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1 Introduction and outline of the results

The BMS group consisting of the infinite-dimensional commuting supertranslation sub-

group and the Lorentz subgroup has been established as the asymptotic symmetry group

of asymptotically flat spacetimes with original (Bondi, van der Burg, Metzner and Sachs)

boundary conditions [1, 2]. Supertranslation symmetry leads to a Ward identity in pertur-

bative quantum gravity which is equivalent to Weinberg’ soft graviton theorem [3].

The



corresponding Noether charge is the flux of supertranslation charge at null infinity, which
can be interpretated as a localized notion of energy on the celestial sphere [4]. Also, su-
pertranslations shift a canonical field defined at the future and past of future null infinity
T, the supertranslation field [4], whose finite differences encode the displacement mem-
ory effect [5]. This leads to a triangle relationship between supertranslation symmetry,
Weinberg’ soft graviton theorem [6] and the displacement memory effect [7-11], see [12, 13]
for reviews.

A second subleading triangle has been suggested involving at its corners the subleading
soft graviton theorem [14], the spin memory effect! [16] and super-Lorentz symmetry? [17,
18] (see also [19]). However, the nature of the relationship is more subtle at several levels.
First, two distinct extensions of the original BMS group have been proposed as asymptotic
symmetry groups of Einstein gravity at null infinity:

(i) The Barnich-Troessaert group (Vir x Vir) x S [17, 20, 21] (see also [19]);
(ii) The Campiglia-Laddha group Diff(S?) x S [18, 22].

In each case, S is the abelian subgroup of commuting supertranslations. In the first case,
the Lorentz transformations are extended to meromorphic and anti-meromorphic transfor-
mations (with poles on the sphere), which thereby requires by consistency of the algebra
that supertranslations with poles should also be considered. In the second case, the Lorentz
transformations are extended to arbitrary (smooth) diffeomorphisms on the 2-sphere and
supertranslations are unchanged.

The definition of a set of boundary conditions invariant under an asymptotic symmetry
group is consistent if and only if the following set of conditions are met: (a) the asymp-
totic symmetries should preserve the boundary conditions; (b) all charges associated with
asymptotic symmetries should be finite; (c¢) all charges should be well-defined (integrable).
In the particular case of boundary conditions defined at null infinity, since null infinity is
permeable to energy flux, the third condition (c) has to be relaxed and a prescription to
define the surface charge from the infinitesimal canonical charge has to be given [23].

The boundary conditions leading to the first extension (i) of the BMS group can-
not obey the second condition (b) assuming the standard bulk definition of surface
charges [24-26]. Indeed, the singular supertranslation surface charges of the Kerr black
hole diverge [21].% A consistent phase space therefore requires a renormalization of the
symplectic structure, consistently with the ambiguity of adding boundary terms to the
symplectic structure [25], which leads to additional contribution to the surface charges [27].

!Note that it has not (yet) been proven to be a memory effect in the sense that the observable can be
expressed solely from the initial and final state. For another related effect, see [15].

2We find convenient to denote the extensions of the Lorentz transformations as the super-Lorentz trans-
formations. Any 2-vector on the sphere can be decomposed into a divergence-free part and a rotational-free
part. A super-Lorentz transformation whose pull-back on the celestial sphere is divergence-free is a super-
rotation. This generalizes the rotations. A super-Lorentz transformation whose pull-back on the celestial
sphere is rotational-free is a superboost. This generalizes the boosts.

3More dramatically, the surface charges are linearly divergent in r at the location of the meromorphic
poles, as can be deduced from our analysis, see (5.30).



The boundary conditions proposed in [22] for the second extension (ii) obey neither the first
condition (a)* nor (b).? Instead, more general boundary conditions are required which lead
to a radial divergence of the standard surface charges. Again, renormalization is necessary
for boundary conditions admitting the symmetry group (ii). The need for a renormaliza-
tion procedure can be most simply understood from the fact that both proposed symmetry
groups modify the metric at leading order and in that sense are overleading.%

The subleading soft graviton theorem implies the Ward identities of Virasoro super-
Lorentz symmetries [28]. However, the converse is not true. Non-meromorphic super-
Lorentz transformations are required in order to derive all instances of the subleading soft
graviton theorem [18]. Instead, the Ward identities of Diff(S?) symmetry (labelled by
2 arbitrary functions on the sphere) are equivalent to the subleading soft graviton the-
orem [18].7 The 2 arbitrary functions on the sphere of a super-Lorentz transformation
are parametrically equivalent to the two polarizations and the soft momentum of the soft
graviton. The classical limit of this Ward identity is the conservation of a localized notion
of angular momentum on the celestial sphere which is encoded in the Bondi angular mo-
mentum aspect [30], itself also entirely determined on-shell by 2 arbitrary functions on the
sphere. For these reasons, the most relevant symmetry group for the subleading infrared
structure of general relativity is the symmetry group (ii).

Our main objective is to propose a definition of renormalized phase space for the sym-
metry group (ii) and derive some of its structure. One can think of this renormalized phase
space as an extended phase space which contains the standard phase space of BMS [1, 2]
containing e.g. binary black hole mergers [31] and additional “cosmic events” which are
usually discarded. The solutions particular to the extended phase space include Robinson-
Trautman spacetimes [32] and their impulsive limit [33-36]. Impulsive gravitational waves
can be understood as a cosmic string decay which separates two Minkowski vacua related
by a super-Lorentz transformation [36-38]. With respect to the standard BMS phase space,
the super-Lorentz transformations are outer symmetries [39] in the sense that they are not
tangent to the phase space but they are still associated with finite charges (see also [40]).
The existence of outer symmetries is sufficient to imply the existence of Ward identities
at tree-level.

After a review of Einstein gravity in BMS gauge in section 2, we derive in section 3
the closed-form expression of the vacua that carry a non-linear action of the extended
Diff(S?) x S BMS group. This construction generalizes to arbitrary Diff(.5?) super-Lorentz
transformations the one of [39, 41]. Tt allows to define the canonical fields at null infinity

“The surface charges are defined using the boundary condition Cap = {(u""), which is not preserved
by the action of the symmetry group due to the inhomogenous transformation law of C'4ap with a term of
order u'.

®The boundary condition Cap = Z(ufl) still leaves the symplectic flux linearly divergent in r except
around the boundaries Z7 .

5The Virasoro symmetries (i) also change the boundary metric on the sphere by adding singular poles.

"Note that the subleading part of the supertranslation charge also takes a form similar to the super-
Lorentz charge and its Ward identity is implied by the subleading soft theorem [29]. However, it is not
clear how an equivalence can be obtained given that a supertranslation is labelled by a single function on
the sphere.



that transform under the extended BMS group and that label inequivalent vacua. Among
the super-Lorentz transformations, a particular role is played by the superboosts. The
associated canonical variable, the superboost field, determines the leading part of the news
tensor at Z as the trace-free part of the stress-tensor of an Euclidean Liouville theory.

In section 4, we use the identification of the superboost field to reinterpret the
Robinson-Trautman spacetimes and impulsive gravitational waves as superboost transi-
tions. We identify the class of observers around null infinity which display the refraction
memory or velocity kick effect [42-44], depending whether one considers respectively null
or timelike geodesics. Any gravitational wave leads to a velocity kick of probe objects be-
cause energy is transmitted from the gravitational wave to the probes [45] (see also [46-49]
and references therein). In contrast, the velocity kick/refraction memory that we describe
here is specific to the observers close to null infinity and can be described in terms of
superboost field transitions. We will also describe a new non-linear displacement mem-
ory effect at null infinity distinct from [7-11] which occurs in joined supertranslation and
superboost transitions.

In section 5, we define an extended phase space invariant under the action of the
generalized BMS group but which does not allow superboost transitions. We show that
our final surface charge prescription reproduces in the standard BMS phase space the fluxes
required for the leading and subleading soft graviton theorems following [3, 18]. Notably,
we obtain a new expression for the angular momentum in the standard phase space which
differs from the expressions given in [30, 40] or identified as the integrable charge in [21]. We
finally derive a general canonical bracket between BMS surface charges which generalizes
the one of [21].

