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This work is devoted to the investigation of the quantum mechanical systems on the
two-dimensional hyperboloid which admits separation of variables in at least two
coordinate systems. Here we consider two potentials introduced in a paper of C. P.
Boyer, E. G. Kalnins, and P. Winternifd. Math. Phys24, 2022(1983], which

have not yet been studied. We give an example of an interbasis expansion and work
out the structure of the quadratic algebra generated by the integrals of mation.
© 1999 American Institute of Physids$0022-24889)00505-9

I. INTRODUCTION

Superintegrable systems on the two-dimensional hyperboloid were introduced and developed
in Refs. 1-3. In distinction to the cases of two-dimensional Euclidean space and the two-sphere,
the classification of superintegrable systems on the hyperboloid is difficult. To date only the four
potentials studied in Ref. 3 and two more listed in Ref. 1 are known. In the present paper two
potentials are considered, which were constructed in Ref. 1 but have not previously been inves-
tigated. These potentials both have only a finite number of bound states. At this point we have
treated all the potentials that arise by restriction from Hermitean hyperbolic space. We follow the
approach of Ref. 3, which contains an introduction and motivation.

The two-dimensional hyperboloid is characterized via the Cartesian coordingtes; , w,
where w3— w?— w3=1, wy>1. The requiremeni,>1 means that we consider only the upper
sheet of the double-sheet hyperboloid. Throughout this paper we will consider thediBgiero
equation on the hyperboloid in the formi € m=1)

HY=(-3Ag+V)V=EV, 1)
whereV is a potential function and the Laplace—Beltrami oper&tgs is written as
Ag=K3+K3-M2. 2
HereKj, K,, M, generate the Lie algebra(@1) (Refs. 4 and 5§
Ka=wody, + 01, K= wod,,+ 02d,, Mi=wid,,—wzd,,, €))
and
[K3, K2]=My, [Ky, Mi]==K3, [Kz, M;]=K;. 4

The Schrdinger equatior(1) for V=0 separates in nine coordinate systénhstroduction of a
potential breaks the symmetry and, in general, reduces the number of coordinate systems permit-
ting separability, usually to zero. We consider the following two potenfisée Table ), con-
structed in Ref. 1, for whiclil) is superintegrable.
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TABLE |. Superintegrable potentials.

Kalnins et al.

PotentialV(w) Coordinate system
Equidistant
Elliptic-parabolic
Viaz yz wotwy
Vs (wgmw)’ " (g wy)?
Hyperbolic-parabolic
Horicyclic
Equidistant
2 2
o Wowy [
Vo=— + Y5 + (P~ ) ——
S A e A

Semi-hyperbolic

Recall that(1) is superintegrabldor a given potentiaV if it is separable simultaneously in at

least two coordinate systems.

Il. FIRST POTENTIAL
The first considered potential is

2 2

2 (1)0+ wq

Vlz

©)

(wo_wl)g,

2
Wy (ﬁ)o_wl)2

wherea, B, y are positive constants. The corresponding Sdimger equation admits separable
solutions in four coordinate systems: equidistant, elliptic—parabolic, hyperbolic—parabolic, and
horicyclic.

A. Solutions of the Schro “dinger equation

1. Equidistant coordinates

In this coordinate system

wg=coshr; coshr,, w;=coshr;sinh7,, w,=sinht;

[71,7oe(—,©)], the potentiaV, has the form

a? 1 B?—y?(coshr,—sinhr,)?
Vi(71,70)= + . (6)

sintfPr; cosfr;  (coshr,—sinhr,)*
After putting
W (7y,75)=(coshr;) "Y25,(71)S,(7p), (7
we come to the system of equations:
d?s,
d—T%+[—M2—2/3264’2+ 27°€%72]$,=0, )

w3 2a?

