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We present supergravity solutions for 1/8-supersymmetric black supertubes with three charges and
three dipoles. Their reduction to five dimensions yields supersymmetric black rings with regular horizons
and two independent angular momenta. The general solution contains seven independent parameters and
provides the first example of nonuniqueness of supersymmetric black holes. In ten dimensions, the
solutions can be realized as D1-D5-P black supertubes. We also present a worldvolume construction of a
supertube that exhibits three dipoles explicitly. This description allows an arbitrary cross section but

captures only one of the angular momenta.
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I. INTRODUCTION

The black hole uniqueness theorems establish that, in
four spacetime dimensions, an equilibrium black hole has
spherical topology and is uniquely determined by its con-
served charges. It was realized a few years ago that these
results do not extend to five dimensions. The D = 5 vac-
uum Einstein equations admit a solution describing a sta-
tionary, asymptotically flat black hole with an event
horizon of topology S' X S2: a rotating black ring [1].
The solution is not uniquely determined by its conserved
charges (mass and angular momentum) and, moreover,
these charges do not even distinguish black rings from
black holes of spherical topology. Charged black ring
solutions with similar properties were constructed in [2,3].

The black rings of [1-3] entail a finite violation of black
hole uniqueness, since there are finitely many solutions
with the same conserved charges. It has been suggested
that black rings exhibiting a continuously infinite violation
of black hole uniqueness might also exist [4], and such
solutions were recently constructed [S]. In their simplest
guise, these are described by solutions of five-dimensional
Einstein-Maxwell theory. Physically, they describe rotat-
ing loops of magnetically charged black string. Since the
loop is contractible, these solutions carry no net magnetic
charge. They do carry, however, a nonzero magnetic dipole
moment. This is a nonconserved quantity, often referred to
as “‘dipole charge.” The black rings of [5] are character-
ized by their mass, angular momentum and dipole charge,
hence there is a continuous infinity of solutions for fixed
conserved charges.

The dipole charge has a simple microscopic interpreta-
tion [5]. The black rings of [5] can be obtained from
dimensional reduction of an 11-dimensional solution de-
scribing M5-branes with four worldvolume directions
wrapped on an internal six-torus and one worldvolume
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direction forming the S! of the black ring in the noncom-
pact dimensions. The dipole charge of the black ring is just
the number of M5-branes present. The most general solu-
tion of [5] has three independent dipole charges, since it
arises from the orthogonal intersection of three stacks of
M5-branes wrapped on T, with the common string of the
intersection forming the S' of the ring. Classically, the
dipole charges are continuous parameters, whereas in the
quantum theory they are quantized in terms of the number
of branes in each stack.

Dipole moments and angular momentum play an im-
portant role in another class of solutions of recent interest:
the supertubes of [6—8]. Black rings become black tubes
when lifted to higher dimensions, and Ref. [3] identified
certain charged nonsupersymmetric black tubes as ther-
mally excited states of two-charge supertubes carrying D1-
brane and D5-brane charges and a dipole charge associated
to a Kaluza-Klein monopole (KKM). Supertubes have also
been the subject of interest from a different direction
following the realization that the nonsingular, horizon-
free supergravity solutions describing these objects are in
one-to-one correspondence with the Ramond-sector
ground states of the supersymmetric D1-D5 string inter-
section [9—-11]. It has been conjectured that supergravity
solutions for three-charge supertubes might similarly ac-
count for the microstates of supersymmetric five-
dimensional black holes [12]. This proposal has motivated
a number of interesting studies on the D1-D5 system and
supertubes [13—17] including the first examples of non-
singular three-charge supergravity supertubes without ho-
rizons [13,14].

Investigations of the relationship between black rings
and supertubes have previously been done in the frame-
work of the supergravity solutions found in [1-3].
However, these do not admit a supersymmetric limit with
an event horizon, and this complicates understanding the
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microscopic origin of their entropy.' It has been conjec-
tured, though, that supersymmetric black rings should exist
[15,16]. The additional ingredient of supersymmetry of the
black ring is important for two reasons. First, many of the
solutions of [1-3,5] are believed to be classically unstable,
whereas a supersymmetric black ring should be stable.
Second, it should facilitate a precise quantitative compari-
son between black rings, worldvolume supertubes, and the
microscopic conformal field theory (CFT) of the D1-D5
system.

Recently, we found the first example of a supersymmet-
ric black ring [18]. It is a three-parameter solution of
minimal D = 5 supergravity. We shall see that, upon oxi-
dation to ten dimensions, this solution describes a black
supertube carrying equal D1-brane, D5-brane and momen-
tum (P) charges, and equal D1, D5 and KKM dipole mo-
ments. One purpose of the present paper is to generalize
this solution to allow for unequal charges and unequal
dipole moments. We shall present a seven-parameter black
supertube solution labeled by three charges, three-dipole
moments and the radius of the ring.

Our solution contains several previously known families
of solutions as special cases. First, it reduces to the solution
of [18] in the special case of three equal charges and three
equal dipoles. Second, it reduces to the two-charge super-
gravity supertubes of [7] when one of the charges and two
of the dipoles vanish. Third, in the zero-radius limit, the
solution reduces to the four-parameter solution describing
supersymmetric black holes of spherical topology [19].
Finally, in the infinite-radius limit the dipole moments
become conserved charges and the solution reduces to
the six-charge black string of [16].

In five dimensions, our solution describes a supersym-
metric black ring. Although it is determined by seven
parameters, it carries only five independent conserved
charges, namely, the DI, D5 and momentum charges
(which determine the mass through the saturated BPS
bound), and two independent angular momenta. Hence
classically, the continuous violation of black hole unique-
ness discovered for the dipole black rings of [5] also
extends to supersymmetric black holes. In string/M theory,
the net charges and dipole charges must be integer-
quantized, since they represent the number of branes and
units of momenta. As a consequence of the charge quan-
tization, the violation of uniqueness is finite.

One might wonder whether this lack of uniqueness could
be a problem for a string theory calculation of the entropy
of black rings. After all, the original entropy calculations
[20] simply counted all microstates with the same con-
served charges as the black hole, which clearly will not
work here. But note that there is no conflict with the
computation of the entropy of black holes of spherical

'Ref. [5] made some progress in this direction by studying a
nonsupersymmetric extremal ring with a horizon.
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topology, as performed by Breckenridge, Myers, Peet,
and Vafa (BMPV) [19], since the supersymmetric BMPV
black hole has two equal angular momenta, whereas our
black rings always have unequal angular momenta. For the
rings themselves, the proposal of [3] is essentially that we
should resolve the nonuniqueness by counting only micro-
states belonging to specific sectors of the D1-D5 CFT, with
the precise sector being determined by the values of the
dipole charges. It will be interesting to see whether this can
be done at the orbifold point of the CFT. We will make a
few more comments on the issue of nonuniqueness in the
conclusions of the paper.

Two-charge supertubes were originally discovered as
solutions of the Dirac-Born-Infeld (DBI) effective action
of a D-brane in a Minkowski vacuum [6]. In this worldvo-
lume picture the branes associated to net charges are
represented by fluxes on the worldvolume of a tubular,
higher-dimensional brane; the latter carries no net charge
itself but only a dipole charge. In this description the back-
reaction on spacetime of the branes is neglected. The
supergravity solution for a two-charge supertube [7,8]
describes this back-reaction.

The worldvolume description has proven extremely il-
luminating for the physics of two-charge supertubes.
For example, it has led to a new way of counting the
entropy of the D1-D5 system that does not use its CFT
description [17]. It is therefore desirable to have an analo-
gous description for three-charge supertubes. A first step in
this direction was given in [15], where a worldvolume
description based on the DBI action of a D6-brane that
exhibits explicitly three charges and two dipoles was
found. However, generic three-charge supertubes carry
three dipoles, as can be understood from the fact each
pair of charges expands to a higher-dimensional brane.
A worldvolume description based on D-branes that
incorporates the third dipole seems problematic, since the
latter necessarily corresponds to an object that cannot be
captured by an open string description, such as NS5-branes
or KKMs [15]. This difficulty can be circumvented by
going to M-theory, where the three branes with net
charges can be taken to be three orthogonal M2-branes,
whereas the three dipoles are associated to three MS5-
branes. (This is also the most symmetric realization of
the three-charge supertube.) We will show that there exist
supersymmetric solutions of the effective action of a
single M5-brane in the M-theory Minkowski vacuum that
carry up to four M2-brane charges and six M5-brane di-
poles. We call these ‘““calibrated supertubes” because the
worldspace of the M5-brane takes the form S X C, where S
is a calibrated surface and C is an arbitrary curve. While
the three-charge calibrated supertube captures all dipoles
and shows that an arbitrary cross section is possible, it
also suffers from limitations. We will discuss these in
detail in the corresponding section. Suffice it to say here
that the calibrated supertube only captures one of the
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angular momenta, as opposed to the two present in the
supergravity description.

The paper is organized as follows. In Sec. II we present
the black supertube solution as an M-theory configuration
with three orthogonal M2-brane charges and three MS5-
branes intersecting over a ring. Then in Sec. III we describe
other useful coordinates for the solution, calculate its
physical parameters, and study its causal structure and
horizon geometry. In Sec. IV we dualize the solution to a
D1-D5-P black supertube, which is shown to possess a
remarkably rich structure. Section V discusses how our
black rings contain two independent continuous parame-
ters which are not fixed by the asymptotic charges, and
therefore realize infinite nonuniqueness of supersymmetric
black holes. In Sec. VI we analyze some particular cases
contained within our general solution, and study the “de-
coupling limit,” relevant to AdS/CFT duality. Section VII
is devoted to the construction of worldvolume supertubes
with three charges and three dipoles. In Sec. VI we give a
preliminary comparison of the supergravity black tubes
with worldvolume supertubes. We conclude in Sec. IX.

The derivation and analysis of the solutions entail many
technical details that, for the sake of readability, we have
found convenient to move out of the main body of the
paper into a number of extended appendices. These are the
derivation of the supersymmetric rings in minimal super-
gravity and in U(1)" supergravity theories (Appendices A
and B), the conditions for the absence of causal anomalies
(Appendix C), and the proof of regularity of the horizon
(Appendix D).

II. THREE-CHARGE BLACK SUPERTUBE
IN M-THEORY

The most symmetric realization of a supertube with
three charges and three dipoles is an M-theory configura-
tion consisting of three M2-branes and three M5-branes
oriented as indicated by the array®

O/ M2:12————+ ,
0, M2:
O3 M2: ———-56-
--3456 4,
12--564,

1234—— 4.

(2.1)
g, m5:
g, m5:
g3 m5:
We will denote by 7' the coordinates along the 123456-
directions, which we take to span a six-torus. The three

M>5-branes wrap a common circular direction, parame-
trized by ¢, in the four-dimensional space transverse to

%In such arrays, we shall reserve capital letters (M2) for branes
carrying conserved charges and lower case letters (m5) for
branes carrying dipole charges.
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the three M2-branes. Since this circle is contractible, the
MS5-branes do not carry conserved charges but are instead
characterized, as we will see, by their dipoles ¢;. The M2-
branes do carry conserved charges Q;.

The D = 11 supergravity solution describing this sys-
tem takes the form®

ds?, = ds2 + X'(dz} + dz3) + X*(dz3 + dz3)
+ X3(dz% + dz),
A =A"Adzy Adzy + A2 Ndzz Adzy
+ A3 Adzs A dzg,

(2.2)

where A is the three-form potential with four-form field
strength F = dA. The solution is specified by a metric
ds?, three scalars X, and three one-forms A’, with field
strengths F' = dA’, which are defined on a five-
dimensional spacetime by

dst = —(H, H2H3)’2/3(dt + 0)? + (H H,yH;)'3dx3,
Al = H7 Y (dt + o) — > [( + y)dyp + (1 + x)d¢],
X' = H; '(H,H,H;)'7, (2.3)
where
R? dy?
dx? = 7[ + (2 = Ddy?
Y-y -l
d 2
T - xz)d¢2} (2.4)
1—x
H :1+Q1_(I2‘13(x_y) 42(]3x —1?)
: 2R? 4R? ’
0> — 439, 9391, 5
H=1+=—_"""(x— 2.5
2 2R2 (x ) 4R2 ( ) ( )
03— 9192 q9192 , o
Hi=1+=___""(x—
3 2R2 (x ) 4R2 ( )

and w = wydd + w,dif with
Wy = 8R2(1 =101 + 4205 + 4305
— 0192433 + x +y)],
1
— (g1 + ¢2 + g3)(1 + — 1
o 2(Q1 7> + ¢3)( y) — 8R2 (y )

X[q101 + 4202 + 4303 — 4192953 + x + y)].

(2.6)
Note that the six-torus in (2.2) has constant volume, since
X'x*x3 =1. 2.7

This constraint implies that the five-dimensional metric

>The action of D = 11 supergravity is given in Eq. (BS).
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dsg is the same as the Einstein-frame metric arising from
reduction of the above solution on 7°. Note as well that,
although the functions H; are not harmonic, they appear in
the metric (2.2) as would be expected on the basis of the
“harmonic superposition rule”” for the three M2-branes.

The metric dxj (which we shall sometimes refer to as
the “base space”) is just the flat metric on E* written in
“ring coordinates” [1-3,5,21]. These foliate E* by sur-
faces of constant y with topology S' X §2, which are
equipotential surfaces of the field created by a ringlike
source. They are illustrated in Fig. 1. The coordinates
take values in the ranges —1 =x =1 and —c0o <y =
—1; ¢, ¢ are polar angles in two orthogonal planes in E*
and have period 27r. Asymptotic infinity lies at x — y —
—1. Note that the apparent singularities aty = —1 and x =
+1 are merely coordinate singularities, and that (x, ¢)
parametrize (topologically) a two-sphere. The locus y =
—oo in the four-dimensional geometry (2.4) is a circle of
radius R > 0 parametrized by . We will show that in the
full geometry (2.3) this circle is blown up into a finite-area,
regular horizon. Note also that the function x — y is har-
monic in (2.4), with Dirac-delta sources on the circle at
y = —0o.

The angular momentum one-form w is globally well
defined, since w,(x=*1)=w,(y=-1)=0, ie,
there are no Dirac-Misner strings. If these had been present
then removing them would have required a periodic iden-
tification of the time coordinate, rendering the solution
unphysical [3]. In contrast, the potentials A’ are not glob-
ally well defined since there are Dirac strings at x = +1
(but not at x = —1 or y = —1). This poses no problem,

FIG. 1. Coordinate system for black ring metrics (from [5,21]).
The diagram sketches a section at constant ¢ and ¢. Surfaces of
constant y are ring-shaped, while x is a polar coordinate on the
S? (roughly x ~ cosf). x = =1 and y = —1 are fixed-point sets
(i.e., axes) of 94 and 9, respectively. Asymptotic infinity lies at
x=y=—1
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however, because their gauge-invariant field strengths are
well defined.