Note added. In the final stages of preparation of this manuscript we received [50] where
surface charges associated with super-Lorentz transformations are proposed that are con-
sistent with the leading and subleading soft theorems. Their expressions for the charges in
the standard BMS phase space, and in particular their expression for angular momentum,
agree with ours.

2 A review of Einstein gravity in Bondi gauge

In this section we set up our notation and compare them with the literature. We will
mainly follow the conventions of [20]. We will consider a solution space obeying fall-off
conditions that are larger than required to define a consistent phase space. We will impose
the remaining boundary conditions only in section 5.1. The solution space is large enough
to accomodate either the double copy Virasoro asymptotic symmetry group [17, 19] or the
Diff(S?) asymptotic symmetry group [18]. For simplicity, we do not consider the coupling
to matter, see [40] for a partial generalization.

2.1 Bondi coordinates and assumptions

We choose a set of Bondi coordinates (u,r, a:A) where u labels null outgoing geodesic

congruences, r is the affine parameter along these geodesics, and z# are 2 coordinates on



the 2-sphere. The most general 4-dimensional metric can be written in this gauge as
v
ds? = —e¥du? — 2e*dudr 4 gap(dz? — UAdu)(dz? — UPdu). (2.1)
r

Bondi gauge is reached by imposing the determinant condition
o, <det§f;“m> =0, (2.2)
which singles out r as the luminosity distance.
Each metric coefficient is provided with suitable fall-off conditions. Here, we assume
that there is a polynomial fall-off in r at least at second order in the asymptotic expansion
for all components. We take

|4 2M

— =V+=—= 40072,
T T
_ B 3
gaB = 12qaB +1CaB + Dap + O(Tfl);
A 21 1 _
UA = =33 NA - §CABDCCBC + 0™

where all functions appearing in the expansions of % depend upon u and z4. All 2-sphere
indices in (2.3) are raised and lowered with g4p, and D4 is the Levi-Civita connection
associated to g4p. The determinant condition (2.2) imposes in particular that g4pC45 = 0.
Cap is otherwise completely arbitrary, and its time derivative Nag = 0,Cap is the Bondi
news tensor which describes gravitational radiation.

Furthermore, we impose the technical restriction

which prevents evolution among distinct boundary metrics. It is possible to relax this
restriction but the expressions become lengthy and we will not derive them here. We refer
the reader to Barnich-Troessaert [20] for a partial generalization where all the dependence
in u of the boundary metric is in an overall conformal factor.

2.2 Equations of motion

Einstein’s equations imply

1 ° 1
—B—QCABCAB, U4 = —§DBCAB, Dap = 1QABCCDCCD, (2.5)

where R is the Ricci scalar of qap- Einstein’s equations are then fully obeyed at this order

. 1. . 1
V=—R =
S

in the Bondi expansion except for the following two additional constraints:
1 1 1 o
oM = —gNABNAB + 1DADBNAB + gDADAR, (2.6)

1 1
OuNa = DaM + 1fGDAUVBCOBC) —~ 1NBCDACM

1 1
— 1DB(CBCJ\IAC — NBCC ) - ZDBDBDCCAC (2.7)

1 1 o
+ ZDBDADC'CBC + ZCABDBR.



Here M(u,xA) is the Bondi mass aspect, NA(u,acB) is the angular momentum aspect.
Concerning this quantity, our conventions are those of Barnich-Troessaert [20, 21] (also
followed by [50]), but differ from those of Flanagan-Nichols (#'N) [40] and Hawking-Perry-

Strominger (HPS) [30]. Here is the dictionary to match the different conventions:

NV = Nyt OABDCO +3 aA<OBccBC> (2.8)
NP9 = N ) — uDM. (2.9)

2.3 Residual diffeomorphisms

The infinitesimal residual diffeomorphisms {#9,, preserving Bondi gauge are given by
€ = flu,a%),
A =YA(u, ) + 14, = —DBf/ dr! (€28 g1B) (2.10)
&= —%T(DAYA + DaI* —~UPDgf),

with 9,f = 0,Y4 = 0. The additional fall-offs (2.3) and (2.4) require

Legua = O(r") = 0,Y4 = 0 = Y4 = YA(2P),
9 1 A B U A (2.11)
[fgur = O("" ) — auf = EDAY — f = T(SU ) + §DAY ,

and nothing else. We can perform the radial integration in (2.10) to get a perturbative

expression of the infinitesimal residual diffeomorphisms using (2.5):
&=, (2.12)
A_ya_ Loa, 1 (1 ap 1 1 BC A -4

r

1 1 1 1 1
gr = —§TDAYA+§DADAJC+; <—2DACABDBf_4CABDADBf> +O(T72)' (2'14)

The residual diffeomorphisms are spanned by arbitrary Diff(S?) super-Lorentz transforma-
tions generated by Y4(z®) and by (smooth) supertranslations generated by T'(z?). We
will therefore denote them as &(7,Y).

2.4 Commutator algebra

In order to obtain the algebra of infinitesimal residual diffeomorphisms under the Lie

bracket [-,], it is sufficient to consider the leading order vectors &£(T,Y) = £, + Y404,
where f and Y4 satisfy (2.11). Defining

[€(T1, Y1), &(T2, Y2)] = &(T1,97, Y1 ,2) (2.15)
we find

1
T o1 = YADATs + ~Ty DAY — (1 <5 2
2 = Y1" DaTz + 5T1DAY; (1 2), (2.16)

Yity = YPDpYs' — (14 2).



This defines the generalized BMS algebra g. It consists of the semi-direct sum of the
diffeomorphism algebra on the celestial 2-sphere iff(S?) and the abelian ideal s of super-
translations, consisting of arbitrary smooth functions on the 2-sphere.

g = 0iff(S?) Ds. (2.17)

As in [20], it can be checked that, taking (2.11) into account, the bulk vectors (2.10) form
a faithful representation of that algebra for the modified Lie bracket

61 &l = [61,6] - (04,62 - 04,61, (2.18)

where 5271 &5 denotes the variation of & caused by the Lie dragging along & of the metric
contained in the definition of &s.

2.5 Representation on the solution space

The vectors (2.10) preserve the solution space in the sense that infinitesimally

Lery)9uwld'] = g0 + 0(ry)9'] — gun[¢'] (2.19)

where ¢' = {qgap, Cap, M, Na} denotes the collection of relevant fields that describe the
metric in Bondi gauge. The action of the vectors preserve the form of the metric but
modify the fields ¢?, in such a way that the above equation is verified. We can show that

S(r,y)24B =2D(4Yp) — DY qap, (2.20)
) . )
Sy Cap=|fOu+Ly— §DCYC Cap—2DaDpf+qapDcDC f, (2.21)
1
Sr,yyNap = [fOu+Ly|Nap— <DADBDCYC - §qABDcDC DDYD> : (2.22)
i 3 c] 1 Avr . LyaB 1 AB
8(r,y)M = | fOu+ Ly +5DcY € | M= Daf DAV 4+ NP DaDp f+5DafDpN7,

(2.23)
3 1
5ryyNa=[fOu+Ly+DcY |Ns+3MD, f=15Da fNpcCBC +5D5 FNBCCue

]. 1 ]
——D ADBYBC'CDCCDnLZ(DB FR+DBDeDC f)Cap

32
3 3

— ZDBf(DBDCCAC —DDcCPC) +§DA(DCDBfCBC)
1 1

+3 <DADBf—2DCDquAB> DcCBC, (2.24)

Note that the boundary Ricci scalar R (or V) transforms as

5(T,Y)é = YADAR + DAYAR + D*DpY®. (2.25)



3 Vacuum structure

A special role is played by the action of the generalized BMS group on the Minkowski
metric. The orbit of Minkowski spacetime under the BMS group is defined as the class of
Riemann-flat metrics obtained by exponentiating a general BMS transformation starting
from Minkowski spacetime as a seed. The subset of this orbit where only supertranslations
act are the non-equivalent vacua of asymptotically flat spacetimes which are character-
ized, contrary to Minkowski spacetime, by non-vanishing super-Lorentz charges while all
Poincaré charges remain zero [39]. In this standard case, the exponentiation leads to a sin-
gle fundamental field labeling inequivalent vacua: the supertranslation field C'(z4). The
displacement memory effect is a transition among vacua mediated by gravitational or other
null radiation which effectively induces a supertranslation of C' [5].