- = S
cosit r; sintf ;|72

+ =0, 9

d281+ (ZE L
de 4
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where u is the equidistant separation constant. The first equaBpreould be considered as a
one-dimensional Schdinger equation for the Morse potenfiaind the orthonormalized solution
is given by the expression

[2ul’(m+u+1) , .
SZ(TZ)ESST?'M)(Z): me /22"’22F1(—m,,u.+1,z)

2um!
T e d2zH2 1(z), z=v2pe*m (10
'm+u+1)

wherelL#(z) are the Laguerre polynomidisThe separation constant is quantized as

1 2

=|—1/]. (17
2 V23

The second equatiof®) represents the modified Bchl-Teller equatioft? The orthonormalized
wave function is given by

‘}/2
mu=-2m—-1+ —, O=m=
v2p

Sy(m)=SH( )_\/ 2(u—2a?+ Ud—2n— )T (u—n)nl
s I'(pn—2a?+1/4=n)T(1+n+2a®+1/4)

X (sinhr,) 25 \2a* 4+ V4 ooy ) V2~ wp(V2a*+ VA= 1) (cogh 2ry), (12)

with n=0,1,..[ X u—1—\2a?+13)], whereP{*#(x) is the Jacobi polynomiél The quantized

energy is
2 2\2
-2 2+E—2n_1 fio_2 2N+2+\/2a2+3—y— s (13
B Ty g8 2 4 g 8

whereN=m+n is the principal quantum number and the bound states occur for

1
EN:_E

1

2

0
OsN<|=| ——2a%+1/4-2
2(\/2/3 : )

. 14

The orthonormalized total wave functioh,,,(71,7,) is given by(7), (10), and(12).
The symmetry operator describing this coordinate system is

wot wq

wq 2
L Vom(T1,72)

wpt
Kg—zgz(—wz_ )+2y2

LiWnm(71,72)= w1

wo_
7\
=(—2m—l+ \/?,3) Vol 71, 72). (15

2. Horicyclic coordinates

In the horicyclic coordinates,

x2+y2+1 x2+y?—1 X
wo=—2y ) wlz—zy ) wz:)—/ (16)

[y>0,xe (—=,»)], the potentialV, is
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V1(X-y):y2

a2
2 T (C+y?) - 72} (17

and the Schidinger equation has the following form:

1., P 2a’ 2,2 d* 2.2 2
Y g w2 2B +&—y2—2,3 yo+2y° | W(x,y)=EV¥(X,y). (18
Via putting
W(X,y)= h1(X) a(y), (19
it admits a separation
dZ'p az
52 2 PO+ A ;}wo, (20
d2¢2 2 2,,2 E
d_y7+2 Y (N~ 1)—B%y +y7 =0, (21)

where)\; and\, are the horicyclic separation constants with the relaligi o= 1.
The orthonormalized solutions of the equati@®6) and(21) for (—2E+3)>0 are

/
i (x)= wg‘l“"””(x) = \/ n! (v28)* e—ﬁlefz( lv2 gx@)ver V2a2+ 1/4Ln12a2+ Y43 8x?),

L(ny+\2a?+3+1)

(22)
ba(y) =i P(y)
1/2
_ \/ n,! (v28) e_ByZ/‘/j( \/‘/zﬁyz)lly v_2E+l/4L,§2_2E+1/4(\/fﬁy2)-
I'(n,+V—2E+3+1)
(23)
The separation constarXs, \, are quantized as
V2B 1 V2B 1

)\127 2n;+ \/2a%+ 2115 )\227 2np+ [ 2B+ 241+, (29

and according to the relation, +\,=1, we come to the energy spectrum a$lf). The operator
characterizing the separation in horicyclic coordinates is

2B%0;  2a*(wo— )
= _ 2_ 2
LoW oy, () =] (Ko~ M2 205 ol 27 W)
=—[2V2B(2n;+ V2 + 5+ 1) + 29719 1 (X,Y). (25)
3. Elliptic —parabolic coordinates
In this coordinate system,

_costfa+cos ¢ _sintfa—sir? 0 _tanhatang o6
“0= 3 coshacosd ' 1T 2cosmacosg’ @2 'annatan (26)
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[a>0,0e(— =/2,7/2)], the potentialV; has the form

costf aco< 6

Vi(a,0)= cm— s B?(coslt asini? a+ cog 0 sir? 6)

1 1
_ 2 _ R
y?(costt a—cog 6)+ a sn7a s 0” (27
The Schrdinger equation is
1 cosfacog 6 [ 2 2a?
_= 2 : 2 _

