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ABSTRACT: Recently a broad class of superconformal inflationary models was found leading
to a universal observational prediction ng =1 — % and r = % [1, 2]. Here we generalize
this class of models by introducing a parameter « inversely proportional to the curvature
of the inflaton Kéhler manifold. In the small curvature (large «) limit, the observational
predictions of this class of models coincide with the predictions of generic chaotic inflation
models. However, for sufficiently large curvature (small «v), the predictions converge to the
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universal attractor regime with ng = 1 — § and 7 = a 35,

of the ng — r plane favored by the Planck data.

which corresponds to the part
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1 Introduction

For a long time, it seemed rather difficult to realize generic chaotic inflation models [3]
in the context of supergravity. This problem was solved back in 2000 for the simplest
theory m2¢? in [4]. Since that time, we learned how to implement chaotic inflation with
practically any desirable potential in supergravity with chiral matter multiplets [5, 6] as well
as in supergravity with vector and tensor multiplets [7]. This allows to provide a consistent
supergravity interpretation of any possible set of the observational parameters ng and 7.
Now that we have the freedom of choice, it is especially interesting to identify the models
which could provide the most natural description of the available observational data.

In this paper we will continue our recent investigation [1, 2, 7-11] of a large family of
different inflationary theories which lead to identical observational predictions in the limit
of large number of e-folds IV:

nszl—%, r:%. (1.1)
These values correspond to the central part of the area in the ng — r plane favored by
WMAP9 [12] and Planck 2013 [13, 14]. The models with n, and r given by (1.1) include
the Starobinsky model R + R? [15-17], the chaotic inflation model A¢* with non-minimal
coupling to gravity §¢2R [18-23] for £ = 0.1, as well as a large set of various conformal,
superconformal, and supergravity generalizations of these models, see [1, 2, 7-11, 24-26].
In particular, the prediction (1.1) is a nearly universal feature of a very broad class of
different models with spontaneously broken conformal or superconformal invariance found
in [1, 2]. These models were generalized in [10] to the models with arbitrary negative non-
minimal coupling to gravity %qbQR, ¢ < 0. Predictions of this class of models continuously
interpolate between the standard predictions of the chaotic inflation scenario with various
potentials V(¢) and £ = 0 [3], and the attractor point (1.1).



Recently we considered models with a large family of potentials V' (¢) and introduced
a generalized version of non-minimal coupling to gravity, such as £4/V(¢)R, or {oR [11].
For small £, these models have the same predictions as the usual inflation models with
minimal coupling to gravity, but in the large £ limit their predictions converge to (1.1).

The inflaton potential of the canonically normalized inflaton field ¢ in all models
yielding the universal result (1.1) can be represented as

V(go):%(l—e*\/gs"Jr...) (1.2)

in the limit ¢ — oo. More general potentials Vp(1 — e + ...) have been considered
in many inflationary theories, starting from [27], with different values of the parameter
b. However, in the context of the cosmological attractors discussed so far, the constant b
was always equal \/% In this paper we will consider two classes of supergravity models,
where the potentials at large values of the inflaton field ¢ are given by

V(go)zvo(1—e* 3%“”+...). (1.3)

A striking feature is that the new parameter « in both classes of models is related in the
same way to the Kahler curvature Rg of the inflaton’s scalar manifold: Rx = —3%. The
scalar curvature thus that plays a crucial role in the generalized attractors that we put
forward in this paper.

One of such models is an S%((ll’)l) a-f model found in [7] in a particular version of

supergravity where the inflaton field is a part of a vector multiplet rather than a chiral
multiplet. The potential of the model is

Vo~ (B —ae %¢)2 . (1.4)

The values of ng and r for this model do not depend on 8 and in the limit of large N and
small o are given by

2 12
ns—l—ﬁ, 'I"—Oém. (15)
In section 2 of this paper we analyze observational consequences of this model for generic
values of & > 0 and find that in the large o (small curvature) limit, the observational
predictions for ng and r of this class of models coincide with the predictions of the simplest
chaotic inflation model with a quadratic potential, which are given by
2 8

n3:1—N, T:N7 (16)
for large N. The cosmological predictions of this theory continuously interpolate be-
tween (1.5) and (1.6), i.e. between the different 1/N universality classes identified in [28, 29].
Note that the parameter « in this model can be much greater than 1, or it can be arbitrarily
small, which leads to a very broad range of possible values of the tensor to scalar ratio r,

see figure 1 in section 2.