As mentioned above, Q; and ¢; are constants that mea-
sure the charges and the dipole moments of the configura-
tion. We assume that

01 = 9293, 0> = 9193, 03 =q19,, (2.3)

so that H; = 0 (this assumption will be justified below).
For later convenience, we define

Q1=01— qqs Q,=0,—q3q1, 2.9)
Q3=03—q19»
which obviously satisfy 0 = Q; = Q;, and
q = (919293)"". (2.10)

Integer powers of g such as g and ¢ should not be
confused with individual dipole moments, which we al-
ways label by a subindex, i.e., as g, and gs.

It is shown in Appendices A and B that the fields (2.2),
(2.2) and (2.3) provide a supersymmetric solution of D =
11 supergravity. This is done as follows. First D = 11
supergravity is reduced on T° using the ansatz (2.2) and
the constraint (2.7). This givesa N = 1 D = 5 supergrav-
ity theory with gauge group U(1)3 consisting of D =5
minimal supergravity coupled to two U(1) vector multip-
lets. The bosonic fields of this theory are the metric, the
three Abelian gauge fields A’ and the three scalars X,
which obey the constraint (2.7). This is a special case of
amore general U(1)N theory obtained by coupling minimal
supergravity to N — 1 vector multiplets. A general form for
supersymmetric solutions of the latter theory was obtained
in [22,23], generalizing the results of [24] for the minimal
theory. Using these results, it is a simple task to extend our
construction of the supersymmetric black ring solution
from the minimal theory to this more general theory. The
general N-charge supersymmetric black ring solution is
given in Appendix B. For the special case of the U(1)?
theory, it reduces to the solution (2.3). The analysis of
[22,23] reveals that all supersymmetric solutions of the
D =5 theory preserve either four or eight supersymme-
tries, and a complete list of the latter was given in [22]. It
follows that our solution preserves four supersymmetries
and hence gives a 1/8 BPS solution of D =11
supergravity.

In the special case of three equal charges Q; = Q and
three equal dipoles g; = g, the D = 5 solution (2.3) re-
duces to the supersymmetric black ring solution of mini-
mal supergravity constructed in [18]. We shall show that
the general seven-parameter solution (2.3) also describes
supersymmetric black rings.

ITI. PHYSICAL PROPERTIES

In this section we shall compute the physical quantities
that characterize the black supertube solution, determine
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the necessary and sufficient conditions to avoid causal
pathologies and demonstrate that it has a regular horizon.
We first introduce some new coordinate systems that are
useful for different aspects of the analysis.

A. Coordinate systems

The coordinates employed in the previous section dis-
play the solution in a form that involves simple functions of
x and y and indeed provide the easiest way to derive it. To
obtain the charges measured at infinity, however, it is
convenient to introduce coordinates in which the asymp-
totic flatness of the solution becomes manifest.
Specifically, we change (x, y) — (p, ®) through

Ry — 1 RV1 — 2
p sin® = yi, pcos® = 7)6, 3.1
X =Yy X =Yy
with 0 = p < 00, 0 = O = 77/2. Define also
2R?
S = —(p? = R +4R%p%c0s’0.  (3.2)
X—=Yy

In these coordinates the flat base space metric is
dx3 = dp* + p*(dO? + sin’Ody? + cos?’Odp?), (3.3)

The functions entering the solution are

01— @93 p?
H =1+2 DB P
1 S 49293 s2
_ 2
H2 =1+ QZ Eq3ql + q3q1 gzr (34)
03 — 9192 p?
Hi=1+=———+ =
3 S 9192 52
22 2
p-cos-0 3 2p
=L __— - + - @3-}
Wy 752 [Q1Q1 420>+ q303—¢q < S ﬂ
(3.5)
2R?p%sin’® p?sin’®
=—(q, + q, + -
(x)l// (ql q> C]S) 2(p2 i R2 T E) 222

20
<))
Al = H-\(dt + o) + ;—é[(pz + R — 3)dy
+ (p> — R* — )d¢].

Note that 3, ~! is a harmonic function in (3.3) with Dirac-
delta sources on aring at p = R, ® = 77/2 (see Fig. 2). As
p — o the five-dimensional metric (2.3) is manifestly
asymptotically flat, and the 11-dimensional metric (2.2)
is asymptotically flat in the directions transverse to all of
the M2-branes.

This coordinate system foliates E* in a familiar manner,
but is quite unwieldy for studying the structure of the
solution near the ring. There is yet a third system of

X |:QIQ1 + @20, + 303 — 613(3 -

.. PHYSICAL REVIEW D 71, 024033 (2005)
0=0

FIG. 2. Coordinates (p, ©), in a section at constant ¢, ¢, ¢ (the
four quadrants are obtained by including also constant ¢ + 7
and ¢ + 7). Solid lines are surfaces of constant p, dashed lines
are at constant ®. The ring lies at p = R, ® = 77/2.

coordinates that proves useful for later applications, in
particular, for describing the decoupling limit in
Sec. VID. These coordinates are defined by changing
(x, ) — (r, 8) through

1 +x

1—x
cosZf = ,
-

r2 — R2 ,

xX—y

where 0 < r < 00,0 =< 0 < 77/2. The flat base space met-
ric is

3.7

dr?
dx; = 2<7r2 R
+ r2cos?0d¢?,

+ d02> + (7 + R2)sin?0dy?

(3.8)
where now the function 2 defined in (3.2) takes the form
S, = r? + R%cos?9, (3.9

and does not involve any surds. Surfaces at constant r are
topologically S*’s that enclose the ring. The inner disk of

FIG. 3. Coordinates (r, 6), in a section at constant ¢, ¢, ¢ (and
¢ + 7, ¥ + ). Solid lines are surfaces of constant r, dashed
lines are at constant #. The axis of ¢ consists of the segments
r=0and § = 7/2.
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the ring, {x = +1}, corresponds now to {r = 0,0 <0 <
7r/2}, and the outer annulus, {x = —1},is{0 <r < o0, =
7r/2} (see Fig. 3). The horizon of the ring lies at r = 0, § =
77/2. The full solution becomes manifestly flat as r — oo,
where r and 6 come to coincide with the previous p and ©.
The functions defining the solution are now

4 01 qrq3R? cos20

2 32 '
with the obvious permutations of (123) giving H, and Hs,
and

H, (3.10)

r’cos*
Wy = _2722[%@ + ¢,0, + q303
3 2R? cos20
—q (1 s )}
@1+ a, + )stinze (r* + R?)sin%6
w, = — —
o qg1 T 42 T g3 s 232
2R? c0s26
X |:Q1Q1 +q200 + q30;5 — q3<1 + T)}
(3.11)
For convenience, we also give the gauge potentials
. q;R?
Al = H7Y(dt + ») + ’T(sinzedzﬁ — cos20d o).
(3.12)

B. Physical parameters

If we assume that the z; directions are all compact with
length 277¢, then the five-dimensional Newton’s constant
G5 is related to the 11D coupling constant k through x* =
87Gs(27€)S. The mass and angular momenta in five di-
mensions can be read off from the asymptotic form of the
above metric,

M = é(Ql + 0, + 03),

aT
Jy = @(Ch& + 4,05 + 9305 — 919293); (.13)

T
Jy = @[21?2(611 a4+ @)+ 101 + .05
5

+ 4303 — 19243]
The M2-brane charges carried by the solution are given by
_ (me)?
22 ,/ﬁxT“ *uF

1 . .
= X)) 2 ks Fl =
167Gs fss( )7

Q;

w
4G5

0;, (3.14)

where *;; and *s; are the 11-dimensional and five-
dimensional Hodge dual operators with respect to the
metrics (2.2) and (2.3), respectively. The S* is the sphere
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at infinity in the five-dimensional spacetime, and T* de-
notes the 3456, 1256 and 1234 four-torus for i = 1, 2, 3,
respectively. The solution saturates the BPS bound

M=Q; +Q;+ Qs

As we have explained, the MS5-branes do not carry any net
charges. However, their presence can be characterized by
appropriate fluxes, to which we will refer as ‘“dipole

(3.15)

charges,” through surfaces that encircle the ring once,
namely, by
270)* 1 . ;
DIE(WZ) Fo Fie i
2k S2XT? 167Gs Js2 8G;

(3.16)

where the S? is a surface of constant ¢, y, and ¢ in the
metric (2.2), and T2 is a two-torus in the 12-, 34- and 56-
directions for i = 1, 2, 3, respectively. In computing these
integrals it is useful to observe that the first summand in A’
does not contribute, since, because w is globally well
defined, it leads to a total derivative.

These dipole constituents generate a dipole field com-
ponent of F near infinity. Asymptotically, the magnetic
components of the three-form potential are given by

. 4Gy 20
Al — —<—5 ¢ 4 l-R2>C082 RNCRES
i p
. 4G5l i@
Al — _< Sy _ qiR2>Sm2 . GaI8)
7r p

The presence of nonzero ¢-components is easily under-
stood. Consider for example A(lb (the interpretation for Afﬁ
and A?b is analogous). This corresponds to a nonzero A 154
that, upon Hodge dualization, leads to a nonzero compo-
nent le(,3456¢,, as expected for the potential sourced by M5-
branes along the 3456y-directions, as in the array (2.1).
The magnitude of this dipole moment is set by the coeffi-
cient in brackets in (3.17). The second contribution, ¢, R?,
is exactly as would be expected for a one-dipole supertube
source [7,8]. The interpretation of the contribution propor-
tional to J is more subtle, and its origin can presumably
be understood in the same way as that of J itself, which
will be discussed in Sec. VIII.

Hodge dualization of the Ai& components would seem-
ingly suggest the presence of M5-brane sources that wrap
the ¢-direction. However, examination of the details of the
supergravity solution reveals that there are no such sources.
Instead, the correct interpretation of these components is
that they are sourced by the M2-branes in the presence of
the M5-branes. Consider, for example, a two-charge/one-
dipole supertube consisting of the M2-branes along the 12-
and 34-directions and the Mb5-brane along the
1234y-directions. The M2-branes can be represented by
fluxes Hyj, and Hys4 of the M5-brane worldvolume three-
form. These couple minimally to, and hence act as sources
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of, the Ay, and A4, components of the supergravity
potential through the Wess-Zumino term of the M5-brane
action, Sy ~ [ A3 A Hs.

We can infer from the expressions (3.17) and (3.18) that
the gyromagnetic ratio of the supersymmetric ring is g =
3, as for the BMPV black hole [25].

In the quantum theory the charges will be integer-
quantized, with [26]

T \2/3
N =(—=)"0,
: (405) 0

T \1/3
(i) o

corresponding to the numbers of M2- and M5-branes in the
system, respectively.

(3.19)

(3.20)

C. Causal structure and horizon geometry

The results of [24] reveal that many rotating supersym-
metric solutions exhibit closed causal curves (CCCs). In
this section, we shall derive a simple criterion for the
absence of such pathologies in a general five-dimensional
supersymmetric solution and then examine when our so-
lution (2.3) satisfies this criterion.

Any supersymmetric solution of D = 5 supergravity
theory admits a nonspacelike Killing vector field V
[22,27], which defines a preferred time orientation. In a
region where V is timelike, the metric can be written as
(see Appendix A for details)

ds* = =f(dt + @) + fhy,dxmdxt, (321

where V = 9/dt and h,,, is a Riemannian metric on a four-
dimensional space with coordinates x™. The metric A,,,,
scalar f and 1-form w = w,,dx™ are all independent of z.
For our solution, f~! = (H,H,H3)'?, x™ ={, y, ¢, x},
and h,,, is flat.

Consider a smooth, future-directed, causal curve in such
a region. Let U denote the tangent to the curve and A a
parameter along the curve. Then, using a dot to denote a
derivative with respect to A, we have

0=—-V-U= £ i+ w,i™), (3.22)
because the curve is future-directed. Furthermore,
2 + 20,3") = —U? + g, X"x", (3.23)
where
&mn = f "y — fP0p0,. (3.24)

Let us now assume that g,,, is positive-definite. Then the
right-hand side of Eq. (3.23) is non-negative because U? <
0. We shall show that this implies 7 > 0. Consider first the
special case in which the right-hand side of (3.23) vanishes.
This implies that x” = 0. Equation (3.22) then gives { > 0
(we cannot have i = 0 as that would imply U = 0). Now

PHYSICAL REVIEW D 71, 024033 (2005)

consider the general case in which the right-hand side of
(3.23) is positive. Then either (i) >0 and { + 2w, x™ >0
or (ii) 7 <O0and f + 2w,,x™ < 0. However, it is easy to see
that (i) is inconsistent with (3.22). Hence we must have (i)
so # > 0. Therefore ¢ must increase along any causal curve,
so if ¢ is globally defined then such a curve cannot intersect
itself.

In summary, the condition that g,,, be positive-definite
is sufficient to ensure that there are no closed causal curves
contained entirely within a region in which V is timelike
and ¢ is globally defined.

For our solution, the coordinates (f, x,y, @, ¢) cover
such a region. Hence to show that our solution has no
CCCs at finite y, it is sufficient to show that g,, is
positive-definite for —oo <y << —1. This reduces to show-
ing that g;; is positive-definite, where i, j are the ¢, ¢
directions. In Appendix C we show that a necessary and
sufficient condition for g;; to be positive-definite is*

ZZQiCIiQ.jCIj - ZQ%CI? = 4R2q32%

i<j
where we use the Q; defined in (2.9). It follows from the
above argument that our solution is free of CCCs at finite y
if the inequality (3.25) is satisfied. This might be regarded
as providing an upper bound on the radius R for a given set
of charges Q; and ¢;. However, as we shall see, R is not the
physical radius of the ring. An equivalent expression that
involves only physical quantities is

(3.25)

46]1(]2<Q1Q2 Uk
= (9191 + 292 — 2393)%

This expression yields now an upper bound on J,, — J,4 for
given charges. Other equivalent forms are obtained by
permutations of (123).

As y — —oo we find

(3.26)

2
gy = L2+ %(1 — 22+ (96) (3.27)

where

1 /
= _2|:22QZQZqu] ZQ[quZ - 4R2qBZQi:|1 ’

q i<j
4G5(J¢, J¢)>

iz[ 1612<Q 25— g3
-3

(Q1q1 + Q292 — Q3CI3)2:| 2, (3.28)

“We assume qi > 0 so the inequality (3.25) requires Q; to lie
in the region interior to one of the sheets of a two-sheeted
hyperboloid in R3. One sheet lies entirely in the positive octant
of R3 (i.e., @, > 0) and the other entirely in the negative octant.
We have assumed that we are dealing with the positive octant.
This justifies our earlier restriction (2.8).
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which is real and non-negative as a consequence of (3.25).
If (3.25) were violated then 9/9¢ would become timelike
as y — —oo in a neighborhood of x = %1 so some orbits of
d/dy would be closed timelike curves.