5 cosRa—co gl 7a2 2P costt asint? a+2y? cosif a sna
2802 it - 277 c08 0 22| (a.0) = EW 28
+¢9_02_ B cos fsint —2y°co 0—m (a,0)=E¥(a,0). (28

Putting for the wave functiod’ (a, ) = S(a) S(6), after separation of variables we get two iden-
tical equations:

d2S(p) 207 _2E
—— +|A—2p? inkf p+ 22 T Sin? o cosf o
5 A —2B2 costt p sintf p+2y? cosit p sinffp  cosfp

S(p)=0, (29

whereX is the elliptic—parabolic separation constant ar¥a,i 8. After changing the variables
x=coslf p in Eq. (29), we obtain

d?s ds ) , 2a° 2E
4x(x—l)W+2(2x— 1)&4— N—2BX(X—1)+2yX—

1 |S=0. (30

Thus the regioxe[ 1] in Eqg. (30) belongs to the wave functidB(a) andx [ 0,1] to the wave
function S(6). Putting

S(x)=(x—1)x'e”#"2G(x), (31
where
11 , 111 /E 1 2
S—Z'i‘E a+§, t_Z+_2 — +§, ( )
we get
d’°G 1|1+4t 1+4s 4B|dG
T2 Tx Tx=1 Alax
1([29%2—4B(1+2(t+s)V2]x+ v+v2B(1+4t) +4(t+5s)?
+_[7 B( (t+s)IV2]x+v+v25( )+ 4( )G=0. 33
4 X(x—1)
If we now substitute
N
G(x>=ilj1 (x—6) (34)

and take into accour(B2), we find that; satisfies the equation
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N

1 B v2y? Y / , 1
20i(l_0i)(k§1 0k_0i+5>+2(1_0i)N+ﬁ0i+‘/2—B+ 2a +Z+1—0. (35)

k#i

The quantization for the energy is given via

72

1 1
\/—2E+—+ \/2a2+ —+2N+2— —=0, (36)
4 4 V2

and we obtain the expressidh3). The separation constantis

N 2 2
8 4 1
_36 9i—( 4 ) i 1+\/2a%+

= 21 +=
viich ' \vag V2

) —2v2 (37

Thus the total solutionl(a, 6) is represented as
\I,Npq(aa 0)= SNp(a)SNq( 0)
= (sinha sin §) Y2 Y2¢*+ V4 cosha cosg) 7/V2E~ V2a®+ 14-2N =32

N

Xexp{ — ﬁ(cosﬁ a+cog 6)] 11 (costta—6;)(cog 6—6)), (39
VI =1

wherep andq are the number of zeros for the wave functi®{gs) andS(#6) in the regiong0,1],
[1,0] correspondingly, and the total number of zeroslis p+q.
Eliminating the energ¥ from Eq. (30), we see that the additional integral of motion here is

1 & 9?
= 29 —cosFa —+ —— 232 [ + i
LsWnpd@.0)= sz cos a[COSHaaa cog 0228 (cost a sini? a+ cod' 4'sir? 9)

+2y?(costt a—cog ) — 2a?(coth? a— cot 0)]\PNpq(a, 0)

—(K,—M)?—K3+28

2 2
2(W0+W1) +W2 2<W0_W1)2
o
(Wo—Wyq)? Wy

Wo
Wo—W,

_472 }\PNpq(avlg)

=NV ypq(a,0). 39

4. Hyperbolic —parabolic coordinates

In this coordinate system,

costf b+cog 6 sintffb—sir? 6

©0T o sinhbsing © “” 2sinhbsing ’ w2 = cothb cotf (40

[b>0,0e (—7/2,7/2)], the potential; has the form

sint? b sir? 6

Vi(b.0)= G b+ s 6

B2(sint? b coslt b+ sir? 6 cos 6)

— ¥?(sint? b+sir? 6) + a? . (41

1 1
co2f cosib
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The Schrdinger equation is

