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Abstract. We present and prove some results within the framework of Hilbert C*—
systems {F, G} with a compact group G. We assume that the fixed point algebra A C
F of G has a nontrivial center Z and its relative commutant w.r.t. F coincides with
Z, i.e. we have A'NF = Z D C1. In this context we propose a generalization of the
notion of an irreducible endomorphism and study the behaviour of such irreducibles
w.r.t. Z. Finally, we give several characterizations of the stabilizer of A.

1 Introduction

The Doplicher—Roberts superselection theory [1, 2, 3, 4, 5, 6, 7, 8] starts with a C*—algebra A with
trivial center, i.e. Z(A) := Z = C1. A is interpreted as the algebra of quasilocal observables.
The field algebra F O A, together with the gauge group G is then constructed as a special
C*~dynamical system {F, G} (cf. [9]), namely as a crossed product [6], also called a Hilbert
C*—system in [10, Chapter 10]. It satisfies the condition that the relative commutant is trivial,
ie. A/'NF=CI.

The paper by Fredenhagen, Rehren and Schroer [12], where conformal theories in 141 di-
mensions are studied, suggests that a nontrivial center (containing for example (global) ‘Casimir
operators’) of the universal algebra may also appear in physically relevant examples, and this sit-
uation is related to the superselection theory of the model (see also [13]). Furthermore, there are
good mathematical reasons for considering the center of A to be nontrivial, and indeed this case
has been treated in the past. For example, in the framework of strict symmetric moinidal C*—
categories with conjugates Doplicher and Roberts [7, Sections 2 and 3] present some results where
(¢,¢) is not necessarily trivial. Further, Longo and Roberts [11, Section 2| also study the notion of
conjugation in the more general setting of strict monoidal C*—categories without assuming that
(¢,¢) is trivial. They also present a result for the case that (¢,¢) is finite dimensional.

One of the problems of dealing with a nontrivial center of A is mentioned in |7, Introduction]:
“There is, however, no known analogue of Theorem 4.1 of [6] for a C*-algebra with a non-trivial
center and hence nothing resembling a “duality” in this more general setting.” The theorem
mentioned before guarantees the existence of a C*—algebra containing an algebraic Hilbert space
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that satisfies the usual nice properties, once A with Z(,A) = C1 and a suitable endomorphism are
given. Contrarily, the present paper deals with Hilbert C*—systems {F,G} for compact groups
G, where the fixed point algebra .4 has nontrivial center Z and satisfies the condition

ANF=2z>C1. (1)

We adopt a pure mathematical point of view and we will use the words field algebra F and
observable algebra A only in a ‘metaphorical’ sense, not claiming any relation to QFT.

We remind that the condition A’ N F = C1 (which implies Z = C1) leads to the property
w(A)" = U(G)', where 7 denotes a so—called regular representation of {F,G}, i.e. w is the GNS—
representation of the state w(F) := wy(II,F') and the GNS-representation of A w.r.t. wy is faithful
(see, for example, [13, p. 18 fI.]). In the general case given by (1) it can be shown that for a
regular representation 7 the equation

7(A)NU(G)" =C1

holds. In this case we have that the condition 7(A)” = U(G)" implies Z = C1 and, therefore, if we
assume Z O C1, then the proper inclusion 7(A)” C U(G)" must hold (note that 7(A)” C U(G) is
always true). Roughly speaking we can say that the group G does not determine the ‘observables’
completely.

We hope that this (mathematical) model will serve to get familiar with certain structures
(e.g. Hilbert Z—modules) that may possibly appear when trying to construct G and F starting
from the Doplicher—Roberts analysis in [7], for example in the special case that the “statistical
dimensions” d(p) are scalars. However, at the present we have no convincing argument that this
could be even possible.

The paper is structured in 8 sections: In Section 2 we collect standard results concerning
Hilbert C*—systems that will be used later on. In Section 3 the notion of a Hilbert Z—module
is introduced. It is a natural generalization of the usual notion of an algebraic Hilbert space
[1, Section 2] when the center of the observable algebra Z is nontrivial and Eq. (1) is satisfied.
In Section 4 the bijection between the set of right Hilbert Z-modules and the set of canonical
endomorphism is extended to a functor between the corresponding categories.

From very general arguments it is easy to see that the original notion of irreducible endomor-
phism p, i.e. (p,p) = C1, is not meaningful anymore when Z is nontrivial. Section 5 proposes a
generalization of this concept. A first justification of this new notion is given by the observation
that the action of the inverse of an ‘irreducible’ endomorphism restricted to the center can be
described by certain continuous function acting on spec Z (cf. with Remark 5.5). Section 6 deals
with the decomposition theory of a general Hilbert Z—module $ = HZ, with ‘H a group invariant
algebraic Hilbert space, in terms of $, = HpZ, where D € G. The main results of the article are
presented in Section 7, where different statements and characterizations concerning the stabilizer
of A, stab A, are proved. For example, stab A is identified as a certain subgroup of the group
of all continuous functions from spec Z into G, and the description of this subgroup uses the
functions associated to irreducibles mentioned above.

2 Basic material on Hilbert C*—system

We start introducing some notation and results concerning Hilbert C*—systems. General refer-
ences are [10, Chapter 10], [14, 13].

A Hilbert C*—system is denoted by {F, G}, where G C aut F is a compact group w.r.t. the
pointwise norm topology. Il,, D € G (the dual of G), are the spectral projections that satisfy
the orthonormality relation

HD1 o HD2 = 5D1D2 HD1 5 Dq,Dy € G\



For the trivial representation class ¢ € G , we put
A=1LF={FeF: g(F)=F, geG}.
i.e. A is the fixed point algebra in F w.r.t. G. Further, the spectrum of G,
specG :={D € G: I, # 0},

can be defined equivalently as the “Arveson spectrum” (cf. [13]). According to the definition of a
Hilbert C*—system we have specG = ? and to each D € C? there corresponds an algebraic Hilbert
space Hp C Il F, dim’Hp, = dim D = d, such that suppHp = 1 and G acts irreducibly on Hp.
Further, the unitary representation Q[HD is an element of of the equivalence class D. Recall
that if {® D,Z-}‘ij:1 is an orthonormal basis in Hp, i.e. the basis elements satisfy

* — .o
@D,i q)D,i/ - 512/ 1 )

then
d
supp Hp = Z@DJ(I)EJ =1.
i=1
In terms of the matrix elements we have
d
g (‘I)D,i) = Z @D,i’ UD,i”i(g)’ geg.
i'=1

We denote by D € C?, the conjugated representation of D € G. If D is related to the ma-
trix (Ui/i(g))/, € Maty(C) as above, then D is realized by the complex conjugated matrix
1,1

)

(Ui/i(g)) € Maty(C) w.r.t. the conjugated orthonormal basis {f1>57i}§l:1 of Hs.
i
The following equations will be useful for later on [15, 16], [17, p. 182]:

F = ClO”” <span {HD F: De g}) (2)
I, 7 = span{A-Hp}, Deg, (3)
where || - || = || - || 7 is the C*—norm in F.

By end A we denote the set of all unital endomorphisms of A. Further for A\, u € end A we
consider, as usual, the intertwiner space

\p) = {A e A ANX)=u(X)A, X e A}

If H denotes an arbitrary G—invariant algebraic Hilbert space with support 1 in F, then the
canonical endomorphism associated to H is

h
A(F):=Y W, FU;, FeF, (4)
=1

where {¥;}" | is an orthonormal basis of H. ), is unital and since G leaves H invariant we have
A (A) C A de Ay € end A. If H := Hp, then py,, is briefly denoted by pp.
From Egs. (2) und (3) (see also [10, Subsection 10.1.3]) we obtain the relation

o~

Deg

ANF= cloy| (Z (pp,t) -HD> . (5)



This implies that, A'NF = Z iff (pp,t) = {0}, for all D # ¢ and therefore, from our fundamental
assumption,

ANF=2>C1, (6)

we get the following disjointness relation between the canonical endomorphisms p,, D € G:
(pD17pD2):{0}7 Dl #D27 DlaDQGG\- (7)

Note that Eq. (7) implies also Eq. (6).
For a general A € end A and, in particular, for A := p,, we get

2SN, (8)
On the other hand we also obtain the inclusions,
C1LCA(Z) € (M), (9)

because from the relation, ZA=AZ, Ae A, Z € Z, it follows that,

and therefore, A(Z) € (A, A). Note that since A is not surjective in general we can not assure that
MNZ) € Z for all Z € Z. Therefore a typical feature of the present case is expressed by the fact
that in general,

AN2Z2) ¢ Z. (10)

Eq. (8) implies that the usual “intrinsic” (i.e. group independent) notion of irreducible endo-
morphism A, namely (A, A\) = C1, is meaningless in our situation (cf. nevertheless with Section 5
and with [10, Subsection 10.1.3] for further details concerning this point).