For the double copy Virasoro asymptotic symmetry group, this exponentiation leads
to two fundamental fields: the supertranslation field and what we will call the superboost
or Liouville field ®. The corresponding solution in Bondi and Newman-Unti gauges was
constructed in [39]. Here, we extend the construction to finite Diff(5?) super-Lorentz trans-
formations following methods similar to the appendix of [41]. The corresponding boundary
fields will also be the supertranslation C and superboost ® fields, complemented by an ad-
ditional superrotation field ¥. In order to understand the memory effects associated with
super-Lorentz transformations, we therefore start by deriving the structure of the vacua.

3.1 Generation of the vacua

We start from the Minkowski metric written in complex plane coordinates:
ds®> = —2du.dr. + QT‘SdZCch. (3.1)

We define the background structures

=[] @] e 2

with inverse Y% = v, € = €. The goal is to introduce a diffeomorphism to Bondi gauge
(te, e, Ze, Ze) — (u, 7, 2, Z) that exponentiates Diff(S?) super-Lorentz transformations and
supertranslations. Requiring that (u,r, z, Z) are Bondi coordinates leads to 2 conditions:

o> The coordinate r is the affine parameter along null radial geodesics g, = gra = 0.

> r represents the luminosity distance in the sense of Sachs, so 0,(r~*detgap) = 0
(where gap = gV az#Vpa").

The first condition yields

re = re(r,u, 29, (3.3)
Ue = W (u, 2,2) — . ey H(u, 26)HO (u, 2°), .
20 = GU2) —r YH(u, 2), H%u,z2°) = —D&leab'ybceABaAWaBGc (3.5)



where Dg = det(94G?) = %eabeAB 94G*OpGP. The second condition fixes the functional
dependence of r. as

2
re(r,u, 2°) = Ro(u, 2°) + \/(8:1/[/)2 + Ri(u, 2°). (3.6)
Here Ry and R; are respectively obtained by requiring that the determinant condition
is obeyed up to second and third order in 1/r. The information at subleading orders is
propagated with the power expansion of the functional dependence in r.
Requiring that gy, is finite in r and restricting the boundary metric as (2.4), we have
to impose that 92W = 0, so W is at most linear in u. Moreover, regularity implies that it
is nowhere vanishing. Therefore,

W (u, z°) = exp [;@(z, Z):| (u+C(z,2)). (3.7)

Expanding g4p in powers of r as in (2.3), we can read the boundary metric as
qaB = ¢55 = e PO4G OGPy (3.8)

It is indeed the result of a large diffeomorphism and a Weyl transformation. The shear
Cap is found to be the trace-free part (TF) of the following tensor

Cap = CY% = (8“%/)26” (DAWDpW) — C%QWDADBW} o (3.9)
Introducing (3.7), it comes
1 TF
C3[0,C) = (u+ O)Ngs + 00, { VA = [QDA(EDBCI) B DADB‘I’] o (3.10)

0540% = —-2D,DpC + QABDQC.

We find that all explicit reference on v, or G* disappeared. Moreover, the news tensor of
vac

the vacua N5 is only built up with ®. It can be checked that the boundary Ricci scalar
is given in terms of ® as

R =D, (3.11)
which implies
DANAB — —%DBR (3.12)
We can therefore add a trace to N5 to form the conserved stress-tensor
Tap[®] = %DAQDBQ — DADp® + %qAB <2D2q> - ;D%Dccb) : (3.13)

Its trace is equal to D?®. The tensor Tup is precisely the stress-tensor of Euclidean
Liouville theory

1 .
L[®;q45] = 4 (2DA<I>DA<I> +Ae® + R[q]q>> : (3.14)



where the parameter A is zero in order to satisfy (3.11). Note that in order to derive
the stress-tensor from the Lagrangian, one needs to set the Liouville field off-shell by not
imposing the equation (3.11) but considering the metric as a background field. Under a
super-Lorentz transformation

Sy (D?® — R) = (Ly + DAY*)(D*® — R). (3.15)

Therefore, imposing the Liouville equation is consistent with the action of super-Lorentz
transformations.

Using this boundary metric and shear, one can work out the covariant expressions for
Ry and R; in (3.6). They are given by

1 1
Ry = 5e—‘1>1)2w and R = ge—‘I’CABCAB. (3.16)

Finally, after some algebra, one can write the full metric as

| 1
ds® = —gdvf — 2dpdu + (pquB + pCW5 + 808?50\%])‘1143) dz?dz? + DPCYEsda?du

C

(3.17)

where p = \/ r2 + éC’Z?BC’%? is a derived quantity in terms of the Bondi radius r. The
metric is more natural in Newman-Unti gauge (u, p, ZA) where g,, = —5ﬁ.

Let us also comment on the meromorphic extension of the Lorentz group instead of
Diff(S?). When super-Lorentz transformations reduce to local conformal Killing vectors
on S%ie. G* = G(z) and G* = G(2), the boundary metric after a diffeomorphism is the
unit round metric on the sphere

2
qapdzdzP = 2v,dzdz, Vs = ( (3.18)

1+ 2z)?
(and R = 2) except at the singular points of G(z). The Liouville field reduces to the sum
of a meromorphic and an anti-meromorphic part minus the unit sphere factor

P = ¢(2) + ¢(2) — log7s. (3.19)

The metric (3.17) then exactly reproduces the expression of [39] with the substitu-
tion Tlgtgere) = 1/2N%5. We have therefore found the generalization of the metric of
the vacua for arbitrary Diff(5%) super-Lorentz transformations together with arbitrary

supertranslations.

3.2 The superboost, superrotation and supertranslation fields

A general vacuum metric is parametrized by a boundary metric ¢{5, the field C' that
we call the supertranslation field and ® that we will call either the Liouville field or the
superboost field. Under a BMS transformation, the bulk metric transforms into itself, with

~10 -



the following transformation law of its boundary fields,

o1,y q5 = DaYp + DpYa — qapDcY©, (3.20)
o7y ® = YA04® + DAY 4, (3.21)

1
oryC =T +YA9,4C — 5ODAYA. (3.22)

Only the divergence of a general super-Lorentz transformation sources the Liouville field.
Since rotations are divergence-free but boosts are not, we call ® the superboost field. In
general, one can decompose a vector on the 2-sphere as a divergence and a rotational part.
For a generic superotation there should be a field that is sourced by the rotational of V4.
We call this field the superrotation field ¥ and we postulate its transformation law

ory ¥ = Y4940 + B D, Yp. (3.23)

Where is that field in (3.17)? In fact, the boundary metric ¢%{5 is not a fundamental field.
It depends upon the Liouville field ® and the background metric 7,;. Since it transforms
under superrotations, the metric (3.8) should also depend upon the superrotation field W.
The explicit form ¢'{5[Vap, P, V] is not known to us. We will call the set of boundary fields
(®, ¥) the super-Lorentz fields.

Under a BMS transformation, the news of the vacua N}% and the tensor C’g% transform

inhomogenously as

1

Sy NS = Ly NYS — DaDpDcY© + iqABDQDCYC , (3.24)
1

5y CY = £yC) - s DeY® ¥ — 2D DT + qapD*T. (3.25)

From (3.17), one can read off the explicit expressions of the Bondi mass and angular
momentum aspects of the vacua

vac ?

M = NY5CAP
83 . (3.26)

Na = —5 Da(CEECES) — 1O DoCES.

The Bondi mass is time-dependent and its spectrum is not bounded from below because
OuM = —%NX%NQE as observed in [39]. Yet, the Weyl tensor is identically zero so the
standard Newtonian potential vanishes. This indicates that the mass is identically zero.
The relationship between the Bondi mass and the mass will be given below in section 5.7

after introducing a consistent phase space in which the conserved charges will be defined.

