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Abstract We present experimental results on separation of
supersonic flow inside a convergent–divergent (CD) nozzle.
The study is motivated by the occurrence of mixing enhan-
cement outside CD nozzles operated at low pressure ratio. A
novel apparatus allows investigation of many nozzle geome-
tries with large optical access and measurement of wall and
centerline pressures. The nozzle area ratio ranged from 1.0
to 1.6 and the pressure ratio ranged from 1.2 to 1.8. At the
low end of these ranges, the shock is nearly straight. As the
area ratio and pressure ratio increase, the shock acquires two
lambda feet. Towards the high end of the ranges, one lambda
foot is consistently larger than the other and flow separation
occurs asymmetrically. Downstream of the shock, flow acce-
lerates to supersonic speed and then recompresses. The shock
is unsteady, however, there is no evidence of resonant tones.
The separation shear layer on the side of the large lambda foot
exhibits intense instability that grows into large eddies near
the nozzle exit. Time-resolved wall pressure measurements
indicate that the shock oscillates in a piston-like manner and
most of the energy of the oscillations is at low frequency.
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1 Introduction

Separation of supersonic flow in a convergent–divergent
nozzle is a basic fluid-dynamics phenomenon that occurs
in a variety of aerospace applications. When a supersonic
nozzle is operating at pressure ratios well below its design
point, a shock forms inside the nozzle and flow downstream
of the shock separates from the nozzle walls. Even though
this flow is very basic, it remains poorly understood. This is
illustrated by the large discrepancy between predictions of
quasi-one-dimensional inviscid theory and the actual beha-
vior of the flow, as will be shown in this paper. Even though
separation is typically viewed as an undesirable occurrence,
it may have some interesting applications in the area of fluid
mixing. Specifically, past work at U.C. Irvine has shown that
flow exiting a severely-overexpanded nozzle exhibits a strong
instability that enhances mixing of the flow itself and of an
adjacent flow. The resulting method of Mixing Enhancement
via Secondary Parallel Injection (MESPI) has been proven in
a variety of circular and rectangular nozzles [1–3]. Figure 1
shows an example application in a round jet. The physical
mechanisms behind this method remain obscure, hence the
need to study the fundamental fluid mechanics of supersonic
nozzle flow separation.

Supersonic nozzle flow separation occurs in convergent-
divergent nozzles subjected to pressure ratios much below
their design value, resulting in shock formation inside the
nozzle. In the one-dimensional, inviscid treatment of Fig. 2a,
the shock is normal and the flow past the shock stays attached
to the wall, thus compresses subsonically to the ambient static
pressure. In reality, flow detaches and forms a separation
region near the wall, as depicted in Fig. 2b. For moderate
nozzle area ratios a lambda shock is often observed. Flow
downstream of the shock is non-uniform and its structure is
very complex.
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Fig. 1 Primary jet flow at Mach 0.9 surrounded by an annular secon-
dary flow at nozzle pressure ratio NPR = 1.7. a Secondary nozzle is
convergent, b secondary nozzle is convergent–divergent

Fig. 2 Sketch of shock structure and fluid phenomena for overexpan-
ded nozzle. a Inviscid case, b viscous (separated) case

There is a large volume of literature dealing with separa-
tion in rocket nozzles, which have large expansion ratios. A
paramount issue is prediction of separation location, specifi-
cally the ratio ps/pa (pressure just ahead of separation over
ambient pressure). A review of the older literature and com-
pilation of experimental results in a large variety of nozzles is
given by Morrisette and Goldberg [4]. Their primary conclu-
sion is that zero-pressure-gradient separation predictors, like
the method of Reshotko and Tucker [5], give reasonable pre-
dictions for nozzles with turbulent separation and large diver-
gence angles. The ratio ps/pa is a declining function of the
shock Mach number Ms and, as a rule of thumb, is roughly
0.5 for Ms ≈ 2 and 0.3 for Ms ≈ 4. Nozzles with laminar
separation exhibited higher separation pressure ratios. Sepa-
ration in nozzles with low local wall angles, such as low-
divergence conical nozzles and contoured nozzles, deviated
from the above predictions. The close proximity of the wall to

the separation shear layer has been cited as a possible reason
for the discrepancy.

