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In the presence of massive bosonic degrees of freedom, rotational superradiance can trigger an
instability that spins down black holes. This leads to peculiar gravitational-wave signatures and
distribution in the spin-mass plane, which in turn can impose stringent constraints on ultralight
fields. Here, we demonstrate that there is an analogous spindown effect for conducting stars. We
show that rotating stars amplify low frequency electromagnetic waves, and that this effect is largest
when the time scale for conduction within the star is of the order of a light crossing time. This
has interesting consequences for dark photons, as massive dark photons would cause stars to spin
down due to superradiant instabilities. The time scale of the spindown depends on the mass of
the dark photon, and on the rotation rate, compactness, and conductivity of the star. Existing
measurements of the spindown rate of pulsars place direct constraints on models of dark sectors.
Our analysis suggests that dark photons of mass my ~ 107'2eV are excluded by pulsar-timing
observations. These constraints also exclude superradiant instabilities triggered by dark photons as

an explanation for the spin limit of observed pulsars.

I. INTRODUCTION

The nature of dark matter is one of the biggest open
questions in physics. Broadly speaking, there are two
approaches to explain the gravitational anomalies that
indicate the existence of dark matter. The first is to
change the way that gravity works on large scales while
preserving the short-distance behavior, e.g. MOND [I].
However, theories of modified gravity still require the ad-
dition of a dark matter particle to explain large scale
structure [2, B]. The second approach postulates that
the gravitational anomalies are due to dark matter. The
most popular of these explanations advocates the exis-
tence of new degrees of freedom beyond the Standard
Model (SM) that form a dark sector.

A. Ultralight bosonic fields

Some popular candidates for dark sector matter are ul-
tralight bosonic fields. Indeed, bosonic fields are a generic
feature of many theories [4, [5]. A well-motivated scalar
candidate is the QCD axion, a light bosonic degree of
freedom introduced in physics to explain the smallness
of the neutron electric dipole moment, years before the
dark matter problem was fully appreciated [6H8]. In ad-
dition, a plethora of new light scalars was predicted to
arise in the String Axiverse [4], making them important
potential dark matter candidates.

Vector candidates are equally well-motivated. Addi-
tional U(1) gauge sectors arise in many string-motivated
extensions to the SM [5] [9] [10]. In these scenarios, there
can be extra degrees of freedom which are charged under
both the U(1) hypercharge of the SM and a “hidden”
U(1), known as dark photons. This has motivated the
study of kinetic mixing of the hidden sector with the SM.

Many of these searches have been focused on eV-GeV
scales using direct detection and low-energy accelerator
experiments (see e.g. [II] for a summary of current ef-
forts).

B. Superradiant instabilities and ultralight fields

However, ultralight (i.e., sub-eV) fields which are
weakly coupled to SM particles are difficult to probe with
traditional colliding beam, fixed-target, and direct de-
tection experiments. Instead, one can search for their
imprints through their gravitational effects. A promis-
ing mechanism to probe bosonic fields is rotational su-
perradiance [12HI5]. Superradiance affects all known
free, bosonic fields and has been well-studied for black
holes. In this context, low-frequency wavepackets of
bosonic fields are amplified upon scattering off rotating
black holes, when the frequency of the field wave satis-
fies w < mf2, where m is the azimuthal number and €2 is
the angular velocity at the event horizon [15]. When the
bosonic field is massive, the effects of superradiance turn
the entire system unstable [I6H23], and the instability
gives rise to a slowly-spinning black hole surrounded by
a cloud of bosonic field [cf. Ref. [I5] for an overview]. This
cloud has a time-dependent quadrupole moment, and
slowly dissipates through gravitational waves producing
a monochromatic signal, which is a promising channel
and smoking gun for new physics [24H27]. Furthermore,
because superradiance drives the spin down, observations
(either in the electromagnetic or gravitational-wave spec-
trum) of the spin-mass diagram of black holes may also
bring convincing evidence for new physics [28]. Finally,
it is also possible that superradiant effects are directly
observable through enhanced scattering of electromag-
netic or gravitational waves [29] [30], or even through in-



stabilities triggered in interstellar plasma environments
surrounding black holes [31], 32].

C. Superradiance in stars

However, superradiant effects are not limited to rotat-
ing black holes and in fact can appear in any classical sys-
tem that is able to absorb radiation [12] 14} [15] 22 [33] [34].
In this work, we show that superradiance also occurs
in the presence of rotating and conducting spheres, and
most notably in (rotating) stars with nonzero conduc-
tivity. This seemingly classical problem in electromag-
netism has never — to the best of our knowledge — been
worked out. We find that rotating stars amplify low-
frequency photons, whenever their frequency satisfies the
usual superradiant condition, w < mf£2, where now € is
the rotational velocity of the fluid.

These superradiant effects may have interesting impli-
cations for theories of dark photons as well as more com-
plicated hidden sector theories. We find that massive
dark photons trigger an instability of rotating and con-
ducting stars, analogous to the black hole case. Further-
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where F,, = V,A, — V, A, is the field strength. The
vector A, can describe either Maxwell theory with the
standard massless photon, in which case puy = 0, or a
Proca theory in which the vector field is massive. We
will show below that in both cases there are nontrivial
superradiant effects around rotating stars. The theory
above is a toy model designed to capture the main fea-
tures of a general relativistic theory where a (possibly
hidden) vector field is minimally coupled to the geome-
try.
The resulting field equations are
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where G, is the Einstein tensor and Th., is the stan-
dard stress-energy tensor of matter fields, the latter being

collectively described by S, in action .