Next we introduce the *-subalgebra Fy C F and the A-valued scalar product (-, -) , on F.
We select first, a family of algebraic Hilbert spaces {Hp}, 5 corresponding to {F, G} and,
second, a corresponding family {®, ;}¢,, D € G, of orthonormal basis. Then,

D
finite sum

d
i=1

Fo is a dense *—subalgebra of F. On F we can define the following A-valued scalar product,
<F1, F2>.A ZZHL(FlFQ*), Fi, Fy e F.

It satisfies the equations:

1 5. .
(Ppy,irs Pogin) 4 = d_5D1D25i1i2ﬂ7 Di,Dy€G,i1=1,....dy1, 02 =1,...,ds.
1

(ALF1, AgFy) 4 = AL (F1, Fy) 4 Ay, A, Ay e A Py P e F.
(F,F), > 0 and (F,F), =0 iff F=0, FeZ.

From this we obtain for F := 3] Ap ; ®p i € Fo and Fy := ) Bp ; ®p,; € Fo, the equation

i,D i,D

1
<F1, F2>.A = ZEAD’iB;’Z' .
i,D



Consider H, p;, and {¥,, ;}%_, as specified in (4). Denote by H a conjugated algebraic Hil-
bert space (carrying the conjugated representation) with orthonormal basis given by {\I’ﬁ,i}?zl-
Putting

h
i=1
e(Hi, Ha) = > Wi Uoyy 5 W5 i U0 5 (13)
i3
we get the following relations:
Ry € (v, popun). (14)
E(Hlv HQ) € (pH1 © pH27 pH2 © le)- (15)
Ve, = RVg,,i=1,...,h (16)
Rz = e(H,H)Ry. (17)
R} R,, = R;Ry = hl. (18)
1 = e(Hi,H2)e(He, He). (19)
The so—called standard left inverse is given by
1 *
Pr(A) == 7 Ry pr(A) Ry, A€ A. (20)

3 Hilbert Z—modules
The stabilizer, stab A, is a subgroup of aut F defined by
stabA:={f cautF: f(A)=A forall Aec A}.

The study of stab A in the present situation leads in a natural way to the notion of a right Hilbert
Z-module [18, Chapter 15] (see the following two propositions). Some of the results of this and
the next section may be compared by putting Z = C1 with standard results in e.g. [1]. Note
that we work with finite-dimensional algebraic Hilbert spaces.

Let H be an G—invariant algebraic Hilbert space in F of finite dimension d. Then we define
the free right Z-module $ by extension

d
H:=HZ = {Z@Zi: Z; ez},
=1

where {®;}¢ ; is an orthonormal basis in H. In other words, the set {®;}¢ ; becomes a module
basis of $ and dim $) = d. For Hy, Hy € $ put

<H1, H2>ﬁ = HTHQ € Z.

Then, {9, (-, )} is a Hilbert (right) Z-module or a Hilbert Z-module, for short.
A system of d elements {¥;}¢_, C § with

d
U= ®yZpi, Zn€Z,ii=1,....d, (21)
/=1



d
is an orthonormal basis of 9, i.e. (¥;, Ux) = 0;x, if the matrix 3 := (Zi/i)./ - € Maty(Z2)
i i=

satisfies
33 =1,. (22)

Using Gelfand’s Theorem we denote the values of the corresponding matrix—valued function on
spec Z by 3(p), ¢ € spec Z:

spec Z 3 p — 3(p) == (Zz"z‘(SO)) ,

i 5 ’
Then Eq. (22) is equivalent to
3(p)*3(p) =14, @ EspecZ. (23)

Recall that in the finite-dimensional case, Eq. (23) implies
3(9)3(p)* =14, @ EspecZ.
and again by Gelfand’s Theorem we obtain
33 =1y. (24)

The last equation implies that the canonical endomorphism p,, can now be associated to $H = HZ,
because

d
pr(A) =D W AT;, Ac A,
=1

where now {¥;}¢; can be any orthonormal basis in $), is independent of the choice of the
orthonormal basis in $:

d
SNV AV = Y By Zyi AZj,
i=1

i,4 4"

= Z (bi/ (Z ZZ'/Z' A Z’i'l) ;'k//
%

Z',/L'”

= Z (bi’ (Z Z’i/i Zz*”z> A @;(N
il i i

d
= > 9 AP]
i=1

For this reason we use the notation p;, = pg, H = HZ.
We emphasize that pg does not characterize anymore the algebraic Hilbert space H (as in the
case where Z = C1). However we have

3.1 Proposition Let $ = HZ be a Hilbert Z-module as above and let p, be the corresponding
canonical endomorphism. Then the relation

He$ iff HA=ps(A)H, AcA,

holds. With other words, p, characterizes the Hilbert Z-module $ uniquely.



d
Proof: Let H € §. Then we can write H = Y ®; Z; for certain Z; € Z and {@i}le an
i=1
orthonormal basis of H. We compute directly

d d
HA=Y 9, Z; A=Y ®AZ=ps(A) > ®iZi =ps(A)H.
=1 =1 =1

Conversely, suppose that H € F satisfies the equation HA = py(A) H, A € A. Then, since
D; A= py(A)®;, and AP = D p,(A) forall Ae A, i=1,...,d, we have & HA = AD H,
A€ A, ie we get ®FH € A/ANF = Z. Putting now Z; := & H € Z, we finally obtain,

d
H=S &7 ¢ m
i=1
3.2 Proposition Let § = HZ be a Hilbert Z-module as above. Then, $ is stab A-invariant,
i.e. B($) C 9 for all G € stab A.

Proof: Let 3 € stab A and &,V € H. Since py(A) € A for A € A, we have
O* B(W) A = & BUA) = & §(p, (A)T) = ®* py (4) B(T) = A &* 5(¥),

for all A € A, and therefore ®* 3(¥) € A'NF = Z. In particular, putting as in the preceding
proposition Z; := ®f 3(¥) € Z, where {®;}¢_, is an orthonormal basis of H, we obtain 3(V¥) =

d
S, 7, € 9. n
i=1

Next we ask the question of how to characterize G—invariant algebraic Hilbert spaces that
are contained in a given $§ = HZ, with H itself a G-invariant algebraic Hilbert space. By
Uy (g) € Maty(C), g € G, we denote the unitary matrix representation of G given on H, w.r.t. an
orthonormal basis {®;}%¢ ; specified in H. If we choose another orthonormal basis {¥;}¢ ; in §,
related to {®;}¢_; by means of the unitary matrix 3 € Maty(Z) of Eq. (21), then the representa-
tion of G w.r.t. the new basis is given by the matrices V(g) € Maty(Z), defined by

Vig): =3"Un(9)3, 9€G. (25)

In contrast to Uy(g), the matrix V(g) cannot in general be associated to a constant matrix—
valued function on spec Z. The condition “V(g), g € G, is a constant matrix—valued function on
spec Z” reads

3(p1)" Un(g) 3(¢1) = 3(92)" Un(9) 3(p2), 1,92 EspecZ, g€ G,
or
3(p2)3(1)* Unlg) = Un(g) 3(p2)3(01)*, 1,2 EspecZ, g€ G, (26)

i.e. 3(p2)3(p1)* is an intertwiner of U, (G).
Now consider the special case that G acts irreducibly on H. Then Eq. (26) is equivalent to

3(2) = pp1,92) 3(1)

where |u(p1,02)| = 1, ¢1,p2 € specZ. Let 1 := ¢ be a fixed point of spec Z and put
W := 3(¢p). Then we get the condition

3(p) =ul@) W, |ulp)l =1, p €specZ,

d
i i

where p(+) is a continuous scalar function. Let W := (VVZ/Z) € Maty(C) and U € Z with

U(p) = p(p). Then U*U =UU* = 1 and
d
3= (WuU),

=1



In other words, we obtain that V/(g), g € G, is a constant matrix—valued function w.r.t. {¥,;}¢,
iff

d
V=Y & Wy U, U € Z unitary.
/=1

Putting d; = ST ®; Wy, then ¥, = ®; U and we obtain from Eq. (25)
,[:/

—~ ~ d o~
V(g) = 3" Un(g) 3 = diagU™ - Uy(g) - diagU = <U* Ui U> =Ux(9), 9€G,

i,i=1

where the matrix U, (g) corresponds to the orthonormal basis {®;}%, of H. We have obtained
from the preceding considerations the following result:

3.3 Lemma If G acts irreducibly on H and if H = HZ, then H' C $ is a G—invariant algebraic
Hilbert space iff H' = HZ, where Z € Z is unitary.