Computational studies of two-dimensional overexpanded
nozzles by Wilmoth and Leavitt [6] and by Hamed and
Voyatzis [7,8] assessed the accuracy of turbulence models for
predicting the flow field and thrust performance. The works
agree on the basic structure of the separation shock, which
consists of the incident shock, Mach stem (normal shock),
and reflected shock. Thrust predictions were in good agree-
ment with experiments, except at pressure ratios associated
with separated flow. A combined experimental and compu-
tational work by Hunter [9] offers one of the most compre-
hensive treatments of this flow. His experimental results on a
two-dimensional nozzle with Ae/At = 1.8 showed two dis-
tinct separation regimes: three-dimensional separation with
partial reattachment for nozzle pressure ratio NPR ≤ 1.8 and
fully detached two-dimensional separation for NPR ≥ 2.0.
Hunter claims that this transition was not the result of mar-
kedly different onset conditions or stronger shock-boundary
layer interaction, but instead came about trough the natu-
ral tendency of an overexpanded nozzle flow to detach and
reach a more efficient thermodynamic balance. As a result,
the thrust of the separated case is much higher than that given
by inviscid analysis. Notable in Hunter’s experiments and
simulations was the much higher nozzle pressure ratio requi-
red to situate the shock at a given area ratio compared to the
inviscid prediction. For example, to place the normal shock
just outside the nozzle exit, a nozzle pressure ratio NPR = 3.4
was required, versus NPR=1.8 predicted in the inviscid case.

Generic methods for boundary-layer separation cannot
capture the entirety of events inside a nozzle. Recently, a
theoretical model proposed by Romine [10] fills this gap.
For shocks with moderate Mach numbers (less than 2.25),
Romine postulates that the jet flow emerging from the shock
is above ambient pressure and adjusts to the ambient pressure
via a gradual underexpansion. The magnitude of the unde-
rexpansion is equal to that of the overall overexpansion. It is
important to note that this argument applies in the vicinity of
the centerline of the nozzle, where the shock is normal, and
not on the walls. On the walls, Romine postulates that flow
adjusts to the ambient pressure almost immediately past the
shock. The underexpansion is evident in the computational
Mach number contours of Hunter [9], although he did not
mention it explicitly.

An interesting phenomenon related to supersonic nozzle
flow separation is that of “aeroacoustic resonance,” studied
by Zaman et al. [11]. It occurs often, but not always, in
convergent-divergent nozzles operated at low pressure ratios,
and is characterized by strong acoustic tones and their har-
monics. The work by Zaman et al. connected the tone genera-
tion to the unsteadiness of the shock system and showed that
the frequencies scale with the distance from the shock foot to
the nozzle exit. Tripping the nozzle’s internal boundary layer
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Fig. 3 Schematic of variable nozzle apparatus

suppresses the tones. Aeroacoustic resonance was an early
suspect mechanism for the MESPI phenomenon. However, it
was largely ruled out because mixing enhancement persisted
with or without resonant tones [12].

This paper focuses on the gas dynamic phenomena inside
the nozzle and integrates results obtained in a series of expe-
riments [13,14] conducted in a facility specially designed for
the study of supersonic nozzle flow separation.

2 Experiment

It was desired to study nozzle separation in an apparatus that
afforded flexibility in wall geometry and optical diagnostic
access. Accordingly, a novel facility, shown in Fig. 3, was
constructed. The upper and lower walls of the nozzle consist
of flexible plates that can assume a variety of shapes. Nozzle
shaping is achieved by actuators, mounted at the end of each
plate, that control the transverse force and moment applied at
the end of each plate. This mechanism allows variations of the
nozzle area ratio, nozzle contour, and maximum wall angle.
Investigation of “half-nozzles” is also possible by deflecting
only one of the plates. The nominal test section dimensions
are 22.9 mm in height, 63.5 mm in width, and 117 mm in
length from throat to exit. The sidewalls of the nozzle incor-
porate large optical windows for visualization of the entire
internal flow, from the subsonic converging section to the
nozzle exit. The apparatus is connected to a system that deli-
vers pressure-regulated air and air mixed with either helium
or argon. The use of variable-density gas is primarily a means
of controlling the Reynolds number and specific heat ratio.
The facility is designed for a maximum nozzle pressure ratio
(NPR = p01/pa) of 3.5, which allows investigation of the
entire sequence of internal events (from subsonic flow, to
flow with shocks, to shock-free flow) in nozzles with exit-to-
throat area ratios up to 1.60.

