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SUPERCHARACTERS AND SUPERCLASSES
FOR ALGEBRA GROUPS

PERSI DIACONIS AND I. M. ISAACS

ABSTRACT. We study certain sums of irreducible characters and compatible
unions of conjugacy classes in finite algebra groups. These groups generalize
the unimodular upper triangular groups over a finite field, and the superchar-
acter theory we develop extends results of Carlos André and Ning Yan that
were originally proved in the upper triangular case. This theory sometimes al-
lows explicit computations in situations where it would be impractical to work
with the full character table. We discuss connections with the Kirillov orbit
method and with Gelfand pairs, and we give conditions for a supercharacter
or a superclass to be an ordinary irreducible character or conjugacy class, re-
spectively. We also show that products of supercharacters are positive integer
combinations of supercharacters.

1. INTRODUCTION

Let G be a finite group and as usual, write Irr(G) to denote the set of irre-
ducible characters of G. Assume that Irr(G) is partitioned into a collection X of
nonempty subsets, and suppose that for each member X € X, we have chosen
a nonzero character yx whose irreducible constituents all lie in the set X. It is
sometimes possible to find a compatible partition of the group G into a collection
K of nonempty subsets such that the characters yx are constant on each of the
sets K € K, and where |[X| = |K]. (We will also require a mild nondegeneracy
condition: that {1} is a member of K.) In this situation, we refer to the functions
xx as “supercharacters” of G and the sets K € K as “superclasses”. Note that
the supercharacters x x are automatically orthogonal with respect to the usual in-
ner product for complex-valued functions defined on finite groups. (This is clear
because the sets X C Irr(G) are disjoint and the irreducible characters of G are
orthogonal.)

For an arbitrary finite group G, there are two “trivial” supercharacter theories:
in one, X consists just of singleton sets, and in the other X = {{1¢},Irt(G)—{1¢}},
where 1¢ is the principal character of G. The corresponding superclasses in the
first case, of course, are just the conjugacy classes of G, and in the second case,
they are the sets {1} and G — {1}. (The supercharacters in the second example are
lg and pg — 1, where pg is the regular character of G.)

Although for some groups these trivial examples are the only possibilities, there
are many groups for which nontrivial supercharacter theories exist. For example,
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suppose that A is a group that acts via automorphisms on our given group G.
Then, as is well known, A permutes both the irreducible characters of G and the
conjugacy classes of G. By a lemma of R. Brauer, the permutation characters
of A corresponding to these two actions are identical, and hence there are equal
numbers of A-orbits on Irr(G) and on the set of classes of G. (See Theorem 6.32
and Corollary 6.33 of [5].) It is easy to see that these orbit decompositions yield a
supercharacter theory for G: the members of X are the A-orbits on Irr(G), and the
members of I are the unions of the A-orbits on the classes of G. It is clear that
in this situation, the sum of the characters in an orbit X € X is constant on each
member of IC.

Another general way to construct a supercharacter theory for G uses the action
of a group A of automorphisms of the cyclotomic field Q¢ = Qle], where € is a
primitive |G| th root of unity. Clearly, A permutes Irr(G), and there is a compatible
action on the classes of GG, defined as follows. Given o € A, there is a unique positive
integer r < |G| such that o(e) = €", and we let o carry the class of g € G to the
class of ¢g". Then Brauer’s lemma shows that the numbers of A-orbits on Irr(G)
and on the set of classes of G are equal. In this case too, we take X to be the set
of A-orbits on Irr(G), and again, K is the set of unions of the various A-orbits on
conjugacy classes. As before, it is trivial to check that the sum of the characters
in an orbit X € X is constant on each member of X, and so indeed, we have a
supercharacter theory.

Sometimes, it may be possible to obtain useful information using supercharac-
ters arising from a relatively coarse partition, and in such cases, the supercharacter
table may be much easier to compute than the full character table. For some ap-
plications of Fourier analysis on finite groups, certain naturally occurring functions
are constant on superclasses, and the new theory permits analysis even when the
full character table is unavailable. For instance, a random-walk example can be
found in [4].

Now consider U, (F'), the group of n X n unimodular upper triangular matrices
over a finite field F of characteristic p. (By “unimodular”, we mean that all diag-
onal entries are 1.) An explicit computation of the irreducible characters and the
conjugacy classes of Uy, (F) is known to be a “wild” problem, but Carlos André [1]
and Ning Yan [14] have developed an elegant (and applicable) supercharacter the-
ory in this situation. André’s original approach works only when p > n, although
he extends this to the general case in a later paper [3]. Yan’s construction, which
is much more elementary, also works in general, and it yields the same superchar-
acter theory as André’s. (André calls his supercharacters “basic characters” and
Yan calls them “transition characters”. We review some of their main results in
Appendix A.)

In this paper, we generalize Yan’s approach in order to extend the supercharacter
theory of Uy, (F)) to a much larger class of p-groups: algebra groups over a finite field
F' of characteristic p. Let J be a finite dimensional nilpotent associative algebra
over F' (without unity, of course), and let G be the set of formal objects of the form
1+ 2z, where x € J. Then G is easily seen to be a group with respect to the natural
multiplication (1 +z)(1 +y) =14+ z +y + zy. (In fact, G is a subgroup of the
group of units of the algebra R = F-14 J, in which J is the Jacobson radical.) The
group G constructed in this way is the algebra group based on J. For example,
if J is the algebra of strictly upper triangular n x n matrices over F', then the
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corresponding algebra group is isomorphic to U, (F). In the case of U, (F), most
of our results reduce to theorems of André and Yan.

Before we discuss supercharacters of algebra groups, let us return briefly to the
general situation, and suppose that we have a supercharacter theory for some finite
group G. In other words, we assume that there exist partitions X’ of Irr(G) and K of
G with |X| = |K], and also that for each set X € X, we have a nonzero character x x
with constituents in X and such that y x is constant on each set K in K. In addition,
we assume that {1} is a member of K. We shall see that each of the partitions X
and K uniquely determines the other, and also determines the supercharacters x x
up to a constant multiple. We shall also see that the superclasses of G are always
unions of conjugacy classes, and that working in the complex group algebra CG,
the product of two superclass sums is a nonnegative integer linear combination of
superclass sums.

For algebra groups, we will resolve the constant-multiple ambiguity and define
specific supercharacters in a natural way that generalizes the constructions of André
and Yan. We shall see that the degrees of these supercharacters and the sizes of
the superclasses are always powers of ¢, the order of the underlying field F. We
will explore when it happens that a supercharacter is irreducible or a superclass is
a single conjugacy class, and we will prove that the product of two supercharacters
of an algebra group is always a nonnegative integer linear combination of super-
characters. Also, we will consider restriction and induction of supercharacters to
and from algebra subgroups.

As we will explain, our construction of the supercharacters of an algebra group
is a cruder version of the Kirillov orbit method, which attempts to construct the
irreducible characters of such groups, but which does not always work. Kirillov’s
method for upper triangular groups is presented in [11]. (As we will mention later,
however, a variation on his approach does work for U,, (F') if n > p, or more generally
for algebra groups with JP = 0, where p is the characteristic of F'.) Interestingly,
it turns out that whenever one of our supercharacters happens to be irreducible,
it is correctly described by Kirillov’s original formula. We mention that André’s
construction of supercharacter theory is based on the Kirillov method, while Yan’s
(and ours) is independent of it.

We provide a brief summary of the work of André and Yan in Appendix A. In
other appendices, we discuss connections with Gelfand pairs and spherical functions,
we compute a few specific examples and we reformulate some of our results in the
language of Fourier analysis.

2. SUPERCHARACTERS IN GENERAL

Let G be a finite group and assume, as in Section 1, that X’ is a partition of
Irr(G). (Here, and throughout this paper, when we use the word “partition”, we
require that the parts are all nonempty.) For X € X, write ox = ZweX (1),
and note that ) ., ox = pg, the regular character of G. (Recall that p(g) = 0
for 1 # g € G and p(1) = |G|.) Also as in Section 1, let K be a partition of G.

2.1. Lemma. For each set X € X, let xx be a nonzero character whose irreducible
constituents lie in X. Assume that |X| = |K| and that the functions xx are constant
on the sets K € KC. Then the following are equivalent.

(1) The set {1} is a member of K.

(2) Each character xx is a constant multiple of ox.
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(3) Each irreducible character 1 of G is a constituent of one of the characters
XXx-

Proof. Because the irreducible characters of G are linearly independent and the
sets X € X are disjoint, it follows that the characters yx are linearly independent.
These characters lie in the space of complex-valued functions that are constant on
the sets K € K, and since |K| = | X[, they form a basis for this space. Assuming (1)
now, we see that the regular character pg is constant on all members of K, and

thus we can write
E axxXx = PG = g ox
Xex Xex

for appropriate complex scalars ax. Since the sets X € X are disjoint and the
irreducible characters of GG are linearly independent, it follows that axxx = ox for
all X € X, and this establishes (2).

It is a triviality that (2) implies (3), so we assume (3) now, and we work to
establish (1). Let K be the member of I that contains 1, and let g € K. Since
each of the characters yx is constant on K, we have xx(g9) = xx(1), and thus
g is in the kernel of every irreducible constituent of xx. By (3), however, every
irreducible character of G is a constituent of one of the characters yx, and thus g
is in the kernel of all members of Irr(G). It follows that ¢ = 1, and the proof is
complete. O

It seems reasonable to require that every irreducible character of G should appear

as a constituent of some supercharacter, or equivalently, that {1} should be a
superclass, and so we will say that the partitions X of Irr(G) and K of G, together
with the choices of characters y x as above form a supercharacter theory for G
provided that the following hold:

(a) [X] = |K],

(b) the characters xx are constant on the members of K and

(c) the set {1} is a member of K.

As we have indicated, we refer to the characters yx as the supercharacters and
to the members of K as superclasses. In the following sections, however, we will
define a particular supercharacter theory for algebra groups, and we will reserve
the terms “supercharacter” and “superclass” for the specific objects associated with
that theory.

By Lemma 2.1, we see that if we have a supercharacter theory for a group G, it
is no loss to assume that our supercharacters are the characters ox. (We will not
make that assumption for algebra groups, however.) Given an arbitrary partition
X of Irr(@G), therefore, we can attempt to construct a corresponding supercharacter
theory by considering partitions X of G such that the characters ox for X € &
are constant on the members of . (We refer to such a partition of G as being
compatible with X'.) Partitions compatible with X" always exist, of course, since
we could take the members of I to be the conjugacy classes of G. Indeed, given X,
it is easy to see that there is a unique coarsest partition K of G compatible with
X. As we shall show, every partition IC compatible with X satisfies |KC| > |X|, but
equality usually fails even for the coarsest possible partition K, which has the fewest
possible parts. In general, therefore, we cannot expect to construct a supercharacter
theory for G by starting with an arbitrary partition X of Irr(G).
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As we mentioned in the Introduction, every finite group has trivial supercharacter
theories, and it is not hard to see that for some finite groups (for example the
nonabelian group of order 6) the two trivial supercharacter theories are the only
ones. The smallest group for which there exists a nontrivial supercharacter theory
is the cyclic group of order 4. For that group, we can take |[K| = 3 = |X|, where
the set consisting of the two elements of order 4 is one of the members of K and
the set consisting of the two faithful linear characters is one of the members of X.

We introduce some notation for the next theorem. If K is an arbitrary subset of
a group G, we write K to denote the sum of the elements of K in the complex group
algebra CG. Also, we recall that if ¢ € Irr(G), then there is a central idempotent
ey € CG corresponding to 1, and the coefficient of a group element g in ey is
(1/|G)x(1)x(g). If X is a subset of Irr(@), we write fx to denote the sum of
the idempotents e, for 1 € X. Since the idempotents e, are orthogonal, we see
that fx is idempotent. Also, idempotents of the form fx are orthogonal if the
corresponding sets X are disjoint.

2.2. Theorem. Let X and K be partitions of Irt(G) and of G, respectively, and
assume that the characters ox for X € X are constant on the sets K € IC. Then
|X] < |IK|. If |X| = |K|, then the following hold.

