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1 Introduction

Duality walls have played a central role in constructing a number of three dimensional
superconformal field theories (SCFTs) with several rich properties [1]. Such objects can
be introduced into a Type IIB brane configuration [2] involving D3, NS5 and D5 branes,
preserving eight supercharges. The duality wall gives rises to a local SL(2,Z) transforma-
tion at the position where it is located. The effective three dimensional description on the
worldvolume of the D3 branes of such a system, with the inclusion of a duality wall, is
interesting. As pointed out in [1, 3], the intersection between a stack of N D3 branes and
an S-duality wall gives rise to a 3d N' = 4 SCFT with a global symmetry U(N) x U(N),
coupled to two U(N) groups coming from the worldvolume of the D3 branes on each side
of the wall. The aforementioned SCFT was dubbed T'(U(N)) in [1] and we review some
of its important features in section 2. One may also consider the duality wall associated
with a more general SL(2,Z) element, for example J = —ST*, where S and T are the
generators of SL(2,7Z) such that S = —1 and (ST)? = 1. The above effective description
gets modified simply by turning on the Chern-Simons level k to one of the U(N) gauge



groups. Such an effective description is expected to flow to a non-trivial fixed point in the
infrared, and the corresponding theory is referred to as an S-fold SCFT [4].

The S-fold SCFT has an interesting holographic dual [4]. This involves AdS4x Mg Type
IIB string solutions with monodromies in Mg in SL(2,Z).! These solutions can be realised
as the SL(2,Z) quotient on the solutions which are the holographic dual of Janus interfaces
in 4d NV = 4 super-Yang-Mills [9, 10]. The supergravity solution corresponding to the dual-
ity wall, dubbed the S-fold solution, was studied in [11]. We shall henceforth use the term
duality wall associated with J € SL(2,Z) and J-fold interchangeably. Several related reali-
sations of duality walls in 4d N = 4 super-Yang-Mills with SL(2,Z) monodromies were also
studied in [12-15]. The abelian S-fold theories (without hypermultiplet matter) were inves-
tigated in [16]. The moduli space of S-fold theories with unitary gauge groups was analysed
n [17], and those with gauge groups SO(2N), USp/'(2N) and G2 were analysed in [18].

It is worth pointing out that the authors of [19-22] have studied (mainly in the context
of the 3d-3d correspondence) very closed cousins of the S-fold theories a la [4]. The differ-
ence between the two is that the gauge group is taken to be SU(N) in the former, instead
of U(N) as in the latter. In this paper, we demonstrate that in the absence of hypermul-
tiplet matter but with only T(U(N)) or T(SU(NN)) components present in the effective
description, such theories discussed in the former and in the latter are actually the same.

Another fascinating aspect of the S-fold SCFT is the amount of supersymmetry it
possesses. In the effective description of the S-fold theory, upon gauging the U(N) x U(N)
symmetry of the T(U(N)) theory, supersymmetry is naively expected to be broken to
N = 3. However, it was shown in [4, 22] that in certain circumstances, supersymmetry can
be enhanced to N' = 4 at the SCFT fixed point.

The main point of this paper is to study properties of S-fold SCFTs, including global
symmetry and supersymmetry, using three dimensional supersymmetric index (or simply
“index” for brevity) [23-30]. Such a quantity has proved extremely useful to study various
intriguing aspects of quantum field theory, including enhancement of global symmetry and
supersymmetry.? Indeed, for 3d SCFTs, it is possible to put various short multiplets into
equivalence classes according to how they contribute to the index [49] (see also [50, 51]). It
also allows one to identify the current of the enhanced symmetry. For theories with at least
N = 3 supersymmetry, including S-fold SCFTs, the index serves as a rather simple tool
to diagnose the presence of the extra-supersymmetry current multiplet, which gives rise to
the enhancement of supersymmetry (see e.g. [52]). Moreover, since the index is sensitive to
the global structure of the gauge symmetry, it allows us to distinguish properties of S-fold
theories with different gauge groups, such as SU(N) versus SU(N)/Zx.

The paper is organised as follows. In section 2, we provide a quick review of S-fold
SCETs. In section 3, three dimensional supersymmetric index is summarised in brief. In
subsection 3.1, the contributions of various superconformal multiplets to the index are

!The idea of using SL(2,Z) monodromy to obtain new solutions was also applied in other dimensions.
For example, those in AdSs was considered in [5, 6], and those in AdS3 were considered in [7, 8].

2The literature on the subject of supersymmetry enhancement is vast. See, for example, [22, 31-47] for
some recent work in 3d and 4d. See also [48] for a very recent paper that discussed supersymmetric indices
of 3d N = 4 gauge theories.



discussed. In section 4, we discuss S-fold theories with a single gauge group, both in the
absence and in the presence of hypermultiplet matters. We also study duality for a theory
with two gauge groups and use index to understand the operator map between such theories.
In section 5, we investigate theories corresponding to two duality walls and with two gauge
groups. The addition of fundamental hypermultiplet matter to such theories is discussed in
subsection 5.1. In section 6, we consider theories with SU(2)/Zy gauge group with various
Chern-Simons level and use the index to study the discrete Zs global symmetry of such
theories. Finally, we conclude the paper in section 7 and discuss some open problems.

2 3d S-fold SCFTs

A large class of 3d A = 4 gauge theories admits a brane construction in terms of D3-branes,
NS5-branes and D5-branes [2], spanning the following directions

0 1 2 3 4 5|67 8 9
D3 | X X X X

(2.1)
NS5 [ X X X X X X
D5 | X X X X X X

In the following, we assume that the 2% direction is compact. Such a gauge theory admits
a description in terms of the circular quiver with unitary gauge nodes, and possibly with
fundamental hypermultiplets transforming under each gauge node. A large number of
such theories flow to interacting superconformal field theories (SCFTs). The landscape of
possible theories becomes even larger if we include new ingredients, such as duality walls,
in the aforementioned brane configuration.

As described by [1, 3, 53], one can apply an action of SL(2,7Z), generated by S and
T such that S? = —1 and (ST)? = 1,3 locally on the Type IIB brane system. As an
example, a (p, q) fivebrane is transformed into a (—q, p) fivebrane under S-transformation.
In terms of duality walls, such a local S-transformation can be formulated as follows: a
(p,q) fivebrane can be traded for a (—¢,p) fivebrane with an S-duality wall on its right
and (S7!)-duality wall on its left. In this sense, the duality walls do not only act as the
boundaries of the region of the local SL(2,Z) action, but each of them can also be regarded
as a new object in the Type IIB brane configuration. In this paper, we refer to the 3d
effective theory associated with such a brane system, along with the duality walls, as an
S-fold theory. Such a theory is believed to flow to a conformal field theory, which we refer
to as S-fold SCFT, in the infrared.

Let us first explore the system containing only D3 branes and a duality wall associated
with an SL(2,Z) element J (also known as the .J-fold), in the absence of NS5 and D5
branes. The duality wall gives rise to the J-twisted boundary conditions in the 4d N = 4
super-Yangs-Mills (SYM), which is the worldvolume of the D3 branes, on the circle. Tuning

. 0 —1 10
3We take the matrix representations of S and T to be S = (1 0 > and T = (1 1>.



the holomorphic coupling 7 of the SYM theory such that it varies in a small neighbourhood
of the duality wall and almost constant elsewhere, one sees that the ultraviolet description
of such a configuration is 4d N' = 4 SYM on a circle coupled to a certain 3d theory
associated with the monodromy J. As pointed out in [1], for J = —ST*, the latter is
identified with a 3d N' =4 SCFT known as the T(U(N)) theory, whose flavour symmetry
is U(N) x U(N), with one of the U(N) groups having Chern-Simons (CS) level* k. The
3d effective description of N D3-branes with a duality wall associated with J = —ST* can
therefore be written in terms of the following quiver diagram:

Jp = —ST*F

In the brane picture (left figure), we denote the duality wall by the wiggly line. In the
quiver diagram (right figure), the circular node with label Ny denotes the U(N); gauge
group, and the red wiggly line denotes the T(U(V)) theory. (Throughout the paper, we
shall refer to the red wiggly line in the quiver diagram as a T-link.) Another equivalent
way to represent the above quiver diagram is to write T'(U(2))/ U(Q)iiag , where the diagonal
subgroup U(2)%4#8 of the symmetry U(2) x U(2) of T(U(2)) is gauged with CS level k.