4 Superboost transitions

The main interest of the non-trivial vacua lies in the dynamical processes that allow to tran-
sition from one vacuum to another. In what follows, we will relax the condition d,qap =0
in order to allow for transitions of the super-Lorentz fields. We will study several examples
of transitions and study the related memory effects at null infinity.

- 11 -



4.1 Robinston-Trautman spacetimes

The simplest example of spacetime containing a transition of the superboost field ® is the

general Robinson-Trautman spacetime®
R 2M .
ds? = — <—7~au<1> + % - T) du?® — 2dudr + 2r?e=*d¢d¢ (4.1)

where ® = ®(u, ¢, () obeys the constraint
D?*R +12M8,® = 0. (4.2)

The Ricci scalar of the boundary metric is related to ® by R= D?®, which is the Liouville
equation (3.11).

We consider a configuration where there is a transition between a perturbed vacuum
at u = u; which relaxes to a new vacuum at u = uy. The metric represents a transition
from the Schwarzschild black hole equipped with an initial superboost field ®(u;,(,¢) =
®,(¢,¢) with 9,®(u = u;) # 0 to the Schwarzschild black hole with a final superboost
field @ = ®(¢, (), 0, P(u = uy) ~ 0. In other words, the Robinston-Trautman spacetime
with M # 0 describes a gravitational wave emission process that evolves the Schwarzschild
black hole with superboost hair.

The impulsive limit of the Robinson-Trautman type N of positive 2-curvature (M = 0,
R= 2) can be rewritten after a coordinate transformation as the metric of the impulsive
gravitational waves of Penrose [33, 34] as shown in [35, 36]°

2
ds* = —du® — 2dpdu + <P2QAB + upO(u) N3 + %@(U)NFDCNCMDqAB) dzAdz?, (4.3)

V.

TF
where NY = [$Da¢sDpds — DaDpoy]

after substituting ® = —log~s + ¢ as in (3.19). This metric is in Newman-Unti gauge,

The vacuum news coincides with (3.10)

not in Bondi gauge. It represents the transition between two vacua labelled by distinct
meromorphic superboost fields!® (initial ¢; = 0 for u < 0 and final ¢f = ¢(2) + ¢(2)
for u > 0). The metric g4p is the unit sphere metric globally for v < 0 and locally for
u > 0 but it contains singularities at isolated points for u© > 0. These singularities can be
understood as a cosmic string decays [36-38].

4.2 General impulsive gravitational wave transitions

In general, both the supertranslation field C' and the superboost field ® can change with
hard (finite energy) processes involving null radiation reaching Z*. This null radiation can

8This metric is exactly (28.8) of [32] with P(u,¢,¢) = e GO/2 after fixing the reparametrization
ambiguity to set M to a constant.

Tt is exactly the solution (2.10) of [42] with ¢ = 41 upon substituting U — u/v2, V — —/2p,
H — —1/2N32°. Strictly speaking gy, = —1 — 22%
Guu = —1 otherwise.

10The singular impulsive limit requires to consider singular diffeomorphisms transitions which turn out

at the poles of the meromorphic function ¢(z), but

to reduce to meromorphic superboost transitions.
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originate in matter or in gravity itself. Such processes induce vacuum transitions among
initial (C_,®_) and final (C1, ®;) boundary fields. The difference between these fields
can be expressed in terms of components of the matter stress-tensor and metric potentials
reaching Z+. The simplest possible transition between vacua are shockwaves which carry
a matter stress-tensor proportional to a §(u) function, as in the original Penrose construc-
tion [33]. A distinct vacuum lies on each side of the shockwave and the transition between
the boundary fields is dictated by the matter stress-tensor. Such a general shockwave takes

the form
: 1
ds® = —gdu2 — 2dpdu + <p2qAB + pCap + 8CCDCCDqAB> dzdz® + DBCypdatdu
(4.4)
where
qap = O(—u)gip[®-] + O(u)gip[P], (4.5)
Cap = O(—w)CFED_,C_] + O(u) 5[, Oy (46)
where ¢75[®] and C75[®, C] are given in (3.8) and (3.10). The metric (4.3) is recovered
for ®_ = —logys, @1 = —logvs + ¢(2) + ¢(Z) asin (3.19) and Cy = C_ = 0.

4.3 Conservation of the Bondi mass aspect and the center-of-mass

In the absence of superboost transitions and for the standard case of the unit round celestial
sphere, the integral between initial u; and final retarded times u; of the conservation
equation for the Bondi mass aspect (2.6) can be reexpressed as the differential equation
determining the difference between the supertranslation field AC = Cy — C_ between
initial and final retarded times after assuming suitable fall-off conditions [5]
u
DD+ DAC =AM+ [ duTy, (4.7)
u_
where Ty, = %N A NAB and AM is the difference between the Bondi mass aspects after
and before the burst. The four lowest spherical harmonics ¢ = 0,1 are zero modes of
the differential operator appearing on the left-hand side of (4.7). Recall that translations
precisely shift the supertranslation field as (3.22). The 4 lowest harmonics of C' can thus be
interpretated as the center-of-mass of the asymptotically flat system. This center-of-mass
is not constrained by the conservation law (4.7).

A new feature arises in the presence of a superboost transition. The four zero modes
of the supertranslation field C are now determined by the conservation equation. This can
be seen in the context of impulsive transitions (4.4). For simplicity, we take C_ = 0 and
®_ = —log~s (qap[P-] = Gap the unit round sphere metric). Given that the Bondi mass
aspect and the Bondi news of the vacua are non-zero (3.26), we first define the renormalized
Bondi mass aspect and Bondi news as

M M+ CAB vac [ }7 (48)
Nap = Nap — ©O(u)N3§[@4], (4.9)

which are zero for the vacua (3.17). This mass will be obtained in section 5 in (5.50).
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After integration over u of (2.6) and using of the corollary of the Liouville equa-
tion (3.12) we obtain

(22

+
du Ty,  (4.10)

vac

—iD?(D2 +R)C, + %NAB[Q]DADB@ + émpzﬁz =AM + /
U—
where T}, = %]\7 ABN AB and AM act as sources for C, and all quantities are evaluated
on the final metric gap[®]. We have that AM = 0 for transitions between vacua but we
included it for making the comparison with (4.7) more manifest.

The lowest ¢ = 0,1 spherical harmonics of C' are not zero modes of the quartic dif-
ferential operator on the left-hand side of (4.10) for any inhomogeously curved boundary
metric. Therefore, the center-of-mass is also determined by the conservation law of the
Bondi mass aspect.

4.4 Refraction/velocity kick memory

We will mostly consider the simplified case where the change of the boundary metric is
localized at individual points. This happens for impulsive gravitational wave transitions
which relate the initial and final boundary metric by a meromorphic super-Lorentz trans-
formation (which is a combination of superboosts and superrotations). One example is
the original Penrose construction [33]. In these cases we will consider observers away from
these singular points so that we can ignore these singularities.

We can consider either timelike or null geodesics leading respectively to the velocity
kick and refraction memory. Let us first discuss a congruence of timelike geodesics that
evolve at finite large radius 7 in the impulsive gravitational wave spacetime (4.3). Such
observers have a velocity v*9, = 0, + O(p~!). The deviation vector s* between two
neighboring geodesics obeys V,V,s* = R/ amvavﬁ s7 where the directional derivative is
defined as V, = v#V,. We have Ry aup = —gagcAB + O(p°) where Cap = uO(u) N
and therefore

1
qapd2sP = 27)5(U)N;1a§33 +0(p7?). (4.11)

We deduce that s = sig,q(a) + %S;‘Jb(u, ) + O(p~2) and after two integrations in u,

A U AB prvi
Ssub — §@(u)q BNBaCC'Sgad‘ (412)

Before the shockwave, there is no relative angular velocity between observers. After the

shockwave, there will be a relative angular velocity at order oc p~*

. This is the velocity
kick between two such neighboring geodesics due to the shockwave [42-44]. This is a qual-
itatively distinct effect from the displacement memory effect [7-11] and the spin effect [16].

