❛♥❞ ✹✳✻✳

✹✳✸✳✷ ❖t❤❡r ♠❛t❝❤✐♥❣ ♠❡t❤♦❞s

❆❢t❡r ✐♠❛❣❡ ♣❛t❝❤❡s ❤❛✈❡ ❜❡❡♥ ❝✉t ♦✉t ❛r♦✉♥❞ ❞❡t❡❝t❡❞ ❢❡❛t✉r❡s✱ s❡✈❡r❛❧ ❛❧❣♦✲

r✐t❤♠s ❛r❡ ❛✈❛✐❧❛❜❧❡ t♦ ✜♥❞ ❝♦rr❡s♣♦♥❞❡♥❝❡s✳ ❲❡ ♠❡♥t✐♦♥ ❛ ❢❡✇✳
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❈r♦ss✲❈♦rr❡❧❛t✐♦♥

❚❤❡ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ M × N ♣❛t❝❤❡s✱ A(m,n) ❛♥❞ B(m,n)✱ ✐s

❞❡✜♥❡❞ ❛s

C(i, j) =
∑

m

∑

n

A(m,n)B(m+ i, n+ j).

❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ❤❛s ♥♦ ✇❡❧❧ ❞❡✜♥❡❞ r❛♥❣❡✱ ❛♥❞ ✐s

s❡♥s✐t✐✈❡ t♦ ❝❤❛♥❣❡s ✐♥ ♣❛t❝❤ ❧✉♠✐♥♦s✐t②✳

◆♦r♠❛❧✐s❡❞ ❈r♦ss✲❈♦rr❡❧❛t✐♦♥

❚❤❡ ♥♦r♠❛❧✐s❡❞ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ❛✐♠s t♦ ❛❞❞r❡ss ♣r♦❜❧❡♠s ✇✐t❤ st❛♥❞❛r❞ ❝r♦ss✲

❝♦rr❡❧❛t✐♦♥✱ ❛♥❞ ✐s ❞❡✜♥❡❞ ❛s

γ(m,n) =
1

MN

∑

x,y

[

A(x, y)− Āu,v

] [

B(x− u, y − v)− B̄u,v

]

√

∑

m,n

∣

∣A(m,n)− Āu,v

∣

∣

2 ∑

m,n

∣

∣B(m− u, n− v)− B̄u,v

∣

∣

2
,

✭✹✳✶✮

✇❤❡r❡ Āu,v ❛♥❞ B̄u,v ❛r❡ t❤❡ ♠❡❛♥s ♦❢ t❤❡ ♦✈❡r❧❛♣♣✐♥❣ ♣❛rts ♦❢ A ❛♥❞ B ❛♥❞

γ ∈ [−1, 1]✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ♦r❞❡r✲❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s ❤✐❣❤ ❛t

O(M2N2)✳

❙✉❣❣❡st✐♦♥s ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ ❢♦r s♣❡❡❞✐♥❣ ✉♣ ✐ts ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ❬▲❡✇✾✺✱

❚▲✵✸❪ ✭♦t❤❡r ♠❡t❤♦❞s ❛r❡ ❛✈❛✐❧❛❜❧❡ t♦ ❞❡r✐✈❡ ❛♥ ❡st✐♠❛t❡✮✱ ❜❛s❡❞ ♦♥ s✉♠♠❡❞

❛r❡❛ t❛❜❧❡s ✭❙❆❚✮✳ ❚❤❡ ❙❆❚ ♦❢ ❛♥ ✐♠❛❣❡ f(x, y) ✐s

S(m,n) =
∑

i≤m,j≤n

f(i, j),

s♦ t❤❛t S(m,n) ✐s t❤❡ s✉♠ ♦❢ ❛❧❧ ❡❧❡♠❡♥ts t♦ t❤❡ t♦♣ ❛♥❞ ❧❡❢t ♦❢ t❤❡ ❝✉rr❡♥t

❡❧❡♠❡♥t ✭✐♥❝❧✉❞✐♥❣ t❤❡ ❡❧❡♠❡♥t ✐ts❡❧❢✮✳ ■t ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❡✣❝✐❡♥t❧② ✐♥ ❛ s✐♥❣❧❡

♣❛ss✱ s✐♥❝❡

S(m,n) = f(m,n) + S(m− 1, n) + S(m,n− 1)− S(m− 1, n− 1).

❚❤❡ ❙❆❚ ❝❛♥ t❤❡♥ ❜❡ ✉s❡❞ t♦ s✉♠ ❛♥② ❜❧♦❝❦✲s❤❛♣❡❞ ❛r❡❛ ✐♥ t❤❡ ✐♠❛❣❡✱ s✐♥❝❡

∑

m0<m<m1

∑

n0<n<n1

f(m,n) = S(m0, n0) + S(m1, n1)− S(m0, n1)− S(m1, n0).

❋♦r r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✇❡ ❦♥♦✇ t❤❛t

E([X − X̄]2) = E(X2)− X̄2.
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■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ❝❛♥ r❡✇r✐t❡ ✭✹✳✶✮ t♦ ❜❡❝♦♠❡

γ(u, v) =
1

MN

∑

x,y

[

A(x, y)− Āu,v

] [

B(x− u, y − v)− B̄u,v

]

√

[

∑

x,y A
2(x, y)−

(

∑

x,y A(x, y)
)2

] [

∑

x,y B
2(x, y)−

(

∑

x,y B(x, y)
)2

]

.

❚❤❡ s✉♠♠❡❞ ❛r❡❛ t❛❜❧❡s ♦❢ A ❛♥❞ A2 ❝❛♥ t❤❡♥ ❜❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡♥t✐r❡

❞❡♥♦♠✐♥❛t♦r ❛♥❞ t❤❡ ♠❡❛♥s ✐♥ t❤❡ ♥✉♠❡r❛t♦r✳ ❊s♣❡❝✐❛❧❧② ❢♦r ❧❛r❣❡r ♣❛t❝❤❡s✱

t❤✐s ♠❛② ❧❡❛❞ t♦ s✐❣♥✐✜❝❛♥t s♣❡❡❞✲✉♣s✳

❲❤❡♥ ✐t ❝♦♠❡s t♦ ❞❡t❡r♠✐♥✐♥❣ ♣❛t❝❤ ❝♦rr❡s♣♦♥❞❡♥❝❡✱ ❛♥② ❢♦r♠ ♦❢ ❝♦rr❡❧❛t✐♦♥

✐s ♣r♦❜❧❡♠❛t✐❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ❞♦❡s ♥♦t ❛❝❝♦✉♥t ❢♦r ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥s

♦t❤❡r t❤❛♥ s❤✐❢ts ✐♥ t❤❡ x ❛♥❞ y ❞✐r❡❝t✐♦♥s✳ ■t ♠❛② ❜❡ s✉❝❝❡ss❢✉❧ ❢♦r s♠❛❧❧ ♣❛t❝❤

s✐③❡s✱ ❜✉t ❢♦r ❧❛r❣❡r s✐③❡s ✇❡ s✉❣❣❡st t❤❡ st❛t✐st✐❝❛❧ ❛♣♣r♦❛❝❤ ❛❜♦✈❡✱ ♦r ✉s✐♥❣ ✐t

✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ t❤❡ ❧♦❣✲♣♦❧❛r tr❛♥s❢♦r♠✱ ♦✉t❧✐♥❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳

P❤❛s❡ ❝♦rr❡❧❛t✐♦♥

P❤❛s❡ ❝♦rr❡❧❛t✐♦♥ ✐s s✐♠✐❧❛r t♦ st❛♥❞❛r❞ ❝♦rr❡❧❛t✐♦♥✱ ❡①❝❡♣t t❤❛t ✐t ♦♣❡r❛t❡s ✐♥

t❤❡ ♣❤❛s❡ ❞♦♠❛✐♥✳ ■t ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ r❛♣✐❞❧② ✉s✐♥❣ t❤❡ ❞✐s❝r❡t❡ ❋❛st ❋♦✉r✐❡r

❚r❛♥s❢♦r♠ ❛s

C = F−1

{ F {A}⊚ F∗ {B}
|F {A}⊚ F∗ {B}|

}

,

✇❤❡r❡ F ✐s t❤❡ ❋♦✉r✐❡r✲tr❛♥s❢♦r♠ ✭✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s✮ ❛♥❞ ⊚ ✐♥❞✐❝❛t❡s ♣♦✐♥t✲

✇✐s❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ■♥ ❢❛❝t✱ t❤✐s ❝❛❧❝✉❧❛t❡s t❤❡ ❝✐r❝✉❧❛r ❝♦♥✈♦❧✉t✐♦♥ ✭✐✳❡✳✱ ✈❛❧✉❡s

t❤❛t ✏❡①✐t✑ ♦♥ ♦♥❡ s✐❞❡ ✏❡♥t❡r✑ ♦♥ t❤❡ ♦t❤❡r✮✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥

t❤❛t t✇♦ s❡q✉❡♥❝❡s✱ ❝✐r❝✉❧❛r❧② s❤✐❢t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ♦♥❡ ❛♥♦t❤❡r✱ ❤❛✈❡ ❛ ♣❤❛s❡

❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❋♦✉r✐❡r ❞♦♠❛✐♥✳ ■♥ t❤✐s ✐❞❡❛❧ ❝❛s❡✱ C ✐s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛

δ(x+ dx, y + dy)

✐♥❞✐❝❛t✐♥❣ t❤❡ s❤✐❢t✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❤❡r❡ ✇❡ ❞✐s❝✉ss t❤❡ ❧♦❣✲♣♦❧❛r tr❛♥s✲

❢♦r♠✱ t❤❡ ❝✐r❝✉❧❛r ♣r♦♣❡rt② ✐s ♥❡❡❞❡❞✳ ■♥ ♠♦st ♦t❤❡r ♣r❛❝t✐❝❛❧ ❝❛s❡s✱ t❤❡ s❤✐❢t ✐s

♥♦t ❝✐r❝✉❧❛r✱ s♦ t❤❛t t❤❡ ♣❛t❝❤❡s ❤❛✈❡ t♦ ❜❡ ③❡r♦✲♣❛❞❞❡❞ t♦ ❞✐♠❡♥s✐♦♥s (2M −
1)× (2N − 1) ❜❡❢♦r❡ tr❛♥s❢♦r♠✐♥❣✳

❊①t❡♥s✐♦♥s ♦❢ ♣❤❛s❡ ❝♦rr❡❧❛t✐♦♥✱ ❛✐♠❡❞ ❛t r❡❣✐st❡r✐♥❣ r♦t❛t❡❞ ❛s ✇❡❧❧ ❛s tr❛♥s✲

❧❛t❡❞ ✐♠❛❣❡s✱ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❬❉▼✽✼✱ ❘❈✾✻❪✳
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❙
♦❢
t✇

❛r
❡ ❚❤❡ ❛❧❣♦r✐t❤♠s ❧✐st❡❞ ❤❡r❡ ❛r❡ ❛✈❛✐❧❛❜❧❡ ❛s✿

❼ s✉♣r❡♠❡✳r❡❣✐st❡r✳♥❝♦rr ✭♥♦r♠❛❧✐s❡❞ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥✮

❼ s✉♣r❡♠❡✳r❡❣✐st❡r✳♣❤❛s❡❴❝♦rr ✭♣❤❛s❡ ❝♦rr❡❧❛t✐♦♥✮

✹✳✹ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ❝❤❛♣t❡r ❞❡t❛✐❧s s❡✈❡r❛❧ ♣✐①❡❧✲❜❛s❡❞ t❡❝❤♥✐q✉❡s ♦❢ ❞❡t❡r♠✐♥✐♥❣ ❢❡❛t✉r❡ ❝♦r✲

r❡s♣♦♥❞❡♥❝❡✳ ❲✐t❤ t❤❡ ❢❡❛t✉r❡ ❝♦rr❡s♣♦♥❞❡♥❝❡s ❜❡t✇❡❡♥ t✇♦ ✐♠❛❣❡s A ❛♥❞ B

❦♥♦✇♥✱ ✇❡ ♥♦✇ t✉r♥ t♦ t❤❡ ♥❡①t ♣r♦❜❧❡♠✿ ❤♦✇ t♦ ❡st✐♠❛t❡ t❤❡ ❣❡♦♠❡tr✐❝ tr❛♥s✲

❢♦r♠❛t✐♦♥ t❤❛t t❛❦❡s ♣✐①❡❧s ❢r♦♠ A t♦ B✳ ■t ✐s ✉♥❧✐❦❡❧② t❤❛t ❛❧❧ ❝♦rr❡s♣♦♥❞❡♥❝❡s

❛r❡ ❞❡t❡r♠✐♥❡❞ ❝♦rr❡❝t❧②✱ s♦ ❈❤❛♣t❡r ✺ ❛❧s♦ s❤♦✇s ❤♦✇ t♦ ❞❡❛❧ ✇✐t❤ ♦✉t❧✐❡r ❝♦r✲

r❡s♣♦♥❞❡♥❝❡s r♦❜✉st❧②✱ ✉s✐♥❣ t❡❝❤♥✐q✉❡s s✉❝❤ ❛s ❘❆◆❞♦♠ ❙❆♠♣❧❡ ❈♦♥s❡♥s✉s

✭❘❆◆❙❆❈✮✳

❇✐❜❧✐♦❣r❛♣❤②

❬❇❚❱✵✻❪ ❍✳ ❇❛②✱ ❚✳ ❚✉②t❡❧❛❛rs✱ ❛♥❞ ▲✳ ❱❛♥ ●♦♦❧✳ ❙✉r❢✿ ❙♣❡❡❞❡❞

✉♣ r♦❜✉st ❢❡❛t✉r❡s✳ ▲❡❝t✉r❡ ♥♦t❡s ✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✱

✸✾✺✶✿✹✵✹✱ ✷✵✵✻✳

❬❉▼✽✼❪ ❊✳ ❉❡ ❈❛str♦ ❛♥❞ ❈✳ ▼♦r❛♥❞✐✳ ❘❡❣✐str❛t✐♦♥ ♦❢ ❚r❛♥s✲

❧❛t❡❞ ❛♥❞ ❘♦t❛t❡❞ ■♠❛❣❡s ❯s✐♥❣ ❋✐♥✐t❡ ❋♦✉r✐❡r ❚r❛♥s✲

❢♦r♠s✳ ■❊❊❊ ❚r❛♥s✳ P❛tt❡r♥ ❆♥❛❧✳ ▼❛❝❤✳ ■♥t❡❧❧✐❣✳✱

✾✭✺✮✿✼✵✵✕✼✵✸✱ ✶✾✽✼✳

❬❋▲✵✼❪ P❡r✲❊r✐❦ ❋♦rss❡♥ ❛♥❞ ❉❛✈✐❞ ●✳ ▲♦✇❡✳ ❙❤❛♣❡ ❉❡s❝r✐♣✲

t♦rs ❢♦r ▼❛①✐♠❛❧❧② ❙t❛❜❧❡ ❊①tr❡♠❛❧ ❘❡❣✐♦♥s✳ ■❊❊❊ ✶✶t❤

■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❱✐s✐♦♥✱ ❖❝t♦❜❡r

✷✵✵✼✳

❬❍❙✽✽❪ ❈✳ ❍❛rr✐s ❛♥❞ ▼✳ ❙t❡♣❤❡♥s✳ ❆ ❝♦♠❜✐♥❡❞ ❝♦r♥❡r ❛♥❞

❡❞❣❡ ❞❡t❡❝t♦r✳ ■♥ ❆❧✈❡② ✈✐s✐♦♥ ❝♦♥❢❡r❡♥❝❡✱ ✈♦❧✉♠❡ ✶✺✱

♣❛❣❡ ✺✵✳ ▼❛♥❝❤❡st❡r✱ ❯❑✱ ✶✾✽✽✳

❬▲❡✇✾✺❪ ❏✳ P✳ ▲❡✇✐s✳ ❋❛st ◆♦r♠❛❧✐③❡❞ ❈r♦ss✲❈♦rr❡❧❛t✐♦♥✳ ❤tt♣✿

✴✴s❝r✐❜❜❧❡t❤✐♥❦✳♦r❣✴❲♦r❦✴♥✈✐s✐♦♥■♥t❡r❢❛❝❡✴

♥✐♣✳♣❞❢✱ ✶✾✾✺✳

http://scribblethink.org/Work/nvisionInterface/nip.pdf
http://scribblethink.org/Work/nvisionInterface/nip.pdf
http://scribblethink.org/Work/nvisionInterface/nip.pdf
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❬▲♦✇✵✹❪ ❉✳●✳ ▲♦✇❡✳ ❉✐st✐♥❝t✐✈❡ ✐♠❛❣❡ ❢❡❛t✉r❡s ❢r♦♠ s❝❛❧❡✲

✐♥✈❛r✐❛♥t ❦❡②♣♦✐♥ts✳ ■♥t❡r♥❛t✐♦♥❛❧ ❥♦✉r♥❛❧ ♦❢ ❝♦♠♣✉t❡r

✈✐s✐♦♥✱ ✻✵✭✷✮✿✾✶✕✶✶✵✱ ✷✵✵✹✳

❬▼❙✵✺❪ ❑r②st✐❛♥ ▼✐❦♦❧❛❥❝③②❦ ❛♥❞ ❈♦r❞❡❧✐❛ ❙❝❤♠✐❞✳ P❡r❢♦r✲

♠❛♥❝❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❧♦❝❛❧ ❞❡s❝r✐♣t♦rs✳ ■❊❊❊ ❚r❛♥s✲

❛❝t✐♦♥s ♦♥ P❛tt❡r♥ ❆♥❛❧②s✐s ❛♥❞ ▼❛❝❤✐♥❡ ■♥t❡❧❧✐❣❡♥❝❡✱

✷✼✭✶✵✮✿✶✻✶✺✕✸✵✱ ❖❝t♦❜❡r ✷✵✵✺✳

❬❘❈✾✻❪ ❇✳❙✳ ❘❡❞❞② ❛♥❞ ❇✳◆✳ ❈❤❛tt❡r❥✐✳ ❆♥ ❋❋❚✲❜❛s❡❞ t❡❝❤✲
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❬❙❉✵✶❪ ❘✳ ❙✐♠ ❛♥❞ ●✳ ❉✉❞❡❦✳ ▲❡❛r♥✐♥❣ ❣❡♥❡r❛t✐✈❡ ♠♦❞❡❧s ♦❢

s❝❡♥❡ ❢❡❛t✉r❡s✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✵✵✶ ■❊❊❊ ❈♦♠♣✉t❡r
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♠❛t❝❤✐♥❣✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥✱ ✹✵✿✶✶✻✶✕✶✶✼✷✱ ✷✵✵✼✳

❬❚▲✵✸❪ ❉✉✲▼✐♥❣ ❚s❛✐ ❛♥❞ ❈❤✐❡♥✲❚❛ ▲✐♥✳ ❋❛st ♥♦r♠❛❧✐③❡❞ ❝r♦ss

❝♦rr❡❧❛t✐♦♥ ❢♦r ❞❡❢❡❝t ❞❡t❡❝t✐♦♥✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥

▲❡tt❡rs✱ ✷✹✭✶✺✮✱ ✷✵✵✸✳

❬❚▼✵✼❪ ❚✐♥♥❡ ❚✉②t❡❧❛❛rs ❛♥❞ ❑r②st✐❛♥ ▼✐❦♦❧❛❥❝③②❦✳ ▲♦❝❛❧ ■♥✲

✈❛r✐❛♥t ❋❡❛t✉r❡ ❉❡t❡❝t♦rs✿ ❆ ❙✉r✈❡②✳ ❋♦✉♥❞❛t✐♦♥s ❛♥❞

❚r❡♥❞s ✐♥ ❈♦♠♣✉t❡r ●r❛♣❤✐❝s ❛♥❞ ❱✐s✐♦♥✱ ✸✭✸✮✿✶✼✼✕✷✽✵✱

✷✵✵✼✳

❬❚❘❉✵✾❪ ❙✐♠♦♥ ❚❛②❧♦r✱ ❊❞✇❛r❞ ❘♦st❡♥✱ ❛♥❞ ❚♦♠ ❉r✉♠♠♦♥❞✳

❘♦❜✉st ❢❡❛t✉r❡ ♠❛t❝❤✐♥❣ ✐♥ ✷✳✸µs✳ ■♥ ■❊❊❊ ❈❱P❘

❲♦r❦s❤♦♣ ♦♥ ❋❡❛t✉r❡ ❉❡t❡❝t♦rs ❛♥❞ ❉❡s❝r✐♣t♦rs✿ ❚❤❡

❙t❛t❡ ❖❢ ❚❤❡ ❆rt ❛♥❞ ❇❡②♦♥❞✱ ✷✵✵✾✳



❈❤❛♣t❡r ✺

❆❝❝✉r❛t❡ ✐♠❛❣❡ r❡❣✐str❛t✐♦♥

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

■♠❛❣❡ r❡❣✐str❛t✐♦♥ ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ s✉♣❡r✲r❡s♦❧✉t✐♦♥✿ ✐t ♣r♦✈✐❞❡s ❛♥ ❡st✐✲

♠❛t❡ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ✐♥♣✉t ❢r❛♠❡s✱ t❤❡r❡❜② ✐♥❢♦r♠✐♥❣

✉s ❛s t♦ ✇❤✐❝❤ ♣✐①❡❧s ❢r♦♠ ✇❤✐❝❤ ❢r❛♠❡s ❞❡s❝r✐❜❡ ❛ ❝❡rt❛✐♥ ♣❛rt ♦❢ t❤❡ s❝❡♥❡✳

■t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t ❛ ♠✐♥✉t❡ ❛♠♦✉♥t ♦❢ ♠✐sr❡❣✐str❛t✐♦♥ ❤❡❧♣s t♦ r❡❣✉❧❛r✐s❡✶

t❤❡ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ❡st✐♠❛t❡ ❬❈❇✵✾❪ ✱ ❜✉t ✐t ✐s ❡❛s② t♦ ❛r❣✉❡ t❤❛t ✐♥❛❝❝✉r❛t❡

r❡❣✐str❛t✐♦♥ s❤♦✉❧❞ ❜❡ ❛✈♦✐❞❡❞ ❛t ❛❧❧ ❝♦st ✭❛❞❞✐♥❣ r❡❣✉❧❛r✐s❛t✐♦♥ ✐s ❡❛s②✱ ❛s ✇❡

s❤❛❧❧ s❡❡ ✐♥ ❈❤❛♣t❡r ✻✱ ❜✉t ✜①✐♥❣ ♠✐s❛❧✐❣♥♠❡♥t ✐s ♥♦t✮✳

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ✜♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❡❛t✉r❡s ❛❝r♦ss

t✇♦ ❢r❛♠❡s✱ s❛② f0(x, y) ❛♥❞ f1(x, y)✳ ❲✐t❤ t❤♦s❡ t❡♥t❛t✐✈❡ ❝♦rr❡s♣♦♥❞❡♥❝❡s ✭✇❡

❝❛❧❧ t❤❡♠ t❡♥t❛t✐✈❡✱ ❜❡❝❛✉s❡ t❤❡② ♠❛② ♥♦t ❜❡ ❝♦rr❡❝t✮ ❛t ♦✉r ❞✐s♣♦s❛❧✱ ✇❡ ❛r❡

✐♥t❡r❡st❡❞ ✐♥ ❡st✐♠❛t✐♥❣ ❛ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥✱ T ✱ s✉❝❤ t❤❛t

f0(x, y) = f1(T (x, y)).

❚❤❡ ❢✉♥❝t✐♦♥ T ❝❛♥ ❜❡ ✈❡r② ❝♦♠♣❧❡①✖t❤❡ ✐♠❛❣❡ ❢♦r♠❛t✐♦♥ ♣r♦❝❡ss ❧✐❦❡❧② ②✐❡❧❞s

✐♠❛❣❡s t❤❛t ✈❛r② ♥♦♥✲❧✐♥❡❛r❧② ✐♥ t❤❡✐r ❣❡♦♠❡tr② ✭r❛❞✐❛❧ ❧❡♥s ❞✐st♦rt✐♦♥✱ ❢♦r ❡①❛♠✲

♣❧❡✱ ✈❛r✐❡s ♥♦♥✲❧✐♥❡❛r❧② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛❞✐✉s ❢r♦♠ t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ✐♠❛❣❡✮✳

❆s ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✷✱ t❤♦✉❣❤✱ t❤❡s❡ ❡✛❡❝ts ♠❛② ❜❡ ♦❢ ❧✐tt❧❡ ❝♦♥s❡q✉❡♥❝❡

❢♦r s✉♣❡r✲r❡s♦❧✉t✐♦♥ s✐♥❝❡

❼ ✐♠❛❣❡s ❛r❡ t❛❦❡♥ ❢r♦♠ ❛❢❛r✱

❼ t❤❡ r❡❣✐♦♥s ✐♥✈♦❧✈❡❞ ❛r❡ s♠❛❧❧ ♣❛rts ♦❢ ❛ ❧❛r❣❡r ✐♠❛❣❡✱

❼ ♥❡✐t❤❡r t❤❡ ❝❛♠❡r❛ ♥♦r t❤❡ ♦❜❥❡❝t ♠♦✈❡s ❛♥② s✐❣♥✐✜❝❛♥t ❛♠♦✉♥t✳

❖❢ ❝♦✉rs❡✱ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ♥♦t r❡q✉✐r❡❞ ❢♦r s✉♣❡r✲r❡s♦❧✉t✐♦♥✱ ❜✉t t❤❡② ❞♦

♠❛❦❡ t❤❡ r❡❣✐str❛t✐♦♥ ♣r♦❜❧❡♠ ♠♦r❡ tr❛❝t❛❜❧❡✳ ●✐✈❡♥ t❤❡s❡ ❝✐r❝✉♠st❛♥❝❡s✱ ✇❡

❛r❡ ❛❜❧❡ t♦ ♠♦❞❡❧ t❤❡ ❝❤❛♥❣❡s ✐♥ ❣❡♦♠❡tr② ❢♦r t❤❡ ♠❛❥♦r✐t② ♦❢ s✉♣❡r✲r❡s♦❧✉t✐♦♥
✶❆s ❞✐s❝✉ss❡❞ ✐♥ ❧❛t❡r ❝❤❛♣t❡rs✱ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦rs t❡♥❞ t♦ ❜❡ ♦✈❡r③❡❛❧♦✉s

s♦♠❡t✐♠❡s✱ ②✐❡❧❞✐♥❣ ♦s❝✐❧❧❛t✐♥❣ r❡s✉❧ts✳

✹✼
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♣r♦❜❧❡♠s ❛s ❛ ❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥✱
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= H









x1

y1

1









,

✇❤❡r❡ t❤❡ 3×3♠❛tr✐①H r❡♣r❡s❡♥ts ❛ ♣r♦❥❡❝t✐♦♥✱ ❡♥❝♦♠♣❛ss✐♥❣ r♦t❛t✐♦♥✱ s❝❛❧✐♥❣✱

s❦❡✇ ❛♥❞ ♣❡rs♣❡❝t✐✈❡✳ ◆♦t❡ t❤❡ ✉s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡s✱ ❢♦r ✇❤✐❝❤ t❤❡

❡q✉✐✈❛❧❡♥❝❡
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x0/z0

y0/z0

1









❤♦❧❞s✳ ❍♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡ ❛r❡ r❡t✉r♥❡❞ t♦ ❊✉❝❧✐❞❡❛♥ ❢♦r♠ s✐♠♣❧② ❜② ❞✐✲

✈✐❞✐♥❣ ✇✐t❤ t❤❡ ❧❛st ❡❧❡♠❡♥t✳

❊st✐♠❛t✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① H ❛❝❝✉r❛t❡❧② ✐s t❤❡ ♠❛✐♥ t♦♣✐❝ ♦❢

t❤✐s ❝❤❛♣t❡r✳ ❲❡ st✉❞② ✐ts ♣r♦♣❡rt✐❡s✱ ❛♥❞ t❤❡♥ ❡①♣❧♦r❡ r❡❣✐str❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳

❚❤❡s❡ ❝♦♠❡ ✐♥ t✇♦ ✢❛✈♦✉rs✿ t❤♦s❡ t❤❛t ♦♣❡r❛t❡ ✐♥ t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥✱ ❛♥❞

t❤♦s❡ t❤❛t ✉s❡ ❛ tr❛♥s❢♦r♠❡❞ ❞♦♠❛✐♥✱ s✉❝❤ ❛s t❤❡ ❋♦✉r✐❡r✱ ✇❛✈❡❧❡t ♦r ❧♦❣✲♣♦❧❛r

❞♦♠❛✐♥s✳ ❲✐t❤✐♥ t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥✱ ♠❡t❤♦❞s ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ❢✉rt❤❡r ✐♥t♦ ❝❛t✲

❡❣♦r✐❡s ♦❢ ❞❡♥s❡ ❛♥❞ s♣❛rs❡ r❡❣✐str❛t✐♦♥✳ ❉❡♥s❡ ♠❡t❤♦❞s ❣❡♥❡r❛❧❧② ❡①❛♠✐♥❡

✐♠❛❣❡s ❛s ❛ ✇❤♦❧❡ t♦ ❞❡t❡r♠✐♥❡ ❣❡♦♠❡tr✐❝ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ♣✐①❡❧s✱ ✇❤❡r❡❛s

s♣❛rs❡ ♠❡t❤♦❞s r❡❧② ♦♥ ❢❡❛t✉r❡s✱ s✉❝❤ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✳

❚♦ ❝♦♥❝❧✉❞❡✱ ✇❡ ❜r✐❡✢② ❞✐s❝✉ss ♣❤♦t♦♠❡tr✐❝ r❡❣✐str❛t✐♦♥✖❞❡t❡r♠✐♥✐♥❣ t❤❡

❞✐✛❡r❡♥❝❡s ✐♥ ❡①♣♦s✉r❡ ❜❡t✇❡❡♥ ❢r❛♠❡s✖✉s❡❞ t♦ ❡q✉❛❧✐s❡ ❞✐✛❡r❡♥❝❡s ✐♥ ✐♥♣✉t

❢r❛♠❡ ❡①♣♦s✉r❡s✳

❋♦r ❢✉rt❤❡r r❡❛❞✐♥❣✱ ✇❡ r❡❢❡r t♦ t✇♦ r❡✈✐❡✇ ❛rt✐❝❧❡s✱ ❬❇r♦✾✷❪ ❛♥❞ ❬❩❋✵✸❪✳

■♥ ❬❇r♦✾✷❪✱ ♦♥❡ ♦❢ t❤❡ ✜rst t❤♦r♦✉❣❤ s✉r✈❡②s ♦❢ r❡❣✐str❛t✐♦♥ ♠❡t❤♦❞s✱ ❇r♦✇♥

❝❤❛r❛❝t❡r✐s❡s ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ t❤❡✐r ❝❤♦✐❝❡ ♦❢ ❢♦✉r ❝♦♠♣♦♥❡♥ts✿ ❛ ❢❡❛t✉r❡

s♣❛❝❡✱ ❛ s❡❛r❝❤ s♣❛❝❡✱ ❛ s❡❛r❝❤ str❛t❡❣② ❛♥❞ ❛ s✐♠✐❧❛r✐t② ♠❡tr✐❝✳ ▼♦r❡ r❡❝❡♥t❧②✱

❬❩❋✵✸❪ ❣✐✈❡s ❛ t❤♦r♦✉❣❤ ♦✈❡r✈✐❡✇ ♦❢ r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✉s❡ ♦❢

♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥✳

✺✳✷ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐①

❚❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐①✱ H✱ t♦ r❡♣r❡s❡♥t ❛ ♣r♦❥❡❝t✐✈❡ tr❛♥s✲

❢♦r♠❛t✐♦♥ ✐s ♠❛❞❡ ♣♦ss✐❜❧❡ ❜② ❡①t❡♥❞✐♥❣ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣♦s✐t✐♦♥ ✈❡❝t♦r✱

[x, y]T ✱ t♦ t❤r❡❡ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❧❛st ❞✐♠❡♥s✐♦♥ ♠❛② ✈❛r②✱ ❛♥❞
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❞❡✜♥❡s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss s♦ t❤❛t









zx

zy

z









≡









x

y

1









.

❉✉❡ t♦ t❤✐s ♣r♦♣❡rt②✱ t❤❡s❡ ❛r❡ ❦♥♦✇♥ ❛s ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡s✳

❚❤❡ ❢♦r♠ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① H ❞❡t❡r♠✐♥❡s t❤❡ t②♣❡ ♦❢ ❣❡♦♠❡tr✐❝

tr❛♥s❢♦r♠❛t✐♦♥ r❡♣r❡s❡♥t❡❞✳ ❋♦r ❡①❛♠♣❧❡✱

H =









cos(θ) − sin(θ) 0

sin(θ) cos(θ) 0

0 0 1









=

[

R 0

0T 1

]

r❡♣r❡s❡♥ts ❛ r♦t❛t✐♦♥ ♦❢ ❛♥❣❧❡ θ✳ ▼❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ✏✶✑ ✐♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s

❝♦♦r❞✐♥❛t❡✱ ✇❡ ❝❛♥ ❛❞❞ tr❛♥s❧❛t✐♦♥

H =









cos(θ) − sin(θ) tx

sin(θ) cos(θ) ty

0 0 1









=

[

R t

0T 1

]

,

❛♥❞ ♠✉❧t✐♣❧② t❤❡ r♦t❛t✐♦♥ ♠❛tr✐① ❜② s t♦ ❣❡t s❝❛❧✐♥❣✿

H =









s cos(θ) −s sin(θ) tx

s sin(θ) s cos(θ) ty

0 0 1









=

[

sR t

0T 1

]

.

❙❦❡✇✐♥❣ ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞ ❜② ♠✉❧t✐♣❧②✐♥❣ t❤❡ x ❛♥❞ y ♣❛r❛♠❡t❡rs a ❛♥❞ b✱ ❡✳❣✳✱

H =









sa cos(θ) −sb sin(θ) tx

sa sin(θ) sb cos(θ) ty

0 0 1









✇❤✐❧❡ ♣❡rs♣❡❝t✐✈❡ ✐s ❛❞❥✉st❡❞ ✐♥ t❤❡ ✜♥❛❧ r♦✇✱

H =









sa cos(θ) −sb sin(θ) tx

sa sin(θ) sb cos(θ) ty

p0 p1 1









.

■♥ t♦t❛❧✱ t❤❡♥✱ t❤❡r❡ ❛r❡ ✽ ♣❛r❛♠❡t❡rs ❡♥❝♦❞❡❞ ✐♥ t❤❡ H✲♠❛tr✐①✳ ■ts ❡❧❡♠❡♥ts
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❛r❡

H =









H00 H01 H02

H10 H11 H12

H20 H21 1









❛♥❞✱ s✐♥❝❡ H ♦♣❡r❛t❡s ♦♥ ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡s✱ ✐t ✐s ❤♦♠♦❣❡♥❡♦✉s ✐ts❡❧❢

✭✇❡ ❝❛♥ ❛❧✇❛②s ❞✐✈✐❞❡ H ❜② ❛ ❝♦♥st❛♥t ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ ✐ts ❢✉♥❝t✐♦♥✮✳ ▲✐♥❡❛r

tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐❝❡s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ s❛② ✇❡ ✇❛♥t t♦ r♦t❛t❡

❛♥ ✐♠❛❣❡ ❛r♦✉♥❞ ✐ts ❝❡♥tr❡ ❛t (xc, yc)✳ ❲❡ ❝❛♥ ❡①♣r❡ss t❤❛t ♦♣❡r❛t✐♦♥ ❛s s❤✐❢t✐♥❣

t❤❡ ✐♠❛❣❡ ✉♣✇❛r❞ ❛♥❞ t♦ t❤❡ ❧❡❢t✱ ✉♥t✐❧ ✐ts ❝❡♥tr❡ ❧✐❡s ♦♥ t❤❡ ♦r✐❣✐♥✱ r♦t❛t✐♥❣ t❤❡

✐♠❛❣❡ ❛♥❞ t❤❡♥ tr❛♥s❧❛t✐♥❣ ✐t ❜❛❝❦ t♦ ✐ts ♦r✐❣✐♥❛❧ ♣♦s✐t✐♦♥✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥

♠❛tr✐① ❢♦r t❤✐s ♦♣❡r❛t✐♦♥ ✐s

H = H−1
S HRHS

✇❤❡r❡

HS =









1 0 −xc

0 1 −yc

0 0 1









❛♥❞

HR=









cos(θ) − sin(θ) 0

sin(θ) cos(θ) 0

0 0 1









.

❚❤❡ ✐♥✈❡rs❡ H−1
S ❤❛s t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥ ❛s HS ✱ ❡①❝❡♣t t❤❛t ✐t tr❛♥s❧❛t❡s ✐♥ t❤❡

♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ ♦r❞❡r ♦❢ ❛♣♣❧②✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s ♠❛tt❡rs❀

❡❛❝❤ ❛❞❞✐t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ♠✉st ❜❡ ♣r❡✲♠✉❧t✐♣❧✐❡❞ ✇✐t❤ t❤❡ ❡①✐st✐♥❣ H✳

✺✳✸ ❙♣❛rs❡ r❡❣✐str❛t✐♦♥✿ ❊st✐♠❛t✐♥❣ ❛

❤♦♠♦❣r❛♣❤② ❢r♦♠ ❝♦rr❡s♣♦♥❞❡♥❝❡s

❋❡❛t✉r❡ ❜❛s❡❞ r❡❣✐str❛t✐♦♥ ♠❡t❤♦❞s ❛r❡ ❛♥ ❡①❝❡❧❧❡♥t ✇❛② t♦ ❛✈♦✐❞ t❤❡ ❧♦❝❛❧ ♠❛①✲

✐♠❛ ❡♥❝♦✉♥t❡r❡❞ ❞✉r✐♥❣ ❞❡♥s❡ r❡❣✐str❛t✐♦♥ ❬❈❑❑+✾✸❪ ✭s❡❡ ❙❡❝t✐♦♥ ✭✺✳✹✮✮✳ ❲❡

❞✐s❝✉ss t✇♦ ♣♦♣✉❧❛r ❤♦♠♦❣r❛♣❤② ❡st✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ ❛♥❞ s❤♦✇ ❤♦✇ ♦✉t❧✐❡rs

✭❞❛t❛✲♣♦✐♥ts t❤❛t ❞♦ ♥♦t ✜t t❤❡ r❡❣✐str❛t✐♦♥ ♠♦❞❡❧ ✇❡❧❧✮ ❛r❡ ❤❛♥❞❧❡❞✳

✺✳✸✳✶ ▲❡❛st✲sq✉❛r❡s ❡st✐♠❛t✐♦♥

❉✐r❡❝t ♠❡t❤♦❞

❲❡ ✇✐s❤ t♦ ❡st✐♠❛t❡ t❤❡ ✽ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐①

H✱ ❜❛s❡❞ ♦♥ ❦♥♦✇♥ ♣♦✐♥t ❝♦rr❡s♣♦♥❞❡♥❝❡s✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛ s♦✉r❝❡
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❝♦♦r❞✐♥❛t❡✱ x✱ ✐♥ ❊✉❝❧✐❞❡❛♥ ❢♦r♠ ✭✐✳❡✳✱ ♥♦r♠❛❧✐s❡❞ s♦ t❤❛t z = 1✮ t♦ ❛ t❛r❣❡t

❝♦♦r❞✐♥❛t❡ x′ = Hx ②✐❡❧❞s

x′ = H00x+H01y +H02

y′ = H10x+H11y +H12

z′ = H20x+H21y +H22.

❇② ❛❧s♦ ❝♦♥✈❡rt✐♥❣ x′ t♦ ❊✉❝❧✐❞❡❛♥ ❢♦r♠✱ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t

❝♦♦r❞✐♥❛t❡s✱

x′

z′
− H00x+H01y +H02

H20x+H21y +H22
= 0

y′

z′
− H10x+H11y +H12

H20x+H21y +H22
= 0.

▼✉❧t✐♣❧②✐♥❣ ❜② t❤❡ ❞❡♥♦♠✐♥❛t♦r ②✐❡❧❞s

x′

z′
(H20x+H21y +H22)−H00x−H01y −H02 = 0

y′

z′
(H20x+H21y +H22)−H10x−H11y −H12 = 0

✇❤✐❝❤ ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ s②st❡♠

Ah =









−x −y −1 0 0 0 x′x
z′

x′y
z′

x′

z′

0 0 0 −x −y −1 y′x
z′

y′y
z′

y′

z′

✳✳✳













































H00

H01

H02

H10

H11

H12

H20

H21

H22





































= 0.

❊❛❝❤ ❢❡❛t✉r❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✜❧❧s t✇♦ r♦✇s ♦❢ A✱ s♦ t❤❛t n ♣♦✐♥t ❝♦rr❡s♣♦♥❞❡♥❝❡s

②✐❡❧❞s ❛ 2n× 9 ♠❛tr✐①✳

❲❡ ♥♦✇ ❤❛✈❡ t♦ s♦❧✈❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s❡t ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✱

Ah = 0 h 6= 0.

❋♦r ✹ ♣♦✐♥t ❝♦rr❡s♣♦♥❞❡♥❝❡s✱ t❤❡ s♦❧✉t✐♦♥ ✐s t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♥✉❧❧✲s♣❛❝❡ ♦❢
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A✳ ❋♦r ♠♦r❡ ❝♦rr❡s♣♦♥❞❡♥❝❡s✱ ✇❡ s❡❡❦ t❤❡ s♦❧✉t✐♦♥ t♦

arg min
‖h‖=1

‖Ah‖ = arg min
‖h‖=1

hTATAh = λmin ✭✺✳✶✮

✇❤❡r❡ λmin ✐s t❤❡ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ATA✳ ❚❤✐s ✐s ❡❛s✐❧② s❤♦✇♥✱ ❣✐✈❡♥ t❤❡

❡✐❣❡♥✈❛❧✉❡s λi ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs qi ♦❢ B = ATA✳ ❋♦r

Q =
[

q1 q2 . . . qn

]

❛♥❞ D =















λ1

λ2

✳ ✳ ✳

λn















✐t ✐s tr✉❡ t❤❛t BQ = QD ♦r B = QDQT . ❘❡✇r✐t✐♥❣ ✭✺✳✶✮ ✐♥ t❡r♠s ♦❢ t❤✐s

❢❛❝t♦r✐s❛t✐♦♥ ②✐❡❧❞s

arg min
‖h‖=1

hTQDQTh = arg min
‖y‖=1

yTDTy = arg min
‖y‖=1

λ1y
2
1 + λ2y

2
2 + . . .+ λny

2
n.