1 sinfPbsirP g [ 42 0 42 St b cosi bt 242 Sinf? bt 2a?
T 2 Sintfbtsi 9| gb2 2B Sinfrbcos v sin cosFH b
O Bsit? 8002 04 297 - 2% | W(b, )= EW (b 42
S~ 2B sint 9cos 9+ 2y sin 60— o (b,0)=E¥(b,0). (42)

Putting for the wave functiof (b, ) = S(b) S(6), after separation of variables we get two iden-
tical equations:

d*S(p) a?
" +2 ——B sint? p cosif p+ 72 3|nth+T —hz—

S(p)=0, (43

whereris the hyperbolic—parabolic separation constant@sdb,i 6. After changing the variables
x=sinl?p in Eq. (43), we come to the equation

et 1) 21y O 2atx(xs 1)+ 2924 2% 4 ZEl 5o 44
X(X+ )d—Xer (2x+ )&+ T—2BX(x+1)+ yx+x+l+7 = (44)
Choosing
N
P(x)=(1+x)e A" (x—#6,), (45)
i=1

wheret ands are given by the formula&82), we obtain the energy spectrui®6). Here 6; satisfies
the equations

N B

20.(1+ 0 ! s1soNs 2 g L \2e2+ E-1-0. s
i( i)lg_lei—ﬁkﬁ (1+6) EART: a’+7-1=0. (46

The separation constamtis

8 2 2 4
BIE (fﬂ 1>__B

+297, (47

so the total solution? (b, 6) is represented as

Wnik(b, 6) = Sy(b) Sni(6)
= (coshb cosf) Y2 V2a?+ Y4(sinhb sin 9) Y2IV2B—\2a?+1/4—2N-3/2

N

.exp{ - ﬁ(sinhz b—sir? 0)] [ (sint?b—,)(sir? 6+ ;). (48)
V2 i=1

The total number of zeros N, andk of them are located in the intervial-1, 0] andl are in[0,°].
Each solution? (b, 8) satisfies the eigenvalue equation
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1 9? 32
LaWy\(b,6)= SPbTsi?o 0[smh?b—2ab sir? 0—200 28%(costt b sintf b—cog ¢ sir’* 6)

+ 2y?(sintt b—sint §) + 2a?(tant? b+ tar? 0)] Wb, 6)

(W0+W1)2—W§ Wo— W, 2
=1 (Ky—M )= K2+ 28— °—24?
(Kz=My) 3t2pB (Wo— W) | 7
2. W1
_4’)/ WO_Wl"\I}N|k(b10):T’\I,N|k(b,6) (49)

B. Algebra

Among the operator_,,L,,L3,L,}, corresponding to the four separable coordinate systems,
only two are independent, as

L3:_L2_L1, L4:L2_L1. (50)
Consider the operatoifd;, N,, andR where

Ni=Lo=L;, Np=L;=L,—29?

(51
R=[Ny,N,]=2{K3{K,,M}} - 2{K3,K3} - 2{K3,M}}
2 2 2
wo_(l)l (,()2 16B (1)2
+8a2(—+2 )K+ woK,— wM
T T B
872w, (wo—wl)z 1+2w)
M1—Ky)— 4| y*+2a? 22 .
wo—w1( 1—Ky) Y+ 2a oy 'B(wo—wl)z
We have
[R, N,]=—8N3—6482H — 16y°N,— 328°N,; + 168%(4a’— 1), (52)
[R, N;]=4{N;,N,}+32y?H — 16N, + 16y°N; + 16y*(2a— 1), (53

R?=&{N,,N,,L,} — 1°N3+ 3282N2+ 12882H?+ 64y?HN,+ 1283°HN;
+16y*{Ny,No} + (4534 2560° 8% H + (64a’y? — 3§2y?)No+ (352— 1282 B%)N;
+(128a* B2+ 128y* 0 — 12802 g% — 832 — 48y?),

where{A,B}=AB+BA and
{A,B,C}=ABC+ACB+BCA+BAC+CAB+CBA

The integrals of motioN;, N,, andH generate a quadratic algebra.