B. Background: slowly-rotating, conducting star

Because the star is assumed to be uncharged, fluctu-
ations in the vector A, affect the geometry only at the

more, the superradiant effects may be entirely contained
within the dark sector, but have observable consequences
that are worthy of further investigation. The most di-
rect signature of this scenario is the spindown of pulsars
due to the superradiant instability. As we discuss, ex-
isting pulsar-timing measurements of the spindown rate
of pulsars already constrain these models. Because these
pulsar-timing constraints are rather stringent, they also
exclude superradiant instabilities triggered by dark pho-
tons as an alternative explanation for the spin limit of
observed pulsars (cf., e.g., Refs. [35H39] for a discussion
on proposed limiting mechanisms on the spin of pulsars).
Throughout this work, we use G = ¢ = 1 units and un-
rationalized Gaussian units for the charge.

II. SETUP
A. Maxwell and Proca theory in curved spacetime

To understand the effects of superradiance in stars, we
work with the theory involving one vector field A, with
mass my = uyh,

2
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quadratic order. Thus, to linear order, we can consider
a standard general relativity background as a fixed ge-
ometry, around which the vector field evolves. We will
always neglect backreaction of the vector field on the ge-
ometry. This is a reasonable approximation for all known
astrophysical setups.

We consider a slowly-spinning star and neglect
quadratic- or higher-order corrections in the spin. To
linear order in the spin, the background line element is
described by

dr?

B(r)

ds* = —F(r)dt* + — 2r%((r) sin® ddtdp + r?dQ?

(4)

and the star’s four velocity reads
u = F~Y2{1,0,0,9Q} , (5)

where € is the rotational velocity of the fluid. The slow-
rotation approximation requires ) < Qg , with

QK = ﬁ (6)

being the mass-shedding frequency, whereas M and R
are the star’s mass and radius, respectively.

In the exterior, F = B = 1 —2M/r and { = 2J/r3,
where J is the angular momentum of the star. The in-
terior depends on the type of matter and it is described



by the classical Tolman-Oppenheimer-Volkoff equations
for a perfect fluid with T4 (P + p)uru” + Pgh,

matter —
namely
2 (M + 47r7"3P)

!l I _ 2

(I)_—r(rf2/\/l) ) M =Adnrep, (7)
P 43P
pr_  (PEp) (M+dar )7 ®)
r(r—2M)

u_ Amr(P+p) (ro’ +4w) _ é /

w = r_ 2M Tw ) (9)

where we defined F = ¢*®*, B=1—2M(r)/r and w :=
Q — ((r). Assuming a barotropic equation of state in
the form P = P(p), these equations can be integrated
numerically with standard methods. For simplicity, we
will focus on backgrounds describing a constant density,
perfect-fluid star. In this case, the static part of the
metric has an exact solution,

(10)
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where p = 3M /(47 R3). The equation for w (and there-
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fore for ¢) cannot be solved analytically for generic val-
ues of the compactness, whereas in the Newtonian limit
yields ((r) 2J/R3 const in the interior, which
smoothly connects to ((r) = 2J/r in the exterior.

Finally, the vector A, is evolving in the vicinities of
an uncharged, rotating star made of material with con-
ductivity o and proper charge density pgv. We assume
that the coupling between the vector and the material is
given by the constitutive Ohm’s law, which in covariant
form reads [14],

(11)

where all quantities are computed in the frame of the
material whose 4-velocity is u®. This relation should be
accurate for weak fields and represents the lowest order
term in the family of possible couplings between the ma-
terial and the vector field.

i = o F*Pug + panu®

C. Perturbations of a spinning, conducting star in
Maxwell and Proca theory

An uncharged star in electrovacuum (4, = 0) is a
trivial solution to the previous equations. We now wish
to understand linearized fluctuations around this back-
ground. We start by expanding the vector field 4, in
4-dimensional vector spherical harmonics,
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The first term on the right-hand side has parity (—1)'*!
and the second term has parity (—1)!, m is an azimuthal
number and [ is the angular number. Likewise, we ex-
pand the charge density in scalar spherical harmonics,
peM(t, 0, 0) = e hn (1) Yip.

Because the background is not spherically symmetric,
the above decomposition introduces couplings between
polar and axial modes and between perturbations with
different harmonic indices [40]. To linear order in the
spin, the coupling between polar and axial modes can be
consistently neglected and one is left with an “axial-led”
and a “polar-led” system of ordinary differential equa-
tions [19) 20, @1]. The decoupling procedure is given in
Appendix [B] Here, we report only the final result for the
axial-led system to linear order in the spin,
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Note that, within our slow-
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rotation approximation, o can be a generic radial func-
tion. For simplicity, we take ¢ = const.

The polar sector is more involved and we leave it for
future work. Here, we briefly mention that in the mass-
less case (uy = 0) the polar sector can be reduced to
a single second-order differential equation by using some
gauge freedom, whereas in the Proca case the polar sec-
tor describes the propagation of two physical degrees of
freedom, and one is left with a system of two, coupled,
second-order, differential equations. In both cases, the
charge density prym(r) is fixed in terms of o and of the
perturbations of the electromagnetic field by the field
equations, similarly to the fluid density p which is fixed
by the Tolman-Oppenheimer-Volkoff equations in terms
of the pressure once an equation of state is given. This
can be also understood by the fact that an applied elec-
tric field will modify the charge distribution, even when
the object is globally neutral.



III. SUPERRADIANT SCATTERING FROM
SPINNING AND CONDUCTING STARS

We now consider a scattering experiment. We focus
on the axial sector, but the computation for the polar
sector, although more technically involved, follows simi-
larly. In the axial sector, the solutions to Eq. behave
asymptotically as

alw,r) ~ ritt r—0, (15)
a(w,r) ~ Ape™ ™" + AgyeTr r— o0, (16)

We have selected the regular solution at the center of the
star. From our conventions for the time-dependence of
the fields, it follows that this state is composed of a piece,
Ajne™ ™7 which is an ingoing wave and is scattered by
the star, giving rise to an outgoing component A, et?".
It is also easy to verify that the incoming and outgoing
fluxes at infinity are proportional to |A;,|? and |Aout|?,
respectively [13]. We thus define the superradiant factor
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FIG. 1. Amplification factor Eq. for dipole modes

[ = m =1 as a function of the frequency, for a moderately-
spinning star (2 = 0.3Qxk) with compactness M/R = 0.15
and for different values of the conductivity.