❲✐t❤ λi = λmin✱ ❛ ♠✐♥✐♠✉♠ ✐s ❛❝❤✐❡✈❡❞ ✇❤❡♥ ❛❧❧ ❝♦♠♣♦♥❡♥ts ♦❢ y ❛r❡ s❡t t♦

③❡r♦ ❡①❝❡♣t ❢♦r yi = 1✳ ❙✐♥❝❡ y = QTh✱ ✇❡ ✜♥❞ t❤❛t h = Qy = qmin✱ t❤❡

❡✐❣❡♥✈❡❝t♦r ♦❢ B t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ✐ts s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡✳

❚♦ ✜♥❞ t❤✐s ❡✐❣❡♥✈❡❝t♦r✱ ❡①❛♠✐♥❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠✲

♣♦s✐t✐♦♥ ✭❙❱❉✮✱

A = UΣV T ,

✇❤❡r❡ t❤❡ ❝♦❧✉♠♥s ♦❢ U ❝♦♥t❛✐♥ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ AAT ❛♥❞ t❤❡ ❝♦❧✉♠♥s ♦❢

V t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ ATA ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ♦❢ A ♦♥ t❤❡

❞✐❛❣♦♥❛❧ ♦❢ Σ✳ ❘❡❝❛❧❧ t❤❛t ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ ATA s✐♥❝❡

t❤❡ ✈❡❝t♦r h ✇❡ ❛r❡ s♦❧✈✐♥❣ ❢♦r ✐s ♦♥❡ s✉❝❤ ❛♥ ❡✐❣❡♥✈❡❝t♦r ✇✐t❤ ✐ts ❡✐❣❡♥✈❛❧✉❡

❝❧♦s❡st t♦ ③❡r♦✳

❚❤❡ ❙❱❉ ❝❛♥ ❜❡ ✭❛♥❞ ✉s✉❛❧❧② ✐s✮ ❝♦♠♣✉t❡❞ s♦ t❤❛t t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ❛♣♣❡❛r

✐♥ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ Σ✳ ◆♦t❡ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♥♦r♠❛❧

♠❛tr✐① ATA ❛r❡ t❤❡ sq✉❛r❡s ♦❢ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ♦❢ H✳ ■❢ t❤❡ s②st❡♠ ✐s ❡①❛❝t❧②

❞❡t❡r♠✐♥❡❞ ✭✐✳❡✳✱ ✇✐t❤ ✹ ♣♦✐♥t ❝♦rr❡s♣♦♥❞❡♥❝❡s✮✱ t❤❡r❡ ✇✐❧❧ ❜❡ ❡①❛❝t❧② ♦♥❡ ③❡r♦

s✐♥❣✉❧❛r ✈❛❧✉❡ ✐♥ t❤❡ ❧❛st ♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ V✖

♦✉r s♦❧✉t✐♦♥✳ ❋♦r ❛♥ ♦✈❡r✲❞❡t❡r♠✐♥❡❞ s②st❡♠✱ ✇❡ ❝❤♦♦s❡ t❤❡ s♦❧✉t✐♦♥ ❛s t❤❡ ❧❛st

❝♦❧✉♠♥ ♦❢ V ✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ ATA✳

❖❢t❡♥✱ ✇❤❡♥ t❤❡ s❦❡✇ ❛♥❞ ♣❡rs♣❡❝t✐✈❡ ❞✐st♦rt✐♦♥ ✐s s♠❛❧❧✱ ✇❡ ❝❛♥ ❧✐♠✐t H t♦
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❛♥ ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥✱

H =









H00 H01 H02

H01 H11 H12

0 0 1









,

✇❤❡r❡ ✇❡ ♦♥❧② ♥❡❡❞ t♦ s♦❧✈❡ ❢♦r ✻ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs✳

❙
♦❢
t✇

❛r
❡ ❚❤❡ ❧❡❛st✲sq✉❛r❡s s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛tr✐① ❝♦❡✣❝✐❡♥ts ❝❛♥ ❜❡

❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ s✉♣r❡♠❡✳r❡❣✐st❡r✳s♣❛rs❡ ✇✐t❤ t❤❡ ❦❡②✇♦r❞ ❛r❣✉♠❡♥t

♠♦❞❡❂✬❞✐r❡❝t✬✳

■t❡r❛t✐✈❡ ♠❡t❤♦❞

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥✱ ❞❡♥♦t❡ t❤❡ ❊✉❝❧✐❞❡❛♥ ❢♦r♠ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ x ❛s

xe✱ s♦ t❤❛t

x =









x

y

z









❛♥❞ xe =

[

x/z

y/z

]

.

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ s❡t ♦✉t t♦ ✜♥❞ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐①✱ H✱ s♦

t❤❛t x′
e ❛♥❞ (Hx)e ❧✐❡ ❝❧♦s❡ t♦ ♦♥❡ ❛♥♦t❤❡r ♦✈❡r ❛❧❧ ❢❡❛t✉r❡ ❝♦rr❡s♣♦♥❞❡♥❝❡s✱

❛♥❞ ✜♥❞ t❤❡ ❧❡❛st sq✉❛r❡s s♦❧✉t✐♦♥ t❤❛t ♠✐♥✐♠✐s❡s t❤❡ ❢♦r✇❛r❞ ❡rr♦r sq✉❛r❡❞✱

‖x′
e − (Hx)e‖22 ✭✐t ✐s ❝❛❧❧❡❞ t❤❡ ❢♦r✇❛r❞ ❡rr♦r ❜❡❝❛✉s❡ ❝♦♦r❞✐♥❛t❡s ❛r❡ tr❛♥s✲

❢♦r♠❡❞ ✏❢♦r✇❛r❞✑✱ ✉s✐♥❣ Hx, ❛♥❞ t❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ t❛r❣❡t ❝♦♦r❞✐♥❛t❡s x′✮✳

❙♦♠❡t✐♠❡s✱ ✐t ✐s ✉s❡❢✉❧ t♦ ♠✐♥✐♠✐s❡ t❤❡ ❡rr♦r ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✱ ②✐❡❧❞✐♥❣ t❤❡

❡rr♦r ❢✉♥❝t✐♦♥
∥

∥x′
e − (Hx)e

∥

∥

2

2
+
∥

∥xe − (H−1x′)e
∥

∥

2

2
.

❚❤✐s ♠✐♥✐♠✐s❛t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ✉s✐♥❣ ❛♥② q✉❛❞r❛t✐❝ ♠✐♥✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠✳

❆ t❤✐r❞ ♠❡t❤♦❞ ✐s t♦ ♠✐♥✐♠✐s❡ t❤❡ r❡♣r♦❥❡❝t✐♦♥ ❡rr♦r✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❬❍❩✵✹❪✱

✇❤❡r❡❜② t❤❡ ❝♦♦r❞✐♥❛t❡s t❤❡♠s❡❧✈❡s ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ t❤❡

♠✐♥✐♠✐s❛t✐♦♥✳
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❙
♦❢
t✇

❛r
❡ ❍♦♠♦❣r❛♣❤② ❡st✐♠❛t✐♦♥ ✐s ♣r♦✈✐❞❡❞ ❛s

s✉♣r❡♠❡✳r❡❣✐st❡r✳s♣❛rs❡✳ ❚❤❡ ♦♣❡♥ s♦✉r❝❡ ♣❛❝❦❛❣❡ ✏❤♦♠❡st✑

✭❤tt♣✿✴✴✇✇✇✳✐❝s✳❢♦rt❤✳❣r✴⑦❧♦✉r❛❦✐s✴❤♦♠❡st✴✮ ♣r♦✈✐❞❡s s✐♠✐❧❛r

❢✉♥❝t✐♦♥❛❧✐t②✳

★ ①✵ ✐s ❛ ❧✐st ♦❢ ①✲❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ ❢✐rst ✐♠❛❣❡

★ ②✵ ✐s ❛ ❧✐st ♦❢ ②✲❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ ❢✐rst ✐♠❛❣❡

★ ①✶ ✐s ❛ ❧✐st ♦❢ ①✲❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ s❡❝♦♥❞ ✐♠❛❣❡

★ ②✵ ✐s ❛ ❧✐st ♦❢ ②✲❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ s❡❝♦♥❞ ✐♠❛❣❡

★ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❢✐♥❞ t❤❡ ♠❛tr✐① ✱ ❍✱ s✉❝❤ t❤❛t

★ ❬①✵❪ ❬①✶❪

★ ❍ ❬②✵❪ ❂ ❬②✶❪

★ ❬✶ ❪ ❬✶ ❪

✐♠♣♦rt s✉♣r❡♠❡✳r❡❣✐st❡r ❛s sr

★ ❚❤❡ ♠♦❞❡ ♣❛r❛♠❡t❡r ❝❛♥ ❜❡ ✬❞✐r❡❝t ✬ ♦r ✬✐t❡r❛t✐✈❡ ✬

❍ ❂ sr✳s♣❛rs❡✭②✵✱ ①✵ ✱ ②✶ ✱ ①✶✱ ♠♦❞❡❂✬✐t❡r❛t✐✈❡ ✬✮

✺✳✸✳✷ ❊st✐♠❛t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦✉t❧✐❡rs

❙❛❞❧②✱ ♥♦ ❢❡❛t✉r❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❛❧❣♦r✐t❤♠ ✐s ♣❡r❢❡❝t✱ ❝♦♥s❡q✉❡♥t❧② ✇❡ ❤❛✈❡ t♦

❞❡❛❧ ✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ ✐♥❝♦rr❡❝t ❝♦rr❡s♣♦♥❞❡♥❝❡s ❛♠♦♥❣s t❤♦s❡ ♣r♦✈✐❞❡❞✳ ❇② ❢❛r

t❤❡ ♠♦st ❝♦♠♠♦♥ ❛♣♣r♦❛❝❤ ✐s ❘❛♥❞♦♠ ❙❛♠♣❧❡ ❈♦♥s❡♥s✉s✱ ♦r ❘❆◆❙❆❈ ❬❋❇✽✵❪✳

❘❆◆❞♦♠ ❙❆♠♣❧❡ ❈♦♥s❡♥s✉s ✭❘❆◆❙❆❈✮

■♥ ❢❛❝t✱ ❘❆◆❙❆❈ ✐s s♦ ♣♦♣✉❧❛r t❤❛t✱ ✐♥ ✷✵✵✻ ❢♦r t❤❡ ✷✺t❤ ❛♥♥✐✈❡rs❛r② ♦❢ t❤❡

❛❧❣♦r✐t❤♠✱ ❛ s♣❡❝✐❛❧ s❡ss✐♦♥ ✇❛s ❤❡❧❞ ❛t t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠✲

♣✉t❡r ❱✐s✐♦♥ ❛♥❞ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥ t♦ ❞✐s❝✉ss ❛❧❧ t❤❡ ✈❛r✐❛t✐♦♥s t❤❛t ❤❛❞ ❜❡❡♥

♣r♦♣♦s❡❞✳

Pr♦❜❛❜❧② t❤❡ ❜❡st ❦♥♦✇♥ ❡①t❡♥s✐♦♥ ✐s ▼▲❊❙❆❈ ❬❚❩✵✵❪✱ ❜✉t r❡❝❡♥t❧② ❈❤✉♠

❬❈▼✵✺❪ ♣✉❜❧✐s❤❡❞ ❛ ♥✉♠❜❡r ♦❢ ✐♠♣r♦✈❡♠❡♥ts ✐♥❝❧✉❞✐♥❣ ▲❖✲❘❆◆❙❆❈ ❛♥❞ P❘❖❙❆❈✳

❆ r❡✈✐❡✇ ♦❢ ♠❛♥② ❡①t❡♥s✐♦♥s ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ ❬❈❑❨✾✼❪✳

●✐✈❡♥ ♥♦✐s② ❞❛t❛ t♦ ✜t t♦ s♦♠❡ ♠♦❞❡❧ ✭❡✳❣✳✱ ❛ str❛✐❣❤t ❧✐♥❡✱ ❛ ❧✐♥❡❛r tr❛♥s✲

❢♦r♠❛t✐♦♥✱ ♦r ❛♥②t❤✐♥❣ ❡❧s❡✮✱ t❤❡ s❛♠♣❧❡✲✈❡r✐❢② st❡♣s t❤❛t ❢♦r♠ t❤❡ ❘❆◆❙❆❈

❛❧❣♦r✐t❤♠ ❛r❡ ♦✉t❧✐♥❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✺✳✶✳
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❆❧❣♦r✐t❤♠ ✺✳✶ ❚❤❡ ❘❆◆❞♦♠ ❙❆♠♣❧❡ ❈♦♥s❡♥s✉s ✭❘❆◆❙❆❈✮ ❛❧❣♦r✐t❤♠✳
❘❆◆❙❆❈ ❛✐♠s t♦ ✜♥❞ t❤❡ ❜❡st ♣❛r❛♠❡t❡rs✱ p✱ ❢♦r ❛ ♠♦❞❡❧ M ✱ s✉❝❤ t❤❛t t❤❡
♥✉♠❜❡r ♦❢ ♦✉t❧✐❡rs ♦♥ ❛ ❞❛t❛✲s❡t X✱

∑

i

[M(xi|p) ≥ K]

✐s ♠✐♥✐♠✐s❡❞ ✭K ✐s ❛ ✉s❡r s❡t t❤r❡s❤♦❧❞✮✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ str❛✐❣❤t ❧✐♥❡ ♠♦❞❡❧
❤❛s t❤❡ ❢♦r♠

M(x, y|m, c) = y −mx− c.

❘❡♣❡❛t✱ ❢♦r ❛ ♣r❡✲❞❡t❡r♠✐♥❡❞ ♥✉♠❜❡r ♦❢ t✐♠❡s ✭s❡❡ ❬❋❇✽✵❪✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦✲
❝❡❞✉r❡✿

✶✳ ❘❛♥❞♦♠❧② ❞r❛✇✱ ✇✐t❤♦✉t r❡♣❧❛❝❡♠❡♥t ✭✐✳❡✳✱ ✇✐t❤♦✉t ❞r❛✇✐♥❣ ❛♥② ♣♦✐♥t
t✇✐❝❡✮✱ N s❛♠♣❧❡s ❢r♦♠ t❤❡ ♥♦✐s② ❞❛t❛✲s❡t✳ ❍❡r❡✱ N ✐s t❤❡ ♠✐♥✐♠✉♠
♥✉♠❜❡r ♦❢ ♣♦✐♥ts r❡q✉✐r❡❞ t♦ ✜t t❤❡ ♠♦❞❡❧✱ M ✭❡✳❣✳✱ ✷ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛
str❛✐❣❤t ❧✐♥❡✮✳

✷✳ ❊st✐♠❛t❡ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✱ p✱ t❤❛t ❜❡st ✜t t❤❡ N r❛♥❞♦♠❧② ❞r❛✇♥
s❛♠♣❧❡s✳

✸✳ ❇❛s❡❞ ♦♥ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✱ ❞❡t❡r♠✐♥❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞❛t❛✲♣♦✐♥ts
✭❢r♦♠ t❤❡ ❡♥t✐r❡ ❞❛t❛✲s❡t✮ t❤❛t q✉❛❧✐❢② ❛s ✐♥❧✐❡rs ✭✐✳❡✳✱ t❤♦s❡ ❞❛t❛ ♣♦✐♥ts
t❤❛t ✜t t❤❡ ♠♦❞❡❧ ✇❡❧❧✮✿

Q =
∑

i

[M(xi|p) < K]

■❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❧✐❡rs ❡①❝❡❡❞s t❤♦s❡ ❢♦✉♥❞ ✐♥ ♣r❡✈✐♦✉s r✉♥s✱ st♦r❡ t❤❡
❝✉rr❡♥t ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳

❆❢t❡r t❡r♠✐♥❛t✐♦♥✱ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❧❛r❣❡st s❡t ♦❢ ✐♥❧✐❡rs
❛r❡ ❛✈❛✐❧❛❜❧❡✳

▼❙❆❈✿ ■t ✐s ♥♦t❡❞ ✐♥ ❬❚❩✵✵❪ t❤❛t t❤❡ ❘❆◆❙❆❈ ♠✐♥✐♠✐s❡s ❛♥ ❡rr♦r ♦❢ t❤❡

❢♦r♠

C =
∑

i

ρ(ei)

✇❤❡r❡

ρ (ei) =







0 ei < T

1 ei ≥ T
.

❚❤✉s✱ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ❝♦✉♥ts t❤❡ ♥✉♠❜❡r ♦❢ ♦✉t❧✐❡rs✱ ❜✉t ❞♦❡s ♥♦t t❛❦❡ t❤❡

♠♦❞❡❧ ❡rr♦r ♦❢ ❡❛❝❤ s❛♠♣❧❡✱ ei✱ ✐♥t♦ ❛❝❝♦✉♥t✳ ❲❡ ❝❛♥ ♠♦❞✐❢② st❡♣ ✸ ♦❢ ❘❆◆❙❆❈

t♦ r❡❛❞✿

❇❛s❡❞ ♦♥ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✱ ❡✈❛❧✉❛t❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥

C =
∑

i

ρ (ei)
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✇❤❡r❡

ρ (ei) =







ei ei < T

1 ei ≥ T

❛♥❞

ei = M(xi|p).

■❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥✱ C✱ ✐s ❧♦✇❡r t❤❛♥ ✐♥ ♣r❡✈✐♦✉s r✉♥s✱

st♦r❡ t❤❡ ❝✉rr❡♥t ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳

❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❦♥♦✇♥ ❛s ♠✲❡st✐♠❛t♦r s❛♠♣❧❡ ❝♦♥s❡♥s✉s✱ ♦r ▼❙❆❈✳

▲❖✲❘❆◆❙❆❈✿ ■♥ ❬❈▼✵✺❪ ✐t ✐s s✉❣❣❡st❡❞ t♦ ❡①❡❝✉t❡ ❛♥ ✐♥♥❡r ❧♦♦♣ ♦❢ ❘❆◆❙❆❈

♦♥ t❤❡ ✐♥❧✐❡rs ❡✈❡r② t✐♠❡ ❛ ♥❡✇ ♠✐♥✐♠✉♠ ❡rr♦r ✐s ♦❜t❛✐♥❡❞✳ ❚❤❡ ❧❛st s❡♥t❡♥❝❡

♦❢ t❤❡ ▼❙❆❈ ❞❡s❝r✐♣t✐♦♥ ❛❜♦✈❡ t❤❡♥ ❜❡❝♦♠❡s

■❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥✱ C✱ ✐s ❧♦✇❡r t❤❛♥ ✐♥ ♣r❡✈✐♦✉s r✉♥s✱

♣r♦❝❡❡❞ t♦ ❞♦ ❛♥♦t❤❡r ❘❆◆❙❆❈ r✉♥✱ t❤✐s t✐♠❡ ♦♥❧② s❛♠♣❧✐♥❣ ❢r♦♠

t❤❡ ❜❡st s❡t ♦❢ ✐♥❧✐❡rs✱ ❜✉t st✐❧❧ ✈❡r✐❢②✐♥❣ ❛❣❛✐♥st t❤❡ ❡♥t✐r❡ ❞❛t❛✲s❡t✳

■♥ ❤✐s ❞✐ss❡rt❛t✐♦♥✱ ❈❤✉♠ s❤♦✇❡❞ t❤❛t t❤✐s ❧❡❛❞s t♦ q✉✐❝❦❡r ❝♦♥✈❡r❣❡♥❝❡ ❛t ❛

s♠❛❧❧ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳

❊❛r❧② t❡r♠✐♥❛t✐♦♥ ❋✐s❝❤❧❡r ✫ ❇♦❧❧❡s ❬❋❇✽✵❪ ❡st✐♠❛t❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛✲

t✐♦♥s r❡q✉✐r❡❞ t♦ ❞r❛✇ ❛♥ ✐♥❧✐❡r✲♦♥❧② s❡t t♦ ❜❡

k = ǫ−M

✇❤❡r❡ ǫ ✐s t❤❡ ❡①♣❡❝t❡❞ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝❤♦♦s✐♥❣ ❛♥ ✐♥❧✐❡r✱ ❛♥❞ M ✐s t❤❡ ♥✉♠❜❡r ♦❢

s❛♠♣❧❡s ❞r❛✇♥✳ ❙✐♥❝❡ t❤❡ ✈❛❧✉❡ ♦❢ ǫ ✐s ✉s✉❛❧❧② ✉♥❦♥♦✇♥✱ ✇❡ s❡t ✐t ❝♦♥s❡r✈❛t✐✈❡❧②

❧♦✇✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❛♥❞ ✭❤♦♣❡❢✉❧❧②✮ ❡♥s✉r✐♥❣ ❛ ❣♦♦❞ ♠❛t❝❤✳

❚❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✐s t❤❡r❡❢♦r❡ ✉♥♥❡❝❡ss❛r✐❧② ❤✐❣❤✱ ❜✉t ❝❛♥ ❜❡ ✉♣❞❛t❡❞

❞✉r✐♥❣ ❡❛❝❤ r✉♥ ❛s ✇❡ ❧❡❛r♥ ♠♦r❡ ❛❜♦✉t ♦✉r ❞❛t❛ s❡t ❬❈❛♣✵✺❪✳ ❋♦r ❡①❛♠♣❧❡✱

❣✐✈❡♥ t❤❛t ❛ r✉♥ ❤❛s ❡♥❝♦✉♥t❡r❡❞ N ✐♥❧✐❡rs ✐♥ ❛ s✐③❡ L ❞❛t❛s❡t✱ ✇❡ s❡t

k =

(

N

L

)−M

✐❢ t❤❡ ♥❡✇ k ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ❡①✐st✐♥❣ ✈❛❧✉❡ ❜✉t ❧❛r❣❡r t❤❛♥ s♦♠❡ ♣r❡❞❡✜♥❡❞

♠✐♥✐♠✉♠✳
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❙
♦❢
t✇

❛r
❡ ❚❤❡ ▼❙❆❈ ✈❛r✐❛♥t ♦❢ ❘❆◆❙❆❈✱ ✇✐t❤ t❤❡ ❧♦❝❛❧✲♦♣t✐♠✐s❛t✐♦♥ st❡♣ ♦❢ ▲❖✲

❘❆◆❙❆❈ ❛s ✇❡❧❧ ❛s ❛♥ ❡❛r❧②✲❡①✐t str❛t❡❣② s✉❣❣❡st❡❞ ❜② ✐♥ ❬❈❛♣✵✺❪✱ ✐s ✐♠♣❧❡✲

♠❡♥t❡❞ ✐♥ t❤❡ ♠♦❞✉❧❡ s✉♣r❡♠❡✳❢❡❛t✉r❡✳r❛♥s❛❝✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡

❡st✐♠❛t❡s t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❛ str❛✐❣❤t ❧✐♥❡✱ ❣✐✈❡♥ ♥♦✐s② ❞❛t❛✲♣♦✐♥ts✳

❢r♦♠ s✉♣r❡♠❡✳❢❡❛t✉r❡✳r❛♥s❛❝ ✐♠♣♦rt ❘❆◆❙❆❈

❝❧❛ss ▲✐♥❡✿

♥❞♣ ❂ ✷ ★ ♥✉♠❜❡r ♦❢ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs

❞❡❢ ❴❴✐♥✐t❴❴✭s❡❧❢ ✱ ♠✱ ❝✮✿

s❡❧❢✳♠ ❂ ♠

s❡❧❢✳❝ ❂ ❝

❞❡❢ ❴❴❝❛❧❧❴❴✭s❡❧❢ ✱ ❞❛t❛ ✱ ❝♦♥❢✐❞❡♥❝❡ ❂✵✳✽✮✿

✧✧✧ ❈❛❧❝✉❧❛t❡ ❤♦✇ ✇❡❧❧ t❤❡ ❣✐✈❡♥ ❞❛t❛ ♠❛t❝❤❡s

t❤❡ ♠♦❞❡❧✳ ❘❡t✉r♥ t❤❡ ❡rr♦r ❢♦r ❡❛❝❤ ❞❛t❛ ✲

♣♦✐♥t ✱ ❛s ✇❡❧❧ ❛s ✇❤❡t❤❡r ✐t ✐s ❛♥ ✐♥❧✐❡r✳

❚❤❡ ♠❡t❤♦❞ ✉s❡❞ ❜❡❧♦✇ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r

❛ ♣♦✐♥t ✐s ❛♥ ✐♥❧✐❡r ✐s ❥✉st ❛ ❤❡✉r✐st✐❝

❢♦r ✐❧❧✉str❛t✐✈❡ ♣✉r♣♦s❡s✳

✧✧✧

★ ❵❞❛t❛ ❵ ❝♦♥s✐sts ♦❢ t✇♦ ❝♦❧✉♠♥s✿ ①✱ ②

① ❂ ❞❛t❛❬✿✱ ✵❪

② ❂ ❞❛t❛❬✿✱ ✶❪

❡rr ❂ ♥♣✳❛❜s✭② ✲ s❡❧❢✳♠ ✯ ① ✲ s❡❧❢✳❝✮

r❡t✉r♥ ❡rr ✱ ❡rr ❁ ✭✶ ✲ ❝♦♥❢✐❞❡♥❝❡✮ ✯ s❡❧❢✳♠

❞❡❢ ❡st✐♠❛t❡✭s❡❧❢ ✱ ❞❛t❛✮✿

✧✧✧ ●✐✈❡♥ ❞❛t❛ ✱ ❡st✐♠❛t❡ t❤❡ ❧✐♥❡ ♣❛r❛♠❡t❡rs✳

✧✧✧

① ❂ ❞❛t❛❬✿✱ ✵❪

② ❂ ❞❛t❛❬✿✱ ✶❪

♠✱ ❝ ❂ ♥♣✳♣♦❧②❢✐t✭①✱ ②✱ ❞❡❣❂✶✮

r❡t✉r♥ ♠✱ ❝

★ ❆ss✉♠✐♥❣ ✇❡ ❤❛✈❡ ♥♦✐s② ❞❛t❛ ✱ ❛♥ ▼①✷ ❛rr❛②

♠❴❡st ✱ ❝❴❡st ❂ ❘❆◆❙❆❈✭♠♦❞❡❧❂▲✐♥❡✭✸✱ ✹✮✮✭ ❞❛t❛✮
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❊st✐♠❛t✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐①

❚❤❡ ❝♦♠❜✐♥❡❞ ▼❙❆❈✱ ▲❖✲❘❆◆❙❆❈ ❛♥❞ ❡❛r❧②✲t❡r♠✐♥❛t✐♦♥ ✈❛r✐❛♥t ♦❢ ❘❆◆❙❆❈

✐s ✉s❡❞ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ t❤❡ ❞✐r❡❝t tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞

❞✐s❝✉ss❡❞ ❡❛r❧✐❡r✳ ❆♣♣❧✐❡❞ t♦ t❤❡ ♣✉t❛t✐✈❡ ♣♦✐♥t✲❝♦rr❡s♣♦♥❞❡♥❝❡s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✶✱

t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✷ ✐s ♦❜t❛✐♥❡❞✳

●r❛♣❤ ▼❛t❝❤✐♥❣

■♥ ❬❚❑❘✵✽❪✱ ❢❡❛t✉r❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐s ❢♦r♠✉❧❛t❡❞ ❛s ❛ ❣r❛♣❤ ♠❛t❝❤✐♥❣ ♣r♦❜❧❡♠✱

✇❤✐❝❤ ✐s ◆P✲❤❛r❞✳ ❙❡✈❡r❛❧ ♦♣t✐♠✐s❛t✐♦♥s ❛r❡ s✉❣❣❡st❡❞ t♦ ✐♠♣r♦✈❡ ❡①❡❝✉t✐♦♥

s♣❡❡❞✱ ❛♥❞✱ ❢♦r st❛♥❞❛r❞ ♣r♦❜❧❡♠s✱ t❤❡ ❛✉t❤♦rs ❝❧❛✐♠ t♦ ❛❝❤✐❡✈❡ ♦♣t✐♠❛❧ ♠❛t❝❤❡s

✇✐t❤✐♥ r❡❛s♦♥❛❜❧❡ t✐♠❡ ❧✐♠✐ts ✭♠✐♥✉t❡s✱ ♥♦t ❤♦✉rs✮✳

✺✳✹ ❉❡♥s❡ r❡❣✐str❛t✐♦♥ ♠❡t❤♦❞s

■♥ s♠♦♦t❤ ♦r ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡s✱ ✐t ✐s ❤❛r❞ t♦ ❧♦❝❛t❡ ❢❡❛t✉r❡s✱ s♦ t❤❡ ♠❡t❤♦❞s

❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❛♥❞ s❡❝t✐♦♥s ❝❛♥♥♦t ❜❡ ✉s❡❞✳ ■♥st❡❛❞✱ ✇❡ ♦♣t

t♦ ♠❛t❝❤ ❡♥t✐r❡ ✐♠❛❣❡s ❜❛s❡❞ ♦♥ t❤❡✐r ♣✐①❡❧ ❝♦♥t❡♥t✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❝❛❧❧❡❞

❞❡♥s❡ r❡❣✐str❛t✐♦♥✳

◆❡①t✱ ✇❡ ❞✐s❝✉ss ❝♦♠♠♦♥ r❡❣✐str❛t✐♦♥ ♣r♦❝❡❞✉r❡s✱ ❛♥❞ t❤❡♥ ♠❡♥t✐♦♥ ❛ ♣♦♣✲

✉❧❛r s✐♠✐❧❛r✐t② ♠❡❛s✉r❡ ❝❛❧❧❡❞ ♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥✳

✺✳✹✳✶ ❊rr♦r ♠✐♥✐♠✐s❛t✐♦♥

❆❣❛✐♥✱ ✇❡ ❛r❡ ❢❛❝❡❞ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ ♦❢ s♦❧✈✐♥❣ t❤❡ ✉♥❦♥♦✇♥ ❣❡♦♠❡tr✐❝ tr❛♥s✲

❢♦r♠❛t✐♦♥ T ❜❡t✇❡❡♥ t✇♦ ✐♠❛❣❡s s✉❝❤ t❤❛t

f0(x, y) = T (f1(x, y)).

❚❤✐s t✐♠❡✱ ❤♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ ♥♦ ❢❡❛t✉r❡s t♦ ❛ss✐st ✉s✳ ❋♦rt✉♥❛t❡❧②✱ s✐♥❝❡ ❝♦♠✲

♣✉t❡rs ❛r❡ ❤❛r❞ ✇♦r❦❡rs✱ ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ✉s✐♥❣ ❜r✉t❡ ❢♦r❝❡ ❜② ❧❡tt✐♥❣

t❤❡ ❛❧❣♦r✐t❤♠ ❣✉❡ss T ✲❢✉♥❝t✐♦♥s ✉♥t✐❧ ✐t ❛rr✐✈❡s ❛t ❛ ❣♦♦❞ ❛♥s✇❡r✳ ❚❤❡r❡ ❛r❡

t✇♦ ♣✐❡❝❡s ♦❢ ✐♥❢♦r♠❛t✐♦♥ ♠✐ss✐♥❣ ❢r♦♠ t❤✐s ❛♣♣r♦❛❝❤✿ ♦♥❡✱ ❤♦✇ t♦ ❦♥♦✇ ✇❤❡♥

❛ ✏❣♦♦❞✑ ❡st✐♠❛t❡ ❤❛s ❜❡❡♥ ♠❛❞❡ ❛♥❞✱ t✇♦✱ ✇❤✐❝❤ T ✲❢✉♥❝t✐♦♥ t♦ ❣✉❡ss ♥❡①t✳

❆ s✉✣❝✐❡♥t ♠❡❛s✉r❡ ♦❢ t❤❡ ❧✐❦❡♥❡ss ❜❡t✇❡❡♥ t✇♦ ✐♠❛❣❡s ✐s t❤❡ ♠❡❛♥ sq✉❛r❡

❡rr♦r✱

‖f0 − T (f1)‖22 .

❲❡ s❛② ✏s✉✣❝✐❡♥t✑ ❜❡❝❛✉s❡✱ ❛s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ ❈❤❛♣t❡r ✼✱ t❤❡ L✲♥♦r♠s ❛r❡

♥♦t ✐❞❡❛❧ ✐♥ s♦♠❡ ✇❛②s✖❛❧s♦ t❤❡ r❡❛s♦♥ ✇❤② ✇❡ s✉❣❣❡st ♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐♥

❙❡❝t✐♦♥ ✺✳✹✳✸✳
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❋✐❣✉r❡ ✺✳✶✿ P✉t❛t✐✈❡ ❢❡❛t✉r❡ ♠❛t❝❤❡s ❢♦r t❤❡ ♣❛♥♦r❛♠❛ ✐♥ ❋✐❣✳ ✺✳✷✳

❋✐❣✉r❡ ✺✳✷✿ P❛♥♦r❛♠✐❝ st✐t❝❤ ♦❢ t✇♦ ♣❤♦t♦s✳ ❋❡❛t✉r❡s ❛r❡ ❡①tr❛❝t❡❞✱ ✉s✐♥❣ t❤❡ ❞✐s❝r❡t❡
♣✉❧s❡ tr❛♥s❢♦r♠✱ ✇❤❡r❡❛❢t❡r ❘❆◆❙❆❈ ✐s ✉s❡❞ t♦ ✜♥❞ ❛ ❤♦♠♦❣r❛♣❤② t❤❛t ✜ts ✐♥❧✐❡rs✳
❚❤❡ ✐♠❛❣❡s ❛r❡ ✇❛r♣❡❞ ❛❝❝♦r❞✐♥❣❧② ✭t♦♣✱ ❧❡❢t ❛♥❞ r✐❣❤t✮ ❛♥❞ ❜❧❡♥❞❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛
▲❛♣❧❛❝✐❛♥ ♣②r❛♠✐❞ s❝❤❡♠❡ ✭❜♦tt♦♠✮ ✭✇❡ ✉s❡ t❤❡ ❊♥❜❧❡♥❞ ♣❛❝❦❛❣❡❀ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❞❡✲
t❛✐❧❡❞ ❛t ❤tt♣✿ ✴✴ ❡♥❜❧❡♥❞✳ s♦✉r❝❡❢♦r❣❡✳ ♥❡t✴ ❞❡t❛✐❧s✳ ❤t♠ ✮✳ P❤♦t♦s t❛❦❡♥ ❛t ❧♦❝❛t✐♦♥

✸✹➦✷✸✬✺✷✳✵✵✧❙✱ ✷✵➦✺✵✬✺✷✳✵✾✧❊✳

http://enblend.sourceforge.net/details.htm
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❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❝❛♥ ♠♦❞❡❧ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢✉♥❝t✐♦♥ ❛s ❛

3 × 3 ♠❛tr✐① ♦♣❡r❛t✐♥❣ ♦♥ ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡s✳ ❲❡ ♥❡❡❞ t♦ ❞❡t❡r♠✐♥❡ ✽

♣❛r❛♠❡t❡rs ❢♦r ❛ ❢✉❧❧ ♣r♦❥❡❝t✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥✱ ♦r ✻ ❢♦r ❛♥ ❛✣♥✐t②✳ ●✐✈❡♥ ❛♥

❡st✐♠❛t❡ ♦❢ t❤♦s❡ ♣❛r❛♠❡t❡rs✱ h✱ ✇❡ r❡✇r✐t❡ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ ♦✉r t✇♦ ✐♠❛❣❡s

❛s

ǫ(f0, f1|h) = ‖f0− T (f1|h)‖22 . ✭✺✳✷✮

❆ st❛♥❞❛r❞ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠✐s❡r✱ s✉❝❤ ❛s t❤❡ ▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞t ❛❧❣♦r✐t❤♠

✭s❡❡ ❬❱❛♥✵✺❪ ❢♦r ❛ ❞❡t❛✐❧❡❞ ♦✈❡r✈✐❡✇✮✱ ❝❛♥ t❤❡♥ ❜❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡✲

t❡rs h✳ ❙✐♥❝❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ✐s ♦❢t❡♥ ❤❛r❞ t♦ ❞❡r✐✈❡✱ P♦✇❡❧❧✬s

❞❡r✐✈❛t✐✈❡ ❢r❡❡ ♠❡t❤♦❞s ❬P♦✇✵✼✱ P♦✇✵✻❪ ♠❛② ❜❡ ♠♦r❡ s✉✐t❛❜❧❡✳

❚❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♠❡t❤♦❞ ❡♠♣❧♦②❡❞ t♦ ❝❛❧❝✉❧❛t❡ T (f1) ✐s ✐♠♣♦rt❛♥t✳ ▲♦✇❡r✲

♦r❞❡r ❢✉♥❝t✐♦♥s✱ s✉❝❤ ❛s ❜✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ♠❛② ♦✈❡r✲s♠♦♦t❤ t❤❡ ✐♠❛❣❡✱

✇❤❡r❡❛s ❝❡rt❛✐♥ ❤✐❣❤❡r ♦r❞❡r ❢✉♥❝t✐♦♥s ❝♦✉❧❞ ✐♥tr♦❞✉❝❡ r✐♥❣✐♥❣ ♦r ❡❞❣❡ ❛rt❡✲

❢❛❝ts✳ ■♥ ❬❚❯✵✵❪✱ t❤❡ t❤✐r❞✲♦r❞❡r ❇✲s♣❧✐♥❡ ✐s s✉❣❣❡st❡❞ ❛s ❛ ❣♦♦❞ ❝♦♠♣r♦♠✐s❡✳

◆♦t❡ t❤❛t s♠♦♦t❤✐♥❣✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✐♠❛❣❡ r❡❣✐str❛t✐♦♥✱ ✐s ❡s♣❡❝✐❛❧❧② ❤❛r♠❢✉❧✱

s✐♥❝❡ ✐t ❢✉rt❤❡r ✢❛tt❡♥s t❤❡ ❡rr♦r ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ♠❛② ♥♦t ❤❛✈❡ ❛ ♣r♦♠✐♥❡♥t

♠✐♥✐♠✉♠ t♦ st❛rt ✇✐t❤✳

❙
♦❢
t✇

❛r
❡ ❚❤❡ ▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞t ♥♦♥✲❧✐♥❡❛r ♠✐♥✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❛✈❛✐❧❛❜❧❡ ❛s

s❝✐♣②✳♦♣t✐♠✐③❡✳❧❡❛stsq✳ ❆ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ♦♥❡ ♦❢ P♦✇❡❧❧✬s ❞❡r✐✈❛✲

t✐✈❡ ❢r❡❡ ♠❡t❤♦❞s ✐s ❛✈❛✐❧❛❜❧❡ ❛s s❝✐♣②✳♦♣t✐♠✐③❡✳❢♠✐♥❴♣♦✇❡❧❧✳

✺✳✹✳✷ P②r❛♠✐❞❛❧ ♠❡t❤♦❞s

❚❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ♠✐♥✐♠✐s❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳✶ ♠❛② ✭❛♥❞ ♦❢t❡♥ ❞♦❡s✮ ❤❛✈❡ s❡✈❡r❛❧

❧♦❝❛❧ ♠✐♥✐♠❛ ❬❈❑❑+✾✸❪✳ ▼❡t❤♦❞s ❡♠♣❧♦②✐♥❣ r❛♥❞♦♠ ❥✉♠♣s ✐♥ s❡❛r❝❤ s♣❛❝❡✱

s✉❝❤ ❛s s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣✱ ♠❛② ❜❡ ❛❜❧❡ t♦ ✜♥❞ ❛ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠✱ ❜✉t ❛

s✐♠♣❧❡r ✐❞❡❛ ✐s s✉❣❣❡st❡❞ ❜② ❆♥❛♥❞❛♥ ❡t ❛❧✳ ❬❆♥❛✽✾✱ ❇❆❍❍✾✷❪

❚❤❡ ✐♠❛❣❡s t♦ ❜❡ r❡❣✐st❡r❡❞ ❛r❡ ❞♦✇♥s❛♠♣❧❡❞ ❜② 2k ❢♦r k = 0 . . . N − 1

t♦ ❢♦r♠ ❛ ♣②r❛♠✐❞❛❧ ❤✐❡r❛r❝❤②✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ❧♦✇❡st r❡s♦❧✉t✐♦♥ ❧❡✈❡❧✱ t❤❡

✐♠❛❣❡s ❛r❡ ❛❧✐❣♥❡❞ ✉s✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ ♦✉t❧✐♥❡❞ ❛❜♦✈❡✳ ❚❤❡ ♥❡①t ❧❡✈❡❧ ✐s t❤❡♥

r❡❣✐st❡r❡❞✱ ✉s✐♥❣ t❤❡ s♦❧✉t✐♦♥ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❧❡✈❡❧ ❛s st❛rt✐♥❣ ♣❛r❛♠❡t❡rs✳

❚❤❡ ♣②r❛♠✐❞❛❧ ❛♣♣r♦❛❝❤ ❛✈♦✐❞s ❧♦❝❛❧ ♠✐♥✐♠❛✱ ✇❤✐❝❤ ❞✐s❛♣♣❡❛r ✇❤❡♥ t❤❡ ❡rr♦r

❢✉♥❝t✐♦♥ ✐s ♠❡❛s✉r❡❞ ♦✈❡r s♠♦♦t❤❡❞ ✐♠❛❣❡s✳

❆❧t❡r♥❛t✐✈❡ ❢♦r♠✉❧❛t✐♦♥s ✐♥❝❧✉❞❡ ❞✐✛❡r❡♥t ❞♦✇♥s❛♠♣❧✐♥❣ ❢❛❝t♦rs✱ qk ❢♦r k =

0, . . . , N − 1✱ ♦r ✐♥❝❧✉❞✐♥❣ ❛♥ ✉♣s❛♠♣❧✐♥❣ st❡♣✱ k = −1, . . . , N − 1✳ ❚❤❡ ✉♣s❛♠✲

♣❧✐♥❣ st❡♣ ❛✐♠s t♦ ❢❛❝✐❧✐t❛t❡ s✉❜✲♣✐①❡❧ r❡❣✐str❛t✐♦♥ ❛❝❝✉r❛❝②✳ ❋♦r t❤✐s st❡♣ t♦ ❜❡

❡✛❡❝t✐✈❡✱ ❛ ❤✐❣❤❡r✲♦r❞❡r ✐♥t❡r♣♦❧❛t✐♦♥ ❢✉♥❝t✐♦♥ t❤❛t ♣r❡s❡r✈❡s ❞❡t❛✐❧ ✐s r❡q✉✐r❡❞✳
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✺✳✹✳✸ ▼✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥

❱✐♦❧❛ ✜rst ❛♣♣❧✐❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥ t♦ ✐♠❛❣❡ r❡❣✐str❛t✐♦♥

❬❱✐♦✾✺❪✱ ✇❤❡r❡❛❢t❡r ❚❤❡✈❡♥❛③ ❛♥❞ ❯♥s❡r r❡✜♥❡❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥ ❬❚❯✾✻❪✳ ❚❤❡

♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ X ❛♥❞ Y ✱ ✐s ❞❡✜♥❡❞ ❛s

I(X,Y ) = H(Y )−H(Y |X)

✇❤❡r❡ H(Y ) ✐s ✐ts ❡♥tr♦♣②✱

H(X) = −Ex [logP (X)]

= −
∑

x

(logP (x))P (x). ✭✺✳✸✮

❚❤❡ ♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ r❡❞✉❝t✐♦♥ ✐♥ ❡♥tr♦♣② ♦❢ Y ❣✐✈❡♥ X✳ ❆❧✲

r❡❛❞②✱ ✇❡ ❝❛♥ s❡❡ ❤♦✇ ✐t ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ ✐♠❛❣❡ r❡❣✐str❛t✐♦♥✿ ✐❢✱ ✇❤❡♥ ✇❡ ✇✐t♥❡ss

❛♥ ✐♠❛❣❡ X✱ ✇❡ s✉❞❞❡♥❧② ❦♥♦✇ ❛ ❧♦t ♠♦r❡ ❛❜♦✉t Y ✱ t❤❡♥ t❤❡ t✇♦ ✐♠❛❣❡s ♠✉st

❜❡ ✐♥t✐♠❛t❡❧② r❡❧❛t❡❞✳

❲❡ ❝❛♥♥♦t ❝❛❧❝✉❧❛t❡ t❤❡ q✉❛♥t✐t② H(Y |X) ❡❛s✐❧②✱ s♦✱ ❢♦❧❧♦✇✐♥❣ ❱✐♦❧❛✱ ✇❡

r❡✇r✐t❡ t❤❡ ♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛s

I(X,Y ) = H(X) +H(Y )−H(X,Y ).