Let us briefly review some properties of the T(U(N)) theory [1]. This theory can be
constructed from the T'(SU(NV)) theory, which can be described in terms of the folllowing
3d N = 4 quiver gauge theory:

6o—0—-r-— o —[O (2.3)

1 2 N-1 N
where each circular node labelled by m denotes the gauge group U(m). The flavour symme-
try algebra of this theory is su(/N'), as manifest in the quiver diagram; this is the symmetry
of the Higgs branch of (2.3) . On the other hand, the U(1)N~! topological symmetry of this
theory gets enhanced to su(NV) in the infrared; this is the symmetry of the Coulomb branch
of (2.3). In order to obtain the T'(U(N)) theory, one introduces the so-called T'(U(1)) the-
ory [1], which is an almost empty theory that contains the U(1) x U(1) background vector
multiplets with the mixed CS level —1. The product of T'(U(1)) and T(SU(N)) is then
the T(U(N)) theory. Since only one of the su(N) symmetry of (2.3) is manifest in the La-
grangian description, quiver (2.2) with V > 1 should be regarded as a “quasi-Langrangian”
description of the 3d theory in question.

Another interesting point regarding quiver (2.2) is the amount of supersymmetry. Since
the diagonal subgroup of the Higgs and Coulomb branch symmetries of T'(U(V)) is gauged,
the SU(2) x SU(2) R-symmetry of the A/ = 4 theory is naively expected to be broken to a di-
agonal subgroup SU(2), which corresponds to N' = 3 supersymmetry. However, as pointed

4Throughout the paper, G denotes gauge group G with Chern-Simons level k.



out in [22] (using the SU(2) gauge group and |k| = 3) and later in [4] (particularly for the
large N limit and |k| > 2), supersymmetry can be enhanced to N’ =4 in certain cases.

One way to generalise (2.2) is to introduce more than one duality wall, say those
associated with Jy, = —ST* Jp, = —ST*2, ..., J, = —ST* into the system consisting
of N D3-branes. (An example for n = 2 and N = 2 is depicted in (5.1).) This system of
duality walls corresponds to the SL(2,Z) element J = [} Ji,, and this can be classified
according to the value of | TrJ|. If | Tr J| < 2, then J is said to be elliptic. If | Tr J| > 2,
then J is said to be parabolic. If | Tr J| = 2, then J is said to be hyperbolic. The abelian
case of N = 1, with J hyperbolic, has been extensively studied in [16]. More generally,
the authors of [4] studied the holographic dual of such a system as well as the three
sphere partition function in the large N limit and with J hyperbolic, and showed that
supersymmetry of the theory is enhanced to A’ = 4. It should be noted that any parabolic
element of SL(2,7Z) is conjugate to TP, for some p # 0; since this does not involve S, it
is expected that the corresponding theory is simply 3d A/ = 3 CS theory with the gauge
group U(N),? which upon integrating out the auxiliary fields, one obtains a pure CS theory.

An interesting further generalisation of the above system is to add NS5 branes and D5
branes.® In terms of the quiver description, this corresponds to adding bifundamental and
fundamental hypermultiplets to theories with T-links. In this paper, we examine the system
at finite N (in particular, N =1 and N = 2) and find that the supersymmetric indices of
such theories exhibit supersymmetry enhancement for certain CS levels. We also observe
that upon adding hypermultiplet matter to hyperbolic J-fold theories, the resulting theory
becomes highly non-trivial, mainly due to the presence of the gauge neutral monopole
or dressed monopole operators. For N = 1, we perform the semi-classical analysis in
appendix A and discover that such theories contain non-trivial branches of the moduli
space that are isomorphic to certain hyperKéahler cones.

3 A brief review of the 3d supersymmetric index

In this section, we briefly review the 3d supersymmetric index, which we shall refer to as
the index for brievity. This is the supersymmetric partition function on S? x S!. It is
defined as a trace over states on S? x R [23-28] (we also use the same notation as [29, 30]):

(1)t HM?] | )

(2

L(z,p) = Tr

where A is the energy in units of the S? radius (for superconformal field theories, A
is related to the conformal dimension), Js is the Cartan generator of the Lorentz SO(3)

5We find that the supersymmetric indices for the hyperbolic cases diverge. However, when we add
hypermultiplet matter to such theories, the indices are well-defined and the theory have some interesting
physical properties, as we shall discuss below.

®In [4], the authors also studied theories that arise from such a brane system, with an S-duality wall.
According to their finding, this boundary condition has to be accompanied by a flip of the coordinates
(x5 2789 — (2% —£3*%). As a result, such a configuration is referred to as an S-flip. It was con-
jectured in [4] that the theory with an S-flip (along with bifundamental and fundamental hypermultiplets)
has A/ = 3 supersymmetry (at least in the large N limit).



isometry of S2, and T} are charges under non-R global symmetries. The index only receives
contributions from the states that satisfy:

A-R—J3=0, (3.2)

where R is the R-charge. As a partition function on S? x S!, localisation implies that the
index receives contributions only from BPS configurations, and it can be written in the
following compact way:

( {[,l,,'n,} Z ’Wm| / Imiz Zel Zyec Lmat » (3'3)

where we denoted by z the fugacities parameterising the maximal torus of the gauge group,
and by m the corresponding GNO magnetic fluxes on S?. Here |W,y,| is the dimension of
the Weyl group of the residual gauge symmetry in the monopole background labelled by the
configuration of magnetic fluxes m. We also use {p,n} to denote possible fugacities and
fluxes for the background vector multiplets associated with global symmetries, respectively.
As usual in localisation computations, the index receives contributions from the non-exact
terms of the classical action and from the 1-loop corrections, and each term in the above
equation can be described as follows.

Z. The classical contribution is associated to Chern-Simons and BF interactions only.
Denoting with k£ the CS level and with w and n the fugacity and the background flux
for the topological symmetry, the classical contribution takes the form

rkG
Zg = [Jwmizrmm, (3.4)
=1

where rkG is the rank of the gauge group G.
Zyec. This is the contribution of the N' = 2 vector multiplet in the theory:

Ha:

acyg

(—1)(m) zaglalmll (3.5)

where « are roots in the gauge algebra g.

Zmat- The term encoding the matter fields in the theory enters as the product of the contri-
butions of each N' = 2 chiral field y, transforming in some representation R and Rp
of the gauge and the flavour symmetry respectively. Denoting by r, the R-charge of
X, its contribution to the index is of the form

B _ lp(m)+5(n)]|
11 T R
PER pERR
((_1)p(m)+ﬁ(n) 2P pP g2 rxctlp(m)+a(n)] %)

(= )P +5(n) 20 g Hpm) +o()]; 22

<. (3.6)

where p and p are the weights of R and Rp respectively.



Let us discuss some examples that will be used later. The T'(U(1)) theory is an almost
empty theory, containing only the mixed CS coupling between two U(1) background vector
multiplets; its index is

IT(U(I))({:U” n}7 {Tv p}) = Tnﬂp . (37)

Next, we consider 3d N = 4 U(1) gauge theory with 2 flavours, whose SCFT is known as
T(SU(2)). The index of this theory is

Trsu(z) ({m, 1}, {7' p})
—1)mPa g1 EL 3/ 24 m—palia?) (3.8)

= E i S nznx‘mzp“‘ 00
Ty 27TZZ —1)m— PazEl,F 11/24+|m—pal;z? )OO’

MEZ

with the conditions pipe = 7179 = 1 and n; + ny = p1 + p2 = 0 being imposed.
Another important example is the index for T'(U(2)):

Tru(2) ({u,n} {r.p})

3.9
HIT iz i}, {7ipi}) | % Zrsu) (s nh {7, p}) &

where in this expression there is no need to impose the constraints on {u,n}, {7, p} as
for T(SU(2)). Hence we may regard {u,n} as fugacities and fluxes for the flavour U(2)
symmetry, and {7, p} as fugacities and fluxes for the enhanced U(2) topological symmetry.
The fact that T'(U(2)) is a self-mirror theory can be translated into the invariance of
Irwe){p,n}, {7, p}) under the simultaneous exchange p <> 7, n <> p. For our purpose,
we turn off background magnetic fluxes our analyses in the subsequent part of the paper.

