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Fluxes <= Geometry

Type |l sugra on M, =M, x Mg
Minimal supersymmetry

|
M6 |S CY Turn on fxes > M 6 \@(/\ (at best conformal CY)
SU(3) holonomy » SU(3) structure
Torsion ~ flux
CcY _ Generalized

CY Hitchin '02
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Basic notions about SU(3) structure Mlo = M4 X M6

* No flux) Mg is CY -3U(3) holonomy
T Iy
, , " YmnYT — 1 Wmn wANAS2=0
9 SU(3) invt. spinorn < 0 vmnp(L + )1 = i oy O A D — 3
. _ _ dw = 0 1,2 _ 51,2 _
* 1 is cov. constant: r., n =0 dO = 0 ey =07"®n =N =2

* Turn on flux ) back-reaction

e M, =M, x, M, [dsTo = €22 Wy datda” + dsZ(y)]

*N=2 IN =1 (relation between arf) ) 67

* My acquires torsion = SU(3) structure Gauntlett, Martelli, Pakis, Waldram ‘02

.'. -
_ _ " Ymn77 — 1 Wmn
+ 9 SU(3) invt. spinorn <7 1 Ymnp(L 4+ V)0 = i Qg

rOw =0 )dw=0 /T
Q=0 )dQ=0/T



Torsion versus fluxes

Torsion: dw=Im W, Q)+ W, £Aw+ W,

SU(3) reps 11 3d 3 6 P 6
dQ=W, W2 +W,/EQ+W,EW
1p1 3d3 8@ 38
10 1 303 606 8©8
Torsion |1 (W, |2 (W,Wo) |1 (W) |1 (W,)
H, : : : 0
HA: F,, 2 (Fo.F,F,) |2 (Fy Fy) 0 1 (F,, Fy)
I1B: F,. 1 (F3) 3 (F4.F3,Fs) 1 (Fy) 0
In 1IB W2 =0 (intgg&a’b/llﬁ/of In A W3 » H(6) (SW

complex structure) geometry)

If also W,=0 —lIB: dQ = W5 E Q Mg is complex
(true in all susy vacua)

IA: d w=W, /E W + HO) Mg is “twisted symplectic”

Is there a mathematical construction that  eodéacismplex and symplectic geometry?



Hitchin

Generalized complex geometry Gualtieri
Huybrechts
T T Kapustin
) . Lindstrom
- Usual differential geometry —» tangent bundle |cotangent bundle Zabzine
sections vector fields X sections are 1-forms C
» Want differential geometry on T © T* sections are X+ ¢
: * . - O 1
Natural metric lon T © T* : ( X+ C, X+C ) = iy C | = <1d Od>
On T © T* define Generalized Almost Complex Structure (GACS) J: TO T* I TO T*
J2=-1y
Jtld=I
project
* down
T TOT TOT* — T
GACS Jsit J2=-1, Jst J2=-1, X+T X
Projectors mg= (1,8 1J) M= (1,4§1J) [, Ic J o ]
Integrability | % [T X, 5Y]=0 IL. [ITg (X+E), g (Y+C)]c=0 J > J ?

A
[X+C, Y + n]c=[X,Y] + Lyn—-Ly C— _ d(ixm—iyC)
WhenC:TI:O)[,]C:[,]

Aside: Gl(-j@w]g?uggmmggrgaggggﬁgyﬁgmbedded in generalized complex geometry?
6B (X+0) = X+T + iy B —HeB (X+T), € (Y+n)o= B [X+L,Y+n];  awgmorphisms of [ , I



A GACS has the form

. J2=_1
JJTMITM Jm Demanding JiJ -
J= (J p) P:T*MI!TM  Pm -5 J=(J
I K LTMITM L ndition K=-J L
CTMITM  Kon Get conditions Ptt:_P
L= —L

_ Itis easy to guess how ACS _ GACS :

J, = < g _(-}t > Integrability of GACS J,)  isJitegrable (itis a CS in T)) M is complex
_ But GACS have more...