Analogously, one can consider a congruence of null geodesics which admits a constant

leading angular velocity Q4(2)0,4, with total 4-velocity

00, = (VOAgapP + 0(p)) 0+ 0(p™)0) + ;(QA O Y0s.  (413)
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We consider again a deviation vector of the form s = sl  (z4) + %sﬁlb(u, ) + O(p~2).
The deviation vector obeys again (4.12). Null geodesics are refracted by the shockwave.
This is the refraction memory effect usually described in the bulk of spacetime [42—44]. We
identified here the class of null geodesics which displays the refraction memory effect close
to null infinity.

Let us now shortly discuss the case where the change of boundary metric is not local-
ized at individual points. This occurs in the example of Robinson-Trautman superboost
transitions. The main point is that timelike geodesics will now admit non-trivial deviation
vector already at leading order o p°, s4 = sfi  (z4) + O(p™1), with

1

1 1
2 B 2 B 2 B
§qABauSlead + iau(QABSlead) = —5949ABSead- (414)

A velocity kick will therefore already occur at order p°.

4.5 A new non-linear displacement memory

We also would like to point out that there is a non-linear displacement memory induced by
a superboost transition, when it is accompanied by a supertranslation transition. This case
was not considered in [42-44] where all supertranslation transitions were vanishing. In order
to describe the effect, we can consider either timelike or null geodesics. For definiteness, we
consider a congruence of timelike geodesics that evolve at finite large radius r in the general
impulsive gravitational wave spacetime (4.4). For simplicity we assume global Minkowski
in the far past and we only consider the simplified case where the change of the boundary
metric is localized at individual points. In other words, we assume ®_ = —log~s (¢F5[P-]
is the unit sphere metric), C_ = 0, 4 = —logys+¢(2)+é(2) and C;. = C(z, Z) arbitrary.
The velocity is now v#0, = \/%(% + O(p~!). We have Ryaup = —5330143 + O(pY).

Following the same procedure as above, we obtain s = sf | (z4) + %sfnb(u, )+ 0(p2)

and away from the singular points on the sphere,

1
sA = §qABC’BCSgad. (4.15)
1
= i@(u)qABCEaéSgad- (4.16)
1 ac vac
= 50" (WO ()NEE + O(u) Ol + Ow)ONEE)s{a (4.17)

The first term o< uO(u) leads to the velocity kick memory effect. The second term o
@(U)C’g()J leads to the displacement memory effect due to a change of supertranslation field
C between the final and initial states [5]. The third and last term oc ©(u)CNES is a new
type of non-linear displacement memory effect due to change of both the superboost field ®
and the supertranslation field C. The four lowest spherical harmonics ¢ = 0,1 of C, inter-
pretated as the center-of-mass, do not contribute to the standard displacement memory ef-
fect because they are zero modes of the differential operator Cﬁ%. Here, they do contribute
to the non-linear displacement memory effect. The transition of the supertranslation field

and in particular of the center-of-mass are determined by (4.10), as discussed earlier.
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5 Renormalized phase space at Z+

In this section, we will define an extended phase space invariant under the action of Diff(52)
super-Lorentz transformations and supertranslations. Super-Lorentz transformations are
overleading in the sense that they change the boundary metric which is usually fixed in
standard asymptotically flat spacetimes. We can therefore expect that a renormalization
procedure will be required.

5.1 Boundary conditions

Following Campiglia and Laddha [22], we fix the boundary metric determinant to be the
one of the unit round sphere,

V4 = s s :2(1"1'22)_2' (5.1)

We use the fall-off conditions discussed in section 2.1. In addition, we impose the
leading equations of motion (2.5), namely

o 15 0 1 ° 1
V=—ok  f= —ﬁ(JABCAB, U4 = —§DBCAB (5.2)

as a part of the boundary conditions.

The inhomogenous part of the transformation law of the news tensor under super-
boosts (2.22) exactly matches with the transformation law of the vacuum news N335 de-
fined in (3.24). Moreover, the inhomogenous part of transformation law of C'?5 (3.10)
also matches with the one of C4p in (2.21). We are therefore led to introduce the initial
(C_,®_,V¥_) and final (C4, P, ¥,;) boundary supertranslation and super-Lorentz fields

and consider the following boundary conditions on the g4p and Cap tensors at Z7,

Cip = MM _qap = @i, 75 P, U] +2(u?), (5.3)
: Vi + 0
Jim  Cap = ChEleap, P+, CL] +2u), (5.4)

where ¢%{5 and Cy5 are defined in (3.8), (3.10). It follows that

im Nap = NY§laip, @] +u™) (5.5)
where N5 is defined in (3.10). The initial fields (C_,®_,¥_) can change along u with
hard (finite energy) processes involving null radiation reaching Z*. In general this null
radiation can originate from matter or from gravity itself. Here we restrict ourselves to
gravity only.

Our technical restriction (2.4),

OugaB =0 = Aap = Q,quB (5'6)

prevents transitions between the initial and final superboost and superrotation fields
b=, =&_, V=T, = T¥_. The class of spacetimes that we are considering is therefore
more general than the ones considered in [22, 51] but not general enough to consider
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superboost transitions. We leave the contruction of a more general phase space for future
endeavor.

In addition, we impose that the topological Euler number of gap is the one of the
round sphere

= [ vakla =2 (5.7)

Since this condition is diffeomorphic and Weyl invariant, it is consistent with the action
of super-Lorentz transformations and supertranslations. We finally restrict the boundary
metrics by imposing the Liouville equation

D*® = RJq). (5.8)

As shown in (3.15), imposing the Liouville equation is consistent with both the structure
of the vacua and with the action of super-Lorentz transformations.

The group of symmetries that preserve the boundary conditions are all the residual
symmetries consisting of Diff(S?) super-Lorentz transformations and supertranslations. As
we will see, after a suitable renormalization procedure, the canonical charges associated
with these symmetries will be finite and non-trivial. The asymptotic symmetry group will
therefore be the group of Diff(S?) super-Lorentz transformations and supertranslations. In
what follows, we will discuss the action principle, the symplectic structure and the charges.
All in all, these well-defined structures will allow to promote the solution space described
in section 2 to a phase space, after imposing the boundary conditions.

5.2 Examples of solutions

The Kerr black hole is obviously part of the phase space. Any vacuum gravitational field
configuration that admits a wave-zone region and that does not contain incoming radiation
is also part of this phase space since it admits a polynomial Bondi expansion [31]. These
solutions have a trivial boundary metric, the unit round metric on S2.

An example of solution with non-trivial boundary metric is the following. The most
general Robinson-Trautman metrics, i.e. the general vacuum solution admitting a geodesic,
shearfree, twistfree but diverging null congruence, are not part of the phase space because
of our restriction (2.4). However, a subset of Robinson-Trautman metrics is part of the
phase space. Let us start from (28.8) of [32] with P(¢, () = ¢®(¢0/2,

e (D2<I><<,E) _2M + 4D*D9((,0)
2 T

> du? — 2dudr 4 2r2e=20dcde. (5.9)

Here D? = DDA = 2¢*%0.0; and ®((, (), M is arbitrary. This is the Schwarzschild black
hole dressed with a superboost field. Note that the Ricci scalar of the boundary metric
is R[q] = D?®. In order to obey the determinant condition (5.1) we need to consider a
diffeomorphism ((z, 2), {(z, ) with e=®(9,(0:( — 05¢0.¢) = /q = 2(1+22)~2. The metric
is then in Bondi gauge. One can write ® = —log+/q + log(9,(0:¢ — 9:¢9.(). Since a
diffeomorphism does not affect the topological condition (5.7), one can evaluate it using
¢ = z, ¢ = z and check that it is obeyed using D?(—log+/q) = 2. The metric (5.9) in
coordinates (u,r, z, Z) is therefore part of the phase space.
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Figure 1. Contour for the variational principle.

5.3 Action principle

We consider the variation of the action on the spacetime volume M bounded in the fol-

lowing contour indicated in figure 1. We denote as IX and UT the hypersurfaces r = A

+

and u = u*, respectively. We consider the limit A — +o0, u* — Fo0.