3.1 Superconformal multiplets and the index

Let us now focus on 3d superconformal field theories (SCFTs). The index keeps track of
the short multiplets, up to recombination. This feature makes the reconstruction of the
whole content of short multiplets from the index an extremely hard task. Nevertheless, one
may classify the equivalence classes of the multiplets according to their contribution to the
index; see [50, 51] for 4d SCFTs, and [49] for 3d SCFTs. For this purpose, it is convenient
to set the background magnetic fluxes to zero and expand the index as a power series in x

I(x {un=0}) = Y xp(m)a” (3.10)
p=0

where x,(p) is the character of a certain representation of the global symmetry of the the-
ory. As demonstrated in [49], one can study the contribution of superconformal multiplets
to each order of x in the power series.

Since the shortening conditions for 3d superconformal algebras have been classified [54,
55] (in this paper, we follow the notation of [55]), one can extract a lot of useful informa-
tion about the SCFT in question using the power series of the index. Indeed this approach
has proved successful, in the context of 3d A/ = 2 gauge theories, for the study of global



symmetry enhancement (see e.g. [21, 44, 49, 56]) and supersymmetry enhancement (see
e.g. [22, 52]). In this paper, we adopt this approach to study enhancement of supersym-
metry and other global symmetries in the context of 3d S-fold SCFTs.

As pointed out in [52], it is useful to define the modified index as follows:

T(a, {pn = 0}) = (1 - 2%) [Z(a, {p,n = 0}) — 1] (3.11)

Note that all of the terms up to order 2?2 in the modified index 7 are equal to those in the
original index Z with the same power. As discussed in [49], the A/ = 2 multiplets that can
non-trivially contribute to the modified index at order zP for p < 2 are as follows:

Multiplet Contribution to the modified index Comment

A9 B4[0] 51/22) +1/2 free fields

By A,[0] §721/2) —z°/2 free fields (3.12)
LB1[0] gl) +z relevant operators '
LB, [0]&2) +x? marginal operators
Ag As[0] go) —2? conserved currents

Indeed, as pointed out in [44, 49] (see also [51]), the coefficient of x2 in the index counts
the number of marginal operators minus the number of conserved currents.

Since our S-fold SCFTs has at least AV = 3 supersymmetry, we shall work with N' = 3
superconformal multiplets. The ones that are relevant to us are tabulated below, along
with the decomposition rules into N' = 2 superconformal multiplets [52].

Type N = 3 multiplet | Decomposition into A/ = 2 multiplets
Flavour current B [0] 52) LB1]0] ﬁl) + B1L[0] (ji + Ay As[0] go)
Extra SUSY-current A3]0] (10) Ag As[0] 50) + A1 Aq[1] é%
Stress tensor Al[l]:(g(})z Al A [1];0)2 + A1 A [2]%0)
(3.13)

From the point of view of N’ = 2 supersymmetry, the presence of the extra SUSY-current
multiplet leads to an enhanced flavour symmetry. The latter then combines with the SO(2)
R-symmetry of the original N = 2 supersymmetry to become an R-symmetry of the theory
with higher supersymmetry. We discuss in an example below (4.4).

In [52], the author also provided certain conditions on the index regarding supersym-
metry enhancement from A = 3. Let us denoted by a, the coefficient of 2P in the unrefined
modified index Z(z, {p = (1,...,1),n = 0}), where p; are set to 1 for all i. A sufficient
condition for supersymmetry enhancement states that if —as > a1, then supersymmetry is
enhanced from N = 3 to N/ = 3 — a; — as. The explanation of this condition is as follows.
As it can be seen from tables (3.12) and (3.13), (—az2) is the number of flavour current mul-
tiplets plus the number of extra-SUSY current multiplets, and a; is the number of flavour
current multiplets. The quantity (—ag) —ay is therefore the number of extra-SUSY current
multiplets that give rise to the supersymmetry enhancement. Furthermore, the author



of [52] also discussed necessary conditions for supersymmetry enhancement to N' = 4 and
N = 5. For enhancement to N’ = 4, one must have a; + as + 2 > 0 and a; equal to the
dimension of the flavour symmetry. For enhancement to N = 5, one must have a; = 1,
az > —3 and a, even for non-integer p. We emphasise, however, that if one uses the refined
index (i.e. not setting the fugacities p; to unity), one may get more information regarding
the presence of the extra SUSY-current multiplets (and hence supersymmetry enhance-
ment), because such a contribution to the index may get cancelled in the unrefined version
by the one coming from marginal operators. We discuss this point in detail in the main text.

4 A single U(N), gauge group with a T-link and n flavours

In this section, we consider the following theory:

Jy = —ST"F
* T(U(N))

(4.1)

n D5s

In [4], the following statements are proposed:
1. For k =0, the SCFT has A/ = 3 supersymmetry.

2. For k > 3 and n = 0, the SCFT has N' = 4 supersymmetry. This statement
was confirmed at large N using the corresponding supergravity solutions and the
computation of the three sphere partition function in the large N limit.

In the following we compute the superconformal index at low rank N and small values
of n. Whenever possible, we deduce the amount of supersymmetry of the SCFT from the
index.

4.1 The abelian case: N =1

The moduli space of this theory was analysed in [17, section 4.4]. Recall that the T'(U(1))
is almost an empty theory, with only a prescription for how coupling external gauge fields
Ay and Ay, which is the supersymmetric completion of the following CS coupling [1]
1
—— [ A1 NdAs . (42)
27
In (4.1), we identify the U(1) gauge fields A; and Aj to a single one, and hence the above
equation gives rise to a CS level —2 to the U(1) gauge group. In other words, quiver (4.1),



with N = 1, can be identify with the following theory

@ (4.3)

where we emphasise that this theory no longer contains a T-link.

As an immediate consequence, for k = 2, this theory is simply a 3d N = 4 U(1)
gauge theory with n flavours. For k = 2 and n = 1, this is dual to a theory of a free
hypermultiplet.

Another interesting case is when k = 1 and n = 1, which is equivalent to having 3d
N =3 U(1)_; gauge theory with 1 flavour. The index in this case reads

I(4.1),N:1,k:1,n:1(90§ w) = IU(1)i1 with 1 flavour (T; W)
=l+r—-2* (w+w ' +1)+2° (w+w ' +2) (4.4)
—x4(w+w_1+2) +a® 4.

where w denotes the topological fugacity. The modified index of this theory is
(1—x?) [I(4‘1),N:17k:_1(x;w) —1]=z- ? (w+ w4 D+.... (4.5)

We expect the enhancement of supersymmetry from A/ = 3 to N’ =5 due to the following
argument.” The presence of the term +x indicates that there must be an N = 3 flavour
current multiplet B;[0] §2)7 which gives rise to the N' = 2 multiplet LB 0] gl) contributing
+z and the N' = 2 multiplet AQZQ[O]gO) contributing —x2. Since the coefficient of z?
counts the number of marginal operators minus the number of conserved currents [44, 49]
(see also [51]), there must be two extra conserved currents associated with the terms

— (w + w_l) 22. Such extra conserved currents come from two N = 3 extra SUSY-current

multiplets A3[0] go)’ one carries fugacity w and the other carries fugacity w=".

It is also instructive to consider the above argument from the perspective of N' = 2
supersymmetry, whose R-symmetry is SO(2) g to begin with. At the level of the Lagrangian,
the theory has U(1) =2 SO(2) topological symmetry. However, from the x? terms in (4.4),
we see that this global symmetry is enhanced to SO(3). This symmetry then combines with
the original SO(2)r symmetry to become SO(5) R-symmetry of the theory with NV =5
supersymmetry.