The main aim of this paper is to find a generic set of models which have an attractor
regime (1.5) at large N. In sections 3-5 we will present a set of supergravities containing
chiral superfields leading to this behavior, that we will refer to as a-attractors. The new
models generalize the class of superconformal inflationary models found in [1, 2]. The po-
tential of the inflaton field in the new class of models is an arbitrary function f2 <tanh «/ﬁ) .
An interesting feature of the a-attractors is that the relation between the geometric field
® and the canonically defined field ¢ reads

LA
7=t h\/@. (1.7)

This is fully analogous to the relation between velocity v and rapidity 6 in special rel-
ativity, £ = tanh@. The geometric non-canonical field |®| < /3 has a limited range,
analogous to velocity bound v < ¢; in contrast, the rapidity and the canonical field ¢ have
an unlimited range.

The role of the new parameter «, corresponding to the inverse curvature of the scalar
manifold, is to regulate the relation between velocity and rapidity. When it increases above
«a = 1, the difference is diminished and there is a gradual transition from tanh \/% to \/%.
As this happens, r grows and the predictions of the model move away from the ‘sweet spot’
of the Planck data. In contrast, when a decreases below o = 1, the difference between
rapidity and velocity becomes more pronounced. In this limit, » moves below the value
% (1.1) and approaches the bottom of the Planck-favored region. As a result, predictions
of the new set of models continuously interpolate between the standard predictions of
the chaotic inflation scenario with various potentials V() [3], and the universal attractor
regime (1.5), see figure 2 in section 5.

The outline of this paper is as follows. In the next section we analyze the predictions
of the @ — 8 model. In section 3 we review the broad class of @« = 1 superconformal
models of [1, 2]. These models are generalized to arbitrary « in section 4, and the resulting
observational predictions are derived in section 5. We end with our conclusions in section 6.

2 Phenomenology of the a — 3 model

In this section we will study the o — 5 model with the potential (1.4) [7], which can be
represented as

v=vy(1-e %*")2 (2.1)

without loss of generality: this potential differs from (1.4) only by the overall normalization
Vo and by a shift of the field ¢. This theory can be described in the context of supergravity
with vector or tensor multiplets [7], but, as we are going to show later, it can be also
implemented in the theory with chiral multiplets. For o = 1, the potential (2.1) coincides
with the potential of the Starobinsky model [15-17] in the scalar field representation [30].
Meanwhile in the large « limit it coincides with the simplest chaotic inflation model with
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Figure 1. The cosmological observables ng and r for the theory with a potential V} (1 —e” %*p)

for N = 60. As shown by the thick blue line, ns and r for this model depend on « and continuously
interpolate between the prediction of the simplest chaotic inflationary model with V ~ ¢? for
a — 00, the prediction of the Starobinsky model for o = 1 (the lowest red circle), and the prediction
ng=1-— %, r = 0 for a = 0. The red dots on the thick blue line correspond to oo = 103, 102, 10, 1,
from the top down.

a quadratic potential. Indeed, for \/%go < 1, one has

V=1p(1-¢ %“0)2 = ¢ (2:2)

2 _ 4%
where m* = TR

This approximation is valid for ¢ < 370‘ Note that in the purely quadratic chaotic
inflation model one has N = ¢?/4. Therefore one can self-consistently describe inflation
in the quadratic approximation (2.2) for o > 8N/3, which yields the constraint « > 160
for N = 60. In the large N limit, in the quadratic approximation one has the same value
of ng=1-— % as in (1.1), but the value of r is much higher, r = %.

By continuously decreasing « from oo to 0, one can cover the full range of possible
values of r from r = % to r = 0. The last part of this trajectory, when « is of order one or
smaller, proceeds along the attractor regime (1.5). The results of a numerical investigation

of the parameters ng and r in this model are represented by a thick blue line in figure 1.

3 Superconformal attractors for a =1

In this section we will describe superconformal realizations of the o = 1 attractor models,
following [1, 2]. In the next sections we will generalize these models for arbitrary « and
study their observational consequences.