We have computed the superradiant factor Z numeri-
cally, by integrating Eq. from the center of the star,
outwards to some finite but large value of the radial coor-
dinate r, where the numerical solution is matched against
a higher-order version of expansion . The numerical
results are shown in Fig. As expected, Z > 0 when
the superradiant condition is satisfied, w < m£2. The am-
plification factor grows with o, until it saturates in the
large-o limit displaying a sharp maximum at w < mf).
Although not shown, the amplification grows with the
compactness and with the spin of the object.

We can also gain some analytical insight on the super-
radiant amplification. In the Newtonian limit, the exter-
nal solutions are linear combinations of Bessel functions
Vrdip1/2(wr) and /rY;4 4 2(wr). In the interior, and for

small conductivities, the only regular solution admissible
is /T Ji1/2(—irvVA4immoQ — dirow — w?). Matching the
functions and their derivatives at the surface of the star
and expanding for small frequencies, we find
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(18)
The above expression agrees remarkably well with the ex-
act numerical result up to M/R ~ 0.2 and for cM < 1.
This relation is also interesting, as it extends an obser-
vation made in Ref. [34]: one can try to naively compute
the superradiant amplification factors of Kerr black holes
by letting R = 2M and 1/0 = M, as this is now the
only possible time scale in the problem. With this sub-
stitution, the above relation predicts that slowly rotating
black holes in general relativity amplify [ = 1 scalar fields
with Z = 8ZM (Q — w) (2Mw)3. On the other hand,
a matched-asymptotic expansion calculation in full gen-
eral relativity yields the same result to within an order
of magnitude (the coefficient turns out to be 8/9 instead
of 647/45) [15]. As we show in Appendix [A] one can im-
prove on this relation by using the membrane paradigm
for describing horizons [42]. In this framework, horizons
are endowed with a surface conductivity of 1/4w, and a
simple Newtonian analogue recovers ezactly the general
relativistic prediction.

For large conductivities, we have been unable to find
concise analytical expressions, but in the Newtonian limit
our results are well approximated by

(w R)2l+1 1 -1
\/O'R2 (mQ—w)+cl 20 R? (mQ—w) ’
(19)
in the superradiant regime, with k; ~ 0.78, k; ~ 0.09
and ¢y ~ 2,c5 ~ 25. The amplification factor is peaked
at w —m&Q ~ 1/(cR), and bounded. The analytical ex-
pression above is not very accurate close to the peak of
the amplification factor, but we find numerically that, for
oM > 1, the | = m = 1 peak is described by

Z =k

Zmax ~ (0.48 — 0.78M/R)(QR)?, (20)

where, interestingly, the prefactor decreases at large com-
pactness.

IV. SUPERRADIANT INSTABILITIES OF
SPINNING AND CONDUCTING STARS

In analogy with the black hole case, we expect that the
mass term for the Proca field can lead to superradiant
instabilities in conducting stars. We show this explic-
itly by solving the perturbation equations numerically as
an eigenvalue problem, and computing the quasinormal
modes of the system, wyp,n, = wgr + iwy, where n is the
overtone number. In our notation, an instability corre-
sponds to wy > 0, and 7 = 1/wy is the instability time
scale. The parameter space of the spectrum is large and



complicated, since — even for fixed “quantum” numbers
(I,m,n) — it still depends on four dimensionless parame-
ters, namely (uy M, M/R,Q/Qx, o M).

In the axial case, our results for the [ = m = 1 funda-
mental unstable mode are well approximated in the small
vy M limit and to linear order in 2/Qx by

“2VM2) , (21)

W%~u2v<1— <

T G e — i) (22)

Wy ~ — |:Oé
where «a; are dimensionless constants that depend on the
compactness and also on ) since the combination /o
is not necessarily small. Besides the prefactor in square
brackets in Eq. , the functional form of the super-
radiantly unstable modes is the same as that found for
a black hole [I9H21] [43]. The dependence of the prefac-
tor in Eq. on o and M/R are presented in Fig.
which confirms the linear behavior in ¢ at small conduc-
tivities and the ~ ¢~ '/2 behavior at large conductivi-
ties. Furthermore, the dependence on the compactness
is monotonic at small conductivities, but it is more com-
plicated at large conductivities, in line with our findings
for the amplification factor of massless fields [see discus-
sion around Eq. ] Note that, because wr ~ uy, the
small-rotation approximation together with the superra-
diant condition requires py < mQ <€ mQg, which im-
plies uy M < 1. To avoid the factor (uy M)® in Eq.
to be exceedingly small, we consider in Fig. 2] a large
rotation rate, Q ~ 0.9Qf, although we stress that our
results are also valid for smaller values of €).

In Appendix [A] we discuss a simple model that shares
many features with our numerical results.
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FIG. 2. The prefactor in square brackets of Eq. as a
function of oM and for different values of the compactness
at fixed Q/Qx = 0.9. A fit of the numerical data is consis-
tent with Eq. with (a1, q2) ~ (39,0.13), (429,11) and
(4.2,0.48) for M/R = 0.1,0.15, 0.2, respectively.

V. PHENOMENOLOGICAL IMPLICATIONS

We now discuss some potential phenomenological im-
plications of the superradiant instability of stars. We
begin with a discussion of the standard (i.e., electromag-
netic) conductivity of a neutron star and then general-
ize the discussion to the conductivity of a hidden sector.
Finally, we discuss the implications of the superradiant
instability of pulsars for models of dark photons.