❚❤❡ q✉❛♥t✐t② H(X,Y ) ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❥♦✐♥t✲❤✐st♦❣r❛♠ ♦❢ X ❛♥❞

Y ✉s✐♥❣ ✭✺✳✸✮✳ ❙✐♥❝❡ t❤❡ ❥♦✐♥t✲❤✐st♦❣r❛♠ ♠❛② ❜❡ s♣❛rs❡❧② ♣♦♣✉❧❛t❡❞✱ ✇❡ ❝❛♥

❝♦♥✈♦❧✈❡ ✐t ✇✐t❤ ❛ ❞✐s❝r❡t✐s❡❞ P❛r③❡♥ ✇✐♥❞♦✇ t♦ ❣❡t ❛ ❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢

t❤❡ ✉♥♣♦♣✉❧❛t❡❞ ✈❛❧✉❡s✳

▼✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐s ❡♠♣❧♦②❡❞ ✐♥st❡❛❞ ♦❢ t❤❡ ♠❡❛♥ sq✉❛r❡ ❡rr♦r ✐♥ t❤❡

♠✐♥✐♠✐s❛t✐♦♥ ♦❢ ✭✺✳✷✮✱ ✉s✐♥❣ ❛ ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ♠❡t❤♦❞ ❜② P♦✇❡❧❧✳ ◆♦t❡ t❤❛t t❤❡

♦♣t✐♠✐s❛t✐♦♥ ❝❛♥ ❜❡ ❡①❡❝✉t❡❞ ♠♦r❡ ❡✣❝✐❡♥t❧② ❜② ❡♠♣❧♦②✐♥❣ t❤❡ ♠✉t✉❛❧ ✐♥❢♦r✲

♠❛t✐♦♥ ❞❡r✐✈❛t✐✈❡s ❢♦✉♥❞ ✐♥ ❬❚❯✵✵❪✳

❙
♦
❢t
✇
❛r
❡ ❚❤❡ ❥♦✐♥t ❤✐st♦❣r❛♠ ✭✇✐t❤ ❛♥ ❛❞❥✉st❛❜❧❡ P❛r③❡♥ s♠♦♦t❤❡r✮

✐s ✐♠♣❧❡♠❡♥t❡❞ ❛s s✉♣r❡♠❡✳r❡❣✐st❡r✳❥♦✐♥t❴❤✐st✳ ❇❛s❡❞

♦♥ t❤❡ t❤❡ r❡s✉❧t✱ ♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣

s✉♣r❡♠❡✳r❡❣✐st❡r✳♠✉t✉❛❧❴✐♥❢♦✳ ❘❡❣✐str❛t✐♦♥ ✈✐❛ ♠✉t✉❛❧ ✐♥❢♦r♠❛✲

t✐♦♥ ✐s ❞♦♥❡ ✉s✐♥❣ s✉♣r❡♠❡✳r❡❣✐st❡r✳❞❡♥s❡❴▼■✳
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✺✳✹✳✹ ▲♦❣✲♣♦❧❛r r❡❣✐str❛t✐♦♥

▲♦❣✲♣♦❧❛r r❡❣✐str❛t✐♦♥ ❬❩❲✵✵❪ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t✱ ✉♥❞❡r ❝❡rt❛✐♥

❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥s✱ r♦t❛t✐♦♥s ❛♥❞ s❝❛❧✐♥❣s ❜❡❝♦♠❡ tr❛♥s❧❛t✐♦♥s✳ ❙♣❡❝✐❢✲

✐❝❛❧❧②✱ t❤✐s ♣r♦♣❡rt② ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ tr❛♥s❢♦r♠❡❞ ✐♠❛❣❡

f(log(R), θ)

✇❤❡r❡ (R, θ) ❛r❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✳ ❙❝❛❧✐♥❣ t❤❡ ✐♠❛❣❡ ❜② ❛ ❢❛❝t♦r s ②✐❡❧❞s

f(log(R) + log(s), θ)

✇❤❡r❡❛s r♦t❛t✐♦♥ ❜② ❛♥ ❛♥❣❧❡ φ r❡s✉❧ts ✐♥

f(log(R), θ + φ).

❚♦ ❝♦♥str✉❝t t❤❡ ❧♦❣✲♣♦❧❛r tr❛♥s❢♦r♠✱ ✇❡ ✜rst ❝♦♥✈❡rt ❝❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s t♦

♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✱

R =
√

(x− xc)2 + (y − yc)2

θ =







arctan
(

y−yc

x−xc

)

x− xc 6= 0

π/2 x− xc = 0

✇❤❡r❡ (xc, yc) ❛r❡ t❤❡ ❝❡♥tr❡ ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ ❧♦❣ ❛①✐s ♦❢ t❤❡ ❧♦❣✲♣♦❧❛r tr❛♥s❢♦r♠

❜❡❝♦♠❡s

L = logb R.

❉❡♥♦t❡ t❤❡ ❤❡✐❣❤t ♦r ✇✐❞t❤ ♦❢ t❤❡ ✐♥♣✉t ✐♠❛❣❡✱ ✇❤✐❝❤❡✈❡r ✐s ❧❛r❣❡st✱ ❜② w✳ ❲❡

✇♦✉❧❞ ❧✐❦❡ t❤❡ ❧♦❣✲❛①✐s ♦❢ t❤❡ tr❛♥s❢♦r♠❡❞ ✐♠❛❣❡ t♦ ❤❛✈❡ t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥✳

❚❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ R ♦❝❝✉rs ❛t t❤❡ ❝♦r♥❡r ♣♦✐♥ts✱ ✇❤❡r❡ R = Rmax =
√

x2
c + y2c ✳ ❙❡tt✐♥❣ L = logb R = w✱ ✇❡ ❝❛❧❝✉❧❛t❡ b ❛s

b = eln(Rmax)/w = R1/w
max.

❲❛r♣✐♥❣ ✐♥ r❡✈❡rs❡ ❲❤❡♥ ✇❛r♣✐♥❣ ✐♠❛❣❡s✱ ✐t ✐s ♥♦t ♣r❛❝t✐❝❛❧ t♦ ✉s❡ t❤✐s

✏❢♦r✇❛r❞✑ tr❛♥s❢♦r♠✳ ❙♦♠❡ ❝❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s ♠❛②✱ ✉♥❞❡r ✐♥t❡❣❡r r♦✉♥❞♦✛✱

♠❛♣ t♦ t❤❡ s❛♠❡ ❧♦❣✲♣♦❧❛r ♣♦s✐t✐♦♥✱ ❛♥❞✱ ✇♦rs❡✱ s♦♠❡ ❧♦❣✲♣♦❧❛r ♣♦s✐t✐♦♥s ♠❛②

❤❛✈❡ ♥♦ ✐♥t❡❣❡r ❝❛rt❡s✐❛♥ ❝♦✉♥t❡r♣❛rts✱ ❧❡❛✈✐♥❣ ❡♠♣t② ♣❛t❝❤❡s ✐♥ t❤❡ tr❛♥s❢♦r♠❡❞

✐♠❛❣❡✳ ■♥st❡❛❞✱ ✇❡ t❛❦❡ ❡❛❝❤ ❝♦♦r❞✐♥❛t❡ ✐♥ ❧♦❣✲♣♦❧❛r s♣❛❝❡✱ ❝❛❧❝✉❧❛t❡ ✐ts ✭♥♦♥✲

✐♥t❡❣❡r✱ ✢♦❛t✐♥❣ ♣♦✐♥t✮ ♣♦s✐t✐♦♥ ✐♥ ❝❛rt❡s✐❛♥ s♣❛❝❡✱ ❛♥❞ ✐♥t❡r♣♦❧❛t❡ t❤❡ ✐♠❛❣❡ t♦
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♦❜t❛✐♥ ✐ts ✈❛❧✉❡✳

●✐✈❡♥ L ❛♥❞ θ✱ ✇❡ t❤❡r❡❢♦r❡ ✇❛♥t t♦ ❝❛❧❝✉❧❛t❡ x ❛♥❞ y✳ ❋✐rst✱ ✇❡ ❝♦♠♣✉t❡

R ❛s

R = eln(b)L = eL ln(d)/w

❛❢t❡r ✇❤✐❝❤ x ❛♥❞ y ✐s r❡❝♦✈❡r❡❞ ❛s

x = R cos(θ) + xc

y = R sin(θ) + yc.

❘❡❣✐str❛t✐♦♥ ✉s✐♥❣ t❤❡ ❧♦❣✲♣♦❧❛r tr❛♥s❢♦r♠

❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✸✱ ❝❤❛♥❣❡s ✐♥ r♦t❛t✐♦♥ ❛♥❞ s❝❛❧❡ ❝❛✉s❡ s❤✐❢ts ✐♥ t❤❡ ❧♦❣✲

♣♦❧❛r ❞♦♠❛✐♥✳ ❚♦ ❞❡t❡❝t t❤❡s❡ s❤✐❢ts✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦

tr❛♥s❢♦r♠❡❞ ✐♠❛❣❡s ✭❡✐t❤❡r tr❛❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ♦r ♣❤❛s❡ ❝♦rr❡❧❛t✐♦♥✮✳ ❚❤❡

♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♣❡❛❦✱ (∆x,∆y)✱ ❣✐✈❡s t❤❡ s❝❛❧❡ ❛♥❞ r♦t❛t✐♦♥ ❛s

s = eb∆x

φ = ∆y,

❛ss✉♠✐♥❣ t❤❡ tr❛♥s❢♦r♠ ✇❛s ♣❡r❢♦r♠❡❞ ♦✈❡r 360◦✳ ◆♦t❡✱ t❤❡♥✱ t❤❛t t❤❡ ❧♦❣

♣♦❧❛r tr❛♥s❢♦r♠ ❣✐✈❡s ✹ ♦❢ t❤❡ ✻ ♣❛r❛♠❡t❡rs r❡q✉✐r❡❞ ❢♦r ❛✣♥❡ r❡❣✐str❛t✐♦♥✖t❤❡

✷ tr❛♥s❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ♠✉st ❜❡ ✜①❡❞ ❜❡❢♦r❡❤❛♥❞✳

❊①t❡♥s✐♦♥s

❈♦♠♣✉t✐♥❣ ❢❡❛t✉r❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❚❤❡ ❧♦❣✲♣♦❧❛r tr❛♥s❢♦r♠ ❧✐❡s ♦♥ t❤❡

❜♦✉♥❞❛r② ♦❢ ❢❡❛t✉r❡✲❜❛s❡❞ ❛♥❞ ❞❡♥s❡ r❡❣✐str❛t✐♦♥ ♠❡t❤♦❞s✳ ■♥ ❬❱❍✵✼❪✱ ✇❡ s✉❣✲

❣❡st ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ s✉❣❣❡st❡❞ ✐♥ ❬❩❲✵✵❪ t♦ ♣❧❛❝❡ ✐t ✜r♠❧② ✐♥

t❤❡ ❢❡❛t✉r❡✲❜❛s❡❞ ❝❛t❡❣♦r②✿

❼ ❋✐❧t❡r t❤❡ ✐♥♣✉t ✐♠❛❣❡ t♦ ❞❡t❡❝t r❡❣✐♦♥s ♦❢ ✐♥t❡r❡st✳

❼ ■♥ ❡❛❝❤ r❡❣✐♦♥✱ ♣✐❝❦ ❛ ♣♦✐♥t ♦❢ ✐♥t❡r❡st t❤❛t r❡s♣♦♥❞❡❞ ♠♦st str♦♥❣❧② t♦

t❤❡ ✜❧t❡r✳

❼ ❈♦♠♣❛r❡ ❛❧❧ ♣♦✐♥ts ♦❢ ✐♥t❡r❡st ✐♥ t❤❡ s♦✉r❝❡ ✐♠❛❣❡ t♦ t❤♦s❡ ✐♥ t❤❡ t❛r❣❡t

✐♠❛❣❡✳

❼ ❯s❡ t❤❡ str♦♥❣❡st ❝♦rr❡❧❛t✐♦♥ t♦ ❞❡t❡r♠✐♥❡ r❡❣✐str❛t✐♦♥ ♣❛r❛♠❡t❡rs✳

❚❤❡ ❧♦❣✲♣♦❧❛r tr❛♥s❢♦r♠ ❤❛s t✇♦ ❞r❛✇❜❛❝❦s✳ ❋✐rst✱ ✐t ♥❡❡❞s t♦ ❜❡ ♣❡r❢♦r♠❡❞

♦♥ ❢❛✐r❧② ❧❛r❣❡ ✐♠❛❣❡ ♣❛t❝❤❡s t♦ ❜❡ ♦❢ ✉s❡✱ ❛♥❞✱ s❡❝♦♥❞✱ t❤❡ tr❛♥s❢♦r♠ ✐s ♠♦r❡

❡①♣❡♥s✐✈❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❛♥ t❤❡ st❛t✐st✐❝❛❧ q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥
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❈❤❛♣t❡r ✹✳ ❚❤❡ ❛❞❛♣t✐✈❡ ♣♦❧❛r tr❛♥s❢♦r♠ ❞✐s❝✉ss❡❞ ♥❡①t ❝❧❛✐♠s t♦ ❛❞❞r❡ss t❤❡s❡

❝♦♥❝❡r♥s✱ ❛❧t❤♦✉❣❤ ✇❡ ❤❛✈❡ ♥♦t ✈❡r✐✜❡❞ t❤❛t ✐t ❞♦❡s s♦ ✐♥ ♣r❛❝t✐❝❡✳

❚❤❡ ❛❞❛♣t✐✈❡ ♣♦❧❛r tr❛♥s❢♦r♠ ✭❆P❚✮ ❚❤❡ ❧♦❣ ♣♦❧❛r tr❛♥s❢♦r♠ ♥♦♥✲✉♥✐❢♦r♠❧②

s❛♠♣❧❡s t❤❡ s♦✉r❝❡ ✐♠❛❣❡✱ ❝❛✉s✐♥❣ ♦✈❡rs❛♠♣❧✐♥❣ ♥❡❛r t❤❡ ❢♦✈❡❛ ❛♥❞ ✉♥❞❡rs❛♠✲

♣❧✐♥❣ ✐♥ t❤❡ ♦✉t❡r r❡❣✐♦♥s✳ ❚❤❡ ❛❞❛♣t✐✈❡ ♣♦❧❛r tr❛♥s❢♦r♠ ❬▼❩❊✵✾❪ ❛✐♠s t♦ ❛❞✲

❞r❡ss t❤✐s ♣r♦❜❧❡♠✳ ❉✉❡ t♦ t❤❡ ✉♥✐❢♦r♠ s❛♠♣❧✐♥❣ ❡♠♣❧♦②❡❞✱ ❛ str❛✐❣❤t❢♦r✇❛r❞

❝♦rr❡❧❛t✐♦♥ ❝❛♥ ♥♦ ❧♦♥❣❡r ❜❡ ✉s❡❞ t♦ r❡❣✐st❡r ✐♠❛❣❡s✳ ■♥st❡❛❞✱ t❤❡ ❆P❚ ♦❢ t❤❡

❡❛❝❤ ✐♠❛❣❡ ✐s ♣r♦❥❡❝t❡❞ t♦ t✇♦ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s✐❣♥❛❧s✖♦♥❡ r❡♣r❡s❡♥t✐♥❣ s❝❛❧❡✱

t❤❡ ♦t❤❡r r♦t❛t✐♦♥ ❛♥❣❧❡✳ ❇② ❝♦rr❡❧❛t✐♥❣ t❤❡s❡ ✐♠❛❣❡ ♣r♦❥❡❝t✐♦♥s ♦✈❡r ❞✐✛❡r✲

❡♥t ❢r❛♠❡s✱ t❤❡ r❡❣✐str❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ r❡❝♦✈❡r❡❞✳ ❚❤❡ ❛✉t❤♦rs ♦❢ ❬▼❩❊✵✾❪

❝❧❛✐♠ t❤❛t t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ ❢❡✇❡r ♦♣❡r❛t✐♦♥s t❤❛♥ t❤❡ tr❛❞✐t✐♦♥❛❧ ❧♦❣ ♣♦❧❛r

tr❛♥s❢♦r♠✳ ❚❤❡② ❛❧s♦ ❞❡s❝r✐❜❡ ❛ ❢❡❛t✉r❡ s❡❛r❝❤ str❛t❡❣②✱ s✐♠✐❧❛r ✐♥ ♣r✐♥❝✐♣❧❡ t♦

t❤❡ ♦♥❡ ❣✐✈❡♥ ❛❜♦✈❡ ✐♥ ✏❈♦♠♣✉t✐♥❣ ❢❡❛t✉r❡ ❝♦rr❡s♣♦♥❞❡♥❝❡✑✳

❙
♦❢
t✇

❛r
❡ ❚❤❡ ❧♦❣ ♣♦❧❛r tr❛♥s❢♦r♠ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛s

s✉♣r❡♠❡✳tr❛♥s❢♦r♠✳❧♦❣♣♦❧❛r✳ ❘❡❣✐str❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ❝❛❧❝✉✲

❧❛t❡❞ ✉s✐♥❣ s✉♣r❡♠❡✳r❡❣✐st❡r✳❧♣❴♣❛t❝❤❴♠❛t❝❤✳

✺✳✺ P❤♦t♦♠❡tr✐❝ r❡❣✐str❛t✐♦♥

❆❧♠♦st ❛❧❧ ❞✐❣✐t❛❧ ❝❛♠❡r❛s ♣r♦✈✐❞❡ ❢✉♥❝t✐♦♥❛❧✐t② t♦ ❡♥s✉r❡ ♣r♦♣❡r❧② ❡①♣♦s❡❞

♣❤♦t♦❣r❛♣❤s✳ ❚❤✐s ❡♥t❛✐❧s ❛❞❥✉st✐♥❣ ♣❛r❛♠❡t❡rs s✉❝❤ ❛s t❤❡ s❡♥s♦r ❣❛✐♥✱ ❛♣❡rt✉r❡

s✐③❡ ❛♥❞ ❡①♣♦s✉r❡ t✐♠❡✳ ❋✉rt❤❡r♠♦r❡✱ s❝❡♥❡ r❛❞✐❛♥❝❡ ✐s ♠♦❞✐✜❡❞ ❜② t❤❡ ♥♦♥✲

❧✐♥❡❛r ❝❛♠❡r❛ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥✱ ✇❤❡r❡❜② ❤✐❣❤ ✐♥t❡♥s✐t② ✈❛❧✉❡s ❛r❡ ❝♦♠♣r❡ss❡❞

❛♥❞ ❧♦✇ ✐♥t❡♥s✐t② ✈❛❧✉❡s ❛r❡ ❡①♣❛♥❞❡❞✳

❲❤❡♥ ♣❡r❢♦r♠✐♥❣ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐♠❛❣✐♥❣✱ ✇❡ r❡❧❛t❡ ❡❛❝❤ ♣✐①❡❧ t♦ ✐ts ❝♦✉♥✲

t❡r♣❛rt ✐♥ ♦t❤❡r ✐♥♣✉t ❢r❛♠❡s✳ ❆s s✉❝❤✱ ✇❡ ♣r❡❢❡r ❛ s♣❡❝✐✜❝ ♣♦✐♥t ✐♥ t❤❡ s❝❡♥❡

t♦ ❤❛✈❡ ❡q✉❛❧ ♣✐①❡❧ ✐♥t❡♥s✐t② ✈❛❧✉❡s ♦✈❡r ❛❧❧ ❢r❛♠❡s✳

❊st✐♠❛t✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡s❡ ♣r♦❝❡ss❡s ✐s ❦♥♦✇♥ ❛s ♣❤♦t♦♠❡tr✐❝ r❡❣✐s✲

tr❛t✐♦♥✳ ❲❡ ❝❛♥ ❧♦♦s❡❧② ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ r❡❧❛t✐✈❡ ❛♥❞ ❛❜s♦❧✉t❡ ♣❤♦t♦♠❡tr✐❝

r❡❣✐str❛t✐♦♥✱ ❛s ✉s❡❞ ✐♥ ❛str♦♥♦♠② ❬P❙❋+✵✽❪✳ ■♥ ❛❜s♦❧✉t❡ r❡❣✐str❛t✐♦♥✱ t❤❡ ❣♦❛❧

♦❢ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ tr✉❡ ✢✉① ✐♥❝✐❞❡♥t ♦♥ t❤❡ ❈❈❉✳ ■♥ r❡❧❛t✐✈❡ r❡❣✐str❛t✐♦♥✱ ✇❡

♠❡r❡❧② ✇✐s❤ t♦ ❡st❛❜❧✐s❤ t❤✐s q✉❛♥t✐t② r❡❧❛t✐✈❡ t♦ s♦♠❡ ❦♥♦✇♥ r❡❢❡r❡♥❝❡ ✭s✉❝❤ ❛s

t❤❡ ❡①♣♦s✉r❡ ✐♥ ❛ ❝❤♦s❡♥ ❢r❛♠❡✮✳

❋♦r s✉♣❡r✲r❡s♦❧✉t✐♦♥✱ ✇❡ ❛✐♠ t♦ ❡st❛❜❧✐s❤ ❛ ❝r✉❞❡ ♣❤♦t♦♠❡tr✐❝ r❡❧❛t✐♦♥s❤✐♣

❜❡t✇❡❡♥ ✐♥♣✉t ❢r❛♠❡s✱ ❛♥❞ ❧✉❝❦✐❧② t❤❡ ❛❝❝✉r❛❝✐❡s ♥❡❡❞❡❞ ❛r❡ ♥♦t ❛♥②t❤✐♥❣ ♥❡❛r

t❤♦s❡ r❡q✉✐r❡❞ ✐♥ ❛str♦♥♦♠②✳ ●✐✈❡♥ ❛ r❡❢❡r❡♥❝❡ ❛♥❞ ❛ s♦✉r❝❡ ✐♥♣✉t ❢r❛♠❡✱ fR
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✭❛✮ ■♥♣✉t ✐♠❛❣❡✱ ❈❤❡❧s❡❛ t❤❡ ❈❛t✳

✭❜✮ ▲♦❣✲♣♦❧❛r tr❛♥s❢♦r♠ ✭▲P❚✮ ♦❢ ✐♥♣✉t ✐♠❛❣❡✳ ✭❝✮ ▲P❚ ❛❢t❡r s❝❛❧✐♥❣ ❜② ✷✳

✭❞✮ ▲P❚ ❛❢t❡r r♦t❛t✐♥❣ ❜② 30
◦✳ ✭❡✮ ▲P❚ ❛❢t❡r s❝❛❧✐♥❣ ❜② ✷ ❛♥❞ r♦t❛t✐♥❣ ❜② 30

◦✳

❋✐❣✉r❡ ✺✳✸✿ ❚❤❡ ❧♦❣✲♣♦❧❛r tr❛♥s❢♦r♠✳ ◆♦t❡ ❤♦✇ ❝❤❛♥❣❡s ✐♥ s❝❛❧❡ ❛♥❞ r♦t❛t✐♦♥ ❝❛✉s❡
tr❛♥s❧❛t✐♦♥ ✐♥ t❤❡ tr❛♥s❢♦r♠ ❞♦♠❛✐♥✳
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❛♥❞ fS r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ♣r♦❜❧❡♠ ✐s s✐♠♣❧② ♠♦❞❡❧❡❞ ❛s

fR = q(fS) ✭✺✳✹✮

✇❤❡r❡ q ✐s ❛ ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥ t❤❛t ♠❛♣s ✐♥t❡♥s✐t✐❡s ✐♥ fS t♦ ♠❛t❝❤ t❤♦s❡ ✐♥

fR✳

❚❤❡ t②♣✐❝❛❧ ❝❛♠❡r❛ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❛s ❛ ♣♦✇❡r✲❧❛✇ ❡①✲

♣r❡ss✐♦♥✱

g(r|γ) = rγ ,

✇❤❡r❡ r ✐s t❤❡ s❝❡♥❡ r❛❞✐❛♥❝❡ ✭❛ ✈❛❧✉❡ ✐♥ [0, 1]✮ ❛♥❞ γ ✐s ❛ s❤❛♣❡ ♣❛r❛♠❡t❡r✳

❲❤❡♥ t❤❡ ❝❛♠❡r❛ s❤✉tt❡r r❡♠❛✐♥s ♦♣❡♥ ❢♦r ❧♦♥❣❡r✱ ♦r ✇❤❡♥ t❤❡ ❝❛♠❡r❛ ❣❛✐♥ ✐s

❛❞❥✉st❡❞✱ t❤❡ ❢✉♥❝t✐♦♥ ❜❡❝♦♠❡s

g(r|γ, s) = (rs)
γ

✇❤❡r❡ s r❡♣r❡s❡♥ts t❤❡ ❣❛✐♥ r❡s✉❧t✐♥❣ ❢r♦♠ ✐♥❝r❡❛s❡❞ s❤✉tt❡r t✐♠❡ ♦r ❣❛✐♥ ❛❞✲

❥✉st♠❡♥t✳ ❆❢t❡r r❡❣✐str❛t✐♦♥✱ t❤❡ ♠❡❛s✉r❡❞ ✐♠❛❣❡s ❛r❡

fR = g(r|γ, 1) = rγ

fS = g(r|γ, s) = rγsγ .

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❛❞❞✐♥❣ ❛♥ ♦✛s❡t ♣❛r❛♠❡t❡r✱ b✱ ✇❡

r❡✇r✐t❡ ✭✺✳✹✮ ❛s

fR =q(fS) = afS + b ✭✺✳✺✮

✇❤❡r❡ a ✐s ❛♥ ✐♥t❡♥s✐t② ♠✉❧t✐♣❧✐❡r ✭r❡♣❧❛❝✐♥❣ sγ✮✳ ■♥ ❬❈❛♣✵✶❪✱ ▼▲❊❙❆❈ ✭❛ ✈❛r✐❛♥t

♦❢ ❘❆◆❙❆❈✮ ✐s ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡s❡ ♣❛r❛♠❡t❡rs✱ ❜✉t ❛♥ ❡❛s✐❡r r♦✉t❡ ✐s t♦

♦❜s❡r✈❡ ❤♦✇ t❤❡ ♠❡❛♥✱ µS ✱ ❛♥❞ ✈❛r✐❛♥❝❡✱ σS ✱ ♦❢ fS ❛r❡ ♠♦❞✐✜❡❞ ❜② ✭✺✳✺✮ ❬❍❲✼✾❪✳

❋♦r ❡①❛♠♣❧❡✱ µS ❛♥❞ µR ❛r❡ ♥♦✇ r❡❧❛t❡❞ ❜②

µR = aµS + b,

✇❤✐❧❡ σR✱ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ fR✱ ❜❡❝♦♠❡s

σR = aσS .

❚❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ♥♦✇ ❣✐✈❡♥ ❜②

a = σR/σS

b = (µRσS − µSσR)/σS .



❈❍❆P❚❊❘ ✺✳ ❆❈❈❯❘❆❚❊ ■▼❆●❊ ❘❊●■❙❚❘❆❚■❖◆ ✻✼

❚❤❡ ♠❡❛♥s ❛♥❞ ✈❛r✐❛♥❝❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤♦s❡ ❡♥tr✐❡s ✇❤❡r❡ ❜♦t❤ ✐♠❛❣❡s

❤❛✈❡ ✐♥t❡♥s✐t② ✈❛❧✉❡s ✐♥ [10, 200] ✭❢♦r ✷✺✺ ❧❡✈❡❧ ❣r❡②s❝❛❧❡ ✐♠❛❣❡s✮✳ ❚❤✐s ✐s ❞♦♥❡ t♦

❛✈♦✐❞ ❝❧✐♣♣✐♥❣ ❛t ❤✐❣❤ ✐♥t❡♥s✐t✐❡s✱ ♥♦✐s❡ ❛t ❧♦✇ ✐♥t❡♥s✐t✐❡s ❛♥❞ ③❡r♦s ✐♥tr♦❞✉❝❡❞

❜② ♦✉t✲♦❢✲❜♦✉♥❞❛r② ✈❛❧✉❡s ❞✉r✐♥❣ ✇❛r♣✐♥❣✳

❙
♦❢
t✇

❛r
❡ P❤♦t♦♠❡tr✐❝ r❡❣✐str❛t✐♦♥ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛s

s✉♣r❡♠❡✳♣❤♦t♦♠❡tr②✳♣❤♦t♦♠❡tr✐❝❴❛❞❥✉st✳ ❚♦ ♠♦❞✐❢② ❛♥ ✐♠❛❣❡✱

s♦✉r❝❡✱ t♦ ❧♦♦❦ ❧✐❦❡ t❤❡ ✐♠❛❣❡ t❛r❣❡t✱ ✉s❡✿

❢r♦♠ s✉♣r❡♠❡✳♣❤♦t♦♠❡tr② ✐♠♣♦rt ♣❤♦t♦♠❡tr✐❝❴❛❞❥✉st

❛✱ ❜ ❂ ♣❤♦t♦♠❡tr✐❝❴❛❞❥✉st✭s♦✉r❝❡ ✱ t❛r❣❡t✮

s♦✉r❝❡ ❂ s♦✉r❝❡ ✯ ❛ ✰ ❜

❍✐st♦❣r❛♠ ❆❞❥✉st♠❡♥t ❚❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡ r❡❧✐❡s ♦♥ t❤❡ ❝❛♠❡r❛ r❡s♣♦♥s❡

❢✉♥❝t✐♦♥ ❜❡✐♥❣ rγ ✳ ■❢ ✇❡ ❛r❡ ✉♥s✉r❡ ♦❢ t❤✐s ♠♦❞❡❧❧✐♥❣✱ ✇❡ ♠❛② ✐♥st❡❛❞ ❡st✐♠❛t❡

p ✉s✐♥❣ ❤✐st♦❣r❛♠ ♠❛t❝❤✐♥❣✳ ❖♥❡ ♦❢ t❤❡ ✜rst ✉s❡s ♦❢ ❤✐st♦❣r❛♠ ♠❛t❝❤✐♥❣ ♦♥

♠✉❧t✐✲s❡♥s♦r ❞❛t❛ ✐s t❤❛t ♦❢ ❍♦r♥ ❛♥❞ ❲♦♦❞❤❛♠ ✐♥ t❤❡✐r ✶✾✼✾ ♣❛♣❡r ♦♥ r❡♠♦✈✐♥❣

str✐♣❡s ❢r♦♠ ▲❆◆❉❙❆❚ ✐♠❛❣❡r② ❬❍❲✼✾❪✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r❛❞✐❛♥❝❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t✇♦ r❡❣✐st❡r❡❞ ✐♠❛❣❡s ✐s t❤❡

s❛♠❡✱ ❛t ❧❡❛st ✐♥ t❤❡ ♦✈❡r❧❛♣♣✐♥❣ r❡❣✐♦♥✳ ❚❤❡ ❢✉♥❝t✐♦♥ q ✐s ❦♥♦✇♥ t♦ ❜❡ ♠♦♥♦t♦♥❡

✐♥❝r❡❛s✐♥❣ ✭✐✳❡✳✱ q(x0) < q(x1) ✐❢ x0 < x1✮✱ s♦ t❤❛t t❤❡ st❛♥❞❛r❞ ♠❡t❤♦❞ ❢♦r

tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✳

●✐✈❡♥ ✈❛❧✉❡s x ∈ fS ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ y ∈ fR✱ ✇❡ s❡❡❦

y = q(x).

❚❤✐s ✐♥tr♦❞✉❝❡s ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ✭t❤❡ ❝✉♠✉❧❛✲

t✐✈❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥s✮✱

PX(x) = PY (y).

❚❤❡ ❢✉♥❝t✐♦♥ q(x) ✐s ❞❡t❡r♠✐♥❡❞ ❛s

y = q(x) = P−1
Y (PX(x))

✇❤❡r❡ P−1
Y ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ PY ✳ ❙✐♥❝❡ ❜♦t❤ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s✱ PX ❛♥❞

PY ✱ ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ❢r♦♠ fS ❛♥❞ fR✱ ❝❛❧❝✉❧❛t✐♥❣ q(x) s❤♦✉❧❞ ♣♦s❡ ♥♦ ♣r♦❜❧❡♠✳

❚❤❡ ♦♥❧② ❤✉r❞❧❡ ✐s t❤❛t✱ ✐♥st❡❛❞ ♦❢ ❝♦♥t✐♥✉♦✉s ❞✐str✐❜✉t✐♦♥s✱ PX ❛♥❞ PY ❛r❡
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❞✐s❝r❡t❡✱ s♦ t❤❛t

PY (y) =
∑

∀t:t≤y

p(t)

✇❤❡r❡ p ✐s t❤❡ ❤✐st♦❣r❛♠ ♦❢ y ∈ fR✳ ❚❤❡ ✐♥✈❡rs❡✱ P−1
Y (z)✱ ❝❛♥ t❤❡♥ ❜❡ ❢♦r♠✉❧❛t❡❞

❛s ❢♦❧❧♦✇s✿

❈❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ y ❢♦r ✇❤✐❝❤ t❤❡ ❞✐s❝r❡t❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

PY (y) ✐s ❝❧♦s❡st t♦ z✳

❙✐♥❝❡ y ❝❛♥ ♦♥❧② ❜❡ ♦♥❡ ♦❢ s❡✈❡r❛❧ ❞✐s❝r❡t❡ ✈❛❧✉❡s✱ t❤❡ ❢✉♥❝t✐♦♥ ♠❛♣s ❛ ❝♦♥t✐♥✉♦✉s

z t♦ ❛ ❞✐s❝r❡t❡ y✳ ❋♦r ♦✉r s♣❡❝✐✜❝ ❛♣♣❧✐❝❛t✐♦♥✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❤✐st♦❣r❛♠

♥❡❣❧❡❝ts ③❡r♦✲✈❛❧✉❡s✱ s✐♥❝❡ t❤♦s❡ ❛r❡ ✐♥tr♦❞✉❝❡❞ ❞✉r✐♥❣ ✇❛r♣✐♥❣ ✇❤❡♥ ♦✉t✲♦❢✲

❜♦✉♥❞❛r② ❝♦♦r❞✐♥❛t❡s ♦❝❝✉r✳ ❘❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✹✳

❙
♦❢
t✇

❛r
❡ ❍✐st♦❣r❛♠ ♠❛t❝❤✐♥❣ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛s

s✉♣r❡♠❡✳♣❤♦t♦♠❡tr②✳❤✐st♦❣r❛♠❴❛❞❥✉st✳ ❚♦ ♠♦❞✐❢② ❛♥ ✐♠❛❣❡✱

s♦✉r❝❡✱ t♦ ❧♦♦❦ ❧✐❦❡ t❤❡ ✐♠❛❣❡ t❛r❣❡t✱ ✉s❡✿

❢r♦♠ s✉♣r❡♠❡✳♣❤♦t♦♠❡tr② ✐♠♣♦rt ❤✐st♦❣r❛♠❴❛❞❥✉st

q ❂ ❤✐st♦❣r❛♠❴❛❞❥✉st✭s♦✉r❝❡ ✱ t❛r❣❡t✮

s♦✉r❝❡ ❂ q✭s♦✉r❝❡✮

P❤♦t♦♠❡tr✐❝ r❡❣✐str❛t✐♦♥ ❢♦r s✉♣❡r✲r❡s♦❧✉t✐♦♥

❙✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐♥♣✉t ❢r❛♠❡s ❛r❡ ♦❢t❡♥ s♠❛❧❧✱ ❝r♦♣♣❡❞ ❛r❡❛s ♦❢ ❛ ❧❛r❣❡r s❝❡♥❡✳

❆s s✉❝❤✱ t❤❡② ♠❛② ❝♦♥t❛✐♥ ❢❡✇ ❣r❡②✲❧❡✈❡❧s✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ♣♦♦r ❞❡♥s✐t② ❢✉♥❝t✐♦♥

❡st✐♠❛t❡ ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ❤✐st♦❣r❛♠ ♠❡t❤♦❞✳ ❚❤❡ ❞✐s❝r❡t✐s❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥

q(x) ❢✉rt❤❡r♠♦r❡ ❝❛✉s❡s ✉♥❛❝❝❡♣t❛❜❧❡ q✉❛♥t✐s❛t✐♦♥ ❡rr♦rs✳ ■t ♠❛② ❜❡ ♣♦ss✐✲

❜❧❡ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ❧♦❝❛❧❧② ❛♥❞ t♦ ❝❛❧❝✉❧❛t❡ ❛ ♠♦r❡

❡①❛❝t ✐♥✈❡rs❡✱ ❜✉t ✇❡ ❤❛✈❡ ♥♦t ✐♥✈❡st✐❣❛t❡❞ t❤✐s ♣♦ss✐❜✐❧✐t② ❢✉rt❤❡r✳ ❯♥t✐❧ ✇❡

❞♦✱ ✇❡ r❡❝♦♠♠❡♥❞ t❤❡ ❛✣♥❡ ♠♦❞❡❧✱ ax + b✱ ✇❤✐❝❤ ✐s ❧✐♥❡❛r✱ r♦❜✉st✱ ❢❛st ❛♥❞

♣❛r❛♠❡tr✐s❡❞ ❜② ♦♥❧② t✇♦ ✈❛r✐❛❜❧❡s✳ ❖t❤❡r ✐♥t❡r❡st✐♥❣ r❡s❡❛r❝❤ ✐♥❝❧✉❞❡ ❡st✐♠❛✲

t✐♦♥ ♦❢ t❤❡ ❝❛♠❡r❛ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ❢r♦♠ ❛ s✐♥❣❧❡ ✐♠❛❣❡ ❬◆❈❚✵✼❪✳
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✭❛✮ ❘❡❢❡r❡♥❝❡ ❢r❛♠❡✳ ✭❜✮ ❙♦✉r❝❡ ❢r❛♠❡✳

✭❝✮ ❙♦✉r❝❡ ❢r❛♠❡✱ ♣❤♦t♦♠❡tr✐❝❛❧❧② ❛❞❥✉st❡❞ t♦
✜t r❡❢❡r❡♥❝❡ ✉s✐♥❣ ❛♥ ❛✣♥❡ ✐♥t❡♥s✐t② tr❛♥s❢♦r✲
♠❛t✐♦♥✳

✭❞✮ ❆❜s♦❧✉t❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ r❡❢❡r❡♥❝❡ ❢r❛♠❡
❛♥❞ ❛✣♥❡ ❛❞❥✉st❡❞ s♦✉r❝❡ ❢r❛♠❡✳ ◆♦t❡ t❤❛t
♦✈❡r✲❡①♣♦s❡❞ ❛r❡❛s ❝♦✉❧❞ ♥♦t ❜❡ ❝♦rr❡❝t❡❞✳

✭❡✮ ❙♦✉r❝❡ ❢r❛♠❡✱ ♣❤♦t♦♠❡tr✐❝❛❧❧② ❛❞❥✉st❡❞ t♦
✜t r❡❢❡r❡♥❝❡ ✉s✐♥❣ ❤✐st♦❣r❛♠ ♠❛t❝❤✐♥❣✳

✭❢✮ ❉✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ❛♥❞ ❤✐s✲
t♦❣r❛♠ ❛❞❥✉st❡❞ s♦✉r❝❡ ❢r❛♠❡✳

❋✐❣✉r❡ ✺✳✹✿ ▼✐♥✐♠✐s✐♥❣ ❡①♣♦s✉r❡ ❞✐✛❡r❡♥❝❡ ✉s✐♥❣ ❤✐st♦❣r❛♠ ♠❛t❝❤✐♥❣✳ ❚❤❡s❡ ♣❤♦✲
t♦❣r❛♣❤s ❛r❡ ❢r♦♠ ❬✈❲◆❆✵✻❪✳
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❇✐❜❧✐♦❣r❛♣❤②

❬❆♥❛✽✾❪ P✳ ❆♥❛♥❞❛♥✳ ❆ ❝♦♠♣✉t❛t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ❛♥❞ ❛♥ ❛❧❣♦✲

r✐t❤♠ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ✈✐s✉❛❧ ♠♦t✐♦♥✳ ■♥t❡r♥❛✲

t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❡r ❱✐s✐♦♥✱ ✷✭✸✮✿✷✽✸✕✸✶✵✱ ❏❛♥✲

✉❛r② ✶✾✽✾✳

❬❇❆❍❍✾✷❪ ❏❛♠❡s ❘✳ ❇❡r❣❡♥✱ P✳ ❆♥❛♥❞❛♥✱ ❑❡✐t❤ ❏✳ ❍❛♥♥❛✱ ❛♥❞ ❘❛✲

❥❡s❤ ❍✐♥❣♦r❛♥✐✳ ❍✐❡r❛r❝❤✐❝❛❧ ▼♦❞❡❧✲❇❛s❡❞ ▼♦t✐♦♥ ❊st✐✲

♠❛t✐♦♥✳ ▲❡❝t✉r❡ ◆♦t❡s ■♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡❀ ❱♦❧✳ ✺✽✽✱

✶✾✾✷✳

❬❇r♦✾✷❪ ▲✳●✳ ❇r♦✇♥✳ ❆ ❙✉r✈❡② ♦❢ ■♠❛❣❡ ❘❡❣✐str❛t✐♦♥ ❚❡❝❤✲

♥✐q✉❡s✳ ❆❈▼ ❝♦♠♣✉t✐♥❣ s✉r✈❡②s ✭❈❙❯❘✮✱ ✷✹✭✹✮✿✸✼✻✱

✶✾✾✷✳

❬❈❛♣✵✶❪ ❉❛✈✐❞ P❡t❡r ❈❛♣❡❧✳ ■♠❛❣❡ ▼♦s❛✐❝✐♥❣ ❛♥❞ ❙✉♣❡r✲

r❡s♦❧✉t✐♦♥✳ P❤✳❉✳ ❞✐ss❡rt❛t✐♦♥✱ ❯♥✐✈❡rs✐t② ♦❢ ❖①❢♦r❞✱

✷✵✵✶✳

❬❈❛♣✵✺❪ ❉✳ ❈❛♣❡❧✳ ❆♥ ❡✛❡❝t✐✈❡ ❜❛✐❧✲♦✉t t❡st ❢♦r ❘❆◆❙❆❈ ❝♦♥✲

s❡♥s✉s s❝♦r✐♥❣✳ ■♥ Pr♦❝✳ ❇▼❱❈✱ ♣❛❣❡s ✻✷✾✕✻✸✽✱ ✷✵✵✺✳

❬❈❇✵✾❪ ●✉✐❧❤❡r♠❡ ❍♦❧s❜❛❝❤ ❈♦st❛ ❛♥❞ ❏♦sé ❈❛r❧♦s ▼✳

❇❡r♠✉❞❡③✳ ❘❡❣✐str❛t✐♦♥ ❊rr♦rs✿ ❆r❡ ❚❤❡② ❆❧✇❛②s ❇❛❞

❢♦r ❙✉♣❡r✲❘❡s♦❧✉t✐♦♥❄ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧

Pr♦❝❡ss✐♥❣✱ ✺✼✭✶✵✮✿✸✽✶✺✕✸✽✷✻✱ ❖❝t♦❜❡r ✷✵✵✾✳

❬❈❑❑+✾✸❪ P✳ ❈❤❡❡s❡♠❛♥✱ ❇✳ ❑❛♥❡❢s❦②✱ ❘✳ ❑r❛❢t✱ ❏✳ ❙t✉t③✱ ❛♥❞

❘✳ ❍❛♥s♦♥✳ ❙✉♣❡r✲r❡s♦❧✈❡❞ s✉r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠

♠✉❧t✐♣❧❡ ✐♠❛❣❡s✳ ■♥ ●✳ ❘✳ ❍❡✐❞❜r❡❞❡r✱ ❡❞✐t♦r✱ Pr♦❝❡❡❞✲

✐♥❣s ♦❢ t❤❡ ❚❤✐rt❡❡♥t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣ ♦♥ ▼❛①✐✲

♠✉♠ ❊♥tr♦♣② ❛♥❞ ❇❛②❡s✐❛♥ ▼❡t❤♦❞s✳ ❑❧✉✇❡r ❆❝❛❞❡♠✐❝✱

✶✾✾✸✳

❬❈❑❨✾✼❪ ❙✳ ❈❤♦✐✱ ❚✳ ❑✐♠✱ ❛♥❞ ❲✳ ❨✉✳ P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛✲

t✐♦♥ ♦❢ ❘❆◆❙❆❈ ❋❛♠✐❧②✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❡r ❱✐s✐♦♥✱

✷✹✭✸✮✿✷✼✶✕✸✵✵✱ ✶✾✾✼✳

❬❈▼✵✺❪ ❖✳ ❈❤✉♠ ❛♥❞ ❏✳ ▼❛t❛s✳ ▼❛t❝❤✐♥❣ ✇✐t❤ P❘❖❙❆❈ ✖

Pr♦❣r❡ss✐✈❡ ❙❛♠♣❧❡ ❈♦♥s❡♥s✉s✳ ✷✵✵✺ ■❊❊❊ ❈♦♠♣✉t❡r

❙♦❝✐❡t② ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❱✐s✐♦♥ ❛♥❞ P❛tt❡r♥

❘❡❝♦❣♥✐t✐♦♥ ✭❈❱P❘✬✵✺✮✱ ✭■✮✿✷✷✵✕✷✷✻✱ ✷✵✵✺✳
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❬❋❇✽✵❪ ▼❛rt✐♥ ❆✳ ❋✐s❝❤❧❡r ❛♥❞ ❘♦❜❡rt ❈✳ ❇♦❧❧❡s✳ ❘❛♥❞♦♠ ❙❛♠✲