The variation of the bare Einstein-Hilbert action is

0SEH = / dudrd?Q {—‘_gG“”(SgW +0,0"[g, 69}} (5.10)

where
O = 1Oy, + Ol + 7710 +O(r7?), (5.11)
0" =71 Oy, + O + O(r ). (5.12)

We have @?div) x 0,/q and therefore @%div) = 0 as a result of the boundary condition (5.1).
Also,

U \/a 1 AB 2
- _ — = 1
as a result of the boundary conditions (5.2). The other components are
u \/a 1 AB
O = Torg 2 CAB00 (5:14)
, Va4 o 1 V1 AB
=24V - -Y—N 1
O = 21676V ~ 21670 A8 (5.13)
Va 3 vA] L @ Va Y < AB
r :75[2u 9M + D } w — —L D A(UpdgB), 1
O\0) e Ouf + +DaU” | +6O4 e A(Updq™") (5.16)
where we define with hindsight the important quantity
. Va |1 ap | le AB 7 AB
wx = ——— | =Napd = o Daé . 1
On oG | 3 VABOCTY + 5VCapdq™” + UpDadq (5.17)
After using (2.5), we note that one can isolate a total derivative and a total variation as
Oy =~ Y™, (5.18)
rO4iy) = —0uY ™ + 8(—/qR ) = =0, YT — 0aY™ (5.19)

~ 18 —



where Y = —Y™ = —r% lg{gGCABcquB and Y™ = rﬁ@fd(éq;q) is r times tohe
presymplectic potential of the 2-dimensional Einstein-Hilbert action, aA@f;d = 6(\/qR).
Since the boundary of a boundary is zero, the corner terms o Y*" in the variational prin-
ciple drop. After integration over the sphere, the total derivatives oc d4v? also drop. The

radially divergent contribution to the action is therefore

ﬁ g [r /uuf d“X[‘I]] (5.20)

where x][g| is the Euler number of the boundary metric. Under an infinitesimal smooth
variation, a topological number cannot change. If we allow singular infinitesimal changes,
such as the ones generated by singular super-Lorentz transformations that arise in the
snapping of cosmic strings, the boundary topology changes and one would require to add
a boundary term in the action to cancel this divergence. Instead, this divergent term is
zero using our boundary condition (5.7).

We are led to consider the Einstein-Hilbert action supplemented by a boundary term

1 1
= — [ dud?Q oM — ~CABN . 21
S SEH 167TG i u \/a < 80 AB) (5 )

We do not provide a covariant formulation of this boundary term, or the boundary terms
Y which would require geometrical tools on boundary null surfaces [52-55] or a pre-
scription from holographic renormalization [56, 57]. The variation of the total action is

05 = / Q%terior - / G&terior + / éﬁux’ (522)
u+ u- iy
where ©f1 i, = O —@1(0) = O(r~2). All terms are radially finite and can be interpreted as

follows. The spacetime M considered is an open system with physical flux leaking through
the surface If{. This leak needs to be exactly compensated by the difference between the
fluxes on constant u = u™ and u = u~ slides in order to have a well-defined variational
principle. Our analysis is insufficient to prove the existence of a variational principle but
is compatible with its existence.

5.4 Symplectic structure

The bare Lee-Wald presymplectic form is given by w(o)[019, d29] = 610(0)[g, 529] =620 (0) g, 01 9]-
We already obtained that the bare presymplectic potential © q) is divergent while studying
the variation of the action, see (5.11)—(5.12). However, it is ambiguous under the change
O@) — O@) + dY where Y is a co-dimension spacetime 2 form. While studying the
variational principle, we already identified in (5.18)-(5.19) the counterterms required to
make the presymplectic potential finite.
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Let us discuss this point in detail starting from the bare presymplectic form. We have

1
wih = % (251qA3520AB> LO( )~ (162), (5.23)
1

qg |1 1o 1 -
+ 18: o [261 (NAB+2RqAB> 52CAB+251(DADCCBC)52(]AB] +O(r )~ (14:2).

Clearly, such a presymplectic form is divergent. After choosing the boundary term Y
as (5.18)—(5.19), the presymplectic form becomes well-defined,

W=0(r"2)—(1+2), (5.25)

1 1 1
w' = 1(\3{36: |:251 (NAB+2RQAB> (SQCAB+§61 (DADCCBc)(quAB] —l—O(T_l)—(l s 2).

(5.26)

(Note that since YA" is exact, it does not contribute here.)

Since we specified a specific radial foliation in order to define these boundary terms, our
construction is not explicitly covariant, but depends on additional background structures
close to Z. We will not need to detail these boundary structures in the following. However,
we expect that the counterterm subtraction procedure that we used will lead to anomalies
in the algebra of charges. It will be confirmed below, see (5.68).

This defines the symplectic structure at Z+

1 1. 1
0= /du d2Q 18{2 [251 (NAB + 2RqAB> 69CaB + 551(DADCCBC)(SQqAB —(1+2)

1 _ _
=5 / du d*Q (51Oux(52) — 320aux(d1)) , (5.27)

where O,y is defined in (5.17), after discarding a boundary term.

5.5 Surface charges
5.5.1 Infinitesimal surface charges

The bare Iyer-Wald surface charge 2—form is
k" [g,09] = —6Q¢lg] + Qoelg] +i¢O0)lg, dg]- (5.28)
Expanding in powers of 1/7, we get
k*"[g,09] = rkigiy) + k(o) + o@r™1). (5.29)

We define §He = §o» k¢"[g,6g]. The divergent term is

= (div) L 20 | Afr oy . _1 B 1 o .
H = 167TG]{d Q[ 20(YU4) = fOR — 5 fNapdq™? + 3 DcY “qapdC*? | (5.30)
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while the finite term is

(0) 1 2 A 1 A BC
g\Y) — AfM+2Y“*Ny+—Y“D 31
3 ¢ 167TG?{d Q [5< f At 15 4(CpcC ))} (5.31)
1 20 |1 aB 1 aBg g aB 1 AB
I Z + = ) - D Ug)d ——d 1) .
+167rG d“Q [Qf(N 2@ R |6Cap 4(fUg)dq 4 JfqapdC

Clearly, the charges are neither finite nor integrable.
Incorporating the boundary counterterm Y as defined in (5.18)—(5.19), the charges

become
k"™ — k" — 6Y" (g, Legl + Y [g, Loeg] + (E"AO" — ETABO"Y). (5.32)
In details,
ur \/a A
—6Y"" g, Leg| = RT(S (Candryya™®); (5.33)
Y“(g, Lseg] =0, (5.34)

where the last equation follows from the fact that the fields are not modified by 6§ at
leading order in r. Moreover,

1 3 NG .
U r ur Ar - AB .
E'AO" = f(0, Y +04Y )—2T16ﬂ_GfNAB5q +167TGr<f6R), (5.35)
1 \/a C AB 1 \/a c AB
TAOY = —£7(9,Y™) = —— Y - D¢D . .
f AO f (8T ) 1 167TGTDC CAB(Sq +4 167G C fCAB(Fq (5 36)

Here, the O(1) part in (5.36) is due to the O(1) contribution from &", and exactly cancels
the last non-integrable term at O(1) in the charges (5.31).

We see that any term divergent will disappear thanks to this choice of Y*", and the
infinitesimal surface charges reduce to

1 9 A 1A BC
§He = e fd Q [6 (4fM+2Y Na+ 5¥ Da(CpcC™™)
1

+ 167G

d%Q [; f (NAB — ;qABf%> 6C a5 — D a( f(}B)anB] . (5.37)

When gap is the fixed unit metric on the sphere, it reproduces the expression of Barnich-
Troessaert [21]. After discarding a boundary term, the non-integrable term in the second
line can also be written as

1

=160 i¢+ (Ofux[g, dg] dud€?) (5.38)

Eelg, dg]
where £* is the pull-back of ¢ defined in (2.10) on constant r surfaces close to Z*. The net

presymplectic potential flux Og,, was defined in (5.17). The infinitesimal surface charges
can therefore be written as

$Helg, 69 = SH{™[g] + Z¢lg, dg] (5.39)
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where we defined the integrated charge as in Barnich-Troessaert [21] or Flanagan-
Nichols [40]

int _ - 2 A S A BC
H§ [g] = T6nC %d Q <4fM +2Y“ Ny + 16Y DA(CBCC )> (5.40)

but where Y4 is now an arbitrary vector. Of course, the canonical Hamiltonian cannot be
deduced solely from the relation (5.39) since one can shift H¢ as

§Helg, 9] = 0(He[g) + AHe[g)) + Zelg, dg] — A H[g]. (5.41)

We therefore need additional input to fix the finite Hamiltonian.