A. Conductivity in Maxwell theory

The conductivity of a material can be estimated by a
simple Drude model,

2
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where n., e, and m, are the number density, the charge,
and the mass of the charge carriers, and 7¢ is the mean
free time between ionic collisions. The standard charge
carriers are electrons and the ionic collisions are between
the electrons and protons through electromagnetic inter-
actions. The interaction between electrons and neutrons
is small as it proceeds solely through the neutron mag-
netic moment.

More generally, the expression for ¢ will depend on all
possible interactions of the electron with protons within
the conducting material,

1 B2 (T \? [%kr
1 F() [ aeme e
0

Tt 487 \ T,
where kr = 2m.Er/h = (37°n.)'/? is the Fermi
wavenumber, T, = h*k%/(2m,kg) is the proton Fermi
temperature, m,, is the proton mass, hg is the momen-
tum transfer of the collision, and kp is the Boltzmann
constant. |M]|? is the proton-electron scattering matrix
element, and in the limit where the electron energies are
much smaller than the proton mass, it is given by the
Mott formula

IM|? = [ 4e? r (1 - q2> (25)
~ (¢ + K2y 42 )

where kpr is the Fermi-Thomas screening wavenumber
for the system. In a neutron star, the protons are much
more polarizable than electrons and so kgt corresponds
to the contribution of protons alone, i.e.

2 4kpmye? _ 4mye?
BT Th? Th?

(3m2n)Y/3. (26)

We assume the star to be electrically neutral, n, = n,.
To first order in kpr/kr < 1,

2 2 42
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Together with Eq. (23), this yields [44]
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where we included the label “EM” to distinguish the
above electromagnetic conductivity from the hidden con-
ductivity discussed below.

For a typical neutron star with mass density mpyn. ~
1013 g/cm3 and T ~ 108K, the above formula yields
opm =~ 6 x 1022571, which in our units translates to
opmM ~ 1017 for a typical neutron star mass. In this
scenario, where opmM > 1, we obtain from Eq. a
typical instability time scale

O'EMM 6
T~ M ~10°yr,
on (v M) (v — Q) Y

UEMM > 1

(29)
where in the last estimate we considered M = 1.4M),
M/R = 0.15, a1 = 429, Q = 0.9Qk, pyM = 0.05, and
ogm = 6x10%2s71. Therefore, even when ogmM ~ 107,
the instability timescale can be smaller than a typical ac-
cretion time scale, Tsalpeter = 4.5 X 10" yr. Note that
the above estimate was in the regime where the stel-
lar angular velocity is close to the mass-shedding limit,
Q = 0.90k, and the compactness corresponds to the
strongest instability [cf. Fig. . In this case, the su-
perradiant instability timescale of neutron stars is actu-
ally shorter than that of nearly-extremal BHs [45]. As
discussed below, the measured spin of neutron stars is at
least a factor of two smaller than the mass shedding limit.
Since the timescale will increase for lower angular veloc-
ities and for other values of the compactness, Eq.
can be taken as a lower limit.

B. Conductivity in Hidden Sectors

We now extend the above discussion to include models
of a secluded U (1)’ [9 40] [47] with a massive vector boson
X. For this scenario, we will consider the low-energy
effective Lagrangian,

1 1
Eeff D) _ZFMVFMV - ZX,U,VXHV (30)
2
+ gFWX‘“’ + %XMX“ + A,

where F},,, is the field strength of the Maxwell vector A4,
X, is the field strength of the new U(1)" gauge boson
X, mx is the mass of X, and e is the kinetic mixing be-
tween the two sectors. One can rotate away the kinetic
mixing term by working in the mass basis with 4, —
A, +€eX,,, but this induces a new term €j, X* in the La-
grangian. The physical consequence is that particles with
electric charge also carry a hidden charge ee. Therefore,
Eq. is modified with o F*"u,, — c F*u, +0. X" u,,
where o. = eogm to leading order in €. For sub-eV mx,

the primary constraints on € are from stellar produc-
tion of the vector [48] [49], precision tests of electromag-
netism [50H52], and distortion of the cosmic microwave
background (CMB) due to conversion of v — X [53],
which sets e < O(10~7 — 107°), depending on mx. One
can further limit € < O(107*2—107%) by constraining the
cosmic abundance of X through CMB distortions due to
the conversion of X — v [54] [B5], while proposed elec-
tromagnetic resonator technologies can potentially probe
even smaller values of e [56]. Thus, the effective con-
ductivity in these models can be much smaller than in
Maxwell theory, 0. < oM.

In this context it is also relevant to estimate plasma
effects, since neutron stars will be surrounded by plasma
in various forms. In Maxwell theory, ordinary photons
propagating in a plasma acquire an effective mass given

by [57]
h— 47762np1a5ma ~3 10_11 Tplasma, \Vs 31
wh=\— . X Tem—s <Y BV

where nplasma i the electron number density in the
plasma. In the millicharged cases, we should replace
e — ee in the above equation. In the context of su-
perradiance [31], 32], plasma effects can be neglected as
long as wy, < py. As discussed below, the relevant range
of dark-photon masses is uyh ~ 10712eV. Therefore,
if ¢ < O(107'2) plasma effects are negligible whenever
Nplasma < 1021 cm™3.

We can also consider a case of a more complicated hid-
den sector in which the conductivity o’ is set by the inter-
actions between particles of opposite U (1)’ charge, which
we denote as hidden electrons and hidden protons, with
the hidden electrons serving as the charge carriers (cf.,
e.g., Refs. [58, 59]). Here, j# — j'* = o/ X*u, + p'ut,
which is entirely contained within the hidden sector. The
calculation of ¢’ requires the replacementﬂ in Eq. of
e by the hidden electric charge €', m. and m,, by the mass
of hidden electrons m.s and nucleons m,,, and n. by the
number density of hidden electrons n./. This manifests
itself in Eq. by the replacements e — €/, m, — my
and ne — ner, giving

o’ nem, \ V2 e
R (ep> _. (32)

OEM NeMyp! e/

Taking for instance ¢/ = 0.01e [59) 60], m, = 100 TeV,
and assuming that the mass density of hidden protons
inside the star is 1% (0.1%) of the mass density of or-
dinary protons, we estimate a conductivity for hidden
electrons o’ ~ 107 %0my (3 x 107 BogNy), i.e. 0/ M ~ 10
(0.3). In other words, models of hidden U(1)’ sectors

1 In the context of superradiant mechanisms, the relevant Comp-
ton wavelength of dark photons is much larger than the mean free
path of the hidden electrons in the stars. Thus, the mass of the
mediator has a negligible effect on the conductivity calculation.



above the TeV scale can have dramatically smaller val-
ues of neutron-star conductivity for the hidden electron
than that of ordinary electrons, and values o’ M ~ O(1)
are allowed. Thus, in our estimates we will consider ¢ as
a free parameter.