In [18] we showed that the BPS ring solution of minimal
supergravity can be analytically extended through an event
horizon at y = —oo when the inequality (3.25) is strict (i.e.,
when L >0). The same is true of the general solution
presented above. The method of extending the solution is
the same as in the minimal theory—the details are pre-
sented in Appendix D. There we show that the geometry of
a spacelike section of the horizon is the product of a circle
of radius L and a round 2-sphere of radius ¢/2,

2

dsy, = L2dy”? + ‘]Z(d@2 + sin2ddy?), (3.29)

The ring circle is parametrized by the coordinate ¢, which

is a good coordinate on the horizon, while ¢ itself is not.

These coordinates differ by a function of y [see (D1) for

details] and hence have the same period 277. The S? coor-

dinates are y = ¢ — ¢ and cosf = x, which are well

behaved at the horizon. The horizon area is

Ay =2mLg% (3.30)

Observe that the proper circumferential length of the ring

horizon is 27rL, not 27R, and can be arbitrarily large or

small for fixed R. In a form more symmetric in the three
constituents,

2

L= qlz[QleQ3 —9Q,9,9;— <4G;_J¢>

_ q3 4G5(J¢ - J¢):|1/2
T

(3.31)

When L = 0, it is shown in Appendix D 3 that the solution
has a null orbifold singularity instead of a regular event
horizon.

Finally we should mention that the restriction (3.25)
guarantees only that CCCs are absent in the region exterior
to the event horizon of the black ring. There will certainly
be CCCs present behind the event horizon.

IV. THE DOUBLE HELIX: D1-D5-P BLACK
SUPERTUBE

The solution of 11-dimensional supergravity given in
Sec. II can be Kaluza-Klein reduced to a solution of type
ITA supergravity and then dualized to a type IIB solution
with net charges D1, D5, and momentum (P). We study
here the properties of this black supertube solution.

A. The IIB solution

Perform a KK reduction of (2.2) along z4, and T-dualize
on Zs, 24, 23 (using [28]) to get a IIB supergravity solution.

PHYSICAL REVIEW D 71, 024033 (2005)

The solution has D1-D5-P charges and D1, DS and Kaluza-
Klein monopole (kkm) dipoles. The D1-D5-P supergravity
solution describes a three-charge black supertube. In string
theory, a D1-D5-P supertube is actually a double D1-D5
helix that carries momentum in the direction parallel to its
axis, along z = z5, and which coils around the direction of
the ring /. The D1 and D5 branes are bound to a tube made
of KK monopoles spanning the ring circle and z;, z,, 23, 24,
with the direction z being the U(1) fiber of the KK mono-
poles. In array form

QO D5:z1234-

Q2 Dl ————-
Q Piz----- 4.1)
g dl:i——-—- b

g, d5:—1234y
g3 kkm: (z) 123 4 4.

Dualizing the supergravity solution as described above, we
find that the string frame metric of the D1-D5-P black
supertube is
ds*> = —(X3)‘/2ds§ + (X3)732(dz + A3)?

+ X'(X3)2dz}

1 H
= = (dt + 0)* + = (dz + A?)?
H3JH H, H.H,

[H
+ JH Hydx2 + dezﬁ,
1

4.2)

where ds2, X', and A’ are given in (2.3).” The other non-
vanishing fields are the dilaton and RR 3-form field
strength:

H
AP =2F FO = (XN A F P A (d+ A).
1

(4.3)

The Bianchi identity and equation of motion of F® are
satisfied as a consequence of the Bianchi identities and
equations of motion of the D = 5 gauge fields F' and F?.

This solution can be S-dualized to give a purely NS-NS
solution of type II supergravity, and it then describes an F1-
NS5-P supertube. A trivial T-duality along any of the flat
directions z, of the NS5 brane maps the F1-NS5-P super-
tube to a solution of IIA supergravity, which when uplifted
to 11 dimensions along a direction Z provides an embed-
ding in D = 11 supergravity different than the one in (2.2).
This new embedding describes M2 and M5 branes that

5 Any supersymmetric solution of IIB supergravity must admit
a globally defined null Killing vector field [29]. For this solution
it is easy to see that 9/dt is globally null.
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intersect over a helical string, and which are bound to a
tube of KK monopoles. Reducing it along z yields a super-
tube with DO-F1-D4 charges bound to D2-D6-NSS5 tubular
branes. T-dualizing this along Z gives back a D1-D5-P
supertube with the charges Q; shuffled compared to the
first configuration (4.1) and (4.2).

Because of its particular relevance to the microscopic
CFT description of black holes, in the following we will
mostly focus on the D1-D5-P version of the solution. We
assume that the directions z, are compact with length®
27r¢, while the length along z is 277R,. The numbers of
D5 and D1 branes and momentum units are then

o 1 ey
Nps = le, Np; = m(z) 0>,
“4.4)

No L ROV
—gale) @) e

and the dipole components

_ L (R\(£N
i1 g€<f)<€) 7

where g, and €, are the string coupling constant and string
length. The quantization condition on the KKM dipole will
be rederived below.

1 (R,
= (== 4.
" g&(&)"z’ )

B. Structure of the D1-D5-P supertube
1. KK dipole quantization

The solution (4.2) possesses nontrivial structure along
the sixth direction z, so it is more appropriately viewed
from a six-dimensional perspective. The quantization of
the KK dipole charge follows then from purely geometric
considerations [3]. The metric dsg is clearly regular at x =
—1 and y = —1. However, A3 is not regular at x = 1
unless we perform a gauge transformation. This gauge
transformation is a shift in the coordinate z:

1—m =2 q3¢ (4.6)
under which the dangerous terms transform as
dz =L+ 0dp =dz+ L1 -xdp, @)

which is now regular at x = 1. However, z parametrizes a
compact Kaluza-Klein direction, so z ~ z + 27R,. This
implies that the coordinate transformation (4.6) is globally
well defined only if

q3 = ngkR;, (4.3)

for some positive integer ngk (as we know g3 > 0). Hence

“For simplicity we use the same letter € to denote the compact
radii in the IIB solution as in the D = 11 solution, even if they
are not invariant under the dualities that relate them. We hope
that this does not cause any confusion.
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the dipole charge g5 is quantized in units of the radius of
the KK circle, as expected for a KK monopole charge. This
is dual to the quantization conditions (4.5).

2. Horizon geometry

The D =5 no-CCC condition (3.25) is sufficient to
ensure that the IIB solution is also free of naked CCCs
because the extra terms in the metric (4.2) are manifestly
positive.” Subject to the quantization condition (4.8), the
IIB solution is regular at finite y. As y — —oo, the confor-
mal factors multiplying the three terms in the first line of
(4.2) remain finite and nonzero (since they just involve
powers of the D = 5 scalar fields). We know that ds% is
regular at y = —oo when L > 0 so it remains only to show
that dz + A3 is also regular there. The gauge transforma-
tion that achieves this is described in Appendix D. It is then
apparent that y = —oo is an event horizon of the IIB
solution.

Following Appendix D, the geometry of a spatial slice
through the event horizon is (in string frame)

qL?
V49192

+ Vqlqz[a’z’ - %(1 + cosf)dy
qs3

— 2
_ 0121+ 9925 — 4393 dW} + \/idzi, (4.9)
q2

ds* =

dy'’* + (& V:h(]z (d6? + sin*0dx?)

2q19>

where, recall, ¢ = (¢,9,93)"/> and cosf = x. The coordi-
nate 7’ differs from z only by a function of y, and hence has
the same period 27R,. The coordinate transformation

= — 7121+ 39, —q3923 W
2919>

(4.10)

reveals that this is locally a product of S', parametrized by
/', with a locally S® geometry parametrized by (z”, 6, x)
(and T*). The locally S° part is only globally S* in the
special case ngx = 1. For nggx > 1 it is a homogeneous
lens space S8 /ZHKK. Note, however, that the coordinate
transformation (4.10) is not globally well defined unless

9121+ 9,92, — 395 = 2q,9,mR,, (4.11)

"We shall not determine whether this condition is also neces-
sary for CCCs to be absent in the IIB solution since the D = 5
description seems to be more relevant (and more stringent) for
the purpose of analyzing causal anomalies. In the case of the
BMPYV solution it is known that CCCs can be removed from the
IIB solution by working in the universal covering space, and
only appear when the z direction is compactified [25]. This is not
the case here. For instance, the ¢y component of the IIB metric
is not automatically positive near the horizon without imposing
some condition—and (3.25) is sufficient for this.
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ELVANG, EMPARAN, MATEOS, AND REALL

with m an integer. In this special case the horizon geometry
is the product S X (§°/Z, ). If this equation is not sat-
isfied then the horizon geometry is given by a regular
nonproduct metric on §' X (§3 /Z,,KK).8 To avoid confu-
sion, we emphasize that Eq. (4.11) does not have to be
satisfied in general but, when it is satisfied, the geometry of

the horizon factorizes. It is worth observing that in this case

2q
V4192

ds? = dodr +

V4192

L2
Fdvdy + —=—

Ay + —‘“Vf““ (d® + sinfdy?) + Y92
V4192

PHYSICAL REVIEW D 71, 024033 (2005)

the no-CCC bound (3.26), and also the expression for the
entropy, simplify considerably.

The near-horizon limit of the IIB solution is obtained by
defining y = —R?/(eL7), t = /€ and € — 0. In terms of
the coordinates regular at the horizon introduced in
Appendix D, we take 7 = €L7/R, v = ©/€. In this limit
we obtain a locally AdS; X § X T* spacetime’:

q3

X [dz’ — %(l + cosf)dy —

0101 + 020, — 303+ ¢ dWT ¢ [T
2919, q>

(4.12)

The near-horizon metric (4.12) is locally the same as that of (oxidized) BMPV. Note however that the roles of some
coordinates, like ¢’ and 7/, are exchanged relative to BMPV. We will revisit this issue in Sec. VID.
The area of the horizon is interpreted as usual as associated to an entropy. Expressed in terms of the brane numbers, the

entropy of the D1-D5-P black supertube is

An

S= E = 277'\/NDlNDSNP — NpiNpsNp — J(215 - nDl”DS”KK(Jz// - J¢>)y (4.13)
where we have defined, in analogy to (2.9),
N pi1 = Np; — npingg,  Nps = Nps — npsiigk,  Np = Np — npnps. (4.14)
An alternative form is
§= 277\/[ND1ND5 — Np1NpsINp + [N Nps — ngx(Jy — Jp)Inpinps — Jé, (4.15)

which suggests the interpretation that the system decom-
poses into two sectors, with central charges ¢’ =
6[Np1Nps = Npi Nps] and ¢ = 6 N'p; Nps.

It is also worth noting that, in terms of integer brane
numbers Eq. (4.11) is

npiNps + npsNpy — ngg Np = 2mnp nps.  (4.16)

Note that all dependences on the moduli g, R./€, and €/¢;
drop out from this equation. It would be interesting to
understand its microscopic origin.

V. NONUNIQUENESS

A supersymmetric black ring solution is completely
specified by the seven dimensionful parameters Q;, g¢;,
and R. Such a solution carries only five independent con-
served charges: three gauge charges proportional to the Q;
and two angular momenta Jy, and Jg. The mass of the
solution is not an independent charge since it is determined
by the saturated BPS bound in terms of the gauge charges.

8Formally, this is the same as the oxidation of BMPV: see
Eq. (6.8) of [30] with u— ¢/, ' — 27"/q3, ¢ — x. (Lens
spaces do not arise from an asymptotically flat BMPV black
hole but they do arise from obvious quotients of BMPV. They
can also arise in the near-horizon geometry of oxidized D = 4
black holes [31].)

\
The three-dipole charges of the solution, proportional to
the g;, are not conserved charges. Egs. (3.13) can be used to
eliminate R and one combination of the dipoles in favor of
Jy, and J,. The remaining two dipoles can still be varied
continuously while keeping the conserved charges fixed.
Supersymmetric black rings are therefore not uniquely
determined by the latter, but exhibit infinite nonuniqueness
in the classical theory. In this section we will examine
several aspects of this nonuniqueness.

To simplify the analysis, let us take all gauge charges to
be equal, Q = Q;. The BPS bound then fixes the ADM
mass to be M = 37Q/(4Gs). Since we wish to compare
properties of different rings with the same mass and gauge
charges, we define the dimensionless angular momenta,
horizon area and dipole charges as

. 27 J(ZSl// ./’ZlH
= |2y =_ZH 51
]¢¢ 32G5 M3/2 ay (GSM)3/2 ( )
and
\/377 i i
= 1 1 (5.2)

2 (G YO

“This is the string frame metric. For consistency with notation
to be used later, we have changed 6 — 6.
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Note from (3.13) that j, > j,. By (2.8), the n;’s must
satisfy n;m; = 1 for i # j. As discussed above, we can
eliminate one of the parameters 7;. Solving for 75 gives

_ A2y —m =
1= mym,
For a regular horizon we need 1; > 0 and hence 4+/2j 6>

m + M.

It is illustrative to specialize to the case n; = 1, = 7,
i.e., equal pitches for the D1 and D5 helices. Substituting in
753 as given above, we find

1672122y — )
an = 33/2 |: 1 - 7’2

- 2\/§j¢(1 + n?) — 4\/§n2j¢]}1/2. (5.4)

s (5.3)

[n(3 + n?)

Since 4\/§j¢ =mn; + n, =27 and n = 1, we require

. ‘max — 1 2 : 2
Ty <Jyo = W[ﬂ@ + %) = 2v2j,4(1 + 7)1

5.5

This is just the condition (3.25) needed to avoid naked
CCCs. For the BMPV black hole, it is well-known that
requiring the spacetime to be free of naked CCCs imposes
an upper bound on the angular momenta. However, in the
case of BMPV the angular momenta must be equal in
magnitude and there is no equivalent of the nonuniqueness
parameter (dipole moment) 7, so the bound comes out
much simpler than (5.5).

In [18], we studied the supersymmetric black rings
obtained from the general solutions of Sec. II by taking
all charges Q; equal and all dipole moments ¢g; equal. That
specialized system does not exhibit nonuniqueness, since
the three-parameter solution is specified uniquely by the
conserved charges (the net charge and the two angular
momenta). In particular, we plotted in [18] the horizon
area ay as a function of j4 and j,. For the more general
case at hand, we can make such a plot for each value of 7.
As an example, Fig. 4 shows ay vs j, and j for fixed n =
0.4. Note that for nonzero dipole moments, there are upper
and lower bounds on both angular momenta (a feature
present also in nonsupersymmetric rings [5]). It would be
interesting to understand the precise microscopic origin of
these bounds and how they depend on the dipole moments.