3.4 Remark Using the right Hilbert Z-module {$, (-, -)} one can construct canonically a con-
tinuous field of Hilbert spaces, a so—called “Dixmier field” [19, Chapter 10]. Recall that according
to Gelfand’s Theorem Z = C(spec Z). For ¢ € spec Z we put

N(p) = {H € 9: (H, H), () =0}

Denoting by fI(gp) the coset in 55//\[(@ associated to H € 9, we consider for a fixed ¢ € spec Z
the space

9(p) = {fi’(w) €Yy He S’J},

as a pre Hilbert space with scalar product given by

(Hr(g): Halg)) == (H, Ha), (), HiHp €.

Denote by H(¢) the completion of §(¢), i.e. H(p) := cloj., (5(90)) Then it can be shown that

the pair < I[I H(e), I f{)(gp)), is a continuous field of Hilbert spaces.
pEspec Z pEspec Z

4 The canonical functor

In this section we will show that the bijection between $ = HZ, H being G—invariant, and ps
established in Proposition 3.1 can be extended to a functor from the category of the right Hilbert
Z-modules into the category of unital endomorphisms of A.

The first part of this section is concerned with Hilbert Z—modules, $ = HZ, where H is a
finite—dimensional algebraic Hilbert space, but not necessarily G—invariant.

Let 91,2 be two such modules. By L:($1 — $2) we denote the set of all Z—module mor-
phisms form $; into $o, i.e. if T € Lz($H1— H2), then T is linear and satisfies

T(H\Z)=T(H\)Z, Hi€$,2ZcZ.
For T € Lz($H1— $2) there is always an adjoint T* € Lz($H2 — 9H1) such that

<H2, TH1>EJ2:<T*H2, H1>517 H,c9;,i=1,2.



Indeed, given orthonormal basis {®;}%, C $; and {\Ilj}?il C $2, then T is characterized by

da
3= (Zj~) € Matg, x4, (2), via the equation T'(®;) = > V; Zj;, i =1,...,d;. In this case, T*
75t 7=1

)

dy
is given by T*(¥;) := 3 ; Zj; and 3" = (Zjl-)ij € Matg, xa,(Z).
1= )

4.1 Definition Let T € L:($H1 — H2) be characterized by 3 = (Zj) . € Matg, x4, (Z) as above.
72,2

Then we define
di do

f:ZZ\Ij]ZJZ(I);k e F.
i=1j=1

4.2 Proposition The assignment, Lz($H1 — $H2) 2 T — T e F, with T given in the preceding
definition, satisfies the following properties:
(i) T(H,)=TH,, H €.
(i) T = 0 implies T = 0 (injectivity).
(iii) 7% = ()"
(iv) If T € ﬁz(f)/\g —>/@1) and Toz € Lz(9H3— H2), then we have Tia 0 Tz € Lz(H3— H1) and
Tig 0Ty = Tho - Tos.

V) ITMeze00 92 = T

Proof: (i) Denote by {®;}%*, and {¥; }?2:1 orthonormal basis of $; and 99, respectively. Then
the equation

di dy
T-®ig=) > V;Z; 2] iy = T(®yy) ,
i=1j=1
holds for all i = 1,...,d;.
. di d
(ii) Suppose that T' := 21: 22: V; Z;; @7 = 0. Then, multiplying from the left with W7 and
i=1j=1

form the right with ®;, we get Zj,;, = 0 for all jo =1,...,d, i9o = 1,...,d1, and therefore T' = 0.
(iii) Recall that if T is realized by the matrix 3 = (Zj,i) ~, then T* is given by the matrix
]7Z

3= (Z;-‘i)ij, so that

‘
(1) = (Z‘I’j Zjﬂb?) =", 2;, 0, =T
ij i

(iv) Add to the orthonormal basis introduced in (i) the orthonormal basis {Qk}Z?’: , of 9.
Denoting the matrices of T1 and Tb3 by 312 = (ZZ-(;Q)), ~and 393 = (Zﬁ?) " respectively, we
Z7] J7
get that the matrix of 775 o T3 is given by

da
312 323 = (Z Z;;Q)Z;i3)> € Matq, xd3(Z) -
=1

ik
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Then we calculate

/[:7]' j/7k

J

= > @ (Z Zi(;Q)Zﬁf)) Q;
ik

= TipoThs.

—

(v) Put 1 = $H2 =: 9. Then from (ii)—(iv) it follows that L-($) and L-(HH) C F are
*~isomorphic *-algebras. Both algebras are C*-algebras with C*-norms || - ||z, and || - [|#,

respectively. Therefore the isomorphy implies that the C*-norms coincide, i.e. ||T||, ) = 1T,
T € Lz($). In the general case we have that if T € Lz(91 — $2), then T*T € L:(91) and

—

T = (f)*f Therefore,

IT1Z, 51— 50 = IT*Tllezon = IT*T |l = I T1I%

and the proof is concluded. [ |
In the following we restrict again to the case where $ = HZ, with H an G-invariant algebraic
Hilbert space. From Proposition 3.2 we know that, in this case, § is stab .A—invariant.
Recall that g € G acts on H as a unitary operator U, (g), i.e. g[’H =Uyx(g) € L(H) and if an
orthonormal basis {@i}le is given, then the representation U, of G in 'H is specified by a scalar

unitary d x d-matrix, (Ui'i(g))l./ . € Matgy(C):

d
9(®;) = > @y Upilg) -
=1

In analogy we consider next those Z—module morphisms which are G—invariant.

4.3 Definition Let $; = H;Z, i = 1,2, be Hilbert Z—modules, where the associated algebraic
Hilbert spaces H; are G-invariant. Denote by U, (g9), g € G, the corresponding unitary rep-
resentations on H;. Then the subset Lz($H1—92; G) C L=z(H1— N2) is defined as the set of all
intertwining operators:

Lz(HD1—92;G) ={T€Lz(H1—92): Un,(9)oT =T oUyx,(9), ¢ge€G}
4.4 Lemma Let T € L-(91—$2). Then
T€L:(91—2:9) if g(T(H))=T(g(H)) geg,H €.
Proof: Obvious, since the following equations,
o(T(H)) = U (o)(T(H)) = (Us(9) T )(H1)

and

T(g()) = T(Vl9)(H)) = (ToUu(g))(H),

hold for all Hy € H;. [ ]



11

4.5 Proposition Let T € L:($H1— $92). Then,
TeLl(H1—9:G) iff TeA (27)
Even more we have

{f: T € Lz(H1—H; g)} = (P55 Poy); (28)

i.e. the mapping T —— T exhausts the whole intertwiner space (ps, ;s Ps,)-

Proof: First, let T € Lz($1— H2; G). Then, according to Lemma 4.4 we have T’ (g(Hl)) =
g (T(H1)> for all g € G, H; € ;. From Proposition 4.2 (i) we get further

~

T (i) = T(g(th)) = 9(T(H) = o(T - 1) = 9(T) - g(t).
so that g(f) = T and, therefore, T € A. Second, if g(f) =T for all g € G we have

o(T()) = 9(T - Hy) = 9(T) - g(t) = T g(t1) = T (9(11).

which by Lemma 4.4 implies that T € L2(91—92; G).
To prove Eq. (28) let {®;}%, and {\Ilj}?il orthonormal basis of $; and )2, respectively.