C. Interbasis expansion

For a fixed value of energy, we can write the equidistant wave fun€#ibi terms of the
horicyclic ones(19) as

ni+ny

Vo, (6Y)= 2 WAT (a,,7)Wnn(@,b), (54)
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wheren;+n,=n+m. The connection between the equidistémb) and horicyclic(x,y) coordi-
nates is

1
cosha’

x=ePtanha, y=e" (55)

Going over to the horicyclic coordinates on the left side of expan&dh then considering the
limit b—o and using the asymptotic formula for Laguerre polynonfiials

n

lim L,‘f(x)ﬂ(—l)”;(—', (56)

X—

we see that dependence lboancels on both sides (54). Now, using the orthogonality condition
for the angular wave functior(¢2), we find the following expression for the interbasis coefficients

Wﬂfr‘]z:
Wi = n\/ min!v28(u—d—2n—1)I'(u+m+1)T(x—n) T
nn, = (—1) Nyt ul(ng+d+ )TN, +d+ 1) (n+d+1)T'(u—d—n) ™"’ (57)
where
+ o0
BE;T:]Z: f (Sinha)l+2d+ 2n1(COSh&)liz#iszS]d’i#)(COSh 2)da (58)

and d=\/2a%+3%. The integraIBQTnz can be evaluated by expressing the Jacobi polynomial

through the hypergeometric functigf :®

PR ) =(=1)"

I'(n+pB+1) (—n,n+a+ﬁ+11+x . 59

L(B+1)n! 2t B+1 2

Representing the functiogi-; as a series we come to a sum of integrals, each of which can be
calculated by using the form{a

lta B—a

2 2

+o 1
J (Sinh’i’)a(COShT)_BdTZEB
0

[Rea>—1,Rda—B)<0]. (60)

We thus obtain

nm

(=" \/ mv2B(p—d—2n—1)(u+mI(n;+d+1)

2 ning!'nyl ul(ny,+d+ D) (n+d+ 1) (w—n—d)
MNwl'(g+m—d—n;—1) -nn+d—pu+1,1-u—m
3Fal 1 U i (61
V(=L (utm) 1-p2tn+dop—m
Alternatively, by using the formuld for the Hahn polynomial& () (x,N),
(=D"T(N)I'(B+n+1) (—n;a+,8+n+1;—x
(a,) —
M N = i r N+ D) el 1N 1) €2

we obtain the following expression for the expansion coefficients:
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am (D)7 \/m!n!\/i,B(,u—d—Zn—l)(,u+m) I'(ny+d+1)I'(x—n)
Wayn,= 2 n!ntul(n+d+1)T(w—n—d) VT (ny+d+1)T(w+m)

XT(w+m—d—n;—n—1)-h{* " #(u+m+1u+m—d—n,;—1), (63)

in terms of Hahn polynomials.

I1l. SECOND POTENTIAL
The second considered potential is
2 2 2

o Wow1 Wy~ Wy
— 2
Vo=—s + Y —
w2

2_p2 , 64
(wg-l—wi)z—'—(a ﬂ)(wg-l-wi)z (64

wherea, 8, and y are positive constants. The corresponding Sdimger equation admits sepa-
rable solutions in two coordinate systems: equidistant and semi-hyperbolic.

A. Solutions of the Schro "dinger equation

1. Equidistant coordinates

In this coordinate system,
wo=coshr; coshr,, w;=coshr;sinh7,, w,=sinh7; (65

[71,7pe(—0o0,2)], the potentiaV, has the form

v B a? 1 a®— B%+y%coshr, sinhr, 66
27172 =~ G 71 Cosfr,  (CoSK rpt S 1y)2 (66)
After putting
W (71,7 =(coshry) Y2Z(71)S(7y), (67)
we arrive at two equations:
d?s 2(a®— B?)+ y?sinh(27y)
— —_ 2— —
drs H cosi(21,) 5=0, (68)
¥z 26 Wi 2, g 69
d_a-fJr 4 " cosHr, sinttr )T (69)

where u is the equidistant separation constant.
Let us consider the first equati®B8). The substitutiorx= sinh 2r, transforms this equation to

d’s ds 2(B%— a?)— y*x
AL+X) g +ax g+~ u? Ap—a) -y

K (1+x?)