The expression (5.4) for the horizon area ay illustrates
the nonuniqueness: the net charges are fixed and even when
both the angular momenta are specified, we can still vary
7. In particular, we can fix j, and j4, and plot the entropy
ay as a function of 7. More generally, we can include both
n; and 7),. Then we can use one parameter to fix the
horizon area ay and still have another parameter to vary.
We conclude that for given net charges Q; and angular
momenta j, ,, there are infinitely many supersymmetric

PHYSICAL REVIEW D 71, 024033 (2005)

1 1

wn
S
s

i - 5

S5\2 Jw w2
FIG. 4. The dimensionless area ay as a function of j, and j,
for fixed n = 0.4. Note that the third dipole charge is not held
constant, but is determined by the other parameters. Darker
regions correspond to smaller area. On the left, the triangular
region is bounded by the line j4 = j,. The lower bound is a
consequence of j, being bounded from below for nonvanishing
dipole moment: 2+/2 js = m. The region is bounded on the right
by the line determined by j;** in (5.5). This is a consequence of
requiring that there are no naked CCCs. The area ay vanishes at
the bottom and right boundaries of the triangular region. For
fixed j4, ay is maximized when jj, — j4.

black rings with the same horizon area, except for the black
ring that maximizes the area, which is unique. This might
suggest to recover a notion of uniqueness, at least among
supersymmetric black rings, by adding the condition that
the solution have maximum entropy for given conserved
asymptotic charges. We emphasize, however, that this
additional requirement is absent from the traditional notion
of black hole uniqueness, and is also known to be insuffi-
cient to distinguish between nonsupersymmetric black
rings and black holes of spherical topology [1].

Figure 5 illustrates the nonuniqueness of supersymmet-
ric black rings. It shows for fixed values of j, and j, the
horizon area ay as a function of the dipole parameters 7,
and 7,. The bounds of the covered region are set by the
requirement that there be no naked CCCs.

Now consider what happens when we uplift the super-
symmetric black ring to a D = 10 D1-D5-P supertube, as
described in Sec. I'V. In the quantum theory, the net charges
and dipoles are quantized in terms of the number of branes
in the D1-D5-P configuration. Using (4.4) and (4.5), we
find that the restrictions (2.8) on the net charges Q; and
dipole moments g; become

Nps =npsnggx, Npy =npingg, Np=npinps. (5.6)
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FIG. 5. Contour plots of the dimensionless area ay versus 77; and 7,, for fixed values of j4 and j,. For all three plots 42 g = 2.1,
but j, varies for each case: from left to right 42 Jjo = 0.7, 1., 1.7. The plots are symmetric in 7, and 7,, and the darker regions
correspond to smaller area. The regions for which the black rings exist are bounded by the condition that there be no naked CCCs. At

this boundary, the area ay vanishes.

So the number of D1- and D5-branes and units of momenta
restrict the number of dipole branes and KK monopoles.
This shows that upon quantization of the charges, the
nonuniqueness becomes finite (but still very large).

VI. PARTICULAR CASES AND LIMITS

In this section we study various limits of the supersym-
metric black ring solution. First in Sec. VI A, we consider
the limit R — O where the solution reduces to the BMPV
black hole. In the infinite-radius limit R — oo, the black
ring becomes a black string in five dimensions. We show in
Sec. VIB that in this limit our solution reproduces the
black string metric found in [16]. Sec. VIC contains spe-
cial cases of the general black ring solution: one is the
original two-charge supertube solution [6,7], the other the
three-charge solution with only two nonzero dipole mo-
ments. Finally, in Sec. VID, we study the decoupling limit
relevant for the AdS/CFT correspondence.

A. BMPYV black hole

Consider the solution in the (p, ®) coordinates of (3.1),
(3.2), and (3.3)!"°. If we set R = O we find H; = 1 + Q,/p>
and

4GsJ cos’® 4GsJ sin’®
Wy — — , w,, = — y
’ T P ' ™ P (60
Al = H7Y(dt + w),
where

T
J= S—GS[CIIQI + 200+ 4305 — q1gpq3] (62)
This is the BMPV black hole with three independent
charges Q; and angular momenta J, = J4 =J [19].
Note that the parameters ¢; have become redundant since
they enter the solution only through the angular momen-
tum J. In particular, they no longer appear in A’ and

'The limit can equally well be taken in the (r, #) coordinates
(3.7): when R =0 one has p = r, @ = 6.

therefore no longer have the interpretation of dipole
charges. The horizon is located at p — 0. Topologically
the horizon is a three-sphere. The horizon area is

(6.3)

4G5J\2
A mpy :2772\/Q1Q2Q3 _< 2 )

This is not the R — 0 limit of the horizon area of the
supersymmetric black ring (3.30),

4GsJ

Ileing)ﬂring = 277'2\/Q1Q2Q3 - 9,92,9; - ( 2 )2,
— T

(6.4)

which is always smaller than that of the BMPV black hole
with the same asymptotic charges, except possibly when
both areas vanish. The areas are compared in Fig. 6 for the
particular case of equal charges Q; = Q and dipoles ¢; =
g, i.e., for the solutions of minimal supergravity.

A clue to a (macroscopic) understanding of this effect
follows by considering an analogy to a two-center extremal
Reissner-Nordstrom (RN) solution. Observe that if we take

16 [m
3

3T~

ay ~

\o‘;
w‘?—'}
|

/

227 1/8
j2

FIG. 6. Area of the BMPV black hole (dashed) and limit R —
0 of the area of the supersymmetric black ring (solid), vs spin?,
for fixed mass [in terms of the variables ay and j in (5.1)]. For
simplicity the three charges and dipoles are set equal, Q; = Q,
q; = q so these are solutions of minimal D = 5 supergravity.
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a diameter section of the black ring solution, at constant s
and ¢ + 7, then the resulting four-dimensional geometry
contains two infinite throats and therefore is similar to the
geometry of two extremal black holes. The limit in which
the inner radius of the ring shrinks to zero is in this sense
analogous to the process in which the two centers of the
extremal black holes are taken to coincide. If two RN
extremal black holes, each of charge Q, are separate, the
total mass is 2Q and the total area is 2(477Q?). When their
centers coincide the mass is still 2Q but the entropy jumps
to 47(2Q)?%. So the limit of zero separation is discontinu-
ous, and indeed the topology of the solution changes. This
same effect occurs for the black ring: the area of the
solution with R = 0, i.e., the BMPV black hole, is larger
than the limit R — O of the ring area, and the topology of
the two solutions are different.

B. Infinite-radius limit

In this limit we take R — oo, but keep the charges per
unit length along the tube (277R) finite by defining finite
linear densities (the factors (), account for different di-
mensionalities of spheres for integration)

A Qz ZQ’% Qi
== 6.5
Qi 27R Q, 2R (6.5)
We keep ¢; fixed and define finite coordinates 7, 6, 5 by
F= —R/y, cosf = x, n = Ry. (6.6)
Then we get
H — 1+ 24 20 6.7)
r 47
Gt et 01+ 90 + 305
- - +
oy < 27 47
+ q”_Z;“)dn, 6.8)
87
w4 — 0, (6.9)

with H, and H; given by permutations of (123). With this
we reproduce the metric for the “flat supertube’ in [16].

C. Simpler supertubes
1. Two charges and one dipole

The original supergravity supertube solutions in D = 6
[7,32,33] correspond to setting Q; = 0 and therefore g, =
g2 = 0. In this case J4 = 0 and J, = (7/4G5)R*q;. The
bound (3.25) is trivially saturated, but this inequality is
only sufficient to eliminate CCCs when ¢; > 0. In the
present case, it is easy to use the results of Appendix C

""These 7, A are the same as introduced in the near-horizon
study of Appendix D.

PHYSICAL REVIEW D 71, 024033 (2005)

to see that the necessary and sufficient condition for the
absence of CCCs is'? ¢3 = 0,0,/R?, which agrees pre-
cisely with the worldvolume analysis of these supertubes in
[6,7].

2. Three charges and two dipoles

The solution with g3 =0 and Q;,3 # 0, g1, # 0, is
more complicated than the previous one in that the BPS
equations that it solves are nonlinear and therefore the
functions H; are not harmonic. There are also two inde-
pendent angular momenta.

The solution can be interpreted as a helical D1-D5 string
carrying momentum in the direction of the axis of the
helix, along which it is smeared, but this time the KK
monopole tube is absent. It is different than the D1-D5-P
gyrating strings of [34], since it has two independent
angular momenta and the area is always zero. In fact,
now there is a naked curvature singularity at y = —oo
where R, ,R*” diverges.

Absence of causal anomalies imposes again constraints
on the parameters. Equation (3.25) reduces to —(q;Q; —
g,0,)> = 0 so we require

7101 = 420>

In terms of quantized brane numbers (4.4) and (4.5), this
equation becomes

(6.10)

Nobi _ Nps

npi nps

6.11)

which means that the D1 and D5 helices have the same
pitch and can therefore bind to form a D1-D5 helix.

From Appendix C, it is now easy to see that the neces-
sary and sufficient condition for absence of CCCs is that
the radius R be bounded above like'?

R < (O3 — 9192)01Q>
70192(Q1 + Qs)

Equation (6.11) is the precise T-dual (in the z direction)
to a constraint found for supertubes with D0-D4-F1
charges and D2-D6 dipoles using the worldvolume theory
of D6-branes [15]'*. Equation (6.12) is very similar to, but
not exactly the same as, another equation derived in [15]
for the same system. We will return to this point in
Sec. VIIIL.

(6.12)

211 this case, the first two lines of Eq. (C3) vanish, as does the
second term on the third line, so the leading order (cubic)
behavior as y — —oo comes from Y. Demanding Y > 0 gives
this inequality.

3The first line of Eq. (C3) vanishes, as does the second term on
the second line, so the leading (quartic) behavior as y — —oo
comes from X. Demanding X > 0 gives this inequality. It is then
easy to see that ¥ >0 so the remaining terms in (C3) are
positive.

14Equation (6.10) was also recovered in the infinite-radius limit
in [16].
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It is perhaps surprising that despite having the three D1-
D5-P charges, the area of this solution always vanishes.
The apparent reason is that near the core at y — —oo the
solution is mostly dominated by terms involving the dipole
moments g;. There is a curvature singularity at the core and
the moduli also blow up there. However, it will be shown in
[35] that this solution admits thermal deformations, i.e.,
there exists a family of nonextremal solutions with regular
horizons, which in the extremal limit reduce to the super-
symmetric solution with three charges and two dipoles.

One can easily check that the solutions with three
charges and one dipole, as well as the ones with two
charges and two dipoles, always possess CTCs near y —
—oo. This parallels the fact that these supertubes do not
have a sensible Born-Infeld description [15,16].

D. Decoupling limit

In the decoupling limit of the D1-D5-P solution we send
a' = €2 — 0 and keep the string coupling g, fixed, in such
a way that the geometry near the core decouples from the
asymptotically flat region. Our solution contains several
more parameters than previous D1-D5-P configurations, so
we shall describe this limit in some detail.

We work with the coordinates (r, ) defined in (3.7).
Since we want to keep fixed the energies (in string units) of
the excitations that live near the core, then r/a’ and R/ o’
must remain finite. We are also interested in a regime
where the size of the z direction, R,, is large compared to
€, so that winding modes can be ignored and the momen-
tum modes are the lowest excitations. So when we take
a' — 0, R, will be fixed, and then also g3 as a result of
(4.8). Further, we take the 7% length scale € ~ €, so that the
energy scale of both momentum and winding modes on the
T* is large. Finally, we keep the string coupling fixed and
also keep the number of branes and units of momentum
fixed. Using (4.4) and (4.5) the limiting solution is obtained
taking a’ — 0 while

r/a/’ Ql,Z/a/!
(]1,2/a’, q3

Q3/a/2r R/a/’
(6.13)

are held fixed. Then the length scales in the supergravity
solution are arranged as

r~R~ \/@’V V9192 K (0,0,)/4 ~ \/%(611612)]/4
(6.14)

with Q; ~ O, and ¢; ~ ¢,. Recall from (4.1) that Q,, Q,,
and Q5 label D5, D1, and momentum charge, respectively,
and ¢;, q,, and g3 correspond to the dipole charges of,
respectively, d1- and dS5-branes and the Kaluza-Klein
monopoles making up the supertube. Observe also that
Q,; scales like Q;.

After rescaling the metric and the gauge fields A! and A2
by an overall factor of ', we obtain a new solution of IIB
supergravity. This decoupled solution has the same form as
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(4.2), (4.3), and (2.3) with, in the coordinates of (3.8),

01> q2193R* cos20

H1,2 = D) ’
> 2 (6.15)
Heo— 1+ O3  q1g2R*cos26
: by 2
B R%sin?6  (r* + R?)sin%6
S

y <4GsJ¢ _ g R? cos29>'

T 3
while w 4 and A’ remain as in (3.11) and (3.12), and Jgisas
in (3.13). We can gauge-transform A3 — A% — dt,ie., z —
z—1, so that A} = H;' — 1 vanishes at r— co. It is
apparent that this decoupling limit amounts to the familiar
procedure of “removing the 1’s” from the functions H,
associated to the D5 and D1 branes, with the first term of
w,, modified so the result remains a solution of the field
equations.

The decoupling limit is not in general the same as the
near-horizon limit (4.12) analyzed earlier. In the near-
horizon limit r is taken to be much smaller than R and
indeed than any other scale in the system, so one covers
only a small region of the decoupled solution. Also, the
near-horizon limit in (4.12) exists for any black ring,
whereas here we are restricting the parameters to the
ranges in (6.14). These differences between the two limits
are in fact also present for BMPV [36]. The two limits
nevertheless commute, so the new solution has a regular
horizon of finite-area. After an appropriate rescaling, L is
the same as (3.28), when expressed in terms of physical
quantities only. A slight difference is hidden, though, in the
fact that in the decoupling limit J,, — J4 changes to

T
(Jy = Jg)decoupled = 4—G5R2613~ (6.16)
This is simply a consequence of the restrictions (6.13) on
the relative values of the parameters, which imply, in
particular, that g3 > q;,. As a consequence, rings with
qs ~ q1 are not expected to be fully captured by the dual
CFT description of D1-D5 systems.

At asymptotic infinity, r — oo, the metric becomes

(omitting the T* factor)

2
N
+/0,0,(d6? + sin>0dy? + cos’0d¢p?),

so we recover the asymptotic geometry of global (as z is
periodic) AdS; times S°, both with equal radius

€ = (010)"/%.