Moreover, the infinitesimal charges are still divergent in u. This divergence can be
rooted to the action principle. In (5.22), ©guy = O(u) which leads to divergences at T
that require further renormalization. In principle, these can be absorbed by including the
contribution of radially finite boundary counterterms Y*" which were left unfixed so far.
Such additional boundary counterterms also regularize the w divergences of the symplectic
structure (5.27). This procedure amounts to shift both H*[g] and Z¢[g, dg] with a priori
distinct contributions that depend upon the boundary fields defined at 7, (C_, ®_, ¢, ).
This counterterm subtraction therefore is more general than the shifts (5.41). In this
procedure, there remains a finite ambiguity due to the finite counterterm Ya%biguity(:v“‘)
that only depends upon the boundary fields (C_,®_,q,5). This remaining ambiguity
takes a very specific form since according to (5.32) it shifts the surface charge as

§H¢ — §He — 5j{d29 (Yammbiguity (C—s @, a4 0y C—s 81,y) @, S0 y)dapl) - (5:42)

General theorems on the uniqueness of conserved charges in gravity are insufficient to
remove such an ambiguity [26, 58]. Only for exact Killing vectors this ambiguity vanishes.
In summary, covariant phase space methods only fix the infinitesimal charge variation, not
the finite charge variation due to the lack of integrability and, moreover, the counterterm
subtraction procedure suffers from an ambiguity (5.42). A prescription is therefore required
to define the finite charge associated with the asymptotic symmetries.

5.5.2 Finite charge

In order to define the finite charges H¢ associated with £ we will follow a more direct route
which we will justify by its consistency with the soft theorems, the action of asymptotic
symmetries and the vanishing energy of the vacua. Following the Wald-Zoupas proce-
dure [23], it would be natural to request that the flux 9, H¢[g| is identically zero in the
absence of news. However, the news tensor transforms inhomogeneously under (both Vira-
soro and Diff(52)) super-Lorentz transformations so this condition is not invariant under
the action of the asymptotic symmetry group. Instead, we request that the flux 0, H¢[g] is
identically zero in the absence of shifted news Ny B,

Nap = Nap — N}S[®_]. (5.43)
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Since the latter transforms homogeneously under super-Lorentz transformations, this pre-
scription is invariant under the action of all asymptotic symmetries.!! For future use, we
define the shifted C'4p tensor

Cap = Cap —uNYS[®_], (5.44)

such that 9,C45 = Nap. In order to obtain our ansatz, let us start with the charge (5.40).
The flux associated to (5.40) reads as

. 1 B
QHMg) =~ 55 /dQQ [fNABNAB —2fDaDN*? — fDADAR — Y H4(N,C)
+YADDEDCCue — YADEDAD-CPC — YAC45DPR] . (5.45)

Here we defined for later convenience the bilinear operator on rank 2 spherical traceless
tensors Pap and Qap:

HA(P,Q) = %aA(PBCQBC) — PPD4Qpc + De(PPYQac — QP Pac) (5.46)

which enjoys the property Ha(P, P) = 0. When Nap = 0 we are left with

. 1 o
qunt R - _ d2Q NvaCNAB _ YA NVac . YA DB
9 £ |NAB -0 327G / [f AB*Vvac HA( ) C) Can R (5‘47)

+YADDBDCC e — YADRD ADCCBC}

after using the relation (3.12) which follows from (5.8). We now want to define a countert-
erm that is only built out of the fields at Z% (gap, Cap, Nap) and out of N}, which is
the only boundary field that appears in the condition (5.43). Our prescription that cancels
the right-hand side of (5.47) is

1
AHelg; @)= 15— fd%z

= %YADBDBDCCAC—gYADBDADCCBC—gYACABDBE

1 2 2 R
+5TCABNGE = SY HAN™,O) 4+ = DeY NYENAE + Y ANED R

vac 2 vac 4

(5.48)

There is a considerable ambiguity in defining this ansatz since we could add terms of
the form NapAAB(q,C, N + f(q, N¥*) + CapBAB(q, N¥*°) where A2, f and BAB
are arbitrary functions linear in either T or Y. We will justify our ansatz by showing
consistency with the leading and subleading soft theorems, and consistency for defining
the charges of the vacua.

Our final prescription for the canonical charges is He[g] = Hént[g] + AH¢[g]. The
charges are conveniently written as

1
Helgl = 16—

7{ 420 [4TM +2VAN, (5.49)

1 Our definition of the invariant news tensor is motivated from the structure of the vacua and differs
from the one of [59, 60] defined from the “2d Weyl” tensor of Geroch [61].
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where the final mass and angular momentum aspects are given by

N 1
M:M+§CABN;‘;§; (5.50)
X 1 . u R 1
Na=Na—uds M-+ 3—25A(CCDCCD) + EaA(CCDNgf;g) - 3—2u28A(N§%N£CC) (5.51)

2
- %HA(NV%, )~ 5CapD R+ %DBDBDCCAC - %DBDADCCBC— %NX%DBR.

This is a new prescription for the charges. In the standard asymptotically flat spacetimes
where the boundary metric is the round sphere (gap = Gap with R= 2), our expressions
reduce to

M=M ;

. 1 (5.52)
Ng= Ny —uoaM + 3—28A(CCDCCD) + %DBDBDCCAC — %DBDADCcBC.

The Lorentz charges differ from the existing prescriptions [21, 30, 40] since the angular
momentum aspect is now enhanced with the two soft terms linear in u. We will show that
our prescription correctly reproduces the fluxes needed for the subleading soft theorem.

5.6 Flux formulae for the soft Ward identities

Let us show that our expressions for the fluxes reproduce the expressions of the literature
used in the Ward identities displaying the equivalence to the leading [6] and subleading [14]
soft graviton theorems. The final flux can be decomposed in soft and hard parts, where
the soft terms (resp. hard terms) are linear (resp. quadratic) in Cp or its time variation
N 4B- We have

/ duduHelg] = Qs[T] + QulT] + Qs[Y] + Qu[Y] (5.53)
where
_ 1 NA
QT = o= / du d?Q 8, (TDADBC B) : (5.54)
QulT) = 1671@ /dudQQ <—;TNABNAB> , (5.55)
Qs[Y] = 16; . / dud’Q ud, (C*Psa5) (5.56)

vac

1 1 . . .
QulY] = —— /dudQQ SYAUA(N,C) + SYANCP Dy Nep + NEPYAD 4 Nep
167G 2 2 2
(5.57)

and
TF

R 1 R
SAB = [DADBDCYC + 5 DYp) — 5D <D2 + 2) Yp) (5.58)

after integrations by parts on the sphere.
In the standard case where N} = 0, the flux of supermomenta reproduces (2.11)

of [3] up to a conventional overall sign, which itself agrees with previous results [59]. After
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one imposes the antipodal matching condition on M at spatial infinity, one can equate the
flux on Z* with the antipodally related flux on Z~. The result of [3] is precisely that the
quantum version of this identity is the Ward identity of the leading soft graviton theorem.
We have now obtained a generalization in the presence of superboost background flux.
We now consider the hard terms for super-Lorentz transformations. Using the identities

DaCpcNBC = DpCoaNBY + NapDoCPC,

Ber o ) - (5.59)
DaANpcCBY = DpNeaCBC + CapDeNBC,

and integrating by parts, it can be shown that (5.57) can be rewritten as

_ 1 20 | LxaB A1 A u C
QulY] = 167TG/dUd Q[ 2]\7 (ﬁyCAB 2DcY Cap + 2D0Y Nuap

vac

+ uNABYCDcNAB]

1 . . )
- / du d2Q [NABCS? Can — 2uNABYC DoNup (5.60)

vac

where (5{,{ is the homogeneous part of the transformation of Cap. After restricting to stan-
dard configurations where N5 = 0, the expression matches (up to the overall conventional
sign) with equation (40) of [22].