♣❧❡ ❈♦♥s❡♥s✉s✿ ❆ P❛r❛❞✐❣♠ ❢♦r ▼♦❞❡❧ ❋✐tt✐♥❣ ✇✐t❤ ❆♣✲

♣❧✐❝❛t✐♦♥s t♦ ■♠❛❣❡ ❆♥❛❧②s✐s ❛♥❞ ❆✉t♦♠❛t❡❞ ❈❛rt♦❣r❛✲

♣❤②✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ♦❢ t❤❡ ❆❈▼✱ ✷✹✭✻✮✱ ✶✾✽✵✳

❬❍❲✼✾❪ ❇✳ ❍♦r♥ ❛♥❞ ❘✳ ❲♦♦❞❤❛♠✳ ❉❡str✐♣✐♥❣ ▲❆◆❉❙❆❚ ▼❙❙

✐♠❛❣❡s ❜② ❤✐st♦❣r❛♠ ♠♦❞✐✜❝❛t✐♦♥✳ ❈♦♠♣✉t❡r ●r❛♣❤✐❝s

❛♥❞ ■♠❛❣❡ Pr♦❝❡ss✐♥❣✱ ✶✵✭✶✮✿✻✾✕✽✸✱ ▼❛② ✶✾✼✾✳

❬❍❩✵✹❪ ❘✳■✳ ❍❛rt❧❡② ❛♥❞ ❆✳ ❩✐ss❡r♠❛♥✳ ▼✉❧t✐♣❧❡ ❱✐❡✇ ●❡♦♠❡✲

tr② ✐♥ ❈♦♠♣✉t❡r ❱✐s✐♦♥✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱

s❡❝♦♥❞ ❡❞✐t✐♦♥✱ ✷✵✵✹✳

❬▼❩❊✵✾❪ ❘✐tt❛✈❡❡ ▼❛t✉♥❣❦❛✱ ❨✉❛♥ ❋✳ ❩❤❡♥❣✱ ❛♥❞ ❘♦❜❡rt ▲✳ ❊✇✲

✐♥❣✳ ■♠❛❣❡ r❡❣✐str❛t✐♦♥ ✉s✐♥❣ ❛❞❛♣t✐✈❡ ♣♦❧❛r tr❛♥s❢♦r♠✳

■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ■♠❛❣❡ Pr♦❝❡ss✐♥❣✱ ✶✽✭✶✵✮✿✷✸✹✵✕

✺✹✱ ❖❝t♦❜❡r ✷✵✵✾✳

❬◆❈❚✵✼❪ ❚✳❚✳ ◆❣✱ ❙✳❋✳ ❈❤❛♥❣✱ ❛♥❞ ▼✳P✳ ❚s✉✐✳ ❯s✐♥❣ ❣❡♦♠❡tr②

✐♥✈❛r✐❛♥ts ❢♦r ❝❛♠❡r❛ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ❡st✐♠❛t✐♦♥✳ ■♥

■❊❊❊ ❈❱P❘✱ ❏✉♥❡ ✷✵✵✼✳

❬P♦✇✵✻❪ ▼✳❏✳❉✳ P♦✇❡❧❧✳ ❚❤❡ ◆❊❲❯❖❆ s♦❢t✇❛r❡ ❢♦r ✉♥❝♦♥✲

str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ✇✐t❤♦✉t ❞❡r✐✈❛t✐✈❡s✳ ◆♦♥❝♦♥✈❡①

❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥s✱ ✽✸✿✷✺✺✱ ✷✵✵✻✳
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❖♥❝❡ ✐♠❛❣❡s ❛r❡ ❛❝❝✉r❛t❡❧② ❛❧✐❣♥❡❞✱ ♦♥❡ ♦❢ s❡✈❡r❛❧ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss❡s

❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ r❡st♦r❡ ❤✐❣❤✲❢r❡q✉❡♥❝② ❞❡t❛✐❧✳

✼✸
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■♠❛❣❡ ❛❝q✉✐s✐t✐♦♥ ♠♦❞❡❧

❚❤❡ ✐♠❛❣❡ ❛❝q✉✐s✐t✐♦♥ ♣r♦❝❡ss ✐s ♦❢t❡♥ r❡♣r❡s❡♥t❡❞ ❛s t❤❡ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧

g = S ↓ (h(T (f))) + η

✇❤❡r❡

❼ g ✐s t❤❡ r❡s✉❧t✐♥❣ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✭▲❘✮ ❞✐❣✐t❛❧ ✐♠❛❣❡ ✭❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s t❤❡

❢r❛♠❡ ♦r ♣❤♦t♦❣r❛♣❤✮✱

❼ f ✐s ❛ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✭❍❘✮ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❝❡♥❡✱

❼ T ✐s ❛ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡♣❡♥❞❡♥t ♦♥ ❝❛♠❡r❛ ♣♦s✐t✐♦♥✱

❼ h ✐s t❤❡ ❝❛♠❡r❛ ♣♦✐♥t✲s♣r❡❛❞ ❢✉♥❝t✐♦♥✱

❼ S ↓ ✐s t❤❡ ❞♦✇♥s❛♠♣❧✐♥❣ ♦♣❡r❛t♦r ❛♥❞

❼ η ✐s ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ♥♦✐s❡✳

❚❤✐s ♠♦❞❡❧ ♠❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✱ ❛♠♦♥❣ ♦t❤❡rs✿

❼ ❚❤❡ ▲❘ ❢r❛♠❡ ❝❛♥ ❜❡ r❡♣r♦❞✉❝❡❞ ❢r♦♠ t❤❡ ❍❘ ❢r❛♠❡✳ ■♥ r❡❛❧✐t②✱ t❤❡

❝❛♠❡r❛ ❣❡♥❡r❛t❡s ✐♠❛❣❡s ❜❛s❡❞ ♦♥ t❤❡ s❝❡♥❡ r❛❞✐❛♥❝❡ ✐♥st❡❛❞✱ s♦ t❤❡ ❛s✲

s✉♠♣t✐♦♥ ❤♦❧❞s ♦♥❧② ✐❢ t❤❡ ❍❘ ✐♠❛❣❡ ✐s ❛ ❢❛✐r❧② ❣♦♦❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡

tr✉❡ s❝❡♥❡ r❛❞✐❛♥❝❡✳

❼ ◆♦ ♥♦♥✲❧✐♥❡❛r ♥♦✐s❡ s♦✉r❝❡s ❛r❡ ♣r❡s❡♥t✱ ❛♥❞ t❤❡ ❛❞❞✐t✐✈❡ ♥♦✐s❡ ✐s ●❛✉ss✐❛♥✳

❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❡①♣❧♦r❡❞ ✐♥ ❈❤❛♣t❡r ✷✳

❊st✐♠❛t✐♥❣ t❤❡ ❍❘ ✐♠❛❣❡ ❢r♦♠ ❛ s❡t ♦❢ ▲❘ ✐♠❛❣❡s ♦♥❧② ❜❡❝♦♠❡s ❛ tr❛❝t❛❜❧❡

♣r♦❜❧❡♠ ♦♥❝❡ ❢✉rt❤❡r ❛ss✉♠♣t✐♦♥s ❛r❡ ♠❛❞❡✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♠♦❞❡❧ ✐s ♦❢t❡♥

❧✐♥❡❛r✐s❡❞ ❛s

g = Af + η,

✇❤✐❝❤ ②✐❡❧❞s t❤❡ s♦❧✉t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✼✳

❚❤✐s ❝❤❛♣t❡r ♣r❡s❡♥ts t❤❡ ♦r✐❣✐♥❛❧ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ♣❛♣❡r ❬❈❑❑+✾✸❪✱ ✇❤❡r❡

s✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐s ♣♦s❡❞ ❛s ❛ ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ✭▼❆P✮ ❡st✐♠❛t❡ ♦❢ t❤❡

❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡✱ ✇❤❡r❡❛❢t❡r ♥♦✈❡❧ ❤❡✉r✐st✐❝ ♠❡t❤♦❞s ❛r❡ ❧✐st❡❞✳

✻✳✷ ❚❤❡ ❞❛✇♥ ♦❢ s✉♣❡r✲r❡s♦❧✉t✐♦♥

❙✉♣❡r✲r❡s♦❧✉t✐♦♥ ❛s ✇❡ ❦♥♦✇ ✐t ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❛ ✶✾✾✸ ♣❛♣❡r ❜② ◆❆❙❆ ❆♠❡s✬s

❈❤❡❡s❡♠❛♥✱ ❑❛♥❡❢s❦②✱ ❍❛♥s♦♥ ❛♥❞ ❙t✉t③ ❬❈❑❑+✾✸❪✳ ❖♥❡ ♦❢ t❤❡✐r r❡s✉❧ts✱ ❜❛s❡❞

♦♥ ❞❛t❛ ❢r♦♠ t❤❡ ▼❛rs P❛t❤✜♥❞❡r ♠✐ss✐♦♥✱ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✶✳ ❊✈❡♥ t♦❞❛②✱
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✭❛✮ ❊♥❧❛r❣❡❞ ✐♥♣✉t ✐♠❛❣❡✱ ♦♥❡ ♦❢ ✷✺✳ ✭❜✮ ❙✉♣❡r✲r❡s♦❧✈❡❞ ✐♠❛❣❡✳

❋✐❣✉r❡ ✻✳✶✿ ❆ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ ♦❢ ❛ r♦❝❦ ♥❛♠❡❞ ✏❲❡❞❣❡✑✱ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡
✜rst s✉♣❡r✲r❡s♦❧✉t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤❡ t❡❝❤♥✐q✉❡✱ ❞❡✈❡❧♦♣❡❞ ❜② ◆❆❙❆ ❆♠❡s✬s ❈❤❡❡s❡✲
♠❛♥✱ ❑❛♥❡❢s❦②✱ ❍❛♥s♦♥✱ ❛♥❞ ❙t✉t③ ❬❈❑❑+✾✸❪✱ ❤❡r❡ ❝♦♠❜✐♥❡s ✷✺ ✐♠❛❣❡s t❛❦❡♥ ❛s ♣❛rt
♦❢ ◆❆❙❆✬s P❛t❤✜♥❞❡r ♠✐ss✐♦♥✳

✭❛✮ ❆♥ ✐♠❛❣❡✱ ♦❜t❛✐♥❡❞ ❜② s❛♠♣❧✐♥❣ ♦♥
❛ ❣r✐❞ ✭t❤❡ ❜❧✉❡ ❞♦ts✮✳

✭❜✮ ❆♥ ♦✈❡r❧❛② ♦❢ ♠✉❧t✐♣❧❡✱ r♦t❛t❡❞ ✐♠❛❣❡s✱ ❡❛❝❤
s❛♠♣❧❡❞ ♦♥ ❛ ❣r✐❞✳

❋✐❣✉r❡ ✻✳✷✿ ❙❛♠♣❧✐♥❣ ❛ s✐❣♥❛❧ ♠✉❧t✐♣❧❡ t✐♠❡s ♠❛② ❧❡❛❞ t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ s❛♠♣❧✐♥❣
r❛t❡✳ ■♥ t❤✐s ❝❛s❡✱ ♥♦t✐❝❡ ❤♦✇ ❛ ❞❡♥s❡r s❛♠♣❧✐♥❣ ✐s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♦✈❡r❧❛♣♣✐♥❣ ✐♠❛❣❡
r❡❣✐♦♥s✳

t❤❡ ❜❡st ❛❧❣♦r✐t❤♠s st✐❧❧ s❡❡❦ ❛ ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ❡st✐♠❛t❡ ♠✉❝❤ ❧✐❦❡ t❤❡②

❞✐❞✳ ❖♥❡ ♦❢ t❤❡ ✜rst ♣❛♣❡rs ♦♥ ▼❆P ✐♠❛❣❡ r❡st♦r❛t✐♦♥ ✇❛s ❬❇❡s✽✻❪✱ ✇❤✐❧❡

❛♥♦t❤❡r ▼❆P ❛♣♣r♦❛❝❤ t♦ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥ ❬❍❈✾✵❪✳ ❲❤❛t

❢♦❧❧♦✇s ✐s ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ❬❈❑❑+✾✸❪✳
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✻✳✷✳✶ ❲❤② ✐s s✉♣❡r✲r❡s♦❧✉t✐♦♥ ♣♦ss✐❜❧❡❄

■♠❛❣✐♥❡ ❤❛✈✐♥❣ ❛ ❞❡✈✐❝❡ t❤❛t s❛♠♣❧❡s ❛ ✶❍③ s✐❣♥❛❧ ♦♥❝❡ ❡✈❡r② s❡❝♦♥❞✳ ❇❡❝❛✉s❡

t❤❡ s❛♠♣❧✐♥❣ r❛t❡ ✐s s❧♦✇❡r t❤❛♥ t❤❡ ◆②q✉✐st r❛t❡✱ ❛ ♣❡r❢❡❝t r❡❝♦♥str✉❝t✐♦♥ ✐s ♥♦t

♣♦ss✐❜❧❡✳ ▼❛❦✐♥❣ ✉s❡ ♦❢ ❛♥♦t❤❡r t✇♦ ✐❞❡♥t✐❝❛❧ ❞❡✈✐❝❡s ❝❛♥ ❜❡ ❜❡♥❡✜❝✐❛❧✿ ❡❛❝❤ ✐s

❛❝t✐✈❛t❡❞ ✵✳✸ s❡❝♦♥❞s ❛❢t❡r t❤❡ ♣r❡✈✐♦✉s✱ ❛♥❞✱ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❞❛t❛✱

❛ s❛♠♣❧✐♥❣ r❛t❡ ♦❢ ✸❍③ ✐s ❛❝❤✐❡✈❡❞✳

❲❡ ✉s❡ ❛ s✐♠✐❧❛r ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❢♦r s✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐♠❛❣✐♥❣❀ t❤❡ s❛♠✲

♣❧✐♥❣ ❞❡✈✐❝❡ ✭❛ ❝❛♠❡r❛✮✱ ✇❤✐❧❡ ♠♦✈✐♥❣ s❧✐❣❤t❧②✱ s❛♠♣❧❡s t❤❡ s❝❡♥❡ r❛❞✐❛♥❝❡✶ ❜②

t❛❦✐♥❣ s❡✈❡r❛❧ ♣❤♦t♦s✳ ❯♥❧✐❦❡ t❤❡ ✜rst ❡①♣❡r✐♠❡♥t✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❝♦♥tr♦❧ ♦✈❡r

t❤❡ s❛♠♣❧✐♥❣ ✏❞❡❧❛②✑ ✭t❤❡ r❡❧❛t✐✈❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❝❛♠❡r❛✮✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ❞❡♥s❡

❜✉t ✐rr❡❣✉❧❛r s❛♠♣❧✐♥❣ ✭s❡❡ ❋✐❣✳ ✻✳✷✮✳

❉✉r✐♥❣ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ♣♦st✲♣r♦❝❡ss✐♥❣✱ t❤❡ ♣❤♦t♦❣r❛♣❤s t❛❦❡♥ ✭❝❛❧❧❡❞ ❧♦✇✲

r❡s♦❧✉t✐♦♥ ♦r ▲❘ ❢r❛♠❡s✮ ❛r❡ ❝♦♠❜✐♥❡❞ t♦ ❢♦r♠ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ s❝❡♥❡ r❛❞✐❛♥❝❡

✭❝❛❧❧❡❞ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♦r ❍❘ ❢r❛♠❡✮✳ ❚❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❢r❛♠❡ ✐ts❡❧❢ ✐s ❛

s❛♠♣❧❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ s❝❡♥❡ r❛❞✐❛♥❝❡✱ ❛❧❜❡✐t ❛t ❤✐❣❤❡r r❡s♦❧✉t✐♦♥✳

✻✳✷✳✷ ▼❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ❡st✐♠❛t❡

●✐✈❡♥ ❛ ♥✉♠❜❡r ♦❢ ❧♦✇✲r❡s♦❧✉t✐♦♥ ❢r❛♠❡s✱ ❝♦♥❝❛t❡♥❛t❡❞ t♦ ❢♦r♠ t❤❡ ✈❡❝t♦r b✱

❛♥❞ t❤❡ ❛❝❝♦♠♣❛♥②✐♥❣ ❝❛♠❡r❛ ♣❛r❛♠❡t❡rs✱ c✱ t❤❡ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ✐s

t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❛ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡✱ x✱ s✉❝❤ t❤❛t t❤❡ ♣♦st❡r✐♦r

P (x|b, c)

✐s ♠❛①✐♠✐s❡❞✳ ❋✐♥❞✐♥❣ ❛ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ ❢r♦♠ ❛ ♥✉♠❜❡r ♦❢ ❧♦✇✲r❡s♦❧✉t✐♦♥

✐♠❛❣❡ ✐s ♥♦ ❡❛s② t❛s❦❀ ✇❡ ♣r❡❢❡r t♦ r❡✇r✐t❡ t❤❡ ♠❛①✐♠✐s❛t✐♦♥✱ ♠❛❦✐♥❣ ✉s❡ ♦❢

❇❛②❡s✬s t❤❡♦r❡♠✱ ❛s

P (x|b, c) = P (b|x, c)P (x|c)
P (b|c) . ✭✻✳✶✮

❚❤❡ ❧✐❦❡❧✐❤♦♦❞ P (b|x, c) ✐s ❡❛s✐❡r t♦ ♠❛①✐♠✐s❡✱ s✐♥❝❡ ✐t ✐♥✈❡rts t❤❡ ♣r♦❜❧❡♠ ❛♥❞

❛s❦s t❤❡ q✉❡st✐♦♥✿ ✏●✐✈❡♥ ❛ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ ❛♥❞ ❝❛♠❡r❛ ♣❛r❛♠❡t❡rs✱ ❤♦✇

✇♦✉❧❞ t❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡s ❧♦♦❦❄✑✳ ❚❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ♥♦t ✐♠♣♦rt❛♥t ✐♥

t❤❡ ♠❛①✐♠✐s❛t✐♦♥✱ s✐♥❝❡ ✐t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ x✳

■❢ t❤❡ ♣r✐♦r P (x|c) ✐s s❡t t♦ ❛ ❝♦♥st❛♥t✱ t❤❡ ♣r♦❜❧❡♠ r❡❞✉❝❡s t♦ t❤❡ ♠❛①✐♠✉♠

❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦r✳ ❲❡ ❝❛♥ t❤✐♥❦ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ❡st✐♠❛t♦r ❛s

t❤❡ ♠❛①✐♠✉♠✲❧✐❦❡❧✐❤♦♦❞ ✭▼▲✮ ❡st✐♠❛t♦r✱ r❡❣✉❧❛r✐s❡❞ ❜② t❤❡ t❡r♠ P (x|c)✳
✶■♥ r❡❛❧✐t②✱ ✇❡ s❛♠♣❧❡ ✐♠❛❣❡ ✐rr❛❞✐❛♥❝❡✖t❤❡ ✈✐s✐❜❧❡✲❧✐❣❤t ❡♥❡r❣② ✐♥❝✐❞❡♥t ♦♥ t❤❡ ✐♠❛❣❡

s❡♥s♦r✳ ❯♥❞❡r s♦♠❡ ♠✐❧❞ ❛ss✉♠♣t✐♦♥s✱ ❛♥❞ ❡s♣❡❝✐❛❧❧② ✐♥ ♥❛rr♦✇✲✜❡❧❞ ✐♠❛❣✐♥❣ s②st❡♠s✱ s❝❡♥❡
r❛❞✐❛♥❝❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ ✐♠❛❣❡ ✐rr❛❞✐❛♥❝❡ ❬❆▼❑✵✼❪✳
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✻✳✷✳✸ P✐①❡❧ ♣r♦❜❛❜✐❧✐t✐❡s

❊①♣❡r✐♠❡♥ts s❤♦✇ ❬❈❛♣✵✶✱ ❈❑❑+✾✸❪ t❤❛t t❤❡ ♣❡r✲♣✐①❡❧ ♣r♦❜❛❜✐❧✐t②✱ P (b|x, c)
✇✐t❤ b ∈ b✱ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✱

P (b|x, c) = N (b̄, σb) =
1

√

2πσ2
b

e−(b−b̄)2/(2σ2

b).

❚❤❡ x✲❞❡♣❡♥❞❡♥❝❡ ✐s t❤r♦✉❣❤ b = Ax✱ ❛s ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❤❛s ❛

♠❛①✐♠✉♠ ✇❤❡♥ b = b̄✱ t❤❡ ✏tr✉❡✑ ♣✐①❡❧ ✈❛❧✉❡ ❛s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ s❝❡♥❡ r❛❞✐❛♥❝❡✳

■❢ t❤❡ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ ✐s ❛ ❣♦♦❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❝❡♥❡ r❛❞✐❛♥❝❡✱ ✐t ❝❛♥

❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ b̄ ❛❝❝✉r❛t❡❧②✳ ❚❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧ ❜❡❝♦♠❡s ❛ ✇❡✐❣❤t❡❞

s✉♠ ♦❢ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧s ✐♥ t❤❡ s❛♠❡ ✈✐❝✐♥✐t②❀ t❤❡ ✇❡✐❣❤ts ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜②

t❤❡ ❝❛♠❡r❛ ♣♦✐♥t✲s♣r❡❛❞ ❢✉♥❝t✐♦♥ ✇❤✐❧❡ t❤❡ ♥❡❝❡ss❛r② ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥s

❛r❡ ❞❡s❝r✐❜❡❞ ❜② s♦♠❡ ♦❢ t❤❡ ❝❛♠❡r❛ ♣❛r❛♠❡t❡rs ✐♥ c✳

❲❡ ❛ss✉♠❡ t❤❛t ♣✐①❡❧ ♣❡rt✉r❜❛t✐♦♥s ❛❝r♦ss ❞✐✛❡r❡♥t ❧♦✇ r❡s♦❧✉t✐♦♥ ❢r❛♠❡s ❛r❡

✐♥❞❡♣❡♥❞❡♥t✖❛ r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥✱ ❣✐✈❡♥ t❤❛t t❤❡r❡ ❛r❡ ♠✉❧t✐♣❧❡ ❢❛❝t♦rs ❛t

♣❧❛② ✭❡✳❣✳✱ ♥♦✐s❡ ❛♥❞ r❡❣✐str❛t✐♦♥ ❡rr♦rs✮✱ ✉♥❝♦rr❡❧❛t❡❞ ♦✈❡r ❢r❛♠❡s✳ ❋✉rt❤❡r✲

♠♦r❡✱ ✇❡ ❛ss✉♠❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦✈❡r ♥❡✐❣❤❜♦✉r✐♥❣ ♣✐①❡❧s✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ✐s

r❡❛s♦♥❛❜❧❡✱ ❜❡❝❛✉s❡ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ✐♥✢✉❡♥❝❡ ✐s ❤✐❣❤❧② ❧♦❝❛❧✐s❡❞✳ ❚❤❡ ❛❜♦✈❡

❞✐str✐❜✉t✐♦♥ ❝❛♥ t❤❡♥ ❜❡ ✈❡❝t♦r✐s❡❞ ❛s

P (b|x, c) = 1

|2πΣ|1/2
exp

(

−1

2
(b− b̄)TΣ−1(b− b̄)

)

,

✇✐t❤ Σ = σ2I ❛ s♣❤❡r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ k t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ b ❛♥❞ b̄

t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧s✱ ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡

x✳ ❙✐♥❝❡ t❤❡ ✈❛❧✉❡s ✐♥ b̄ ❛r❡ ♠♦❞❡❧❧❡❞ t♦ ❜❡ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤♦s❡ ✐♥ x✱

✇❡ ❝❛♥ ✇r✐t❡

b̄ = Ax.

❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛tr✐① A ❛r❡ st✉❞✐❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳

■t ❢♦❧❧♦✇s t❤❛t

argmax
x

P (b|x, c) = argmax
x

{

−‖b−Ax‖2
}

. ✭✻✳✷✮

❲❤❡♥ t❤❡ ♣r✐♦r ✐s ✐♥❝❧✉❞❡❞ ✐♥ ✭✻✳✶✮✱ ✇❡ ❤❛✈❡

argmax
x

P (x|b, c) = argmax
x

P (b|x, c)P (x|c)
P (b|c)

= argmax
x

P (b|x, c)P (x|c).

❚❛❦✐♥❣ t❤❡ ❧♦❣ ❛♥❞ ❝♦♠❜✐♥✐♥❣ ✇✐t❤ ✭✻✳✷✮ ✇❤✐❧❡ ❛ss✉♠✐♥❣ ❛ s♣❤❡r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡
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②✐❡❧❞s

argmax
x

P (x|b, c) = argmax
x

[logP (b|x, c) + logP (x|c)]

= argmax
x

[

−‖b−Ax‖2 + λ logP (x|c)
]

,

✇❤❡r❡ ✈❛r✐♦✉s ❝♦♥st❛♥ts ❛r❡ ❛❜s♦r❜❡❞ ❜② λ✳

❲❤❡♥ ❝❤♦♦s✐♥❣ t❤❡ ♣r✐♦r ❛s ●❛✉ss✐❛♥ ✇✐t❤ ③❡r♦ ♠❡❛♥ ❛♥❞ s♣❤❡r✐❝❛❧ ❝♦✈❛r✐✲

❛♥❝❡ ✇❡ ❤❛✈❡

argmax
x

P (b|x, c) = argmax
x

[

−‖b−Ax‖2 − λxTx
]

= argmin
x

[

‖b−Ax‖2 + λxTx
]

. ✭✻✳✸✮

❑♥♦✇✐♥❣ t❤❛t ♦✉r ♣✐①❡❧ ✈❛❧✉❡s ❛r❡ ♥♦t ❝❡♥tr❡❞ ❛r♦✉♥❞ ③❡r♦✱ t❤❡ ③❡r♦✲♠❡❛♥ ●❛✉s✲

s✐❛♥ ❞✐str✐❜✉t✐♦♥ ❞♦❡s ♥♦t s❡❡♠ ❛♣♣r♦♣r✐❛t❡✳ ■♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ ✇❡ s❤♦✇ ❤♦✇

t♦ ♠❛♥✐♣✉❧❛t❡ ♦✉r ✐♥♣✉t ❞❛t❛ t♦ ✜t t❤✐s ♠♦❞❡❧✳

❚❤❡ ❢♦r♠ ♦❢ ✭✻✳✸✮ ✐s ✇❡❧❧ ❦♥♦✇♥ ❛s t❤❡ r❡❣✉❧❛r✐s❡❞ s♦❧✉t✐♦♥ t♦ t❤❡ ❧❡❛st✲

sq✉❛r❡s ♣r♦❜❧❡♠ Ax = b✳

✻✳✷✳✹ ❈❛♠❡r❛ ♣❛r❛♠❡t❡rs

❖✉r ❝❛♠❡r❛ ♣❛r❛♠❡t❡rs✱ c✱ ❛r❡ ❞❡✜♥❡❞ ❛s ❛❧❧ t❤❡ ❦♥♦✇♥ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t

t❤❡ ✐♠❛❣❡ ❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤✐s t❤❡r❡❢♦r❡ ✐♥❝❧✉❞❡s r❡❣✐str❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥✱

♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♣♦✐♥t✲s♣r❡❛❞ ❢✉♥❝t✐♦♥✱ ❛♥❞ s♦ ❢♦rt❤✳ ❯s✉❛❧❧②✱ t❤❡ ♥✉♠❜❡r ♦❢

r❡❣✐str❛t✐♦♥ ♣❛r❛♠❡t❡rs ✐s ✈❡r② s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❞❛t❛✲s❡t❀ t❤✐s ❢♦r♠s t❤❡

❜❛s✐s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❣✉♠❡♥t✳

■s ✐t s❛t✐s❢❛❝t♦r② t♦ ♣r❡✲❝❛❧❝✉❧❛t❡ t❤❡ ❝❛♠❡r❛ ♣❛r❛♠❡t❡rs ❞✉r✐♥❣ r❡❣✐str❛t✐♦♥✱

♦r s❤♦✉❧❞ t❤❡② ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ▼❆P ❡st✐♠❛t✐♦♥❄ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝♦✉❧❞

❞❡t❡r♠✐♥❡ t❤❡ ♣❛r❛♠❡t❡rs t❤❛t ♠❛①✐♠✐s❡

argmax
x,c

P (x, c|b).

❚❤✐s ❛♣♣r♦❛❝❤✱ ❤♦✇❡✈❡r✱ ✐♥✈♦❧✈❡s t❤❡ ❞✐✣❝✉❧t ♣r♦❝❡ss ♦❢ ♠♦❞❡❧❧✐♥❣ t❤❡ ❥♦✐♥t

❞✐str✐❜✉t✐♦♥✱ ❛s ❞♦♥❡ ✐♥ ❬P❈❘❩✵✼❜❪✳ ❈❤❡❡s❡♠❛♥ ❡t ❛❧✳ ♠♦t✐✈❛t❡s ✇❤② t❤✐s ✐s

✉♥♥❡❝❡ss❛r② ❬❈❑❑+✾✸❪✿ t❤❡ s♠❛❧❧ ♥✉♠❜❡r ♦❢ r❡❣✐str❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ♦❜✲

t❛✐♥❡❞ ❢r♦♠ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❞❛t❛✲♣♦✐♥ts ✭❛❧❧ ✐♠❛❣❡ ♣✐①❡❧s✮❀ ❛s s✉❝❤✱ c ✐s ❤✐❣❤❧②

♦✈❡r✲❞❡t❡r♠✐♥❡❞ ❛♥❞ ❝❛♥ ❜❡ ♣r❡✲❝♦♠♣✉t❡❞ ❛❝❝✉r❛t❡❧② ✇✐t❤♦✉t ♠♦❞❡❧❧✐♥❣ ✐ts ❞✐s✲

tr✐❜✉t✐♦♥✳
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✻✳✷✳✺ ❇♦✉♥❞❛r② ❡✛❡❝ts

■♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ❛❜♦✈❡✱ ✇❡ ♠♦❞❡❧ t❤❡ ♣✐①❡❧s ✐♥ t❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✈❡❝t♦r b ❛s

✇❡✐❣❤t❡❞ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤♦s❡ ✐♥ x✱ ✇r✐tt❡♥ ❛s

b = Ax.

❋♦r ❛ s✐♥❣❧❡ ✈❛❧✉❡ ♦❢ b ∈ b ✇❡ ✇r✐t❡

b =
∑

k

xk

✇❤❡r❡ k r❡♣r❡s❡♥ts ❛❧❧ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧s ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ b✳ ❍♦✇❡✈❡r✱ ❝❧♦s❡

t♦ t❤❡ ✐♠❛❣❡ ❜♦✉♥❞❛r✐❡s✱ t❤❡s❡ ♣✐①❡❧s ❝♦✉❧❞ ❧✐❡ ♦✉ts✐❞❡ x✳ ❚♦ ❤❛♥❞❧❡ t❤❡ ♣r♦❜❧❡♠✱

❢♦✉r ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ s✉❣❣❡st❡❞✿

✶✳ ❚r❡❛t ✈❛❧✉❡s ♦✉ts✐❞❡ t❤❡ ❜♦✉♥❞❛r② ❛s ③❡r♦✳ ❚❤✐s ✐s t❤❡ ❛♣♣r♦❛❝❤

✉s❡❞ ✐♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳ ❉✉❡ t♦ r❡❣✉❧❛r✐s❛t✐♦♥

❛♥❞ t❤❡ s♠♦♦t❤✐♥❣ ❡✛❡❝t ♦❢ ❡✐t❤❡r ❜✐❧✐♥❡❛r ♦r ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t✐♦♥ ✭s❡❡

❈❤❛♣t❡r ✼✮✱ ❜♦✉♥❞❛r② ❡✛❡❝ts ❤❛✈❡ ❧✐tt❧❡ ✐♠♣❛❝t ♦♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥✱

❡s♣❡❝✐❛❧❧② ✐♥ ❛r❡❛s ✇❤❡r❡ ♥✉♠❡r♦✉s ❧♦✇✲r❡s♦❧✉t✐♦♥ ❢r❛♠❡s ♦✈❡r❧❛♣✳

✷✳ P❡r❢♦r♠ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ♦♥ s✉❜✐♠❛❣❡s✱ ❝✉t ❢r♦♠ t❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥

✐♥♣✉t ❢r❛♠❡s ❬❈❑❑+✾✸❪✳ ❚❤✐s ✇❛②✱ ❜♦✉♥❞❛r② ✈❛❧✉❡s ❛r❡ ❛❧✇❛②s ❛✈❛✐❧❛❜❧❡✳

✸✳ ❙t❛❝❦ ❛❧❧ ✐♥♣✉t ❢r❛♠❡s✱ ❛♥❞ ✉s❡ t❤✐s ❛s ❛♥ ❡st✐♠❛t❡ ♦❢ ♣✐①❡❧s ♦✉ts✐❞❡

t❤❡ ❜♦✉♥❞❛r② ❬❈❛♣✵✶❪✳

✹✳ ❯s❡ tr❛❞✐t✐♦♥❛❧ ❜♦✉♥❞❛r② ❡①t❡♥s✐♦♥✱ s✉❝❤ ❛s ♠✐rr♦r✐♥❣ ♦r ♣❡r✐♦❞✐❝

❡①t❡♥s✐♦♥✳

✻✳✷✳✻ ❚❤❡ ♣♦✐♥t✲s♣r❡❛❞ ❢✉♥❝t✐♦♥

❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❝♦♥s✐❞❡r❛t✐♦♥ ✐s t❤❡ ✇❡✐❣❤ts ✐♥ A✳ ❯s✉❛❧❧②✱ A r❡♣r❡s❡♥ts

t✇♦ ♦♣❡r❛t✐♦♥s✿ s❛♠♣❧✐♥❣✖♣❛r❛♠❡t❡r✐s❡❞ ❜② t❤❡ ❝❛♠❡r❛ ♣♦✐♥t✲s♣r❡❛❞ ❢✉♥❝t✐♦♥

✭P❙❋✮✖❢♦❧❧♦✇❡❞ ❜② ❞♦✇♥s❛♠♣❧✐♥❣✳ ✭◆♦t❡ t❤❛t✱ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡

❛ ♣❛r❛♠❡t❡r ❢r❡❡ ❝♦♥str✉❝t✐♦♥ ♦❢ A✳✮

❚❤❡ ❝❛♠❡r❛ ♣♦✐♥t✲s♣r❡❛❞ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ✐♥ ❛ ❧❛❜♦r❛t♦r② ❬❈❑❑+✾✸❪

♦r ❞❡t❡r♠✐♥❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ❬❈❛♣✵✶❪✳

❲❡ ✜♥❞ t❤❛t ✐t ❝❛♥ ❡✈❡♥ ❜❡ ❡st✐♠❛t❡❞ ❞✉r✐♥❣ r❡❝♦♥str✉❝t✐♦♥✱ s✐♥❝❡ ✉♥s✉✐t✲

❛❜❧❡ P❙❋s ❝❛✉s❡ ♦s❝✐❧❧❛t♦r② ❜❡❤❛✈✐♦✉r✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ P❙❋ ✐s ♦❢t❡♥ ♠♦❞❡❧❧❡❞

❛s ❛ ●❛✉ss✐❛♥ ❦❡r♥❡❧✳ ■❢ t❤❡ ❦❡r♥❡❧ ✐s t♦♦ ✇✐❞❡✱ ✐t ♦✈❡rs♠♦♦t❤s t❤❡ s♦❧✉t✐♦♥❀

t♦ ❝♦♠♣❡♥s❛t❡✱ ❤✐❣❤✲❛♠♣❧✐t✉❞❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❛❞❞❡❞ t♦ t❤❡ s♦❧✉t✐♦♥ ❞✉r✐♥❣

r❡❝♦♥str✉❝t✐♦♥ ✐♥ ❛♥ ❛tt❡♠♣t t♦ r❡❞✉❝❡ ‖Ax− b‖2 . ■❢✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡
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❦❡r♥❡❧ ✐s t♦♦ ♥❛rr♦✇✱ ✐t ❛❝ts ❛s ❛ ❤✐❣❤✲♣❛ss ✜❧t❡r✱ ❡♠♣❤❛s✐s✐♥❣ ♥♦✐s❡✳ ▼✐♥✐♠✐s✐♥❣

t❤❡ ❛❜s♦❧✉t❡ s✉♠ ♦❢ ❣r❛❞✐❡♥ts ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢t❡♥ ②✐❡❧❞s ❛ ❣♦♦❞ ♣♦✐♥t✲s♣r❡❛❞

♣❛r❛♠❡t❡r✳

✻✳✷✳✼ ❙♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r s②st❡♠

■t ✐s ♥♦t ❛❧✇❛②s ♥❡❝❡ss❛r② t♦ ✇r✐t❡ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ❛s ❛ ❧✐♥❡❛r ♣r♦❜❧❡♠✱ ❜✉t

✇❤❡♥ ✇❡ ❞♦ ❛ ✇❤♦❧❡ ❛rs❡♥❛❧ ♦❢ tr✐❡❞✲❛♥❞✲t❡st❡❞ ❛❧❣♦r✐t❤♠s ❜❡❝♦♠❡ ❛✈❛✐❧❛❜❧❡✳

■♥ ❬❈❑❑+✾✸❪✱ t❤❡ s②st❡♠ ✐s ❝♦♥str✉❝t❡❞ t♦ ❜❡ sq✉❛r❡ ✭❞♦♥❡ ❜② ❝❤♦♦s✐♥❣ t❤❡

❝♦rr❡❝t ✐♥❝r❡❛s❡ ✐♥ r❡s♦❧✉t✐♦♥✮ ❛♥❞ s♦❧✈❡❞ ✉s✐♥❣ ❏❛❝♦❜✐ ✐t❡r❛t✐♦♥✳ ■t ✐s ♦❢t❡♥

♠♦r❡ ♣r❛❝t✐❝❛❧ t♦ s♦❧✈❡ t❤❡ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠✱ ❛s s❤♦✇♥ ✐♥ ❈❤❛♣t❡r ✼✱ ✇❤❡r❡

✇❡ s♦❧✈❡ ❛ ❧❛r❣❡✱ s♣❛rs❡ ❛♥❞ ♦✈❡r✲❞❡t❡r♠✐♥❡❞ ❧✐♥❡❛r s②st❡♠ ✉s✐♥❣ ❡✐t❤❡r st❡❡♣❡st

❞❡s❝❡♥t✱ ❝♦♥❥✉❣❛t❡✲❣r❛❞✐❡♥ts ♦r ❞❛♠♣❡❞ ▲❙◗❘✳

✻✳✸ ❖t❤❡r ❛♣♣r♦❛❝❤❡s

❚❤❡ t❡❝❤♥✐q✉❡s t❤❛t ❢♦❧❧♦✇ ❛r❡ ❝♦♠♠♦♥❧② ✉s❡❞ t♦ ✐♠♣r♦✈❡ ✐♠❛❣❡ q✉❛❧✐t②✳

✻✳✸✳✶ ❆✈❡r❛❣✐♥❣

●✐✈❡♥ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ❢♦r♠

xi = x̄+ η

✇❤❡r❡ t❤❡ ❛❝t✉❛❧ ✈❛❧✉❡✱ x̄✱ ✐s ❝♦rr✉♣t❡❞ ❜② ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ♥♦✐s❡✱ η ∼
N (0, σ2)✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ s✉♠♠❡❞ ✈❛r✐❛❜❧❡

y =
1

N

∑

i=0...N−1

xi

✐s ❛❧s♦ ❞✐str✐❜✉t❡❞ ♥♦r♠❛❧❧② ❛s

y ∼ N
(

x̄,
σ2

N

)

.

❚❤✐s r❡s✉❧t ❡①♣❧❛✐♥s ✇❤② ✐♠❛❣❡ st❛❝❦✐♥❣ ✐s ❝♦♠♠♦♥♣❧❛❝❡ ✐♥ ❛str♦♥♦♠②✿ ✐t r❡✲

❞✉❝❡s ③❡r♦✲♠❡❛♥ ♥♦✐s❡ s✐❣♥✐✜❝❛♥t❧②✳ ❆str♦♥♦♠❡rs ❛r❡ ❛❧s♦ ♣❧❛❣✉❡❞ ❜② ✏s❡❡✐♥❣✑✱

t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❊❛rt❤✬s t✉r❜✉❧❡♥t ❛t♠♦s♣❤❡r❡ ♦♥ t❤❡ ♣❛t❤ ♦❢ ❧✐❣❤t❀ ♦♥❡ ✇❛②

t♦ ❛✈♦✐❞ ✐t ✐s t♦ t❛❦❡ ❛ ♥✉♠❜❡r ♦❢ s❤♦rt ❡①♣♦s✉r❡s✱ ❛♥❞ t♦ st❛❝❦ ♦♥❧② t❤❡ ❜❡st

❢r❛♠❡s✱ ❛ ♣r♦❝❡ss ❦♥♦✇♥ ❛s ✏❧✉❝❦② ✐♠❛❣✐♥❣✑✳

❙t❡✐♥ ❛♥❞ ❏❛♠❡s ❬❏❙✻✶✱ ❙t❡✽✶❪ s❤♦✇ t❤❛t✱ ✐♥ t❡r♠s ♦❢ t❤❡ ♦✈❡r❛❧❧ ♠❡❛♥✲

sq✉❛r❡❞ ❡rr♦r✱ ❛ ❜❡tt❡r ❡st✐♠❛t❡ ✐s ❣✐✈❡♥ ❜② t❤❡✐r ❜✐❛s❡❞ ❡st✐♠❛t♦r✳
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✭❛✮ ❙♦✉r❝❡ ✐♠❛❣❡ ✭✶ ♦❢ ✻✵✮✱
s❤❛♣❡ 38× 34✳

✭❜✮ ❆✈❡r❛❣❡ ♦❢ ✺ t✐♠❡s ❡♥✲
❧❛r❣❡❞ ✐♥♣✉t ✐♠❛❣❡s✳

✭❝✮ ❆ ✏s✉♣❡r✲r❡s♦❧✉t✐♦♥✑ r❡s✉❧t
❢r♦♠ ❧✐t❡r❛t✉r❡✱ s❤♦✇✐♥❣ ♥♦ ✐♠✲
♣r♦✈❡♠❡♥t ♦✈❡r t❤❡ ❛✈❡r❛❣❡ ✐♠✲
❛❣❡✳

❋✐❣✉r❡ ✻✳✸✿ ❩❡r♦✲♠❡❛♥ ♥♦✐s❡ r❡❞✉❝t✐♦♥ ❜② ❛✈❡r❛❣✐♥❣✳

■♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ ✇❡ ✉s❡ t❤❡ ❛✈❡r❛❣❡ ✐♠❛❣❡ t♦ r❡❣✉❧❛r✐s❡ ♦✉r s✉♣❡r✲

r❡s♦❧✉t✐♦♥ ❡st✐♠❛t❡✳

✻✳✸✳✷ ▼❛♣ ❛♥❞ ❞❡❜❧✉r

❚❤✐s ♠❡t❤♦❞✱ ♣✉❜❧✐s❤❡❞ ✐♥ ✶✾✾✾ ❬●❘✾✾❪✱ ✐s t❤❡ ✜rst st❡♣ ✐♥ ❇❛♥♥♦r❡✬s r❡❝❡♥t❧②

♣✉❜❧✐s❤❡❞ ✏✐t❡r❛t✐✈❡✲✐♥t❡r♣♦❧❛t✐♦♥ s✉♣❡r✲r❡s♦❧✉t✐♦♥✑ ❬❇❛♥✵✾❪✳ ❆❧❧ ❧♦✇✲r❡s♦❧✉t✐♦♥

♣✐①❡❧s ❛r❡ ♠❛♣♣❡❞ t♦ ❛ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ r❡❢❡r❡♥❝❡ ❢r❛♠❡ t♦ ❢♦r♠ ❛ s♣❛rs❡ r❡❝♦♥✲

str✉❝t✐♦♥ ✭s♦♠❡ ♣✐①❡❧s ❛r❡ ♥♦t ❛ss✐❣♥❡❞ ✈❛❧✉❡s✮✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ✏❤♦❧❡s✑ ❛r❡ ✜❧❧❡❞

✉s✐♥❣ ✐♥t❡r♣♦❧❛t✐♦♥ ♦r ✇❡✐❣❤t❡❞ ❛✈❡r❛❣✐♥❣✳ ❋✐♥❛❧❧②✱ ❛ ❞❡✲❜❧✉rr✐♥❣ ♦♣❡r❛t♦r ✐s

❛♣♣❧✐❡❞ t♦ s❤❛r♣❡♥ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❡st✐♠❛t❡✳

❈❛♣❡❧ ❬❈❛♣✵✶❪ ❡①♣❧❛✐♥s t❤❡ r❡❛s♦♥✐♥❣ ❜❡❤✐♥❞ t❤✐s ♠❡t❤♦❞✱ ❣✐✈❡♥ t❤❛t ❛ ❧♦✇

r❡s♦❧✉t✐♦♥ ❢r❛♠❡ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s

gn = s ↓ (h ∗ Tn(f))

✇❤❡r❡ f ✐s t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡✱ Tn ✐s ❛ ❊✉❝❧✐❞❡❛♥ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛✲

t✐♦♥✱ h ✐s ❛♥ ✐s♦tr♦♣✐❝ ♣♦✐♥t s♣r❡❛❞ ❢✉♥❝t✐♦♥✱ ❛♥❞ s ↓ ✐s ❛ ❞♦✇♥s❛♠♣❧✐♥❣ ♦♣❡r❛t♦r✳

❚❤❡ ♦r❞❡r ♦❢ t❤❡ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❛♥❞ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦♣❡r❛t♦rs ❝❛♥ ❜❡ r❡✲

✈❡rs❡❞ t♦ ♦❜t❛✐♥

gn = s ↓ (Tn(h ∗ f)).