Then
dy do

f:ZZ\P]Zﬂqf; e F,
i=1j=1

where 3 = (Zj-) . € Matg,xq, (Z£) denotes the matrix corresponding to T' € Lz($H1 — $H2; G).
j?l

But from the definition of the canonical endomorphisms we have for A € A:

T ps, (4) = Zq/jzjicp;k) (Z%Aéi>
@] i/
= Z‘I’jzjﬂl@?>
,j

,J J

J i3’
= pf)z(A)T
On the other hand if B € (pg,, ps,), forall A€ A, i=1,...,d1, j=1,...,ds we have that
U5 B®; A= Bp,, (A)&; = U p, (A) BS, = AV, BY;

and V5 B®; € A'NF = Z. Putting Zj; := V% B®; € Z and using the support properties of the
spaces generated by {fbi}?;l and {\Ilj}?il we obtain

B:=Y V;Z; ;.

0,
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Therefore, denoting by T the operator in T' € L:($1 — $2) which is characterized by the matrix
3= (Zj-> € Matg, x4, (£) we have from the last equation that T = B. Since B € A we even
2,2

know from the first part of the proposition that T € Lz($1 —9H2; G). [ |
We have the following direct consequence of the preceding result

4.6 Corollary If T € L-($), then

ToUy(g) =Un(g)oT, g€G iff T € (ps, ps),

i.e. T'is an intertwiner of the representation U, (g) on H zﬁf is an intertwiner of the canonical
endomorphism, ps .

As it was announced at the beginning of this section we can now extend the mapping

Py 5, S(piy) =9

to a functor by means of the assignment

(pfn’ py)z) > A — S(A) € Ez(le—U’JQ; g)a

where

(5(4))(H1) = A- Hy.

In other words, §(A) can be characterized, once the orthonormal basis are chosen in $); and o,
by the matrix

3= (Zj)ji € Mat,xd, (Z)

that satisfies the equation
BOU'Hl(g):UHQ(g)OB) geg-

In particular, since Z C (pg, ps) (cf. with Eq. (8)), for each $§ = HZ, where H is G-invariant,
we have that ZH € $ for all H € $. This means that for each Z € Z there corresponds a matrix

3= (ZZ,Z) € Maty(Z), such that
i

d
Z®i=> ®yZy;. (29)
/=1

Therefore, the tensor product of two Hilbert Z-modules $; and )9,
1 92 = spang (551 '552) = spang {H1H23 Hy € S, k= 1,2},
is again a Hilbert Z-module. Indeed, this follows from the computation:

(HyHy)* HyHy = Hj (Hy, HY), Hy = (Hy, (H, H;>mH§>de €z,
where Hy, H;, € i, k = 1,2. With orther words 91 )2 is the inner tensor product of the
Hilbert Z-modules $); and $ w.r.t. *~homomorphism Z — L£:($2) defined in Eq. (29) (see
also [20]). Obviously, we have 91 2 = (H1Hz2)Z, where H;Hz denotes the C—tensor product,
spanc(Hy - He), of Hy and Ha.
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5 Irreducible endomorphisms

In the present section we will determine the intertwiner space (pg, pg), where = HZ and the
algebraic Hilbert space H is invariant and irreducible w.r.t. G.

5.1 Theorem Let $ be as described above. Then the equation

(Pss Ps) = ps(2), (30)
holds.

Proof: The inclusion pg (Z) C (pg, py) follows from Eq. (9).
To prove the other inclusion suppose that A € (ps,p5). Then from the relation (28), there
exists T € Lz(H—9H; G), such that A =T. According to Corollary 4.6 this means that

ToUy(g) =Ux(g)oT, geg,

where U, is the unitary representation of G on H (cf. with the paragraph before Definition 4.3).
Choosing an orthonormal basis {fbi}‘ij:l of H, we can rewrite the preceding equation as

Z Zm UH z/z” Z UH i’ ZZ/Z”7 g€ g s i,’i” = 17 o 7d7 (31)

where (ZZ-Z-/>W € Maty(Z) is the matrix characterizing T and (UH,W(g))W corresponds to

Ux(g). Therefore, by Gelfand’s Theorem, we can associate to each Z;;; € Z a continuous function
Zi(+) € C(spec 2), satisfying Z;(p) = ©(Z;i1), ¢ € spec Z. From Eq. (31) we obtain

Z i (@) Usg,irin (g ZUH“ Zipin (@) pEspecZ,g€ G, i,i" =1,...,d.
=1
Denoting by T'(¢) € L(H) the operator whose scalar matrix w.r.t. the orthonormal basis {®;}%¢_,
is (Zii/(go)) ,» we get from the preceding equation
1,0
T(p)oUslg) = Unlg) oT(p), ¢ EspecZ,geg.

But U,,(G) is irreducible, hence
T(p) = c(p)nt,

follows, where ¢(-) € C(spec Z). Again, by Gelfand’s Theorem, the function ¢(-) can be associated
to an element Zy € Z, such that ¢(¢) = Zy(¢). We obtain from this Z;;; = Zy d; or

T = Zyly.

But, since A = T we get from the last equation

d d d
A= D" 8, Ziy®; = > i Zo0iy i =>_ ®; Zo®; = ps(Zo)
ii'=1 ii'=1 i=1
and the proof is concluded. [ |

5.2 Corollary If H is irreducible, then the inclusion
ZC pu(2),

holds.
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Proof: Use Eq. (8) and the preceding theorem. [
We have therefore the following relations for the canonical endomorphism, pp = pg,,, with

9p=Hp2, DeEG:
(pD7pD') = {0}7 D#Dlv D7D,€§
(Pps pp) = po(Z2).

Motivated by Theorem 5.1 we introduce the notion of an irreducible endomorphism, which is
independent of the group G.

5.3 Definition An arbitrary endomorphism X\ € end A is said to be irreducible if (A\,\) = A(Z).

Note that this definition coincides with the usual notion of irreduciblility in the case where
Z = C1 (see for instance [17]).

5.4 Proposition If p, € end A is irreducible, then pgl can be considered on Z and the inclusion
P (2)C 2,
holds, i.e. pngZ €end Z.

Proof: From the existence of a left inverse (cf. Eq. (20)) it follows that pg is injective. Then,
Corollary 5.2 ends the proof. [

5.5 Remark According to the preceding Proposition we have that if the endomorphism A := pj,
is irreducible, then A\~* [Z is a unital injective endomorphism of Z. But according to Gelfand’s
Theorem the category of unital abelian C*—algebras and their *~homomorphisms and the category
that is opposite to the category of compact topological spaces and their continuous maps are
isomorphic (see e.g. [21, Chapter IV]).

This means that to any unital endomorphism A~! [Z there corresponds a continuous mapping

fr: spec Z — spec Z,

such that
(A @)@ =2(h@), ZeZ, pespecZ,

where f) is surjective in our case.

A1
Z _ Z
l l
C(spec Z) C(spec Z)
T T
spec Z I spec Z
From the preceding comments we can divide the irreducible endomorphisms A\ := p, into

two different families: the first one is characterized by the fact that )\_ITZ is also a surjective
mapping. In this case the equations

Z=X2Z)=(\N\)
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hold. For the second family A\~! [Z is not surjective and the following chain of proper inclusions
can be easily established

. C ()\‘1)”(2) C (A‘l)(n_l) (2)c...cxl(z)cz.

If Z is finite-dimensional only the first type of endomorphisms will appear.

The continuous mappings f) = f,,, 9 irreducible, are essential ingredients of the Hilbert
C*—system {F, G}. Roughly, the function fy reflects, at the level of the spectrum, the action of
an irreducible endomorphism A on Z.

5.6 Example A simple example that illustrates the present situation is constructed as follows: let
Q be a compact topological space and B := CAR(h,I") the C*—algebra of the canonical anticom-
mutation relations over an infinite-dimensional Hilbert space h with an antiunitary involution I"
[22]. Define the C*-algebra

A:=C(Q,B)={f: Q— B: f is continuous}
with the natural operations and C*-norm. From Z(B) = C1 we obtain that
ZA)=C(Q,C)oC1.

Define next the automorphism v € aut A as (vf) (p) = —f(p), p € Q, f € A. The field
algebra F is constructed using the automorphism v as in [17, Section 3.6] and since (id,~y) = {0}
we obtain A’ N F = Z(A). The automorphism 7 is irreducible and satisfies

Y(Z(A) = Z(4) = (1,7).

The group in this example is G = Zy = {id, a} (o € aut F satisfies o2 = id) and G = {1, x} = Zy.

6 Decomposition of § in terms of $Hp, D € G

As at the beginning of Section 3, we consider a Hilbert Z—module $) = HZ, where the algebraic
Hilbert space H is G—invariant. Denote the associated canonical endomorphism by A := pg.
Further, we will need the quantities $, = HpZ and pp associated to irreducible D € QA and
defined in Section 2. As before, U;,(G) and Up(G) = U, (G) are the unitary representations of
G on H and on Hp, respectively. Up, is irreducible.