In the study reported here, the nozzle walls were diverged
symmetrically by applying force only (no moment) on the
actuators. Consequently, each wall assumed the shape of a
cantilevered beam with point force applied to its end, and the
nozzle was “trumpet-shaped” with the wall angle increasing
monotonically from throat to exit. The exit-to-throat area
ratio, Ae/At ranged from 1.0 to 1.6. Pure air was supplied
at nozzle pressure ratio (NPR = p01/pa) ranging from 1.2
to 1.8, corresponding to fully expanded Mach numbers from
0.52 to 0.96. For the convergent–divergent configurations,
the Reynolds number based on throat height ranged from to
4.2×105 (NPR = 1.2) to 6.4 ×105 (NPR = 1.8). Diagnostic
tools for this study consisted of spark schlieren photography
of the internal and external flow; wall pressure measurement;
and nozzle centerline pressure measurement.

The Schlieren system employed a 20-nanosecond spark
as a light source (Xenon, Model N787), lenses with 150-mm
diameter and 1-m focal length for collimating the beam, and
a charged coupled device (CCD) camera for acquiring the
images (Photometrics, Star 1). The spatial resolution of the
images was 576 × 384 pixels.

The upper and lower wall each incorporate 24 static pres-
sure ports that are equally spaced in the axial direction and
are arranged along the midwidth of the nozzle. Each row
of ports starts upstream of the nozzle throat, at area ratio
A/At = 1.14, and ends at the nozzle exit. The diameter
of each port on the surface of the nozzle is 0.8 mm. The
nozzle wall ports were scanned by a mechanical pressure
multiplexer (Scanivalve, Model SSS-48), which consists of
a pneumatic selector switch connected to a single pressure
transducer (Setra, Model 280). The use of a single transducer
simplified calibration and thus increases the reliability of the
pressure measurement. For the experiments reported here,
the scan rate was 3 ports per second.

The static pressure along the centerline of the nozzle and
jet plume was measured by a 0.5-mm static port drilled into
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Fig. 4 Schematic of centerline static pressure measurement system

a 2.4-mm-diameter strainless-steel tube that was translated
axially along the nozzle. See Fig. 4 for the centerline pres-
sure measurement system. The upstream end of the tube was
capped and the downstream end was connected to a pressure
transducer (Setra, Model 280). The upstream end of the tube
was supported by the honeycomb flow straightener, thus did
not introduce any appreciable disturbance into the flow. The
downstream end was attached to streamlined strut placed far
from the nozzle exit. The strut and tube assembly was trans-
lated by a motorized linear actuation stage mounted on the
nozzle structure but placed completely outside the jet flow.
The orifice in the steel tube traveled from 24 mm upstream
of the nozzle throat to 20 mm downstream of the nozzle exit.
The tube occupied 0.3% of the nominal nozzle cross sec-
tional area of the nozzle, and the flow deflection it caused
(due to boundary layer formation on the tube) was extremely
small. Thus, the presence of the tube in the test section did not
change the flow phenomena inside and outside the nozzle. A
similar method was used circa 1903 by Stodola [15] to mea-
sure the centerline pressure distribution in an axisymmetric
Laval nozzle.

Time-resolved wall pressure measurements were obtained
using two Endevco Model 8507C-15 piezoresistive transdu-
cers flush mounted on the upper and lower walls, as shown in
Fig. 5. The transducers were located at a distance of 63.5 mm
from the throat on the centerline of each wall. For each
experimental run, the two transducers were sampled simul-
taneously each at a sampling rate of 100 kHz for a duration
of 1 s. The Nyquist frequency is thus 50 kHz, but avoidance
of the transducer resonance sets the useful frequency limit
to 30 kHz. Auto-spectra and cross-spectra were computed
using a Fast Fourier Transform with 2,048 points, giving a
frequency resolution of 49 Hz. The variance of the pressure
fluctuation was calculated by integrating the auto-spectrum.
The coherence is defined as the squared modulus of the cross-
spectrum normalized by the product of the auto-spectra. In
the presentation of the results, time and frequency are non-
dimensionalized by the parameter Ue/Ht , where Ue is the
ideally-expanded velocity (see Eq. 12) and Ht is the throat
height.

Fig. 5 Installation of transducers for time-resolved wall pressure
measurements

3 Results

3.1 Schlieren photography

Spark schlieren photography captured the instantaneous fea-
tures of the shock system and the ensuing turbulent flow
separation. We present in Figs. 6 and 7 the sequence of shock
formation with increasing NPR for Ae/At = 1.2 and 1.5, res-
pectively. For both area ratios, a well-defined shock appears
at NPR = 1.2. For the lower area ratio, the shock is sym-
metric and nearly straight for low to moderate NPRs. For
NPR > 1.4, the shock acquires symmetric “lambda feet”
near the walls. Each lambda foot is characterized by the inci-
dent shock, reflected shock, and the triple point where the
incident and reflected shocks merge into the Mach stem. A
slipstream (entropy layer) originates at each triple point. For
Ae/At = 1.5, lambda feet appear at NPR = 1.3 and become
progressively larger with increasing NPR. Except at very low
value of NPR, the shock structure is asymmetric and exhibits
a large lambda foot on one side and a small one on the other
side. For Ae/At ≥ 1.4 and NPR > 1.3, we never observed
symmetric formation of the shock.