❚❤✐s ♣r♦❝❡ss ✐s t❤❡♥ ✐♥✈❡rt❡❞ ❜② ✉♣s❛♠♣❧✐♥❣✱ r❡♠♦✈✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❛♥❞

❞❡❜❧✉rr✐♥❣✳
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✻✳✸✳✸ P❛♥✲s❤❛r♣❡♥✐♥❣

■♥ s❛t❡❧❧✐t❡ ✐♠❛❣❡r②✱ t❤❡ s✐t✉❛t✐♦♥ ❛r✐s❡s ✇❤❡r❡ t✇♦ ✐♠❛❣❡s ♦❢ ❛ s❝❡♥❡ ❛r❡ ❛✈❛✐❧✲

❛❜❧❡✿ ❛ ❤✐❣❤✲r❡s♦❧✉t✐♦♥✱ ♠♦♥♦❝❤r♦♠❛t✐❝ ✭❣r❡②✲s❝❛❧❡✮ ✈❡rs✐♦♥✱ ❛♥❞ ❛ ❧♦✇✲r❡s♦❧✉t✐♦♥✱

♠✉❧t✐s♣❡❝tr❛❧ ✭❝♦❧♦✉r✮ ✈❡rs✐♦♥✳ ❚❤❡ ♣r♦❝❡ss ♦❢ ✏❝♦❧♦✉r✐♥❣ ✐♥✑ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥✱

♠♦♥♦❝❤r♦♠❛t✐❝ ✐♠❛❣❡ ✐s ❦♥♦✇♥ ❛s ♣❛♥✲s❤❛r♣❡♥✐♥❣✱ ❛ ❢♦r♠ ♦❢ ✐♠❛❣❡ ❢✉s✐♦♥✳ ■t r❡✲

♠✐♥❞s str♦♥❣❧② ♦❢ ❛ ✇❡❧❧✲✐♥✐t✐❛❧✐s❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦❧♦r✐s❛t✐♦♥ ♣r♦❝❡ss s✉❣❣❡st❡❞

✐♥ ❬▲❲▲✵✹❪✳ ❆ r❡✈✐❡✇ ♦❢ ♣❛♥✲s❤❛r♣❡♥✐♥❣ t❡❝❤♥✐q✉❡s ✐s ❣✐✈❡♥ ✐♥ ❬●◆❆+❪✳

✻✳✸✳✹ ❈♦♠♣r❡ss✐✈❡ s❛♠♣❧✐♥❣ ✴ ❝♦♠♣r❡ss❡❞ s❡♥s✐♥❣

❲❤❡♥ ❛ ❝❛♠❡r❛ ✐s ✉♥❞❡r ♦✉r ❝♦♥tr♦❧✱ ❝♦♠♣r❡ss✐✈❡ s❛♠♣❧✐♥❣ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦

r❡❝♦♥str✉❝t ❛ ❞❡♥s❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ s❝❡♥❡✱ ❜❛s❡❞ ♦♥ s♣❛rs❡ s❛♠♣❧❡s ❬▼❲✵✽❪✳

■♥ ♣r❛❝t✐❝❡✱ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐s ❛♣♣❧✐❡❞ ✐♥ s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ ❝❛♠❡r❛ ❝❛♥♥♦t

❜❡ ✐♥✢✉❡♥❝❡❞ ✭♦t❤❡r✇✐s❡✱ s✐♠♣❧② ❝❤❛♥❣✐♥❣ ❧❡♥s❡s ✇♦✉❧❞ ♣r♦✈✐❞❡ t❤❡ r❡s♦❧✉t✐♦♥

✐♠♣r♦✈❡♠❡♥t r❡q✉✐r❡❞✮✳

■♥ ❬❲❍✵✽❪✱ ❛ s✐♥❣❧❡✲❢r❛♠❡ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❞❡✈❡❧♦♣❡❞ ❢r♦♠ t❤❡

♣❡rs♣❡❝t✐✈❡ ♦❢ ❝♦♠♣r❡ss❡❞ s❡♥s✐♥❣✳

❇✐❜❧✐♦❣r❛♣❤②

❬❆▼❑✵✼❪ ❆✳❱✳ ❆r❡❝❝❤✐✱ ❚✳ ▼❡ss❛❞✐✱ ❛♥❞ ❘✳❏✳ ❑♦s❤❡❧✳ ❋✐❡❧❞ ●✉✐❞❡

t♦ ■❧❧✉♠✐♥❛t✐♦♥✳ ❙P■❊ Pr❡ss✱ ✷✵✵✼✳

❬❇❛♥✵✾❪ ❱✳ ❇❛♥♥♦r❡✳ ■t❡r❛t✐✈❡✲■♥t❡r♣♦❧❛t✐♦♥ ❙✉♣❡r✲❘❡s♦❧✉t✐♦♥

■♠❛❣❡ ❘❡❝♦♥str✉❝t✐♦♥✿ ❆ ❈♦♠♣✉t❛t✐♦♥❛❧❧② ❊✣❝✐❡♥t

❚❡❝❤♥✐q✉❡✳ ❙♣r✐♥❣❡r✱ ✷✵✵✾✳

❬❇❡s✽✻❪ ❏✳ ❇❡s❛❣✳ ❖♥ t❤❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❞✐rt② ♣✐❝✲

t✉r❡s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧ ❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t②✳ ❙❡r✐❡s

❇ ✭▼❡t❤♦❞♦❧♦❣✐❝❛❧✮✱ ✹✽✭✸✮✿✷✺✾✕✸✵✷✱ ✶✾✽✻✳

❬❈❛♣✵✶❪ ❉❛✈✐❞ P❡t❡r ❈❛♣❡❧✳ ■♠❛❣❡ ▼♦s❛✐❝✐♥❣ ❛♥❞ ❙✉♣❡r✲

r❡s♦❧✉t✐♦♥✳ P❤✳❉✳ ❞✐ss❡rt❛t✐♦♥✱ ❯♥✐✈❡rs✐t② ♦❢ ❖①❢♦r❞✱

✷✵✵✶✳

❬❈❑❑+✾✸❪ P✳ ❈❤❡❡s❡♠❛♥✱ ❇✳ ❑❛♥❡❢s❦②✱ ❘✳ ❑r❛❢t✱ ❏✳ ❙t✉t③✱ ❛♥❞

❘✳ ❍❛♥s♦♥✳ ❙✉♣❡r✲r❡s♦❧✈❡❞ s✉r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠

♠✉❧t✐♣❧❡ ✐♠❛❣❡s✳ ■♥ ●✳ ❘✳ ❍❡✐❞❜r❡❞❡r✱ ❡❞✐t♦r✱ Pr♦❝❡❡❞✲

✐♥❣s ♦❢ t❤❡ ❚❤✐rt❡❡♥t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣ ♦♥ ▼❛①✐✲

♠✉♠ ❊♥tr♦♣② ❛♥❞ ❇❛②❡s✐❛♥ ▼❡t❤♦❞s✳ ❑❧✉✇❡r ❆❝❛❞❡♠✐❝✱

✶✾✾✸✳
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❬●◆❆+❪ ❆✳ ●❛r③❡❧❧✐✱ ❋✳ ◆❡♥❝✐♥✐✱ ▲✳ ❆❧♣❛r♦♥❡✱ ❇✳ ❆✐❛③③✐✱ ❛♥❞

❙✳ ❇❛r♦♥t✐✳ P❛♥✲s❤❛r♣❡♥✐♥❣ ♦❢ ♠✉❧t✐s♣❡❝tr❛❧ ✐♠❛❣❡s✿

❛ ❝r✐t✐❝❛❧ r❡✈✐❡✇ ❛♥❞ ❝♦♠♣❛r✐s♦♥✳ ■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧

●❡♦s❝✐❡♥❝❡ ❛♥❞ ❘❡♠♦t❡ ❙❡♥s✐♥❣ ❙②♠♣♦s✐✉♠✱ ✷✵✵✹✳

■●❆❘❙❙ ✬✵✹✳ Pr♦❝❡❡❞✐♥❣s✳ ✷✵✵✹✱ ♣❛❣❡s ✽✶✕✽✹✳

❬●❘✾✾❪ ❋✳ ●✉✐❝❤❛r❞ ❛♥❞ ▲✳ ❘✉❞✐♥✳ ❱❡❧♦❝✐t② ❡st✐♠❛t✐♦♥ ❢r♦♠

✐♠❛❣❡s s❡q✉❡♥❝❡ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ t♦ s✉♣❡r✲r❡s♦❧✉t✐♦♥✳

■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✾✾✾ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥

■♠❛❣❡ Pr♦❝❡ss✐♥❣✱ ♣❛❣❡s ✺✷✼✕✺✸✶✳ ■❊❊❊✱ ✶✾✾✾✳

❬❍❈✾✵❪ ❨✐✲P✐♥❣ ❍✉♥❣ ❛♥❞ ❉❛✈✐❞ ❇✳ ❈♦♦♣❡r✳ ▼❛①✐♠✉♠ ❛✲

♣♦st❡r✐♦r✐ ♣r♦❜❛❜✐❧✐t② ✸✲❉ s✉r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ✉s✐♥❣

♠✉❧t✐♣❧❡ ✐♥t❡♥s✐t② ✐♠❛❣❡s ❞✐r❡❝t❧②✳ ■♥ ❇❡r♥❞ ●✐r♦❞✱ ❡❞✲

✐t♦r✱ ❙❡♥s✐♥❣ ❛♥❞ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢ ❚❤r❡❡✲❉✐♠❡♥s✐♦♥❛❧

❖❜❥❡❝ts ❛♥❞ ❙❝❡♥❡s✱ ✈♦❧✉♠❡ ✶✷✻✵✱ ♣❛❣❡s ✸✻✕✹✽✱ ❙❛♥t❛

❈❧❛r❛✱ ❈❆✱ ❯❙❆✱ ❏❛♥✉❛r② ✶✾✾✵✳ ❙P■❊✳

❬❏❙✻✶❪ ❲✳ ❏❛♠❡s ❛♥❞ ❈❤❛r❧❡s ❙t❡✐♥✳ ❊st✐♠❛t✐♦♥ ✇✐t❤

◗✉❛❞r❛t✐❝ ▲♦ss✳ ■♥ ❏❡r③② ◆❡②♠❛♥✱ ❡❞✐t♦r✱ Pr♦❝❡❡❞✐♥❣s ♦❢

t❤❡ ❋♦✉rt❤ ❇❡r❦❡❧❡② ❙②♠♣♦s✐✉♠ ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐s✲

t✐❝s ❛♥❞ Pr♦❜❛❜✐❧✐t②✱ ♣❛❣❡s ✸✻✶✕✸✼✾✱ ❇❡r❦❡❧❡②✱ ❈❛❧✐❢♦r✲

♥✐❛✱ ✶✾✻✶✳ ❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛ Pr❡ss✳

❬▲❲▲✵✹❪ ❆♥❛t ▲❡✈✐♥✱ ❨❛✐r ❲❡✐ss✱ ❛♥❞ ❉❛♥✐ ▲✐s❝❤✐♥s❦✐✳ ❈♦❧♦r✐③❛✲

t✐♦♥ ✉s✐♥❣ ♦♣t✐♠✐③❛t✐♦♥✳ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥ ●r❛♣❤✲

✐❝s✱ ✷✸✭✸✮✿✻✽✾✱ ✷✵✵✹✳

❬▼❲✵✽❪ ❘✳❋✳ ▼❛r❝✐❛ ❛♥❞ ❘✳▼✳ ❲✐❧❧❡tt✳ ❈♦♠♣r❡ss✐✈❡ ❝♦❞❡❞ ❛♣❡r✲

t✉r❡ s✉♣❡rr❡s♦❧✉t✐♦♥ ✐♠❛❣❡ r❡❝♦♥str✉❝t✐♦♥✳ ■♥ ■♥t✳ ❈♦♥❢✳

♦♥ ❆❝♦✉st✐❝s✱ ❙♣❡❡❝❤ ❛♥❞ ❙✐❣✳ Pr♦❝✳✱ ■❈❆❙❙P✱ ♣❛❣❡s

✽✸✸✕✽✸✻✱ ✷✵✵✽✳

❬P❈❘❩✵✼❜❪ ▲②♥❞s❡② ❈✳ P✐❝❦✉♣✱ ❉❛✈✐❞ P✳ ❈❛♣❡❧✱ ❙t❡♣❤❡♥ ❏✳ ❘♦❜❡rts✱

❛♥❞ ❆♥❞r❡✇ ❩✐ss❡r♠❛♥✳ ❖✈❡r❝♦♠✐♥❣ ❘❡❣✐str❛t✐♦♥ ❯♥✲

❝❡rt❛✐♥t② ✐♥ ■♠❛❣❡ ❙✉♣❡r✲❘❡s♦❧✉t✐♦♥✿ ▼❛①✐♠✐③❡ ♦r

▼❛r❣✐♥❛❧✐③❡❄ ❊❯❘❆❙■P ❏♦✉r♥❛❧ ♦♥ ❆❞✈❛♥❝❡s ✐♥ ❙✐❣♥❛❧

Pr♦❝❡ss✐♥❣✱ ✷✵✵✼✿✶✕✶✺✱ ✷✵✵✼✳

❬❙t❡✽✶❪ ❈✳▼✳ ❙t❡✐♥✳ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ▼❡❛♥ ♦❢ ❛ ▼✉❧t✐✈❛r✐✲

❛t❡ ◆♦r♠❛❧ ❉✐str✐❜✉t✐♦♥✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s✱

✾✭✻✮✿✶✶✸✺✕✶✶✺✶✱ ✶✾✽✶✳



❈❍❆P❚❊❘ ✻✳ ❙❯P❊❘✲❘❊❙❖▲❯❚■❖◆ ■▼❆●❊ P❘❖❈❊❙❙■◆● ✽✹

❬❲❍✵✽❪ ❏♦❤♥ ❲r✐❣❤t ❛♥❞ ❚❤♦♠❛s ❍✉❛♥❣✳ ■♠❛❣❡ s✉♣❡r✲

r❡s♦❧✉t✐♦♥ ❛s s♣❛rs❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ r❛✇ ✐♠❛❣❡ ♣❛t❝❤❡s✳

✷✵✵✽ ■❊❊❊ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❱✐s✐♦♥ ❛♥❞ P❛t✲

t❡r♥ ❘❡❝♦❣♥✐t✐♦♥✱ ❏✉♥❡ ✷✵✵✽✳



❈❤❛♣t❡r ✼

❙✉♣❡r✲r❡s♦❧✉t✐♦♥ ❛s ❛ s♣❛rs❡

❧✐♥❡❛r ♣r♦❜❧❡♠

✼✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✇❡ st❛t❡ t❤❛t t❤❡ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ✐s ♦❢t❡♥

♠♦❞❡❧❧❡❞ ❛s

Ax = b+ η

✇❤❡r❡ x r❡♣r❡s❡♥ts ❛ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✭❍❘✮ ❞✐s❝r❡t✐s❛t✐♦♥ ♦❢ t❤❡ s❝❡♥❡ r❛❞✐❛♥❝❡✱

A ♠♦❞❡❧s t❤❡ ❝❛♠❡r❛ ♣r♦❝❡ss✱ η ✐s ③❡r♦✲♠❡❛♥ ●❛✉ss✐❛♥ ♥♦✐s❡ ❛♥❞ b ✐s ❛ ✈❡❝t♦r ♦❢

❛❧❧ r❡s✉❧t✐♥❣ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✭▲❘✮ ✐♠❛❣❡s ❝♦♥❝❛t❡♥❛t❡❞✳ ❯s✐♥❣ ❇❛②❡s✬s t❤❡♦r❡♠✱

✇❡ ✜♥❞ ❛ ♠❛①✐♠✉♠ ❛✲♣♦st❡r✐♦r✐ ✭▼❆P✮ ❡st✐♠❛t❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ x ❜② ♠✐♥✐♠✐s✐♥❣

t❤❡ ❡rr♦r

‖b−Ax‖2 + λxTx.

❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞❛♠♣❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠ Ax = b✳

■t ✐s ✉s❡❢✉❧ t♦ ❢❛♠✐❧✐❛r✐s❡ ♦✉rs❡❧✈❡s ✇✐t❤ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✈❡❝t♦rs ❛♥❞

♠❛tr✐❝❡s ✐♥✈♦❧✈❡❞✳ ❋✐rst✱ ❡①❛♠✐♥❡ t❤❡ ♥♦✐s❡❧❡ss ♠♦❞❡❧ ❢♦r ❛ s✐♥❣❧❡ ❢r❛♠❡✱

A(i)x = b(i)

✇❤❡r❡ i ✐s t❤❡ ❢r❛♠❡ ✐♥❞❡①✳ ❚❤❡ ✜rst ▲❘ ♦✉t♣✉t ✐♠❛❣❡✱ b(0)✱ ✐s t❤❡ P ×Q ♦✉t♣✉t

✐♠❛❣❡ ✉♥♣❛❝❦❡❞ ✐♥ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r✳ ❲❡ ❛ss✐❣♥ M = PQ ❛s t❤❡ ❞✐♠❡♥s✐♦♥❛❧✲

✐t② ♦❢ b(0)✳ ❚❤❡ ✈❡❝t♦r x ✐s t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t② zP×zQ✱

❛❣❛✐♥ ✉♥♣❛❝❦❡❞ ✐♥ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r✳ ❚❤❡ ③♦♦♠ ❢❛❝t♦r✱ z ✇✐t❤ z > 1✱ r❡♣r❡✲

s❡♥ts t❤❡ ✐♥❝r❡❛s❡ ✐♥ r❡s♦❧✉t✐♦♥❀ ❡✳❣✳✱ ✐❢ z = 2 t❤❡♥ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ ❤❛s

t✇✐❝❡ ❛s ♠❛♥② ♣✐①❡❧s ❛s t❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ ❛❧♦♥❣ ❡❛❝❤ ❛①✐s✳ ❚❤❡ ❞✐♠❡♥✲

s✐♦♥❛❧✐t② ♦❢ x ✐s N = z2M ✳ ●✐✈❡♥ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ b(0) ❛♥❞ x✱ t❤❡ s❤❛♣❡ ♦❢

t❤❡ ♠❛tr✐① A ❤❛s t♦ ❜❡ M ×N = M × z2M ✳

❙✐♥❝❡ M < N ✱ t❤❡ s②st❡♠ A(0)x = b(0) ✐s ✉♥❞❡r❞❡t❡r♠✐♥❡❞✱ ❜✉t ✇❤❡♥ ✇❡

✽✺



❈❍❆P❚❊❘ ✼✳ ❙❯P❊❘✲❘❊❙❖▲❯❚■❖◆ ❆❙ ❆ ❙P❆❘❙❊ ▲■◆❊❆❘ P❘❖❇▲❊▼ ✽✻

❝♦♠❜✐♥❡ ❛❧❧ k ❝❛♠❡r❛ ♠❛tr✐❝❡s ❛♥❞ ✐♥♣✉t ✐♠❛❣❡s t♦ ❢♦r♠

A =















A(0)

A(1)

✳✳✳

A(k)















❛♥❞ b =















b(0)

b(0)

✳✳✳

b(k)















t❤❡ r❡s✉❧t✐♥❣ s②st❡♠ Ax = b ✐s ♦✈❡r❞❡t❡r♠✐♥❡❞ ✐❢ k > z2✳ ◆♦t❡ t❤❛t✱ ❡✈❡♥ ✇❤❡♥

❝♦♠❜✐♥✐♥❣ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❢r❛♠❡s✱ t❤❡r❡ ✐s ♥♦ ❣✉❛r❛♥t❡❡ t❤❛t ❡❛❝❤ ❛❞❞✐t✐♦♥❛❧

❢r❛♠❡ ♣r♦✈✐❞❡s ✐♥❞❡♣❡♥❞❡♥t ✐♥❢♦r♠❛t✐♦♥ ✭✐♠❛❣✐♥❡✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❝❛s❡ ✇❤❡r❡

k ✐❞❡♥t✐❝❛❧ ❢r❛♠❡s ❛r❡ ❝♦♠❜✐♥❡❞✮✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ ✈❛❧✉❡s ♦❢ x ❝❛♥ ♦♥❧② ❜❡

❞❡t❡r♠✐♥❡❞ ❛❝❝✉r❛t❡❧② ✐♥ ♣♦s✐t✐♦♥s ✇❤❡r❡ ♠✉❧t✐♣❧❡ ❢r❛♠❡s ♦✈❡r❧❛♣✳

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❡①♣❧♦r❡ t❤❡ str✉❝t✉r❡ ❛♥❞ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♠❛✲

tr✐① A✱ ❛♥❞ t♦ st✉❞② ❞✐✛❡r❡♥t ♠❡t❤♦❞s ♦❢ s♦❧✈✐♥❣ x ✐♥ t❤❡ ❧❡❛st✲sq✉❛r❡s ♣r♦❜❧❡♠

✇❤❡r❡ Ax = b ✐s ♦✈❡r❞❡t❡r♠✐♥❡❞✳

✼✳✷ ❚❤❡ ❝❛♠❡r❛ ♠❛tr✐①✱ A

❚❤❡ ❝❛♠❡r❛ ♠❛tr✐① A✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ✐♠❛❣❡ ❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✱ ✐s t❤❡ ♦♥❧②

❝✉st♦♠✐s❛❜❧❡ ♣❛r❛♠❡t❡r ✐♥ t❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠ Ax = b✱ ❛♥❞ ❤❛s t♦ ❜❡ ❝❤♦s❡♥

✇✐t❤ ❝❛r❡✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✇❡ ❞✐s❝✉ss ❛ s✐♠♣❧✐✜❡❞ ❡①♣r❡ss✐♦♥ ❢♦r ✐♠❛❣❡

❢♦r♠❛t✐♦♥✱

b(i) = S ↓ (h(T (i)(x))) + η(i),

❛♣♣r♦①✐♠❛t❡❞ ❛s

b(i) = A(i)x+ η(i). ✭✼✳✶✮

◆♦t❡ t❤❛t ❤❡r❡ ✇❡ ❡①❛♠✐♥❡ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ✐♠❛❣❡✱ b(i)✱ ✇❤✐❧❡ t❤❡

❝❛♠❡r❛ ♠❛tr✐① t❤❛t ♣r♦❞✉❝❡s ❛❧❧ ❧♦✇✲r❡s♦❧✉t✐♦♥s ❢r❛♠❡s ✐s s✐♠♣❧②

A =















A(0)

A(1)

✳✳✳

A(i)















❛s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❋r♦♠ ✭✼✳✶✮ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❝❛♠❡r❛ ♠❛tr✐① ❡♥❝❛♣s✉❧❛t❡s

t❤r❡❡ ♣r♦❝❡ss❡s✿ ❣❡♦♠❡tr✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥✱ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♣♦✐♥t✲s♣r❡❛❞ ❢✉♥❝✲

t✐♦♥ ❛♥❞ ❞♦✇♥✲s❛♠♣❧✐♥❣✳ ❍♦✇✱ t❤❡♥✱ s❤♦✉❧❞ A(i) ❜❡ ❝❛❧❝✉❧❛t❡❞❄

❊❛❝❤ r♦✇ ♦❢ A(i) r❡♣r❡s❡♥ts ✇❡✐❣❤ts ❛♣♣❧✐❡❞ t♦ ✈❛❧✉❡s ✐♥ x t♦ ❢♦r♠ ❛ s✐♥❣❧❡
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❋✐❣✉r❡ ✼✳✶✿ ❚❤❡ s♣❛rs❡ ♠❛tr✐① str✉❝t✉r❡ ♦❢ ❛ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱
t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♠❛s❦ ✐s 3× 3 ❛♥❞ t❤❡ t❛r❣❡t ✐♠❛❣❡ ✐s 10× 10✳

♣✐①❡❧ ♦❢ b(i)✱ t❤❡ m✲t❤ ♣✐①❡❧ ❜❡✐♥❣

b(i)m =
∑

n

A(i)
m,nxn. ✭✼✳✷✮

■❢ ✇❡ ❝♦♠❜✐♥❡ t❤❡ ❡✛❡❝t ♦❢ tr❛♥s❢♦r♠❛t✐♦♥ ❛♥❞ ❞♦✇♥✲s❛♠♣❧✐♥❣✱ A(i) ❝❛♥ ❜❡

❛♣♣r♦①✐♠❛t❡❞ ❛s

A(i) = T (i)C ♦r A(i) = CT (i)

✇❤❡r❡ C r❡♣r❡s❡♥ts t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♣♦✐♥t✲s♣r❡❛❞ ❢✉♥❝t✐♦♥ ❛s ❛ ❝♦♥✈♦❧✉t✐♦♥✱

✇❤✐❧❡ T (i) r❡♣r❡s❡♥ts ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ❛❝❝♦♠♣❛♥✐❡❞ ❜② ✐♥t❡r♣♦❧❛t✐♦♥✳

❚❤❡ s♣❛rs❡ ♥❛t✉r❡ ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡s ✼✳✶ ❛♥❞ ✼✳✷✳

❲❤✐❧❡ ♥♦t ✈✐s✐❜❧❡ ✐♥ t❤❡ ❛❜♦✈❡ ❞❡s❝r✐♣t✐♦♥✱ ♥♦t❡ t❤❛t t❤❡ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r✲

♠❛t✐♦♥ ✐ts❡❧❢ ✐s ❡①♣r❡ss❡❞ ❛s ❛ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥✱ p′ = Hp ✇❤❡r❡ p ✐s ❛

❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❚❤❡ ♦r❞❡r ♦❢ t❤❡ ♦♣❡r❛✲

t♦rs ✐s ♥♦t ❛r❜✐tr❛r②✱ ❛♥❞ ❡✐t❤❡r ❝❤♦✐❝❡ ♣r❡s❡♥ts ❝❡rt❛✐♥ ❞✐✣❝✉❧t✐❡s✳ ■♠♣♦rt❛♥t❧②✱

t❤❡ ♦♣❡r❛t♦r T (i) tr❛♥s❢♦r♠s ❛ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ t♦ ❛ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡✳

❚❤❡r❡❢♦r❡✱ ✇❤❡♥ ❝♦♥✈♦❧✉t✐♦♥ ✐s ❛♣♣❧✐❡❞ ✜rst ✭t♦ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡✮✱ ❢♦r✲

s❤♦rt❡♥✐♥❣ ❞✉❡ t♦ t❤❡ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛② ❧❡❛❞ t♦ ❝❡rt❛✐♥ ❛r❡❛s ❜❡✐♥❣

♠♦r❡ ❞❡♥s❡❧② s❛♠♣❧❡❞ t❤❛♥ ♦t❤❡rs✳ ■❢ t❤❡ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❛♣♣❧✐❡❞

✜rst✱ ✇✐t❤ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ❛❝t✐♥❣ ♦♥ t❤❡ r❡s✉❧t✐♥❣ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡✱
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❋✐❣✉r❡ ✼✳✷✿ ❚❤❡ s♣❛rs❡ ♠❛tr✐① str✉❝t✉r❡ ♦❢ ❛ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ♦♣❡r❛t♦r✱
❡♠♣❧♦②✐♥❣ ❜✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❛ ❝❧♦❝❦✇✐s❡
r♦t❛t✐♦♥ ❜② 5◦✳ ●❛♣s ❛♣♣❡❛r ✇❤❡♥ ❜♦✉♥❞❛r② ♣✐①❡❧s ❛r❡ ♠❡t✱ ❛♥❞ t❤❡ ✐♥t❡r♣♦❧❛t♦r r❡t✉r♥s
③❡r♦ ✭❜② ❞❡s✐❣♥✮✳

s♦♠❡ s❛♠♣❧❡s ✐♥ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ ♠❛② ♥♦t ❜❡ t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥

❛t ❛❧❧✳ ■♥ ❬❈❛♣✵✶✱ ♣✳ ✶✷✻❪✱ t❤✐s ♣r♦❜❧❡♠ ✐s ❛❞❞r❡ss❡❞ ❜② ❞❡s✐❣♥✐♥❣ t❤❡ ❝❛♠❡r❛

♠❛tr✐① ❛s ❢♦❧❧♦✇s✿

✶✳ ❈♦♥str✉❝t ❛ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ ✭r❡♣r❡s❡♥t✐♥❣ t❤❡ ❝❛♠❡r❛ ♣♦✐♥t✲s♣r❡❛❞ ❢✉♥❝✲

t✐♦♥✮ t❤❛t ♦♣❡r❛t❡s ♦♥ t❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡✳

✷✳ ❯s❡ t❤❡ ❦♥♦✇♥ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥✱ H✱ t♦ ♠♦❞✐❢② t❤❡ ❦❡r♥❡❧ ❢♦r ♦♣✲

❡r❛t✐♥❣ ♦♥ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ✐♠❛❣❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ❡❛❝❤ ❦❡r♥❡❧ ❝♦♦r❞✐♥❛t❡

✇✐❧❧ ❝❤❛♥❣❡ ❢r♦♠
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t❤❡r❡❜② ❛❧s♦ ❛❧t❡r✐♥❣ t❤❡ ❦❡r♥❡❧ s❤❛♣❡ ❛♥❞ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♣❛t❤✳ ❈♦♥✲

✈❡rs❡❧②✱ ✇❡ ❝❛♥ t❤✐♥❦ ♦❢ ✐t ❛s ✏❢❡t❝❤✐♥❣✑ ❛❧❧ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧s t❤❛t

❝♦♥tr✐❜✉t❡ t♦ ❛ s♣❡❝✐✜❝ ❧♦✇✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧✳

❚❤❡ ❛♣♣r♦❛❝❤ ✇♦r❦s ✇❡❧❧✱ ❜✉t ✐♥tr♦❞✉❝❡s s♦♠❡ ❝❤❛❧❧❡♥❣❡s ♦❢ ✐ts ♦✇♥✿

❼ ❲❤❛t s❤♦✉❧❞ t❤❡ s❤❛♣❡ ❛♥❞ s✐③❡ ♦❢ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ ❜❡❄ ❚❤❡ ❝❛♠❡r❛
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r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ✐s ✇❡❧❧ ♠♦❞❡❧❧❡❞ ❛s ❛ ●❛✉ss✐❛♥ ❦❡r♥❡❧✱ ❜✉t ❡✈❡♥ s♦ t❤❡

♦♣t✐♠❛❧ ✈❛r✐❛♥❝❡✱ σ2✱ ✐s ✉♥❦♥♦✇♥✳

❼ ❍♦✇ s❤♦✉❧❞ t❤❡ tr❛♥s❢♦r♠❡❞ ❦❡r♥❡❧ ❜❡ r❡♣r❡s❡♥t❡❞ ❛♥❞ ❛♣♣❧✐❡❞❄ ❈❛♣❡❧

♠♦❞❡❧s t❤❡ ❦❡r♥❡❧ ❛s ❛ ♣✐❡❝❡✇✐s❡ ❜✐❧✐♥❡❛r s✉r❢❛❝❡✱ ❛❧❧♦✇✐♥❣ ❡❛s② tr❛♥s❢♦r✲

♠❛t✐♦♥ ❛♥❞ ✐♥t❡❣r❛t✐♦♥✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ t❤❡ ❦❡r♥❡❧ ✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡r✱ σ2✱ ❝❛♥

❜❡ ❡st❛❜❧✐s❤❡❞ ❡①♣❡r✐♠❡♥t❛❧❧②✳ ❘❡❝♦♥str✉❝t✐♦♥s ❛r❡ ♠❛❞❡ ✇❤✐❧❡ ✈❛r②✐♥❣ σ2 ✉♥t✐❧

t❤❡ r❡s✉❧t s❤♦✇s ❧✐tt❧❡ ♦s❝✐❧❧❛t♦r② ❜❡❤❛✈✐♦✉r✳ ❙t✐❧❧✱ ✇❡ ♣r❡❢❡r ♥♦t t♦ ❤❛✈❡ t❤❡ ❢r❡❡

♣❛r❛♠❡t❡r ❛t ❛❧❧✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ s✐♠♣❧✐✜❡❞ ♦♣❡r❛t♦r✱ A(i) = T (i)✱ ✇❤✐❝❤

♥♦ ❧♦♥❣❡r r❡q✉✐r❡s s✉❝❤ ❛ ♣❛r❛♠❡t❡r✳

✼✳✸ ▲✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦rs

◆♦t❡ t❤❛t✱ ❢r♦♠ ❤❡r❡ ♦♥✇❛r❞s✱ ✇❡ ♥❡❣❧❡❝t t❤❡ ❢r❛♠❡ ♥✉♠❜❡r t♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥✱

✐✳❡✳✱ A = A(i) ❛♥❞ T = T (i)✳

❚❤❡ ❝❛♠❡r❛ ♠❛tr✐① ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ s✐♠♣❧② ❜② ❜✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥✱

A = T,

✐♥tr♦❞✉❝✐♥❣ t❤❡ ♦❜✈✐♦✉s ✢❛✇ t❤❛t ♦♥❧② ✹ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧s ❛r❡ ✉s❡❞ t♦ ❝❛❧✲

❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ ❛♥② ❧♦✇✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧✳ ■♥ r❡❛❧✐t②✱ ❛ ❧♦✇✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧

♠❛② ✭❛♥❞ ♣r♦❜❛❜❧② ✇✐❧❧✮ ❞❡♣❡♥❞ ♦♥ ♠♦r❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧s❀ t❤❡ ❡①❛❝t ♥✉♠✲

❜❡r ❜❡✐♥❣ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡s♦❧✉t✐♦♥ ✐♥❝r❡❛s❡✱ z✱ ❛♥❞ t❤❡ s❡✈❡r✐t② ♦❢ t❤❡

tr❛♥s❢♦r♠❛t✐♦♥✱ H✳ ■❢✱ ❤♦✇❡✈❡r✱ t❤❡ ③♦♦♠ r❛t✐♦ ✐s ❝❤♦s❡♥ ❝♦♥s❡r✈❛t✐✈❡❧②✱ t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ♠❛② ❜❡ ❛ ❣♦♦❞ ♦♥❡✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✼✳✸✳

◆❡①t✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ ❜✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r✱ ✇❤❡r❡❛❢t❡r ♣♦❧②❣♦♥✲

❜❛s❡❞ ✐♥t❡r♣♦❧❛t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞ ❛❧❧♦✇✐♥❣ ❛♥② ❛♣♣r♦♣r✐❛t❡ ♥✉♠❜❡r ♦❢ ❤✐❣❤✲

r❡s♦❧✉t✐♦♥ ♣✐①❡❧s✖✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ ③♦♦♠ ❢❛❝t♦r ♦r t❤❡ s❡✈❡r✐t② ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥✖

t♦ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧✳

✼✳✸✳✶ ❇✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥

❚❤❡ ❜✐✲❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥✴✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r✱ A = T ✱ ✐s ♥❡❛r✲❚♦❡♣❧✐t③

✇✐t❤ ✐♥t❡r♣♦❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛♣♣❡❛r✐♥❣ ♦♥ t❤❡ ❞✐❛❣♦♥❛❧s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✲

✉r❡ ✼✳✷✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ ❊q✉❛t✐♦♥ ✭✼✳✷✮ ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ ❜✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥

❛s ❢♦❧❧♦✇s✿

❙✉♣♣♦s❡ ❛ ❢✉♥❝t✐♦♥ ✐s ❦♥♦✇♥ ❛t ❢♦✉r ❣r✐❞ ❝♦♦r❞✐♥❛t❡s✱ ♥❛♠❡❧② f00 = f(0, 0)✱

f01 = f(0, 1)✱ f10 = f(1, 0)✱ ❛♥❞ f11 = f(1, 1)✳ ❲❡ ♥❡❡❞ t♦ ❝❛❧❝✉❧❛t❡ f(x, y)
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✭❛✮ ■♥♣✉t ✐♠❛❣❡ ✭♦♥❡ ♦❢ t❡♥✮✱ ✉♣s❝❛❧❡❞✳ ✭❜✮ ❘❡❝♦♥str✉❝t✐♦♥ ❛t 5× ③♦♦♠ ✇✐t❤ ❜✐✲❧✐♥❡❛r
✐♥t❡r♣♦❧❛t✐♦♥✳ ❆ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ r❡❝♦♥str✉❝t✐♦♥
✐s ♠❛❞❡✱ ❜✉t t❤❡ r❡s✉❧t ✐s ♦s❝✐❧❧❛t♦r② ❞✉❡ t♦ t❤❡
❜✐❧✐♥❡❛r ♦♣❡r❛t♦r✬s s♠❛❧❧ ❢♦♦t♣r✐♥t✳

✭❝✮ ❘❡❝♦♥str✉❝t✐♦♥ ❛t 1.8× ③♦♦♠ ✇✐t❤ ❜✐✲❧✐♥❡❛r
✐♥t❡r♣♦❧❛t✐♦♥✳ ◆♦t❡ t❤❛t✱ ✇❤✐❧❡ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢
t❤✐s r❡❝♦♥str✉❝t✐♦♥ ✐s ❧♦✇✱ t❤❡ ❞❡t❛✐❧ ✐s ❛t ❧❡❛st ❛s
❣♦♦❞ ❛s t❤❡ 5× r❡❝♦♥str✉❝t✐♦♥ ❛❜♦✈❡✱ ❜✉t ✇✐t❤✲
♦✉t ♦s❝✐❧❧❛t✐♦♥s✳ ❚❤❡ s♠❛❧❧ ❢♦♦t♣r✐♥t ♦❢ t❤❡ ❜✐✲
❧✐♥❡❛r s✉♣❡r✲r❡s♦❧✉t✐♦♥ ♦♣❡r❛t♦r ✐s ❛❞❡q✉❛t❡ ❢♦r
s✉❝❤ ❧♦✇ ③♦♦♠ ❢❛❝t♦rs✳

✭❞✮ ❘❡❝♦♥str✉❝t✐♦♥ ❛t 5× ③♦♦♠ ✇✐t❤ ♣♦❧②❣♦♥
✐♥t❡r♣♦❧❛t✐♦♥✳ ❚❤✐s ♦♣❡r❛t♦r ❤❛s ❛ ✈❛r✐❛❜❧❡ s✐③❡
❢♦♦t♣r✐♥t✱ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ❝❛♣❛❜❧❡ ♦❢ ❤❛♥❞❧✐♥❣
❛♥② s✐③❡ ③♦♦♠ ❢❛❝t♦r✳

❋✐❣✉r❡ ✼✳✸✿ ❚❤❡ ❡✛❡❝t ♦❢ t❤❡ ③♦♦♠ ❢❛❝t♦r ♦♥ ❜✐❧✐♥❡❛r ❛♥❞ ♣♦❧②❣♦♥ s✉♣❡r✲r❡s♦❧✉t✐♦♥
♦♣❡r❛t♦rs✳

✇✐t❤ 0 ≤ x ≤ 1, 0 ≤ y ≤ 1✳ ❆♥ ❡①❛❝t ❛♥s✇❡r ✐s ✐♠♣♦ss✐❜❧❡ t♦ ✜♥❞✱ ❜✉t ❧✐♥❡❛r

✐♥t❡r♣♦❧❛t✐♦♥ ❣✐✈❡s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥

f(x, y) ≈
[

1− x x
]

[

f00 f01

f10 f11

][

1− y

y

]

.