S=0, (70)

where the physical region ise (—,%). The equatior(68) has three regular singularities in the
pointsx= —i,i,>» and may be solved in term of hypergeometric functions. The solution of the
equation(68) for a large|x| can be written as
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A Im(x)

3i

Re(x)

FIG. 1. Domain of convergence.

a+b+1+ b—a+1+ 2i
S(X) = Ag(x— i)~ b+ wI2=1Ud(y | jybi2+ 14 E '“' H 1 —
2 2 I—X
a+b+1— b—a+1- 2i
+A2(X_i)*(bf,u)/271/4(x+i)b/2+1/42|:1 ,u,, ’U“; — —
2 2 I —X
(7D
with
2p°—20°+1-iy?
a’=(b?)*= i r. (72

4

Let the separation constapt be a positive numbefthe equation(71) is symmetric with
respect to the replacemeat— — u]. Then the second term in formu(@1) behaves likgx|*/? at
 and must be omitted. Thus f&@(x) we obtain

atb+1l+pu b—at+l+pu Y 2i
2 ' 2 ST
(73

S(X) :A(X— i )7(b+,u)/271/4(x+ i )b/2+1/42|:l

The hypergeometric function in EG73) converges i lies out of the circleC on Fig. 1, defined
by |i —x|=2, and converges on the cirazwith the condition Ref)<0. The functionS(x) exists
everywhere insid€ except the intervaxe[ —1, i], since the hypergeometric function (h#3) has
a cut along the argumeni/Zi —x) e[1,%). That means that the solutig3) along the real axes
insideC in general is not a continuous function and may have a jump at the ysi@it Let us now
consider the analytic continuation ¢f3) inside the circleC:
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; . I'(p+1)I'(—a)
= _iya/2+1/4 b/2+1/4
S(x)—A{(x i) (x+i)P=* T((b—a+1+ )2l ((—b—a+1+u)/2)(2i)@+tb+i+ur

-2F1

atb+1l+pu atb+l-u 1_i—X
2 2 atlinr

: : I'(u+1)I'(a)
_i\—al2+1/4 b/2+1/4
=D ) (b a+ 1+ w2l (—b+a+ L+ m)/2)(2) & P I

F —at+b+l+u —at+tb+l-pu 1_i—x 24
2 2 ! 2 athigr 749
From Eq.(72) follow two possibilities

a=b*, a=-b*. (75)

Putting thea=b* [Re@) =Re{)<0] we find that the first term in(74) represents an analytic
function, while the second term is discontinuouscat0. [Note since the both terms in E¢/4)
transform to each other with replacement — a, the choicea= —b* means that the first term in
(74) is discontinuous while the second term is continuous=a0.] Thus thesufficientcondition
for the existence of the continuous solution requires the relation

ata*+1
ptat+a*+1=-2m, m=0,1.2,.}— — | (76)
so from(72) we have
1
,u,=—2m—1+7\/2,82—2a2+1+ V28— 2a2+1)%+ . (77)
2
Finally, the orthonormalized eigenfunction of E§8) may be written in the form
(=2m—a—-a*-1)I'(—m—a*)
7)=(-1)%*"T(-a \/ -
Str2)=(=1) (-a) aml23 P (—m—a)['(-m—a—a*)
-(1+1i sinh 27,)¥2* V41 i sinh 2r,) "2+ /4
1+i sinh 27,
oF1 —m,m+a+a*+1;a+1;#
_(—pym2 (=2m—a—a*—1)mI'(—m—a)l'(—m—a*)
77_2a+a*+11"'(_m_a_a~k)
-(1+i sinh 27,) 27 V41— sinh 27,)3" 27 Y4p(@a")(_j sinh 27,), (79

where

1
a= i~ VV(2B7— 202+ 1)2+ y*+282— 2a2+1

+iV\(2B2—2a2+1)%+ ¥ — (22— 2a7+1)}.