During the duration of a given test, which lasted up to
15 s, the asymmetry of the shock did not change, i.e., the
lambda feet did not flip. We verified this by flashing the
spark gap at high frequency and recording the images on
a video camera (in essence, taking a movie of the flow but
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Fig. 6 Schlieren images of shock with increasing nozzle pressure ratio
for Ae/At = 1.20. NPR = a 1.20, b 1.28, c 1.35, d 1.40, e 1.55

with time-uncorrelated frames). However, when we stopped
and restarted the flow, at exactly the same pressure ratio and
nozzle geometry, the shock asymmetry could flip. In other
words, the shock chooses its orientation at the start-up of
the run and retains the same orientation throughout the run.
The asymmetry of the flow could be the manifestation of a
“Coanda effect” whereby a jet surrounded by or adjacent to a
solid surface attaches to the surface. Asymmetric separation
in CD nozzles was also observed in the experimental study
of Bourgoing and Reijasse [16].

The separation shear layer downstream of the large lambda
foot grows rapidly and displays very strong instability. In
contrast, the shear layer emerging from the small lambda
foot grows at a slow rate. Figure 8 shows details of the shock
structure and separated flow. Very large eddies, sometimes
occupying more than half the test section height, are seen to
emerge downstream of the large lambda foot. For large area
ratios, the shock system is unsteady in the axial direction but
not exceedingly so. Video realizations indicate that the axial

Fig. 7 Schlieren images of shock with increasing nozzle pressure ratio
for Ae/At = 1.40. NPR = a 1.20, b 1.33, c 1.44, d 1.59, e 1.77

travel distance was on the order of half the local test section
height.

Another very important feature of the flow is the suc-
cession of weak normal shocks (“aftershocks”) past main
shock. This phenomenon occurred in all our visualizations
but is particularly well captured in the photographs of Fig. 8.
The presence of shocks downstream of the main part of the
separation shock indicates that flow accelerates to super-
sonic speed, recompresses, reaccelerates, etc. This means
that, immediately downstream of the Mach stem, there is
no pressure recovery. Instead, there is an underexpansion.
Close examination of Fig. 8 shows expansion fans emana-
ting from the intersection of the reflected shocks with the
separation shear layers. Evidently, the reflected shock of the
lambda foot is of the “weak” type, i.e., flow downstream of
the shock is supersonic. The interaction of the shock with
the shear layer is similar to the boundary layer-shock inter-
action studied by Liepmann [17] in transonic flows over
airfoils.
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Fig. 8 Details of shock and separated flow for Ae/At = 1.5 and
NPR = 1.5. The two pictures were taken with slightly different illu-
mination settings and fields of view

The presence of shocks spanning the entire jet of the
separated flow (not confined to the supersonic region past
each lambda foot) indicates that flow downstream of the
main shock accelerates to speeds that have locally super-
sonic values. This must be accomplished by the slipstream
forming sonic throat and then diverging. The presence of
multiple shocks suggests that, further downstream, the slips-
tream creates additional sonic throats. Thus, it appears that a
“wavy” slipstream is created that supports the alternation of
subsonic and supersonic flow. The flow images suggest that
the expansion waves emanating from the intersection of the
reflected shock with the shear layer are transmitted through
the slipstream, which means that the slipstream is superso-
nic at the position where it is intercepted by the expansion
waves. The nearly-straight shape of the aftershocks further
suggests that the entire jet acquires a nearly uniform velocity
a short distance past the Mach stem. The above observations
are summarized in the sketch of Fig. 9 which depicts our
present understanding of the principal shock and fluid phe-
nomena. Secondary interactions, such as reflections from the
slipstreams, are not shown.

A large number of pictures was processed to obtain the
shock position versus area ratio and pressure ratio. Shock
position As/At is defined as the area ratio corresponding

Fig. 9 Conjecture on shock and fluid phenomena

to the axial position of the Mach stem (normal part) of the
shock. Figure 10 plots the shock position versus NPR for four
nozzle area ratios. Notable is the substantial discrepancy bet-
ween the actual shock position and the position predicted by
one-dimensional inviscid theory. The discrepancy worsens
with increasing area ratio. The shock sits at an area ratio
much smaller than that predicted by the theory. The physical
reason is the the underexpansion, noted above, that forms
immediately downstream of the normal shock. The unde-
rexpansion creates a “back pressure” much higher than the
theory predicts, causing the shock to sit at a smaller than
expected area ratio. As mentioned in the introduction, the
discrepancy with theory was evident by a few data points
collected by previous investigations. We believe, however,
that this is the first systematic study of shock location versus
area ratio and pressure ratio. Deviation of the shock loca-
tion data from the best fit curves in Fig. 10 is an indication
of shock unsteadiness, which evidently increases with area
ratio.