(a) The characters ox for X € X span the space of all complex-valued functions
on G that are constant on the members of K.

(b) The linear span in CG of the elements K for K € K is a subalgebra of the
center Z(CG). Also, the idempotents fx for X € X form a basis for this
subalgebra.

(¢) The partitions X and K uniquely determine each other, and in fact, K is
the unique coarsest partition of G that is compatible with X . In particular,
the members of K are unions of conjugacy classes.

(d) Some member of K consists of just the identity of G and some member of
X consists of just the principal character of G.

(e) Each automorphism of the field C induces a permutation on the set X.

(f) Ifr is an integer coprime to |G|, then the map g — ¢" induces a permutation
on the set K.

Proof. The characters ox for X € X form a linearly independent subset of the
vector space V of all complex valued functions on G that are constant on members
of K. Since dim(V) = |K|, it follows that |X| < |K|, as claimed. Assuming now
that equality holds; we see that the ox form a basis for V', and this proves (a).

Since the coefficient of the group element g in the idempotent ey is
(1/IG))¥(1)¢(g), we see that the coefficient of ¢ in fx is (1/|G|)ox(g). Because
ox is constant on each of the sets K € K, it follows that fx is a linear combination
of the elements K of CG@G, and thus fx lies in the linear span A of these elements.

The fx are orthogonal idempotents, and hence they are linearly independent.
The number of fx is |X| = |K| > dim(A), and it follows that the fx form a basis
for A, as claimed. Since the idempotents fx are central, we have A C Z(CQ).
Again using the fact that the fx are orthogonal idempotents, it follows that their
linear span A is a subalgebra, and this completes the proof of (b).

To see that X uniquely determines K, let Ky be the unique coarsest partition
of G compatible with X. In other words, the members of Iy are the equivalence
classes under the relation on G defined by u ~ v if and only if ox(u) = ox(v) for
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all X € X. (In particular, if w and v are conjugate in G, then u ~ v, and thus
the members of Ky are unions of conjugacy classes.) Since each member of K is
contained in some member of Ky, we have [Ky| < |K| = |X|. But |[Ko| > |X] by
the first assertion of the theorem, and thus |Ko| = |X| = |K|, and it follows that
K = Ky. Thus X determines K and the members of K are unions of classes, as
claimed. To see that K determines X', observe that K determines the subalgebra A
and that the fx are the unique primitive idempotents in A. Since X is exactly the
set of irreducible characters ¢ of G' such that fxey # 0, it follows that K uniquely
determines the partition X of Irr(G), as required, and this completes the proof
of (¢).

The fact that the set {1} lies in K follows by Lemma 2.1. Now let Y € X contain
the principal character 1g. If Y > {1g}, we can construct a new partition Xy of
Irr(G) by splitting YV into the two sets {1g} and Y — {1¢} and leaving all other
members of X unchanged. Since 14 is constant on G, it follows that all characters
ox for X € Xp are constant on the members of Xy, and thus |X| = |[K| > |Ap| =
|X'| + 1, where the inequality follows from the first assertion of the theorem. This
contradiction shows that Y = {14}, and the proof of (d) is complete.

Now suppose that 7 is an automorphism of the complex numbers. Then 7
permutes Irr(G), and so we obtain a new partition Y of Irr(G) by applying 7 to
each member of X. If Y € ), then Y = X7 for some set X € X, and we see that
oy = (0x)7 is constant on the sets K € K. Since |Y| = |X]| = |K|, we can conclude
from (c) that Y = X, and this proves (e).

Finally, if r is an integer coprime to |G|, then the map g — ¢" defines a permuta-
tion of G, and so if we apply this map to the members of I, we get a new partition
L of G. Also, there exists a field automorphism 7 such that 1(g") = 1(g)" for all
characters 1 € Irr(G) and all elements g € G. For K € K and X € X, therefore, it
follows that ox(¢") = ox(g)™ is constant as g runs over K. The characters ox are
thus constant on the sets forming the partition £ of G. Since |£]| = |K] = |X|, we
conclude from (c¢) that £ = K, proving (f). O

Note that it follows from parts (e) and (f) of the previous theorem that the
complex conjugate of a supercharacter ox is again a supercharacter and that the
set of inverses of the members of a superclass is again a superclass.

2.3. Corollary. Suppose that K and L are superclasses in some supercharacter
theory for a group G. Then KL 1is a nonnegative integer linear combination of
superclass sums in the group algebra CG.

Proof. By Theorem 2.2(b), we know that KL is a C-linear combination of superclass
sums. If M is an arbitrary superclass, we see that the coefficient of M in KT is
exactly the coefficient of the group element m in this product, where m is any
fixed element of M. It is clear, however, that this coefficient is exactly equal to the
number of ordered pairs (k,[), where k € K, [l € L and kl = m. This, of course, is
a nonnegative integer, as required. (Il

Finally, we present an analog of a standard integrality result of ordinary character
theory,

2.4. Theorem. Let x be a supercharacter and K o superclass belonging to some
supercharacter theory for a group G, and let k € K. Then x(k)|K|/x(1) is an
algebraic integer.
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Proof. Let X and K be as before, where K € K and y = yxy for some member Y €
X. Let A be the linear span of the superclass sums and recall from Theorem 2.2(b)
that the idempotents fx for X € X form a basis for A. Let w : A — C be
the function that picks out for each element a € A, the coefficient of fy when
a is expressed as a linear combination of the fx. Because the basis {fx | X €
X'} consists of idempotents, it follows that w is a C-algebra homomorphism. By
Corollary 2.3, therefore, the Z-submodule of C generated by the complex numbers
w(L) for L € K is closed under multiplication. We conclude that w(K) is an
algebraic integer.

Extending the character x by linearity to all of CG, we have x(fx) =0if X #Y,

and thus x(fy) = x(1). It follows that x(K) = w(K)x(1). But x is constant on K,
and thus x(K) = x(k)|K|. Thus x(k)|K|/x(1) = w(K) is an algebraic integer. O

3. ALGEBRA GROUPS AND ORBITS

Let F be a finite field of order ¢ and characteristic p, and let J be a finite
dimensional nilpotent associative F-algebra. Form the algebra group G = 1+ J (as
explained in the Introduction) and observe that G is a p-group with |G| = |J| = ¢¢,
where d = dimp(J).

If we view G as a subgroup of the group of units of the algebra F'-1+4J, we see that
right multiplication defines a right action of G on J and that left multiplication
defines a left action of G on J. These actions are compatible in the sense that
(hx)g = h(zg) for all g,h € G and = € J. They decompose J into right orbits
xG and left orbits Gz for x € G. We will also consider the two-sided orbits
GzG for x € J. Finally, we mention the conjugation action of G on J and its
corresponding conjugation orbits. Note that each two-sided orbit is a union of
right orbits, a union of left orbits and a union of conjugation orbits.

It should be clear that the conjugacy classes of the algebra group G =1+ J are
exactly the subsets of the form 14 O, where O is a conjugation orbit of G on J. We
define the superclasses of G to be the subsets of the form 1+ GzG for elements
x € J, and we observe that since the two-sided orbit GxG is a union of conjugation
orbits, each superclass is a union of conjugacy classes. (Eventually, we will define
the supercharacters of an algebra group, and we will see that these definitions are
compatible with the general definitions of the previous section.)

Of course, the size of the conjugacy class of an element ¢ € G is equal to
|G|/|Ca(g)|- Also, Cg(g) = 1+ Cy(g), and we see that C;(g) is a subspace
(and in fact, is a subalgebra) of J. Thus |C;(g)| is a power of ¢, and hence all
class sizes of G are powers of g. Note also that if ¢ = 1 + = with « € J, then
Cs(9) = Cy(x).

To prove that the superclass sizes of G are also powers of g, it is convenient to
have the following lemma, which appears in Yan’s paper [14].

3.1. Lemma. Let G be a finite group and suppose that G acts compatibly on the
left and right of some set ). Let o € Q) with two-sided orbit GaG. Then

|aG||Gal

laG N Gal”

Proof. The two-sided orbit GaG is a union of left orbits that are transitively per-

muted by the right action of G. Because they are transitively permuted, these left
orbits all have the same size, namely |Ga|, and thus |GaG| = n|Ga|, where n is

|GaG| =
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the number of left orbits in GaG. The right action of G is also transitive on the
set of intersections of aG with the n right translates of Ga, and these n sets of
cardinality |G N Ga| partition |aG|. Tt follows that |aG| = n|aG N Ga| and we
have n = |aG|/|aG N Gal|. The result now follows. O

3.2. Corollary. Let G =1+ J be an algebra group, where the underlying field F
has order q. If v € J, then

|z J||J x|

|xJ N Jz|

and in particular, the superclasses of G all have g-power size.

|GzG| =

Proof. Let x € J. Then 2G = x+xzJ is an additive coset of the F-subspace zJ in J,
and hence |zG| = |xJ| is a power of ¢. Similarly, Gz = x4+ Jz, and so |Gz| = |Jz|
is a power of ¢. Also, tGNGx = (x+zJ)N(z+ Jz) =+ (zJ N Jx) is a coset of
the F-subspace xJ N Jx, and so [¢G N Gz| = |zJ N Jz| is also a power of ¢. The
result now follows by Lemma 3.1. (]

Next, we present a condition sufficient to guarantee that a superclass of an
algebra group G = 1 + J is just an ordinary conjugacy class. To do this, we
introduce a bit of notation. Given x € J, write L, = {y € J | yz = 0} and
R, ={y € J | xzy = 0}. These are respectively the left annihilator and the right
annihilator of z in J.

3.3. Theorem. Let G =1+ J be an algebra group, and let x € J. Suppose that
L.+ R, = J, where L, and R, are the left and right annihilators of x in J, as
above. Then the superclass of 1 + x is the conjugacy class of 1 + x.

Proof. We must show that GxG is the conjugation orbit O of z. Since O C GzG,
it suffices to show that |O] > |GzG|, or equivalently, that

1] - |z J||Jz|
IC| = |zJ N Jx|’
where C' = C;(x). Since |zJ| = |J|/|R:| and |Jz| = |J|/|Lz|, our goal is to show
that |C||J| < |Ly||Ry||zd N Jz|.
We are assuming that J = R, + L, and so |J| = |Ry||Ly|/|Rz N Ly|. It thus
suffices to show that |C|/|R;NL;| < |xJNJx|. Now observe that R,NL, = CNL,,
and thus |C|/|R;NL,| = |Cx|. But clearly, Cx C xzJNJx, and the result follows. O

The converse of Theorem 3.3 is false; the superclass of 1+ = can be a conjugacy
class even if L, + R, # J. Consider, for example, the situation where J has basis
{z,y, z} over a field F of order ¢, and assume that all products of these basis vectors
in J are 0 except that zy = z and yr = az, where a € F is some fixed scalar. If
a # 1, then z is not central in J, and thus C = C;(x) = Fz + Fz has dimension
2. In this case, the conjugation orbit O of x has size q. If o # 0, we see that
xJ = Fz = Jz, and thus |GzG| = ¢ by Corollary 3.2. It follows that O = GzG if
a ¢ {0,1}, and so the superclass of 1+ z is the conjugacy class of this element. In
this case, R, < J and L, < J, and it follows that R, = Fx + Fz = L,, and thus
R, + L, < J, as claimed.

The algebra J = J, actually exists for every choice of a € F'. It can be realized,
for example, as a subalgebra of the algebra of strictly upper triangular 4 x 4 matrices
over F'. To see this, write e;; to denote the matrix units, as usual, and take
T=e2+ae3s, y=e13+exs and z = e 4. Of course, these matrices are linearly
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independent, and it is routine to check that they satisfy the multiplication rules
stated in the previous paragraph. In particular, they span a subalgebra of the upper
triangular matrices.

We can use these algebras J, to illustrate another interesting point. Suppose
that |F| = p is a prime exceeding 2. Then for all o # 1, the groups G = 1+ J
are nonabelian and have order p3 and exponent p, and so all of these groups are
isomorphic. It is not hard to show, however, that the algebras J, tend to be
nonisomorphic as « varies. In fact, J, = Jg if and only if 3 =a or o =1. In
general, therefore, the algebra J contains more information than does the algebra
group G = 1+ J. Although we omit the proof of our isomorphism assertion, we
mention that it is easy to see that Jy is not isomorphic to J, for a # 0. This is
because the right annihilator of the whole algebra J, has dimension 2 if « = 0 and
has dimension 1, otherwise.