4.2 U(2)k gauge group and no flavour

We focus on the following quiver

T(U(2)) (46)

"Upon setting w = 1, we obtain the unrefined modified index z — 322 4+ 32% — 2* — 32° + .. .. Denoting
the coefficient of z* by ax, we see that (—az) = 3 > a; = 1. Therefore according to [52, section 4.3], it is
expected that supersymmetry gets enhanced from N =3 to /=3 — a; — a2 = 5. Moreover, since a1 = 1,
az = —3 > —3 and a, = 0 (which is even) for all non-integers p, the necessary condition in [52, section 4.3]
for having N/ = 5 supersymmetry is satisfied.
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We remark that the theory (4.6) can be also be represented as T(U(Q))/U(Q)ziag, where
the diagonal subgroup U(2)¥#8 of the symmetry U(2) x U(2) of T(U(2)) is gauged with
CS level k. Nevertheless, we find that the index of such a theory does not depend on the

fugacity associated with the topological symmetry, and it is equal to T (SU(2))/ SU(2)2iag,

where the diagonal subgroup SU(2)428 is gauged with CS level k.

In fact, the theory T'(SU(2))/ SU(2)2iaLg was studied in a series of papers [19-22], mainly
in the context of the 3d-3d correspondence. In particular, it was pointed out in [22] that
for k = 3, T(SU(2))/SU(2)38 is a product of two identical 3d N/ = 4 SCFTs. Such
an SCFT admits a 3d V' = 2 Lagrangian in terms of the U(1)_3/, gauge theory with 1
chiral multiplet carrying gauge charge +1 (denoted by 7_3/5 ), where it turns out that
supersymmetry of this theory gets enhanced to N’ = 4 in the infrared.

In addition to the case of |k| = 3, we find that the supersymmetry gets enhanced for

all k£ such that |k| > 4. We summarise the results in the following table.

CS level | Index | Type of Ji Comment
|k| >4 (4.7) hyperbolic
|k| =3 | (4.10) | hyperbolic | Studied in [22], a product of two N' =4 SCFTs
|k| =2 | diverges | parabolic
k| =1 1 elliptic
k=20 1 elliptic

We emphasise the cases whose indices indicate supersymmetry enhancement in yellow. In
the following, we discuss the detail of each case.
For |k| > 4, Ji, is hyperbolic. We find that the index reads

Ty, N=2, kza(x) =1 —2® +22° —a' + .. (4.7)

where, for each k such that |k| > 4, the indices differ at order of x greater than 4. For
example, up to order z8, the indices are as follows:

|k| =4 1— 2?4223 — 2t — 425 +102% — 1027 + 825 4 . ..
|k| =5 1— 2?4203 — 2 — 225 +62° — 827 +42® + ... (4.8)
|k| =6 1— 2?4203 —2* — 225 +62° — 82" + 62° + ...

The modified index is
(1= 2%) [Ta.6), N=2, pza(x) = 1] = —2® + 22 + ... . (4.9)

The fact that the coefficient of z vanishes implies that we have no N' = 3 flavour current
multiplet B1]0] gQ). The term —x? indicates the presence of the A = 3 extra SUSY-current
multiplet A3[0] go)' We thus conclude that the supersymmetry gets enhanced from N = 3
to N =4 when |k| > 4.

For |k| = 3, the index reads

4

I(4.6),N:2, ‘k‘:3(x) =1- 23}'2 + 43}'3 — 3z 4+ ... . (410)
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According to [22], this is equal to the square of the index of 7_3/5 ;. In the notation adopted
by this paper, the index of 7_3/5 ; reads

I1 5, (T3w) =1— 2+ (wH+w ) -2zt L (4.11)
where w is the topological fugacity. Indeed, we find that
2
[IT_g/Q,l(l‘;w = 1)} = T(41.6), N=2, k=—3(T) - (4.12)
The modified index corresponding to (4.10) reads
(1—2?) [Z(s6), =2, p)=3(x) — 1] = =227 + 4a® — 2 ... . (4.13)

Let us denote the coefficient of ¥ by a,. Naively, from the condition —as =2 > a; =0
discussed in [52], one might expect that supersymmetry gets enhanced to N' = 3—a; —as =
5. However, this cannot be true, for the reason that the N/ = 5 stress tensor multiplet in
the representation [1,0] of SO(5) decomposes into one N = 2 multiplet LB1[0] 51)7 which
contributes a; = 1 [52, (B.25)] (but here we have a; = 0). Since this theory is a product
of two copies of 7_3/5 1, which has enhanced N = 4 supersymmetry, there are two copies
of the N' = 3 extra SUSY-current multiplet As|[0] (AO)Zl. This is consistent with the fact that
the modified index has a1 = 0 and as = —2.

For the theory with |k| = 2 (J2 is parabolic), the index diverges, and so we have a
“bad” theory in the sense of [1]. For |k| =1 and k = 0 (Ji is elliptic in these cases), we
find that the index is equal to unity.

4.3 Adding one flavour (n = 1) to the U(2); gauge group

We now consider the following theory

I3 rwe)
a (4.14)

Let us summarise the results in the following table.

CS level | Index | Type of Ji Comment
k=—-2 | (4.23) | parabolic
kE=-11(4.22) elliptic
E=0 | (4.22) elliptic
k=1 | (4.15) elliptic
k=2 | (4.17) | parabolic | A free hyper x an N' =4 SCFT
|k| >3 | (4.22) | hyperbolic

where we emphasise the cases that have supersymmetry enhancement in yellow.
For k = 1, we find that the index reads

T (@mw)=1l+z+2*[1- (1+w+w )] —2® (w+w™)

4.15
+rtd+ w0+ 3w+3w )+, (4.15)
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where w is the topological fugacity. From the above expression, we find that the modified
index is as follows:

(1—2%) [Zyipp=i(mw) — 1] =z +2* [1 - (I+w+w )] +... . (4.16)

From this, one can see the enhancement of supersymmetry from N' = 3 to N’ = 5 as follows.
The presence of the term +z indicates that there must be an N' = 3 flavour current mul-
tiplet B1[0] 52), which gives rise to the A" = 2 multiplet LB[0] 51) contributing +x and the
N = 2 multiplet A5 A5[0] go) contributing —2. Since the coefficient of 22 counts the number
of marginal operators minus the number of conserved currents [44, 49] (see also [51]), there
must be an V' = 2 marginal operator (in the multiplet LB [0]52)) contributing +z? to can-
cel the aforementioned contribution —z2, and there must be two extra conserved currents

2

associated with the terms — (w + wil) x®. The latter can only come from two copies of

the N' = 3 extra SUSY-current multiplet As[0] 50), carrying the global symmetry associated
with w and w™!. (This gives rise to two copies of N' = 2 A5 A3[0] (10) multiplet contributing
the term — (w + wil) 22.) The presence of such a multiplet leads to the enhancement of
supersymmetry from N =3 to N/ = 5.8

For k£ = 2, the index reads

T(4.14), k=2 (75 W)
1 1 2, 2 3, 2 2
:1+<w+w>xz+(2w —i—w2+2)x+<2w —l—w3+2w+w>@“ (4.17)

3 2
—|—<3w4—|—w4+2w2+w2+1>$2+...