6.1 Proposition With the notation introduced above the following properties are true:
(i) The intertwiner space (pp,N) is a Hilbert pp(Z)-module, D € G.
(ii) For D,D' € G and D # D' the Hilbert modules (pp , \) and (ppr , \) are mutually orthogonal.

(iii) The Hilbert pp(Z)—module (pp, ) is a free module. There exists an orthonormal basis
{CD,Z};Z(ID), where m(D) denotes the multiplicity of D € G in the decomposition of Uy as a
direct sum of irreducible representations. Further, the following equation holds:

m(D)

Supp(pD))‘) = Z CD,lC;,l = Pp,
=1

where Pp is the uniquely determined isotypic projection belonging to D in the mentioned
decomposition.
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Proof: (i) Let A, B € (pp, ). Since the endomorphisms pj, are irreducible, we have that
A*B € (pp,pp) = pp(Z) .
(i) Let A € (pp,A) and B € (pp,A) with D, D’ € G and D # D'. From Eq. (7) we get
A*B € (pyr ,po) = {0}

(iii) First we decompose Uy, on H into a direct sum of irreducible components. For D € G we
write explicitly

m(D)
Py=> Epy, (32)
=1
where the orthonormal family of projections {ED,Z};Z(ID) satisfy Ep ;o Un(g9) = Un(g) o Ep 1,

g € G, and the subspaces {Ep ; H}; are irreducible. Then, according to Corollary 4.6 we have
that £, ; € (A, A). We denote by

{(Opi:DeG,i=1,....d, 1=1,...,m(p)}
an adapted orthonormal basis of H w.r.t the decomposition specified in (32). Further, choose an
orthonormal basis {® DJ-}?:1 of Hp and put
d
Coii=> ¥y 19} ;. (33)
i=1
We will show that Cp ; € (pp,A), D € G, 1 =1,...,m(p). Indeed, note first that g(Cp. ;) = Cp.1,
g € G, so that Cp, ; € A. Moreover, we obtain for all A € A
d
Ch,i pp(A) = Z Wp,i1 (I)*D,z' po(A)
i=1
d
= Z‘I’D,z‘,lA(I)Tg,i
i=1

d
= AA) Y U501,
i=1

= )\(A) CD,Z 5

where for the third equation we have used Proposition 3.1 and the fact that ¥ ; ; € H.
Next, we obtain by a direct computation that C;lCDJ/ =0, for [ #1"

d d
ChiCor = (Z%i )(Z@@)
=1 =1

* *
= Y iV Vo P

i3

= 0’

because the family of projections {Ep ;}; are mutually orthogonal and, therefore, the equation
3 i1 ¥p,ir,r =0 holds for | # I'. Note that from Eq. (33) we get

Uy i1=Cp1Pp,i- (34)
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Now we have to prove that {CDJ};Z(ID) is a module basis of (pp,\). Let B € (pp,A), D € G.
Then we have
CE,ZBPD(A) = ;,ZA(A)B = pp(A) ;,137

ie. Ch B € (pp,pp) = pp(Z). We put
B =pp(Zp1), (35)
for some Z,, ; € Z. Furthermore, we have
Cy B=0, D'#D, (36)
because C}, | B € (pp, pp’) = {0}. Moreover, we calculate using Eq. (33)

m(D) d d
> CoaChy = ) (Z %,u@é,i) : (Z p, \I/E,i’,l)
1 i'=1

=1 l 1=

* *
= ZZ\PD,M (I)D,Z' p, i \I]D,i’,l
R

*
= Z\I]Dvi7l\I]D,i,l
1,0

= PD)

where we have used the fact that {¥, ;;}p i is an adapted basis w.r.t. the decomposition
specified in Eq. (32). Note that suppH = > ¥, ¥} ;= 1. From Eq. (35) we get

D,li
m(D)
P, B = Z CD,ZC:;J B:ZCD,ZPD(ZD,Z)
=1 l

and from Eq. (36) we obtain

m(D’)

PyB=|> Cup.Ch,|B=0,
=1

for all D’ # D. From this we finally have

m(D)

B = Z CD,l PD(ZD,l)
=1

and the proof is concluded. [ |

6.2 Theorem With the notation of the beginning of this section, let D € G. Then (pp, A) HHp is
a Hilbert Z—-module. Further, $ can be decomposed into the following orthogonal direct sum:

9 :Ell?(pp, )\)Y)D-

Proof: Let Ar € (pp, A\), Xp € Hp, Z € Z, k = 1,2, so that Ax X Zx € (pp, ) Hp.
According to Proposition 6.1 (i) we have that AjAs = pp(Z) for some Z € Z and, therefore,

(4x121) (4X22) = 2 X{ A} Ay X0 25
— 21X} po(2) Xs Z
= ZIXI X2 ZZo
= 77 (X1, Xa)g, Z 72 € 2.
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The mutual orthogonality of the Hilbert Z—modules (pp, A) Hp, D € é, follows from the mutual
orthogonality of the p,(Z)—module (py, A) (cf. Proposition 6.1 (ii)).

It remains to show that ]5; . (HZ) = (pp, \) HpZ where, as before, g[H acts by the unitary
representation Uy (G) and Py, € £(H) denotes the isotypical projection w.r.t. D € G. Recall that
Py o Us(g) = Un(g) © Pp, g € G, implies P, € (A, A) C A (cf. Eq. (28)). The family {®, ;}¢,
denotes an orthonormal basis of Hp.

First, we prove ]3\,3 . (HZ) C (pp, A) HpZ. For H € HZ we have

P Hc span{AH,} =1, F

and therefore .

PI)H:ZAZ"I)DJ, A, eA.

i=1
To prove that A; € (pp, A), i =1,...,d, we take B € A and put

d d
PoHB=) A;®,;B=> Aipp(B)®p,;.
=1 i=1

On the other hand we get

d
PoHB=P,A(BYH=AB)P, H=>_AB)A;®p;.
=1

Recall that {®, ;}¢, is also an A-module basis of Fy. Therefore A(B) A; = A; pp(B) for all
Be A, ie. A; € (pp, M.

Second, to prove the other inclusion take A € (pp, A). Then the inclusion A H, C HZ follows
from

so that AP, ; € HZ according to Proposition 3.1. Finally, for g € G we have
Q(Aq)D,i) = Ag(q)D,i)

= A (UHD((I)D,Z'))
d
= Z(A @D,i’) UD,i’z‘(g) )
=1

so that A®, ; transforms according to D € G and therefore AH » C ]3\,3 HZ. [ ]

6.3 Remark According to Proposition 3.2 the Hilbert Z—module $ = HZ is stab A-invariant.
This means that for each 3 € stab A and for an orthonormal basis {¥;}%_; of H we obtain

d
B(Ys) => WuZpi(B), Zvi(B) € Z,
/=1

i.e. to each 8 € stab.A there corresponds a matrix 3(5) = (Zm(ﬁ)> € Maty(Z). From the
i
orthonormality of the basis {¥;}L | we get immediately that (cf. also with Lemma 7.2)

3(8)"3(8) = 1a,
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where 3(5)* = (ZZ*,Z(ﬁ)) > 1g € Maty(Z). We also have

3(BroB2) =3(B1)3(B2) and 3(¢) =1g,

where (1,03 € stab. A and ¢ denotes the identical automorphism. In particlular, choosing an
orthonormal basis {®p, ;}% ; of H, we denote the corresponding matrices by
30 =(Zpui), €Mata(Z).
i i
Choose D1, Dy € Q and consider Hp, Hp, as well as the Hilbert Z-module Npp,opp, = 90,9D,,
$9p, = Hp, Z, k = 1,2. Recall that the representation Uy, %, (G) on Hp, Hp, belongs to the
class D1Dy. Let

3pip, = (Zplpz,z'gz'gme)./ s
11529521, 12

be the matrix associated to ﬁ[@le)DQ w.r.t. orthonormal basis {®p, i, Pp, i, }iy,in- According to
Theorem 6.2 we have the following decomposition of $p, Hp,:

5pD1°pD2 = 95,90, = @ (Pps Pp, © Pp,) Hp -

This means that there is an orthonormal basis in 95, 9p, of the form {Cp ;Pp i}, | =

1,...,m(p), i = 1,...,d, m(p) being the multiplicity of D € G in the decomposition of

Untp, Hp, (G) (cf. with Proposition 6.1 and with Eq. (34)), where >-d - m(p) = did2. Denote
D

by I'PiPz = (Ffiﬁf%“)imp” € Matg,4,(C) the corresponding scalar unitary transformation
matrix (Clebsch-Gordan matrix)
m(D)
Op,,i Pryiz = ) L, Coi®pi.
D =1 i=1

Then we have

30.0u(8) = 1 (ding m() 3, ) (£72%) (37)
where diag (m(D) 313) := diag (313, . ,3D>.