C. Instability Time Scale

As discussed in Refs. [19] [20], the minimum instability
time scale 7 = 1/wy can be estimated by computing the
value of py which corresponds to the maximum value
of wr. From Eq. , dwr/dp = 0 yields p® = 80Q/9,
which corresponds to

387420489 g + (o M)3/?
16777216\ o (mMQ)° )

(33)

The minimum instability time scale is shown in Fig. |3| as
a function of the ratio o/ogym where ogy is the typical
conductivity of ordinary electrons in a neutron star. As
expected, Ty diverges both when ¢ — 0 and when o —
0o, and it displays a minimum at ¢ ~ 10~ ogy;, which
corresponds to oM =~ 1. Note also that 7,;, depends
strongly on €. In Fig. [3] we considered the extreme case
Q = 0.9Q, but Ty, roughly scales with (Qg /Q)Y. Thus,
the time scale for Q = 0.3Qx will be roughly 5x 10* times
longer than that shown in Fig.
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FIG. 3. Minimum time scale for the superradiant instability
of a neutron star against hidden vectors in the axial sector as
a function of the the ratio o/orm where oM is the typical
conductivity of ordinary electrons in a neutron star. We con-
sidered a typical neutron star with M = 1.4Mq, M/R = 0.15,
and rotating near the mass-shedding limit, 2 = 0.9Qx. The
minimum instability time scale corresponds to a dark photon
with mass my ~ 4 x 10" eV.

D. Pulsar-Timing Constraints on Dark Photons

Various arguments [I5] suggest that the superradiant
instability extracts angular momentum from the central

object, spinning it down until the superradiant condi-
tion is saturated, py ~ wg = m (this was recently
confirmed by the first numerical simulationsﬂ of massive
vector fields around a spinning black hole [63]). The su-
perradiant instability develops by extracting energy away
from the spinning object and depositing it on a bosonic
condensate (or a “cloud”) outside the object. This cloud
has, in general, a time-varying quadrupole moment and
will slowly dissipate through emission of gravitational
waves. On very long timescales, the end product is an
object spinning so slowly that the instability is no longer
active.

Because angular-momentum extraction occurs on a
time scale 7 = 1/wy, the observation of an isolated com-
pact object with spindown time scale Typindown €xcludes
superradiant instabilities for that system, at least on time
scales T < Tepindown. 1herefore, compact objects for
which a (possibly small) spindown rate can be measured
accurately are ideal candidates to constrain the mecha-
nism and, in turn, the dark-sector models discussed here.

Unfortunately, measurements of the spin derivative
of black holes are not available, so that constraints
on superradiant instabilities using black-hole mass and
spin measurements are only meaningful in a statistical
sense [24] 25 [64]. On the other hand, both the spin and
the spindown rate of pulsars are known with astonish-
ing precision through pulsar timing (cf., e.g., Ref. [65]).
For several sources, the rotational frequency is moder-
ately high, fopim = Q/(27) ~ (500 — 700) Hz, and the
spindown time scale can be extremely long, Tspindown =
Q/(Q) ~ 100yr. As an example, the ATNF Pulsar
Catalogue [60, [67] contains 398 (40) pulsars for which
Tspindown > 2 X 109 yr (Tspindown >2x 1010 yf)~

In Fig. @] we show the excluded regions in the con-
ductivity vs dark-photon mass plane obtained by impos-
ing 7 < Tspindown for three known sources, namely pul-
sars J1938+2012 [68] and J1748-2446ad [69], and pul-
sar binary B1957420 [70]. The first one is represen-
tative of a pulsar with an exceptionally long spindown
time scale (Tspindown =~ 1.1 X 10 yr), but with a mod-
erately large spin (fspin = 380 Hz, which corresponds to
0/Qx =~ 0.28 assuming M = 1.4Mg and M/R = 0.15).
The second one is the fastest pulsar known to date
(fspin =~ T16Hz, corresponding to Q/Qx ~ 0.53 for
M =1.4Mg and M/R = 0.15), but only an upper bound
on its spin derivative is available, from which we infer
Tspindown > 7.6 X 107 yr. The last one is representative of
a pulsar with very large spin (fspin =~ 622 Hz, which cor-
responds to Q/Qx &~ 0.46 again assuming M = 1.4Mg
and M/R = 0.15), but moderately long spindown time
scale (Tgpindown = 3 X 10%yr). Furthermore, because our
fits for a;; and a appearing in Eq. are independent

2 A related result was shown to hold for charged scalar pertur-
bations of Reissner-Nordstrém black holes (which also exhibit
superradiance [I5]) both perturbatively [15] and in full nonlinear
simulations [61, [62].
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FIG. 4. Exclusion plots in the o/ogMm vs. my plane obtained
from the measurements of spin and spindown rate of pulsars
J1938+2012 (orange) [68] and J1748-2446ad (green) [69], and
of the pulsar binary B1957+20 (blue) [70]. In all cases we
assumed M = 1.4Mgy and two values of the compactness,
namely M/R = 0.15 (solid) and M/R = 0.2 (dotted). The
shaded areas correspond to regions excluded by the superra-
diant instability because 7 < Tspindown fOr a given pulsar (i.e.,
the pulsar is observed to spin down at much longer rate than
that predicted by the superradiant instability in that region
of the parameter space). The horizontal dashed line corre-
sponds to where 0 = ogm. We only display the region where
o > (). In the opposite limit, the instability time scale grows
as 7~ 1/0 [cf. Eq. (22))] and eventually 7 > Tspindown for suf-
ficiently small o, cf. discussion in the main text. The shaded
gray region is excluded for o. from distortions of the CMB
blackbody from v — X photon depletion [53].

of Q only for Q/0 < 1, in Fig. 4] we show only values of
the conductivity which satisfy o > €.