❚❤✐s ♠❡t❤♦❞ ✐s ❦♥♦✇♥ ❛s ❜✐✲❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ✭❡✈❡♥ t❤♦✉❣❤ t❤❡ s✉❝❝❡ss✐✈❡

❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ ❧✐♥❡❛r ♦♣❡r❛t♦rs ✐s ♥♦ ❧♦♥❣❡r ❧✐♥❡❛r✮✳ ■♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧

❝❛s❡✱ ✇❤❡r❡ (x, y) ❢❛❧❧s ✐♥s✐❞❡ ❛♥ ❛r❜✐tr❛r② ❝❡❧❧ ✭❛❣❛✐♥ ✇✐t❤ s✉rr♦✉♥❞✐♥❣ ❢✉♥❝t✐♦♥

✈❛❧✉❡s f00, f01✱ f10✱ ❛♥❞ f11 ❦♥♦✇♥✮✱ ✇❡ ❞❡✜♥❡ t✇♦ ❧♦❝❛t✐♦♥ ✈❛r✐❛❜❧❡s✱

u = x− ⌊x⌋ ❛♥❞ t = y − ⌊y⌋ ,

s♦ t❤❛t

f(x, y) ≈
[

1− u u
]

[

f00 f01

f10 f11

][

1− t

t

]

= f00(1− u)(1− t) + f01(t)(1− u) + f10(u)(1− t) + f11(u)(t). ✭✼✳✸✮
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❋✐❣✉r❡ ✼✳✹✿ ❆ ❧♦✇✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧✱ tr❛♥s❢♦r♠❡❞ t♦ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡✳ ❚❤❡
❝❡♥tr❡ ♦❢ t❤❡ tr❛♥s❢♦r♠❡❞ ♣✐①❡❧ ✭❜✐❣ ❞♦t✮ ✐s ✉s❡❞ t♦ ✜♥❞ t❤❡ ♥❡❛r❡st s✉rr♦✉♥❞✐♥❣ ♣✐①❡❧
❝❡♥tr❡s ✭s♠❛❧❧ ❞♦ts✮✱ ✐♥❞✐❝❛t✐♥❣ ✇❤✐❝❤ ♣✐①❡❧s ✐♥ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ ❛r❡ ✐♥t❡r♣♦✲
❧❛t❡❞ t♦ ✐♥❢♦r♠ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧✳

■❢ ❛❧❧ ❦♥♦✇♥ ❣r✐❞✲✈❛❧✉❡s ♦❢ f(x, y) ❛r❡ ♣❧❛❝❡❞ ✐♥ ❛ ✈❡❝t♦r✱ x✱ t❤❡♥

f(x, y) = aTx, ✭✼✳✹✮

✇❤❡r❡ a ✐s ❛ s♣❛rs❡ ✈❡❝t♦r ♦❢ ✐♥t❡r♣♦❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ❞❡r✐✈❡❞ ❢r♦♠ ✭✼✳✸✮ ✭a ❤❛s

♠♦st❧② ③❡r♦ ❡♥tr✐❡s✱ ❡①❝❡♣t ✇❤❡r❡ ❡❧❡♠❡♥ts ❝♦rr❡s♣♦♥❞ t♦ f00, f01✱ f10✱ ♦r f11 ✐♥

x✮✳ ❲❤❡♥ ❝♦♠♣✉t✐♥❣ f(x, y) ❢♦r s❡✈❡r❛❧ ❝♦♦r❞✐♥❛t❡ ♣❛✐rs✱ (xi, yi)✱ ✭✼✳✹✮ ❜❡❝♦♠❡s

b = Ax, b =















f(x0, y0)

f(x1, y1)
✳✳✳

f(xN−1, yN−1)















, ✭✼✳✺✮

❛♥❛❧♦❣♦✉s t♦ ✭✼✳✷✮✳

❋♦r s✉♣❡r✲r❡s♦❧✉t✐♦♥ r❡❝♦♥str✉❝t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ ✇❛r♣ ✭❛♥❞ ❞♦✇♥✲s❝❛❧❡✮ t❤❡

❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ t♦ ♣r♦❞✉❝❡ ❛ ❣✐✈❡♥ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡✳ ❚❤❡ tr❛♥s❢♦r✲

♠❛t✐♦♥ ♠❛tr✐① t❤❛t ✇❛r♣s t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❢r❛♠❡ t♦ t❤❡ i✲t❤ ❧♦✇✲r❡s♦❧✉t✐♦♥

❢r❛♠❡ ✐s

M =
(

Hi,0

)−1
S ✇✐t❤ S =









1/z 0 0

0 1/z 0

0 0 1
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✭❛✮ ❚❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♥♣✉t ✐♠❛❣❡✳ ❆ ✈❡❝t♦r r❡♣r❡s❡♥t❛✲
t✐♦♥✱ x✱ ✐s ♦❜t❛✐♥❡❞ ❜② ✉♥♣❛❝❦✐♥❣ t❤❡ ✈❛❧✉❡s ✐♥ ❧❡①✐❝♦❣r❛♣❤✐❝
♦r❞❡r✳

✭❜✮ ❚❤❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝t✱
Ax✱ r❡s❤❛♣❡❞ t♦ ❢♦r♠ ❛♥ ✐♠❛❣❡✳

❋✐❣✉r❡ ✼✳✺✿ ❊✛❡❝t ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❛♥❞ ❜✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r A ♦♥ x✳
❍❡r❡✱ A ✇❛s ❝♦♥str✉❝t❡❞ t♦ r♦t❛t❡ ❜② 5◦ ❛♥❞ t♦ ❞♦✇♥s❛♠♣❧❡ ❜② ✷✳

❛♥❞ Hi,0 ❜❡✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① ❢♦r ✇❛r♣✐♥❣ t❤❡ i✲t❤ ❢r❛♠❡ t♦ t❤❡

r❡❢❡r❡♥❝❡ ❢r❛♠❡ ✭s❡❡ ❋✐❣✉r❡✳ ✼✳✹✮✱ ❛s ❞❡r✐✈❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❲❡ ❝❛♥ ♥♦✇ r❡✇r✐t❡

✭✼✳✺✮ ❛s

b = Ax, b =















f(M−1c0)

f(M−1c1)
✳✳✳

f(M−1cN−1)















✇❤❡r❡ ci✱ i = 0, . . . , N − 1 r❡♣r❡s❡♥t ❛❧❧ ❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ❢r❛♠❡✳

❲✐t❤ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡s❡ ❝♦♦r❞✐♥❛t❡s✱ t❤❡ ♠❛tr✐① A ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛s ✐♥

✭✼✳✸✮✳ ❋✐❣✉r❡ ✼✳✺ s❤♦✇s t❤❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝t Ax ✇❤❡r❡ x ✐s ❛ ❤✐❣❤✲

r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ ❛♥❞ A ♣❡r❢♦r♠s ❜✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ❛❢t❡r r♦t❛t✐♥❣ ❜② 5◦✳

✼✳✸✳✷ P♦❧②❣♦♥✲❜❛s❡❞ ✐♥t❡r♣♦❧❛t✐♦♥

■♥ ❬❱❍✵✼❪✱ ❛ ♣♦❧②❣♦♥ ✐♥t❡rs❡❝t✐♦♥ s❝❤❡♠❡ ✐s ♣r❡s❡♥t❡❞ ❛s ❛ ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t♦r✳

❙✉❜s❡q✉❡♥t❧②✱ ❛ ♠❡♠❜❡r ♦❢ t❤❡ ❙♣❛❝❡ ❚❡❧❡s❝♦♣❡ ❛♥❞ ❙❝✐❡♥❝❡ ■♥st✐t✉t❡ ❜r♦✉❣❤t

t♦ ♦✉r ❛tt❡♥t✐♦♥ ❛ r❡❧❛t❡❞ ❛❧❣♦r✐t❤♠ ❝❛❧❧❡❞ ❉r✐③③❧❡ ❬❋❍✵✷❪✱ ✉s❡❞ ❜② ◆❆❙❆

t♦ ❢✉s❡ ❍✉❜❜❧❡ ❙♣❛❝❡ ❚❡❧❡s❝♦♣❡ ♣❤♦t♦❣r❛♣❤s ✭s❡❡ ❤tt♣✿✴✴sts❞❛s✳sts❝✐✳❡❞✉✴

♠✉❧t✐❞r✐③③❧❡✮✳ ❍♦✇❡✈❡r✱ ✇❤✐❧❡ ❜♦t❤ ♠❡t❤♦❞s r❡❧② ♦♥ ✐♥t❡rs❡❝t✐♥❣ q✉❛❞r✐❧❛t✲

❡r❛❧s ✭❢♦✉r✲❝♦r♥❡r❡❞ ♣♦❧②❣♦♥s t❤❛t r❡♣r❡s❡♥t ♣✐①❡❧s✮ t♦ ❞❡t❡r♠✐♥❡ ♣✐①❡❧ ✇❡✐❣❤ts✱

❢♦r♠✉❧❛t✐♥❣ ♣♦❧②❣♦♥ ✐♥t❡rs❡❝t✐♦♥ ❛s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ♣r♦✈❡s t♦ ❜❡ ❢✉♥❞❛♠❡♥t❛❧

✐♥ ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ s✉♣❡r✲r❡s♦❧✉t✐♦♥ r❡❝♦♥str✉❝t✐♦♥✳

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ✇❛♥t t♦ ❡①♣r❡ss ❛ ❧♦✇✲r❡s♦❧✉t✐♦♥ ♦✉t♣✉t ✐♠❛❣❡✱

http://stsdas.stsci.edu/multidrizzle
http://stsdas.stsci.edu/multidrizzle
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❋✐❣✉r❡ ✼✳✻✿ ❚❤❡ s♣❛rs❡ ♠❛tr✐① str✉❝t✉r❡ ♦❢ ❛ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ♦♣❡r❛t♦r✱ ❡♠✲
♣❧♦②✐♥❣ ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t✐♦♥✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❛ ❝❧♦❝❦✇✐s❡
r♦t❛t✐♦♥ ❜② 5◦✳ ❚❤❡ str✉❝t✉r❡ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❛t ♦❢ t❤❡ ❜✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t♦r✱ ❡①✲
❝❡♣t t❤❛t t❤❡ ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t♦r ❤❛s ❛ ✇✐❞❡r ✏❢♦♦t♣r✐♥t✑✱ r❡s✉❧t✐♥❣ ✐♥ ♠♦r❡ r❡❥❡❝t❡❞
❜♦✉♥❞❛r② ♣✐①❡❧s✳

b✱ ❛s

b = Ax

♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ❡❛❝❤ ♣✐①❡❧ ✐♥ b ❛s

bm =
∑

n

Am,nxn.

❊❛❝❤ ♣✐①❡❧ ✈❛❧✉❡✱ bm✱ ❞❡♣❡♥❞s ♦♥ ❛ ♥✉♠❜❡r ♦❢ ♣✐①❡❧s ❢r♦♠ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠✲

❛❣❡✱ x✱ ✇❡✐❣❤t❡❞ ❜② t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ r♦✇ m ♦❢ t❤❡ ♦♣❡r❛t♦r A✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥

❢♦r t❤❡ ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r ✐s ❛s ❢♦❧❧♦✇s✿

❆ ❝❛♠❡r❛ s❡♥s♦r ✐s ❛ ❣r✐❞ ♦❢ ♣❤♦t♦✲s❡♥s✐t✐✈❡ ❝❡❧❧s ✭t❤✐♥❦ ♦❢ t❤❡♠ ❛s ♣❤♦t♦♥

❜✉❝❦❡ts✱ ❡❛❝❤ r❡♣r❡s❡♥t✐♥❣ ❛ ♣✐①❡❧✮✳ ❉✉❡ t♦ ♠✐❝r♦✲❧❡♥s❡s✱ t❤❡ ❣❛♣s ❜❡t✇❡❡♥ t❤❡

❝❡❧❧s ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳ ❉✉r✐♥❣ ✐♠❛❣✐♥❣✱ t❤❡ s❡♥s♦r ✐rr❛❞✐❛♥❝❡ ✐s ✐♥t❡❣r❛t❡❞ ♦✈❡r

❡❛❝❤ ❝❡❧❧ ❢♦r t❤❡ ❞✉r❛t✐♦♥ ♦❢ ❡①♣♦s✉r❡✱ ❛❢t❡r ✇❤✐❝❤ t❤❡ ✈❛❧✉❡s ❛r❡ r❡❛❞ ♦✉t ❛s ❛

♠❛tr✐①✳ ◆♦✇✱ ✐♠❛❣✐♥❡ t✇♦ s❡♥s♦rs✱ ♦♥❡ ✇✐t❤ ❧❛r❣❡ ❝❡❧❧s ✭❧♦✇✲r❡s♦❧✉t✐♦♥✮ ❛♥❞ t❤❡

♦t❤❡r ✇✐t❤ s♠❛❧❧ ❝❡❧❧s ✭❤✐❣❤✲r❡s♦❧✉t✐♦♥✮✱ r♦t❛t❡❞ r❡❧❛t✐✈❡ t♦ ♦♥❡ ❛♥♦t❤❡r✳ ❍♦✇

❛r❡ t❤❡ ❝❡❧❧ ✈❛❧✉❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t s❡♥s♦rs r❡❧❛t❡❞❄ ❖✉r ♣r♦♣♦s❡❞ s♦❧✉t✐♦♥ ✐s t♦
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♠❡❛s✉r❡ t❤❡ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t❤❡ ❧❛r❣❡r ❛♥❞ s♠❛❧❧❡r ❝❡❧❧s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✼✳

❚❤❡ ✈❛❧✉❡ ♦❢ ❛ ✭❧❛r❣❡✮ ❧♦✇✲r❡s♦❧✉t✐♦♥ ❝❡❧❧ ✐s s❡t t♦ ❛ ✇❡✐❣❤t❡❞ s✉♠ ♦❢ ❛❧❧ ✭s♠❛❧❧✮

❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❝❡❧❧s❀ t❤❡ ✇❡✐❣❤ts ❞❡♣❡♥❞ ♦♥ t❤❡✐r ♦✈❡r❧❛♣✳

❆❧❣♦r✐t❤♠ ✼✳✶ ♦✉t❧✐♥❡s t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ A✳

❆❧❣♦r✐t❤♠ ✼✳✶ ❈❛❧❝✉❧❛t✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r✲
❛t♦r A✳ ❆❧s♦ s❡❡ ❋✐❣✉r❡ ✼✳✼✳

❋♦r ❡❛❝❤ ❧♦✇✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧✱ bm✿

✶✳ ❈r❡❛t❡ ❛ q✉❛❞r✐❧❛t❡r❛❧ ✭❢♦✉r✲♥♦❞❡ ♣♦❧②❣♦♥✮ ❢r♦♠ t❤❡ ❝♦r♥❡r✲♣♦✐♥ts ♦❢ bm✳
❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♣✐①❡❧ ❛t (0, 0) ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♣♦❧②❣♦♥ ✇✐t❤
♥♦❞❡s

xm
L = (−0.5, 0.5, 0.5,−0.5)

ym
L = (−0.5,−0.5, 0.5, 0.5).

❚❤❡ s✉❜s❝r✐♣t L ✐♥❞✐❝❛t❡s ✏❧♦✇✲r❡s♦❧✉t✐♦♥✑ ❛♥❞ t❤❡ s✉♣❡r✲s❝r✐♣t ✐s t❤❡ ♣✐①❡❧
♥✉♠❜❡r✳

✷✳ ❚r❛♥s❢♦r♠ t❤❡ ♣♦❧②❣♦♥ t♦ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❢r❛♠❡✱ ✉s✐♥❣ t❤❡ tr❛♥s❢♦r✲
♠❛t✐♦♥ ♠❛tr✐① M−1 ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❚❤❡ ♥❡✇ ❝♦r♥❡r ❝♦♦r❞✐✲
♥❛t❡s ❛r❡ x̂m

L ✱ ŷm
L ✳ ■❢ ❛♥② ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡s ❢❛❧❧ ♦✉ts✐❞❡ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥

✐♠❛❣❡✱ ❜r❡❛❦ t❤✐s ❧♦♦♣ ❛♥❞ ❝♦♥t✐♥✉❡ t♦ t❤❡ ♥❡①t ❧♦✇ r❡s♦❧✉t✐♦♥ ♣✐①❡❧ ✭t❤❡r❡
♠❛② ❜❡ ♦t❤❡r ✇❛②s t♦ ❤❛♥❞❧❡ ❜♦✉♥❞❛r② ♣r♦❜❧❡♠s✱ ❜✉t t❤✐s ✐s s✐♠♣❧❡ ❛♥❞
✇♦r❦s ✇❡❧❧✮✳

✸✳ ❉❡t❡r♠✐♥❡ t❤❡ ❜♦✉♥❞✐♥❣ ❜♦① ♦❢ t❤❡ ♥❡✇❧② ❢♦r♠❡❞ ♣♦❧②❣♦♥✿

xBB =
(⌊

minx′
L

⌋

,
⌈

maxx′
L

⌉

,
⌈

maxx′
L

⌉

,
⌊

minx′
L

⌋)

yBB =
(⌊

miny′
L

⌋

,
⌊

miny′
L

⌋

,
⌈

maxy′
L

⌉

,
⌈

maxy′
L

⌉)

✹✳ ❋♦r ❡❛❝❤ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧ ✐♥s✐❞❡ t❤❡ ❜♦✉♥❞✐♥❣ ❜♦①✿

✭❛✮ ❆ss✐❣♥ t❤❡ ♣✐①❡❧ ♥✉♠❜❡r n = iN + j ✇❤❡r❡ (i, j) ✐s t❤❡ ❣r✐❞ ♣♦s✐t✐♦♥
♦❢ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧ ❛♥❞ N ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❝♦❧✉♠♥s ✐♥
t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❢r❛♠❡✳

✭❜✮ ❈r❡❛t❡ ❛ q✉❛❞r✐❧❛t❡r❛❧ ❢r♦♠ t❤❡ ❝♦r♥❡r✲♣♦✐♥ts ♦❢ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥
♣✐①❡❧ ✇✐t❤ ✈❡rt✐❝❡s xn

H ❛♥❞ yn
H ✳

✭❝✮ ▼❡❛s✉r❡ t❤❡ ❛r❡❛ ♦❢ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t❤❡ ♣♦❧②❣♦♥s (xm
L ,ym

L ) ❛♥❞
(xn

H ,yn
H)✱ ❛♥❞ ❛ss✐❣♥ t❤❡ ✈❛❧✉❡ t♦ Am,n✳

✺✳ ❉✐✈✐❞❡ ❡❛❝❤ r♦✇ Am,∗ ❜② ✐ts s✉♠ s♦ t❤❛t t❤❡ ✇❡✐❣❤ts ❛❞❞ t♦ ♦♥❡✳

❚❤✐s ♦♣❡r❛t♦r ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ t❤❛t ✐t ✐s ♣❛r❛♠❡t❡r ❢r❡❡✱ ❛♥❞ ❤❛s ❛ ✈❛r✐❛❜❧❡

s✐③❡ ❢♦♦t♣r✐♥t t❤❛t ❝♦✈❡rs ❛❧❧ t❤❡ ♥❡❝❡ss❛r② ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧s✳ ❋✉rt❤❡r♠♦r❡✱

✐t ❤❛s ❧❡ss ♦❢ ❛ s♠♦♦t❤✐♥❣ ❡✛❡❝t t❤❛♥ t❤❡ ❜✐✲❧✐♥❡❛r ✐♥t❡r♣♦❧❛t♦r✳
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❈♦♠♣✉t✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ A ✐s ♠♦r❡ ❡①♣❡♥s✐✈❡ ❢♦r ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛✲

t✐♦♥ t❤❛♥ ❢♦r ❜✐✲❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥✱ ❞✉❡ t♦ t❤❡ ♠❛♥② ♣♦❧②❣♦♥ ❛r❡❛ ✐♥t❡rs❡❝t✐♦♥

❝❛❧❝✉❧❛t✐♦♥s ✭❝❛❧❧❡❞ ✏❝❧✐♣♣✐♥❣✑ ♦♣❡r❛t✐♦♥s✮ ✐♥✈♦❧✈❡❞✳ ❍♦✇❡✈❡r✱ t✇♦ ❝♦♥❞✐t✐♦♥s

✐♠♣r♦✈❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ✇❤❡♥ ❝❧✐♣♣✐♥❣✿

✶✳ ❖♥❡ ♦❢ t❤❡ ♣♦❧②❣♦♥s ✐s ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ❣r✐❞✳

✷✳ ❇♦t❤ ♣♦❧②❣♦♥s ❛r❡ ❝♦♥✈❡①✳

❚❤❡ ✜rst ♦❜s❡r✈❛t✐♦♥ ✐s ♣❛rt✐❝✉❧❛r❧② ✐♠♣♦rt❛♥t✱ s✐♥❝❡ ✐t ❛❧❧♦✇s t❤❡ ✉s❡ ♦❢ ❛❧❣♦✲

r✐t❤♠s t❤❛t ❝❧✐♣ ♣♦❧②❣♦♥s t♦ ❛ ✏✈✐❡✇♣♦rt✑ ✭t❤✐s ✐s t②♣✐❝❛❧❧② ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡

✇❤✐❝❤ ♣❛rt ♦❢ ❛ ♣♦❧②❣♦♥ ❢❛❧❧s ✐♥s✐❞❡ t❤❡ s❝r❡❡♥✮✳ ❚❤❡ s❡❝♦♥❞ ♠❡❛♥s t❤❛t ❛ s✐♠✲

♣❧❡r ❝❧❛ss ♦❢ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞✳ ❲❡ ✉s❡ t❤❡ ▲✐❛♥❣✲❇❛rs❦② ❛❧❣♦r✐t❤♠

❬▲❇✽✸❪✱ ✇❤✐❝❤ ✐s ♦♣t✐♠✐s❡❞ ❢♦r r❛♣✐❞❧② ❝❧✐♣♣✐♥❣ ❝♦♥✈❡① ♣♦❧②❣♦♥s ❛❣❛✐♥st ❛ ✈✐❡✇✲

♣♦rt✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ✐s t❤❛t ❜② ▼❛✐❧❧♦t ❬▼❛✐✾✷❪✳

❚❤❡ ❛r❡❛ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♥♦♥✲s❡❧❢✲✐♥t❡rs❡❝t✐♥❣ ❝❧✐♣♣❡❞ ♣♦❧②❣♦♥ ✐s ❡❛s✐❧② ❞❡✲

t❡r♠✐♥❡❞ ❛s ❣✐✈❡♥ ❜② ❬❇♦✉❪❀

a =
1

2

N−1
∑

i=0

(xiyi+1 − xi+1yi),

✇❤❡r❡ x ❛♥❞ y ❛r❡ t❤❡ ♣♦❧②❣♦♥ ✈❡rt✐❝❡s ✐♥ ❝❧♦❝❦✲✇✐s❡ ✭♦r ❛♥t✐✲❝❧♦❝❦✲✇✐s❡✮ ♦r❞❡r✳

❚❤❡ ❝❧✐♣♣✐♥❣ ♦❢ t❤❡ ❡♥t✐r❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣✐①❡❧s ❝❛♥ ❡❛s✐❧② ❜❡ ♣❛r❛❧❧❡❧❧✐s❡❞✳ ■❢

♦♥❧② t❤❡ r❡s✉❧t ♦❢ t❤❡ ♦♣❡r❛t♦r✱ Ax✱ ✐s r❡q✉✐r❡❞✱ ✐t ❝❛♥ ❜❡ r❛♣✐❞❧② r❡♥❞❡r❡❞

✈✐❛ t❤❡ ❣r❛♣❤✐❝❛❧ ♣r♦❝❡ss✐♥❣ ✉♥✐t ✇✐t❤♦✉t ❡①♣❧✐❝✐t❧② ❝❛❧❝✉❧❛t✐♥❣ ❛♥② ♣♦❧②❣♦♥

✐♥t❡rs❡❝t✐♦♥s ✭♣✐①❡❧s ❛r❡ s✐♠♣❧② ✇❛r♣❡❞ ❛♥❞ ❛❞❞❡❞✱ ✇❤✐❧❡ t❤❡ ●P❯ t❛❦❡s ❝❛r❡ ♦❢

❛♥② ❝❧✐♣♣✐♥❣ ✐♥ ✐ts ✜①❡❞ ♣✐♣❡❧✐♥❡✮✳

❋✐❣✉r❡ ✼✳✽ ✐❧❧✉str❛t❡s t❤❡ ❡✛❡❝t ♦❢ A ♦♥ ❛ ✈❡❝t♦r x✳

◆♦t❡ t❤❛t t❤❡ ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r ❤❛s s❡✈❡r❛❧ ❛❞✈❛♥t❛❣❡s ♦✈❡r

❜✐❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥✿ ✐t ❛❝❝✉r❛t❡❧② ♠♦❞❡❧s t❤❡ ✉♥❞❡r❧②✐♥❣ s❡♥s♦r ♣❤②s✐❝s✱ ✐t ✐s

❡❛s② t♦ ❝♦♠♣✉t❡ ❛♥❞ ✐t ❤❛s ❛ ✈❛r✐❛❜❧❡ ❢♦♦t♣r✐♥t t❤❛t ❛✉t♦♠❛t✐❝❛❧❧② ❛❞❥✉sts t♦

t❤❡ ✉♥❞❡r❧②✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥✳

■t ✐s ✐♠♣♦rt❛♥t t♦ r❡❛❧✐s❡ t❤❛t t❤✐s ✐♥t❡r♣♦❧❛t✐♦♥ ♠♦❞❡❧ ✐s ♦♥❧② ❛❝❝✉r❛t❡ ❜❡❢♦r❡

❇❛②❡r ❞❡♠♦s❛✐❝❦✐♥❣ t❛❦❡s ♣❧❛❝❡ ✭❛ ♣r♦❝❡ss ✇❤✐❝❤ ❞❡str♦②s ♠✉❝❤ ♦❢ t❤❡ s✉♣❡r✲

r❡s♦❧✉t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛♥② ❝❛s❡✮✳
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❋✐❣✉r❡ ✼✳✼✿ P♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t✐♦♥ ✏❢♦♦t♣r✐♥t✑✳ ❚❤❡ ❞♦t ✐♥❞✐❝❛t❡s t❤❡ ❝❡♥tr❡ ♦❢ ❛ ❧♦✇✲
r❡s♦❧✉t✐♦♥ ♣✐①❡❧✱ tr❛♥s❢♦r♠❡❞ t♦ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧ ❣r✐❞✳ ❆❧❧ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧s
t♦✉❝❤✐♥❣ t❤❡ tr❛♥s❢♦r♠❡❞ ♣✐①❡❧ ❛r❡ ✉s❡❞ t♦ ✐♥t❡r♣♦❧❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥
♣✐①❡❧✳

✭❛✮ ❚❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♥♣✉t ✐♠❛❣❡✳ ❆ ✈❡❝t♦r r❡♣r❡s❡♥t❛✲
t✐♦♥✱ x✱ ✐s ♦❜t❛✐♥❡❞ ❜② ✉♥♣❛❝❦✐♥❣ t❤❡ ✈❛❧✉❡s ✐♥ ❧❡①✐❝♦❣r❛♣❤✐❝
♦r❞❡r✳

✭❜✮ ❚❤❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝t✱
Ax✱ r❡s❤❛♣❡❞ t♦ ❢♦r♠ ❛♥ ✐♠❛❣❡✳

❋✐❣✉r❡ ✼✳✽✿ ❊✛❡❝t ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❛♥❞ ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r A ♦♥ x✳
❍❡r❡✱ A ✇❛s ❝♦♥str✉❝t❡❞ t♦ r♦t❛t❡ ❜② 5◦ ❛♥❞ t♦ ❞♦✇♥s❛♠♣❧❡ ❜② ✷✳
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❙
♦❢
t✇

❛r
❡ P♦❧②❣♦♥ ❈❧✐♣♣✐♥❣ ❛♥❞ ●❡♦♠❡tr②

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ s✉♣r❡♠❡✳❡①t✿

❼ ❧✐♥❡❴✐♥t❡rs❡❝t✿ ❈❛❧❝✉❧❛t❡ t❤❡ ♣♦✐♥t ♦❢ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦

❧✐♥❡s✳

❼ ♥♣♥♣♦❧②✿ ●✐✈❡♥ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣♦✐♥ts✱ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ❢❛❧❧ ✐♥s✐❞❡

❛ ❣✐✈❡♥ ♣♦❧②❣♦♥✳

❼ ♣♦❧②❴❝❧✐♣✿ ❈❧✐♣ ❛ ❝♦♥✈❡① ♣♦❧②❣♦♥ t♦ ❛ ❣✐✈❡♥ ✈✐❡✇♣♦rt ✭❛ r❡❝t❛♥✲

❣✉❧❛r ♣♦❧②❣♦♥✮✳

❼ ♣♦❧②❴✐♥t❡r♣❴♦♣✿ ❈♦♥str✉❝t ❛ ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r ❛s ❞❡✲

s❝✐❜❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❣❡♥❡r❛t❡s t❤❡ ♣r♦❞✉❝t Ax s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✽✳

❢r♦♠ s✉♣r❡♠❡✳❡①t ✐♠♣♦rt ♣♦❧②❴✐♥t❡r♣❴♦♣

❢r♦♠ s✉♣r❡♠❡✳✐♦ ✐♠♣♦rt ✐♠r❡❛❞

❢r♦♠ s✉♣r❡♠❡✳❛♣✐ ✐♠♣♦rt s❤♦✇

★ ❩♦♦♠ ❢❛❝t♦r

③ ❂ ✶✴✷✳

★ ❈♦♥str✉❝t t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐①

❈ ❂ ③ ✯ ♥♣✳❝♦s✭✺ ✴ ✶✽✵ ✳✯ ♥♣✳♣✐✮

❙ ❂ ③ ✯ ♥♣✳s✐♥✭✺ ✴ ✶✽✵ ✳✯ ♥♣✳♣✐✮

❍ ❂ ♥♣✳❛rr❛② ✭❬❬❈✱ ✲❙✱ ✵❪✱ ❬❙✱ ❈✱ ✵❪✱ ❬✵✱ ✵✱ ✶❪❪✮

★ ❘❡❛❞ t❤❡ ✐♥♣✉t ✐♠❛❣❡ ❛♥❞ ❝♦♥✈❡rt t♦ ❣r❡② ✲s❝❛❧❡

① ❂ ✐♠r❡❛❞✭✬❝❤❡❧s❡❛✳❥♣❣✬✱ ❢❧❛tt❡♥❂❚r✉❡✮

★ ❈♦♥str✉❝t t❤❡ ♦♣❡r❛t♦r ✱ ❆

▼✱ ◆ ❂ ①✳s❤❛♣❡

❇ ❂ ♣♦❧②❴✐♥t❡r♣❴♦♣✭▼✱ ◆✱ ❍✱ ▼✴✴✷✱ ◆✴✴✷✮

★ ❆♣♣❧② t❤❡ ♦♣❡r❛t♦r ❛♥❞ r❡s❤❛♣❡ t♦ ❛♥ ✐♠❛❣❡

❜ ❂ ✭❇ ✯ ①✳❢❧❛t✮✳ r❡s❤❛♣❡ ✭✭▼✴✷✱ ◆✴✷✮✮

s❤♦✇✭①✱ ❜✮
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✭❛✮ ▼✉❧t✐✲❢r❛♠❡ ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛✲
t♦r✳

✭❜✮ ▼✉❧t✐✲❢r❛♠❡ ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r✲
❛t♦r ✐♥ st❛♥❞❛r❞ ❢♦r♠✳

❋✐❣✉r❡ ✼✳✾✿ ❙♣❛rs✐t② ♣❛tt❡r♥ ♦❢ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦rs✳ ❲❤❡♥ t❤❡ ♦♣❡r❛t♦r A ✐s
❛♣♣❧✐❡❞ t♦ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ ✈❡❝t♦r x ❛ ♥✉♠❜❡r ♦❢ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡s ❛r❡
♣r♦❞✉❝❡❞ ✭✶✵ ✐♥ t❤✐s ❝❛s❡✮✳

✼✳✹ ❙♦❧✈✐♥❣ t❤❡ ❧❛r❣❡✱ s♣❛rs❡ ❧❡❛st✲sq✉❛r❡s

♣r♦❜❧❡♠ Ax = b

❚❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❣✐✈❡s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠ ❛s

argmin
x

f(x) ✇✐t❤ f(x) = ‖Ax− b‖22 ✭✼✳✻✮

♦r✱ ✇✐t❤ ❞❛♠♣✐♥❣✱

argmin
x

f(x) ✇✐t❤ f(x) = ‖Ax− b‖22 + λxTx. ✭✼✳✼✮

❚❤❡ ♦♣❡r❛t♦r A ♣r♦❞✉❝❡s ❛❧❧ ❧♦✇✲r❡s♦❧✉t✐♦♥ ❢r❛♠❡s ❢r♦♠ ❛ ❣✐✈❡♥ ❤✐❣❤✲r❡s♦❧✉t✐♦♥

❢r❛♠❡❀ ✐ts str✉❝t✉r❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡✳ ✼✳✾✳

▲✐❦❡ ♠❛♥② ♦t❤❡r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s✱ ♦✉r ♣r♦❜❧❡♠ ✐s ♦❢t❡♥ ✐❧❧✲♣♦s❡❞✱ ❡s♣❡❝✐❛❧❧②

✇❤❡♥ ❞❛t❛ ✐s ❧❛❝❦✐♥❣✳ ●✐✈❡♥ ❡♥♦✉❣❤ ✐♠❛❣❡ ❢r❛♠❡s ✇✐t❤ ❞✐✛❡r❡♥t ❣❡♦♠❡tr✐❝

tr❛♥s❢♦r♠❛t✐♦♥s✱ t❤❡ s♦❧✉t✐♦♥ ✐s s✉✣❝✐❡♥t❧② ❝♦♥str❛✐♥❡❞✳ ❖t❤❡r✇✐s❡✱ ✇✐t❤♦✉t

s♦♠❡ ❢♦r♠ ♦❢ r❡❣✉❧❛r✐s❛t✐♦♥✱ ♥♦ ✉s❛❜❧❡ r❡s✉❧t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✳

❆s ❛ t❤♦✉❣❤t ❡①♣❡r✐♠❡♥t✱ ✐♠❛❣✐♥❡ r❡❝♦♥str✉❝t✐♥❣ ❛ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡

❢r♦♠ ❛ s✐♥❣❧❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡✳ ■♥ t❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡✱ ❛❧❧ ❤✐❣❤✲❢r❡q✉❡♥❝②

✐♥❢♦r♠❛t✐♦♥ ❤❛s ❜❡❡♥ r❡♠♦✈❡❞✳ ■t ✐s t❤❡r❡❢♦r❡ ✐♠♣♦ss✐❜❧❡ t♦ ❞❡t❡r♠✐♥❡ ❛ ♦♥❡✲t♦✲

♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❢r❛♠❡s ✭✐✳❡✳✱ ♠❛♥② ❞✐✛❡r❡♥t ❤✐❣❤✲r❡s♦❧✉t✐♦♥
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✐♠❛❣❡s ♠❛② ♠❛♣ t♦ t❤❡ s❛♠❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡✮✳ ❚❤❡ ♠♦r❡ ❧♦✇✲r❡s♦❧✉t✐♦♥

❢r❛♠❡s ✇❡ ❛❞❞✱ t❤❡ ❜❡tt❡r ✇❡ ❛r❡ ❛❜❧❡ t♦ ❡st✐♠❛t❡ t❤❡ ❤✐❣❤✲❢r❡q✉❡♥❝② ✐♥❢♦r♠❛✲

t✐♦♥✳ ❖✉r ❛❜✐❧✐t② t♦ r❡❝♦✈❡r s✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ✐s ❧✐♠✐t❡❞ ❜② t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡

♣❛r❛♠❡t❡rs ♣r♦✈✐❞❡❞ ❛♥❞ t❤❡ ♥❛t✉r❡ ♦❢ ♦✉r ❞❛t❛ s❡t✳

❘♦❜✉st ❛♣♣r♦❛❝❤❡s ❛❧❧♦✇ s♦♠❡ ❢♦r♠ ♦❢ ❞❛♠♣✐♥❣ t❤❛t ♣r❡✈❡♥ts t❤❡ s♦❧✉t✐♦♥

❢r♦♠ ♠♦✈✐♥❣ t♦♦ ❢❛r ❛✇❛② ❢r♦♠ ❛ ♣r❡✲s♣❡❝✐✜❡❞ x0✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✭✼✳✼✮✱ x0 = 0✳

❘❡❣✉❧❛r✐s✐♥❣ t♦✇❛r❞ ❛♥ ❛r❜✐tr❛r② ✈❡❝t♦r

❲❡ s♦❧✈❡ ❢♦r x ✐♥

argmin
x

{

‖Ax− b‖22 + λxTx
}

, ✭✼✳✽✮

♦r ✐ts ❛❧❣❡❜r❛✐❝ ❡q✉✐✈❛❧❡♥t✱

(ATA+ λI)x = ATb. ✭✼✳✾✮

❲❡ ❝❛♥ ❡❛s✐❧② ♠♦❞✐❢② t❤❡ ♣r♦❜❧❡♠ s♦ t❤❛t x ✐s ❝♦♥str❛✐♥❡❞ ♥♦t t♦ 0 ❜✉t t♦ ❛♥

❛r❜✐tr❛r② ❣✐✈❡♥ ✈❡❝t♦r x0✳ ❲❡ ✜rst tr❛♥s❢♦r♠ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ t♦

b̂ = b−Ax0.

■❢ x0 ✐s ❛ ❣♦♦❞ ❡st✐♠❛t❡ ♦❢ x✱ t❤❡♥ ✇❡ ❡①♣❡❝t t❤❡ s♦❧✉t✐♦♥ ♦❢

argmin
δx

{

∥

∥

∥Aδx− b̂

∥

∥

∥

2

2
+ λ(δx)T (δx)

}

t♦ ❧✐❡ ❝❧♦s❡ t♦ 0✳ ❲❡ ✜♥❞ ♦✉r ✜♥❛❧ s♦❧✉t✐♦♥ ❜② ❛❞❞✐♥❣ ❜❛❝❦ x0 t♦ ♦❜t❛✐♥

x = δx+ x0.

❈♦♥❞✐t✐♦♥✐♥❣

❚❤❡ r❡❣✉❧❛r✐s❛t✐♦♥ ♣❛r❛♠❡t❡r ✐♥ ✭✼✳✾✮ ✐♠♣r♦✈❡s t❤❡ ❝♦♥❞✐t✐♦♥✐♥❣ ♦❢ t❤❡ ❧✐♥❡❛r

s②st❡♠✳ ●✐✈❡♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s λi ❢♦r M = ATA✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ✐s ❞❡✜♥❡❞

❛s

κ(M) =
max(λi)

min(λi)
=

λmax

λmin
.

❋♦r M = (ATA+ αI) t❤✐s ❜❡❝♦♠❡s

κ(M) =
λmax + α

λmin + α
.

❚❤❡ ✐♠♣r♦✈❡❞ ❝♦♥❞✐t✐♦♥✐♥❣ ❝♦♠❡s ❛t ❛ ❝♦st✿ ✇❡ ♥♦ ❧♦♥❣❡r s♦❧✈❡ t❤❡ s❛♠❡ ❧✐♥❡❛r

s②st❡♠ ❛s ❜❡❢♦r❡✳
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❙♦❧✈✐♥❣

❊q✉❛t✐♦♥ ✭✼✳✾✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤ ❛ ❞✐r❡❝t s♣❛rs❡ s♦❧✈❡r✳ ❆ ❝♦♠♠♦♥ ❛❧t❡r♥❛t✐✈❡

✐s t♦ ❛♣♣r♦❛❝❤ t❤❡ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ✭✼✳✽✮ ✉s✐♥❣ ❛♥② st❛♥❞❛r❞ ❣r❛❞✐❡♥t✲

❜❛s❡❞ ✐t❡r❛t✐✈❡ ♠✐♥✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ■♥ ❝♦♥tr❛st t♦ ❞✐r❡❝t ♠❡t❤♦❞s✱ s✉❝❤ ❛♥

❛❧❣♦r✐t❤♠ ♠❛② ❜❡ t❡r♠✐♥❛t❡❞ ❡❛r❧② ❛s s♦♦♥ ❛s ❛ s❛t✐s❢❛❝t♦r② s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞✳

❚❤❡ ♥❡①t s❡❝t✐♦♥ ❧✐sts ❛ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐✈❡ ♠✐♥✐♠✐s❛t✐♦♥ ♠❡t❤♦❞s✿ st❡❡♣❡st

❞❡s❝❡♥t ✭s♦❧✈❡s ❊q✉❛t✐♦♥ ✼✳✻✮✱ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥ts ✭s♦❧✈❡s ❛ ✈❛r✐❛♥t ♦❢ ❊q✉❛t✐♦♥

✼✳✼✮✱ ▲✲❇❋●❙ ❛♥❞ ▲❙◗❘ ✭s♦❧✈❡s ❊q✉❛t✐♦♥ ✼✳✼✮✳

❋♦r ❛♥ ✐♥ ❞❡♣t❤ ♦✈❡r✈✐❡✇ ♦❢ ✐t❡r❛t✐✈❡ ❧❡❛st✲sq✉❛r❡s ♠❡t❤♦❞s✱ ✇❡ r❡❢❡r t♦

❬❇❥♦✾✻❪✳

❈❤♦✐❝❡ ♦❢ ♥♦r♠

❚❤❡ ✷✲♥♦r♠ ✐s ♥♦t ❛ ✈❡r② ❡✛❡❝t✐✈❡ ✇❛② ♦❢ ♠❡❛s✉r✐♥❣ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t✇♦

✈❡❝t♦rs ❛♥❞ t❤❡ ✶✲♥♦r♠✱ ♦❢t❡♥ s✉❣❣❡st❡❞ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡✱ s✉✛❡r ❢r♦♠ ♠❛♥② ♦❢

t❤❡ s❛♠❡ ❞❡✜❝✐❡♥❝✐❡s✳ ❍♦✇❡✈❡r✱ ✇❤✐❧❡ t❤❡ ✷✲♥♦r♠ s❡✈❡r❡❧② ♣❡♥❛❧✐s❡s ✐♥❞✐✈✐❞✉❛❧

♦✉t❧✐❡rs✱ t❤❡ ✶✲♥♦r♠ ✐s ♠♦r❡ t♦❧❡r❛♥t✱ ❛♥❞ ♠❛② ❧❡❛❞ t♦ ❛ ♥♦✐s✐❡r ❜✉t s❧✐❣❤t❧② ♠♦r❡

❞❡t❛✐❧❡❞ r❡❝♦♥str✉❝t✐♦♥s✳ ❙✐♥❝❡ t❤❡ ✶✲♥♦r♠ ✐s ❞✐s❝♦♥t✐♥✉♦✉s ❛t ③❡r♦✱ ✐t ❤❛s ❜❡❡♥

s✉❣❣❡st❡❞ ✐♥ ❬❇❘✾✻❪ t❤❛t ✐t ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ✷✲♥♦r♠ ❛r♦✉♥❞ t❤❡ ♦r✐❣✐♥✳

■♥ ❬❑❑▲+✵✼❪ ❛♥ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞ ✐s ♣r♦♣♦s❡❞ ❢♦r s♦❧✈✐♥❣ t❤❡ ❧❡❛st

sq✉❛r❡s ♣r♦❜❧❡♠ ✭✷✲♥♦r♠✮ ✇✐t❤ ▲✶✲r❡❣✉❧❛r✐s❛t✐♦♥✳

▲❛t❡r ✐♥ t❤✐s ❝❤❛♣t❡r ✭s❡❡ ❙❡❝t✐♦♥ ✼✳✺✮ ✇❡ ❞✐s❝✉ss r❡❝❡♥t❧② ❞❡✈❡❧♦♣❡❞ ❛❧t❡r✲

♥❛t✐✈❡ ♥♦r♠s✳

✼✳✹✳✶ ■t❡r❛t✐✈❡ ♦♣t✐♠✐s❛t✐♦♥ ♠❡t❤♦❞s

●r❛❞✐❡♥t ❞❡s❝❡♥t

●r❛❞✐❡♥t ❞❡s❝❡♥t ✭❛❧s♦ ❦♥♦✇♥ ❛s ✏st❡❡♣❡st ❞❡s❝❡♥t✑✮ ♠✐♥✐♠✐s❡s ❛ ❢✉♥❝t✐♦♥ ❜②

t❛❦✐♥❣ st❡♣s ❞♦✇♥ ✐ts ❣r❛❞✐❡♥t✳ ❋♦❧❧♦✇✐♥❣ ❛♥ ✐♥✐t✐❛❧ ❡st✐♠❛t❡✱ x0, t❤❡ s♦❧✉t✐♦♥

✐s ❡st✐♠❛t❡ ❜② ✐t❡r❛t✐✈❡❧② ✐♠♣r♦✈✐♥❣ x t♦

xk+1 = xk − α∇f(xk)

✇❤❡r❡

f(x) = ‖Ax− b‖22 + λxTx

❛♥❞

∇f(xk) = 2(Axk − b)TA+ 2λxT .

❚❤❡ st❡♣ s✐③❡ ✐s ❛❞❥✉st❡❞ ✉s✐♥❣ α✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ✐♥❝❧✉❞❡ ❛ ♣r✐♦r t❡r♠✱ ❛❧t❤♦✉❣❤

✐♥ ♣r❛❝t✐❝❡ ✇❡ ❢♦✉♥❞ t❤✐s t♦ ❜❡ ✉♥♥❡❝❡ss❛r②✱ ❣✐✈❡♥ ❛ s♠❛❧❧ ❡♥♦✉❣❤ α✳ ●r❛❞✐❡♥t
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❋✐❣✉r❡ ✼✳✶✵✿ ❙t❡♣s t❛❦❡♥ ❞✉r✐♥❣ ❢✉♥❝t✐♦♥ ♠✐♥✐♠✐s❛t✐♦♥✳ ❚❤❡ ❡❧❧✐♣t✐❝❛❧ ❧✐♥❡s ✐♥❞✐❝❛t❡
❝♦♥t♦✉rs ♦❢ t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥✱ ✇❤✐❧❡ t❤❡ st❡♣s t❛❦❡♥ ✉s✐♥❣ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❛♥❞ ❝♦♥❥✉✲
❣❛t❡ ❣r❛❞✐❡♥ts ❛r❡ s❤♦✇♥ ❛s t❤✐❝❤ ❞❛s❤❡❞ ❛♥❞ s♦❧✐❞ ❧✐♥❡s r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ✜❣✉r❡ ✐s ❞❡✲
r✐✈❡❞ ❢r♦♠ ❛♥ ✐❧❧✉str❛t✐♦♥ r❡❧❡❛s❡❞ ✐♥t♦ t❤❡ ♣✉❜❧✐❝ ❞♦♠❛✐♥ ❜② ❖❧❡❣ ❆❧❡①❛♥❞r♦✈ ✭❤tt♣✿ ✴✴
❝♦♠♠♦♥s✳ ✇✐❦✐♠❡❞✐❛✳ ♦r❣✴ ✇✐❦✐✴ ❋✐❧❡✿ ❈♦♥❥✉❣❛t❡❴ ❣r❛❞✐❡♥t❴ ✐❧❧✉str❛t✐♦♥✳ s✈❣ ✮✳

❞❡s❝❡♥t ♠❛② t❛❦❡ ❧♦♥❣ t♦ ❝♦♥✈❡r❣❡ ✐❢ t❤❡ ❢✉♥❝t✐♦♥ ♠✐♥✐♠✉♠ ❧✐❡s ❛t t❤❡ ❜♦tt♦♠

♦❢ ❛ ❧♦♥❣✱ ♥❛rr♦✇ tr♦✉❣❤✳

❈♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥ts

❚❤❡ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ♠❡t❤♦❞ ✐s ♦❢t❡♥ ✉s❡❞ t♦ s♦❧✈❡ ❧❛r❣❡ s②st❡♠s ♦❢ ❧✐♥❡❛r

❡q✉❛t✐♦♥s ✇❤❡r❡ t❤❡ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r t❤❡

♥♦r♠❛❧ ❧❡❛st sq✉❛r❡s ❡q✉❛t✐♦♥✱ ✇❤❡r❡

xT (ATA)x = (Ax)T (Ax) ≥ 0.