3.2 Wall pressure

Static pressure distributions along the upper wall of the nozzle
are plotted in Fig. 11 for various nozzle pressure ratios and
three area ratios. Since the nozzle is symmetric, there are
no noticeable differences between the upper and lower wall
pressure distributions except at large area ratios and large
nozzle pressure ratios. The pressure distributions have the
“classic” shape of expansion, shock jump, and recovery. The
major difference from the theoretical case is that, for a given
pressure ratio, the shock Mach number, and therefore the
pressure jump, are much smaller.

As mentioned in the previous section, for large Ae/At and
NPR > 1.4, the shock structure is asymmetric. This creates
a small change in the pressure distributions on the upper
and lower nozzle surfaces. Figure 12 compares the upper
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Fig. 10 Shock Location versus NPR for Ae/At = a 1.20, b 1.30,
c 1.40, d 1.50. Thin line is best fit of data, thick line is prediction of
one-dimensional inviscid theory
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Fig. 11 Static pressure distribution on the upper wall of a nozzle
Ae/At == a 1.20, b 1.30, c 1.40, d 1.50
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Fig. 12 Static pressure distributions on the upper and lower walls of
the nozzle

and lower wall pressure distributions for Ae/At = 1.5 and
NPR = 1.61. There is a distinct difference in the pressure
recovery past the shock. On the side of the large lambda foot
(lower wall), pressure recovers linearly with distance. This
type of recovery is similar to the “strong-shock” recovery in
diffusers measured by Sajben et al. [18] and predicted nume-
rically by Xiao et al. [19]. On the side of the small lambda
foot (upper wall), the pressure shows a faster initial rise fol-
lowed by a gradual recovery to ambient value. The asymme-
tric recovery creates a small sideward force on the nozzle,
which we calculate to be around 1–2% of the nozzle thrust.
It is important to note that the wall pressure past the sepa-
ration shock does not adjust to the ambient pressure imme-
diately. Although an immediate pressure adjustment occurs
in large-area-ratio nozzles, in nozzles with small to mode-
rate pressure ratio the adjustment is gradual. This means that
Romine’s theory [10], which assumes immediate recovery,
is not applicable here unless the shock sits at the nozzle exit.

3.3 Centerline pressure

Figure 13 plots the centerline static pressure distribution,
measured with the translating tube of Fig. 4, for various area
ratios and nozzle pressure ratios. The trends are similar to
those for the wall pressure, except that the “recovery” past
the shock has a different shape. For NPR > 1.5 the pressure
past the shock shows a flat region, or a slight dip, followed
by a gradual rise to the ambient value. A direct comparison
between wall and centerline pressures is shown in Fig. 14.
The pressure rise on the centerline is sharper than that on the
walls. The pressure dip that follows is qualitatively consistent
with the conjecture of Fig. 9. However, the quantitative beha-
vior in the vicinity of the shock was surprising at first.
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Fig. 13 Centerline pressure distribution versus NPR for Ae/At ==
a 1.20, b 1.30, c 1.40, d 1.50
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In contrast to the complex shock structure near the wall,
the shock near the nozzle centerline is a clean normal shock.
We thus expect the pressure rise across the shock to follow
the normal-shock relation

p2

p1
= 1 + 2γ

γ + 1
(M2

1 − 1) (1)

where M1 is the flow Mach number immediately upstream
of the shock and is related to the local static pressure p1 via

p1

p01

=
(

1 + γ − 1

2
M2

1

) −γ
γ−1

(2)