For certain particular values of the parameters we get
solutions which are everywhere locally AdS; X S3. This

ds? —

d 2
(~drt +d2) + 0,105

6.17)

(6.18)

024033-14



SUPERSYMMETRIC BLACK RINGS AND THREE-CHARGE ...

happens when R = 0, i.e., BMPV in the decoupling limit
[36], and also for two-charge D1-D5 supertubes that satu-
rate the CTC-bound ¢3R> = Q,0Q,. The decoupling limit
of the latter is global AdS; times a rotating S°, with a
conical singularity if ngx > 1 [32].

However, in general our solution is (locally) the product
space AdS; X S only at asymptotic infinity and near the
horizon. In the latter region this occurs in a rather unusual
manner. In order to find the near-horizon limit of the
decoupling solution in (r, §) coordinates, near r = 0, =
/2, we take the gauge in which A} = H; ! so we are in a
frame that corotates with the horizon, and define

> 4

r? = eFLcos? 5 R?*c0s?6 = eFLsin®—, t=1/e.

(6.19)

| ™

Sending € — 0, the geometry that results is the same as
(4.12), but now in coordinates that cover only the region
outside the horizon,

ds? =

qL? Ay + 933/9192 dP?
7192 N 4 P
G0, - 2
+ M[dz - %(1 + cosﬁ)d/\/}

q3

+ L\’flqz (d0? + sin2ddy?),

Fdidy +

(6.20)

where we use y = ¢ — ¢ and, for simplicity, we assume
(4.11) is satisfied so that we can use a shift z — z + mR_¢
to bring the geometry to a product of two factors. The first
factor is locally isometric to AdS; with radius

Con = @(Ql%)m-

This factor is globally the same as the near-horizon limit of
an extremal BTZ black hole with mass and spin

(6.21)

Mgrz = 2Lz/qzy Jerz = Myrzloh, (6.22)

and horizon at 7 = 0. The second factor is the quotient
space S3/ Z,,.» With the same radius €,,.

The appearance of AdS; X S* near the horizon is very
different from the factorization into AdS; X S in the
asymptotic region (6.17). The AdS; near the horizon spans
the coordinates (7, 7, /) whereas near the asymptotic
boundary it spans (z, r, z)—the relation between ¢ and 7
just amounts to the redshift near the horizon, but the other
coordinates are not simply related.

The direction in which the near-horizon geometry ro-
tates is ¢. In contrast, in the decoupling limit of BMPV, the
near-horizon geometry rotates in the z-direction and arises
from the linear momentum in this direction. Here the
rotation of the near-horizon geometry arises, in a sense,
from the rotation of the ring, but there is no simple rela-
tionship between J,, and Jgtz. Furthermore, the radii of the
two AdS;’s are different
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oo > €. (6.23)
The curvature of the solution near the horizon is not
controlled by the net D1 and D5 charges but instead by
the dipole charges ¢;. As a consequence, the simple argu-
ment for the statistical calculation of the entropy of the
BTZ black hole, from the charges under the Virasoro
algebra of diffeomorphisms at the boundary of AdS;
[37], does not seem to apply easily to the computation of
the entropy of the ring.

So the full decoupling solution interpolates in a highly
nontrivial way between two different factorizations of the
six-dimensional solution, both of which are locally of the
form AdS; X S3. Between these two limiting regions, the
solution has nonvanishing Weyl curvature and is generi-
cally quite complicated. Indeed, already when the first
subleading terms near r — o0 are considered, the geometry
does not factorize.

This decoupled solution must admit a dual description in
terms of an ensemble of supersymmetric states of the dual
CFT. It should be very interesting to identify and count the
degeneracy of these states to reproduce the entropy of the
black ring. Given the two limiting AdS geometries, it
might be useful to view the solution as dual to a renormal-
ization group flow, with Eq. (6.23) implying that the central
charge is greater in the UV than in the IR, as expected from
the c-theorem.

VII. WORLDVOLUME SUPERTUBES AND
KAHLER CALIBRATIONS

Consider three M5-branes intersecting as in the array
(2.1), with the y-circle replaced by a curve C in the E*
space transverse to the M2-branes. If C is a straight line,
then the worldspace of the three M5-branes may be de-
scribed as that of a single M5-brane with (in general)
nonsingular worldspace S X C, where S is a Kéhler-
calibrated surface of degree-four (that is, of complex di-
mension two) embedded in the C? = [ES space spanned by
the 7', ..., z coordinates. This configuration preserves 1/8
of the 32 supersymmetries of the M-theory Minkowski
vacuum. Here we will show that an MS5-brane with world-
space S X C and appropriate fluxes of the worldvolume
three-form H also preserves 1/8 of the supersymmetries
(albeit a different set) for any arbitrary curve C in E*. If C
is closed then this configuration carries no net M5-brane
charges, but only three M2-brane charges and three MS5-
brane dipoles, and thus provides the first worldvolume
description of a three-charge supertube in which the three
dipoles are visible. We call this a calibrated supertube. In
fact, we will show that any Kéhler calibration (of appro-
priate degree to be interpreted in terms of M5-branes) gives
rise to a calibrated supertube in a similar manner. It would
be interesting to investigate the relationship between super-
tubes and other types of calibrations (SLAG calibrations,
exceptional calibrations, etc.), with calibrations in more
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general backgrounds, and with calibrations corresponding
to nonstatic branes.

To avoid any confusion, it is worth mentioning from the
start a limitation of the worldvolume description we are
about to present. This is the fact that, although the con-
figurations we will construct do carry multiple charges and
dipoles globally, they may be locally regarded as standard
two-charge/one-dipole supertubes. Globally, therefore,
they may be viewed as resolved junctions of standard
supertubes, in the same sense that certain calibrations can
be viewed as resolved junctions of M5-branes. One very
concrete manifestation of this limitation is that the world-
volume description does not capture the second angular
momentum visible in the supergravity description.

Despite this limitation, it is remarkable that such non-
singular junctions of supertubes can preserve supersym-
metry,'” and we regard the construction below as a first
step towards a more sophisticated worldvolume descrip-
tion of three-charge black supertubes.

A. Kabhler calibrations and intersecting M5-branes

We begin by reviewing a few facts about Kéhler cali-
brations. We follow closely the discussion in [39,40]. Let
w = %71 +iz%, with j =1,...,n, be complex coordi-
nates on C* = E2", with metric

n 2n
ds* = duldi) = dz3, (7.1)
j=1 j=1
and
i n . ) n ) .
=_ I Adid = 2=V A d7% 2
H Z;du dii j:Zldz dz (7.2)
the associated Kéhler two-form. Then
1
Y =_—_73"r (7.3)
p!

is a calibration of degree 2p in C" (p = n) associated to
the group SU(n) [41]. This means that the volume of any
(hyper)surface S C [E?" of dimension 2p is bounded from
below as

f &2 ¢ Jdetg = f v, (7.4)
s s

where ¢ are coordinates on S, g is the induced metric on S,
and a pullback of ¥ onto S is understood. If this bound is
saturated, the surface S is said to be calibrated by V¥, or
Kihler-calibrated (since WV is constructed from the Kéhler
form). All complex surfaces in C" are Kihler-calibrated
[39]. Since S minimizes its volume within its homology
class, a static M5-brane with worldspace S X F>~?P is a
solution of the MS5-brane equations of motion. Moreover,

'>Non-supersymmetric supertube junctions have been previ-
ously studied in [38].
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any two tangent (hyper)planes to S are related by an
SU(n) C SO(2n) rotation, from which it follows that a
fraction 1/2" of supersymmetry is preserved.

The Kihler calibrations of interest here are those that
have an interpretation in terms of intersecting M5-branes,
namely, those with n = 2, 3, 4. For n = 2 there is only an
SU(2) calibration of degree-two, corresponding to a
Riemann surface S embedded in C?>. An M5-brane with
worldspace S X [E3 can be interpreted as the intersection of
two MS5-branes

M5:12--567

(7.5)
M5:--34567,

where the C? space corresponds to the 1234-directions.

For n = 3 there are two relevant calibrations, of degrees
two and four. The first one corresponds to a Riemann
surface S in C3. An MS5-brane with worldspace S X 3
preserves 1/8-supersymmetry and can be interpreted as
describing the triple intersection

M5:12----789
MS5:—-34--789 (7.6)
MS:—---56780.

The SU(3) calibration of degree-four corresponds to a
surface S of complex dimension two embedded in C3.
An MS5-brane with worldspace S X E can be interpreted
as the triple intersection

MS:—-34567
M5:12--567
M5:1234--17.

(1.7)

In both SU(3) cases, the C* space corresponds to the
123456-directions. As mentioned above, the second case
corresponds to the M5 intersection in (2.1) with the circle
replaced by a line.

Finally, the only SU(4) calibration that has an interpre-
tation in terms of MS5-branes is that of degree-four, which
corresponds to a surface S of complex dimension two
embedded in C*.'® An M5-brane with worldspace S X [

'®An SU(4) calibration of degree-two has an interpretation as
an intersection of four M2-branes, and one of degree six as an
intersection of a number of D6-branes.
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can be interpreted as the sixtuple intersection

M5:1234----9
M5:12--56--9
M5:12----789

(7.8)
MS:—-3456--9

M5:--34--789
M5:—---567809.

Although in all arrays above we have displayed the M5-
branes as being orthogonal, this need not be the case; they
can intersect at arbitrary SU(n) angles, which are encoded
in S. Let us illustrate this for the SU(3) calibration of
degree-four, represented by (7.7). The surface S can gen-
erally be specified as the locus F(u,, u,, u3) = 0, where F
is a holomorphic function. The choice of F determines the
SU(3) angles between the three M5-branes, which arise at
asymptotic regions of S. As an example, consider F =
fifafs — ¢, where f; = Z;ZI alu/ are linear functions
and a! and c are constants. The induced metric on S has
three asymptotically flat regions that can be identified with
the three M5-branes. A simple way to determine these is to
set ¢ = 0. In this case the locus F = 0 consists of three
complex planes, f; =0, f, =0 and f3 = 0, the angles
between them being determined by the constants a?. This
corresponds to a singular intersection of three M5-branes
that extend along these three planes. Setting now ¢ # 0
smooths out the intersection and hence allows the entire
complex two-surface to be interpreted as a single M5-
brane, but does not alter the orientations of the asymptotic
regions, which therefore can still be identified with three
distinct M5-branes.

Despite the fact that the arrays above do not necessarily
specify the SU(n) angles between the intersecting branes,
each array is useful in summarizing the number of partic-
ipating branes and the set of supersymmetries preserved by
each intersection. For example, the configuration repre-
sented by the array (7.5) preserves 1/4-supersymmetry,
corresponding to the Killing spinors 7 subject to the con-
straints

Loiose7n = 1, LCosasern = m, (7.9

each of them being associated to one of the M5-branes.
Similarly, the configuration represented by (7.8) preserves
1/16-supersymmetry, corresponding to any four of the six
MS5-branes (the two projectors associated to any two of the
MS5-branes are implied by the those of the other four).

B. Calibrated supertubes

We are now in a position to show that each of the Kahler
calibrations above gives rise, through turning on appropri-
ate worldvolume fluxes, to a calibrated supertube.
Choosing § = [E? X §’, with S’ a Riemann surface, in the
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SU(3) and SU(4) calibrations of degree-four, represented
by the arrays (7.8) and (7.7), we recover the SU(2) and
SU(3) calibrations of degree-two, represented by the arrays
(7.5) and (7.6), respectively. The two degree-two calibra-
tions can therefore be regarded as ‘‘degenerate’ cases of
the 2 degree-four calibrations, and for this reason we will
only discuss the latter two. These give rise to the three-
charge/three-dipole SU(3) calibrated supertube

O, M2: —-34 - ——
O3 M2:———-56-
gymS:—-34560
gom5:12--560
gzm5:1234—-—-0

(7.10)

and to the four-charge/six-dipole SU(4) calibrated super-
tube

OM2:12-———————
O, M2: —-34—————
O3M2: ———--56---—
O, M2: — ——— —— 78—
g m5:1234—--—-—-¢
gom5:12--56--o0
gsm5:12----78 0
gsm5:—-3456-—-o0
gsm5:—-34--T78 0
gemS:———-5678 0.

(7.11)

In the two arrays above, we have denoted by o the coor-
dinate along the curve C. Note that each M5-brane can be
thought of as originating from the expansion of a pair of
M2-branes, as in a ““standard” two-charge supertube.

Consider therefore an M5-brane with worldspace S X C,
where S is a complex two-surface in C* or C* and C is an
arbitrary curve in [E* or 2, with a worldvolume three-form
flux H = dB, given by

H=doANH +d"ANH', (7.12)

where again HH is understood to be pulled-back onto the
M5-brane worldvolume. " is a two-form determined in
terms of JH by the (generalized) self-duality condition
satisfied by H, but whose explicit expression will not be
needed. Closure of H follows from that of . As we will
see below, this H-flux induces M2-brane charges on the
M>5-brane as in the arrays (7.10) or (7.11). We claim that
this configuration preserves 1/8 or 1/16 of the supersym-
metries of the M-theory Minkowski vacuum, generated by
Killing spinors n subject to the constraints associated to
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the M2-branes, that is,

Loom =, Losam = 7, Possm=m  (7.13)
for the three-charge supertube, and
I’ =7, I’ =,
orN =T 0341 = 1M (7.14)
Losen = m, Posm =

for the four-charge supertube. Note that there is no trace of
a condition associated to the M5-branes, as expected from
the absence of M5-brane net charges.'’