❚❤❡ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ♠❡t❤♦❞ ✐♠♣r♦✈❡s ✉♣♦♥ ❣r❛❞✐❡♥t ❞❡s❝❡♥t s✐♥❝❡ ❡❛❝❤ st❡♣

✐s t❛❦❡♥ ✐♥ ❛ ❞✐r❡❝t✐♦♥ ❝♦♥❥✉❣❛t❡ t♦ t❤♦s❡ t❛❦❡♥ ❜❡❢♦r❡ ✭s❡❡ ❋✐❣✉r❡ ✼✳✶✵✮✳ ❚♦

s❛✈❡ ♠❡♠♦r② ❛♥❞ t♦ ✐♠♣r♦✈❡ ❝♦♥❞✐t✐♦♥✐♥❣✱ ❢♦r♠✐♥❣ t❤❡ ❡♥t✐r❡ ♥♦r♠❛❧ ♠❛tr✐①

ATA ❝❛♥ ❜❡ ❛✈♦✐❞❡❞❀ ✇❡ s✐♠♣❧② r❡q✉✐r❡ t❤❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts Av ❛♥❞

ATv t♦ ❜❡ ❝♦♠♣✉t❡❞✳ ❚❤❡ Pr❡❝♦♥❞✐t✐♦♥❡❞ ❈♦♥❥✉❣❛t❡ ●r❛❞✐❡♥t ♠❡t❤♦❞ ✐s ♦❢t❡♥

r❡❝♦♠♠❡♥❞❡❞ t♦ ✐♠♣r♦✈❡ ❝♦♥✈❡r❣❡♥❝❡✳ ■t s♦❧✈❡s t❤❡ s②st❡♠

M−1ATAx = M−1b

http://commons.wikimedia.org/wiki/File:Conjugate_gradient_illustration.svg
http://commons.wikimedia.org/wiki/File:Conjugate_gradient_illustration.svg
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✇❤❡r❡ M−1 ✐s s♦♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡ ♦❢ ATA✳ ❆ ❝♦♠♠♦♥ ❝❤♦✐❝❡ ✐s

t♦ t❛❦❡ M ❛s t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ ATA ✭t❤✐s ✐s ❝❛❧❧❡❞ t❤❡ ❏❛❝♦❜✐ ♣r❡❝♦♥❞✐t✐♦♥❡r✮✳

❇❛②❡s✐❛♥ ♣r✐♦r ❆♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ✐s t♦ ✉s❡ t❤❡ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t

♠❡t❤♦❞ s✐♠♣❧② ❛s ❛ ♥♦♥❧✐♥❡❛r ♠✐♥✐♠✐s❡r✱ ❛r♠❡❞ ✇✐t❤ ❛ ❝♦st ❢✉♥❝t✐♦♥ ‖Ax− b‖2
❛♥❞ ✐ts ❣r❛❞✐❡♥t✱ 2(Axk − b)TA✳

■♥ ♦✉r s♦❢t✇❛r❡✱ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ ❛♥ ♦♣❡♥✲s♦✉r❝❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✭s❝✐♣②✳♦♣t✐♠✐③❡✳❢♠✐♥❴❝❣✮

♦❢ ❛ ♥♦♥✲❧✐♥❡❛r ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ♠✐♥✐♠✐s❡r ❢♦r♠✉❧❛t❡❞ ❜② P♦❧❛❦ ✫ ❘✐❜✐❡r❡ ❛♥❞

❞❡s❝r✐❜❡❞ ✐♥ ❬◆❲✵✵❪✳ ■♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ t❤✐s ❛♣♣r♦❛❝❤ r❡❞✉❝❡s t♦ t❤❡ st❛♥❞❛r❞

❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ♠❡t❤♦❞ ✇✐t❤♦✉t ✐♥❝✉rr✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❝♦st✳

❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ❡♥s✉r❡ t❤❛t ❛ ❣♦♦❞ s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞ ❜② ❛❞❞✐♥❣

❛ ♣❡♥❛❧✐s❛t✐♦♥ t❡r♠ t♦ t❤❡ ❝♦st ❢✉♥❝t✐♦♥✿

f(x) = ‖Ax− b‖22 + λ ‖x− x0‖22 . ✭✼✳✶✵✮

❚❤✐s ❡♥s✉r❡s t❤❛t t❤❡ s♦❧✉t✐♦♥ ♥❡✈❡r ❞❡✈✐❛t❡s ❢❛r ❢r♦♠ x0✳ ❆ ❣♦♦❞ ✐♥✐t✐❛❧ ❡st✐✲

♠❛t❡ ❢♦r x0 ✐s ♦❜t❛✐♥❡❞ ❜② ✉♣s❝❛❧✐♥❣ ❛♥❞ st❛❝❦✐♥❣ ✭❛✈❡r❛❣✐♥❣✮ ❛❧❧ ❧♦✇✲r❡s♦❧✉t✐♦♥

❢r❛♠❡s✳

▲❙◗❘ ✭❧❡❛st sq✉❛r❡s✮

▲❙◗❘ ❬P❙✽✷❜✱ P❙✽✷❛❪ ✐s ❛ ♠❡t❤♦❞ s✐♠✐❧❛r t♦ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥ts ❢♦r s♦❧✈✐♥❣

❧❛r❣❡ s♣❛rs❡ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠s✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛✉t❤♦rs✱ ✐t ✐s ❛❧❣❡❜r❛✐❝❛❧❧②

❡q✉✐✈❛❧❡♥t t♦ t❤❡ s②♠♠❡tr✐❝ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ♠❡t❤♦❞ ❛♣♣❧✐❡❞ t♦

(ATA+ λI)x = ATb,

❜✉t ❤❛s ❜❡tt❡r ♥✉♠❡r✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ❙✐♥❝❡ ♦✉r A ♠❛tr✐① ✐s ♦❢t❡♥ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞✱

t❤✐s ✐♠♣r♦✈❡s ❝♦♥❞✐t✐♦♥✐♥❣✳ ▲✐❦❡ t❤❡ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ♠❡t❤♦❞✱ ▲❙◗❘ ♥❡✈❡r

♥❡❡❞s t♦ ❢♦r♠ ATA ❡①♣❧✐❝✐t❧②✱ ❛s ❧♦♥❣ ❛s t❤❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts Av ❛♥❞

ATv ❛r❡ ❛✈❛✐❧❛❜❧❡✳

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t s♣❛rs❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✈❡r②

❡✣❝✐❡♥t❧② ♦♥ ♠♦❞❡r♥ ●r❛♣❤✐❝s Pr♦❝❡ss✐♥❣ ❯♥✐ts✱ ❛s s❤♦✇♥ ❜② ❇❡❧❧ ❛♥❞ ●❛r❧❛♥❞

❬❇●✵✾❪✳

▲✲❇❋●❙ ✭▼❡♠♦r②✲❧✐♠✐t❡❞ ❇r♦②❞❡♥✲❋❧❡t❝❤❡r✲●♦❧❞❢❛r❜✲❙❤❛♥♥♦✮

❚❤✐s q✉❛s✐✲◆❡✇t♦♥ ❛❧❣♦r✐t❤♠ t❛❦❡s st❡♣s ❜❛s❡❞ ♦♥ ❛♥ ❡st✐♠❛t❡❞ ❍❡ss✐❛♥✱ ❛♥❞

❛❧❧♦✇s s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❜♦✉♥❞s ♦♥ ❡❛❝❤ ✈❛r✐❛❜❧❡✳ ❲❤✐❧❡ t❤❡ ❛✉t❤♦rs ✇❛r♥ t❤❛t

❝♦♥✈❡r❣❡♥❝❡ ♠❛② ❜❡ s❧♦✇ ❬❩❇▲◆✾✼❪✱ ✇❡✬✈❡ s❡❡♥ ❡①tr❡♠❡❧② r❛♣✐❞ ❝♦♥✈❡r❣❡♥❝❡

✭t②♣✐❝❛❧❧② ✷✵ t♦ ✹✵ ❢✉♥❝t✐♦♥ ❝❛❧❧s✮ s♣❡❝✐✜❝❛❧❧② ✇❤❡♥ ♠✐♥✐♠✐s✐♥❣ t❤❡ sq✉❛r❡ ♦❢ t❤❡

✷✲♥♦r♠✳
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✼✳✹✳✷ ■t❡r❛t✐✈❡✲✐♥t❡r♣♦❧❛t✐♦♥ s✉♣❡r✲r❡s♦❧✉t✐♦♥

■♥ ❬❇❛♥✵✾❪✱ ❛ ♠❡t❤♦❞ ♥❛♠❡❞ ✏✐t❡r❛t✐✈❡✲✐♥t❡r♣♦❧❛t✐♦♥ s✉♣❡r✲r❡s♦❧✉t✐♦♥✑ ✭■■❙❘✮ ✐s

❞❡❝r✐❜❡❞✳ ❲❡ s❤♦✇ t❤❛t t❤✐s ♠❡t❤♦❞ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ st❛♥❞❛r❞ ❢♦r♠✉❧❛t✐♦♥✱

❣✐✈❡♥ ✐♥ ❬❈❛♣✵✶❪✳

❚❤❡ ❛❧❣♦r✐t❤♠ ♣r♦❞✉❝❡s ✐t❡r❛t✐✈❡ ✉♣❞❛t❡s t♦ ❛ tr✐❛❧ s♦❧✉t✐♦♥✱ xk✱ s♦ t❤❛t

xk+1 = xk +R0(b−Axk). ✭✼✳✶✶✮

❚❤❡ ♠❛tr✐① R0 ✐s ✏t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t❤r❡❡ ❝♦♥s❡❝✉t✐✈❡ ♦♣❡r❛t✐♦♥s✱ t❤❛t ✐s✱

tr❛♥s❧❛t✐♦♥ ❛♥❞ ✉♣✲s❛♠♣❧✐♥❣ ♦❢ t❤❡ ▲❘ ❢r❛♠❡s✱ ❢♦❧❧♦✇❡❞ ❜② ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ t❤❡

❍❘ ✐♠❛❣❡✑ ❬❇❛♥✵✾✱ ♣✳ ✸✵❪✳ ■♥ ♦t❤❡r ✇♦r❞s✱ R0 ✐s ❛ ❝❧♦s❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ AT ✳

❙✉❜st✐t✉t✐♥❣ ❜❛❝❦ ✐♥t♦ ✭✼✳✶✶✮✱ ✇✐t❤ AT r❡♣❧❛❝✐♥❣ R0✱ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥ ❜❡✲

❝♦♠❡s

xk+1 = xk +AT (b−Axk)

= xk +ATb−ATAxk.

❈❧♦s❡ t♦ ❝♦♥✈❡r❣❡♥❝❡✱ xk+1 = xk✱ s♦ t❤❛t ✇❡ ❤❛✈❡

ATAx = ATb

✇❤✐❝❤ ✐s t❤❡ ♥♦r♠❛❧ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠

argmin
x

‖Ax− b‖2 .

✼✳✺ ❙tr✉❝t✉r❛❧ ♠❡tr✐❝s

■♥ t❤❡ ❛❜♦✈❡ ❡①❛♠♣❧❡s✱ ✇❡ ♠✐♥✐♠✐s❡❞ t❤❡ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r ✭t❤❡ t✇♦✲♥♦r♠

sq✉❛r❡❞✮ ❜❡t✇❡❡♥ t✇♦ ✈❡❝t♦rs✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ♥♦r♠s ❝❤❛♥❣❡ ❛s

❞✐♠❡♥s✐♦♥❛❧✐t② ✐♥❝r❡❛s❡s✱ ❛s ❡①♣❧♦r❡❞ ✐♥ ❬❙❝♦✾✷❪✳ ❋♦❧❧♦✇✐♥❣ ❬▲❱✵✼❪✱ ✇❡ s❡❡ t❤❛t

t❤❡ ✈♦❧✉♠❡ ♦❢ ❛ s♣❤❡r❡ ✐♥ D ❞✐♠❡♥s✐♦♥s ✐s ❬❲❡❣✾✵❪

V (r) =
π

D

2 rD

Γ
(

1 + D
2

) .

❚❤❡r❡❢♦r❡✱ t❤❡ r❡❧❛t✐✈❡ ✈♦❧✉♠❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ s♣❤❡r✐❝❛❧ s❤❡❧❧ ♦❢ t❤✐❝❦♥❡ss ǫ ✐s

V (r)− V (r(1− ǫ))

V (r)
=

1D − (1− ǫ)D

1D
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✭❛✮ x✱ 512× 512 ✭❜✮ Ax✱ 170×
170

✭❝✮ ATAx✱ 512× 512

❋✐❣✉r❡ ✼✳✶✶✿ ❚❤❡ ❡✛❡❝t ♦❢ A ❛♥❞ AT ♦♥ ✐♠❛❣❡s✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ♦♣❡r❛t♦r
A r❡♣r❡s❡♥ts ❝♦♥✈♦❧✈✐♥❣ t❤❡ ✐♠❛❣❡ ❜② ❛ ●❛✉ss✐❛♥ ✇✐♥❞♦✇ ✇✐t❤ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✷✱
❢♦❧❧♦✇❡❞ ❜② r♦t❛t✐♦♥ t❤r♦✉❣❤ 30◦✱ tr❛♥s❧❛t✐♦♥✱ ❛♥❞ ❛ ❢❛❝t♦r ✸ ❞♦✇♥s❛♠♣❧✐♥❣✳ ❚❤❡ ✐♥♣✉t
✐♠❛❣❡✱ (a)✱ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② A t♦ ❣✐✈❡ (b)✱ ✇❤✐❝❤ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② AT t♦ ❢♦r♠ (c)✳ ◆♦t❡
❤♦✇ AT ✇❛r♣s ❧♦❡✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧s ❜❛❝❦ t♦ t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❣r✐❞✱ ❛♥❞ ✜❧❧s ♦✉t r❡❣✐♦♥s
✐♥ ❜❡t✇❡❡♥ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧s✳

✇❤✐❝❤ ❜❡❝♦♠❡s ♦♥❡ ❛s ❉ str✐✈❡s t♦ ✐♥✜♥✐t②✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛❧♠♦st t❤❡ ❡♥t✐r❡

✈♦❧✉♠❡ ♦❢ ❛ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡rs♣❤❡r❡ ✐s ❧♦❝❛t❡❞ ✐♥ ❝❧♦s❡ ♣r♦①✐♠✐t② t♦ ✐ts

♦✉t❡r s❤❡❧❧✳ ❚❤✐s r❡s✉❧t ❤✐❣❤❧✐❣❤ts ❛ ✇❡❛❦♥❡ss ♦❢ t❤❡ ♥♦r♠s ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥s✳

❆❧❧ ❡rr♦r ✈❡❝t♦rs vi✱ r❡❧❛t✐✈❡ t♦ ❛♥ ✐♠❛❣❡ f ✱ ♦❢ t❤❡ ❢♦r♠ vi = (f − gi) ❧✐❡ ❝❧♦s❡

t♦ t❤❡ ♦✉t❡r s✉r❢❛❝❡ ♦❢ t❤❡ ❤②♣❡rs♣❤❡r❡ ❝❡♥tr❡❞ ❛r♦✉♥❞ f✖t❤❡✐r p✲♥♦r♠s✱ ‖v‖p✱
❛r❡ t❤❡r❡❢♦r❡ ❛❧❧ ✈❡r② s✐♠✐❧❛r✳ ❚❤✐s ❛ttr✐❜✉t❡ ✐s ❦♥♦✇♥ ❛s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥

♣❤❡♥♦♠❡♥♦♥✳ ■♥ ❤✐s ❞✐ss❡rt❛t✐♦♥ ❬❉❡♠✾✹❪✱ ❉❡♠❛rt✐♥❡s s❤♦✇s t❤❛t✱ ❛s ❞✐♠❡♥✲

s✐♦♥❛❧✐t② ✐♥❝r❡❛s❡s✱ t❤❡ ♠❡❛♥ ♥♦r♠ ♦❢ ❛ r❛♥❞♦♠ ✈❡❝t♦r ❣r♦✇s ♣r♦♣♦rt✐♦♥❛❧❧② t♦√
D✱ ✇❤✐❧❡ t❤❡ ✈❛r✐❛♥❝❡ st❛②s ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡✳

❉❡s♣✐t❡ t❤✐s ❣❧❛r✐♥❣ ❞❡✜❝✐❡♥❝②✱ t❤❡ ❢❛♠✐❧② ♦❢ p✲♥♦r♠s ✐s ❛ ♣♦♣✉❧❛r ❝❤♦✐❝❡ ❞✉❡

t♦ t❤❡✐r s✐♠♣❧✐❝✐t②✱ ❛♥❞ t❤❡ ❡❛s❡ ♦❢ ❞❡r✐✈✐♥❣ t❤❡✐r ❣r❛❞✐❡♥ts✖❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t

✐♥ ❧✐❣❤t ♦❢ ♦✉r ♠✐♥✐♠✐s❛t✐♦♥ ♣r♦❝❡ss✳

■♥ ❬❲❇✵✾❪✱ t❤❡ ❛✉t❤♦rs ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ s✐♠✐❧❛r✐t② ✐♥❞❡① ❝❛❧❧❡❞ t❤❡ ❙tr✉❝✲

t✉r❡❞ ❙✐♠✐❧❛r✐t② ■♥❞❡① ▼❡tr✐❝✱ ♦r ❙❙■▼✳ ❚❤❡ ❙❙■▼ t❛❦❡s t❤❡ str✉❝t✉r❛❧ ❝♦♥t❡♥t

♦❢ t❤❡ ✐♠❛❣❡ ✐♥t♦ ❛❝❝♦✉♥t ✇❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t✇♦ ✐♠❛❣❡s✳

❚❤✐s ♠❡t❤♦❞ ✐s ❛❧s♦ ✉s❛❜❧❡ ✐♥ ♦♣t✐♠✐s❛t✐♦♥s✱ s✐♥❝❡ t❤❡ ❣r❛❞✐❡♥t ❝❛♥ ❜❡ ❝❛❧❝✉✲

❧❛t❡❞ ❛s s❤♦✇♥ ✐♥ ❬❲❙✵✽❪✳ ❆ ✇❛✈❡❧❡t✲❜❛s❡❞ ❡①t❡♥s✐♦♥ ♦❢ ❙❙■▼ ✐s ❛❧s♦ ❛✈❛✐❧❛❜❧❡

❬❙❲●+✵✾❪✳

❲❡ ❤❛✈❡ ♥♦t ②❡t ✐♠♣❧❡♠❡♥t❡❞ t❤✐s ♠❡tr✐❝ ✐♥ t❤❡ ❛❝❝♦♠♣❛♥②✐♥❣ s♦❢t✇❛r❡✳
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✼✳✻ ❙❡♥s✐t✐✈✐t② t♦ ♣❤♦t♦♠❡tr✐❝ r❡❣✐str❛t✐♦♥

❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✶✷✱ ♣❤♦t♦♠❡tr✐❝ r❡❣✐str❛t✐♦♥ ✐s ♥♦t ♦❢ ❣r❡❛t ✐♠♣♦rt❛♥❝❡

✐♥ ❛r❡❛s ✇❤❡r❡ ♠♦st ✐♥♣✉t ❢r❛♠❡s ♦✈❡r❧❛♣✳ ❍♦✇❡✈❡r✱ ♥❡❣❧❡❝t✐♥❣ ♣❤♦t♦♠❡tr✐❝

r❡❣✐str❛t✐♦♥ ✐♥tr♦❞✉❝❡s ♣r♦♠✐♥❡♥t ❛rt❡❢❛❝ts ❛r♦✉♥❞ ❢r❛♠❡ ❡❞❣❡s✳ ❯♥❞❡r s❡✈❡r❡

✐❧❧✉♠✐♥❛t✐♦♥ ❝❤❛♥❣❡s ✭✇❤✐❝❤ ❛r❡ ✉♥❝♦♠♠♦♥ ✐♥ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ❞❛t❛✲s❡ts✮✱ t❤❡

s✐♠♣❧❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✺ ♠❛② ♥♦t ❜❡ ❛❞❡q✉❛t❡❀ t❤✐s s✐t✉❛t✐♦♥ ✐s

❡①♣❧♦r❡❞ ✐♥ ❬●●✵✼❪✳

✼✳✼ ❘❡❝✉rs✐✈❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥

❆❜♦✈❡✱ ✇❡ s❡❡❦ ❛♥ x t❤❛t ♠✐♥✐♠✐s❡s ‖Ax− b‖22 + λ ‖x− x0‖22✱ ✇❤❡r❡ b r❡♣✲

r❡s❡♥ts ❛❧❧ ❧♦✇ r❡s♦❧✉t✐♦♥ ✐♠❛❣❡s ❛♥❞ x0 ✐s ♦✉r ♣r✐♦r ❡st✐♠❛t❡ ♦❢ t❤❡ r❡s♣♦♥s❡

✭✉s✉❛❧❧②✱ s✐♠♣❧② t❤❡ ✉♣s❝❛❧❡❞ ❛✈❡r❛❣❡ ♦❢ ❛❧❧ ❧♦✇✲r❡s♦❧✉t✐♦♥ ❢r❛♠❡s✮✳ ❚❤✐s ✐s ❛

❝♦♥✈❡♥✐❡♥t ❢♦r♠✉❧❛t✐♦♥ ✇❤❡♥ ❛❧❧ ❢r❛♠❡s ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❛♥❞ ✇❤❡♥ ✇❡ ❤❛✈❡ ❡♥♦✉❣❤

❝♦♠♣✉t❡r ♠❡♠♦r② ❛t ♦✉r ❞✐s♣♦s❛❧✳

■❢ t❤❛t ✐s ♥♦t t❤❡ ❝❛s❡✱ ✇❡ ♥❡❡❞ ❛ ♣r♦❝❡❞✉r❡ t❤❛t ♣r♦❝❡ss❡s ❛ s✐♥❣❧❡ ❢r❛♠❡

❛t ❛ t✐♠❡✳ ❚❤✐s s❛✈❡s ♠❡♠♦r② ❛♥❞ r❡q✉✐r❡s ♦♥❧② ♦♥❡ ✐♠❛❣❡ ♣❡r ✐t❡r❛t✐♦♥✳ ❚❤❡

r❡❝✉rs✐✈❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉s❡s t❤❡ ♦✉t♣✉t ♦❢ ❛ s✐♥❣❧❡ r✉♥ ❛s t❤❡ ♣r✐♦r t♦ t❤❡ ♥❡①t✿

x1 = argmin
x

‖A0x− b0‖22 + λ ‖x− x0‖22
x2 = argmin

x
‖A1x− b1‖22 + λ ‖x− x1‖22

✳✳✳

xk = argmin
x

‖Ak−1x− b‖22 + λ ‖x− xk−1‖22 .

✼✳✽ ❘❡s✉❧ts

❘❡s✉❧ts ♦♥ ❛ t❤✐rt②✲❢r❛♠❡ ✈✐❞❡♦ s❡q✉❡♥❝❡✱ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ♣❤♦t♦♠❡tr✐❝ r❡❣✲

✐str❛t✐♦♥✱ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✼✳✶✷✳ ❋✐❣✉r❡ ✼✳✶✸ ✐❧❧✉str❛t❡s r❡❝♦♥str✉❝t✐♦♥ ✉s✐♥❣

t❤❡ ✶✲♥♦r♠ ❛s ✇❡❧❧ ❛s ❢r❛♠❡✲❜②✲❢r❛♠❡ ✉♣❞❛t❡s✳ ❋✐❣✉r❡ ✼✳✶✹ ❝♦♠♣❛r❡s ❞✐✛❡r❡♥t

♦♣t✐♠✐s❛t✐♦♥ ♠❡t❤♦❞s✳
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✭❛✮ ❊①❛♠♣❧❡ ✐♥♣✉t ❢r❛♠❡✱ ✉♣s❝❛❧❡❞ ✭♦♥❡ ♦❢ t❤✐rt②✮✳

✭❜✮ ❆❧❧ ✐♥♣✉t ❢r❛♠❡s✱ ✉♣s❛♠♣❧❡❞ ❛♥❞ st❛❝❦❡❞✱ ❛❢t❡r ♣❤♦t♦♠❡tr✐❝ r❡❣✐str❛t✐♦♥✳

✭❝✮ ❆❧❧ ✐♥♣✉t ❢r❛♠❡s✱ ✉♣s❛♠♣❧❡❞ ❛♥❞ st❛❝❦❡❞✱ ❛❢t❡r ♠✉❧t✐♣❧②✐♥❣ ❜② ❛ r❛♥❞♦♠✱ ✉♥✐❢♦r♠❧② ❞✐s✲
tr✐❜✉t❡❞ ❡①♣♦s✉r❡ ❢❛❝t♦r ❜❡t✇❡❡♥ ✵✳✼✺ ❛♥❞ ✶✳✷✺✳ ◆♦t❡ t❤❡ ❡❞❣❡s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ r❡❣✐♦♥ ♦❢
s❦②✳

✭❞✮ ❙✉♣❡r✲r❡s♦❧✉t✐♦♥ r❡s✉❧t ❛❢t❡r ♣❤♦t♦♠❡tr✐❝ r❡❣✐str❛t✐♦♥✳

✭❡✮ ❙✉♣❡r✲r❡s♦❧✉t✐♦♥ r❡s✉❧t ❛❢t❡r ❞✐st✉r❜✐♥❣ t❤❡ ❡①♣♦s✉r❡ ❛s ✐♥ ✭❝✮✳

❋✐❣✉r❡ ✼✳✶✷✿ ❚❤❡ ❡✛❡❝t ♦❢ ♣❤♦t♦♠❡tr✐❝ r❡❣✐str❛t✐♦♥ ♦♥ s✉♣❡r✲r❡s♦❧✉t✐♦♥ r❡s✉❧ts✳ ◆♦t❡
t❤❛t✱ ✐♥ t❤❡ ❛r❡❛s ✇❤❡r❡ t❤❡r❡ ✐s s✐❣♥✐✜❝❛♥t ❢r❛♠❡ ♦✈❡r❧❛♣✱ t❤❡ ♣❤♦t♦♠❡tr✐❝ r❡❣✐str❛✲
t✐♦♥ ❤❛s ❧✐tt❧❡ ❡✛❡❝t✳ ❊❞❣❡ ❡✛❡❝ts✱ ❤♦✇❡✈❡r✱ ❛r❡ ♠❛r❦❡❞❧② ✈✐s✐❜❧❡ ✇❤❡♥ ♣❤♦t♦♠❡tr✐❝
r❡❣✐str❛t✐♦♥ ✐s ♥❡❣❧❡❝t❡❞✳
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✭❛✮ ❙✉♣❡r✲r❡s♦❧✉t✐♦♥ r❡s✉❧t✿ 4× r❡s♦❧✉t✐♦♥ ✐♥❝r❡❛s❡✱ ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t♦r✱ ✷✲♥♦r♠✱ λ = 0.05 ❛♥❞
♣❤♦t♦♠❡tr✐❝ ❛❞❥✉st♠❡♥t✳ ◆♦t❡ ❤♦✇ ❡✈❡♥ t❤❡ ❜r✐❝❦s ♦♥ t❤❡ ✇❛❧❧s ❛r❡ r❡s♦❧✈❡❞✳ ❚❤✐s ✐s ♥♦t s✐♠♣❧②
❛♥ ♦s❝✐❧❧❛t✐♦♥✱ s✐♥❝❡ t❤❡ ♣❛tt❡r♥ ✐s ❝❧❡❛r❧② t✐❧t❡❞ ❛♥❞ ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ t❡①t ❛♥❞ ✐s ❛❜s❡♥t ✐♥ ❛r❡❛s
♦t❤❡r t❤❛♥ t❤❡ ✇❛❧❧✳ ❚♦ ❜❡ ❝❡rt❛✐♥✱ ✇❡ ❝♦♥✜r♠❡❞ t❤❛t t❤❡ ●❡♦r❣❡ ❊❞✇❛r❞s ▲✐❜r❛r② ♦❢ ❙✉rr❡②
❯♥✐✈❡rs✐t② ❤❛s ❜r✐❝❦ ✇❛❧❧s✳

✭❜✮ ❙✉♣❡r✲r❡s♦❧✉t✐♦♥ r❡s✉❧t✿ 4× r❡s♦❧✉t✐♦♥ ✐♥❝r❡❛s❡✱ ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t♦r✱ ✷✲♥♦r♠✱ λ = 0.01 ❛♥❞
♣❤♦t♦♠❡tr✐❝ ❛❞❥✉st♠❡♥t✱ ✉♣❞❛t❡❞ ❛ s✐♥❣❧❡ ❢r❛♠❡ ❛t ❛ t✐♠❡✳ ❚❤✐s r❡s✉❧t ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡
❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ❛❜♦✈❡✳

✭❝✮ ❙✉♣❡r✲r❡s♦❧✉t✐♦♥ r❡s✉❧t✿ 4× r❡s♦❧✉t✐♦♥ ✐♥❝r❡❛s❡✱ ♣♦❧②❣♦♥ ✐♥t❡r♣♦❧❛t♦r✱ ✶✲♥♦r♠✱ λ = 0.2 ❛♥❞
♣❤♦t♦♠❡tr✐❝ ❛❞❥✉st♠❡♥t✳ ◆♦t❡ ❤♦✇ t❤❡ ✶✲♥♦r♠ r❡st♦r❛t✐♦♥ ✐s ♥♦✐s✐❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ✷✲♥♦r♠ ✐♥
✭❛✮✳

❋✐❣✉r❡ ✼✳✶✸✿ ❙✉♣❡r✲r❡s♦❧✉t✐♦♥ r❡s✉❧ts ♦♥ ❧✐❜r❛r② ❞❛t❛✲s❡t✳
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✭❛✮ ❖r✐❣✐♥❛❧ ✐♠❛❣❡✱ ✉♣s❝❛❧❡❞ ✭♦♥❡ ♦❢ t❡♥✮✳

✭❜✮ ●r❛❞✐❡♥t ❞❡s❝❡♥t✳ ❙t❡♣ s✐③❡ λ = 0.5

✭❝✮ ❈♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ♠❡t❤♦❞✱ λ = 0.05✳

✭❞✮ ▲❙◗❘✱ λ = 0.2✳

✭❡✮ ▲✲❇❋●❙✱ λ = 0.05✳

❋✐❣✉r❡ ✼✳✶✹✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ♦♣t✐♠✐s❛t✐♦♥ ♠❡t❤♦❞s✳ ■♥ ❛❧❧ ❢r❛♠❡s ❛ ♣♦❧②❣♦♥ ✐♥t❡r♣♦✲
❧❛t✐♦♥ ♦♣❡r❛t♦r ✐s ✉s❡❞✱ ❛❢t❡r ❛♣♣❧②✐♥❣ ♣❤♦t♦♠❡tr✐❝ r❡❣✐str❛t✐♦♥✳ ❚❤❡ ✷✲♥♦r♠ ✐s ✉s❡❞
❛♥❞ ❛ s✐♥❣❧❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s ♠❛❞❡ ✭♥♦t ❛ ❢r❛♠❡✲❜②✲❢r❛♠❡ ✉♣❞❛t❡✮✳ ❚❤❡ ❛❧❣♦r✐t❤♠s ❛❧❧
r❡t✉r♥ s✐♠✐❧❛r r❡s✉❧ts✳
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❙
♦❢
t✇

❛r
❡ ❙✉♣❡r✲❘❡s♦❧✉t✐♦♥

❆❧❧ r❡❝♦♥str✉❝t✐♦♥s s❤♦✇♥ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❡r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t❤❡

s✉♣❡r❴r❡s♦❧✈❡✳♣② s❝r✐♣t ❧♦❝❛t❡❞ ✐♥ t❤❡ ❞♦❝✴❡①❛♠♣❧❡s s✉❜❞✐r❡❝t♦r②✿

❯s❛❣❡ ✿ s ✉♣ ❡ r❴ r ❡ s ♦ ❧ ✈ ❡ ✳ ♣② ❬ ♦ ♣ t ✐ ♦ ♥ s ❪ ✈❣❣❴❞✐r

❖♣t ✐♦♥s ✿

−❤ ✱ −−❤❡ ❧ ♣ s❤♦✇ t ❤ ✐ s ❤ ❡ ❧ ♣ ♠❡ss❛❣❡ ❛♥❞ ❡ ① ✐ t

−s ❙❈❆▲❊ ✱ −−s ❝ ❛ ❧ ❡❂❙❈❆▲❊

❘❡ s ♦ ❧ ✉ t ✐ ♦ ♥ ✐♠♣r♦✈❡♠❡♥t r ❡ q ✉ ✐ r ❡ ❞

❬ ❞ ❡ ❢ ❛ ✉ ❧ t ✿ ✷ ❪

−❞ ❉❆▼P✱ −−❞❛♠♣❂❉❆▼P ❉❛♠♣✐♥❣ ❝ ♦ ❡ ❢ ❢ ✐ ❝ ✐ ❡ ♥ t −−

s ✉ ♣ ♣ r ❡ s s ❡ s ♦ s ❝ ✐ ❧ ❧ ❛ t ✐ ♦ ♥ s ❬ ❞ ❡ ❢ ❛ ✉ ❧ t ✿ ✵ ✳ ✶ ❪

−♠ ▼❊❚❍❖❉✱ −−♠❡t❤♦❞❂▼❊❚❍❖❉

❵❈●❵ ✱ ❵▲❙◗❘❵ ✱ ❵▲−❇❋●❙−❇❵ ♦r ❵ ❞❡ s❝❡♥t ❵ ✳

❙ ♣ ❡ ❝ ✐ ❢ ✐ ❡ s ♦ ♣ t ✐♠ ✐ s ❛ t ✐ ♦ ♥ ❛ ❧ ❣ ♦ r ✐ t ❤♠

❬ ❞ ❡ ❢ ❛ ✉ ❧ t ✿ ❈●❪

−♦ ❖P❊❘❆❚❖❘✱ −−♦♣ ❡ r ❛ t ♦ r❂❖P❊❘❆❚❖❘

❵ ♣♦❧②❣♦♥ ❵ ♦r ❵ ❜ ✐ ❧ ✐ ♥ ❡ ❛ r ❵ ✳ ❚❤❡ ❝❛♠❡r❛ ♠♦❞❡❧

✐ s ❛♣♣r♦① ✐♠❛t❡❞ ❜② t ❤ ✐ s ✐ ♥ t ❡ r ♣ ♦ ❧ ❛ t ✐ ♦ ♥

s❝❤❡♠❡ ✳ ❬ ❞ ❡ ❢ ❛ ✉ ❧ t ✿ ♣♦ ❧ ②❣♦♥ ❪

−✉ ✱ −−✉♣❞❛t❡ ❯s❡ ✐♠❛❣❡s ❛s ✐ ♥ ❝ r ❡♠❡♥ t ❛ ❧ ❡ ✈ ✐ ❞ ❡ ♥ ❝ ❡

❬ ❞ ❡ ❢ ❛ ✉ ❧ t ✿ ❋ ❛ ❧ s ❡ ❪

−♣ ✱ −−♣❤♦t♦−❛ ❞ ❥ ✉ s t ❉♦ ♥♦t ♣❡r ❢♦ r♠ ♣❤♦ t♦♠❡t r ✐ ❝ ❛❞ ❥✉s t♠❡♥t

❬ ❞ ❡ ❢ ❛ ✉ ❧ t ✿ ❚r✉❡ ❪

−▲ ◆❖❘▼✱ −−♥♦r♠❂◆❖❘▼ ❚❤❡ ♥♦r♠ ✉s❡❞ t♦ ♠❡❛s✉r❡ ❡ r r ♦ r s ✳

❬ ❞ ❡ ❢ ❛ ✉ ❧ t ✿ ✷ ❪

−❝ P❘❊❱■❖❯❙❴❘❊❙❯▲❚✱ −−❝♦♥✈❡ r❣❡♥❝❡❂P❘❊❱■❖❯❙❴❘❊❙❯▲❚

❯s❡ ❛ ♣ r ❡ ✈ ✐ ♦ ✉ s ❧ ② ❝ ❛ ❧ ❝ ✉ ❧ ❛ t ❡ ❞ r ❡ s ✉ ❧ t t♦ t r ❛ ❝ ❦

❝♦♥✈❡ r❣❡♥❝❡ ✐ ♥ ✧ ✉♣❞❛t❡ ✧−♠♦❞❡ ✳ ❚❤❡ ✐♠❛❣❡

❢ ✐ ❧ ❡ s❤♦✉ ❧ ❞ ❜❡ s ♣ ❡ ❝ ✐ ❢ ✐ ❡ ❞ ❛s t❤❡ ♣❛r❛♠❡t❡ r ✳

− ✐ ■●◆❖❘❊ ✱ −−✐ ❣ ♥ ♦ r ❡❂■●◆❖❘❊

■ ❣♥♦ r ❡ t ❤ ✐ s ❢ r❛♠❡ ♥r ✳ ▼❛② ❜❡ s ♣ ❡ ❝ ✐ ❢ ✐ ❡ ❞ ♠♦r❡

t❤❛♥ ♦♥❝❡ ✳

❇✐❜❧✐♦❣r❛♣❤②

❬❇❛♥✵✾❪ ❱✳ ❇❛♥♥♦r❡✳ ■t❡r❛t✐✈❡✲■♥t❡r♣♦❧❛t✐♦♥ ❙✉♣❡r✲❘❡s♦❧✉t✐♦♥

■♠❛❣❡ ❘❡❝♦♥str✉❝t✐♦♥✿ ❆ ❈♦♠♣✉t❛t✐♦♥❛❧❧② ❊✣❝✐❡♥t

❚❡❝❤♥✐q✉❡✳ ❙♣r✐♥❣❡r✱ ✷✵✵✾✳

❬❇●✵✾❪ ◆❛t❤❛♥ ❇❡❧❧ ❛♥❞ ▼✐❝❤❛❡❧ ●❛r❧❛♥❞✳ ■♠♣❧❡♠❡♥t✐♥❣ s♣❛rs❡

♠❛tr✐①✲✈❡❝t♦r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ t❤r♦✉❣❤♣✉t✲♦r✐❡♥t❡❞

♣r♦❝❡ss♦rs✳ ■♥ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❍✐❣❤ P❡r❢♦r♠❛♥❝❡ ◆❡t✲

✇♦r❦✐♥❣ ❛♥❞ ❈♦♠♣✉t✐♥❣✱ ✷✵✵✾✳

❬❇❥♦✾✻❪ ❆❦❡ ❇❥♦r❝❦✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ▲❡❛st ❙q✉❛r❡s Pr♦❜✲

❧❡♠s✳ ❙■❆▼✱ ✶✾✾✻✳
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❈❤❛♣t❡r ✽

❈♦♥❝❧✉s✐♦♥

❚❤✐s st✉❞② ❡①♣❧♦r❡s ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ s✉♣❡r✲r❡s♦❧✉t✐♦♥ ✐♠❛❣❡ r❡❝♦♥str✉❝t✐♦♥✳

❋✐rst✱ ❛♥ ♦❜❥❡❝t ✐s ♣❤♦t♦❣r❛♣❤❡❞ ❢r♦♠ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ✈✐❡✇♣♦✐♥ts❀ t❤❡ r❡❧❛t✐✈❡

♦❜❥❡❝t✲❝❛♠❡r❛ ♠♦t✐♦♥ ❝❛✉s❡s ❧✐❣❤t t♦ ✐❧❧✉♠✐♥❛t❡ t❤❡ s❡♥s♦r ❞✐✛❡r❡♥t❧② ✐♥ ❡❛❝❤ ✐♠✲

❛❣❡✱ ♣r♦✈✐❞✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ❛❧❧♦✇s s✉♣❡r✲r❡s♦❧✉t✐♦♥✳ ❲❡ ❞✐s❝✉ss s❡✈❡r❛❧

❝♦♠♠♦♥ ❞✐st♦rt✐♦♥s t❤❛t ❛r✐s❡ ❞✉r✐♥❣ ❛❝q✉✐s✐t✐♦♥✱ ❛♥❞ ❢♦❝✉s ♦♥ ♥♦✐s❡ r❡♠♦✈❛❧✱

✇❤✐❝❤ ♣r♦✈❡❞ t♦ ❜❡ ❜❡♥❡✜❝✐❛❧ ✉♥❞❡r ❝❡rt❛✐♥ ❝✐r❝✉♠st❛♥❝❡s✳

◆❡①t✱ t❤❡ ✐♥♣✉t ✐♠❛❣❡s ❛r❡ ❛❧✐❣♥❡❞❀ ♦✉r ❡♠♣❤❛s✐s ✐s ♦♥ ❢❡❛t✉r❡✲❜❛s❡❞ r❡❣✐str❛✲

t✐♦♥✳ ❲❡ ♣r♦✈✐❞❡ ❛ ♥❡✇ ❢❡❛t✉r❡ ❞❡t❡❝t♦r✱ ❜❛s❡❞ ♦♥ t❤❡ ❞✐s❝r❡t❡ ♣✉❧s❡ tr❛♥s❢♦r♠✱

❛♥❞ s❤♦✇ ❤♦✇ t♦ ✐♠♣❧❡♠❡♥t t❤❡ tr❛♥s❢♦r♠ ❡✣❝✐❡♥t❧②✳ ❆ st❛t✐st✐❝❛❧ ♠❛t❝❤✐♥❣

❛❧❣♦r✐t❤♠ ✐s ✐♥tr♦❞✉❝❡❞ t❤❛t ✐s ♠♦r❡ r♦❜✉st t❤❛♥ ❝♦rr❡❧❛t✐♦♥ ✉♥❞❡r ♠✐❧❞ ❣❡♦✲

♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥s✳ ■♠❛❣❡s ❛r❡ ❛❧s♦ ♣❤♦t♦♠❡tr✐❝❛❧❧② r❡❣✐st❡r❡❞ ❜② r❡✈✐✈✐♥❣

❛♥ ❛✣♥❡ ❧✐❣❤t✐♥❣ ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ❢♦r ❝♦rr❡❝t✐♥❣ ▲❆◆❉❙❆❚ ✐♠❛❣❡s✳

❚❤❡ ✇❡❧❧✲❡st❛❜❧✐s❤❡❞ ♠❛①✐♠✉♠ ❛✲♣♦st❡r✐♦r✐ ❢r❛♠❡✇♦r❦ ✐s ✉s❡❞ t♦ ♦❜t❛✐♥ ❛

s✉♣❡r✲r❡s♦❧✉t✐♦♥ r❡❝♦♥str✉❝t✐♦♥✳ ❚❤❡ ✉♥❞❡r❧②✐♥❣ ✐♠❛❣✐♥❣ ♠♦❞❡❧ ✐s ❧✐♥❡❛r✐s❡❞✱

✇❤❡r❛❢t❡r ♣♦ss✐❜❧❡ s✐♠♣❧✐✜❝❛t✐♦♥s t♦ t❤❡ ♠♦❞❡❧ ♠❛tr✐① ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❲❡ ✐♥✲

tr♦❞✉❝❡ ❛ ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r t❤❛t ♠♦❞❡❧s t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣✐①❡❧s ♦❢ t❤❡

❝❛♠❡r❛ s❡♥s♦r ✉s✐♥❣ ♣♦❧②❣♦♥s✳ ❇❛s❡❞ ♦♥ t❤✐s ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r✱ ❛ ♥❡✇

♠♦❞❡❧ ♠❛tr✐① ✐s ❝♦♥str✉❝t❡❞ ❛t ❧♦✇ ❝♦st❀ ✉♥❧✐❦❡ ♦t❤❡r ❛♣♣r♦❛❝❤❡s✱ ♥♦ ♣❛r❛♠❡✲

t❡rs ♥❡❡❞ t♦ ❜❡ s♣❡❝✐✜❡❞✳

❯s✐♥❣ ♦♥❡ ♦❢ s❡✈❡r❛❧ ❧❡❛st✲sq✉❛r❡s t❡❝❤♥✐q✉❡s✱ t❤❡ ♦✈❡r✲❞❡t❡r♠✐♥❡❞ s②st❡♠ ✐s

s♦❧✈❡❞ ✉s✐♥❣ r❡❣✉❧❛r✐s❛t✐♦♥✳ ❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♥❡✇ ♣♦❧②❣♦♥ ✐♥t❡r✲

♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r ❛r❡ ❤✐❣❤❧② s❛t✐s❢❛❝t♦r②✳

❚❤❡ ❡♥t✐r❡ s♦❢t✇❛r❡ st❛❝❦ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡s❡ ❡①♣❡r✐♠❡♥ts ✐s ♠❛❞❡ ❛✈❛✐❧❛❜❧❡

✉♥❞❡r ❛♥ ♦♣❡♥ s♦✉r❝❡ ❧✐❝❡♥s❡✱ ❛♥❞ ♠❛② ❜❡ ✉s❡❞ t♦ ✈❡r✐❢② t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞

✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✳

❋✉t✉r❡ ❞✐r❡❝t✐♦♥s

❈♦❧♦✉r s✉♣❡r✲r❡s♦❧✉t✐♦♥

■♥ t❤✐s ✇♦r❦✱ t❤❡ ♣♦❧②❣♦♥✲❜❛s❡❞ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r✱ ✐♥tr♦❞✉❝❡❞ t♦ ♠♦❞❡❧

s❡♥s♦r ♣✐①❡❧s✱ ✐s ❛♣♣❧✐❡❞ t♦ ❣r❡②✲❧❡✈❡❧ ✐♠❛❣❡s ♦♥❧②✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ♥♦ r❡❛s♦♥

✇❤② t❤❡ s❛♠❡ ♠♦❞❡❧ ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ t♦ ❝♦❧♦✉r s❡♥s♦rs t❤❛t ✉s❡ ❇❛②❡r✲♠❛s❦s✳

✶✶✸



❈❍❆P❚❊❘ ✽✳ ❈❖◆❈▲❯❙■❖◆ ✶✶✹

❖✇✐♥❣ t♦ t❤❡ ♠❛s❦✱ ♥♦t ❛❧❧ ❝♦❧♦✉rs ❛r❡ ❡q✉❛❧❧② r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ r❛✇ ❝❛♠❡r❛

❞❛t❛✳ ❲❡ ♣r♦♣♦s❡ s❡❡❦✐♥❣ ❛ s♦❧✉t✐♦♥✱ x✱ t❤❛t r❡♣r❡s❡♥ts ❛ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❝♦❧♦✉r

✐♠❛❣❡ ❛s

x =









xR

xG

xB









.