Combining Eqs. 1 and 2 we arrive at a relation of p2 versus
solely p1,

p2

p01

= 4γ

γ 2 − 1

(
p1

p01

) 1
γ − (γ + 1)2

γ 2 − 1

p1

p01

(3)

which is plotted in Fig. 15. It is evident from the centerline-
pressure plot of Fig. 14 that the measured pressure rise across
the shock does not satisfy Eq. 3. To clarify this point, we plot
in Fig. 16a the centerline pressure distribution for Ae/At =
1.5 and NPR=1.61. Just before the shock, we have p1/p01 =
0.30. The peak pressure of the shock is p/p01 = 0.55, much
less than the normal-shock solution p2/p01 = 0.67. One
could argue that, since the shock is unsteady, the steady nor-
mal shock relations may not hold. Since we do not know the
details of the shock motion (it is not harmonic, as will be
shown later), we cannot fully answer this point. On the other
hand, we can make the simple argument that a velocity us

of the shock relative to a stationary observer should increase
the time-averaged pressure ratio: the shock Mach number
becomes Ms = M1 + us/a1 and the pressure ratio depends
on the square of the shock Mach number. Moreover, we know
from the visualizations that flow past the shock undergoes a
substantial expansion that is not shown in the measurements.
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Fig. 15 Normal shock relation for static pressure before and after the
shock

So the behavior of the centerline pressure distribution can-
not be explained by a possible effect of unsteadiness on the
normal shock relations.

It will now be shown that the shape of the centerline pres-
sure distribution is likely the result of smoothing due to the
shock motion. The centerline probe does not measure the true
pressure distribution but a filtered distribution, which can be
expressed as the convolution of the true pressure p(x) with
a response function r(x)

pmeas(x) =
∫

p(ξ) r(x − ξ)dξ (4)

For the response function we assume a Gaussian kernel

r(x) = 1

b
√

π
e−(x/b)2

(5)

Evaluation of Eq. 4 was done using Fourier transforms. The
pressure distribution of Fig. 16a was reshaped into a hypothe-
tical distribution, shown in Fig. 16b, having a nearly disconti-
nuous pressure jump that satisfies the normal shock relations.
The shock of this hypothetical curve was placed in the middle
of the shock rise of the measured pressure distribution. The
pressure before the shock was calculated by extrapolating
linearly the measured data upstream of the shock to the shock
location, resulting in p1/p01 = 0.27. The pressure jump is
followed by a rapid expansion that brings the pressure down
to the level of the small plateau that forms past the shock in
the measured data.

Figure 16b shows the result of smoothing of the hypo-
thetical pressure distribution with a Gaussian kernel having
full-width 2b = 13 mm. The smoothed curve and the actual
curve of Fig. 16a practically coincide. The Gaussian full-
width is about one half of the test section height, which agrees
with our visual observation of shock motion. Of course,
the hypothetical curve of Fig. 16b is not unique and this
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Fig. 16 Centerline pressure distribution for Ae/At = 1.4 and
NPR = 1.5. a Actual, b hypothetical without and with Gaussian
smoothing

exercise is neither a rigorous nor a perfect reconstruction of
the true pressure distribution. Using sophisticated deconvo-
lution methods one may be able to recover the true pressure
distribution without any assumptions, but the numerical chal-
lenges are significant. What we have shown here is that the
measured pressure distributions is consistent with Gaussian
smoothing of a pressure distribution that satisfies the normal
shock relations.

Importantly, the hypothetical curve of Fig. 16b clarifies the
flow process in the vicinity of the nozzle centerline for the
conditions examined in this experiment. Instead of a mono-
tonic adjustment to the ambient pressure, we have expansion
followed by compression. We already observed in the flow
visualizations that the expansion results from the reflection
of the reflected shock of the lambda foot from the shear layer
of the separation zone. As long as the reflected shock is of the
“weak” type (i.e., the outflow is supersonic), an expansion
is inevitable. Flow past the the Mach stem needs to adjust to
this lower pressure, therefore it also accelerates to supersonic
speed, as illustrated by Fig. 9. The expansion brings the pres-
sure to a level below ambient, thus a compression is needed
for matching the ambient pressure. In the above discussion
we attributed smoothing of the centerline pressure distribu-
tion to the motion of the shock. Additional smoothing, but
probably of lesser extent, may be caused by the interaction
of the shock with the boundary layer of the probe.

3.4 Time-resolved wall pressure measurements

Time-resolved wall pressure measurements, using the probe
arrangement of Fig. 5, were used to infer quantitative
information on the motion of the shock and the turbulence
fluctuations before and after the shock. To measure the wall
pressure fluctuations in the entire neighborhood of the shock,
the nozzle was held at a fixed area ratio of Ae/At = 1.6 and
the nozzle pressure ratio was gradually increased pushing the
shock from upstream to downstream of the probe location.
Figure 17 shows the variation of rms wall pressure fluctuation
of one of the two probes, p′

rms, with nozzle pressure ratio. At
higher NPR, when the shock is downstream of the probe, the
probe measures very weak pressure fluctuations associated
with the attached boundary layer. As the NPR is lowered and
the shock is positioned over the probe, the probe measures
very intense pressure fluctuations associated with the motion
of the shock. At even lower NPR, when the probe senses the
separated region, the fluctuations are larger than in the atta-
ched boundary layer but smaller than when the shock is over
the probe.