We will consider 3 chiral supermultiplets: a conformon X°, an inflaton X' = ® and a
sGoldstino X2 = S. The models are defined by two arbitrary functions of these superfields.
The first function is a Kéhler potential of the embedding manifold A/(X, X). It is real and
has a Weyl weight 2. The second one represents a superpotential W(X). It is holomorphic
and has a Weyl weight 3. The Lagrangian in terms of these functions is

£ = =g [-IN(X, X)R - G DX D, X7 — GTWpy] | (38.1)

with I, T = {0,1,2}.
The models studied in [1, 2] have

N (X, X) ==X + | X' + |92 (3.2)

This Kéhler potential has a manifest SU(1,1) symmetry between the conformon and the
inflaton, amongst others. The superconformal superpotential in [1, 2] was taken in the form

W= SF(XH/X0) [(X°)2 - (X1 (3:3)

For f = const the superpotential preserves the SO(1, 1) subgroup of the SU(1, 1) symmetry
of the Kahler potential. However, the deviation of f from a constant breaks this remaining
symmetry. The inflationary model, upon stabilization of the extra moduli, is given by

1 1 %)
L=+=g|zR—-(0p)* = f*( tanh = ] | . 3.4
7|37 5007 = 12t )] (3.4
For a very broad class of non-singular functions f(z) with z = X!/X% which have a
zero at some point z and increase monotonically when z grows up to z = 1, one finds
the universal prediction (1.1) in the large N limit. In particular, for the simplest set of
functions f(z) = Az", one has

V6 V6

In this case expressions for ng and 7 including higher order corrections in 1/N look as
follows [29]:

V=2 <tanh 90) = A2 tanh®" 2. (3.5)

2 3(4n? +3) — 3n 12 6+/3(4n% +3)
—1-= R A L T .
s N N2 S 5 N3 + (3.6)

This underlines the attractor nature in the large- N limit: all models have identical leading

terms and only differ in subleading corrections.

4 A general family of a-attractors

We now turn to the generalization of these superconformal models, leading to a family of
a-attractors. The superconformal Kéahler potential is now given by

B \X1|2+|S|2r

X7 (4.1)

N(X,X)=—|XY? [1



Note that the Kihler potential only preserves the manifest SU(1,1) symmetry between X°
and X! for the special value o = 1. The superconformal superpotential reads

(Ba—1)/2
(X 1)2} (4.2)

02 1/y0
W=SX")f(X/X") [1()(0)2
The superpotential with a constant f and a = 1 preserves the SO(1,1) symmetry, the
subgroup of SU(1,1). However, when either f is not constant, or a # 1, the SO(1,1)
symmetry is deformed.

In order to extract a Poincaré supergravity we gauge fix the conformal symmetry by
setting XY = X0 = /3. The Kihler and superpotential are then given by

SS + od

K = -3alog |1 —
aog[ 5

] . W =Sf(@/V3)(3-*)CVE (43)
Note that the conformal factor in the superpotential vanishes when o = 1/3; this was
exploited in a similar model with a specific choice of a linear function f [31]. For any real
functions f, the model above allows for a truncation to a one-field model via S = ® — & =

0; the stability of this truncation will be discussed below. The effective Lagrangian at
S=d—-0=0is

a

£= Va3~ @R - PeVE)| (1.4

Therefore the action is greatly simplified for real ®. As in [1, 2] we find a simple relation
between the geometric field ® and a canonical one ¢: it is the rapidity-like relation given
in (1.7). The action for a canonical field ¢ has an effective Lagrangian

1 1 %)
c=va|ir-Lop2- 2(tanh>] 15
7|3 5007 = (a2 (4.5)
At f = const the potential of this model does not depend on ¢ and « and describes de
Sitter vacuum.
In order to understand the role of the o parameter, we note that all a-models during in-
flation at S = 0 are defined by the SU(1,1)/U(1) Kéhler potential of the inflaton multiplet

OP
K = —3alog (1 — 3) . (4.6)
This leads to kinetic terms of the form
K000 = — 030D . (4.7)
- g

This Kéhler metric g4 = Kgg corresponds to an SU(1,1)/U(1) symmetric space with the
constant curvature:

Rk = 9540905108 g3 - (4.8)



given by (1). The same relation was found in the context of the supersymmetric a-3
model in [7]. Here we notice that all a-attractors of this paper with an arbitrary function

f (tanh \/%) have a universal interpretation of the parameter o,

2

= 4.9
e (49)

o=
in terms of the SU(1,1)/U(1) symmetric space with the negative constant curvature R
in this class of models.
Finally, we address the stability of the truncation to the single-field model. To this
end we add a stabilisation term to our original superconformal Kéhler potential,

| X2+ |SP? Kl “
- 02 + 390 Tvo 2 :
| X0 | XO[2(] X012 — | X1?)