❯♥❧✐❦❡ ❛♥② ♦❢ t❤❡ ✐♥♣✉t ❢r❛♠❡s✱ x ❤❛s ❛ r❡❞✱ ❣r❡❡♥ ❛♥❞ ❜❧✉❡ ✈❛❧✉❡ ❛t ❡❛❝❤ ♣✐①❡❧

♣♦s✐t✐♦♥✳

❋♦r ❡❛❝❤ ❝♦❧♦✉r ❜❛♥❞ C ∈ {R,G,B}✱ t❤❡ ❧✐♥❡❛r s②st❡♠

xC = ACbC

❝❛♥ ❜❡ s❡t ✉♣✱ ❜❛s❡❞ ♦♥ t❤❡ ♦✈❡r❧❛♣ ♦❢ t❤❡ ❧♦✇ r❡s♦❧✉t✐♦♥ ♣✐①❡❧s ✐♥ bC ✇✐t❤ t❤❡

❤✐❣❤✲r❡s♦❧✉t✐♦♥ ♣✐①❡❧s ✐♥ xC ✳ ❙✐♥❝❡ xC ❝♦✈❡rs t❤❡ ❡♥t✐r❡ s❡♥s♦r✱ ♥♦ s♣❡❝✐❛❧ ❝❛r❡

♥❡❡❞s t♦ ❜❡ t❛❦❡♥ ♦❢ ✏❤♦❧❡s✑ ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❇❛②❡r ♠❛s❦✳ ●✐✈❡♥ ❡♥♦✉❣❤ ✐♥♣✉t

✐♠❛❣❡s✱ ❛ s♦❧✉t✐♦♥ ❢♦r x ❝❛♥ ❜❡ ❢♦✉♥❞✳

❆ ❜❡tt❡r ♥♦r♠ ❢♦r r❡❝♦♥str✉❝t✐♦♥

❆s ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✼✱ t❤❡ t✇♦✲♥♦r♠ ✐s ♥♦t ✇❡❧❧ s✉✐t❡❞ t♦ ❝♦♠♣❛r✐♥❣ ❤✐❣❤✲

❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦rs✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣❛r❡ s✉❣❣❡st❡❞ r❡♣❧❛❝❡♠❡♥ts✱

s✉❝❤ ❛s ❙❙■❉✱ ✐♥ ♦r❞❡r t♦ s❡❡ ❤♦✇ r❡❝♦♥str✉❝t✐♦♥s ❞✐✛❡r✳

◆♦♥✲❧✐♥❡❛r ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥s

❖✉r ♣♦❧②❣♦♥✲❜❛s❡❞ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r ♠♦❞❡❧s ❡❛❝❤ ♣✐①❡❧ ✉s✐♥❣ ❛ q✉❛❞r✐❧❛t✲

❡r❛❧ ✭❛ ♣♦❧②❣♦♥ ✇✐t❤ ❢♦✉r ✈❡rt✐❝❡s✮✳ ❚❤✐s ✐s ✇❡❧❧ s✉✐t❡❞ t♦ t❤❡ ❤♦♠♦❣r❛♣❤✐❝

tr❛♥s❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ✉s❡❞✱ ❜✉t ♠♦r❡ ❛❞✈❛♥❝❡❞ tr❛♥s❢♦r♠❛t✐♦♥ ♠♦❞❡❧s ✭t❤❛t

✐♥❝❧✉❞❡ r❛❞✐❛❧ ❞✐st♦rt✐♦♥✱ ❢♦r ❡①❛♠♣❧❡✮✱ r❡q✉✐r❡ ❛ ❤✐❣❤❡r ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✳ ❆

❝♦♠♣❛r✐s♦♥ t♦ ❝✉rr❡♥t ❞✐st♦rt✐♦♥ ♠♦❞❡❧s s❤♦✉❧❞ ♣r♦✈❡ ✐♥t❡r❡st✐♥❣✳



❆♣♣❡♥❞✐① ❆

❉❛t❛✲s❡t ❢♦r♠❛t

❉✐r❡❝t♦r② ❙tr✉❝t✉r❡

❚❤❡ ❞❛t❛✲s❡ts ❞✐str✐❜✉t❡❞ ✇✐t❤ t❤✐s ♣❛❝❦❛❣❡ ❤❛✈❡ ❜❡❡♥ ❝♦♥✈❡rt❡❞ t♦ t❤❡ ❢♦r✲

♠❛t ✉s❡❞ ❜② ❖①❢♦r❞✬s ❱✐s✐♦♥ ❛♥❞ ●❡♦♠❡tr② ●r♦✉♣ ✭❤tt♣✿✴✴✇✇✇✳r♦❜♦ts✳♦①✳

❛❝✳✉❦✴⑦✈❣❣✴❞❛t❛✴❞❛t❛✲✈❛r✐♦✉s✳❤t♠❧✮✳ ❊❛❝❤ ❞❛t❛✲s❡t ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✲

r❡❝t♦r② str✉❝t✉r❡✿

❞❛t❛❴s❡t✴

❞❛t❛❴s❡t✴♣♥❣

❞❛t❛❴s❡t✴♣♥❣✴❞❛t❛❴s❡t✳✵✵✵✳♣♥❣

❞❛t❛❴s❡t✴♣♥❣✴❞❛t❛❴s❡t✳✵✵✶✳♣♥❣

❞❛t❛❴s❡t✴❍✴❞❛t❛❴s❡t✳✵✵✵✳✵✵✶✳❍

❚❤❡ ✐♠❛❣❡s ❛r❡ st♦r❡❞ ✐♥ t❤❡ ❞✐r❡❝t♦r② ✏❞❛t❛❴s❡t✴❢♦r♠❛t✑ ✇❤❡r❡ ✏❢♦r♠❛t✑

✐s ♦♥❡ ♦❢ ♣♥❣✱ ❥♣❣ ♦r ♣❣♠✳ ❋♦r ❡❛❝❤ s❡q✉❡♥t✐❛❧ ✐♠❛❣❡ ♣❛✐r✱ ❛ ❤♦♠♦❣r❛♣❤② ✐s
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B.1 Overview

B.1.1 Introduction

SupReMe, short for Super Resolution Methods, is a library that implements the algorithms necessary to
perform super-resolution imaging.

Super-resolution imaging is a process whereby several low-resolution photographs of a single object are
combined to form a single, high-resolution reconstruction.

An overview of the underlying theory is given in the accompanying dissertation.

B.1.2 License

This software is released under the following free and open source license.

Copyright (C) 2007 Stefan van der Walt <stefan@mentat.za.net>

Please contact the author if you wish to license this work for use in

BSD-licensed software or commercial applications.

This program is free software; you can redistribute it and/or modify

it under the terms of the GNU General Public License as published by

the Free Software Foundation; either version 2 of the License, or (at

your option) any later version.

This program is distributed in the hope that it will be useful, but

WITHOUT ANY WARRANTY; without even the implied warranty of

MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the GNU

General Public License for more details.

You should have received a copy of the GNU General Public License

along with this program; if not, write to the Free Software

Foundation, Inc., 51 Franklin St, Fifth Floor, Boston, MA 02110-1301

USA
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B.1.3 Installation from source

Obtain the source from the git-repository at http://dip.sun.ac.za/~stefan/code/supreme.git.

The package can be installed system-wide using

python setup.py install

or locally, using

python setup.py install --prefix=${HOME}

If preferred, you may use it without installing, by simply adding the source path to your PYTHONPATH
variable and compiling the extensions in-place:

python setup.py build_ext -i

B.2 API Reference

B.2.1 Image Acquisition and I/O

Denoising (supreme.noise)

supreme.noise.dwt_denoise(X[, wavelet, ...]) Denoise an image using the Discrete Wavelet Transform.

dwt_denoise(X, wavelet=’db8’, levels=4, alpha=2)
Denoise an image using the Discrete Wavelet Transform.

Parameters
X : ndarray of uint8

Image to denoise.

wavelet : str

Wavelet family to use. See supreme.lib.pywt.wavelist() for a complete list.

levels : int

Number of levels to use in the decomposition.

alpha : float

Parameter used to tweak the Wiener estimator. A larger value of alpha results
in a smoother output.

Returns
Y : ndarray of float64

Denoised image.

Notes

Implemented according to the overview of [R4] given in [R3].

References

[R3], [R4]
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I/O (supreme.io)

supreme.io.Image Image data with tags.
supreme.io.ImageCollection(file_pattern[, ...]) Load and manage a collection of images.
supreme.feature.SIFT.fromfile(f[, mode]) Read SIFT or SURF features from a file.
supreme.io.imread(name[, flatten]) Read an image file from a filename.
supreme.io.imshow

supreme.io.load_vgg(path) Load a VGG super-resolution data-set.
supreme.api.show(*images) Display images on screen.
supreme.api.test_data() Return an image for testing purposes.

class ImageCollection(file_pattern, conserve_memory=True, grey=False)
Load and manage a collection of images.

ImageCollection.__init__(file_pattern[, ...]) Load image files.
ImageCollection.__getitem__(n[, _cached]) Return image n in the queue.
ImageCollection.__iter__() Iterate over the images.
ImageCollection.__len__() Number of images in collection.

load_vgg(path)
Load a VGG super-resolution data-set.

Parameters
path : str

Path to the data-set.

Returns
ic : ImageCollection

An imagecollection of all the images, with the homographies stored in
x.info[’H’] for each x in ic.

Notes

A VGG data-set stores the transformations from one frame to the next. This loader modifies all the
homographies to be relative to the first frame.

References

[R6]

fromfile(f, mode=’SIFT’)
Read SIFT or SURF features from a file.

Parameters
f : string or open file

Input file.

mode : string

‘SIFT’ or ‘SURF’

Returns
data : record array with fields

• row: int
row position of feature

• column: int
column position of feature
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• scale: float
feature scale

• orientation: float
feature orientation

• data: array
feature values

imread(name, flatten=0)
Read an image file from a filename.

Optional arguments:

•flatten (0): if true, the image is flattened by calling convert(‘F’) on

the resulting image object. This flattens the color layers into a single grayscale layer.

show(*images)
Display images on screen.

test_data()

Return an image for testing purposes.

Returns
I : ndarray of uint8

512x512 test image.

B.2.2 Discrete Pulse Transform

supreme.lib.dpt

connected_regions Return ConnectedRegions that, together, compose the whole image.
decompose Decompose a two-dimensional signal into pulses.
reconstruct Reconstruct an image from the given connected regions / pulses.

connected_regions()

Return ConnectedRegions that, together, compose the whole image.

Parameters
img : ndarray

Input image.

Returns
labels : ndarray

img, labeled by connectivity.

c : dict

Dictionary of ConnectedRegions, indexed by label value.

decompose()

Decompose a two-dimensional signal into pulses.

Parameters
img : 2-D ndarray of ints

Input signal.
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Returns
pulses : dict

Dictionary of ConnectedRegion objects, indexed by pulse area.

See Also:

reconstruct

reconstruct()

Reconstruct an image from the given connected regions / pulses.

Parameters
regions : dict

Impulses indexed by area. This is the output of decompose.

shape : tuple

Shape of the output image.

min_area, max_area : int

Impulses with areas in [min_area, max_area] are used for the reconstruction.

Returns
out : ndimage

Reconstructed image.

class ConnectedRegion()

A 4 or 8-connected region is stored in a modified Compressed Sparse Row matrix format.

Since the region is connected, we only have to store one value. Along a single row, connected regions
are stored as index pairs, e.g.

—00-000– would be represented as [3, 5, 6, 9]

This class should be queried using the methods in connected_region_handler.

Parameters
shape : tuple

Shape of the region.

Attributes

row-
ptr

list
of int

rowptr[i] tells us where in colptr the elements of row i are described

colptr list
of int

Always contains 2N elements, where N are the number of connected regions (see
description above). Each entry describes the half-open interval (start_position,
end_position].
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supreme.lib.dpt.connected_region_handler

boundary_maximum Return the maximum value on the boundary of the connected region.
boundary_minimum Return the minimum value on the boundary of the connected region.
bounding_box Return the bounding box of the connected region.
contains Does the connected region contain an element at (r, c)?
copy Return a deep copy of the connected region.
get_colptr

get_rowptr

get_shape Return the shape of the connected region.
get_start_row Return the first row where values of the connected region occur.
get_value Return the value of the connected region.
merge Merge b into a.
nnz Return the number of non-zero elements.
outside_boundary Calculate the outside boundary using a scanline approach.
reshape Set the shape of the connected region.
set_array Set the value of the array over the entire connected region.
set_start_row Set the first row where values occur.
set_value Set the value of the connected region.
todense Convert the connected region to a dense array.
validate Check the validity of the connected region descriptor.

B.2.3 Feature detection and matching

supreme.feature

dpt.features Find feature points, using the discrete pulse transform.
match(features, featureset[, threshold]) For each given feature, find the nearest feature from a feature-set.
ransac RANdom SAmple Consensus

features()

Find feature points, using the discrete pulse transform.

Parameters
pulses : dict

The pulses dictionary returned by the discrete pulse transform.

shape : tuple of ints

Shape of the image on which the DPT was performed.

win_size : int

Do not return more than one feature from any win_size x win_size shaped
area.

Returns
weight : ndarray of float

An array of the same shape as the image, with values indicating the likelihood
of any pixel being a feature.

area : ndarray of float

The estimated area of the feature at each pixel.

B-7



See Also:

supreme.lib.dpt

match(features, featureset, threshold=0.59999999999999998)
For each given feature, find the nearest feature from a feature-set.

Parameters
features : (M,N) array

M row-wise features of length N.

featureset : (Q,N) array

Q row-wise features of length N. This is typically the field ‘data’ of the record
array produced by SIFT.fromfile.

Returns
nearest : Length M integer array.

Indices into featureset.

distances : Length M floating point array.

distances[i] is the distance between features[i] and featureset[nearest[i]], i.e. the
distance between features[i] and the nearest feature in the feature-set.

valid : boolean array

A boolean array indicating whether the given feature match is valid, according
to the criterion described in the SIFT README. It states that a match is valid
when the match is less than 0.6 times the distance to the second-closest match.

See original implementation of vector quantisation by Tim Hochberg at :

http://thread.gmane.org/gmane.comp.python.numeric.general/8459/focus=8459
:

supreme.feature.ransac

class RANSAC(model=None, p_inlier=0.5)
RANdom SAmple Consensus

RANSAC.__init__([model, p_inlier]) Construct a RANSAC model fitter.
RANSAC.__call__([data, inliers_required, ...]) Execute RANSAC.

class IModel()
IModel.__call__(data[, confidence]) Evaluate data fit.
IModel.estimate(data) Estimate model parameters from data.

supreme.register

correspond(fA, A, fB, B[, win_size]) Given coordinates of features in two images, determine

correspond(fA, A, fB, B, win_size=9)
Given coordinates of features in two images, determine possible correspondences using a Quantile-
Quantile comparison.

Parameters
fA : list of tuple (x,y)

Coordinates of the features in the source image.
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A : (m,n) ndarray of type uint8

Source image.

fB : list of tuple (x,y)

Coordinates of the features in the target image.

A : (m,n) ndarray of type uint8

Target image.

Returns
matches : list

[((coord_source), (coord_target)), ...]

supreme.lib.fast

Features from Accelerated Segment Test (FAST) corner detection.

Rosten and Drummond, “Fusing points and lines for high performance tracking.” IEEE International Con-
ference on Computer Vision, 2005

Rosten and Drummond, “Machine learning for high-speed corner detection”, European Conference on Com-
puter Vision, 2006

http://mi.eng.cam.ac.uk/~er258/work/fast.html

corner_detect(image[, barrier, size]) Detect corners.

corner_detect(image, barrier=10, size=12)
Detect corners.

Parameters
image : array of uint8

Input image.

barrier : int

Resistance to finding nearby corners.

size : int

Size of operator, must be in [9,12].

Returns
xy : Mx2 array

The M returned coordinates.
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B.2.4 Registration

supreme.register

PointCorrespondence(ref_feat_rows,
...)

Estimate point correspondence homographies.

affine_tm([theta, tx, ty, scale,
scale_x, ...])

Return the transformation matrix for an affine transformation.

dense_MI(A, B[, p, levels, fast, std,
...])

Register image B to A, using mutual information and an image
pyramid.

joint_hist Estimate the joint histogram of A and B.
lp_patch_match(a, b[, angles, Rs,
plot_corr])

Align two patches, using the log polar transform.

mutual_info Given the joint histogram of two images, calculate their mutual
information.

ncc Circular normalised cross-correlation of source and template
image.

phase_corr(A, B) Phase correlation of two images.
radial_sum Sum the elements of an array outward along 360 directions

(1-degree increments).
refine(reference, target, M_ref,
M_target)

Refine registration parameters iteratively.

register Perform image registration.
sat Summed area table / integral image.
sat_sum Using a summed area table / integral image, calculate the sum

over a given window.
sparse(ref_feat_rows,
ref_feat_cols, ...)

Compatibility wrapper.

class PointCorrespondence(ref_feat_rows, ref_feat_cols, target_feat_rows, target_feat_cols, **args)
Estimate point correspondence homographies.

Methods

RANSAC() Estimate the homography using RANSAC.
estimate() Estimate the homography.

PointCorrespondence.estimate() Estimate the homography.
PointCorrespondence.RANSAC() Estimate the homography using RANSAC.

affine_tm(theta=0, tx=0, ty=0, scale=None, scale_x=None, scale_y=None)
Return the transformation matrix for an affine transformation.

Parameters
theta : float

Rotation angle in radians.

tx, ty : float

X and Y translations.

scale : float

Scaling in both the X and the Y directions. Defaults to 1.

scale_x : float

Scaling in the X direction. Cannot be used together with scale.
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scale_y : float

Scaling in the Y direction. Cannot be used with scale.

Returns
M : ndarray of float

Transformation matrix with the supplied parameters. Can be used to transform
any homogeneous coordinate p = [[x, y, 1]].T by np.dot(M, p).

dense_MI(A, B, p=None, levels=3, fast=False, std=1, win_size=5, translation_only=False,
fixed_scale=False)

Register image B to A, using mutual information and an image pyramid.

Parameters
A, B : ndarray of uint

Images to register.

levels : int

Number of levels in the image pyramid. Each level is downsampled by 2.

p : list of floats, optional

The five initial parameters passed to the optimiser. These are rotation angle,
skew in the X direction, skew in the Y direction, translation in x and translation
in y.

fast : bool

If true, the histogram is not smoothed.

std : float

Standard deviation used by the smoothing window.

win_size : int (odd)

Window size of the smoother.

translation_only : bool

Whether to use a translation-only motion model. By default, a full homography
is estimated.

fixed_scale : bool

Limit the scale of the motion model to 1.

Returns
M : (3,3) ndarray of float

Transformation matrix that transforms B to A.

joint_hist()

Estimate the joint histogram of A and B.

Parameters
A, B : (M, N) ndarray of uint8

Input images.

L : int

Number of grey-levels in histogram.

win_size : int
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Width of Gaussian window used in the approximation. A larger window can
represent the Gaussian kernel somewhat more accurately.

std : float

Standard deviation of the Gaussian used in the Parzen estimation. The higher
the standard deviation, the smoother the resulting histogram. win_size must
be made large enough to accommodate an increased standard deviation.

fast : bool

Calculate the classical histogram, instead of using a Parzen Window. Fast, but
does not estimate the PDF as accurately.

Returns
H : (256, 256) ndarray of float

Estimation of the joint probability density function between A and B.

lp_patch_match(a, b, angles=360, Rs=None, plot_corr=False)
Align two patches, using the log polar transform.

Parameters
a : ndarray of uint8

Reference image.

b : ndarray of uint8

Target image.

angles : int

Number of angles to use in log-polar transform.

Rs : int

Number of radial samples used in the log-polar transform.

plot_corr : bool, optional

Whether to plot the phase correlation coefficients.

Returns
c : float

Peak correlation value.

theta : float

Estimated rotation angle from a to b.

scale : float

Estimated scaling from a to b.

mutual_info()

Given the joint histogram of two images, calculate their mutual information.

Parameters
H : (256, 256) ndarray of double

Returns
S : float

Mutual information.

B-12



ncc()

Circular normalised cross-correlation of source and template image.

Parameters
imgS : ndarray of uint8

Source image.

imgT : ndarray of uint8

Template image. The dimensions of the template image must be smaller or equal
to that of the source.

Returns
ncc : ndarray of float

Normalised correlation coefficients, of the same shape as the source image.

Notes

While integral images are used, not all the suggestions made in [2] have been investigated.

References

[R13], [R14], [R15]

phase_corr(A, B)

Phase correlation of two images.

Parameters
A, B : (M,N) ndarray

Input images.

Returns
out : (M,N) ndarray

Correlation coefficients.

Examples

Set up test data. One array is offset (10, 10) from the other.

>>> x = np.random.random((50, 50))

>>> y = np.zeros_like(x)

>>> y[10:, 10:] = x[0:-10, 0:-10]

Correlate the two arrays, and ensure the peak is at (10, 10).

>>> out = phase_corr(y, x)

>>> m, n = np.unravel_index(np.argmax(out), out.shape)

>>> print m, n

(10, 10)

radial_sum()

Sum the elements of an array outward along 360 directions (1-degree increments).

Parameters
img : (M,N) ndarray of double

Input image.
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Returns
R : (360,) ndarray of double

Summed elements of img along each of 360 directions. The central element,
which belongs to all directions, is discarded.

Examples

>>> x = np.array([[2, 0, 1],

... [0, 5, 0],

... [3, 0, 4]], dtype=np.double)

>>> R = radial_sum(x)

>>> R[[45, 135, 225, 315]] == [1, 2, 3, 4]

refine(reference, target, M_ref, M_target)
Refine registration parameters iteratively.

register()

Perform image registration.

sat()

Summed area table / integral image.

The integral image contains the sum of all elements above and to the left of it, i.e.:

S[m, n] =
∑

i≤m

∑

j≤n

X[i, j]

Parameters
X : ndarray of uint8

Input image.

Returns
S : ndarray

Summed area table.

References

[R16]

sat_sum()

Using a summed area table / integral image, calculate the sum over a given window.

Parameters
sat : ndarray of uint64

Summed area table / integral image.

r0, c0 : int

Top-left corner of block to be summed.

r1, c1 : int

Bottom-right corner of block to be summed.

Returns
S : int

Sum over the given window.
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sparse(ref_feat_rows, ref_feat_cols, target_feat_rows, target_feat_cols, **kwargs)
Compatibility wrapper. Calculate the PointCorrespondence homography which maps reference features
to target features.

See also: PointCorrespondence

Parameters
ref_feat_rows, ref_feat_cols : array of floats

Coordinates in the reference image.

target_feat_rows, target_feat_cols : array of floats

Coordinates in the target image.

mode : {‘direct’, ‘iterative’, ‘RANSAC’}, optional

Method used to estimate the correspondences. See also PointCorrespondence.
Use direct by default.

RANSAC_mode : {‘direct’, ‘iterative’}, optional

Whether RANSAC should estimates homographies directly or iteratively.

supreme.register.stack

with_transform(images, matrices[, weights, ...]) Stack images after performing coordinate transformations.

with_transform(images, matrices, weights=None, order=1, oshape=None, save_tiff=False,
method=’interpolate’)

Stack images after performing coordinate transformations.

Parameters
images : list of ndarray

Images to be stacked.

matrices : list of (3,3) ndarray

Coordinate transformation matrices.

weights : list of float

Weight of each input image. By default, all images are weighted equally. The
merging algorithm takes into account whether images overlap.

order : int

Order of the interpolant used by the scaling algorithm. Linear, by default.

oshape : tuple of int

Output shape. If not specified, the output shape is auto determined to include
all images.

save_tiff : bool

Whether to save copies of the warped images. False by default.

method : {‘interpolate’, ‘polygon’}

Use standard interpolation (default) or polygon interpolation. Note: Polygon
interpolation is currently disabled.
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Notes

For each image, a 3x3 coordinate transformation matrix, A, must be given. Each coordinate, c =

[x,y,1]^T, in the source image is then translated to its position in the destination image, d = A*c.

After warping the images, they are combined according to the given weights. Note that the overlap of
frames is taken into account. For example, in areas where only one image occurs, the pixels of that
image will carry a weight of one, whereas in other areas it may be less, depending on the overlap of
other images.

supreme.photometry

histogram_adjust(source,
target)

Transform the histogram of the source so that it is similar to that of
the target.

photometric_adjust(source,
target)

Adjust the intensity of source to look like target.

histogram_adjust(source, target)
Transform the histogram of the source so that it is similar to that of the target.

Parameters
source, target = ndarray :

Source and target images.

Returns
source_adj : callable, f(x)

When applied to the source image, an image with similar response to target is
generated.

photometric_adjust(source, target)
Adjust the intensity of source to look like target.

Parameters
source, target : ndarray

Source and target images.

Returns
a, b : float

Adjustment factors so that source * a + b approximates target.

B.2.5 Super-resolution

supreme.resolve

initial_guess_avg(images,
tf_matrices, ...)

From the given low-resolution images and transforms, make an initial
guess of the high-resolution image.

lsqr.lsqr(A, b[, damp, atol,
btol, conlim, ...])

Find the least-squares solution to a large, sparse, linear system of
equations.

solve(images, tf_matrices,
scale[, x0, tol, ...])

Super-resolve a set of low-resolution images by solving a large, sparse
set of linear equations.

initial_guess_avg(images, tf_matrices, scale, oshape)
From the given low-resolution images and transforms, make an initial guess of the high-resolution
image.
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Parameters
images : list of ndarray

Low-resolution images.

tf_matrices : list of (3, 3) ndarray

Transformation matrices that warp the images to the reference image (usually
images[0]).

scale : float

The scale of the high-resolution reconstruction relative to the low-resolution
frames. Typically between 1 and 2.

oshape : tuple of int

Shape of the high-resolution reconstruction.

lsqr(A, b, damp=0.0, atol=1e-08, btol=1e-08, conlim=100000000.0, iter_lim=None, show=False,
calc_var=False)
Find the least-squares solution to a large, sparse, linear system of equations.

The function solves Ax = b or min ||b - Ax||^2 or ‘‘min ||Ax - b||^2 + d^2 ||x||^2.

The matrix A may be square or rectangular (over-determined or under-determined), and may have any
rank.

1. Unsymmetric equations -- solve A*x = b

2. Linear least squares -- solve A*x = b

in the least-squares sense

3. Damped least squares -- solve ( A )*x = ( b )

( damp*I ) ( 0 )

in the least-squares sense

Parameters
A : LinearOperator or equivalent

A representation of an mxn matrix. It is required that the linear operator can
produce Ax and A.T x.

b : (m,) ndarray

Right-hand side vector b.

damp : float

Damping coefficient.

atol, btol : float

Stopping tolerances. If both are 1.0e-9 (say), the final residual norm should be
accurate to about 9 digits. (The final x will usually have fewer correct digits,
depending on cond(A) and the size of damp.)

conlim : float

Another stopping tolerance. lsqr terminates if an estimate of cond(A) exceeds
conlim. For compatible systems Ax = b, conlim could be as large as 1.0e+12
(say). For least-squares problems, conlim should be less than 1.0e+8. Maximum
precision can be obtained by setting atol = btol = conlim = zero, but the
number of iterations may then be excessive.
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iter_lim : int

Explicit limitation on number of iterations (for safety).

show : bool

Display an iteration log.

calc_var : bool

Whether to estimate diagonals of (A’A + damp^2*I)^{-1}.

Returns
x : ndarray of float

The final solution.

istop : int

Gives the reason for termination. 1 means x is an approximate solution to Ax
= b. 2 means x approximately solves the least-squares problem.

itn : int

Iteration number upon termination.

r1norm : float

norm(r), where r = b - Ax.

r2norm : float

sqrt( norm(r)^2 + damp^2 * norm(x)^2 ). Equal to r1norm if damp == 0.

anorm : float

Estimate of Frobenius norm of Abar = [[A]; [damp*I]].

acond : float

Estimate of cond(Abar).

arnorm : float

Estimate of norm(A’*r - damp^2*x).

xnorm : float

norm(x)

var : ndarray of float

If calc_var is True, estimates all diagonals of (A’A)^{-1} (if damp == 0) or
more generally (A’A + damp^2*I)^{-1}. This is well defined if A has full col-
umn rank or damp > 0. (Not sure what var means if rank(A) < n and damp =

0.)

Notes

LSQR uses an iterative method to approximate the solution. The number of iterations required to
reach a certain accuracy depends strongly on the scaling of the problem. Poor scaling of the rows or
columns of A should therefore be avoided where possible.

For example, in problem 1 the solution is unaltered by row-scaling. If a row of A is very small or large
compared to the other rows of A, the corresponding row of ( A b ) should be scaled up or down.
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In problems 1 and 2, the solution x is easily recovered following column-scaling. Unless better infor-
mation is known, the nonzero columns of A should be scaled so that they all have the same Euclidean
norm (e.g., 1.0).

In problem 3, there is no freedom to re-scale if damp is nonzero. However, the value of damp should
be assigned only after attention has been paid to the scaling of A.

The parameter damp is intended to help regularize ill-conditioned systems, by preventing the true
solution from being very large. Another aid to regularization is provided by the parameter acond,
which may be used to terminate iterations before the computed solution becomes very large.

If some initial estimate x0 is known and if damp == 0, one could proceed as follows:

1.Compute a residual vector r0 = b - A*x0.

2.Use LSQR to solve the system A*dx = r0.

3.Add the correction dx to obtain a final solution x = x0 + dx.

This requires that x0 be available before and after the call to LSQR. To judge the benefits, suppose
LSQR takes k1 iterations to solve A*x = b and k2 iterations to solve A*dx = r0. If x0 is “good”,
norm(r0) will be smaller than norm(b). If the same stopping tolerances atol and btol are used for each
system, k1 and k2 will be similar, but the final solution x0 + dx should be more accurate. The only
way to reduce the total work is to use a larger stopping tolerance for the second system. If some value
btol is suitable for A*x = b, the larger value btol*norm(b)/norm(r0) should be suitable for A*dx =
r0.

Preconditioning is another way to reduce the number of iterations. If it is possible to solve a related
system M*x = b efficiently, where M approximates A in some helpful way (e.g. M - A has low rank
or its elements are small relative to those of A), LSQR may converge more rapidly on the system
A*M(inverse)*z = b, after which x can be recovered by solving M*x = z.

If A is symmetric, LSQR should not be used!

Alternatives are the symmetric conjugate-gradient method (cg) and/or SYMMLQ. SYMMLQ is an
implementation of symmetric cg that applies to any symmetric A and will converge more rapidly than
LSQR. If A is positive definite, there are other implementations of symmetric cg that require slightly
less work per iteration than SYMMLQ (but will take the same number of iterations).

References

[R20], [R21], [R22]

solve(images, tf_matrices, scale, x0=None, tol=1e-10, iter_lim=None, damp=0.10000000000000001,
method=’CG’, operator=’bilinear’, norm=1, standard_form=False)

Super-resolve a set of low-resolution images by solving a large, sparse set of linear equations.

This method approximates the camera with a downsampling operator, using bilinear or polygon in-
terpolation. The LSQR method is used to solve the equation Ax = b where A is the downsampling
operator, x is the high-resolution estimate (flattened in raster scan/ lexicographic order), and b is a
stacked vector of all the low-resolution images.

Parameters
images : list of ndarrays

Low-resolution input frames.

tf_matrices : list of (3, 3) ndarrays

Transformation matrices that relate all low-resolution frames to a reference low-
resolution frame (usually images[0]).

scale : float
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The resolution of the output image is scale times the resolution of the input
images.

x0 : ndarray, optional

Initial guess of HR image.

damp : float, optional

If an initial guess is provided, damp specifies how much that estimate is weighed
in the entire process. A larger value of damp results in a solution closer to
x0, whereas a smaller version of damp yields a solution closer to the solution
obtained without any initial estimate.

method : {‘CG’, ‘LSQR’, ‘descent’, ‘L-BFGS-B’}

Whether to use conjugate gradients, least-squares, gradient descent or L-BFGS-
B to determine the solution.

operator : {‘bilinear’, ‘polygon’}

The camera model is approximated as an interpolation process. The bilinear
interpolation operator only works well for zoom ratios < 2.

norm : {1, 2}

Whether to use the L1 or L2 norm to measure errors between images.

standard_form : bool

Whether to convert the matrix operator to standard form before processing.

Returns
HR : ndarray

High-resolution estimate.

supreme.resolve.operators

bilinear Represent the camera process as a simple bilinear interpolation.
convolve A linear operator that represents a convolution operation.
block_diag Linear operator that represents diagonal block stacking.
op_repeat Apply the given operator to N identically sized images.

bilinear()

Represent the camera process as a simple bilinear interpolation.

Parameters
MM, NN : int

Shape of the high-resolution image.

HH : list of (3,3) ndarray

Transformation matrices that warp the high-resolution frame to the individual
low-resolution frames.

M, N : int

Dimensions of a single low-resolution output frame.

boundary : {0, 1}

Outside boundary use zero (0) or mirror (1).
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Returns
A : (len(HH) * M * N, MM * NN) ndarray

Linear-operator representing bilinear interpolation from the HR image to the
different LR images.

convolve()

A linear operator that represents a convolution operation.

Parameters
M, N : int

Shape of the output image.

mask_arr : (K,K) ndarray where K is odd

Mask to convolve with.

Returns
A : (M*N, M*N) sparse array

Linear operator that performs a convolution.

block_diag()

Linear operator that represents diagonal block stacking.

Repeats an (M, N) matrix diagonally to fit into and (MM, NN)-shaped matrix.

op_repeat()

Apply the given operator to N identically sized images.

supreme.ext.poly_operator

poly_interp_op Construct a linear interpolation operator based on polygon overlap.

poly_interp_op()

Construct a linear interpolation operator based on polygon overlap.

Parameters
MM, NN : int

Shape of the high-resolution source frame.

H : (3, 3) ndarray

Transformation matrix that warps the high-resolution image to the low-
resolution image.

M, N : int

Shape of the low-resolution target frame.

search_win : int

Search window size. Note TODO: this parameter should be automatically de-
termined.

Returns
op : (M*N, MM*NN) sparse array

Interpolation operator.
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B.2.6 Miscellaneous

supreme.geometry

Grid(rows, cols) Regular grid.
Polygon(xp, yp) Polygon class ..
window.gauss([size, std]) Discretised Gaussian window.

class Grid(rows, cols)
Regular grid.

__init__(rows, cols)
Create a grid given rows and columns.

coords()

Return an array of all coordinates.

class Polygon(xp, yp)
Polygon class

Methods

area() Return the area of the polygon.
centroid() Return the centroid of the polygon
inside(xp, yp) Check whether the given points are inside the polygon.

__init__(xp, yp)
Given xp and yp (both 1D arrays or sequences), create a new polygon. The polygon is closed at
instantiation.

gauss(size=5, std=1.0)
Discretised Gaussian window.

Parameters
size : int

The generated window has dimensions (size, size).

std : float

Standard deviation.

Returns
w : (size, size) ndarray

Discretised Gaussian window.

supreme.ext

interp_bilinear(grey_image[, ...]) Calculate values at given coordinates using bi-linear
interpolation.

interp_transf_polygon(grey_image,
transform)

Compute an image transformation using polygon
interpolation.

line_intersect(x0, y0, x1, y1, x2, y2, x3,
y3)

Calculate the intersection between two lines.

npn_poly

poly_clip(x, y, xleft, xright, ytop,
ybottom)

Clip a polygon to the given bounding box.
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interp_bilinear(grey_image, transform_coords_r=None, transform_coords_c=None, mode=’N’,
cval=0, output=None)

Calculate values at given coordinates using bi-linear interpolation.

The output is of shape transform_coords_*. For each pair of values (trans-
form_coords_r,transform_coords_c) the input image is interpolated to give the output value
at that point.

interp_transf_polygon(grey_image, transform, oshape=None)
Compute an image transformation using polygon interpolation.

Parameters
grey_image : ndarray of uint8

Input image.

transform : 3x3 matrix of float

Transformation matrix.

oshape : tuple, optional

Shape of output image. Equal to input size if not specified.

Notes

This operation may also be performed by constructing a sparse polygon interpolation operator using
poly_interp_op.

line_intersect(x0, y0, x1, y1, x2, y2, x3, y3)
Calculate the intersection between two lines.

The first line runs from (x0,y0) to (x1,y1) and the second from (x2,y2) to (x3,y3).

Return the point of intersection, (x,y), and its type:
0 – Normal intersection 1 – Intersects outside given segments 2 – Parallel 3 – Co-incident

poly_clip(x, y, xleft, xright, ytop, ybottom)

Clip a polygon to the given bounding box.

x and y are 1D arrays describing the coordinates of the vertices. xleft, xright, ytop and ybottom specify
the borders of the bounding box. Note that a cartesian axis system is used such that the following
must hold true:

x_left < x_right y_bottom < y_top

The x and y coordinates of the vertices of the resulting polygon are returned.

supreme.transform

chirpz(x, A, W, M) Compute the chirp z-transform.
homography(image, matrix[, output_shape, ...]) Perform a matrix transform on an image.
logpolar(image[, angles, Rs, mode, cval, ...]) Perform the log polar transform on an image.

chirpz(x, A, W, M )

Compute the chirp z-transform.

The discrete z-transform,

X(z) = sum_{n=0}^{N-1} x_n z^{-n}

is calculated at M points,

z_k = AW^-k, k = 0,1,...,M-1
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for A and W complex, which gives

X(z_k) = sum_{n=0}^{N-1} x_n z_k^{-n}

homography(image, matrix, output_shape=None, order=1, mode=’constant’, cval=0.0, _coords=None)
Perform a matrix transform on an image.

Each coordinate (x,y,1) is multiplied by matrix to find its new position. E.g., to rotate by theta degrees
clockwise, the matrix should be

[[cos(theta) -sin(theta) 0]

[sin(theta) cos(theta) 0]

[0 0 1]]

or to translate x by 10 and y by 20,

[[1 0 10]

[0 1 20]

[0 0 1 ]].

logpolar(image, angles=None, Rs=None, mode=’M’, cval=0, output=None, _coords_r=None, _co-
ords_c=None, extra_info=False)

Perform the log polar transform on an image.

Returns
lpt : ndarray of uint8

Log polar transform of the input image.

angles : ndarray of float

Angles used. Only returned if extra_info is set to True.

log_base : int

Log base used. Only returned if extra_info is set to True.

References

[R8]

supreme.register

window_wrap Calculate the corner-coordinates of the sub-windows resulting when wrapping one window
around another.

window_wrap()

Calculate the corner-coordinates of the sub-windows resulting when wrapping one window around
another.

No wrapping:

.________.

| ___ |

| | | |

| |___| |

|________|

Column wrapping:
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.________.

|_ _|

| | | |

|_| |_|

|________|

Row wrapping:

.________.

| |___| |

| |

| .___. |

|__|___|_|

Diagonal wrapping:

.________.

|__| |__|

| |

|__. .__|

|__|__|__|

Notes

The algorithm works as follows:

•Assume that all wrappings take place

•Calculate the corners for each resulting window

•Remove windows with negative coordinates

•Clip all coordinates to the clipping window boundary
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op_repeat() (in module supreme.resolve.operators),

B-21

P
phase_corr() (in module supreme.register), B-13
photometric_adjust() (in module

supreme.photometry), B-16
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PointCorrespondence (class in supreme.register), B-
10

poly_clip() (in module supreme.ext), B-23
poly_interp_op() (in module

supreme.ext.poly_operator), B-21
Polygon (class in supreme.geometry), B-22

R
radial_sum() (in module supreme.register), B-13
RANSAC (class in supreme.feature.ransac), B-8
reconstruct() (in module supreme.lib.dpt), B-6
refine() (in module supreme.register), B-14
register() (in module supreme.register), B-14

S
sat() (in module supreme.register), B-14
sat_sum() (in module supreme.register), B-14
show() (in module supreme.api), B-5
solve() (in module supreme.resolve), B-19
sparse() (in module supreme.register), B-14
supreme.feature.ransac.IModel (class in

supreme.feature.ransac), B-8
supreme.lib.fast (module), B-9

T
test_data() (in module supreme.api), B-5

W
window_wrap() (in module supreme.register), B-24
with_transform() (in module

supreme.register.stack), B-15
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