Figure 18 plots the auto-spectra corresponding to the three
regimes of Fig. 17. The spectrum of the fluctuations in the
attached boundary layer is significantly lower in intensity
than the spectra in the two other regimes. It is reasonable to
assume that the attached boundary layer plays little or no role
on the shock motion. The spectrum of pressure fluctuations in
the “shock” regime is broadband without any discrete tones.
The same holds for the spectrum in the “separation” region
which has similar shape, but lower level, than the spectrum in
the “shock” region. The spectra of Fig. 18 are similar to the
corresponding spectra of shock-boundary layer separation in
front of a wedge studied by Plotkin [20].

We now examine the cross-correlation and coherence of
the lower and upper wall proves (Fig. 5) for the three regimes
of Fig. 17. The cross correlation plots of Fig. 19a show lack
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Fig. 17 RMS wall static pressure fluctuation versus nozzle pressure
ratio, showing different flow regimes
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of correlation in the attached boundary layer, very strong
correlation when the shock is over the probes, and signifi-
cant correlation in the separated flow region. Importantly,
the cross-correlations for both the “shock” and “separation”
regions peak at τ = 0, indicating no significant time lag bet-
ween the motion of the upper and lower portions of the shock
and the respective downstream pressure fluctuations. In other
words, the shock oscillates in a piston-like motion and creates
a transversely coherent pressure wave sensed downstream of
the shock. The coherence plots of Fig. 19b provide informa-
tion on the frequency content of the aforementioned cross-
correlations. When the probes sense the attached boundary
layer the coherence of the two probes is practically zero,
which is indicative of random turbulent eddies on each wall.
When the shock is over the probes, the coherence is very
strong at low frequency and declines rapidly for f Ht/Ue >

0.05. This indicates that the transversely-coherent part of
the shock motion is a low-frequency phenomenon. In the
separated region downstream of the shock, the coherence of
the two probes covers a broader frequency band. It prac-
tically coincides with the coherence in the “shock” region
for 0 < f Ht/Ue < 0.05 and remains significant up to
f Ht/Ue = 0.5. This suggests the generation of a higher-
frequency (smaller-wavelength) pressure wave system that is
coherent across the entire nozzle height. Such system could
be associated with the succession of shock and expansion
waves depicted in Fig. 9.

3.5 Thrust

Given that one of the intended applications of the mixing
enhancement phenomenon is on aeroengines, it is important
to assess the thrust loss caused by flow separation inside a
convergent–divergent nozzle. From the preceding results it is
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Fig. 19 a Cross correlation and b coherence of the upper and lower
wall static ports

clear that one-dimensional theory would be very inadequate
for thrust prediction. This experiment has generated results—
the wall pressure distributions—that allow an estimate of
thrust loss. This estimate will not include shear stresses;
however, their impact is much smaller than the impact of
the pressure distribution created by the shock.

The procedure for calculating thrust is explained in Fig. 20.
For simplicity, and without loss of generality, we consider
a “half nozzle.” The ideal thrust is created by the “design”
nozzle for given NPR. Specifically, the design nozzle it
is a nozzle with the same NPR and mass flow rate as the
actual nozzle, that produces a shock-free flow with pressure-
matched exhaust. For subcritical nozzle pressure ratios
(NPR < 1.893 for γ = 1.4), the shape of the design nozzle is
convergent. With respect to the full nozzle shown in Fig. 20a,
the design nozzle comprises the portion of the nozzle ups-
tream of the design point “d” where p = pa . The resulting
nozzle, shown in Fig. 20b, has the same NPR and same mass
flow rate as the actual nozzle.
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The thrust of a nozzle equals the integral of the axial com-
ponents of the forces acting on the internal and external walls
of the nozzle and supply reservoir. Here we deal only with
pressure forces. At static conditions, the external pressure is
ambient, pa . A portion of the internal pressure distribution
p (from a short distance upstream of the nozzle throat to
the nozzle exit) is known from our measurements. Letting s
denote the coordinate along the surface of the nozzle and θ

the local angle of the surface, the thrust of the actual nozzle is

F =
e∫

o

(p − pa) sin θds (6)

The thrust integral can be divided into two parts, the contribu-
tion upstream of the design point and the contribution downs-
tream of the design point:

F =
d∫

o

(p − pa) sin θds +
e∫

d

(p − pa) sin θds (7)