Nlw

The term /2 indicates that this theory contains a free part due to the fact that the R-
charge of the basic monopole operators hits the unitary bound. The above index can be
rewritten as

L1y, ko (3 0) = Tivee (@3 w) x Toei = (3 w) (4.18)

where the index of a free hypermultiplet is given by

1
wia2)so (@ 3w 22

N[

(@~

(a:%fw_l;:z:?)oo (a:%w;a:Q)oo

Ifree(w; w) = (419)

8We remark that one has to use the sufficient condition stated in [52, section 4.3] with great care. Upon
setting w = 1 in the modified index, we obtain & — 2z2. Denoting the coefficient of z* by ax, we see
that —as = 2 > a1 = 1, and from [52], one might naively expect that supersymmetry gets enhanced to
N =3—a1 —az = 4, because we have only (—az) —a1 = 1 extra SUSY-current multiplet. The unrefinement
of the index is misleading here, because we in fact have two extra SUSY-current multiplets carrying the
global fugacities w and w™!, and these cannot be cancelled with —1 at order z? in the index. The reason for
us to write 2” 1-(14+w+ wil)] is to show explicitly that the contribution —1 of the conserved current has
to be cancelled with the contribution +1 from the marginal operator, which is neutral under the symmetry
associated with w. Note that since a1 =1, a2 = —2 > —3 and a,, = 0 (which is even) for all non-integers p,
the necessary condition in [52, section 4.3] for having /' = 5 supersymmetry is satisfied.
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and the index of the interacting SCF'T part is

SCFT
:1—|—$<w2—|—12—|—1) + 2 <w4—|—14—1> + 292 (—w—l) + ...
w w w (4.20)
SU(2 SU(2 SU(2 SU(2
= 1+ axy @ ) +2? [\ @ () - (G P ) + x5 @ ()]
—x%xgﬁ”(w)+.”,
with the unrefinement
Igé;% Maiw=1) =143z +2% — 2252 + 42 + 4272 + 324 + ... . (4.21)

As can be seen from (4.20), the interacting SCFT has enhanced N' = 4 supersymmetry.
The argument is similar to the one used before. The term —{—xx[s;f(m (w) indicates that the
theory has an SU(2) flavour symmetry. Indeed, there is an A/ = 3 flavour current multiplet
By [0]&2) transforming in the adjoint representation [2] of this symmetry; this gives rise
to the N' = 2 multiplet LB [O]gl) contributing —|—xXSU(2)(w) and the N' = 2 multiplet

2]
A Ay [0]50) contributing —xQX[S;f(z) (w). The term +332X[S4[]J(2) (w) corresponds to the N' = 2
marginal operator? in the multiplet LB, [0]52). It can be clearly seen that there is another

conserved current corresponding to the term —;UQX[SO[}J@) (w). Indeed, the latter comes from

the N' = 3 extra SUSY-current multiplet Ag[0] go) in the trivial representation [0] of SU(2);
this gives rise to an A = 2 conserved current multiplet As Ay [O]go)
—xgx[sol]j@) (w). The existence of the extra SUSY-current multiplet indicates that there is

contributing the term

an enhancement of supersymmetry from A" = 3 to N = 4.
For k =0, —1 and |k| > 3, we find that the index reads

I4+2+0z%+... . (4.22)

The term +z indicates that there must be an N/ = 3 flavour current multiplet By [0]52),

which gives rise to the N' = 2 multiplet LB1[0] gl) contributing +z and the ' = 2 multiplet
Ag A5[0] go) contributing —22. Hence the theory has a U(1) flavour symmetry. The fact that

2 vanishes implies that there is an N/ = 2 marginal operator in the multiplet

the term x
LB [0]&2), contributing +a2, which cancels the aforementioned —x? term. Hence, in this
case, there is no signal of the existence of the extra SUSY-current multiplet, i.e. we cannot
deduce the enhancement of supersymmetry.

For k = —2, we find that the index reads

1420+ 2% +8+... . (4.23)

There are two N/ = 3 flavour current multiplet Bj[0] gz) which gives rise to two copies of

N = 2 multiplets LB1[0] gl) contributing +2x and two copies of N' = 2 multiplets Ay A2[0] go)

Tt should be noted that the 2nd symmetric power of [2] is Sym?[2] = [4] + [0]. The representation [4],
appearing at order z? of the index, is a part of this symmetric power.

— 14 —



contributing —2x2. Hence the theory has a U(1)? flavour symmetry. We may construct
three A/ = 2 marginal operators by taking a symmetric product of two relevant operators
in the LB 0] 51) multiplets. Their contribution +3z2 cancels the aforementioned —2x2 and
yields +22. There is no signal of the existence of the extra SUSY-current multiplet, i.e. we
cannot deduce the enhancement of supersymmetry.

4.4 Adding n flavours to the U(2)2 gauge group

In this section, we add an arbitrary number of flavours to the parabolic case,'’

&3 )
(2:)

namely

(4.24)

When the number of flavours is one (i.e. n = 1), we have seen from (4.18) that the theory
factorises into a product of the theory of a free hypermultiplet and an interacting SCFT
with enhanced N = 4 supersymmetry. For n > 2, the index does not exhibit explicitly the
presence of the extra SUSY-current multiplet. Nevertheless, as we demonstrate below, the
theory still has interesting physics that is bares certain resemblance to the 3d N’ =4 U(1)
gauge theory with n flavours, such as the properties of monopole operators.

For concreteness, let us first consider the case of n = 2. The index reads'!

Z(4.24), n=2(T; W, y)

=142 [xy D@ +xi P )] + 2| (1+ 20 P @) + P W) (4.25)

SU(2 SU(2 SU(2 SU(2 SU(2
+ X2 ( )(W>X[2] ( )(y) + X[2] ( )(y)> - <X[2] ( )(w) + X[2) ( )<y)) } +...,
with the unrefinement

Taon), nez(z;w =1,y =1) =1 + 6z + 222° + 182> + 292 + ... . (4.26)

where the topological fugacity is denoted by w = w?. We see that the U(1) topological
symmetry gets enhanced to SU(2). This phenomenon also occurs for 3d N' = 4 U(1) gauge
theory with 2 flavours, whose index is

Tr(sue)) (5w, y)

SU(2 SU(2
=1+uw [xm @)+ Xp2] ( )(y)] (4.27)
SU(2 SU(2 SU(2 SU(2
+a° [X[zq ( )(W) + X[4) ( )(y) - (X[Q] ( )("J) + X[2) ( )(y) + 1)} +...
OHere J, = —ST? is a parabolic element of SL(2,Z). Tt is related to T~* by the following similarity

transformation: (T'ST)Jo(T'ST)™' = T~'. However, we emphasise that, when fundamental flavours are
added as in (4.24), the theory is different from U(2)_; with n flavours. This can be seen clearly from the
indices. For example, for n = 1, the index for U(2)_; with 1 flavour is 1 but (4.18) is non-trivial.

" The symmetric product of the representation [2;0] + [0;2] of SU(2) x SU(2) is 2[0;0] + [4;0] + [0;4] +
[2;2]. The representation in the first bracket of order z* (i.e. those with plus signs) can be written as
Sym?([2; 0] + [0; 2]) + [4; 0] 4 [0; 2] — [0; 0]. In the same way as in footnote 9, one singlet in the decomposition
of the symmetric power does not participate in the index; this explains the term —[0;0]. Moreover, it is
worth pointing out that, in this case, there are extra representations that are not contained in the symmetric
product, namely [4;0] and [0; 2].

,15,



with the unrefinement
Irsue)(@w=1y=1)=1+6x+ 32" + 62° + 172" + ..., (4.28)
For n = 3, we find that the index of (4.24) reads

1(4.24), n=3(T;w,y)

3
=14z 14 W) + e w+w™) (4.29)
SU3) SUE3)

+ 2? [X[2,2} (W) +2xp (y) + 1} +...,
with the unrefinement
3 2 5
L4y n=s(r;w =1,y = (1,1)) = 1 + 9z + 222 + 442~ + 1872 (4.30)
11723 4 3423 + 18824 4 ..., '

where w the topological fugacity and y the SU(3) flavour fugacities. Again, this bares some
similarity with the U(1) gauge theory with 3 flavours, whose index is

S 3 _
I, sUE) (@ w,y) =1+ [1 + X @) +oE (w+w) (@3)
SU(3 SU(3 ’
- $2 |:X[272(] )(y) - (1 + X[l,l(] )(y)) +..,
with the unrefinement
Tr, suen(@w =1y = (1,1)) = 1+ 92 + 227 +182% + 212° + 542 + ..., (4.32)

We observe that for a general n, (4.24) has a global symmetry SU(n) x U(1), where
the U(1) is the topological symmetry, which is enhanced to SU(2) for n = 2. Moreover,

the terms 2 (w +w™1) indicate that theory (4.24) contains the basic monopole operators
3
Vi in the U(1) gauge theory with n flavours. Moreover, with CS level k = 2, these basic

Vi, (with flux £(1,0) under the U(2) gauge group), carrying R-charge 5, similar to

monopole operators are gauge neutral, so they are gauge invariant themselves without
any dressing by a chiral field in the fundamental hypermultiplet.'> A non-trivial physical
implication is that the contribution of the T-link cancel the contribution of the non-abelian
vector multiplet in the R-charge of the monopole operator.