We close this section with some examples. First, we give an application of The-
orem 3.3 in the case where G = U, (F), the group of unimodular upper triangular
n X n matrices over F. Here, and whenever we consider this group, we view it as
the algebra group 1+ J, where J is the algebra of strictly upper triangular n x n
matrices.

3.4. Corollary. Let G be the unimodular upper triangular matriz group U, (F).
Suppose that g € G has ezxactly one nonzero above-diagonal entry. Then the super-
class of g in G is just the ordinary conjugacy class of g.

Actually, Corollary 3.4 is valid in a more general setting, which we now describe.
We call a subgroup G of U,(F) a pattern subgroup if it consists of all of the
matrices in U, (F') for which the (¢, ) entry is zero for positions (¢, j) (with i < j)
in some specified set of “forbidden” positions. For example, it is easy to check that
we get a group of order |F|?"~3 if we require that the (i, j)-entry is zero whenever
1<i<j<mn. (If |F| =pis prime, this pattern group is an extraspecial p-group.)
Of course, the full unimodular upper triangular group is a pattern group with empty
set of forbidden positions.

An alternative way to think about a pattern group is to consider a set P of
“allowed” positions (¢,7) with ¢ < j. Suppose that the set P has the property
that if (¢,7) and (j, k) are in P, then (i,k) € P. In this case, the linear span J
of the matrix units corresponding to positions in P is a subalgebra of the algebra
of strictly upper triangular matrices, and the corresponding algebra group 1+ J
is exactly the pattern group with forbidden positions (4, ), where (i,5) € P and
1 < j. The following includes Corollary 3.4.

3.5. Corollary. Let G be a pattern group, viewed as an algebra group, as above,
and suppose that g € G has exactly one nonzero above-diagonal entry. Then the
superclass of g is the class of g in G.

Proof. Write g =1+ ae; ; with a € F and 7 < j. Now consider an arbitrary matrix
unit e, , € J. Since u < v, we cannot have both v = j and v = 7, and thus either
Zey,p = 0 or e, = 0. In other words, either e, , € R, or ey, € L. The various
matrix units e, , in J form a basis for J, however, and so R, + L, = J. The result
now follows by Theorem 3.3. O

Finally, we give an example where a superclass consists of more than one class.
Let G = Uy(F) and let J be as usual. Consider z = e12 + e34 € J. The matrix
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units ej 2, e1 4 and e3 4 annihilate x on both sides, and thus they centralize z. Also,
(e1,3+ea4)r = e14 = z(e1,3 + e2.4), and so the space C = C;(x) has dimension
at least 4. As we have seen, the size of the class of 1 + = in G is |J|/|C|, and
since dim(J) = 6, it follows that the class of 1 + x has size at most ¢?, where
|F| = q. (Actually, the size of this class is exactly ¢?.) The size of the superclass
of 1 +x is |GaG| = |zJ||Jz|/|xJ N Jz| by Corollary 3.2. It is easy to see that
xJ = Feej3+ Feeq and Jr = Feey 4 + Freay. Thus |2J]| = ¢ = |Jz| and
|lzJ N Jx| = q. The superclass size for 1 + z, therefore, is ¢, and this exceeds the
class size.

4. LINEAR FUNCTIONALS

As before, let J be a finite dimensional nilpotent associative algebra over a field
F' of finite order ¢g. In this section, we consider the dual space J* of J, which, we
recall, is the space of F-linear functionals A : J — F.

For each of the actions of G = 1+ J on J that we discussed in the previous
section, there is a corresponding action of G on J*. Given A € J* and g € G,
we define linear functionals A\g and g\ by the formulas (Ag)(z) = A(zg~!) and
(g\)(x) = Mg~ 'z) for x € J. It is routine to check that these define a compatible
right action and left action of G on J* with right orbits AG and left orbits GA. Also,
we have two-sided orbits GAG for A € J*. In addition, there is a conjugation action
of G on J* defined by A — g~!\g. (The orbits of this conjugation action correspond
to the “coadjoint orbits” defined by Kirillov [11] in the case where G = U,,(F).)

4.1. Lemma. Let G =1+ J be an algebra group. Then the numbers of right orbits
of G on J and J* are equal. The same is true about left orbits, two-sided orbits
and conjugation orbits.

Proof. More generally, let G be an arbitrary finite group that acts (on the right
and linearly) on a finite F-vector space V. If we let G act on the dual space V*
according to the formula (Ag)(v) = A(vg~!), we show that G has equal numbers of
orbits in its actions on V and V*. By the well known orbit-counting formula often
(erroneously) attributed to Burnside, the number of orbits of G in an arbitrary
action is the average number of fixed points of the elements of G. It suffices,
therefore, to show that each element g € G fixes equal numbers of vectors v € V
and linear functionals A € V*.

The element g € G fixes A € V* if and only if g~! fixes A, and this happens
precisely when A(v) = A(vg) for all v € V. In other words, g fixes A if and only
if vg—v € ker A for all v € V. The linear functionals fixed by g, therefore, are
exactly those whose kernel contains W = {vg — v | v € V'}. Because the action of
G on V is linear, we see that W is a subspace of V', and thus the number of linear
functionals fixed by g is exactly |V |/|W].

Now consider the linear transformation v — v — vg from V onto W. Then
|[W| = |V|/|K|, where K is the kernel of this map, and thus |K| = |V|/|W] is the
number of g-fixed linear functionals. But clearly, K is the set of g-fixed vectors,
and thus g fixes equal numbers of points in V' and V*, as desired.

In particular, in the case where G = 1+ J is an algebra group, this shows that
there are equal numbers of right orbits and equal numbers of conjugation orbits
of G on J and J*. To see that the numbers of left orbits are equal, it suffices to
define a new (right) action of G on J by setting 2-g = ¢~ 'x. Finally, to see that
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the numbers of two-sided orbits of G on J and J* are equal, we apply the previous
reasoning to the (right) action of G x G on J defined by x-(g,h) = g~ 'xh. This
completes the proof. O

Note that we have not proved (and in general, it is not true) that there is a
bijection between the right G-orbits on J and on J* that preserves orbit sizes.
Similarly for the other actions, there is no reason to believe that the sizes of the
orbits in J and J* agree.

We next recall a useful bit of elementary linear algebra. If W is an arbitrary
finite dimensional vector space with dual space W*, then there is a natural map
X — Xt ={Ne W*| X CkerA} from the set of subspaces of W to the set of
subspaces of W*. This map is an order-reversing bijection, and so if X, Y C W, we
have (X NY)L = X+ 4+ YL, Also, for every subspace X C W, the dimension of its
“perpendicular” X' is equal to the codimension of X.

Given \ € J*, define Ry = {z € J | Jx C ker A\} and note that R) is a subalgebra
of J, and in fact, it is a left ideal. Similarly, set Ly = {« € J | 2J C ker A}, and
observe that Ly is a right ideal. In particular, since Ry and L) are subalgebras, we
see that 1 4+ Ry and 1+ L) are subgroups of G =1+ J.

4.2. Lemma. Let G = 1+ J be an algebra group over a field F' of order q. Fix
A e J* and write

U={peJ"|RyxCkerp} and V ={veJ"|LyCkerv}.

The following then hold.

a) 14 Ry is the right stabilizer of A in G and |AG| = |J|/|RA| is a power of q.
) 14 Ly is the left stabilizer of X\ in G and |GX| = |J|/|Lx| is a power of q.
) AG=X+V.

d) GA=X+T.

) [AG| = |GA| and |Ra| = [Lx].

Proof. Let g € G and write g~ = 1+t with t € J. If 2 € J is arbitrary, then
(Ag)(z) = Mzg™) = Mz + xt) = M) + Mat),

and thus A and A\g agree at = precisely when zt € ker A\. In particular, A\ = Ag if
and only if Jt C ker A, or equivalently, ¢t € Ry. It follows that the right stabilizer of
Ain G is 1+ Ry, and thus |AG| = |G|/|1+ Rx| = |J|/|Ra|- This number is a power
of ¢ = |F| since R) is a subalgebra. This proves (a), and the proof of (b) is similar.

To prove (c), we again let ¢ € G and write g°! = 1 +¢. If # € Ly, then
at € ker A and the previous computation shows that (Ag — \)(z) = A(at) = 0. In
other words, A\g — A € V, and hence AG is contained in the additive coset A\ + V.
If follows that |AG| < |V| = |J|/|Lx| = |GA|. The reverse containment follows by
similar reasoning, and thus we have equality throughout. This proves (e) and (c);
the proof of (d) is similar. O

Given X in J*, let Dy = Ry N Ly, and write ny = |Ry|/|Da| = |La|/|Dxa]- (Note
that these two quotients are equal by Lemma 4.2(e). Note also that n, is a power
of ¢ = |F| since both Ry and Dy are subalgebras.)

4.3. Lemma. Let G = 1+ J be an algebra group over a field F' of order q, and
fit X € J*. Then the two-sided orbit GAG of X is the union of ny left orbits that
are transitively permuted by the right action of G, and it is also the union of ny

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



2370 PERSI DIACONIS AND I. M. ISAACS

right orbits that are transitively permuted by the left action of G. Furthermore,
|GAG| = |J|/|Dy| is a power of ¢ and ny is a power of q.
Proof. By Lemma 4.2, we have A\G = A+ V and G\ = A 4+ U, and thus

AGNGAN =|A+V)N(A+0)| =2+ (VNU)|=|VnU]|.
By Lemma 3.1, therefore,
IAGIIGA _ [V]|U]
[AGNGA  |[VNU]

IGAG| = — |V +U|.

We know, however, that
V4+U=(Ly)"+ (R\)" = (LxNRy)* = (Dy)*,

and thus V +U has dimension equal to the codimension of Dy. This yields |GAG| =
|V 4+ U| =|J|/|Dal, as claimed. This is clearly a power of ¢, and we have already
seen that n) is a power of q.

Now GG is the union of the right translates of the left orbit GA. Each of these
right translates is a left orbit, and so the distinct right translates of G\ are disjoint,
and they partition GAG. Since these translates all have equal cardinality, their

number is
|GG |[J|/IDx| — |La|l

Gl JI/ILAl DAl
Of course, a similar argument works with “right” and “left” interchanged, and the
proof is complete. O

ny.

For completeness, we also discuss the sizes of the conjugation orbits (i.e. coad-
joint orbits) in J*. We shall not need this, however, for our study of the su-
percharacters of algebra groups. Fix A € J* and write [z,y] = 2y — yz for
elements x,y € J. Define an alternating F-bilinear form (-,-) on J by setting
(x,y) = M[z,y]), and let T\ be the radical of this form. Recall that by definition,
T\={zxeJ|(z,J)=0}={y e J|(J,y) =0}, and in particular, T} is a subspace
of J. As is well known, the codimension of the radical of an alternating form is
always even, and thus |J|/|Ty| is a power of ¢ = |F| with even exponent.

4.4. Lemma. Let G = 14 J be an algebra group over a field F' of order q. Fix
A € J* and let O be its conjugation orbit. Then Ty is a subalgebra and 1 4 T) is
the stabilizer of X in the conjugation action. Also, |O| = |J|/|Tx| is a power of q
with even exponent.

Proof. Let g € G and write g~' = 1+t with t € J. Given z € J, we have

(GA = Xg)(z) = Mgt —xg™h) = Ata — at) = (t,2).
It follows that gA = Ag if and only if (¢,J) = 0, or equivalently, ¢t € T). In other
words, the conjugation stabilizer of A in G is exactly 1 + T. But this stabilizer
is a subgroup, and thus if s,¢ € Ty, then (1 + s)(1 4 t) is in the stabilizer, and
hence s+t + st € T. We know, however, that T} is a subspace, and it follows that

st € Ty and T is a subalgebra. Now |O| = |G|/|1 + Tx| = |J|/|Ta|, and we have
seen that this number is a power of ¢ with even exponent. O

We can now obtain an analog of Theorem 3.3.