N(X, X)=—|XY? [1 (4.10)
The original four scalar fields have the following masses at the inflationary trajectory
S=&—-d=0:

- <12g—2

2
m%{e(Cb) =1V, m12m(<1>) = (2 " 3a + 2¢, — ﬁga) Vi, mg= 30 + QP) VvV, (4.11)

where €, and 7, are the slow-roll parameters of the effective single-field model (4.5). In or-
der to achieve stability up to slow-roll suppressed corrections, the second equation requires
a > 1/3 for stabilisation of the inflationary trajectory, and the latter requires g > 1/6.

5 Phenomenology of the a-attractors

In sections 3 and 4 we studied superconformal a-models. For the cases where f(®/3) is a
holomorphic function, and the inflationary trajectory S = ® —® = 0 is stable, investigation
of inflation is reduced to the study of a theory describing a single canonically normalized
field ¢ with the Lagrangian (4.5).

From a phenomenological point of view, one may also consider the purely bosonic
theory (4.5) on its own ground, and study its implications for a certain choice of functions
and parameters . We may subsequently restrict ourself to the choice of the functions and
parameters consistent with the superconformal origin of the theory.

The simplest class of models (4.5) has a potential involving a monomial

V = tanh®" (gp/\/@) . (5.1)

These give rise to inflation for all values of «; the nature of this process will change,
however, as « is decreased. In particular, in the slow roll approximation the cosmological
observables are given by the following expressions
12«
N b
N2+ Lgla,n) + 3a

r(a,n,N) =

2 3 1 1
—~5 v T aw (1 - w) 9(a,n)
1+ﬁg(a,n)+fﬁ

ns(a,n, N) = ; (5.3)



where
g(a,n) = +/3a(4n? + 3a) . (5.4)

These expressions are exact modulo the assumption that inflation ends when ¢ = 1. One
can check that this violation of the slow-roll conditions occurs first, for all models with
a > 1/3 (provided n > 1/2) which is what we will concentrate on for the moment. This
restriction on « follows from the stability analysis of the previous section, and we will find
that it coincides with the observationally most interesting region.

We will first analyze the above expression for large «. In the limit o — oo one has

2n+ 2 16n
’]":
2N +n’ 2N +n’

ng=1-— (5.5)
which coincide with the corresponding expressions for the theory V() ~ ¢?*. We therefore
recover from all models of the type tanh?" (cp / \/@) the corresponding chaotic monomial
models ¢?". This was expected from the relation between velocity and rapidity, as explained
near (1.7). One can see there that at large « rapidity coincides with velocity.

Secondly, for all a > n? we find

2 n-1 24no
~l——— N—————— :
s N 8n " N(2nN +3a)’ (5:6)

where we have moreover used that n < N. Note that for n? < a < nN, r grows linearly
with the growth of «, until it reaches its limiting value r ~ SW”. Meanwhile the parameter
n linearly depends on r for all a > n?. This gives rise to the interpolation behavior as is
shown in figure 2: the linear trajectories directly interpolate between the chaotic inflation
models p?" at large o and the universal attractor at small o.

We now turn to the small o behavior close to the attractor, where « is of order one.
When expanding (5.3) in the large-N limit we find

2 N 3a(4n? + 3a) — 3na 1200 6ay/3a(4n? + 3a) ' (5.7)

ng~1-—

N N2 o TR N3

Note that the supersymmetric models (4.3) are stabilized at o > 1/3. We will therefore
look at the range of the attractor points near o = 1 where the value of r increases by the

order of magnitude:
1/3<a<3, 103<r<107%. (5.8)

In this range one finds that the dependence on n is very small: all V = tanh?" (go /v 6a)
of ng in the leading large-N approximation. Therefore, according to these models, the

models give approximately the same value of r(a) ~ and an n-independent value
expected level of gravity waves is flexible and uniquely defined by the curvature of the
Kahler manifold R = —% for this range of parameters. However, this behavior occurs
only in a tiny part of the ns —r plane, covered by the red star. Soon after a exceeds 3, the
second non-universal term in (5.7) becomes important and the trajectories separate as in
a fan, covering a significant part of the dark blue area in the ns — r plane of figure 2.