4.5 Duality with theories with two gauge groups

Here we examine the duality between the following theories

T(U(N))

s T(U(N))
@ @‘@ p— (4.33)

12Note that this statement does not hold when the CS level is not equal to 2, and in order to form a

gauge invariant combination, the monopole operators need to be dressed by chiral fields in the fundamental
hypermultiplet.
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This duality can be seen from the brane system by moving one of the D5-brane across the
J-fold and, thereby, turning it into an NS5 brane. For general values of N and k, both
theories have a global symmetry U(n). However, as can be seen from the indices, they
arise from different origins in the quiver description.

Let us take, for example, N = 2, k = 2 and n = 3. The index of the left quiver is given
by (4.29). The index of the right quiver reads

; 1
1+ [2 + (w1 + wfl)xﬁ?(z) (w) + X[SQI}J(Q) (@] + 2 <w1w2 + >

wiw2
+ 22 {4 + (wi+ 3+ wl_z)x[S;]J(z) (y) + (w1 + "wl_l) <X[S3[]J(2)@) + 2X[SII]J(2) (@)) (4.34)

+ X[SJ]J(Q)@)} +... .

where wy and wsy are the topological fugacities associated with the left and right nodes,
and we denote the flavour fugacities by y. This expression can be rewritten in the way
that the SU(3) symmetry is manifest by setting

Nlw
NI

wi=y >, Y=y Y2, (4.35)
upon which we recover the expression (4.29).
From the coefficient of x, we see that the mesons in the adjoint representation [1, 1] of

SU(3) of the left quiver in (4.33) are mapped to the following operators of the right quiver
in (4.33):

1. the mesons in the adjoint representation [2] of the SU(2) flavour symmetry;

2. the dressed monopole operators in the fundamental representation [1] of SU(2) and
carrying topological charges 41 under the left node;'? and
3. the trace of the adjoint chiral field associated with the left node.

Moreover, by comparing the terms at order 2% in (4.29) and (4.34), we see that the basic
monopole operators V., carrying topological charges +1, in the left quivers are mapped
to the basic monopole operators V. 1y, carrying topological charges £(1, 1), in the right
quivers.

These statements can be easily generalised to other values of k£ and n.

5 U(2)g, X U(2)g, with two T-links

In this subsection we consider the following theory

Ji, = —ST™

() o

Jry = —ST*

13This is similar to the dressed monopole operators (A.18) in the abelian theory.
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The three sphere partition function as well as the supergravity solution corresponding
to U(N)g, x U(N)g, gauge group (i.e. N D3 branes), in the large N limit, were studied
in [4]. In such a reference, the CS levels were restricted such that tr(£Jg, Ji,) > 2, equiv-
alently +(k1ky — 2) > 2, where the sign + is chosen such that the trace is greater than 2.
In which case, Ji, Jk, is a hyperbolic element of SL(2,Z), and the theory was predicted to
have N = 4 supersymmetry in the large N limit. Here, instead, we focus on the super-
conformal indices and supersymmetry enhancement when the gauge group is taken to be
U(2)k, x U(2)g, for general values of k1 and ks.

Note that if one of k1 or k2 is 1, say k1 = 1, we have J;Ji, = ST STk 2. This is related by
a T-similarity transformation to TJ;Jy, T~ = T(STSTT* )T~! = —ST*~2 = J, »,
where have used the identity T'ST'ST = —S (see also [4, footnote 19]). In other words, the
two duality walls J; and Ji, can be reduced to a single duality wall J,_o (assuming that
there are no NS5 and D5 branes). Henceforth, we shall not consider such a possibility in
the absence of hypermultiplet matter.

In general, we observe that whenever Jy, Ji, is a parabolic element of SL(2,Z),
ie. |tr(Jiy Jky)| = |kika — 2| = 2 or equivalently kiko = 0 or 4, the index diverges
and the theory is “bad” in the sense of [1]. In which case, we cannot deduce the low energy
behaviour of the theory from its quiver description.

We observe that the index of (5.1) does not depend on the fugacities associated with
the topological symmetries. Similarly to section 4.2, the gauge group in (5.1) can be taken
to be SU(2)k, x SU(2), and this yields the same index.

Let us now take k1 = 2 and examine various values of ko as follows.

CS levels (k1, k2) Index Type of Ji, Ji, Comment

(2,5) T+at+... hyperbolic
(2,4) 142+ ... hyperbolic
(2,3) 1—22+223 — 2%+ ... hyperbolic New, SUSY enhancement
(2,2) diverges parabolic
(2,1) 1 elliptic Same as (4.6), k =0
(2,0) diverges parabolic

(2,-1) (4.7) hyperbolic Same as (4.6), k = +4

(2,-2) 14+ +... hyperbolic

(2,-3) 14+at+ ... hyperbolic

(2,—4) 14+ +... hyperbolic

The cases whose indices exhibit supersymmetry enhancement are emphasised in yellow.
The indices for the cases not highlighted in yellow do not signalise the presence of extra
SUSY-current multiplets. The CS levels (k1, k2) = (2, 3) gives a new SCFT with enhanced
N = 4 supersymetry, whereas the case with (k1,ks) = (2,—1) is the same as theory (4.6)
with k = —4, which also has supersymmetry enhancement to N = 4.
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For k1 = 3, we find a similar pattern, as tabulated below. Unfortunately, the cases
that has supersymmetry enhancement, namely (ki, k) = (3,2) and (3,

with certain theories that have been discussed before.

—1), are identical

CS levels (ki1, k2) Index Type of Ji, Jk, Comment
(3,4) T+zt+... hyperbolic
(3,3) 1+22%+ ... hyperbolic
(3,2) 1—a?+223+... hyperbolic | Same as (ki,k2) = (2, 3)
(3,1) 1 elliptic Same as (4.6), k = £1
(3,0) diverges parabolic
(3,-1) (4.7) hyperbolic Same as (4.6), k = £5
(3,-2) T+zt+... hyperbolic

5.1 Adding flavours to the parabolic case

In this section, we add fundamental flavours to either or both nodes in the parabolic case.
For definiteness, we consider the theory involving two Jo duality walls'* and a collection
of D5 branes arranged in the following way:

T(U(N))
n1 D5 3 ¢ n2D5 n1 @*@ (52)
T(U(N))

and focus on the cases of N = 1 and N = 2. Such theories have interesting physical
properties as we shall describe below.

Let us first discuss the abelian case. Since this theory admits a conventional Lagrangian
description, we can easily analyse this theory along the line of [17]. The detailed analysis
is provided in appendix A. We find that whenever fundamental hypermultiplets are added
to the quiver associated with parabolic J-folds, an interesting branch of the moduli space
arises, mainly due to the presence of the gauge neutral monopole (or dressed monopole)
operators. In particular, for quiver (5.2) with N = 1, we find that there are two branches
of the moduli space. One can be identified as the Higgs branch and the other can be
identified as the Coulomb branch, both of which are hyperKéahler cones. This feature is
very similar to that of general 3d N' = 4 gauge theories. The Higgs branch is isomorphic to a
product of the closures of the minimal nilpotent orbits @i%nl) X @Sm[ijIEM)
is generated by the mesons constructed using the chiral multiplets in each fundamental

, where each factor

hypermultiplet; see (A.7). The Coulomb branch is isomorphic to C?/Zy,n,, which is
generated by the monopole operators V, (1 1) with fluxes +(1,1) and the complex scalar in

1 Similarly to the remark in footnote 10, even though J3 is related to =2 by a similarity transformation
in SL(2,Z), upon adding hypermultiplet matter, the theory becomes non-trivial.
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the vector multiplet; see (A.11). For a general n; and ng, this theory has a global symmetry
(W) x U(1), where the former factor denotes the flavour symmetry coming from
the fundamental hypermultiplets and latter U(1) denotes the topological symmetry. For
the special case of n; + ny = 2, the U(1) topological symmetry gets enhanced to SU(2),

which is also an isometry of the Coulomb branch C?/Zy. Interestingly, if we set one of ny

GX o 69

This theory turns out to be the same as quiver (4.1) with N = 1, k = 2, which is identical
to 3d V' =4 U(1) gauge theory with n flavours (i.e. the T{,,_1)(SU(n)) theory [1]). One
can indeed check that the moduli spaces and the indices of the two theories are equal. Such

or ng to zero, say

an identification indicates that when n; = 0 (or ny = 0), the two Jo duality walls can be
“collapsed” into one, and the gauge node in (5.3) that is not flavoured can be removed
such that the T-link becomes a loop around the other gauge node. We remark that this
statement only holds for the abelian case; we will see that for N = 2 this is no longer true.