N

ﬂl(l))Atinqes

6.4 Remark Note that the expression (13) is not independent of the choice of the orthonormal
module basis in §). There is, however, the possibility to define an e associated to the Hilbert
Z-module: let § = HZ with H irreducible, i.e. p;, is irreducible. Then, according to Lemma 3.3,
the set of all G-invariant algebraic Hilbert spaces H' C $) is given by H' = HZ with Z € Z
unitary. The first step is to select from each class {HZ}, c 4z exactly one representant H C $.
Now, according to Lemma 6.2 we have for an arbitrary $, with A = p, the unique decompo-

sition

Ny = EBA(PD7 )\) o -

Deg

Thus, by

H, = @A(PD, )\) Hp,

Deg
where H,, now denotes the representant in the corresponding class {HpZ}, c y(z), we obtain a
unique G—invariant algebraic Hilbert space and on the basis of this choice we define

e(H1,92) :=e(H1, Ha),

where e(H1,Hz2) is given by the expression (13). Unfortunately, this definition of £($)1,$2)
depends on the initial choice of the representants from each class {HZ}, c y(z)-
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7 The stabilizer, stab A

We start with a first characterization of the elements of stab . 4. Recall the notions of spectral
projection, II,, D € G, and A-scalar product (-, -) 4 introduced in Section 2.

7.1 Lemma If 3 € stab A, then the equation
Boll,=T,08, DeG, (38)
holds and, further, we have
pestab A iff (B(F1), B(F2)) 4 = (F1, F2) 4, Fi,F, e F. (39)

Proof: We prove first Eq. (38). Let 5 € stab A and take F' € II, 7. Then from Proposition 3.1,
Proposition 3.2 and Eq. (3) we have

B(F) € AHp Z = App(Z)Hp C AH, =T, F
and, therefore, (HD o ﬁ) (F) = B(F) for all F € I, . This implies
MpoB0ll, = foll,
and R
I, 0oB0ll,=0, D'#D, D,Dcg.

For F' € Fy we have
F=> M,F,
D'eg

(formal infinite sum) and using this expression we obtain

(M 0 8) (F) = (HD o fBo (ZHD>) (F) = (BolL, )(F),

so that Eq. (38) holds.
Now, if 3 € stab A, then 5(A) = A for all A € Aor foll, =1I,. But from Eq. (38) we have
also the relation II, = II, o 8 and since

(B, 8(F)). =T ((5(F) (8(F0) ) = (L= 5) (FRiF).

we obtain

(B(F1), B(F2)) 4 = (F1, I2) 4

for all Fy, Fy € F.
To prove the other implication suppose that (8(F1), B(F2)) 4 = (F1, F2) 4, F1, Fy € F,ie. 0
G =11I,. Since II, o II, = II, we get
II,0B30II, =1I, (40)

and R
HoBoll, =0, D#.,DegG. (41)

From this we have for D # ¢, A € A and {®, ;}&, an orthonormal basis of Hp

(500)),,, = B0 00,04 = (4,57 (20.0)) = 4 (57 (200) ) =0,

D, .
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because

<ﬂl(f1>p,z-)>L =11, <(ﬂ1(%,@-)>> = (W0 oT1,)(@p,) = 0.

This implies
B(A) = (8(4)) or (BoIL)(F)= (L, oBoIL)(F), FeF.
Using Eq. (40) we obtain finally
Boll, =TI, 0 Boll, =TI,
and f(A) =Aforall Ae A=1II, F, ie. € stab A. [ ]

7.2 Lemma Let 3 = (Zi/i) , . € Maty(Z) be the matriz corresponding to 3 € stab A restricted to
i i

the Hilbert Z-module $ = HZ, where the orthonormal basis {\Ili}‘ij:l is fixed. Then 3 is unitary,

i.e. the equations

3'3=33"=14

hold. In terms of the entries we can equivalently write

d d
D Zhi Zg =i =Y Ziv Zy .

/=1 /=1

d d
Proof: Write H/H' € §as H= > V; X;, H = > U;Y;, where X;,Y; € Z,i=1,...,d.
i=1 j=1
Then we have on the one hand J
H'H =Y X/Y,e Z
i=1
and on the other hand

H*H' =B(H*'H)=pBH)BH)= > XFZhViVyZ;;Y;=> X Z5 Zy; Y.
i,5,4,5" 1,5,

=

d
Therefore the equation, Y Z7, Zy; = d;j, holds. The second equation, 33* = 14, follows from
1

Gelfand’s Theorem and from the fact that the scalar matrices (Zi/i(ap)) , . € Maty4(C), ¢ € spec Z,
i 0

are finite—dimensional (cf. with Section 3). |
The preceding lemma says that we can associate to each 8 € stab A and each Hilbert Z—mo-
dule $, a unitary module morphism

stab A 3 f— Uy (B) € L2(9), (42)

because B(HZ)=p(H)Z, H e 9, Z € Z.

From the definition of the functor §, given after Corollary 4.6, and from Eq. (28) we know
that the elements A € (py,, py,) determine via F(A), the set of intertwining operators between
Us,(9) and U, (G). Next we prove that this intertwining property is still valid for Us (5).

7.3 Proposition Let § € stab A, 91, $2 be Hilbert Z-modules and Uy (B3), Us,(B) the corre-
sponding unitary module morphisms given in Eq. (42). If A € (ps,, ps,), then the following
intertwining relation holds:

Us,(8) 0 §(A) =3(A) o U, (8), € stab A, (43)
where § is the functor defined after Corollary (4.6)
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Proof: First note that Eq. (43) can be rewritten as
(U5 (3))(AHY) = A (Us,(8))(H1), A€ (pa, pay), Hi € $1.

According to Eq. (42), ﬁ[f)k acts via Uy, (B) € L:(9x) as B(Hy) = U, (B)(Hy), k = 1,2. Further
we have B(AF) = AB(F), F € F. Therefore we obtain

(U5.(8))(AH) = B(AH) = AB(H)) = AUy, (8) ) ().

and the proof is concluded. [ |
From Definition 4.1 we can associate to a unitary module morphism Uy (5) € Lz($) an

—

element of the field algebra U, () € F. Obviously the assignment

—

stab A > f+— Uy (),
is a unitary representation of stab A in F.

7.4 Lemma The representation

—

stab A > f+— Uy (B),

is continuous, where in stab A we use the topology of pointwise norm convergence and in F the
topology given by the C*-norm.

Proof: Suppose that (3,), — 3, i.e. ||Bn(F) — B(F)||z — 0 for all F € F. Now if {¥;}¢_,
is an orthonormal basis in $), and using the support property, supp$ = 1, we obtain

CAEARLADIR

o d o d
U, (5n) (z w) - U,(3) (Z w)

F
d —_— ——
< 3 ||us (Baws - UL (3w
i=1
= 18n(Ws) = B(¥i) |,
which proves the assertion. [ |

Next we will show that the unitary operators Uy (/3) are “generated” by the elements Uy (3),
D € G (recall Theorem 6.2).

7.5 Proposition Let 3 € stab. A. Then each unitary module morphism Ug([3) is uniquely de-
termined by the family (U;,D(ﬂ)) & where Hp, = HpZ and Hp is the algebraic Hilbert space
De

corresponding the irreducible D € G. Precisely, if $ is the Hilbert Z—module associated to the
endomorphism A\ = pg € end A, if {®p ;}L | is an orthonormal basis of Hp and if

d
ﬁaH:ZZAD,i(I)D,i7 AD,ie(pD7 )\)7

D 4=1

is the orthogonal decomposition of H according to Theorem 6.2, then we get

(U5(®) () = 33" A0, (Unp (8)) (®5,0)-
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Proof: Since 3 € stab A, we have
BUH) =32 Ap.i 0(®o,2),
and according to Proposition 7.3 the equation
(@)D = T X Avi (U (9)) @5,

finishes the proof. [
Proposition 7.5 justifies that we restrict to the study of U, ,(3), D € G, which determine
completely the morphisms Uy () for a general Hilbert Z—module $.
Denote by Uz($p) the set of all unitary module morphisms in £z($p).