The exclusion plot shown in Fig. [4| is obtained as fol-
lows. For a given measurement of the spin frequency of a
pulsar, fspin, we can estimate 2 and compute the instabil-
ity time scale as a function of o and py through Eq. (22).
Furthermore, the measurement of a spindown timescale
for a pulsar, Tspindown, implies that a faster spindown rate
caused by the superradiant instability would be incom-
patible with observations. Thus, imposing T < Tspindown
yields an excluded region in the o-my plane. Fastly spin-
ning pulsars constrain the rightmost part of the o-my, di-
agram because the instability requires py ~ wgr < mf.
On the other hand, pulsars with longer spindown time
scale correspond to higher threshold lines in the leftmost
part of the o-my diagram.

E. Superradiantly-induced maximum spin
frequency for pulsars

Accreting neutron stars in the weakly magnetic Low-
Mass X-Ray Binaries (LMXBs) are expected to be spun
up near the mass-shedding frequency in a spinup time

scale
109M@yr_1>
Tepinup ~ 108 [ ——=2— | yr, 34
pinup < Vi Y ( )

where M is the mass-accretion rate. Since the above
time scale is much less than the age of a typical LMXB,
many accreting neutron stars in weakly magnetic LMXBs
should be observed rotating near the mass-shedding fre-
quency, Qk /(2m) 2 1kHz. The lack of observed systems
with fspin 2 700 Hz has motivated various limiting mech-
anisms for the maximum spin of a pulsar, many of them
involving gravitational-wave dissipation — either through
an accretion-induced mass quadrupole on the crust [71],
a large toroidal magnetic field [72], or through the excita-
tion of the unstable r-modes [73] [74] — and more recently
advocating the disk/magnetosphere interaction as lead-
ing spindown mechanism [37].

One might wonder whether — besides placing direct
constraints on models of dark photons — the superradi-
ant instability of neutron stars could also provide an al-
ternative (albeit exotic) explanation for the spin limit
of observed pulsars. For fixed values of ¢ and uy,
our model predicts that an accreting pulsar in a LMXB
(for which the superradiant instability is initially effec-
tive) would reach a critical angular velocity such that
T7(Q) = Tepinup In a small fraction of its age. How-
ever, because Tspinup < Tspindown fOr the observed pul-
sars discussed in the previous sections, the threshold line
T = Tpinup 18 already excluded by pulsar timing. In other
words, only models that are already excluded by Fig. []
would produce a superradiant instability strong enough
to overcome accretion at a time scale given by Eq. .

VI. DISCUSSION AND FUTURE WORK

The scattering of light by rotating, conducting spheres
is a classical problem in electromagnetism, and can lead
to superradiant effects. Yet, to the best of our knowl-
edge, a thorough understanding of this problem has not
been framed within the context of superradiance. Su-
perradiance in stars may have interesting and important
applications in astrophysics and particle physics: stars
are made of materials with small but nonvanishing re-
sistivity in the standard Maxwell sector, leading to the
amplification of low-energy pulses. In the context of ul-
tralight dark photon models, any nonzero conductivity of
stars in the dark sector will lead to superradiant instabil-
ities that drive the star to lower rotation rates. In other
words, the superradiant mechanism leads to potentially
observable consequences, which can be used to constrain
the dark sector.

We have shown that a direct signature of superradi-
ant instabilities in stars is the spindown of pulsars in the
presence of ultralight dark photons. As we discussed, ex-
isting measurements of the spindown rate of pulsars al-
ready place some stringent constraint on models of dark



photons and of the hidden U (1)’ sectors. Although super-
radiance is typically weaker for stars than for black holes,
the spindown rate of pulsars is measured with great pre-
cision and it is typically very low (i.e., Tspindown 1S very
long), leading to direct constraints which are much more
robust than those coming from mass-spin distributions
in the so-called black-hole Regge plane. For example,
our preliminary analysis suggests that ordinary models
(0 < ogm) of dark photons with mass my ~ 1072 eV
are excluded by pulsar-timing observations.

There are many interesting follow-up questions to the
effect of superradiance in stars. One of them concerns the
polar sector of vector perturbations. Previous studies of
black hole superradiance show that the vector sector trig-
gers instabilities with much shorter time scales [I9H2T].
If such a result generalizes to conducting stars, the con-
straints on dark photons will certainly improve. We hope
that the promising results of our exploratory study shown
in Fig. [4 will stimulate further investigation on this prob-
lem, including a complete analysis of the constraints that
can be placed on dark-photon models with pulsar timing.
From a theoretical perspective, another interesting open
issue concerns the functional dependence of the amplifi-
cation factor on the frequency. Previously, effective field
theory approaches have investigated the frequency de-
pendence in the context of black holes [22]. It would be
interesting to extend such an approach to stars. Further-
more, in this work we modelled the conductivity with
a simple Drude model, in which electrons only scatter
with protons. This gives us an order of magnitude of the
constraints that one can impose via superradiance, and
motivates a more complete calculation (e.g. [75] [76]).