4.5. Theorem. Let G =1+ J be an algebra group. Let A € J* and suppose that
Ly + Ry =J. Then GAG is the conjugation orbit of \.
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Proof. We know that the conjugation orbit of A is contained in GAG and has
size |J|/|Tx|. Since |GAG| = |J|/|Dx| by Lemma 4.3, it suffices to show that
[JI/|Tx| > |J|/|Dal, or equivalently, that |Tx| < |Dy|. In fact, we show that
T\ C D,. (We mention that the reverse containment is always true, and is easy to
see, but this is irrelevant.)

Let t € T\ and z € J, and write x = [+ r, where [ € Ly and r € R),. We
compute that

Ata) = A(tr +tl) = Mtl) = \(it) =0,

where the second equality holds because r € R, the third holds because ¢ € T and
the fourth holds because [ € Ly. Also, because t € Ty, we have A(at) = A\(tz) = 0.
Since z € J was arbitrary, it follows that ¢tJ C ker A and Jt C ker . In other words,
t € LyN Ry = Dy, as required. O

By Lemma 4.1, we know that the number of conjugation orbits of G on J* is
equal to the the number of conjugation orbits of G on J, which, of course, is the
number of conjugacy classes of G. Each conjugation orbit of G on J* has square
size by Lemma 4.4, and clearly, the sum of these orbit sizes equals |J*| = |J| = |G|.

Consider the list of integers obtained by taking the square roots of the sizes of
the conjugation orbits of G on J*. These numbers are powers of ¢; the sum of
their squares is |G|, and the length of the list is the number of classes of G. In
other words, this list of square roots of orbit sizes resembles the list of degrees
of the irreducible characters of G. In an unpublished set of notes [7] circulated
by Isaacs in 1997, these numbers were called the “fake character degrees” of the
algebra group G, and it was suggested that perhaps they are always the actual
irreducible character degrees.

In the case where JP = 0, where p is the characteristic of F, one can mimic an
argument of Kazhdan for upper triangular groups to prove that the fake character
degrees are the true character degrees. Indeed, one can actually construct an irre-
ducible character (with the correct degree) associated with each conjugation orbit
of linear functionals. (This is a variation on Kirillov’s approach in [11]; we will say
more about it later.) Proofs were given by Isaacs [7] in his unpublished 1997 notes,
and also by André [2] and (with extensions and improvements) by J. Sangroniz [13].

If JP #£ 0, then in general, Kirillov’s method fails, and the functions it defines
are not necessarily characters. Nevertheless, computer experiments suggested that
perhaps the fake degrees are always the actual degrees, even in this case. But
recently, a counterexample was constructed by A. Jaikin-Zapirain [10]. It is not
always true that the fake degrees are the actual degrees.

5. COMPLEX VALUES AND CHARACTERS

Given an algebra group G = 1+ J over the finite field F', we want to use the
F-valued linear functionals on J to construct complex-valued functions on G. To
do this, we fix a nontrivial homomorphism « +— & from the additive group of F'
into the multiplicative group of the complex numbers C. In other words, this map
is any one of the ¢ — 1 nonprincipal linear characters of the additive group F'* of
F, where q = |F|.

For each linear fu/ri(itional A € J*, we write X :J — C to denote the function
defined by A(z) = A(z), for z € J. Thus A is a linear character of the additive
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group JT of J. Also, it is clear that the map \ — Nis a homomorphism from the
additive group of J* into the multiplicative group of linear characters of J=.

5.1. Lemma. Let J be a finite dimensional F-space. Then the map A — X is an
isomorphism from (J*)% onto the group of linear characters of J¥.

Proof. Since |J*| = |J| = |Irr(J1)|, it suffices to check that the kernel of our
homomorphism is trivial. This is clear, however, since if A € J* is nonzero, then
A(J) = F, and thus A(J) cannot be contained in the kernel of the fixed nonprincipal
linear character o — & on F'T. O

Our various orbit decompositions of J* can be transferred via the isomorphism
X — X to decompositions of the group of linear characters of JT. It is reassuring
to observe that the resulting decompositions of Irr(JT) are not at all dependent
on the choice of the nontrivial linear character o +— & of F'™. To see why this is
so, observe that if v € F is arbitrary, then the map a — 7« is a linear character
of F'™, and as 7 runs over the elements of F, these run over all of the ¢ different
linear characters of F'™. Changing our original linear character of F'*, therefore, is
equivalent to multiplication by some nonzero scalar v € F. This has no effect on
the orbit decompositions because all of our actions are F-linear.

Given the algebra group G = 1+ J, the map g — g—1 defines a natural bijection
from G to J. We can use this map to convert functions defined on J to functions
defined on G. Specifically, if A € J*, then X is defined on J and this, in turn,
determines a complex-valued function A on @ via the formula )\( )=Ag—1). We
mention for future use that —\ is the complex conjugate of the function Y

Recall that if H is an arbitrary finite group, there is a standard inner product

IHIZ

heH

defined for complex-valued functions on H. Also, the irreducible characters of H
form an orthonormal set with respect to this inner product. In particular, the
functions A on J are orthonormal, and since JT is abelian, these functions form
a basis for the space of all complex valued functions on J. It follows that the
functions A on G = 1+ J form an orthonormal basis for the space of all complex-
valued functions on G. Of course, these functions are not generally characters (or
even class functions) on G. It is clear, however, that A(1) =1 for all A € J*.

Although our principal interest will be in the functions obtained by summing h)
as A runs over a two-sided G-orbit on J*, we digress briefly to discuss sums over
conjugation orbits.

5.2. Lemma. Let G =1+ J be an algebra group and let A € J*. Then
g~ Ag(h) = A(ghg™")

for elements g,h € G. In particular, the sum of the functions X as A runs over a
conjugation orbit in J* is constant on conjugacy classes of G.

Proof. Write h = 1 4t with ¢ € J and observe that ghg™' =1 4 gtg~!. We have

g Ag(h) = g Ag(t) = Mgtg ™) = Mghg ™),

as wanted. The second assertion is clear. O
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Given a conjugation orbit O in J*, define the function ¥)» on G by

1 ~
Yo = —— Al
Note that 1o is a class function, that [0, o] = 1 and that the “degree” ¥ (1) =
V/]O] is a positive integer. (This last assertion follows from Lemma 4.4.) Also, as
O runs over the various conjugation orbits, the functions 1» are orthogonal. Fur-
thermore, by Lemma 4.1, the number of these functions is the number of conjugacy
classes of G. Also, the sum of the squares of their degrees is the sum of the sizes
of the conjugation orbits on J*, which, of course, equals |J*| = |J| = |G|. We shall
refer to these functions ¢ as the Kirillov functions of the algebra group G.

It was conjectured by Kirillov [11] that in the case where G = U, (F'), the uni-
modular upper triangular group, these Kirillov functions are exactly the irreducible
characters of G. It is now known, however, that this cannot be correct in general.
This is because the Kirillov functions always have values in the cyclotomic field of
pth roots of unity, but irreducible characters of upper triangular groups can have
values that are not in this field. (For example, if p = 2, the group Us(F') has
a nonreal irreducible character. See [8] and [9].) Nevertheless, as we shall see in
Corollary 5.11, many of the Kirillov functions for the groups U, (F') are actually
irreducible characters, even when n is large when compared to p.

We mentioned earlier that if J? = 0, where p is the characteristic of F', then a
variation on Kirillov’s method does successfully construct the irreducible characters
of the algebra group G = 1+ J. The trick here is to replace the bijection g — g—1
from G onto J by another bijection: g — In(g), where the “natural logarithm” is
defined by the appropriate truncated power series. (For details, see [13].)

Since the two-sided G-orbits in J* are unions of conjugation orbits, it follows
that the functions obtained by summing fi for © € GAG are class functions. In fact,
we will see that these sums are characters, and we will show that they always have
the form ox =} . x x(1)x for some subset X C Irr(G).

Fix an algebra group G = 1 + J, and consider the complex group algebra
CG@G, whose elements are the formal C-linear combinations of the elements of G.
There is a natural vector-space isomorphism between CG and the C-space M of
complex-valued functions on G: the function o : G — C corresponds to the element
dec a(g)g. Of course, G acts on CG by left and right multiplication, and it is
easy to check that the corresponding left and right actions of G on M are defined
by the formulas

(fg)(h) = f(hg™") and (gf)(h) = f(g~"h)

for f € M and g,h € G. With these actions, therefore, M is isomorphic to CG as
a G-bimodule. R

We have seen that M has a natural basis: the functions A\ for A € J*. We
investigate the behavior of these basis functions under left and right action by
group elements.

5.3. Lemma. Let G =1+ J be an algebra group, and let M be the space of complex
valued functions on G, as above. Then for A € J* and g € G, we have

Ag=Ag Ay and gh=Xg g
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In particular if Y C J* is a left, right or two-sided G-invariant set, then the linear
span Uy of the functions @ for p € Y is a left, right or two-sided G-invariant
subspace of M, respectively.

Proof. Let h € G. We compute

(Ag)(h) = A(hg™")

= Ahg™t —1)

=M =)+ (h—-1)g

=g ' = DA(h—1)g )

=g HAglh—1)

= Xg™HAg(h),
as wanted. The computation for the left action is similar. The last assertion should
now be clear. O

Under the natural isomorphism between M and CG, we see that if Y C J* is left
G-invariant, right G-invariant or two-sided G-invariant, then the subspace Uy C M
corresponds to a left ideal, a right ideal or a two-sided ideal, respectively, of the
group algebra CG.

We can now give the principal definition of this paper. Let A € J* and let
Y = (—A)G be the right G-orbit of —\. By Lemma 5.3, the space Uy spanned by
the functions fi for ;4 € Y is a right module for G, and hence it affords a character
of G, which we call y,. We refer to these characters as the supercharacters of
G, but of course, we still need to reconcile this with the terminology of Section 2.
From the definition, we see that (1) = dim(Uy) = |Y| = |AG]|.

It may seem odd that we have chosen notation so that x) is constructed using
the orbit of the negative of A\, rather than A itself. The reason for this is that
by doing so, we obtain simpler formulas for the character y,. For example, if A
happens to be right-G-invariant, we will see that \ is a linear character of G, and
in this case, x) = by

More generally, if A € J* is arbitrary, we know by Lemma 4.2 that the subgroup
H =1+ Ry is the right stabilizer of A in G. We have the following.

5.4. Theorem. Let G = 1+ J and let A € J*. Then the restriction T ofX to
H =1+ Ry is a linear character of H, and xx = 7€, the induced character.

Proof. Let Y = —AG and let Uy be the linear span of the functions i for y € Y.
These functions ji form a basis for Uy, which, therefore, can be written as the direct
sum of the one-dimensional subspaces Cii for ;4 € Y. By Lemma 5.3, moreover,
these spaces are transitively permuted by the right action of G. (The transitivity
follows from the fact that Y is a right G-orbit.)

Now fix ;1 = —A\. Since the stabilizer of the space Cpi is H, it follows that the
character y, afforded by Uy is induced from the linear character of H correspond-
ing to the action of H on the one-dimensional space Cu. For h € H, however,
Lemma 5.3 yields -

fih = fi(h " )uh = fi(h~ )i
In particular, the function h +— fi(h~!) defines a linear character of H, and so
fi(h~1) is the complex conjugate of fi(h). But since u = —\, we see that zi(h) is
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the complex conjugate of X(h) = 7(h). Thus 7 is a linear character of H, and it is
afforded by the right action of H on Cfi. In particular, x, = 7, as wanted. O

We mention that an easy calculation can be used to show directly that the
function 7 is a linear character of H.

Our next result gives several significant properties of the supercharacters of an
algebra group. Before stating it, however, we recall some relevant notation. First,
if A € J*, then ny is the number of right G-orbits (and also the number of left
G-orbits) in the two-sided orbit GAG. (See Lemma 4.3 and the definition of ny
preceding it.) Also, if X C Irr(G) is an arbitrary subset, then ox = - ¢ x(1)x.
Recall also that each (two-sided) ideal I of a group algebra CG is the direct sum
of the minimal ideals that it contains. The minimal ideals, moreover, correspond
to the irreducible characters of G, and if X is the set of irreducible characters
corresponding to minimal ideals contained in the ideal I, then I, viewed as a right
CG-module, affords the character ox.