7.6 Proposition The mapping,

stab A > §+— V(B) == [ U5, (8) € [[UUz(90)

is a group monomorphism and a homeomorphism, where in stab A we take the same topology as
in Lemma 7.4 and in [[U=($Hp) the Tychonoff product topology generated by the operator norm
D

topology in Lz(Hp).

Proof: First note that if V(81) = V(52), then U, (81) = Uy, (52), D € G, and, therefore,
B1(®p,i) = B2(Pp,;) for all elements of the orthonormal basis &5 ; € Hp, D € C:, hence f;(F) =
B2(F), for all F' € Fy. Since F = cloj Fo we get 81 = (p. Further, from U (61 0 B2) =
Us, (B1)oUs, (B2), B1, P2 € stab A, we obtain V(B10832) = V(B1)oV(B2) and V(1) = ];[ I,, =1.

Second, to prove the homeomorphism property, note that the continuity already follows from
Proposition 4.2 (v) and Lemma 7.4. For the rest of the proof we follow arguments given in [5,
Lemma 3.2]. Suppose that we have a sequence {3, }, C stab.A such that

HUZ(ﬁD) 2> V(ﬂn) — Ve Huz(fJD)-

From the equation (V5 Z) = Bu(¥p) Z = (U, (82) ) (¥0) Z, Wy, € Hyp, Z € Z, we get that
UZ(ﬁD) > U«VJD(ﬁn) = U, — Uf)D =:U ¢ uZ(ﬁD)
w.r.t. the operator norm topology. But from
vt -ut=0,'U-U,)U",

we also have

U:(H0) 2 U — U el (90).
With other words, we have
Bu(Up2) — (Uy,)(¥p)Z and
B0, 2) — (UL 1)) 2.
Therefore, we can define for F' € Fy

ﬂ(F) = hmHHT_ﬂn(F), FekF
= lim”_“fﬁ;l(F), FelkF.

=
!
|
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Since 3, and 3, ! are automorphisms of F the limits 3 and 7 can be extended by continuity to
F = cloy.|» Fo, respectively. So we have

F = (’yoﬁ)(F): (ﬁo*y)(F), FekF,

ie. 3 €autF, v = B! and even more 3 € stab A, so that U = U, , = U, ,(08) and V = V().
Thus V(B,) — V implies 5, — [, i.e. V(stab.A) is closed and finally we have that the
assignment [ —— V() is homeomorphism. [

From the preceding result it follows also that if Z is finite-dimensional, then stab A is compact

as in the case where Z = C1. R
Recall that if we consider a fixed orthonormal basis {%,i}?:l of Hp, D € G, then Uy (53)
corresponds to a matrix

30(8) = (Zo,04(8)), € Mata(2), 9o =HpZ,
by means of

d
(Uap(3)(@0,0) = 3 @ Zp 1i(B)
i'=1

Using Gelfand’s Theorem we can also interpret 3,(3) as a continuous matrix—valued function
on spec Z, i.e. for each ¢ € spec Z we get a unitary scalar matrix (3D(ﬂ)) (p) € Maty(C).
In the next theorem we will characterize the subgroup G C stab A.

7.7 Theorem Let (3 € stab A and 3,(5) be the corresponding matriz from Matgy(Z), where the
orthonormal basis {(I)D,i}glzl of Hp, D € G, are fixed. Then,

BeG iff 3,(8) €Maty(C), forall Deg.

In other words § € G iff the corresponding functions (3D(ﬁ))(-) are constant unitary matric
functions on spec Z.

Proof: Define first the set
S := {3 estab A: 3,(8) € Maty(C), D € G}

and note that S is a subgroup of stab .A. Further we have that G C S (cf. with the remark before
Proposition 3.1). We prove the other inclusion G O S. First note that for § € S C stab. A we
have

BH)CH,
for all G—invariant algebraic Hilbert spaces H C F. Now we consider the set C of all functions
G 29— [t (9) == (Hi1, g(Hz)),, = Hig(H2) € C1, Hy, Hy €M,

where H runs through all finite-dimensional and G-invariant algebraic Hilbert spaces in F.
Obviously, these functions are continuous on G, i.e. C C C(G). Further

(i) C is closed w.r.t. multiplication, because

(H1HY)"g(H2Hy) = HY" Hig(Hz2) g(H3) = Hig(Hz) Hy"g(H3) .
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(ii) C is closed w.r.t. linear combinations. Let Hi, Ha be given. Then H := WiH; + WaoHo,
with Wl,WQ € A, Wl*Wl = W;WQ = ]1, Wl*WQ = W;Wl = 0, W1W1* +W2W2* = ]1, is also
of the required type, and

(Wi H, + WaHs)* g(Wy Hy + WoHy)
= H{WigWh)g(H:) + HyW3g(Wh)g(H)
+H{W{g(Wa2)g(Hz) + Hy W3 g(W2)g(Hz)
= Hig(H)+ Hyg(H2),
where we have used that g(Wy) = Wy, since Wy, € A, k= 1,2.

(iii) The function ¢(g) = 1 belongs to C, because C1 is an (irreducible) invariant subspace.
(iv) G is separated by C, because from ¢, [H = go r'H for all admissible H we obtain immediately
g1 = g2-

(v) The complex—conjugated functions of elements in C belong also to C. Namely, let {¥;}¢_,
be an orthonormal basis of H and {¥;}¢_; an orthonormal basis of a conjugated space H

_ d
(w.r.t. G). Then according to Section 2 we have U = R} ¥; and ¢(¥;) = '21 U, Uiri(g),
i'=

where (Um(g)) . 1s a scalar matrix. Then

(2

(9(w))" = ZI\PZW
= g&’i‘) = 9(R, ¥,
= Rig(T,) = R;i@/m(g)
= Zd:l\l’? Viri(g),

so that

Viri(g) = Upi(g).

Therefore, according to the Stone-Weierstrafli Theorem the *-algebra C is dense in C(G) and
therefore also dense in L?(G).
Now let 8 € S, then B(X) € H for X € H. As in [23, pp. 206-207] we define an operator U
on C by
Us (fxy) = fx, pv)-

We calculate for X € Hg, k=1,2:

[ (s (5000)) @) (Us (o)) 0) g = [ F1,5000(9) P ) g
g g

= [Eyen) ((9%2)79(x2) " dg
g

= ()" /Q(XlXik)dg (BY2)
g
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= 8| [onixs agvs
g

= ﬁ /le,Y1(g) sz,YQ(g) dg
g

= /fxl,yl(g) fx2,v2(9) dg
g

where for the fourth equation we have used the the relation [ g(X1X3) dg € A. This equation
g

expresses the uniqueness of the definition of U as an operator on C and, simultaneously, its
isometry property w.r.t. the scalar product in L2(G). By continuous extension of Ug to the whole
L?(G) we obtain a unitary operator on L?(G), which is also denoted by Uz. Moreover, we have
Uﬂ(thYl fXQ,Yz) = Uﬁ(fX1X2,Y1Y2) = leXg,B(YlYg)
= fxixe prypre) = fxsm) X800
= Uﬁ(fX1,Y1) ) Uﬁ(fX2,Y2) )

i.e. Ug € autC, hence Ug € aut C(G). But according to Gelfand’s Theorem the automorphisms
of C(G) correspond bijectively to the homeomorphisms of G. Therefore, there is a g5 € G such
that if e is the unit element in G the equation

(Usf)(e) = f(g5"). [ECG). gseG.
Hence we obtain for XY € H
BY), X),, = [fxpr)le) = (Uﬁ(fX,Y)>(€) = fx,y(ggl) = (Y, g, (X)),
= (Y, U(g;)(X)),, = (Y, U(ge)(X)),, = (Ulgs)Y, X),
= <gﬂ(Y)7 X>Ha

where ¢g(X) = Uy, (g9)X and U, (g) is unitary for ¢ € G. Recall that F = C* (A, {H}), which
implies 3 = g;. [ |

For the next theorem recall Proposition 5.4, Remark 5.5, Remark 6.3, Proposition 7.5 and
Proposition 7.6.