In the scenario in which the dark photon couples to
Maxwell vectors, superradiance could work in more intri-
cate ways: on the one hand both vectors are superradi-
antly amplified by the star’s material, potentially leading
to a stronger effect. On the other hand, Maxwell fields
are massless and could easily escape, not being subject to
the confinement necessary to create the instability. How
exactly the mechanism proceeds depends on this inter-
play and depends on more detailed calculations. Further-
more, it would be interesting to explore the coupling to
plasma. Equation shows that even ordinary photons
would acquire an effective mass hw, ~ 107'2eV when
propagating in a plasma with electron number density
Nplasma ™~ 102 cm—3. This might give interesting super-
radiant effects for ordinary photons [31], 82] or also alter
the instability for dark photons if the latter are coupled
to plasma sufficiently strongly.

Our analysis also shows that it is, in principle, possible
to generalize a number of results in the literature con-
cerning black hole superradiance [I5]. For example, for
complex, massive vector fields there should exist new sta-
tionary solutions describing a star surrounded by a Proca
condensate. This would be a natural generalization of the
hairy black hole solutions found recently [(7H79]. Like-
wise, imprints of superradiance in the luminosity of pul-
sars or black hole binaries [29] B0] should also be present

when the companion is a star, instead of a black hole.
Finally, the development of the instability will certainly
lead to nontrivial gravitational-wave emission. In the
black hole case, the emitted signal can be used to impose
interesting constraints on the models [15], 24H27]. On the
other hand, stars have typically lower masses than black
holes, and it remains to be understood if gravitational-
wave emission is relevant in this case.

ACKNOWLEDGMENTS

We are indebted to Leonardo Gualtieri for suggest-
ing a possible connection to the spin limit of pul-
sars, and to Masha Baryakhtar, Sam Dolan, Mauricio
Richartz, and Joao Rosa for providing useful discus-
sions and comments on the draft. V.C. acknowledges
financial support provided under the European Union’s
H2020 ERC Consolidator Grant “Matter and strong-
field gravity: New frontiers in Einstein’s theory” grant
agreement no. MaGRaTh-646597. Research at Perime-
ter Institute is supported by the Government of Canada
through Industry Canada and by the Province of On-
tario through the Ministry of Economic Development
& Innovation. This project has received funding from
the European Union’s Horizon 2020 research and innova-
tion programme under the Marie Sklodowska-Curie grant
agreement No 690904 and from FCT-Portugal through
the projects IF/00293/2013. The authors would like to
acknowledge networking support by the COST Action
CA16104. The authors thankfully acknowledge the com-
puter resources, technical expertise and assistance pro-
vided by Sérgio Almeida at CENTRA/IST. Computa-
tions were performed at the cluster “Baltasar-Sete-S6is”,
and supported by the MaGRaTh-646597 ERC Consol-
idator Grant.

Appendix A: Thin-shell model and membrane
paradigm

In the membrane paradigm [42], a black hole can be
interpreted as a one-way membrane endowed with vari-
ous properties. In particular, the surface resistivity reads
Ry = 4m ~ 377 Ohm, so that the surface conductivity is
6 =1/(4n).

Within our framework, a similar model can be investi-
gated by considering a conducting thin shell in vacuum,
so that the (volume) conductivity reads o(r) = 6§(R—r).
For simplicity, we consider the Newtonian limit, in which
F = B =1, and restrict ourselves to small frequencies,
so that w( in Eq. is negligible. In these approxima-
tions, axial perturbations reduce to Bessel’s equation

2 1
da—l—<w2—l(l+ ))aZO,

dr? r2

(A1)

both in the interior and in the exterior. The delta func-
tion in o(r) enters only in the junction conditions, which



imply

[[da/dr]] = —4mié(w — mQ)a(R), (A2)
where [[...]] is the jump across the shell and, without
loss of generality, we assumed [[a]] = 0. We impose the

junction condition above on the solutions of the Bessel’s
equation with correct boundary conditions as discussed
in the main text. For [ = 1, we obtain

Z = —%U(Rw) R(w —mQ),

(A3)
where m = 1,0, —1. In the nonrotating case, this result
is valid also beyond the small-frequency regime and, in-
terestingly, it agrees exactly with that obtained in black
hole perturbation theory [cf. Ref. [I5], Eq. (3.103)] upon
identification of 6 = 1/(4n) and R = 2M. Thus, a
by-product of our analysis is the proof that the black
hole membrane paradigm works also for linear electro-
magnetic perturbations.

The shell toy-model is also useful to understand the
results for the instability. Instead of a massive field, we
consider a spinning shell of radius R surrounded by a
nonspinning perfect conductor of radius Ry. The char-
acteristic modes of the system can be found by imposing
the above junction condition and a(r = Rz) = 0. For
large values of Ry/R, the | = 1 fundamental mode reads

4

w:lf4mfyo(fyo+1)R Y,
R

I (A4)

where g satisfies tanyy = 7y and

Y0 (9 — 16726202 R?) — QR, (9 + 1672 R%*620?)

Y= -
(9 + 16726202 R?)

(A5)
Note that T — (v9 — QR3)/9 when 6QR < 1 (thus re-
covering the superradiant condition, wg < ), whereas
T ~ —1/(62Q%2R?) when 6QR > 1. At fixed rotation
rate, the peak of the instability occurs at & ~ 3/(47QAR).
Therefore — at least qualitatively — this simple model
shows the same features that we observe numerically, in
particular the fact that the instability decreases as & — 0
and at very large &, and it also informs us on the € de-
pendence. Finally, if we substitute Ry — 1/p2, as dis-
cussed in Refs. [I5] [80], we recover the mass dependence
presented in the main text for py < €.