Our numerical investigation was done for the simplest choice of the function
f(®/V/3) ~ @". If one considers a more complicated function, e.g. f(®/v/3) = ( ® )n,

d+/3
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Figure 2. The cosmological observables (ng,r) for different scalar potentials tanh” (\/%) with

2n = (2/3,1,2,3,4) for N = 60. These continuously interpolate between the predictions of the
simplest inflationary models with the monomial potentials ©?" for o — 0o, and the attractor point
ns =1—2/N, r =0 for « — 0, shown by the red star. The different trajectories form a fan-like
structure for a > n?. The set of dark red dots at the upper parts of the interpolating straight lines
corresponds to o = 100. The set of dark blue dots corresponds to « = 10. The lines gradually
merge for a = O(1).

one finds a different family of trajectories interpolating between various models of chaotic
inflation and the attractor regime (1.5). In particular, for n = 1 one recovers the poten-
tial (2.1), and the interpolating regime shown in figure 1, section 2.

6 Discussion

Our results represent the generalization of the attractor values (1.1) for the inflationary pa-
rameters ng and r, which have appeared in a variety of contexts, to the family of attractor
values (1.5) labelled by the parameter . In section 2, we have developed the phenomenol-
ogy of the @ — 8 model [7]. In sections 3-5 we proposed a new class of a-attractors,
generalizing the attractors found in [1, 2]. The parameter a has the same geometrical
interpretation in both types of models, corresponding to the inverse curvature of the un-
derlying scalar manifold of the inflaton’s supermultiplet, Rx = —%. Its role in the present
discussion is to control the distinction (1.7) between the geometric fields ® = /3 tanh %
and canonical fields ¢, akin to that between velocity and rapidity in special relativity.
The potential in the new class of models is an arbitrary function of ® = v/3 tanh %.
As a particular example, we studied simplest versions of such models with V(®) ~ ®".



For large «, these models yield the same observational predictions as the conventional
chaotic inflation with V' (p) ~ ¢™. Therefore this family of models provide a continuous
interpolation between the chaotic inflation values for (ng,r) and the universal attractor
values (1.5), as follows from (5.2), (5.3).

A number of regimes is of particular interest:

e In the limit & — oo (Rx — 0, flat K&hler manifold), this set of models reproduces
predictions of various chaotic inflation models. However, when « decreases towards
a = O(1) (|Rk| grows to |Rx| = O(1)), these predictions start converging to the
universal attractor point, as shown in the fan-like attractor in figure 2.

e For @ = 1 and Rx = —2 we have a special case when the underlying Kihler potential
of the embedding manifold has an unbroken SU(1, 1) symmetry and the superpoten-
tial has an SO(1, 1) subgroup of this symmetry deformed only by the deviation of the

function f (tanh %) from a constant value [1, 2].

e For moderate deviations from this special value, of the order 1/3 < a < 3, the tensor
to scalar ratio r varies universally between 1072 < r < 1072. This entire regime,
with —2 < Ri < —2, is therefore subject to the attractor behavior (1.5).

e If we instead take « smaller than 1/3, in the context of the present superconformal
realization of the a-attractors with chiral superfields, instead of the vector one, the
scalar superpartner of the inflaton has a negative mass squared: the model becomes
unstable in this limit with @ < 1/3. However, the bosonic model (4.5), as well as
the o — 8 model (1.4) [7], do not have stability issues even for very small o and they
display the attractor behavior with the universal values approaching r = 0 as o — 0.

The existence of the universal attractor regime in a large set of different inflationary
models, converging in the same area of the (ng, r) plane, is an amazing fact requiring further
investigation. It does not necessarily mean that the evolution of our part of the universe
must be described by one of such theories, but it certainly provides a very interesting target
for future theoretical and observational explorations.
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