Quiver (5.2) with N > 1 still bares the same features as in the abelian (N = 1)
theory. In general, the index of (5.2) contains the terms x%(”ﬁm)(wlwg 4w wy ), which
indicates that there are gauge invariants monopole operators Vi . 0.1,0,..0), With fluxes
+(1,0,...,0) under each of the U(N) gauge group, carrying R-charge %(nl + ng). Again,
for n; + ny = 2, the U(1) topological symmetry gets enhanced to SU(2). Furthermore,
when n; +ng =1, i.e. (n1,n2) = (1,0) or (0,1), such monopole operators decouple as a
free hypermultiplet (this is similar to the one flavour case discussed in section 4.3). Let us
consider, in particular, the case of N =2, ny =0 and no = 1:

T(U(2))
OO o4
T(U(2))
Indeed the index can be written as
1(5.4) = Ifree<37§ w) X Ié%?T(x; w) (5.5)

where we define w as the product of the topological fugacities associated with the two gauge
groups: w = wiws. The index of the free hypermultiplet Zeo(x; w) is given by (4.19), and
the index for the interacting SCFT is
5.4 SU(2 SU(2 SU(2
IéCF)T(x3w> = 1+axpy @ (w) + 22 [X[zq ® (w) - X[Q]( (w) (5.6)

— w%X[S;]J(Q) (w) 4+ ... .

with the unrefinement
Ié%%)T(x; w=1)=1+3z+ 22 — 2% — 4% + ... (5.7)

The interacting SCFT has a flavour symmetry SU(2). Notice that the index of the
SCFT (5.6) is different from (4.20). (Hence, we cannot collapse two Jo duality walls
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into one as in the abelian case.) In particular, while (4.20) exhibits the presence of the
extra-SUSY current multiplet, (5.6) does not.

6 Gauge group SU(2)y/Z,

In this section we consider a theory with a single SU(2);/Z2 gauge node with n T-links

attached to it.

(6.1)

n T-links

Although the brane configuration for n > 1 is not known, we demonstrate below that such
theories have interesting properties from the field theoretic perspective.

The indices involving SU(N)/Zy gauge group for theories in 3d were discussed in [44,
57).1° Here, we write down the expression of the index for (6.1), analogous to those
presented in [44]:16

T Zg Z mez 72Im|H( )2 o£2 2|m|)

= mGZ—i— (62)
x 22 sy (@ {2 m}, {2,m})]

where ¢ is a fugacity for the global Zo symmetry which takes values 1 or —1, and
Tu(1) with 2 fiv 1S the index for the U(1) gauge theory with 2 flavours such that the sum
over the gauge flux is properly quantised:

f T(SU(2)) ( {u,pt {7, n})
mepl ((—1)M— F1,,+£1,.3/24+|m—pl|;x?
st (=) P2 2 )

dz
_ 3 2m7{ 2n
= T 27 X
2711 _1\Ym—p £l ,,F1,1/2+4|m—pl|;x?
ezt Lpmod2) iz ((=1)m=Pe=tpTle Jo ! (6.3)

.2
\m;m ((_1)m+pz$1,u$1x3/2+|m+p\,x )oo

< ((_1)m+pz:l:1u:t1x1/2+|m+p\;:c2)OO

We may obtain the result for the gauge group SU(2), instead of SU(2)x/Z2, by gauging
the Zsy global symmetry associated with g:

1
I(G.l) with SU(2), gauge group — 5 [I(Gl) (l‘;g = 1) +I(6.1)($;g = _1)} : (64)

'5Note the index for 3d gauge theories can be obtained as the limit of the lens space index for 4d gauge
theories [58]. As discussed extensively in [59], the latter is sensitive to the global structure of the gauge
group.

16Since SU(2)/Z2 is isomorphic to SO(3), one can also compute the index for SO(3) gauge group using
the formulae described in [30, section 6.1]. Note that the normalisation for the CS level for SO(3) is such
that SO(3)r = SU(2)2x/Z2, and that the fugacity ¢ for the Z3* symmetry in [30, section 6.1] is identified
with the fugacity g here.
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We find that for k € Z and n = 1, the index is the same as that of the theory with the
same k presented in section 4.2. However, the result becomes more interesting when both
n and k is even, since the index depends on the fugacity g. This indicates the presence
of the operators carrying a non-trivial charge under the Zo discrete symmetry which are
gauge invariant monopole operators. Let us focus on the case of n = 2. We provide some
examples in the following table.

CS level Index

k=0 1+ 2gz + 422 — 423 + (9 + 8g)at 4. ..
k=2 | 14+ (2—g)z? — (4+4g)z> + (9+8g)z* + ...
k=4 | 1+gx+32%2— (4+29)2% + (8 +8g)z* + ...
k| =6 | 1+ (2+9g)2?— (4+49)x3 + (7T+4g)z* + ...
|k| =8 1+ 222 — 423 + (7T — 4g)xt + . ..

The case of |k| = 2 is highlighted in yellow to indicate that the index exhibits supersym-
metry enhancement. Since the coefficient of x is zero, the theory has no flavour current.
The term —g¢ at order 22 indicates the presence of an extra SUSY-current multiplet, acted
non-trivially by the Zy global symmetry. For this reason, we conclude that supersymmetry
is enhanced to N' = 4. We emphasise that it is important to refine the index with respect
to g in order to see such a multiplet. On the other hand, the indices for the other values of
k do not exhibit the existence of the extra SUSY-current multiplet. The same is also true
if we gauge the Zy global symmetry as described in (6.4).

Finally, let us consider the case in which & is half-odd-integral and n = 1. For |k| > %,
we find that the indices are different from those theories that have been considered in earlier,
and so it seems to us that these theories are new. Moreover, they exhibit the presence of
an extra SUSY-current multiplet, which leads to the conclusion that supersymmetry is
enhanced to N' = 4. We tabulate the indices for a few values of half-odd-integral CS levels
below.

CS level | Index

k| =1/2 | 1 — 22+ 223 — 2% — 225 + 620 + ...
k| =3/2 | 1 — 2?4223 —22° + 620 + ...

k| =5/2 | 1 — 22+ 223 —22% — 22° + 625 + ...

7 Conclusion and perspectives

Several properties of 3d S-fold SCF'Ts have been investigated using supersymmetric indices.
We have found several theories whose indices exhibit supersymmetry enhancement, due to
the presence of extra-supersymmetry current multiplets. Dualities between different S-fold
quiver theories have also been explored and the indices allow us to establish the operator
map between such theories. Moreover, we studied S-fold theories whose gauge symmetries
have different global structures, namely SU(2) and SU(2)/Zs. We found that the indices
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of the latter reveal interesting properties regarding the discrete topological symmetry as
well as supersymmetry enhancement in a certain case.