Appendix B: Vector perturbations of a
slowly-spinning compact object

In this appendix we follow the framework developed
in Refs. [19] 201 4T, BT, [82] (cf. Ref. [40] for a review) to
derive the Proca perturbations of a slowly rotating, con-
ducting star. The Proca equation (2), linearized in the
perturbations (12]) on the background . can be written
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in the following form’}

STI, = (A + AD cos 19) Y+ B sin9d,y! =0,
(B1)
Yl
0y = 0y Y' —impB—— + msindY! =0, (B2)
sin ¢
H l
0 = ,05Y" + imay Y + GsindY! =0, (B3)
srm? sin

where a sum over (I,m) is irnplicit and I denotes either
the ¢t component or the r component. The various radial
coeflicients in Egs. . are given in a supplemen-
tal MATHEMATICA® notebook [83]. Each of these coef-
ficients is a linear combination of perturbation functions
with either polar or axial parity. Therefore we can divide
them into two sets:

Al(l) y Qg Cl )
Axial: AI(I) Bl(I)

Polar:

s B om,

)

where I =1t,7r.

1. Separation of the angular dependence

In order to separate the angular variables in Egs. (B1])—
(B3) we compute the following integrals:

/ S Y, (I=t,r); (B4a)
/ STLY; I ™d, (a,b=1,); (B4b)
/ SISy ybdQ,  (a,b=1,¢). (B4c)

where we set z# = (t,r,x%) with 2° = (9, ¢), the two-
sphere 4, = diag(1,sin® ), and

Y, = (0sY',0,Y"),

1
Sl =
b (sinﬁ

We also make use of the orthogonality properties of scalar
and vector harmonics, namely

d,Y!, —sin ﬁaﬁyl> . (B5)

/ viy=tdan = st (B6)
/ YY;VAd0 = / SLSi !y = 1(1+ 1)

/ Yisii a0 =0, (B7)

3 We will append the relevant multipolar index [ to any pertur-
bation variable but we will omit the index m, because in an
axisymmetric background it is possible to decouple the pertur-
bation equations so that all quantities have the same value of
m.



as well as of the identities

cos0Y! = Qi Y 4 Qyit,
sin¥0yY'! = QY — Qi1+ 1)yt

12—m2

with Q; = VTESEE
obtain the following radial equations:

By using the above relation, we

4”+Qﬂ&ﬂ+d—nﬂﬂ}

+ Qiq1 {fll(i)l -+ Q)Bl(i)l] =0, (B10)
(14 1)y —im(
— QU+ D)1+ Qipalmy1 =0, (B11)
I(1+ 1)) + immy
- QU+ 1)G-1+ Qi41lG41 =0. (B12)

Note that Eqgs. (B10)—(B12) can be written in the

schematic form

0=A +eamd; + ea(QPI_1 + Q11Pr11), (B13)
0="P +eamP; + (A1 + Qi1 A141), (B14)

where €, is a bookkeeping parameter for the expansion in
the angular momentum, A;, A; are linear combinations of
the axial perturbations with multipolar index [; similarly,
Py, P; are linear combinations of the polar perturbations
with index [.

2. Axial-led and polar-led perturbations

We expand the axial and polar perturbation functions
(schematically denoted as a; and p;, respectively) that

appear in Egs. (B13)) and (B14) as

a; = al(o) +eq al(l) +O(é2)

p=p" +eapV +0(2). (B15)

Since in the nonrotating limit axial and polar perturba-
tions are decoupled, a possible consistent set of solutions

of the system (B13)—(B14) has p(LOil =0, wherel = L is

a specific value of the harmonic index. This ansatz leads

to the so-called “axial-led” subset of Eqgs. (B13)—(B14)):

Ar + EamflL = Q
Pr1+€aQrt1AL =0
Pr-1+€QrAL =0

(B16)

where the first equation is solved to first order in the
spin, whereas the second and the third equations do not
contain zeroth-order quantities in the spin, i.e. pr+1 =
O(ey). The truncation above is consistent because in the
axial equations for [ = L the polar source terms with
I = L £1 appear multiplied by a factor ¢,, so they would
enter at second order in the rotation.
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Similarly, another consistent set of solutions of the
same system has a(Loj)[1 = 0. The corresponding “polar-

led” system reads

Pr + €amPyp, = 0~
Ars1+€Qr41PrL =0
Ar—1+€91Pr =0

(B17)

Interestingly, within this perturbative scheme a notion of
“conserved quantum number” L is still meaningful: even
though, for any given L, rotation couples terms with op-
posite parity and different multipolar index, the subsys-
tems and are closed, i.e. they contain a finite
number of equations which describe the dynamics to first
order in the spin.

Finally, note that the first set of equations in the axial-
led system and in the polar-led system do
not involve couplings between axial and polar modes.
Once the first set of equations in the system [or in
the system ] is solved, the remaining two equations
can be solved separately. Therefore, if one is interested
in the linear spin corrections to axial or polar perturba-
tions with a given harmonic index L, one can solve only

the first set of equations in the system (B16) or ,

respectively.

a. Final equations for the azial-led system

By using the coefficients given in the Supplemental Ma-
terial, it is easy to show that the first equation of the

system (B16)) reduces to Eq. in the main text.

b. Final equations for the polar-led system

The polar-led system is more involved. In general, one
of the polar equations fixes the proper charge density pgpm
in terms of the other perturbation functions, even when
o = const. In the Proca case, by using the coefficients in
the Supplemental Material, the system can be reduced
to three differential equations that can be schematically
written as

u/ll = f1<u17u/17u2)7
ul2 = f2(U17U/1,U2,U3),

Ué = f3(U/17U27U3) ;

where u; = f!™ | ug = A" and uz = k. Note that
the first equation above does not contain us. Therefore,
it is possible to write a system of two second-order, ra-
dial equations for u; and we simply by solving the sec-
ond equation above for us, differentiate it with respect
to r, and then using the third equation above to elimi-
nate ug. The final result is not shown explicitly and a
detailed investigation is left for future work. Note that
in the Maxwell case (uy = 0) the usual gauge freedom
can be used to eliminate one spurious degree of freedom.



Consequently, the Maxwell polar sector propagates only
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one degree of freedom, described by a second-order field
equation.
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