To prove this, it is convenient to adopt a (static) gauge in
which 1%, x¢ = (x!, ..., x*), and o are worldvolume coor-
dinates on the M5-brane, where o parametrizes the cross
section C, specified as x* = x*(o). For the three-charge
supertube x* = (x7, ..., x'0), whereas for the four-charge
supertube x* = (x°, x'%). Without loss of generality we
choose o to be the affine parameter along C, that is,
0,y05x"d,x” = 1. The complex surface S is specified
as x = x"(x%), where x™ = (x>, x°) for the three-charge
supertube and x” = (x5, ..., x®) for the four-charge super-
tube. In both cases, x™ satisfy the appropriate Cauchy-
Riemann equations,

81x5 = 62)66, 62)C5 = —6]x6, (715)

where the dots stand for the same expression with {1, 2}
and/or {5, 6} replaced by {3, 4} and/or {7, 8}. Note that in
these coordinates the only nonzero components of JH are

g{ah = O1[a0pp t O3140pp T a[ax58b]x6 (7.16)

for the three-charge supertube, and

5L[ab = 61[a6b]2 + 83[51617]4 + a[axsab]x6 + 8[ax7ab]x3
(7.17)

for the four-charge supertube. In both cases, the induced
metric on the M5-brane worldvolume takes the form

ds* = —dx} + do? + g,,dx"dx’, (7.18)

where

Sup = Oup + 9 XX S 0. (7.19)

The number of supersymmetries of the Minkowski vac-
uum preserved by the MS5-brane is the number of Killing
spinors 7 that satisfy the condition I'y;sp = n [42], where
I'ys is the matrix appearing in the kappa-symmetry trans-
formations of the M5-brane worldvolume fermions. We
work with a unit-tension MS5-brane and the covariant for-
mulation of [43], which contains an auxiliary scalar field a
that we eliminate by the gauge choice a = x°. Under these

If the curve C is not closed but instead extends to infinity,
then there are net M5-brane charges, and there is also a net linear
momentum. The preserved supersymmetries are still the ones
above because the linear momentum cancels exactly the M5-
brane charges in the supersymmetry algebra [8].
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circumstances the kappa-symmetry matrix takes the same
form for the three- and four-charge supertubes, namely,

S
\/det(gab + hab)

1
X |:Z Eadej-[ab’)’cd - 70’(?0' + 7]234):|: (720)

where €34 = +1,

Ve =T, + 3, x"T,, Yo = 05xHT, (7.21)
are the worldvolume Dirac matrices induced by the space-

time, constant Dirac I'-matrices, y; ; = ¥, Yi, " Vi ]

P, =3 H ,H ., (7.22)
is the momentum density along 9, and
1 cdef
< (7.23)

L T
ab zgacgbd\/(m ef

Making use of (7.13), (7.14), (7.15), (7.16), and (7.17), a
tedious but straightforward calculation reveals that

Yi2san = — P, (7.24)
where
P,=1+8%9,x°0,x° (7.25)
for the three-charge supertube, and
P,=1+8%9,x0,x° + 89 ,x39,x®
+ €4 x39,x00 .x7 9 4x® (7.26)

for the four-charge supertube. We note that the Cauchy-
Riemann equations imply 8°9,x°9,x°> = 8%9,x%9,x°,
and analogously with {5, 6} replaced by {7, 8}.

It follows that the two terms inside the round brackets in
(7.20) cancel each other, and hence all information about
the cross section C, which is entirely encoded in vy, drops
from the supersymmetry equation. This now reduces to

%eabcd:}{abrofycdﬂ = det(gab + hab)n-

Using again (7.13), (7.14), (7.15), (7.16), and (7.17), one
can verify that this equation is identically satisfied, with the
determinant given by

,;det(ga,, + hah) = 2,/detgah = 2?0.

Essentially the same arguments given above can be used
to show that these supertube configurations saturate the
bounds found in [44,45]. It is worth remarking, though,
that the configurations studied in detail in those references
all have zero momentum density, i.e., P, = P, = 0.

(1.27)

(7.28)
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C. Physical properties

In this section we will show that a calibrated supertube
can be regarded, at a given point, as a standard supertube
with one M5 dipole and two M2 charges. For the standard
supertube, supersymmetry fixes both these densities and
the shape of the tube in the directions transverse to the
cross section (i.e., it fixes S) [6].'® For a calibrated super-
tube, stability is instead achieved locally in such a way that
the only restriction on this shape is that S be a calibrated
surface; the charge densities may then also vary, as they are
given by the pullback onto S of the Kéhler form. This
allows the calibrated supertube to carry, globally, more
than two net charges and one dipole, as we have seen
above. In this sense, the worldvolume three-charge super-
tube constructed in this paper may be regarded as a smooth
junction of three two-charge supertubes associated to the
three asymptotic regions of S.

The cross section of the calibrated supertube, like that of
the standard one, is supported against collapse by the
“centrifugal force™ associated to the Poynting momentum
density generated by the product of the worldvolume
charge densities. To see this, we note that the momentum
density P, is, at each point, the product of the two M2-
brane charge densities carried by the MS5-brane at that
point. Recall that the M2-brane charge density in the
ab-directions tangent to a given point on the M5-brane is
given by the momentum density IT“® conjugate to the
worldvolume two-form potential B,;,. This is because the
MS5-brane action depends only on the background-
covariant combination H + ‘A, where H = dB, and a
pullback onto the M5 worldvolume of the supergravity
three-form potential A is understood. It follows from this
that the M2-brane charge density carried by the M5 is

8£M5 _ 8£M5
A pap 9B,
This momentum is determined in terms of the worldspace
components of H by the constraint associated to the self-

duality condition of H [46]. In the present case it takes the
form"”

= 1%, (7.29)
A=0

A=0

I1¢b = %Gabcdg_[cd, (7.30)
so P, may be rewritten as
P,= %eabcdﬂ“"ﬂ”d. (7.31)

Now, at each point on § an orthonormal basis of its tangent
space may be chosen such that the antisymmetric tensor
1% is skew-diagonal, with skew-eigenvalues IT and II’.
These measure the magnitude of the two independent M2-
brane charge densities at the given point, whereas the

'®In the simplest case of a D2-supertube, it forces the charge
densities and shape to be either constant or those of a D2-Blon.

"For ease of notation we are absorbing a factor of 4 in I1%
with respect to the definition of [46].
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orthonormal basis determines their orientations. In terms
of these densities we have

P, = III, (7.32)
as anticipated.

Equation (7.32) is completely analogous to that for a
two-charge standard supertube [6,7]. We now show that the
rest of the relations between the charge densities, the
angular momentum and the size of the cross section also
are, at a given point, as those of the two-charge supertube.
For simplicity, we assume that C is a circle of radius R in
some plane, so we set ¢ = Ru. It is important to remember
that the densities that enter these relations are densities per
unit area of §, obtained by normalizing by ./detg,, and
integrating over C. The normalization is most easily ac-
counted for by working in the orthonormal basis used to
define Il and II', so that detg,, = 1. By virtue of the

second equality in (7.28), this implies
P,=1I1II=1, (7.33)

as for the for the standard supertube [8]. The C-integrated
M2-brane densities are

o= 2L f doll = RII,
mJc (7.34)

27

where we have used the fact that o is the affine parameter
along C and that II, I’ are o-independent. It then follows
from (7.33) that

1
g/=—f doTl! = RIT,
C

R =,/p0". (7.35)
Similarly, the angular momentum is
Jy = R [ doP, = R?, (7.36)
27 Jc
and hence
J = pp0. (7.37)

We thus see that R, J, @, and @’ obey the same relations as
for a standard supertube with unit dipole, i.e., constructed
from a single M5-brane. If instead n M5-branes are super-
posed, then these relations become

R =./p0'/n, J = p0'/n. (7.38)

We conclude by showing that the energy of the cali-
brated supertube may be written as the sum of the corre-
sponding M?2-brane charges, as expected from
supersymmetry. The M5-brane energy density £ can be

extracted from [47]. In our case it takes the form
E2=2P% +det(g + h) = 6P2. (7.39)

Integrating over the M5-brane worldspace and using the

024033-19



ELVANG, EMPARAN, MATEOS, AND REALL

definition (7.22) of P, we obtain the total energy

E= dod*x& = /6 dod*xP,
XS XS
6
=£ doNH NH. (7.40)
2 Jexs

Employing now the definition (7.2) of JH, this becomes

\/6 n ) ) \/6 n
E=—" do Ndx* " ANdxP N ANH == .
> Z,/cxs o A dx X H 2;Q/

(7.41)

as we wanted to see. In the above expression appropriate
pull-backs onto the M5-brane are understood, as always,
and we have used the fact that the total charge Q; asso-
ciated to an M2-brane in the 12-directions is

0, = f dod*xI1"? = f dod*xH 5,
CXS§S CXS

= f do ANdx" Ndx2 N H, (7.42)
CXS

and similarly for the rest of the Q;. In this last equation

H 54 stands for the 34-component of the pullback of HH , as

opposed to the 34-component of H itself.

VIII. SUPERGRAVITY VS WORLDVOLUME
DESCRIPTION OF THREE-CHARGE
SUPERTUBES

In the previous sections we have provided a detailed
description of three-charge supertubes within supergravity.
We have also developed a worldvolume construction of
supertubes with three charges and three dipoles in Sec. VII.
A third framework for describing these systems, in terms of
the microscopic CFT of D1-D5 systems, is currently under
investigation. For two-charge supertubes, the agreement
between the supergravity and the worldvolume descrip-
tions is perfect [6—8]. Here we offer some preliminary
observations aimed at exploring whether a similar connec-
tion for three-charge supertubes may exist.

In order to investigate this, let us take the two-charge
supertube as the basic “‘building block™. For the sake of
generality and simplicity, we phrase the discussion in terms
of supergravity charges Q;, ¢; instead of quantized brane
numbers which would require singling out a specific U-
duality frame.

For the two-charge supertube, both the worldvolume and
supergravity descriptions (and the CFT too) yield the same
relations between the parameters,

ﬁ]¢ — Rlgy = Qle.
q3

8.1

It is convenient to assume that the supergravity no-CCC
bound is saturated, since then the correspondence with
worldvolume supertubes is particularly simple [7,8]. All
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the Q; and Q, branes are ‘“‘dissolved” in the supertube,
thus contributing to the angular momentum, and the profile
of the supertube is uniquely fixed to be circular.

Consider now three-charge/two-dipole supertubes.
Using either the worldvolume analysis of [15] or our
results from supergravity one obtains (6.10) [also easily
interpreted within the microscopic DI1-D5 view, see
(6.11)].

Let us now regard this supertube, within the worldvo-
lume view, as the superposition of two two-charge super-
tubes of equal radius R, one with parameters (Qy, 0%, ¢»),
the other with (Q,, 0%, ¢;), and total charge Q; = Q) +

4. In terms of the worldvolume construction of Sec. VII,
this simply means that the intersection between the tubes is
not resolved but remains singular. Assume that each super-
tube separately satisfies corresponding relations (8.1).
Then it is easy to derive [15]

0+
0 =Rqq——F7—
20,0,
The supergravity analysis, which does not allow for simple
superpositions of the two supertubes but includes instead
nonlinear interactions, yields, in contrast, the CTC-bound
(6.12) which, when saturated, can be written as

9,+9,
9,9,

(In this case Q= 0, 2, = 0, but 95 < Q3.) This
suggests that in order to recover the supergravity expres-
sions from the worldvolume we must replace

0,— 9.

@, is then seen to play the role of an “effective charge.”
The origin of this “replacement rule” is unclear. Q3 and
Q5 coincide when Q3 > ¢,¢,. This is the case if we take
the limit of very large radius while keeping finite the linear
density of Qs, so Q3 ~ R, while g; ~ R® (see Sec. VIB).
However, at finite R the worldvolume and supergravity
results differ: the supergravity radius is smaller, for given
charges. This suggests that the discrepancy might be due to
closed-string self-attraction of the ring, which would cause
the tube radius to shrink, and which would not be at work
in the worldvolume description. However, if this were the
case then one might expect that, when expressed in terms
of quantized brane numbers, the string coupling should be
involved in the differences between (8.2) and (8.3), but it is
not. Another possibility is that the replacement (8.4) arises
when the system actually forms a single supertube (or
blowing up the intersection), instead of a simple superpo-
sition. However, the analysis of such single-brane super-
tubes in Sec. VII shows no evidence for this effect.
Ref. [15] did also consider proper supertubes with three
charges and two dipoles, and obtained essentially (8.2)
instead of (8.3).

8.2)

Q3 =Rqq (8.3)

(8.4)
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The spin is the sum of the spins of each supertube, so

951 = Rlay + q) (8.5)
T

[independently of whether (8.4) is applied or not]. This is
precisely the leading value of the angular momentum at
large R. In fact, it seems more appropriate to consider that
the spin (8.5) in this worldvolume approach accounts ex-
actly for the value of J, — J,, but not for the self-dual
contribution to the angular momentum that includes J,. In
the limit R — oo the latter vanishes, so the discrepancy
disappears.

One might remark that in the supergravity solutions R is
not the proper radius of the ring (which, for g3 =0,
actually diverges at y — —o0). However, R, as the radius
in the base space, does play the role of the supertube radius
in the two-charge supergravity supertubes (8.1). In the
supergravity expressions for physical quantities R can al-
ways be eliminated in favor of the physical charges, di-
poles and angular momenta (in particular, using
Jy —Jg Rz). So we can employ it as, at least, a useful
auxiliary quantity that can be related to the worldvolume
supertube radius.

Now regard the three-charge/three-dipole supertube as
the superposition of three two-charge supertubes (see also
[15]). Again, this corresponds to considering that the in-
tersection of the three MS5-branes in Sec. VII is not re-
solved. The supertubes have parameters (Q}, 0%, g3),
(01, 0%, q2), (Qf, 04, q1). The total charge of the i-th
constituent is Q; = Q! + Q. The radii of the three super-
tubes must be the same, so

/ / "N/ INaYl
_ 010, 0103 0703
2 2 2

q3 q; q]

R? (8.6)

Furthermore, applying (6.10) to pairwise combinations of
the tubes we obtain the constraints

0101 = q:0%, @05 =q1Q), 4205 = ;05

(8.7)
After some algebra one can write the equation for the
radius in the form

2ZQiQinQj - ZQIZ%Z = 4R26]3Z%’-

i<

(8.8)

If we now perform the substitution (8.4) we recover exactly
the condition for saturation of the no-CCC bound from
supergravity, Eq. (3.25).

The angular momentum is the sum

4G Ql Q/ QIIQ/ i¥eYli
—2 ), =2+ E5 4 25 = Ry + gy + i),
T q3 q> q91

8.9)

and the same comments apply as in (8.5). If we take this
last equation as giving J,, — J4 instead of just J,, then it
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can be combined with (8.8) and the substitution (8.4) to
reproduce the condition for saturation of (3.26).

We see that one key feature of the supergravity descrip-
tion that the worldvolume construction does not seem to
capture is the second angular momentum J,. We must
remember that the calibrated supertube presented in the
previous section is a solution of the Abelian theory on a
single M5-brane. One may therefore speculate that incor-
porating non-Abelian effects, namely, working with the
theory on more than one MS5-brane, is necessary to repro-
duce Jy. Although this possibility cannot be discarded
without further investigation, it is hard to see how this
would explain that the solutions with a linear cross section
(i.e., those obtained as the infinite-radius limit of the ring)
carry zero J4. Here we would like to speculate that the
explanation may instead be that J, is not carried by the
worldvolume supertube source itself, but that it is instead
generated as a Poynting momentum by crossed electric and
magnetic supergravity gauge fields. Although the argu-
ment we present is somewhat heuristic, it is based on
general grounds and may describe the correct physical
origin of J4. In particular, it explains why J4 = 0 for a
linear cross section.