These findings lead to a number of future directions of research. First of all, there
are a number of theories in this paper whose indices do not exhibit the presence of extra-
SUSY current multiplets. It would be interesting to study the amount of supersymmetry
that is possessed by these theories in more detail. It would also be nice to study the
marginal A/ = 2 deformations of the S-fold SCFTs along the line of the recent paper [60].
Another interesting point is to understand better new interacting SCFTs whose indices
are computing in (4.20) and (5.6). Finally, it would be interesting to explore 3d SCFTs
associated with duality walls in other theories than 4d N = 4 super-Yang-Mills and N/ = 2*
theories. Explicit Lagrangian descriptions for a number of such 3d theories have been
proposed, for example, in [61, 62] for the S-duality wall of the 4d N' = 2 SU(N) gauge
theory with 2N flavours. There are also another class of theories that have been recently
studied in [63, 64]. It would be interesting to study whether such theories still have similar
properties to quiver theories that contain 7T-link associated with T'(U(N)).
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A Moduli space of flavoured abelian parabolic J-fold theories

In this section we study the moduli space of a class of parabolic J-fold theories, in the pres-
ence of the hypermultiplet fundamental matter. We focus on the models with abelian gauge
group, since the Lagrangian description is available. More general detailed discussions can
be found in [17].

For definiteness, let us focus on the following model with U(1)x, x U(1)s, gauge group:

Ty = —ST*2

T(U(1))
ni D5 P e D5 @*@ (A.1)
T(U(1))

iy = —STH

For the moment we allow for generic CS levels k1 and ko, but we will see that the vac-
uum equations admit solutions for non-trivial branches of the moduli space when J;.J5 is
parabolic, i.e. |tr JiJo| = 2, or equivalently k1ky = 0 or 4.
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Let us rewrite the quiver (A.1) in N/ = 2 language:

Q 0 ﬂ

Al Ay Q @ Az A (A.Q)

with superpotential:

- -
W = —tr(Aip1 A1 + Azp2A2) + 5(16180% + kagh) =210 . (A.3)

where we denoted in blue the contribution due to the two T-links, consisting of a mixed
CS coupling. The vacuum equations are as follows:

Arpr = Ajpr = 0, Aspy = Aspy = 0, (A.4)
and
kip1 =200 = (A1)a(iz1)‘a, (A5)
kapa —2¢p1 = (A2)i(A2)"
where a,b,c=1,...,n1 and 7,5,k =1,...,no.

The vacuum equations (A.4) and (A.5) admit the solutions in which ¢; = ¢ = 0,
regardless of the CS levels. This branch of the moduli space is generated by the mesons
(M) = (A1)a(A1)? and (Mg)j = (A3)i(A3)? subject to the following relations:

rank(Mip) <1, M7, =0, (A.6)

where the first relations come from the fact that each of the matrices M; and My is
constructed as a product of two vectors, and the second matrix relations follow from (A.5).
We refer to this branch of the moduli space as the Higgs branch, denoted by H, 1). Indeed,
it is isomorphic to a product of the closures of the minimal nilpotent orbits:

ASU ASU
/H(A.l) = Omirsnl) X OmiénQ)‘ <A7)
There are also other non-trivial branches of moduli spaces, which we are analysing in the
following.
Let us consider the branch on which ¢; # 0 and ¢2 # 0. From (A.4), we have
A; = A} = Ay = As = 0. Equations (A.5) admit solutions only if:

k‘lgol = 2@2, k‘QQDQ = 2(,01 s l{fle —4 = 0; (A8)

the latter implies that .J; J2 has to be parabolic such that either (k1, k2) = (1,4) or (k1, k2) =
(2,2). (The case the (k1,k2) = (4,1) can be considered by simply exchanging n; and ns.)
We analyse these cases below.
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e The case of (k1,k2) = (2,2). The first equation of (A.8) sets ¢1 = p2 = ¢. Since
the real scalars in the vector multiplets belong to the same multiplets as ¢1 2, the mag-
netic fluxes of the monopole operators V(,;, m,) satisfy m1 = mg = m. The R-charge
and the gauge charges with respect to the first and second nodes are respectively

1
R Vm m)l — &5 + )
Vimm] = 5(n1+n2)|m| (A.9)
q1 [‘/(m,m)] = *(klm - 2m) =0, q2[‘/(m,m)] = 7(k2m - 2m) =0.
Observe that the V,, ) are gauge neutral for all m. This branch is generated by

the basic monopole operators Vi ;1) and ¢ (the latter has R-charge 1), satisfying
the quantum relation.

V(1,1) V—(1,1) = <Pm+m . (A.10)
This branch is thus a Coulomb branch and it is isomorphic to
CATY ™2 = C/Znyns - (A.11)

In the special case of one flavour, i.e. (ni,n2) = (1,0) or (0,1), we see that the
Coulomb branch is isomorphic to C? = H. Indeed, the basic monopole operators
decouple as a free hypermultiplet.

e The case of (k1,k2) = (1,4). In this case ¢1 = 293 = 2¢ and the allowed
magnetic fluxes for the monopole operators V,;,, n,,) are such that m; = 2mgy = 2m.
The R-charge and the gauge charges with respect to the first and second nodes are
respectively

2
q [‘/(Qm,m)] = _[kl (2m) - 2m] =0, QQ[‘/(Qm,m)] = _[k2(m) - 2(2777,)] =0.

Observe that V(y,, ) are gauge neutral for all m. This branch of the moduli space

1 1
RlVianam] = g(ml2m] + nafml) = (1 + 5 ) )

is generated by V(5 1) and ¢, satisfying the quantum relation:

V(2,1)V—(2,1) = ¢2m+n2 . (A.13)
This branch is thus a Coulomb branch and it is isomorphic to
CHH=Y = €2 4, (A14)

It is worth pointing out that for both (ki, k) = (2,2) and (1,4), the vacuum equations
admit the solutions such that there is a clear separation between the Higgs and Coulomb
branches, in the same way as general 3d N’ = 4 gauge theories. This is mainly due to
the fact that the monopole operators are gauge neutral. Note also that both branches are
hyperKahler cones.

Next, we analyse the case in which one of 1 and o is zero. For definiteness, let us
take ¢y = 0 and 0 # ¢ = ¢. From (A.4), we see that A4; = A; = 0, and so (A.5) admits
a solution only if k&1 = 0. Let us suppose that

k=0, (A.15)
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Observe that the CS levels (0,k2) satisfies the parabolic condition on JoJg,, because
| Tr(JoJk,)| = 2 for any ka. Then the second equation of (A.5) implies that

(A2)i(As)' = =20 . (A.16)

The fluxes (mq, m2) of the monopole operators Vi ), satisfies ma = 0. For convenience,

m1,ma
we write m; = m. The R-charge and the gauge charges of the monopole operators V(;, o) are

1 1
BlVim)] = 5 (mlm| +n2|0]) = Sna|m| (A7)

@ [Vimo)l = =lk(m) =2(0)] =0, @[Vimol = —[k2(0) = 2(m)] = 2m .

In this case the monopole operator V(;, o) is no longer neutral under the gauge symmetry,
but it carries charge 2m under the U(1)y, gauge group. We can form the basic gauge
invariant dressed monopole operators as follows:

(W = Vi) (A2)' (A2, (W )y = Vici,0)(A2)i(A2); - (A.18)

These operators transform under the representation [2,0,...,0] and [0,...,0,2] of SU(n2)
respectively. The carries R-charges

1
RW#] = g+, (A.19)
and satisfy the quantum relation
Tr(WHW ™) = (WHI (W) = ™+ . (A.20)

Since the dressed monopole operators W+ are generators of this branch of the moduli
space, we can regard this as a “mixed” Higgs and Coulomb branch.

Note that if we take instead o1 = 0 and 0 # o = ¢, the situation is reversed. In
order for the vacuum equations to admit a solution we must have ko = 0. This leads to
the gauge invariant dressed monopole operators

(U7 = Vo (A)' (A, (U7 = Vio—ny(An)i(Ar); (A.21)
which transform under the representation [2,0,...,0] and [0,...,0,2] of SU(n;) respec-
tively. The carries R-charges R[U*] = %ng + 1 and satisfy the quantum relation

Tr(UTU™) = pn2t2,

Finally, we remark that if (k1,k2) = (0,0), which is another possibility for Ji, Ji, to
be parabolic, then both dressed monopole operators W+ and U, as described above, are
generators of the moduli space.

Open Access. This article is distributed under the terms of the Creative Commons
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