5.5. Theorem. Let G =1+ J and let A € J*. The following then hold.

(a) xa depends only on the two-sided orbit GAG containing .

(b) If X C Irr(G) is the set of irreducible constituents of xx, then nyxx = ox.

(¢) Supercharacters corresponding to distinct two-sided G-orbits in J* have dis-
joint sets of irreducible constituents, and these sets partition Irr(Q).

Recall that in the general supercharacter theory of Section 2, we had a partition
X of Irr(G), and for each member X € X, the associated supercharacter was the
function ox. We mentioned, however, that a constant multiple cxox would work
as well, and so our choice of cx = 1 was somewhat arbitrary. Of course, since we
would like supercharacters to be actual characters, there are some restrictions on
the constants cy. Specifically, since the multiplicity of a character ¢ € X as a
constituent of ox is ¥ (1), we want cx¥(1) to be a positive integer for all ¢ € X.

By Theorem 5.5(b), we see that for algebra groups, we have x) = (1/n))ox,
and so we have cx = 1/n), where X is the set of irreducible constituents of y.
By construction, x is a character, and hence the requirement that cx(1) is a
positive integer for ¥ € X is automatically satisfied.

Proof of Theorem 5.5. If T C J*, then following our previous notation, we write
Ur to denote the linear span in M of the functions i for 4 € T. (Recall that M
is the space of all complex-valued functions on G.) Write Y = —AG, as before,
and let Z = —GAG, so that Y and Z are the sets of negatives of the members of
AG and GAG, respectively. Then Z is the disjoint union of n) left translates of Y,
and hence Uz is the direct sum of ny subspaces of the form Uy for g € G. By
Lemma 5.3, however, we see that Ugy) = gUy, and so as right G-modules, the
summands of Uy are all isomorphic. It follows that the character afforded by Uy
(viewed as a right G-module) is exactly nxa.

Now Uy is both left and right G-invariant by Lemma 5.3, and so under the
natural bimodule isomorphism M 2 CG, the subspace Uy corresponds to a (two-
sided) ideal of CG. Tt follows that the character nyx, afforded by Uz has the form
ox for some subset X C Irr(G). This establishes both (a) and (b).

As J* is the disjoint union of the two-sided G-orbits, it follows that M is the
direct sum of subspaces like Uz for the various supercharacters x,. Also, since
M affords the regular character pg of G, it follows that pg is the sum of the
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characters m,, X, as p runs over a set of representatives for the two-sided G-orbits
in J*. Writing X, to denote the set of irreducible constituents of x,, we have

ZO'XM = PG -
I

The multiplicity of each irreducible constituent of one of the characters ox,, is equal
to its degree, which is also equal to its multiplicity in pg, and so we see that the
sets X, are disjoint and that they cover Irr(G). |

We now know that the number of different supercharacters of G = 1+ J is equal
to the number of two-sided G-orbits on J*. By Lemma 4.1, this is equal to the
number of two-sided G-orbits on J, which, in turn, is the number of superclasses of
G. To establish that we have a genuine supercharacter theory, as in Section 2, only
one thing remains: we must show that supercharacters are constant on superclasses.
To prove that, we need a convenient way to compute the values of a supercharacter.

5.6. Theorem. Let G =1+ J be an algebra group, and let A € J*. Then

XAZi > a.

n
A LEGAG

We need a preliminary lemma for the proof of Theorem 5.6.

5.7. Lemma. Let G =1+ J be an algebra group. Suppose that g € G and A € J*
with Ag # X. Then g fizes no member of the left orbit G\ and

> #(g)=0.
TEGA
Proof. If (hA)g = hA for some element h € G, then it follows via left multiplication
by h~! that Ag = A, which is not the case. In other words, g fixes no member of
G, as claimed.
By Lemma 4.2, we have GA = A+ U, where U C J* is the subspace consisting of
the linear functionals p such that Ry C keru. If 7 = A+ p, then 7(g) = X(g)ﬁ(g),

and hence R
> F9) =g > Ailg)-

TEGA nelU

To complete the proof, therefore, it suffices to show that > fi(g) = 0, where p runs
over U. Write g =1 + ¢ with ¢ € J, and recall that by definition fi(g) = u(t).

Now consider the “evaluation” linear functional p +— p(t) on U. Since A\g # A,
we know that ¢t ¢ Ry. But

Ry = m ker it ,
pnetu

and thus evaluation at t is not the zero map on U. It follows that the evaluation
map is a homomorphism from U onto F', and hence each element of F' occurs equally
often as u(t) for p € U. If the common multiplicity is m, we can write

> dilg) = Y A =m Y a=0,
nelU nelU aEF

where the final equality holds by orthogonality, because the map « — « is a non-
principal linear character of F*. This completes the proof. (|
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Proof of Theorem 5.6. We have seen that nyy, is the character afforded by the
right G-module Uy, which is the linear span of the functions —f, as p runs over
GAG. We must show that this character is equal to Y i, where the sum runs over
© e GAG.

Fix g € G, and recall that the functions —p for © € GAG form a basis for Uy.
By Lemma 5.3, each of these basis vectors is mapped by ¢ to a scalar multiple of
the basis vector —/\ug, where the scalar is equal to :71(9_1). It follows that the basis
vector :ﬁ contributes to the trace of the linear transformation of Uz induced by
right multiplication by g only when pg = p. When this happens, the contribution
to the trace equals —u(g~"). It follows that

mxalg) = Y, —ulgh).
HEGAG
pg=p
Since x is a character, the complex conjugate of xx(g) is xa(g™!), and also, we
have seen that the complex conjugate of the function —p is 1. If we take complex
conjugates of both sides of the above equation, therefore, we obtain

g™ = Y dilgh).
LEGAG
ng=p

Now, since g fixes p if and only if g~ fixes y, we can substitute g~! for g and write

mxalg) = D 7ilg)
HEGAG
ng=p
for all elements g € G.
Now consider the “missing” terms of this sum, corresponding to functionals
1 € GAG that are not fixed by g. Since GAG is invariant under the left action of
G, it follows by Lemma 5.7 that the set of missing linear functionals is a union of
left G-orbits, and that the sum of fi(g) over each of these orbits vanishes. It follows
that we can add the missing terms to the sum without changing its value, and thus

mxalg) = > ilg),
PREGAG
as required. 0
Next, we provide a formula that relates supercharacters and superclasses. Recall

that by definition, the superclass containing an element g =14+t of G =1+ J is
the set K = 1+ GtG. Recall also that if yx, is a supercharacter, then x»(1) = |AG|.

5.8. Theorem. Let G =1+ J be an algebra group and let x be one of its super-
characters, where A € J*. If g € G lies in the superclass K, then

0l = e 3 M) =) Y A,

zeGtG heK

where g = 1 +t. In particular, the supercharacters of G are constant on the super-
classes.

Proof. The second equality is clear since K = 1+ GtG and x (1) = |AG|, and we

recall that X(l + x) = A(x). Also, the last assertion follows since the sum on the
right depends only on the superclass K.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



2378 PERSI DIACONIS AND I. M. ISAACS

To prove the first equality, consider the map (u,v) — utv from G x G to GtG.
This map is clearly surjective, and it is easy to see that all elements of GtG are
hit equally often. Each element of GtG, therefore, has the form utv for exactly
|G|?/|GtG| ordered pairs (u,v), and it follows that

~ el ~
> )\(utv)||Gt|G| > Aa).

zeGtG

Similarly, if we map G x G to GAG via (u,v) — ulv, we see that each element of
GG is hit exactly |G|?/|GAG]| times, and this yields

> i) = g o 0.

u,veG pnEGAG
The left sides of the previous two equations are equal, however, and we deduce that
1 ~ 1 ~
Y = S A
|G/\G| HEGAG |GtG| zeGtG
Since i(g) = u(t) and ny = |GAG|/|AG], it follows that
1 . |GAG)| ~ IAG] ~
g =— Y A9 =—o7 > ANo)=-5Z > M),
e ererve |GG ©eGtQ |GG zeGtQ
as required. O
In particular, we now know that the supercharacters and superclasses of an

algebra group form a genuine supercharacter theory in the sense of Section 2.
When does it happen that the supercharacter y is irreducible?

5.9. Lemma. Let G = 1+ J be an algebra group, and let xx be one of its super-
characters. Then [xx, xx] = xa(1)/nx.

Proof. For an arbitrary subset X C Irr(G), we have

ox(1) =Y ¥(1)* = [ox,0x].

PpeXx

Now nyxx = ox for some subset X C Irr(G), and thus

n3[xaxa] = [ox,ox] = ox(1) = naxa(1),

and the result follows. O

5.10. Theorem. Let G = 1+ J be an algebra group, and let A € J*. Then the
supercharacter x is irreducible if and only if Ly + Ry = J. In this case, the two-
sided orbit GAG is exactly the conjugation orbit of A, and the character x is equal
to the Kirillov function for this orbit.

Proof. By Lemma 5.9, we have [xx, xx] = xa(1)/ny, and so the character x, is
irreducible if and only if x»(1) = nx. Now xa(1) = |AG| = |J|/|RA| and ny =
|Rx|/|Dx|, where we recall that Dy = Ry N L. Thus x, is irreducible if and only if
|J|/|Rx| = |RA|/|Dx]. Since |Rx| = |Ly|, this is equivalent to |J| = |Rx||La|/|Daxl-
But the right side of this equation is equal to |Ly + Ry|, and thus x, is irreducible
if and only if Ly + Ry = J, as claimed.

Suppose now that y is irreducible. Then L)+ Ry = J, and so Theorem 4.5 tells
us that GAG is the conjugation orbit of A. Also, |GAG| = |.J|/|D,|, and in this case,
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where Ly + Ry = J, this is equal to (|Rx|/|Dx|)? = n3. Thus xn = (1/ny) > 7 is
exactly the Kirillov function corresponding to the conjugation orbit GAG. O

We can apply Theorem 5.10 to the situation studied by André and Yan: the
unimodular upper triangular groups. Let G = U, (F) = 1 + J, where as usual, J
is the algebra of strictly upper triangular matrices. For each matrix position (i, j)
with i < j, let A\;; be the element of J* whose value at a matrix x € J is the
(i,)-entry of z.

5.11. Corollary. Let G = U,(F) = 1+ J as above, and let A = a); ;, where
0#£a€F and 1 <i<j<n. Then the supercharacter xy is irreducible, and it is
thus equal to the Kirillov function vo, where O is the conjugation orbit of \.

Versions of Corollary 5.11 appear in the work of André and Yan. In fact, in
the case where J = U,,(F'), they have simple combinatorial descriptions of exactly
which supercharacters are irreducible. In his paper, Yan refers to a linear functional
of the form a);; as being “primary”, and he observes, in particular, that if A is
primary, then the corresponding supercharacter is irreducible. The fact that the
corresponding Kirillov character is irreducible appears as Lemma 2 of [3], where
André calls these characters “elementary”.

Proof of Corollary 5.11. By Theorem 5.10, it suffices to show that Ly + Ry = J.
It is enough, therefore, to show that a matrix unit e, , in J lies either in Ry or in
Ly (or both). To show that e, , € Ry, we must show that Je,, C ker A, and for
this purpose, it suffices to check that A(es teq,,) = 0 for all matrix units es; in J.
Similarly, of course, to show that e, , € Ly, we must check that A(e, yes.) = 0 for
all matrix units e, in J.

Since A(z) is a multiple of the (7, j)-entry of a matrix x € J, we see that if
A(es,t€u,n) # 0, we must have v = j. Similarly, if A(e, ves) 7# 0, then u = 4. This
shows that with the possible exception of e; ;, every matrix unit e, , € J lies in
Ry U Ly. Since s < t, we see that A(este; ;) = 0, and thus e, ; lies in Ry (and
similarly, it lies in Ly, too). This completes the proof. (|

Observe that Corollary 5.11 can be viewed as dual to Corollary 3.4, and like that
corollary, it has a natural extension to pattern groups, with essentially no change
in the proof.