The idea is that J is given by the integral over a
spacelike hyper-surface of the T,, component of the
energy-momentum tensor that appears on the right-had
side of Einstein equations. Since the only bosonic field of
D = 11 supergravity other than the metric is the three-
form potential A, this has a unique contribution,

TO(;S -~ }‘OmnpszPy
which for our solution takes the form
Tog ~ ForomF§" + FozamF 3" + Fosem T (8.11)

This is indeed a product of electric and magnetic compo-
nents of F. We wish to argue on general grounds that this
must be nonzero for a brane array as (2.1) except if the
Y-direction is a straight line.

Indeed, we know the first M2-brane must generate a
nonzero component A ,;,, whose magnitude must be pro-
portional to Q. Similarly, the first M5-brane must source a
nonzero component J~Zl03456¢ of the six-form potential dual
to A, whose magnitude must be proportional to g;.
Analogous statements apply to the other two M2/M5 pairs,
so let us concentrate on the first pair.

The key difference between a linear and circular (or,
more generally, any nonlinear) cross section is that, in the
linear case, all fields may depend on a single radial coor-
dinate p in E* [see (3.3)], because of SO(3) rotational
symmetry around the string. This means that the nonzero
components of the gauge potentials above lead to the
nonzero components Fo;2,, F 03456y, Of the corresponding
field strengths. Hodge-dualizing F we see that the only
magnetic component of F is Fyj,¢. It follows that the

(8.10)
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contractions in (8.11) vanish and hence J4 = 0. This is in
fact the only result compatible with SO(3) symmetry, since
any nonzero angular momentum in the [ space transverse
to the string would break this symmetry down to U(1). In
the case of a circular cross section this breaking is already
present from the beginning by the choice of plane in which
the ring lies.

Indeed, for a circular cross section (in fact, for any
nonlinear cross section) the contractions (8.11) do not
vanish. This is because now the fields depend on two
coordinates

p1 = pcosO, py = psin®, (8.12)
so F has nonzero components ,’7—"03456”] and _’7:03456¢p2.
Dualizing we find that F has nonzero magnetic compo-
nents F 415, and Fy;p,, and therefore that the contrac-
tions in (8.11) do not vanish in general. Moreover, the
electric components are proportional to Q;, whereas the
magnetic ones are proportional to g;, so naively Ty, is
proportional to Q1q; + Q»g, + Qzqs3. This gives the first
term in J,4, and therefore it satisfies the requirement that it
be zero for a standard two-charge/one-dipole supertube.
However, it misses the second term in J,, proportional to
q192953- This is because our argument ignored the fact that
the electric component A, is not just proportional to Q,
but actually contains a term proportional to ¢,gs (see the
expression (2.5) for H;). Analogously, the electric compo-
nents A4 and A 56 contain terms proportional to ¢; g3
and g, ¢q,, respectively. Each of these electric components,
when multiplied by the corresponding magnetic compo-
nent, gives a term proportional to ¢;¢,q;.

The argument above suggests that, although the precise
value of J, depends on some details of the solution, the
fact that it is nonvanishing follows on general grounds
from the presence of brane sources oriented as in the
(2.1). From a mechanical viewpoint, one may say that in
order to bend the first M5-brane to close one of its direc-
tions into a circle, in the presence of the first M2-brane, an
angular momentum must be generated by the crossed
electric and magnetic fields they source.

Although tentative, the observations in this section point
to nontrivial connections between the worldvolume and
supergravity descriptions of supertubes with three charges.
The justification of (8.4) remains an important open issue.
It is presumably significant that it makes appearance only
when the BPS equations solved by the supergravity solu-
tion are nonlinear. The perfect agreement observed be-
tween worldvolume and supergravity for two-charge
supertubes would then seem to be a chance effect of the
linearity of the system. In fact there does not seem to be
any a priori reason to expect perfect agreement.
Supersymmetry, in particular, does not provide any clear
reason for this. The physical origin of J, needs further
investigation too.
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Finally, one might note that the supergravity constraints,
derived by requiring absence of causal anomalies, do not
actually fix the angular momentum, for given charges, but
instead impose an upper bound on it. The cases where the
bound is not saturated include the black supertubes with
nonzero area. From the worldvolume perspective, it has
been argued that two-charge supertubes with profiles other
than circular, which do not saturate the bound on the
angular momentum [8], are degenerate. Upon quantization,
their degeneracy is equal to the degeneracy of the Ramond
ground states of the supersymmetric D1-D5 string [9,17].
Thus it would seem natural to conjecture that the degen-
eracy of three-charge worldvolume supertubes obtained by
quantizing their moduli space of arbitrary profiles, can
similarly reproduce the entropy of three-charge black
supertubes, possibly after making the substitution (8.4). If
we consider such a supertube as made of three superposed
two-charge supertubes as in the construction above, it is
easy to see that the no-CCC bound comes out correctly —
after making the replacement (8.4)—but the entropy is too
small. Hence supertubes with L > 0 are, not surprisingly,
quite more complicated than these simple composites.
Even if one considered the worldvolume three-charge re-
solved supertubes constructed in the previous section, it
might still be that a calculation of their entropy fails to
reproduce exactly the Bekenstein-Hawking entropy of
three-charge supertubes. Instead, our analysis suggests
that the worldvolume description might only reproduce
the supergravity results up to the replacement (8.4), and
then accounting only for the non-self-dual part of the
angular momentum, J(/, —-J b

IX. CONCLUDING REMARKS

Supersymmetric five-dimensional black holes are of
considerable interest in string theory because they admit
a simple microscopic description in terms of D-branes
[20]. Until now, the largest known family of such black
holes was the four-parameter BMPV family [19]. Our work
has shown that this is a limiting case of a larger seven-
parameter family of supersymmetric black rings. Clearly
the challenge now is to obtain a microscopic description of
these solutions that correctly accounts for their entropy.

It is natural to ask whether we have now exhausted the
catalogue of supersymmetric D = 5 black holes. One
might be tempted to speculate that there are many further
surprises to be discovered. These are constrained, however,
by the analysis of possible near-horizon geometries of
supersymmetric black holes in Refs. [4,48], which allows
for only three possibilities (at least for the class of D = 5
supergravity theories considered in Appendix B): (i) flat
space, (ii) AdS; X S2, and (iii) near-horizon BMPV, with
corresponding horizon geometry (i) 7°, (i) S' X $? or
(ii1) (possibly a quotient of) a homogeneously squashed
$3. It was also shown that the only asymptotically flat
solution of type (iii) is the BMPV black hole. Hence if
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there exist any further supersymmetric black hole solutions
then they must either have a flat near-horizon geometry or
they must be black rings distinct from the ones presented
here.

Could there exist supersymmetric black rings distinct
from the ones presented here? Our worldvolume analysis
of three-charge supertubes suggests that there might exist
corresponding supergravity solutions with profiles other
than circular. If such solutions had horizons then the results
of [4,48] prove that the near-horizon geometry must be the
same as for the circular black rings presented here, so
deviations from circularity would only be apparent away
from the horizon. On the other hand, Refs. [12—-14] have
constructed regular horizon-free solutions with three
charges and suggest the existence of a larger class of
them. So maybe solutions with noncircular cross sections
would belong to this class instead. Clearly, the space of
physically relevant D1-D5-P solutions is far from being
completely mapped out.

The fact that three-charge supersymmetric black rings
exhibit nonuniqueness might seem at first to be a difficulty
for a microscopic description. However, what appears to be
an obstacle may actually be a very useful ingredient to-
wards a more complete understanding of the D1-D5-P
system. It has been argued in [3,5], in the context of
near-extremal solutions, that string theory could contain
the necessary states to account for black rings. One needs
to appropriately identify the dipole constituents, or the
phase in which the strings are. From a thermodynamical
viewpoint, solutions that are characterized by the same
asymptotic charges should be regarded as being only lo-
cally stable in general. If we maximize the entropy by
varying the two independent dipoles we find a unique
solution, which should be the only globally thermodynami-
cally stable configuration. Still, it would seem that all local
equilibrium states, and not only the global maxima, should
admit a microscopic description. It would indeed be very
surprising if string theory could not account for solutions
of its low energy supergravity limit that seem completely
pathology-free.

A remarkable aspect of supergravity solutions is the way
in which they capture highly nontrivial constraints between
parameters that arise in a microscopic description. It was
already known for the BMPYV black hole and for the two-
charge supertube that the condition that CCCs be absent
yields the correct upper bounds on angular momentum
required by the microscopic CFT or worldvolume theory.?
For supertubes with three charges we have observed simi-
lar nontrivial results in Sec. VIII. However, the worldvo-
lume description falls just short of perfect agreement with
supergravity: a basis has to be found for the simple (partial)
fix of (8.4). The origin of J, also needs to be better

20Such constraints from supergravity do also arise, alterna-
tively, from the requirement that the solution admits a thermal
deformation.
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understood. Although we have presented a speculative
explanation for this origin, further investigation is clearly
needed to establish a connection, at the same level as that
for two-charge supertubes, between the worldvolume and
supergravity constructions of three-charge supertubes
studied in this paper.
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Note added.—Following our publication of the minimal
supersymmetric black ring in [18], the solutions describing
three charge supersymmetric black rings have been found
independently by two other groups [51,52]. Solutions de-
scribing concentric black rings have also been constructed
[50,52].

APPENDIX A: DERIVATION OF THE RING IN
MINIMAL 5D SUPERGRAVITY
1. Supersymmetric solutions of minimal supergravity
Minimal D = 5 supergravity is a theory with eight
supercharges with bosonic action
[— 1
167 G5

8
Rxcl —2F A%sF——_FAFAA)
f( : 33 )
(Al)

where F' = dA. Any supersymmetric solution of this the-
ory admits a globally defined nonspacelike Killing vector
field V [27] that cannot vanish [4]. In a region where V is
timelike, coordinates (z, x*) can be introduced so that V =
d/dt and the line element can be written

ds®> = —f*(dt + w)> + fh,,,dx"dx", (A2)

where h,,, is a Riemannian metric on a four-dimensional
space referred to as the “‘base space” B. The metric 4,,,,
scalar f and 1-form w = w,,dx™ are all independent of z.
Supersymmetry implies that #,,, is a hyper-Kéhler metric
on B and that the Maxwell field strength is given by [24]

_\3 I g
with
Gt = %f(da) + x,dw), (A4)
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where %, denotes the Hodge dual on B with respect to the
metric h,,, with orientation defined so that the complex
structures are anti-self dual. These conditions are neces-
sary for supersymmetry; it turns out that they are also
sufficient. In the orthonormal basis ¢* = f(dt + w), ¢! =
f~1/2¢" with &' an orthonormal basis for h,,,, the Killing
spinor equation is solved by [24]

e(t, x) = f17n(x),

where 7 is any chiral spinor on B that is covariantly
constant with respect to the Levi-Civita connection of
h,,,- This implies that any supersymmetric background
preserves at least 1/2 supersymmetry. In fact the only
allowed fractions of supersymmetry are 0,1/2 and 1.
This is easy to understand by noting the isomorphism
Spin(1, 4) = Sp(1, 1) under which the irreducible spinor
representation becomes a quaternion doublet [49]. The
Killing spinor equation is linear so any solution can be
multiplied by a constant quaternion hence the general
solution must have a multiple of four real degrees of
freedom.

We are interested in supersymmetric solutions so we
must also impose the equations of motion for this theory.
The Bianchi identity for F gives

(AS5)

dGt =0, (A6)
and the Maxwell equation reduces to [24]
-1 _ 4 — 2 mn
V2Tl =3(GY)? =56, G, (A7)

where V? is the Laplacian on B with respect to h. The
Einstein equation is automatically satisfied as a conse-
quence of the above equations [24].

2. Minimal supersymmetric black rings

We start by choosing the base space to be flat space
written in the form of Eq. (2.4) with orientation €4 =
+1 (note that flat space admits anti-self-dual hyper-Kahler
structures of either orientation). We make the Ansatz

0 = wy(x,y)d¢ + wy(x, y)di.

Equation (A6) gives
y -1
1— x2 w¢vy>:|’

1 42
[ flwy, +wy )= aX[f<w¢>,y - ¥ _Xl ‘”W)}
(A9)

(A8)

O f (@ + @g)] = ay[f<w¢,,x -

We assume

-1

2 @,y

=2 (A10)

@y x

so (A9) reduces to
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f(wl//,y + w¢,x) = %q (All)
where ¢ is a constant. This determines
G = %q(dx Add + dy A dy) (A12)
and
9¢*(x — y)*
G ="F— . Al3
G =" (A13)

Now we seek a solution to Eq. (A7). We obtain it as a
harmonic piece from solutions to the homogeneous
Laplace equation V2f~! = 0, plus a solution to the inho-
mogeneous Poisson equation sourced by (A13). It seems
reasonable to take the harmonic piece to contain a term o
x — y, since this is the solution to the Laplace equation in
R* with delta-function sources on a circle of radius R,
which appears in two-charge supertube solutions [2,3]. In
order to solve the Poisson equation, one looks for a simple
enough function of x and y, which is antisymmetric under
x <y, vanishes at infinity (x, y — —1), and is singular on
the circle at y — —o0. A quick survey leads to the solution
—q*(x*> — y*)/(4R?). Then we take

— 2 2
Q2 qu (x—y - f?(xz — ),
where we have normalized so that f — 1 as x,y — —1.
Higher harmonics in ™!, such as xy(x — y), would lead to
more singular behavior on the ring and so are discarded.

It remains to solve Egs. (A10) and (A11) to determine w.
Equation (A10) is equivalent to

wg = (1—x%)3,W, wy, = O*—1Do,W,

=1+

(Al4)

(A15)

for some function W(x, y). Substituting this into Eq. (A11)
gives

a[(1 = xM)aWl+a,[0* — Da,W]=3qf " (Al6)

We demand that w4 vanish at x = *1 and w,, vanish at
y = —1, hence W must be finiteat x = =1 andaty = —1.
Looking for a solution of the form W = X;(x) + Y,(y)
leads to

Xi(x) = — 2 [30 = ¢ + 1))

3 (A17)

2(1—y)

We are free to add a solution of the homogeneous equation
[i.e., Eq. (A16) with ¢ = 0]. If we look for solutions of the
form X,(x)Y,(y) subject to the above regularity conditions
then we are led to X,(x)Y,(y) « P;(x)P,(y) where P, are
Legendre polynomials. In general, we can add an infinite
sum of such terms to W. However, in order to avoid the
orbits of /3¢ and 9/9¢ being closed timelike curves as
y — —®, wy and w,, can diverge no faster than y2, which
restricts us to / = 2. More careful inspection reveals that
the norm of 9/9¢ diverges as y — —oo if a [ = 2 term is

Yio) = - o 30 — #B + )]
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present so we need [ = 1, corresponding to the solution

wy = —é(l — D30 — @3 + x) + ky]

3
wy =3 (1+y) = 5 0%~ DB — %3 + ) + k]

(A18)

where k is a constant. We then find, near y = —oo,
gy = 3k + ¢)xy + O(), (A19)
so we must choose k = —g? to prevent some orbits of

d/dy from being closed timelike curves (CTCs). This
completes the derivation of the solution given in [18].