The second equatiof®9) is quite like (9) and has a solution
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2(u—\2a?+i-2n—1)I'(w—n)n!
Z(r)=S""(1))=
I'(p—V2a?+3i—nI(1+n+\2a?+13)

X (sinhr,) Y2t V2a®+ Y4 coshry) Y2~ #p(@~ ) (cosh 2r) (79

with n=0,1,....
The quantized energy is

1 1
E=—(u- 20+ 1/4-2n—1)%+ A

1 1 21
- 2N+2+\/2012-!—%—7\/2,82—2a2+1\/(2[32—2a2+l)2+74 tg (80
3

whereN=n+m is the principal quantum number and the bound state occurs for

1
E

The additional operator describing this coordinate system is

0sN<

1
V282202 + 1+ (282— 202+ 1)%+ y*— 5 V2a2+ 1o 1]. 81)

2_ 2\2 2_ 2
Wo— Wy wow1(wy— wi)
2
1

2

Li¥Wim(71, 2)= —2vy

K5—2(a?~ B2 W 71,
53— 2(a ﬂ)(a)%-l-w (w%-l—wi)z } nml 71, 72)

2
1
= [ 2m+1- ” V2B2—202+1+ (22— 242+ 1)7+ 74’ Vo 71,72).

(82
2. Semi-hyperbolic coordinates
Here
o (nmeg(v—e) 1 1 [[(u—a)’+b?)(v—a)y+b?])"
@07 T Jl(e;—a)?+b?] " 2 2b (e3—a)2+Db? ’
, (u—ey(v=ey) 1 1 [[(u—a)*+b?|[(v—a)’+b?]|" -
17 2[(e;—a)2+b?] 2 2b (e3—a)2+Db? '

,  (n—eg)(v—ey)

@277 T(e;—a)2+Db?

[v<es<u], where sinhZ=(e;—a)/b and 2f is the distance between the focii of the semi-
hyperbolas and the bases of their equidistants.
If we change variables according to

(s1+52) —i(s1—52) ,
= y =, = —183, 84
(&) v w7 v w2 3 (84

the Schrdinger equation becomes
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1 d J 2+ J d 2+ J d 2\1’
2|\ 3135, S25s, Sys, Pas, 558, 2as,
1[K—% K=& Ki—i
+ —E——( 124+ 224+ 324 v=0 (85
2\ s] S5 S5
with
1 1 1 i 1 1 1 i 1 1
- 2_ — - 2 2\_ _ .2 - 2_— - 2_ 2 A2 - 2_— — 2
Noting

w%—wi—w%=s§+s§+s§=l
and considering E(85), we see that the problem we wish to solve using the real coordingtes
w1, andw, is a real case of the corresponding problem on the sphere with coordinasess;
and energy=—E.
Inverting the relation$84) we have

_(wotiwy) (wo—iwg)

S= Sy=——, S3=iw,.
1 ‘/2 2 ‘/2 3 2

Now choose elliptic coordinates on the complex sphere according to

2_ (n—e)(v—ey) 2— (n—ep)(v—ey) 2- (n—e3)(v—ey)
U (ei—e)(e—e3)’ 2 (e—e)(ex—e3) 2 (e3—e)(ez—ey)’

This choice of real coordinates,v will work for the real coordinates,, k=0,1,2, if we take
e;=e;=a+ib,a,b real andv<ez<pu.
In terms of the coordinateg and » the Schrdinger equation has the form

I i ),;pr+1< t 1 1 )a\p
-e -e —e - —
(p—vy | 2R G2 T 2 e e, pn—es) dp
. Y 1 1 1 1\ ow
—me) e G o T T e, T e
N 2_}) (€5 —ey)(e; —es3) (2_5) (e;—€3)(e,—e3)
U 4) (u—eb)(v—eb) 2 4] (p—ey)(v—ey)
1\ (e3—ep)(e3—e€3)
+ kz——) V=—2EV. 86
(3 4] (u—eg)(r—ey) (69
The separation equations are
. d2\1f+1 1 1,1 dv
(p—e€3)(p—ey)(p—ey) dp? " 2 p—e  p—e, p—ey dp
1 ( Z_E) (€5 —e;)(e; —e;3) ( 2_}) (e;—€3)(e;—e3)
417 4 (p—¢€}) Z 4 (p—ey)
1\ (e3—ey)(ez—e€3)
+ k2——> —2Ep+\ =0, 8
3 4 (P_es) p ll/(p) ( 7)
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wherep= u,v. The operatot , with eigenvalue\ is