7.8 Theorem Let
stab A > §+— V(B) == [ U5, (8) € [[UUz(90)

be the assignment specified in Proposition 7.6 and choose o fized orthonormal basis in Hp,
{@p, ;}L, . The dxd-matrices in Maty(Z) associated to Uy (3) are denoted by 3, = (ZD,M)
Then the following conditions hold

3D1D2 = PB;}(3D1) & 3D2 5 D17D2 c é (44)
1 = p%1(3D) tB’ Dvﬁeg? (45)

i i

where 3p,p, 1S given in Remark 6.3 by formula (37) and (PE&(BDJ) = pp! (ZDl,Z'/i>7 with
7

i’

1, =1,...,d. The superindex t denotes the transposed matriz.
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Proof: Since 3 € stab A is an automorphism, we have on the one hand for iy = 1,...,dq,
io=1,...,ds,
ﬂ(‘I’Dl,il @Dz,ig) = ZZ‘I’DM‘; P, it Zp, Dy, i il ivia
it
1 2
= > (PDl ° PD2>(ZD1D2,1"11"2¢1¢2) @p, it P, i,
i

and on the other hand

5(¢D1,i1>/8((I)D2,i2) = ZZ‘I’Dl,i’IZDl,i’Iil ¢D277:/2ZD27i,27:2

-/ -/
(ST

= ZZle(ZDhi/l il) (le OpD2)(ZD2,i/2i2) q)Dl,i/l (I)Dg,i/Q )
i

so that we obtain
Pp, (ZD1D2,1"12"2¢1¢2) =Zp, i, Pps (ZDQ,z"Q z‘2> :

This equation implies (44).
Further, from Equations (12) and (16) we have

ﬁ(CI’D,z‘)* - Z Z;,i’i (I)*D,i’ - Z Z;,i’i Rz*a (I’B,z'/ - R*D Z (I)B,z'/ P;( ;z’z)
Z‘/ Z‘/ 5!

7

and also

B(®5,:) = (R ®5.:) = Ry, 3 5,0 Z,0s.

From these equations we obtain
45,1 = /%1( ;,i’z‘) )
which implies (45). [
Taking again into account Remark 6.3 we can formulate the following counterpart of Theo-
rem 7.8.

7.9 Theorem Suppose that the matrices

~

3, = (ZD,i’i) iEMatd(Z), Deg,

i,

satisfy the properties (44) and (45) of the preceding theorem, where 35, p, is defined in Eq. (37).
Then the linear mapping v: Fo — Fo defined by

v(A) = A, A€ A,
’Y(@D,z‘) = ZCI)D,i’ ZD,Z'/Z'v

is an automorphism of the *-algebra Fy which can be uniquely extended to an automorphism ~y
of F, with ~y € stab A.

Proof: The properties v(®p, i (I)D2,i2) = f)/((I)Dlyil)Fy(@D%iQ) and V(CI)D,i)* = ’Y((I)E,i)v
Dy,Dy,D € G, iy, = 1,...,dk, k = 1,2, i = 1,...,d, follow directly from Equations (44) and
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1

(45) (cf. the proof of the preceding theorem). Furthermore, v~ exists on Fy and is defined by

(cf. Lemma 7.2)
v HA) = A, AcA,
v @) = Z A

so that v is an automorphism of Fy. It remains to show that « is isometric on Fy and, therefore,
it can be uniquely and isometrically extended to an automorphism of F, also denoted by ~. In
this case v € stab A.

In order to prove the isometry of v we use the A-valued scalar product (-, -) 4 and its properties
stated in Section 2. First we prove the equation

(Y(F1)s Y(F2)) 4 = (F1, Fo) 4, F1,Fh € Fo.

Indeed, put F1 = > Ap, i, ®p,4y and F1 = > Bp, i, Pp,.i,- Then we compute

D1, i1 Dy, i2
(Y(F1)s v(F2)) 4
= Z Z Ap, i (I)Dl zl)a ’Y(CI)D2712)> B;mw

Dy,1%1 Da,i2

= Z Z Z Ap, i le( Dy, 1) z1> <(I)D1,i/1’ (I)Dz,z'/2 >A Pp, (ZD2,i’2i2) B;Q,zg

D, 11 Da, 12 zl z

_ 7% . *
= > ZZ -~ Awis 00, (25, 141y Zov.itin) By
iy

Di,%1 zl

1 *
= Z d_lADhil BDl,il

Di,%1

= (I, F2) 4

Next recall (see e.g. [10, pp. 201-203]) that the C*—norm || - || in the Hilbert C*-system {F, G}
can be written as

1Ells = lw(F)llop,  F€F,

1
where || - ||, is the operator norm w.r.t. the norm |F| := H(F, F>AH ? of the operator 7(F) on F,
defined by
(r(F))(X) = XF*, FXeF.

Note that we have |y(F)| = |F| for all F' € Fy. Further, we get

7 () (X)| =[x ()" | = (v X F) [= X P, Fe .
This equation implies
[x(@) || = 17w, F e o,
or, equivalently,
| = 1Fl-, Fer,
and the proof is concluded. [ |

Finally, we are able to give a characterization of stab .4 in terms of spec Z, G and the irre-
ducible endomorphisms, pp,, D € G, more precisely in terms of the continuous mappings

fo = fop: spec Z — spec Z
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which correspond to p;! (see Remark 5.5).

First we consider an element of the group C(spec Z — §G). Then to each ¢ € spec Z there
corresponds g(¢) € G, such that the assignment ¢ — g(¢) is continuous. Recall that g(p) acts
unitarily on Hp, i.e.

(I)Dz ZCI)Dz’UDzz(()>7

where (U PR (g(ap))) is a continuous unitary matrix—valued function on spec Z which in its
il
turn determine the elements Z, ;; € Z, 4,7 =1,...,d via the relation

Zp ii(p) = =Up i (g(ap)) , @ EspecZ.

The matrix 3, = (ZD i Z) € Maty(Z) is unitary.
Next we define a closed subgroup 7T C C(spec Z — G).

7.10 Definition The continuous function
spec Z 3 p+— g(p) €G

is an element of T C C(spec Z — G) if the following two conditions are satisfied for all ¢ €
spec Z:

30.00(0) = (30.0f0,)(0) @30,(¢), Di,D;€G (46)
1 = (300/5)()3p(9)', D.DEG, (47)

where 3p,p,(p) is the matriz—valued function on spec Z associated to 3p,p, (see Eq. (37)), the
superindex t means the transposed matriz and the functions fp, D € G, are given in Remark 5.5.

Note that the fact that g(¢) € G already implies that the scalar unitarities g(¢) I'HDlH p, and
g((p)[HD satisfy the Eq. (37). Since I' is a scalar (hence a constant) unitarity, the matrix 3

corresponding to a given continuous function ¢ — g(¢) and to a Hilbert Z—module $), satisfies
also Eq. (37).

7.11 Theorem The automorphism ( € aut F satisfies 3 € stab A iff there is a continuous func-
tion
specZ 3 pr—g(p) €G,

such that the corresponding matrices 3, = (ZD,M) L€ Maty(Z) satisfy the conditions (46) and
)
(47). Moreover, stab A is isomorphic and homeomorphic to the subgroup T C C(spec Z — G).

Proof: (i) Let 8 € stab A, so that, according to Theorem 7.8, the associated matrices satisfy
the conditions (44) and (45). Then the matrices 3,(p), with ¢ € spec Z fixed, are constant
matrix functions satisfying (46) and (47). Therefore, from Theorem 7.7 there is an automorphism
g(p) € G associated to {35(p)}n, D € G, and ¢ — g() is continuous (note Proposition (7.6)).
Using the function f, defined in Remark 5.5 the conditions (44) and (45) can be rewritten in the
form of equations (46) and (47) of Definition 7.10. So the function ¢ — g(¢) is an element of 7.

(ii) Conversely, if ¢ — g(¢) is an element of 7, then, according to the remarks before
Definition 7.10, we have the corresponding unitary matrices 3, that satisfy by assumption the
conditions (46) and (47), which can be rewritten in the form (44) and (45) of Theorem 7.8. Then,
by Theorem 7.9, they define an automorphism g € stab.A. The bijection between stab .4 and 7,
stab A < 7, is an isomorphism and an homeomorphism by Theorem 7.7. ]
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