APPENDIX B: SUPERSYMMETRIC BLACK RINGS
IN U(1)N THEORIES

1. The theory

The method of [24] has been generalized to the case of
minimal supergravity coupled to N — 1 Abelian vector

PHYSICAL REVIEW D 71, 024033 (2005)

1 1
I= 167G, f(Rll *yp 1 _ETA*IIT
—éj-"A[]—'Aﬂl), (BS)

to D = 5 on T® using the Ansatz (2.2) with the constraint
(2.7) yields precisely the action (B1) with N = 3, C;;x =
1 if (IJK) is a permutation of (123) and C;;x = 0 other-
wise, and

Gy = diag[(X1) 72, (X?) 7% (X3) 2], (B9)

2. Supersymmetric solutions

Any supersymmetric solution of this theory must admit a
nonspacelike Killing vector field V [22] so, in a region
where V is timelike, we can introduce coordinates just as in
the minimal theory described in Appendix A.
Supersymmetry again implies that (B, h) is a hyper-
K'aihgezr manifold and that the Maxwell fields can be written
[22]

multiplets with scalars taking values in a symmetric space Fl = a£x'(dr + + 0! B10
[22,23]. The action for such a theory is X 2l ’ ( )
where @ are self-dual 2-forms on B satisfying
1= R*1— G dX' A*xdX' — G ;F' A *xF’
167Gs5 f( I 1 X0 = -2G*. (B11)
— lC, ik F!T A FE A AK ) (B1)  The above conditions are both necessary and sufficient for
6 the existence of a supercovariantly constant spinor of the
where I, J, K = 1, ..., N. The constants C;;x are symmet- same form (A5) as in t},le minimal thgory [23]. .
ric in (1JK) and obey .We §1§0 ne_:ed to sa;qsfy the equations of motion. The
Bianchi identity for F” is
CrixCramCpox 67 65K = %SI(LCMPQ)- (B2) 40’ = 0, (B12)
The N — 1 dimensional scalar manifold is conveniently N
d the M 11 t 22
parametrized by the N scalars X/, which obey the con- and the Maxwell equation is [22]
straint®! VA(f7'X)) = 1c; @7 - OF, (B13)

1Ok X'XIXK = 1. (B3)
It is then convenient to define
X, = 1Cp XXX, (B4)
so X; X! = 1. The matrix G, is defined by
Gy = 3%, X; — 3Cp XX, (B5)
with inverse
GV =2X'X7 — 6ClVE Xy, (B6)
where CX = C,,x. We also have
X' =3CEX, Xg. (B7)

Reducing the D = 11 supergravity action,

2!Given this constraint, the scalars should be written in terms of
unconstrained variables before the action is varied.

024033-

where, V? is the Laplacian on B and, for 2-forms a and 8
onB, a - B =(1/2)a™ B,,,, raising indices with 2™, The
remaining equations of motion are satisfied automatically
[23].

3. Supersymmetric black rings

We now want to generalize our black ring solution of the
minimal theory to a solution of the theory (B1). We pro-
ceed by analogy with the minimal theory. First we choose
B to be flat space written in the form (2.4). Next we need to
find some closed, self-dual 2-forms ® on B. We already
know one example of such a 2-form from the minimal
theory, namely G™. This suggests the Ansatz

0! = —1g/(dy Ady + dx A d), (B14)

for some constants g’. Equation (B13) reduces to

228et x = 0in [22] to obtain these results.
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_ 1
VA(f1X)) = == Curq’ g (x — y)*. (B15)
12R
Comparison with the corresponding equation of the mini-
mal theory immediately provides a solution:

Th,

3 =X,

X+ R (QI ~Cuxq’q )(x -

Crkq QK(XZ - )’2), (B16)

1
" 24R?
where the constants Q; are arbitrary but demanding f — 1
at infinity implies that the constants X; must obey the same
algebraic restrictions as X;. These restrictions also imply

f73=1CVKHH,H. (B17)
Next, from Eq. (B11) we have
G = —3X,0/, (B18)
which we have to solve to determine w. A natural Ansatz is
w=qo (B19)
where w; obeys
Hdw; + *4dw;) = 1H/(dy Ady + dx Adp).  (B20)

This is exactly the same as the equation we had to solve in
the minimal theory and can be solved in the same way —
we have

wrg = (1=, W,, @y =0%—1)a,W, (B21)

where W, isregularatx = =1 and y = —1 but can diverge

logarithmically at y = 1, and must obey
9. [(1 = x*)a, W]+ 9,[(* = Da,W,] = 3H,. (B22)

We can just read off a solution by carrying over results
from the minimal theory:

Wy = (1—-x )|:Ql Cixq’ g3+ x + )’)}

(B23)

8R2 6R?

3 _
Wy = 5(1 + )X, — 8R2 O =1

X |:Ql oR? Crxq’q*(B+x+ y)} (B24)

|
—y)(x —
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So finally we have

(1-x3)¢'0 — B +x+y] (B25)

1
8R2

3 _ 1
Wy, =§(1 +y)q'X; _@()’2 - Dl¢'0;—¢*G+x+y)]

(B26)
where
¢’ =Cuxd'a’q". (B27)
The electric charges are given by
Q=g [Guxr =0 @

The mass and angular momenta can be read off by compar-
ing the asymptotics of the above solution with the minimal
ring. We find

M=X'Q = X0,

B2
4Gs; ®29)

a
Jo ==—(q'01 — ¢°),
8Gs5
- ) (B30)
Jy = 8—(;5(6R2q’X1 +4'01 — ).

The solutions of Sec. II are obtained by replacing indices
1,J, K with i, j, k, choosing X; = 1/3, ie., X' =1, and
defining ¢; = ¢".

APPENDIX C: POSITIVITY OF THE ¢-¢y METRIC

The determinant of the ¢—¢ part of the five-
dimensional metric (2.3) is

A= fPhyghyy — foyhy, —

where h,,, is the base space metric (2.4). If A is positive
then the ¢ — metric is either positive-definite or negative
definite. To see which, note that

A= f"hgg8uy — fOyhyy (€2)
so A >0 implies g,, > 0. Hence the ¢-¢ metric is
positive-definite when A > 0.

We find that

(x—y)* (2 — ) )?
(1 — xZ;C(_ly_ y)fR4 = 4 - 64R6 ? (2;Q1qujq] - Zgzqz - 4R2q3ZQl>
— v)2 1 —
+ %[ —(x+ y)q*Zq, +(1 - x);qulq,}
— )2 _
. (x4R2y) v (14R2y)[ D) g+ 20x - y)zg,} Fi-y) (©3)

z</
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where Q; is defined in Eq. (2.9) and

S RO

(C4)

Y y)ZQQJ+(1+y<Zq)

i<j
We derived this expression by first grouping together terms involving the same power of R. For A to be positive as y — —oo

we need

2ZQiCthqj' - ZQ%Q% = 4R26]3Z%- (C5)
i<j 7 7

For ¢; > 0, this inequality implies that the © ; must lie in the region interior to one sheet of a double sheeted hyperboloid. It

is easy to see that it cannot be satisfied if any of the @ ; vanishes hence the allowed region lies entirely within the positive

octant™ of R3, i.e., Q, > 0.

All of the remaining terms in A are manifestly positive except for X and Y. These can be seen to be positive as follows:

y>—(1+ y)[ 7> Q- (Z%ﬂ == (41_1:2_;;)[ ¢’y Q;Q;— 4R 3(261) }

i<j i<j
1+
7 7 KPP0 OXILITES 273}
- R—iz_ );) [41(Q20> + Q395 — 2191)* + ¢2(Q3q5 + Q1q1 — Q295)*
+q5(Q191 + Q2q0 — Q393)*]

= 0.
Here the first inequality is just 1 —y > —1 — y and the second follows from (CS5). For X we have

Xz—(l-i-y)[QleQ3 ZQ, ,}=—%[4Q1Q2Q3q32%_4R2q3<ZQi)<ZQj%2->}
i i i 7

S 20T (Se)r5enen - Tei)]

i<j

== Ig t; [2141(2292+ Q395 — 21g1)* + ©245(2395+ Qg1 — 2292)* + 2343(2141 + 292 — 9393)*]

=0.

\
The first inequality is just x — y = —1 — y and the second =~ where
follows from (CS5). In summary, the only condition re-

quired for A to be positive is (C5). A(F) = & + Iﬂ + A, B(F) = ﬁ + By, (D2)
APPENDIX D: EXTENSION THROUGH THE and A;, B; are determined by requiring that the solution in
HORIZON the coordinates (v, 7, x, ¢', ) is analytic at 7 = 0. First
. . . . note that the scalars X/ are already analytic at 7 = 0. The
1. Five-dimensional solution electromagnetic potentials A’ are given by
The solution (2.3) can be extended through y = —o0 in 4
the same way as the minimal ring [18]: let 7 = —R/y and Al = q’ [1+O®F)]dv— ’[1 +x+ OF)]de’
= dv — A(¥)dr, d¢ = d¢' — B(F)dr,
(7) ¢ —dg' —pnar q 29,0- 59,0,
dip = dy — B(R)dF, - 2’[1 S S @(F)}d:,l/’
PE
*The other sheet lies in the negative octant but shall we - [bO_BI 4q A2+hOBO+b B+ (Q(r)}dr (D3)
disregard this region. r
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where b)) and b’ | are certain constants and O(F) denotes
terms that can be expanded as a series in positive powers of
7. This is analytic up to a term that can be removed by a
gauge transformation. For the metric, we find that gz,
diverges as 1/F unless we choose A, =
—L%*(q,92q93)'*B,/(2R), where L was introduced in
(3.28). We then find that g; has a 1/7* divergence unless
we choose®*

q
B =—-——. D4
1 oL (D4)
This implies
A, = LT (D5)
> 4R
Now g;; diverges as 1/7 unless we choose
1 4R2 [Q 9,95 — R2ZQ1'%2
+q' (g + g+ 613)R2} (D6)

The metric is now analytic at ¥ = 0. However we still have
the freedom to choose the finite part of the coordinate
transformation. After the above transformation, g;; is a
linear function of x at 7 = 0 and we can choose Ay, B to
cancel this function so that g;; = 0 at ¥ = 0. The expres-
sions for Ay and B are lengthy and unilluminating so we
shall not present them here. The metric finally takes the
form

167 473sin?
d do’
R ¢

ds? = — —dv 2+2 dvdF + ———
q'

47R 1 _
L AR vay + (a1 + g2 + g3)Fsin*0drdgy
q

L _
+ Z[ZR cosf — c}d?dw’ + L?dy”?

2

+ "Z[déﬂ + sin20(d’ — dyp')?] + ... (D7)
We have set x = cosf. The ellipsis denotes terms in g;;
starting at O(F), as well as subleading (integer) powers of 7
in all of the metric components explicitly written above.

The constant ¢ is given by

1

= —RD»(Q; + 92)qq;
2LRq19293 Z S

i<j

[QIQZQg

— P+ + q3>R2} (D8)

**The overall sign here is arbitrary; making the opposite choice
would lead to an extension of the metric through the past horizon
rather than the future horizon.
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The above metric is analytic in 7 hence so is its determi-
nant. At 7 = 0, the determinant vanishes if, and only if,
sin’f = 0, which is just a coordinate singularity. Hence the
inverse metric is also analytic in 7 so the above coordinates
define an analytic extension of our solution through the
surface 7 = 0.

The supersymmetric Killing vector field V = 9/dv is
null at 7 = 0. Furthermore, V,, dx* = (R/L)dr at 7 = 0 so
V is normal to the surface ¥ = 0. Hence ¥ = 0 is a null
hyper-surface and a Killing horizon of V, i.e., our solution
has an event horizon at 7 = 0.

The metric of a spatial cross section of the horizon can
be written

2
st = L:dy” + ‘f’z(dé2 +sin2ddy?) (DY)
with y = ¢’ — ¢/. The near-horizon geometry is locally
AdS; X §? where the AdS; has radius (¢;¢,¢3)"/? and the
$2 has radius (¢,¢,q3)"/?/2.

2. The IIB solution

Consider now the IIB solution (4.2). As y — —oo, the
conformal factors multiplying the three terms in (4.2)
remain finite and nonzero. Hence, after transforming to
the coordinates (v, 7, 6, ¢/, ¢'), the only part of the metric
that is not manifestly regular at 7 = 0 is the part involving
A3. To make this regular we need a gauge transformation,
i.e., a shift in z. Using Eq. (D3), the required shift is

3
dz = d7 + [bo_Bl - biBy + b B, }dr (D10)
r 919>

which gives

4—2
dz+A3=d7 +_r [1+ O®)]dv

9192
- %[1 +cosf + O(F)]d ¢’
29595 — Zquj
‘“[1 — cosf — - + @(f)}dz//’
2 q
+ O®(F)dr. (DI11)

This is manifestly analytic at 7 = 0. We still have V , dx* o«
drat 7 = Q0 where V = 9/dv so 7 = 0 is a Killing horizon
of V.

3. Null orbifold singularity of rings with L = 0
and g; # 0

Consider now solutions where all the dipoles ¢; are
nonzero but L = (. The analysis is similar to the case L >
0 so we shall simply sketch it. Let y = —R?/# and change
asin (D1). Take A = A, /7 and B = B,/7*. A, and B, can
be chosen to cancel the divergent term in g; . There are no
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other divergences in g7z nor gz,. The determinant of the
metric vanishes at 7 = 0, but this comes from the coeffi-
cient # in g gy and is a coordinate singularity analogous to
the one in the Poincare patch of AdS;. There remains a 7
piece in gz; which is x dependent (but does not vanish at
any x), and could be eliminated by adding an 7 term to B
which is also a linear function of x, but this is not actually
necessary. So there is no curvature singularity at y = —oo.
The near-horizon (or, more appropriately, ‘‘near-core”
geometry is more simply expressed in coordinates which
only cover the outer region. Changing y = —R?/(e#) and
t = f/e, and sending € — 0 we find

PHYSICAL REVIEW D 71, 024033 (2005)

dr

72

47 9, 5
ds? = —didy + ¢* — + Z(dﬁz + sin0dy?). (D12)
q

This is, like in the cases with L > 0, locally AdS; X S2,
The AdS; part is written in double-null form, and since the
orbits of 9, are closed we find a null orbifold singularity at
7 = 0 instead of a regular horizon. The near-core limit for
the corresponding IIB solutions is easily obtained by com-
paring to (4.12).

The solutions where some of the ¢; vanish, and possibly
also some Q;, are studied in Sec. VL.
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