We close this section with an observation about supercharacters that have linear
constituents. Of course, such supercharacters exist since every irreducible character
of G =1+ J is a constituent of some (unique) supercharacter x.

5.12. Corollary. Let G =1+ J be an algebra group, and suppose that A € J*. If
the supercharacter x has a linear constituent, then GA = GAG = AG and Ry = L)
is an ideal of J.

Proof. We know that nyxx = ox for some subset X C Irr(G). Since the multi-
plicity of each irreducible constituent of ox is equal to its degree, it follows that
n) divides the degree of every irreducible constituent of y . Since there is a linear
constituent, we must have n) = 1. But n) is the number of left orbits in GAG, and
it is also the number of right orbits in this set, and it follows that GA = GAG = \G,

as claimed.
In general, ny = |Ra|/|Dx] = |Lal/|Dal, and so in our case, Ry = Dy = L.
Since L) is a right ideal and R) is a left ideal, the result now follows. O
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Before we close this section, we give a brief summary of its principal results.
Given A € J*, we defined the supercharacter y) as the character afforded by the
G-module constructed as the linear span of the functions fi, as p runs over —\G,
and we saw that x is induced from a linear character of an algebra subgroup of G.
We showed that x, depends only on the two-sided G-orbit containing A, and that
xx» = (1/nx) > [, where p runs over GAG. Also, x, is constant on the superclass
1+ GzG, for z € J.

We showed that as A runs over a set of representatives for the two-sided G-
orbits on J*, the sets X of irreducible constituents of x» partition Irr(G), and
that together with the partition of G into superclasses, they form a supercharacter
theory in the sense of Section 2. Also, xa» = (1/na)ox,. Finally, necessary and
sufficient conditions for ) to be irreducible are given, and connections with the
Kirillov orbit method are discussed.

6. RESTRICTION, INDUCTION AND PRODUCTS

Let G =1+ J be an algebra group. If A C J is a subalgebra, then H =1+ A
is a subgroup of G that is itself an algebra group. Our first goal in this section is
to show that in this situation, the restriction to H of a supercharacter of G must
be a nonnegative integer linear combination of supercharacters of H. We need the
following fact, which appears as Lemma 3.1 in [6].

6.1. Lemma. Let J be a nilpotent algebra, and suppose that A C J is a subalgebra.
If J? 4+ A=J, then A=J.

Proof. First, we observe that since A" C A, we have J" = (A+ J?)" C A+ Jnt!
for n > 1, and thus A + J"» C A + J**!. The reverse containment is clear, and so
we have

J=A+ TP =A+P=A+J"+---.
The result now follows since J™ = 0 for sufficiently large n. ]

6.2. Corollary. Let A be a maximal subalgebra of the nilpotent algebra J. Then A
contains J2, and A is an ideal of J with codimension 1.

Proof. Since A < J, Lemma 6.1 yields A C A+ J? < J. But J? is an ideal, and
hence A + J? is a subalgebra. Thus A = A + J? by the maximality of A, and in
particular, A D J2. Every subspace of .J containing .J? is an ideal, however, and
thus A is an ideal and is a maximal subspace of J. The result follows. (]

Next, we investigate the restriction map J* — A*, where A C J is a subalgebra
of codimension 1.

6.3. Lemma. Let G =1+ J be an algebra group over a field F of order q, and let
X C J* be a two-sided G-orbit. Suppose that A C J is a subalgebra of codimension
1, and let Y C A* be the image of X under the restriction map from J* to A*. The
following then hold.

(a) There is an integer r € {1,q} such that the preimage in X of each member
of Y has cardinality r.

(b) If either Ly C A or Ry C A for some member A\ € X, then then r = q.

(c) If there exists A € X such that neither Ly C A nor Ry C A, then'Y is a
two-sided H-orbit, and the image in'Y of each right or left G-orbit in X is
respectively a right or left H-orbit.
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Proof. Let W = {1 € J* | A C ker 7}, and note that [W| = ¢. Since J2 C A Ckerr
by Corollary 6.2, we have L, = J = R, for 7 € W, and it follows by Lemma 4.2
that each member of W is both left and right G-invariant.

If A\ € X, then A + W is the full set of elements in J* that have the same
restriction to A as A\. The preimage in X of the restriction of A to A is thus A+ W),
where Wy = {r € W | A+ 7 € X}. To prove (a), therefore, we must show that the
sets Wy all have equal cardinality r for A € X, and that r is either 1 or q.

We claim that in fact, the sets Wy are all equal. To see this, let A € X and
g,h € G. If 7 € W, then gA\h +7 = gA\h + gth = g(A + 7)h, and this linear
functional lies in X if and only if A + 7 lies in X. In other words Wy = Wy, as
claimed.

Recall that in Lemma 4.2, we defined U = {u € J* | Ry C keru}. If Ry C A for
some member A € X, then W C U. By Lemma 4.2, however, A+ U = GA C X,
and thus W) = W in this case. Thus r = |[W| = ¢, and a similar argument shows
that r = ¢ if Ly C A. This proves (b) and part of (a).

Now suppose that for some member A € X, both Ly € A and Ry € A. Then
AN Ry and AN Ly have codimension 1 in Ry and A, respectively. It follows by
Lemma 4.2 that the right and left stabilizers of A in H = 1+ A have index ¢ in the
corresponding stabilizers in G. But H has index ¢ in G, and therefore, the indices
in H of the right and left stabilizers of A in H are equal to the indices in G of
the right and left stabilizers of A in G. It follows that A\G = AH and G\ = H),
and we conclude that GAG = HAH. In this situation, we see that Y, which is the
restriction to A of X = GAG = H\H, is a two-sided H-orbit in A*. Also, the
restrictions of the one-sided orbits in X are one-sided orbits in Y, and this proves
(c).

Finally, we observe that » = |X|/|Y|. In this case, both X and Y are two-sided
orbits (of G and H), and so each of |X| and |Y] is a power of ¢, and thus r is a
power of g. (See Lemma 4.3.) We know, however, that r» < |W| = ¢, and so there
are just two possibilities: either » = 1 or r = ¢. This completes the proof of (a). O

We are now ready to prove the main result of this section.

6.4. Theorem. Let G = 1+ J be an algebra group over the field F' of order q.
Let A C J be an arbitrary subalgebra and write H = 1+ A. Then the restriction
to H of each supercharacter of G is a nonnegative integer linear combination of
supercharacters of H.

Proof. We can assume without loss that A is a maximal subalgebra of J, and thus
by Corollary 6.2, it has codimension 1. Let A € J* be arbitrary and consider the
restriction of the supercharacter x) to H =1+ A.

Recall that by Lemma 6.3, the number r of members of X = GAG with restriction
equal to the restriction of X is independent of the choice A in X. Also, either r =1
orr=gq.

By Theorem 5.6, we know that nyx, is the sum of the functions ji, as p runs
over the two-sided orbit X. Since the restriction of i to H is U, where v is the
restriction of p to A, it follows that (nyxx)m is r times the sum of the functions U
on H, where v runs over the image Y of X under restriction to A. Thus

()i == D7

vey
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As X is both left and right H-invariant, Y is a union of two-sided H orbits. It
follows that (xx)m is a nonnegative rational linear combination of supercharacters
of H, where for v € Y, the coefficient of the corresponding supercharacter of H is
n,r/ny. Our goal, therefore, is to show that this is an integer for every choice of
vevY.

Since r and n) are independent of A € X, we can, if necessary, replace A by
some member of X with restriction equal to v, and so we assume that v is the
restriction of A to A. Write L = L) and R = R and let L; and R; respectively
be L, and R,, computed in A. Let D = LN R and D; = Ly N R;. By definition,
then, ny = |L|/|D| and n, = |L1|/|D1], and so

(+) . |Lal/IDy|  [Lal/IL] '

nx o |LI/ID] |Dl/|D)
We also consider the subspace Lo = {z € J | A C ker A}, and we observe that
LCLyand ANLy=Ls.

Suppose now that R C A, and note that in this case, R C Ry and r = q. We argue
that L has codimension 1 in Lg. To see this, consider the bilinear form (-, -}, defined
on J by the formula (z,y) = A(zy). This form establishes a nondegenerate bilinear
pairing between J/L and J/R, and we observe that Lg is the “left perpendicular”
of A. Since R C A C J, it follows that the codimension of L in Lg is equal to the
codimension of A in J, and this is 1, as wanted.

Now L; = Lo N A has codimension at most 1 in Lg, and so there are two
possibilities: either the codimension is 1 and |L| = |L1|, or the codimension is 0
and Lo = L; C A. Also, recall that |L| = |R| and |L;| = |R1| by Lemma 4.2. If
|L| = |L1]|, therefore, then |R| = |R;|, and thus R = R;. In this case, D = RN L
and D; = RN Ly, and since both L and L; have codimension 1 in Lg, it follows
that L N Ly has codimension at most 1 in each of L and Ly, and thus D N Dy has
codimension at most 1 in each of D and D;. Since |L| = |L;] in this case, it follows
from equation (x) that n,/ny = |D|/|D1| lies in the set {1/¢,1,q}. Since r = ¢ in
this case, 7n, /ny is in the set {1,q,¢?}, and so it is an integer, as required.

Now suppose that Ly = Ly. Then L C Ly, and the codimensions of L and R
in L1 and Ry, respectively, are 1. It follows that the codimension of D in D; is
at most 2, and in this case, |L1|/|L| = q. Again, we see that n,/n, lies in the set
{1/q,1,q}, and again rn, /ny is in the set {1,q, ¢*}.

We can now assume that R € A, and similarly, we can assume that L ¢ A. Then
Lemma 6.3(c) applies, and so the image of the restriction map from GAG into A*
is HvH and the image of A\G is vH. Since the preimage of each member of HvH
in GAG has cardinality r, we see that

IGAG] |G|
\HvH| ~ T wH|
Thus
= |GAG| _ |HvH| -
[AG] |vH| v
and in this case ny/n, = 1. Thus rny/n, = € {1,¢}, and the proof is complete.

O

Next, we begin working toward a proof that the product of two supercharacters
of an algebra group is always a nonnegative integer linear combination of super-
characters. We know that the supercharacters of G form a basis for the space of
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complex-valued functions on G that are constant on superclasses, and so it is clear
that a product of two supercharacters is a C-linear combination of supercharacters.
In fact, it is easy to see that the coefficients must be nonnegative rational numbers.
This is because the multiplicity of x in the product 7 is [m, 1]/[xx, ¢], where ¥ is
any irreducible constituent of y,. (This works because v is a constituent of just
one supercharacter.) To prove that the coefficients are actually integers, however,
requires a more subtle argument. Our strategy is to consider direct products.

Let K and L be finite dimensional nilpotent algebras over the same field F,
and consider the external direct sum M = K @& L, where we view K and L as
ideals of M. In particular K and L are subalgebras of M, and so X =1+ K and
Y = 1+ L are algebra subgroups of G = 1+ M, and clearly, XNY = 1. Also, since
KL =0=LK,weseethat (1+k)(1+1)=14+k+1l=014+1)1+k) forke K
and [ € L, and it follows that XY = G and that X and Y centralize each other. In
particular, G is the direct product of its subgroups X and Y.

Now if « and 3 are respectively characters of X and Y, then a x 3 is the function
on G defined by the formula (a x 8)(zy) = a(z)B(y), and it is a standard fact that
a X [ is a character of G. Somewhat analogously, if A € K* and p € L*, we can
define a linear functional A @ p on M by defining (A @ p)(k + 1) = A(k) + u(l).
Furthermore, it is not hard to see that every member of M* is uniquely of the form
A@pfor A€ K* and p € L*.

6.5. Lemma. Assume the above notation. Suppose that o and (3 are supercharacters
of X =14+ K andY = 1+ L corresponding respectively to linear functionals A € K*
and p € L*. Then a x 3 is the supercharacter x,, of G =1+ M, where v =\ pu.