L,W= _ v(u—e)(u—ey)(u—e;s) 072\1;4‘}( ! + ! + ! )_&\P
(h—v) Iu® 2\u—e; pu—e€ u—e3)du

Pvr 1) 1 1 1 \o¥

“u me)(vme)(vme) 5 +§(V—e;+y—e2+v—e3)ﬁ}

( 2_}) (€5 —ey)(e5 —e3)
b4l (n-eg)(v—ep)

1) (e3—€p)(e3—€3)

2_— _
ks 4] (n—e3)(v—e;3) (utv—e)

1) (e;—€3)(e,—ey)

(“”_85”("5_1 PES VA

putv—=ep)

J’_

v, (89

In order to find the bound state solutions of this system in semi-hyperbolic coordinates we first
observe the identity

Sf N S% Sg _ (wg—wi)(ﬁj—a)—Zwowlb_ wg
aj_e§ Hj_ez 9]'_63 (Hj_a)2+ b2 0]'_63
—0;)(v—6;
(0,—€3)(0j—ey)(0j—es3)
If we then look for solutions of the form
3 N 2 2 2
K, +1/2 S1 S2 S3
T = s/ + + , 90
/1;[1 4 11:[1 aj_e; aj_ez 0]'—83 ( )
we see that the corresponding zeros satisfy the equations
N
ki+1 ko+1  ksz+1 2
L2 SRR =0. (92)
0m—82 Hm_eZ 0m_e3 i#=m (Qm_ 0])
For the energ\E we have
E=—3(2N+2+k; +k,+k3)%+3, (92
which coincides with the formulé73) [note (86)]. For the separation constaxntwe obtain
A= —2[ki(e+e3) +ky(e5 +e3) +ks(er+e5)]—2[esk ko + ek ks +e5 koks]
3(*+ +e3)—4 (k+1)§ ! 5 (k+1)2q !
— =(e5+e,tes)—4ee ———e5e —_—
2 2 2 3 253" m=1(0m—e§) 2 ©3\R2 mzl(em_ez)
q
—4e,e5 (ks+1 —_— 93
285 (kst1) 2 75— (93)
In terms of variablesv; the total wave function is written
wotiwg Kt/ wo—lwq k2+1/2(- )k3+1/2ﬁ (w%—wi)(ﬁj—a)—Zwowlb w3
= ——- _— ) - .
% V2 SO (6,—a)%+Db? 0;—e;

The algebra of second-order symmetries for this potential is generated by the operators

— 2 1 k2 SE 1 k2 sjz
ij—(Sjﬁsk_Skasj) + Z_ i S_J-2+ Z— Py (94)
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for j,k=1,2,3 andj#k. The Hamiltonian of the system is expressed in termk;pfas

13, 3
H= (L12+L13+L23)—§i21ki+z. (95)

N| =

The relevant generators in the real case we are considering are then

H 2 H 2
2 2 (1)0_|(1)1 1 2 (1)0"1‘|(1)1
=K+ | =2 ——| +| K| ——
L12 K3 4 kl w0+|w1 (4 k2 (1)0_|(,U1 ! (96)
1 i wg (w0+iw1)2
— i 2 2_ 2 _ .2 2
Lig=5 (M= iKp)"+{ g7~ a"— 5y (wo+iw1)2+a ol (97)
1 i w3 (wo—iw;)?
— i 2 2_ 24 _ 2 2
L23 2(M1+|K2) + B o +2’)/ ((,()O—ia)l)z o wg . (98)

The commutation relations and resulting quadratic algebra can then be deduced from the relations
for the complex forms in terms of the;;. It is easy to show that the additional integrals of

motion, corresponding to the separation in equidistant and semi-hyperbolic coordinates, can be
written as

Li=—Lyp+ B2~ a? (99

and

Lo=eslipteslist e La—ki(ey+e;—ey) —ki(ey+es—ey) —Ki(er+e,—e3) + 5(e;+ e+ €3).
(100

The algebra for the operato(89) and (100 is found in Ref. 11.
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