The first integral represents the ideal thrust, which equals the
momentum flux of the perfectly expanded flow:

Fi =
d∫

o

(p − pa) sin θds = ṁUe (8)

where ṁ is the mass flow rate and Ud is the design (perfectly-
expanded) velocity. Therefore the actual thrust is

F = ṁUe +
e∫

d

(p − pa) sin θds (9)

and the thrust coefficient is

F

Fi
= 1 + 1

ṁUe

e∫
d

(p − pa) sin θds (10)

The mass flow rate is based on the sonic conditions in the
actual nozzle,

ṁ = Atγ
p01

a0

(
γ + 1

2

) γ+1
1−γ

(11)

where a0 = √
γ RT0 is the reservoir speed of sound. The

fully-expanded velocity is given by the relation

Ue = a0

√
2

γ − 1

(
1 − NPR(1−γ )/γ

)
(12)

Integration of the pressure started at the point “d”, where
p = pa , and ended at the nozzle exit. For NPR < 1.35, point
“d” was located upstream of the first static pressure port,
therefore it could not be resolved. For this reason, the thrust
calculation was performed for NPR > 1.35.

Figure 21 shows the thrust coefficient versus NPR for
various nozzle area ratios. For Ae/At < 1.5, the thrust coeffi-
cient drops then rises with increasing NPR. For Ae/At = 1.5
the thrust coefficient is seen to rise monotonically with NPR,
although it is possible that a minimum occurs at NPR < 1.35.
As expected, the thrust coefficient drops with increasing area
ratio, a consequence of stronger shocks and higher total pres-
sure loss. The overall trends and values are consistent with
those of past works that measured nozzle thrust directly [6,9].
It is important to note that in many envisioned applications,
such as military engines, the thrust allocated to mixing enhan-
cement would be on the order of 10–20% of the total engine
thrust [3]. Thus, a loss of 7% in the thrust of the secondary
flow used for mixing enhancement translates to a thrust loss
on the order of 1% for the entire engine.
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Fig. 21 Thrust coefficient versus NPR for various area ratios
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4 Concluding remarks

We conducted an experimental study of supersonic flow
separation in a planar converging-diverging nozzle with
flexible geometry and variable pressure ratio. The range of
flow conditions was 1.0< Ae/At <1.6 and 1.2<NPR<1.8.
We summarize our findings as follows.

For Ae/At > 1.2 and NPR > 1.4, the separation shock
has a well-defined lambda shape. For large values of Ae/At

and NPR, one lambda foot is always larger than the other,
i.e., separation occurs asymmetrically. The asymmetry does
not flip during a given test run, but can change side from run
to run. The occurrence of the asymmetric separation lambda
shock is consistent with past observations in nozzles with
large area ratio [16]. Flow downstream of the Mach stem
accelerates rapidly to supersonic speed by means of expan-
sion waves created by the reflection of the trailing shock
of the lambda foot from the separation pressure boundary.
Visualization of flow past the Mach stem shows a series of
weak normal shocks across the entire separated flow, indica-
ting successive expansions and compressions of the separated
flow.

A systematic visual study of shock position versus NPR
and Ae/At indicates that the shock sits at an area smaller (clo-
ser to the throat) than the prediction of quasi-one-dimensional
theory. This is explained by the larger “back-pressure” asso-
ciated with aforementioned expansion past the Mach stem.
The departure from theory is aggravated as the nozzle area
ratio increases. With increasing NPR and Ae/At , instanta-
neous visualizations indicate that the shock becomes pro-
gressively more unsteady and the range of its axial motion is
approximately one half of the local test section height. The
shock motion smooths out the centerline pressure distribu-
tion measured by a static pressure probe, thereby obliterating
critical features of the true pressure distribution.

Time-resolved wall pressure measurements indicate that
the shock motion has strong coherence across the nozzle
height, indicating that the shock pulsates in a piston-like
manner. The wall-pressure field immediately past the shock
exhibits the same type of transverse coherence. The spec-
trum of the wall pressure directly influenced by the shock
indicates that the shock motion is a low-frequency pheno-
menon. For the dimensions and Reynolds numbers of this
study, the shock motion was not harmonic.

The separation shear layer on the side of the large lambda
foot exhibits intense instability that grows into very large
eddies at the nozzle exit. The shear layer on the side of the
small lambda foot grows normally. Thus, the mixing enhan-
cement phenomenon that motivated this study appears to
be strongly connected with asymmetric flow separation and
could also be influenced by the succession of compression
and expansion waves that follow the main separation shock.
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