Proof. First, we observe that if x € X and y € Y, then vay = Az ® py, and
similarly for left actions. It follows that we can write vG = AX @& pY and GvG =
XAX @ YuY. We therefore have

|GvG| | XAX||Y Y|

ny = = = TLATL

e IAX||uY| g
where, of course, ny and n, are computed in the algebra groups X =1+ K and
Y =1+ L, respectively.

Now write x = 1+ k and y = 1 + [, where k € K and [ € L, and recall that

xzy =1+ k+ 1. We have

D(xy) = Uk +1) = MR)E(1) = M@)ily) = (A x f)(zy) ,
and thus we can write U = i x U. Of course, a similar decomposition holds for all
members of GvG = XpuX @ YvY. Now

=, 0= Y. 3)x( D 7)=(ma)x (mp),
0eGrG ceXuX TEY Y

and the result follows. O

6.6. Theorem. Let G = 14 J be an algebra group and let o and 3 be supercharacters
of G. Then af is a nonnegative integer linear combination of supercharacters of

G.

Proof. Applying the preceding theory with K = J = L, we conclude that o x (3 is
a supercharacter of the algebra group G x G =1+ (J @ J). To avoid confusion,
we view the elements of J @ J as ordered pairs of elements of J, and similarly, we
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view the elements of G x G as ordered pairs of elements of G. In particular, we
have 1+ (x,y) = (1 +z,1+y), for z,y € J.

Now consider the diagonal subalgebra D = {(x,z) | « € J}, and note that
D really is a subalgebra of J & J, and in fact, D = J. Let H = 1+ D be the
corresponding algebra subgroup of G x G, and observe that H is the diagonal
subgroup of G x G consisting of the elements of the form (g, g), with g € G. Then
H = G, and if we identify H with G via the natural isomorphism, we see that the
restriction of the supercharacter a x 8 to H is just the ordinary product character
af. Since H = 14 D is an algebra subgroup, however, Theorem 6.4 applies, and we
conclude that a3 is a nonnegative integer linear combination of supercharacters. [

Finally, we discuss induction. We have shown that the restriction of a superchar-
acter of an algebra group to an algebra subgroup is always a nonnegative integer
linear combination of supercharacters, and so it is tempting to guess that the anal-
ogous property also holds for induction. This is wrong, however; the character
induced by a supercharacter of an algebra subgroup need not even be a superclass
function. (In other words, it may not be constant on superclasses.) To see why this
is so, recall that every superclass function on an algebra group is a linear combina-
tion of supercharacters, and so if induction were to map supercharacters of algebra
subgroups to superclass functions, it would also map arbitrary superclass functions
to superclass functions. It is easy, however, to construct a counterexample to this.
Let J be the F-algebra with basis {x,y, 2z}, where zy = z = yz and all other
products of basis vectors are zero. Then H = 1 + Fzx is an algebra subgroup, and
the element 1 + x constitutes a full superclass of H. Define ¢ on H by setting
o(14+x) =1 and ¢(h) = 0 for all other elements h € H, and observe that ¢ is
indeed a superclass function. Since G = 1+ J is abelian we see that 1 4+ x is the
only element of G on which the induced function ¢“ is nonzero. But 1 + z and
14  are in the same superclass of G, and hence ¢& is not a superclass function.

It is possible to modify the definition of induction in algebra groups so that
the result of “inducing” a superclass function of an algebra subgroup is always a
superclass function. Furthermore, this can be done so that the analog of Frobenius
reciprocity is valid. But as we shall see, even with this modified induction, it is
not generally true that supercharacters of an algebra subgroup yield integer linear
combinations of supercharacters of the whole group.

Let H =1+ A be an algebra subgroup of G =1+ J, and let ¢ be an arbitrary
complex-valued function of H. Extend ¢ to the function ¢° on G by setting ¢°(g) =
0if g ¢ H. We now define the superinduced function ¢ on G by the formula

1
(@) — 0
o (1+2x) = E @’ (1 4+ uzv)
| H |u,v€G

for x € J. Even with no assumption on ¢, it is immediate that the superinduced
function ¢(@) is a superclass function on G. Observe that if z = 0, the above
formula becomes

2
@1y~ |Gl
#O i
The multiplicative constant 1/(|G||H]) in our definition of superinduction may
seem rather arbitrary, but it is exactly what is needed so that the promised analog
of Frobenius reciprocity holds.

p(1) = |G : Hlp(1).
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6.7. Lemma. Let H = 1+ A be an algebra subgroup of G = 1+ J and suppose
that ¢ is a function defined on H and that 0 is a superclass function of G. Then

Proof. We have

1 — 1 1 —

@ g = — @ ()(q) = — 91 4 utv)d(1 +t

o, E v (9)0(g E ® uty :

[ | Gl 22 (9)6(0) Gl |G[[H| = ( 1+2)
u,veG

Now write s = utv and observe that by the definition of ¢°, we need to consider
only elements s € A. Also, since 6 is a superclass function, we have 6(1 +t) =
O(1 +utsv™t) =0(1+ s), and thus

1 _— 1 —_
(D0 = == > " (1+5)0(1+5) = = > (1 +)0(1+5) = [0, 0],
GPI 2 2
u,vEG

as wanted. O

In the situation of Lemma 6.7, suppose that ¢ is a supercharacter of H and that
0 is a supercharacter of G. Then ¢ occurs with integer multiplicity in 6, and so
[¢m, 0] is an integer, and in fact, it is a multiple of [¢, ¢]. It follows by Lemma 6.7
that [(%), 4] is a multiple of [, o], but unless we know that it is a multiple of [6, 6],
it does not follow that # occurs with integer multiplicity in ¢(%). This argument
does show, however, that when the superclass function (p(G) is written as a linear
combination of supercharacters of G, all of the coefficients are nonnegative rational
numbers.

Indeed, the coefficients may not be integers, as is shown in the example we
are about to sketch. Let J have basis {x,r,[, 2z} over the field F' of order 2, and
suppose that 22 = r+ 1+ 2, rc = z, 2l = z and all other products of basis
vectors are zero. (It is not hard to show that this really does define a nilpotent
algebra.) Let A = F'r + Fl + Fz, and note that the product of every two elements
of A is zero. Thus H = 1 + A is an algebra subgroup of G = 1+ J, and all
supercharacters of H are linear. For every such supercharacter ¢, therefore, we
have (@) (1) = |G : H|p(1) = 2. We will produce a supercharacter  of G of degree
4, and thus if ¢ occurs with positive coefficient in the decomposition of 0, it will
follow that 6 occurs with a positive nonintegral coefficient in ().

Let A € J* be the linear functional with kernel K = Fax + Fr + Fl. It is easy to
check that Ry = Fr + Fz, and so xa(1) = |A\G| = |J|/|Rx| = 4. This provides the
counterexample we seek.

Appendix A: The work of André and Yan. As we explained in Section 1, many
of the results of this paper are generalizations to arbitrary finite algebra groups of
theorems of André and Yan about the unimodular upper triangular groups U, (F).
André began his study of the “basic characters” of U, (F') in his Ph.D. thesis in
1992, and he developed the theory in a series of papers in the Journal of Algebra.
(The basic characters defined by André are exactly our supercharacters in his situ-
ation.) André constructed his basic characters as certain products of “elementary”
characters, which are the irreducible characters described in our Corollary 5.11.
Originally, André’s work relied on a construction due to Kazhdan of the ir-
reducible characters of G = U, (F) in the case where the characteristic p of F'
satisfies p > n. Under that assumption, there exist inverse maps exp : J — G and
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In: G — J, where J is the algebra of strictly upper triangular n X n matrices over
F. Using these maps, Kazhdan was able to associate an irreducible character of
G to each coadjoint orbit (conjugation orbit) of G on J*. (We mention that an
accessible, and more general version of Kazhdan’s construction can be found in [6],
where Sangroniz works with algebra groups G = 1 + J such that J? = 0.)

Later, in [3], André was able to drop the requirement that p > n. In that paper,
he proved directly that his elementary characters are, in fact, irreducible characters,
and then, using what we have called “Kirillov functions”, and appealing to his
earlier work, he was able to reproduce his results on basic characters, but without
requiring that p > n.

Independently, and at approximately the same time, Yan [14] extended André’s
earlier (that is, p > n) results to the general case. But Yan used an entirely
different, and more elementary method; his (unpublished) paper is self-contained,
and his arguments are independent of André’s. Yan used the left and right actions
of G on J and J*, as we have done here, and indeed, our paper was inspired by
Yan’s work, and owes a significant debt to it.

Of course, in the context of specific groups, such as the upper triangular groups
U, (F), there is more information than one can hope to prove in general. We devote
the rest of this appendix to a description of some of the results of André and Yan
that do not seem to have analogs for arbitrary algebra groups.

Let G = U,(F) = 1+ J, where as before, J is the algebra of strictly upper
triangular n X n matrices over F. Yan shows that each two-sided G-orbit in J
contains exactly one matrix with the property that no row and no column contains
more than one nonzero entry. The superclasses of G are thus parameterized by the
following combinatorial data. First, choose a set D of matrix positions (i, ) such
that 1 < i < j <n and no two elements of D agree in either the first or the second
coordinate. Next, choose a function 7 from D into the nonzero elements of F.
Now D and 7 together determine a strictly upper triangular matrix z = z(D, 7),
whose nonzero entries occur exactly at positions (¢, ) in D, and whose (i, j)-entry
is 7(4,j). Each superclass of G contains just one element of the form 1+ z(D, 7),
and thus the pairs (D, 7) parameterize the superclasses.

Yan observes that the same combinatorial objects, the pairs (D, 7) as above,
also parameterize the two-sided G-orbits on J*, and thus they parameterize the
supercharacters of G. (André parametrizes his characters using the same combina-
torial data.) Let A; ; € J* be the linear functional that picks out the (7,j) entry
of each matrix x € J. Then J* is exactly the linear span of the linear functionals
Ai,j. Given A € J*, Yan refers to the set of pairs (7, j) such that A; ; occurs with a
nonzero coefficient in the expansion of A as the support of A. He shows that each
two-sided orbit in J* contains exactly one linear functional A whose support set D
has the form described above, and thus one can write

A= Z T(Zl,j))\i’j s

(i,5)eD

where 7 : D — F'* is as before. Every supercharacter of G, therefore, is uniquely
of the form x,, where A is determined by the pair (D, 7) as above.

Each of the summands 7(4,j)A¢; ;) in the decomposition of A is primary, which
means that it is supported at a single position, and hence the supercharacter corre-
sponding to each of these primary summands of \ is irreducible. (See Corollary 5.11
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and the paragraph following it.) Yan shows that x» is the product of these irre-
ducible supercharacters, and he calls this the “primary decomposition”. In partic-
ular, every supercharacter of G = U, (F) can be written as a product of irreducible
characters, a fact that was used in André’s definition of his basic characters.

Yan uses a combinatorial argument, together with his primary decomposition,
to prove that products of supercharacters of U,,(F') are nonnegative integer linear
combinations of supercharacters. Of course, that fact is included in our more general
Theorem 6.6, although our proof is (necessarily) quite different.

Appendix B: Connection with Gelfand pairs and spherical functions. Let
G be a finite group with subgroup H C G, and let 7 be the permutation character
of G acting on the right cosets of H. (Thus 7 = (15)“.) Recall that the pair (G, H)
is said to be a Gelfand pair if 7 is multiplicity-free. (See [12] and the references
there for more on Gelfand pairs.) In this situation, let S be the set of irreducible
constituents of m. For each character xy € S, define the corresponding spherical
function s, on G by setting

hEH
and note that
SX(l) = [XH’ 1H] = [X’ (1H)G] = [Xaﬂ-} =1.
(To be somewhat more precise, one could say that the functions s, are the nor-
malized spherical functions since we have chosen the multiplicative constant 1/|H|
so that these functions will have value 1 at the identity of G.)

It is clear that if f is one of the spherical functions s, and g € G is arbitrary,
then f(gh) = f(g) = f(hg) for all elements h € H, and thus we can say that f is
H-bi-invariant. In fact, the |.S| spherical functions s, form an orthogonal basis for
the space of all such H-bi-invariant functions on G.