Next, we consider the soft terms for super-Lorentz transformations. Noting that

DYy qac = DeDY 4 + §YA we can rewrite (5.58) as

o TF
R 1
sap = |DaDpDcY € + 5 DaYn) - 2D(ADC(Squ)C] . (5.61)

The tensor s4p is recognized as the generalization of equation (47) of [22] in the presence
of non-trivial boundary curvature. After some algebra, we can rewrite it in terms of the
inhomogeous part 5{,6‘ 'Ap of the transformation law of Cup (2.21):

1
—usap = 04Cap = —u <DADBDCYC + 2qABDCDCDEYE> : (5.62)

Now that we identified our expressions with the ones of [22], we can use their results. After
imposing the antipodal matching condition on Ny at spatial infinity, one can equate the
flux of super-Lorentz charge on Z with the antipodally related flux on Z~ as originally
proposed in [30] (but where the expression for N should be modified to (5.52)). The result
of [22] is precisely that this identity is the Ward identity of the subleading soft graviton
theorem [14].

We end up with two further comments. Note that the soft charges for super-Lorentz
transformations agree with equation (41) of [22] (up to an overall conventional sign) after a
partial integration on u and after using the restrictive boundary condition Cap = Wu™h),

R R zt .
ﬂG/duCABsAB = ﬁ [UCABSAB} . v /du(uNABsAB)

+
167 167G 7t 167G (5.63)

1;);?67‘ /du (uN4Bs,p) = —Qs[Y].
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However, the boundary condition Cap = Wu~1) is not justified since displacement memory
effects lead to a shift of C, e.g. in binary black hole mergers. Therefore, using the more
general boundary conditions, the valid expression for the soft charge is only given by (5.56).

Finally, considering only the background Minkowski spacetime (gap = Gap the unit
metric on the 2-sphere and N} = 0), one can check that in stereographic coordinates one
has s,, = 93Y? = D3Y*. The soft charge then reads as

1
167G

Qs[Y] = /du?g2 d%z 7.z (uN**D3Y?* 4+ uN#D23Y?) (5.64)
S

where we keep Y404 = Y?(2,2)0,+Y?(z, Z)0; arbitrary. In the case of meromorphic super-

Lorentz tranformations, this reproduces equation (5.3.17) of [12] (up to a conventional

global sign). This concludes our checks with the literature. It shows that the Ward

identities of supertranslations and super-Lorentz transformations are equivalent to the

leading and subleading soft graviton theorems following the arguments of [3, 18].

5.7 Charges of the vacua

Using the values (3.26) in our prescription (5.49) we deduce the mass and angular momenta
of the vacua

vac _ 1 “rvac A prvac
HE[9,0] = — fdQ [2TM +YANY (5.65)
where

Mvac — O,
: . A L (5.66)
NE© = —ZCABDcC'BC - EaA(CCDCCD)’

and Cap = ONYS — 2D DpC + qapD® DcC in this case.

The supermomenta are all identically vanishing. Remember that the Lorentz genera-
tors are uniquely defined as the 6 global solutions Y4 to the conformal Killing equation
DAYg+ DYy = qABDCYC. In general, the Lorentz charges as well as the super-Lorentz
charges are non-vanishing.

For the round sphere metric gap = Gap (® = —log~s), we have R= 2, N5 =0 and
DBC g = DBCI%O% = —D4(D? 4 2)C. The charges then reduce to

1 1 1
H[C = o f a0 [T %0+ YA (—40,(;%13005)0 - maA(og]go(%?))] . (5.67)

As shown in the appendix A.3 of [39], the Lorentz charges are identically zero. The differ-
ence of charges between our prescription and the one of [39] are the last two terms of (5.52)
which exactly cancel for the vacua with a round sphere boundary metric. Therefore, we
confirm that the vacua with only the supertranslation field turned on do not carry Lorentz
charges. The super-Lorentz charges are conserved and non-vanishing in general, which
allows to distinguish the vacua.
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5.8 Charge algebra

After an involved computation, we get the following charge algebra

O¢, He, + Z¢,[9,06,9) + Aey [9,06,9] = Hig, ¢119] + Ke, 6, 19]- (5.68)
In this relation,
- 1 29 | L AB L1 aBg . AB
Ze19,0e,9]) = 16-C d Q §f1 N&P — 54 R | 6¢,Cap — Da(f1UB)de,q , (5.69)
1 . 1
Ae,[9,06,9) = e / d20 <DA fHUB + ZDCDC fchB> 0e,qAB — Ocy AHe, . (5.70)

Furthermore, the 2-cocycle Ky, ¢,[g] is antisymmetric and satisfies
Kie1 265 T 06:KCey 6, + cyelic(1,2,3) = 0. (5.71)

Its explicit expression depends on the choice we make in the split of integrable and non-
integrable parts in (5.37). For our prescription, choosing (5.49) as integrable part, we
have

1 1 o 1
Keelg) =7— / d*Q | = f2Da fiD*R + CPC D Dc DY,
167G 2 2 (5.72)

1
+ 551 (AH&) + §AH[517€2} — (1 > 2)

where AH¢[g] was given in (5.48).

The form of the charge algebra (5.68) contains new terms as compared with the one
of [21]. When the boundary metric is varied, it admits a new anomalous term (5.70) and
new terms in K¢, ¢,. The first anomalous term in (5.70) takes its origin from the presence
of a non-integrable term in Qs¢[g] in the decompositon of the surface charge (5.28). The
second anomalous term in (5.70) takes its origin from the finite contribution of the boundary
counterterm Y*" (5.36). Even staying on the unit round sphere gap = gap and d¢gap =0,
the charge algebra differs from [21] because of the shift of the charge (5.48) which reduces to

__! 20) [%y A B C Uy, A BC
AHe[g] = 167«;]{‘1 Q [2Y DpDP?DCac = 5Y DpDaDcC ] (5.73)

6 Conclusion

Supertranslation BMS symmetry, the leading soft graviton theorem and the diplacement
memory effect form three corners of a triangle describing the leading infrared structure of
asymptotically flat spacetimes at null infinity [12]. The three edges of the triangle can be
described in the language of vacuum transitions, Ward identities and Fourier transforms,
see figure 2a. In the case of super-Lorentz BMS symmetry, one needs to distinguish the
symmetry in itself which is overleading since it modifies the leading order metric at null
infinity, and the charges that describe the subleading structure of gravitational fields, and
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Super-Lorentz

Supertranslation transformation charge

transformation charge
KON
(3
P
A " ]
Leadin ACK Overleading/Subleading .
BMS g 9%—0' Refraction memory BMS gs;::ilte;d;:g::;
triangle square
Displacement Fourier Leading soft
memory effect transform graviton theorem
Spin effect
(a) Leading BMS triangle [12]. (b) Overleading/Subleading BMS square.

Figure 2. The infrared structure of asymptotically flat spacetimes at null infinity.

in particular, their angular momentum. Two edges have been previously drawn relating
super-Lorentz charges to the subleading soft graviton theorem by Ward identities [18,
22, 28], and relating the subleading soft graviton theorem to the spin effect by a Fourier
transformation [16]. In this paper, we clarified how the superboost transitions lead to
the refraction or velocity kick memory effect at null infinity. This suggests to describe
this overleading/subleading structure by an (incomplete) square instead of a triangle as
in figure 2b. We expect that a similar overleading/subleading square structure will also
appear in the description of other gauge and gravity theories.

At the technical level, we obtained a new definition of the angular momentum for
standard asymptotically flat spacetimes which is consistent with the fluxes required for
the subleading soft graviton theorem. We also derived a generalized charge algebra and
described a non-linear displacement memory effect that occurs in the case of combined
superboost and supertranslation transitions. The renormalized phase space that we con-
structed is only a first step in the definition of a general notion of asymptotic flatness. The
counterterm prescription that we used requires further justification by a geometric con-
struction. Also, superboost transitions remain to be included in the renormalized phase
space. We leave these more general constructions for future endeavor.
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