. 0O — —1
Consider J2 = ( w % ) Integrability of J, ) dw=0. If W is non-degenerate ) M is symplectic

Generalized complex

Complex manifolds — .
Symplectic manifolds — admit GCS wow

Kahler

Complex: locally equivalent to Cd72
Symplectic: locally equivalent to (Rd,w); w=dx' A& dx2 + ...+ dxd1 A dxd

Generalized complex: locally equivalent to Ck _ (R%2k W) k: rank. k=0 for symplectic
k=d/2 for complex



GACS <==>Pure spinors of Clifford (d,d)

T TOT*
Clifford 6 Clifford (6,6)
Algebra {ymyn}=gm O™ Y= Ve ¥at=0, Y™, o= 0
Representation o .
in teprms of forms y=dz/A and y-=g-ly, yr=dx™AE and vy, =,
Clifford vacuum Q Q — 1w 1,2 .13
. i - Yi Q:Y Q :0 2 3!
Pure spinor v =0 (v +iW_ yn) eW=0
: Q:(3,0) Q:(3,0) Q: (3,0)
B
asts Q1 (2,0) Q1 (31) yQ (2,0)
vJ Q: (1,0) HQ:(32) vy;Q:(1,0)
v Q:(0,0) TQ:(3,3) v R:(0,0)
Spinors $ (p,0) forms Spinors $ (p,q) forms
* On a manifold with SU(3) structure in T =pure spinors of Clifford(6,6) Q; e
- 1-1 correspondence between pure spinors  ar? GACS J
€2 W Integrability of J , 9 v and & s.t
v v do = (Lo + EN)e
J - J 0 J _ 0 —’lU_l
1=\ o —gt 27\ w 0 has one GCS
T Hitchin
Generalized Calabi-Yau =& manifold that has one closed pure spinor (dp = 0)




Supersymmetry equations written in terms of pure spinors

sup | TTA T Din et e (QF Dmnste? [ (e dn + (A0 gmn 4 (P Y| 7' = 0
m: 4 v

1B : D np4e?(e ™ FP)mny+e? (FRDn 4+ (FPQ)0 gmn + (FPQ)mn| v = 0

NSNS sector: DH (Vm + Hmnp 'ynp> n We are not in CY ) 0#%=Vmn~ Wn

DH Ny = (W4—|—W5+’LH( ))m77—|-‘|‘ [(Wl + ZH( ))gmn + (W3 + ZH(6) + WQ) } '7nr'7—

RR fluxes: FA=Fy+ Fo+ Fy FB = Py + I + Fs
(FS2)mn = (£ £2)mn = (Fz'l...z‘kQabc’Yil”'i’“’Yabc)mn
A $ 1IB Take coefficient of term with 2 y’s
1
eiW $ O

exchange of two pure spinors -- action of mirror symmetry

Fidanza, Minasian, Tomasiello ‘03



o it

. & = . . .
Using U+® nﬁ o we can go further and find equations for pure spinors
N+ ®nl =1
A [IB
e—fd(efe’i’w) — H ° ez’w e—fd(efe’l,w) — H °® eiw _I_ FBe’Lw
e 9d(eIQ) = H o Q2 + Fye™v e 9d(e9) = H o 2
l ef ~ el ~ e? l
el etWis “twisted” closed ~ @rerYMMeY, o9 Qis “twisted” closed
M is twisted svmnlectin 1 M ic comnlex (no (2,2) piecein  H o2
17 Ly ” )l - 1w .
Sugra “twisting™: [d — Hmnp <dazm A dx"™ P — —Lmbn[,]’>} (efo) =0 $ = e " inllA
3 © = inIB

Susy vacua are aiif‘wi‘-te" generalized Calabi-Yau’s !
M twisted symplggti
di Q FA
Caveat: Hitchin considered twisting yﬁl

Hitchin ‘s twisting [d —H Aljpacea = Assoclated GACS integrable:witHIl,, Tf! L =0,
X+ Y ol X + Y +nle +exey H

—————— L
Twisting by H in supergradily Buestiens dosRot Work & 1 Hitchin
Strominger '86
(Maldacena - Nufiez)




Conclusions / Open questions

» Type |l supersymmetric vacua are twisted generalized Calabi-Yau’s

» What is the meaning of supergravity twisting by H?

* How to compactify on these manifolds? (evade no-go theorems)

* Moduli spaces?

Generalized complex geometry is a nice tool for a systematic description of

flux backgrounds.
But maybe strings see SO(d,d) structure of TOT* and we will learn more...

Type 11A
T-duality 1
SO(d,d)

Type [1B