Now suppose that A is an abelian group acted on by some group H, and let G
be the semidirect product AH. It is not hard to see that (G, H) is a Gelfand pair
in this situation, and one can construct the characters in the set S fairly explicitly.
It turns out that the restrictions to A of the distinct members of S are exactly the
sums of the characters in the various H-orbits of irreducible (linear) characters of
A, and in particular, there is one member of S and one spherical function for each
H-orbit on Irr(A). Let A be such an orbit and let y be the corresponding member
of S. Given an arbitrary element ah of G, where a € A and h € H, one computes
that x(ah) is exactly the sum of p(a) as p runs over the members of the orbit A
that happen to be fixed by h.

We can now compute the values of the normalized spherical function s = s, on
G, where x corresponds to A, as above. First, since s is H-bi-invariant, we have
s(ah) = s(a), and so it suffices to evaluate s at elements of A. For this purpose, we
let P be the set of ordered pairs defined by

P={(w,h) |[pe€A, heHand p" = p}.
We have

@ = [ M) = g 3wl = g 3 et

heH (,h)EP ueA
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where H), is the stabilizer in H of p. But |H|/|H,| = |A] for all 4 € A, and so

s(ah) = s(@) = o7 3 fa)
pEA
is the average value of the characters in A at a € A.

How does this relate to the supercharacters of an algebra group G =1+ J? Let
H=GxGand A=J, and let H act on A by z(**) = 4~ zv, where z € J and
u,v € G. The linear characters of A are exactly the functions v, for v € J*, and
the H-orbits on Irr(A) are the sets {7 | v € X}, where X is a two-sided orbit in J*.

Recall now that 7(1 4+ z) = v(x) for v € J* and « € J. If x, is a supercharacter
of G, therefore, and 1 + x = g € G, we have

mxa(g) = Y vg)= Y v(z) =|GAGsa(z),
VEGAG vEGAG
where sy is the normalized spherical function on the semidirect product J(G x G)

corresponding to the (G x G)-orbit containing the linear character A of J. Since
ny = |GAG|/|AG], this yields xx(g) = |[A\G|sA(x).

Appendix C: Some examples. Let F' be a finite field and fix a positive integer
n. Let R = F[X]/(X™"1), the polynomial ring in the indeterminate X modulo
the ideal generated by X"*!. Write 2 to denote the image of X in R, and observe
that z"*! = 0 and that every element of R is represented uniquely as a polynomial
f = f(x) with degree at most n. The radical J of R, of course, is the set of
these polynomials with zero “constant” term, and J has dimension n. Because J is
commutative, the two-sided orbits of G on J and on J* are really one-sided orbits,
and this simplifies our calculations.

Although one could work more generally, we will take |F| = 2 for simplicity.
First, we determine the superclasses of G = 1+ J. For 1 < i < n, it is easy to
see that z°G is exactly the set of polynomials in f having low-order term x*. The
G-orbits of nonzero elements of J, therefore, are parameterized by the integers in
the range 1 < i < n, where f is in the orbit with parameter i precisely when z’
is the low order term of f. Clearly, orbit i has size 2"~¢. The remaining orbit,
of course, is {0}, to which we assign the parameter 0. Thus G has exactly n + 1
superclasses, parameterized by the integers 0,1, ..., n. Superclass 0 is {1}, and for
i > 0, superclass i contains 1 + x* and has size 2"~

For 1 <i < n, let \; € J* be the linear functional that picks out the coefficient
of ' in an element f € J, and observe that {\1, A2,...,\,} is a basis for J*. Now
let f € J and write f = a1z + a2 + - - - +a,2", with coefficients a; € F. It is easy
to compute the action of G, and we see that

M)A+ )= i+arhic1 +Fahie+ -+ a1,

and so \;G is the set of all linear combinations of the A; with j < ¢, and such
that the coefficient of \; is 1. It follows that the orbits of nonzero members of J*
can be parameterized by the integers 1,2, ..., n, where orbit 7 contains all members
A € J* such that when A is expanded in terms of the A\, the largest subscript
corresponding to a nonzero coefficient is 4. The size of orbit i, therefore, is 2¢71.
We assign the parameter 0 to the remaining G-orbit in J*, namely {0}.

Since the supercharacters of G correspond to the G-orbits in J*, we can name
these characters y; with 0 < ¢ < n. We know that the supercharacters are constant
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on the superclasses, and so there is an (n + 1) x (n + 1) supercharacter table that
we want to compute.

In our case, where J is commutative, two-sided orbits are one-sided orbits, and
we see that the numbers n) are all equal to 1. It follows that x; is exactly the sum
of the functions A, where A runs over orbit ¢ on J*. In particular, xi(1) is the size
of orbit 4, and we know that this is 1 if i = 0 and is 2! otherwise. Also, if A = 0,
then A is the constant function 1, and thus xq is the principal character of G.

To complete the determination of the supercharacter table, we compute
vi(1 + 27), where i and j lie in {1,2,...,n}. Since A(1 + 27) = A(z9), we see
that this number is 1 if A(2/) = 0 and is —1 if A(2/) = 1. If i < j, then for all
linear functionals A in orbit i, we have A(z7) = 0, and thus x;(1 + 27) is equal to
the size of orbit 4, namely 271

Orbit ¢ on J* consists of linear functionals of the form A; 4+ u, where p is a linear
combination of the functionals A\ for k£ < i. All of the members of orbit 7, therefore,
have value 1 on 2, and it follows that y;(1 + z%) = —2¢=1.

Finally, we compute x;(1 + z7) when i > j. If A = \; + p is a member of orbit
i, then A(27) = p(27), and this is 0 for half of the possible functionals yu, and it
is equal to 1 for the remaining half. (This is because exactly half of the linear
combinations of A\, with k& < i involve A;.) It follows that x;(1 + 27) = 0 in this
case, and this completes the determination of the supercharacter table of G = 14 J.

To illustrate, we give the table explicitly in the case n = 4. The columns in the
following array correspond to the five superclasses. The first entry in each column
is the size of the superclass, and the second is a representative element. Of course,
the character degrees, which are the sizes of the orbits on J*, are the entries in the
first column of the table.

TABLE 1

1 1 2 4 8

1142 [ 1+23 |1 +22 [ 1+2
Yo |l 1 1 1 1 1
x1 |1 1 1 1 -1
x2 2] 2 -2 0
x3 | 4| 4 —4 0 0
e || 8] =8 0 0 0

Notice that in this family of examples, the sizes of the superclasses are equal
to the degrees of the supercharacters, but this is not generally true, even when
G = 1+ J is abelian. Consider, for example, the nilpotent algebra J with basis
{z,y, 2z}, where products of basis vectors are zero except that xy = z = yx. Again
working in the case |F| = 2, it is easy to check that the (two-sided) G-orbits on
J are {0}, {z}, {z,x + 2}, {y,y + 2z} and {z +y,x + y + z}, and thus G has five
superclasses, with sizes 1, 1, 2, 2 and 2.

Now let {A, u,v} be the dual basis of J* corresponding to the given basis for
J. It is not hard to check that the G-orbits on J* are {0}, {\}, {u}, {} + p} and
{v,v+ A\, v+ pu, v+ XA+ u}, and thus the degrees of the five supercharacters are
1,1, 1, 1 and 4. The full supercharacter table is presented below, where we have
numbered the supercharacters (starting with xo) in the order listed above for the
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corresponding orbits on J*. As before, the first two entries in each column are the
size and a representative element of the corresponding superclass.

TABLE 2

1 1 2 2 2

114z |1+2z|1+y|1+ax+y
xo || 1 1 1 1 1
xz || 1 1 -1 1 -1
x1 |1 1 1 -1 -1
xs3 || 1 1 -1 -1 1
x4 || 4] —4 0 0 0

Appendix D: Fourier analysis. For applications, the following reformulation of
our results into the language of classical Fourier analysis is useful. Let G be an
arbitrary finite group, and let M be the space of all complex valued functions on
G. As we remarked in Section 5, there is a natural isomorphism M = CG, where
o € M corresponds to » /. a(g)g in the group algebra CG. Multiplication in CG
can be transferred to M via this isomorphism, and the resulting operation on M is
convolution, defined by the formula

(axB)(g) =D algh")B(h).
heG
Of course, the convolution « * 3 is linear in both variables.

Now suppose that G admits a supercharacter theory, so that in particular we
can apply all of the following to algebra groups. But note that by taking the
“trivial” supercharacter theory, where the supercharacters are just the ordinary
irreducible characters and the superclasses are the conjugacy classes, the following
computations yield the “classical” formulas.

If K and L are superclasses of G (in the sense of Section 2) let o and 3 be their
characteristic functions. Then a,3 € M correspond to K and L in Cd, and so
a *x 3 corresponds to KL e CG@G, which by Corollary 2.3 is a linear combination of
superclass sums. It follows that a % 3 is a superclass function, and so by linearity,
the subspace of M consisting of superclass functions is closed under convolution.
We know that the set S of supercharacters of G is a basis for the set of super-
class functions, so if we can compute the convolution of two supercharacters, the
convolution operation on the full set of superclass functions will be determined.

Let x be a supercharacter of G, so that x is a multiple of a character of the form
ox for some subset X C Irr(G). In general, therefore, we can write x = (1/ny)ox
for some constant n,, depending on x. (For algebra groups, we have n, = ny
if x = x», and in the situation of Section 2, we have n, = 1. Also, for the
trivial supercharacter theory, where the supercharacters are just the irreducible
characters, we have n, = x(1) for all x € Irr(G).) Recall that [ox,0x] = ox(1),
and so [y, x] = ox(1)/n® = x(1)/n,.

Let fx be the idempotent corresponding to the supercharacter y, as in Section 2,

and recall that )
- n -
Ix=1a > ox(g) = 1l > x(9)g-
geG geG
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The function (n/|G|)x € M, therefore, corresponds to the idempotent fx € CG.
Since the elements fx € CG are orthogonal idempotents, we deduce that

(&) (&) - {(()HX/IGDX oy

for supercharacters x and . Thus

R A if o # x,
® e {(|G|/nx>x i = x.

Now if « is an arbitrary superclass function on G, we can write « as a linear
combination of the supercharacters x € S, and in fact, the coefficient of y is exactly
[, X1/[x; x] = ny e, x]/x(1). Since x * ¢ = 0 for distinct x, € S, it follows that
if o and 3 are superclass functions, then

axg= Y (12 ) a0 = 32 1 a8
XES XES
It follows from this that
e+ 811 = a0 ) = o150,

Recall that we are writing S to denote the set of supercharacters of G. Given an
arbitrary superclass function o on G, we define the Fourier transform & : § — C
by the formula

alx) =Y a(g)x(g)-
geG

In other words, a(x) = |G|[a, x]. Also, since we can write

[ x ny o, x
_ - > X[(l) ] ’
XES X X XES X
we have

o) o= ,G| 2 5

x(1

for all superclass functions a. Furthermore, we see from our earlier calculation of
[(a* ), x| that

(3) axB(x) = |Gl[(a* B),x] = ——=a(x)B(x)

for superclass functions . and .

Finally, consider a probability measure @) on G, so that Y Q(g) = 1, where the
sum runs over g € GG, and assume that @ is a superclass function. We want to
compute the “distance” from the mth convolution power @*™ of @) to the constant
probability measure u(g) = 1/|G|.

First, recall from equation (1) that for x € S, we have x * x = (G/n,)x, and

thus
- (|G>”“
XM=(—] x
Mx
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It follows from equation (2) that if « is an arbitrary superclass function, then
om nya(x) "
@ =3 (Gen) = a a (Gi) »
2\ Xl |G|
We can now compute ||Q*™ — ul|> = [Q*™ — u, Q*™ — u| by applying (4) with
a = @, and observing that Q(1¢) = 1, where as usual, 1¢ is the principal character

of G. (Note that 1¢ € S and that the associated constant ny, = 1.) The coefficient
of 1¢ in the expansion of @*™ is 1/|G|, and since u = (1/|G|)1¢g, we have

m_ = b a(X))m
oo G|X€ZS”X<><<1> *
x#lc

and thus since [x, x] = x(1)/n,, we have

~ 2m
Q(x)
(5) 1Q*™ —ul|* = nyx(1) | =55
\Gl2 ZS x X()
x#la
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