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1 Introduction

After the discovery of AdS5/CFT4 correspondence [1–3], people have also been interested

in the AdS4/CFT3 correspondence. A superconformal field theory (SCFT) that is dual

to M-theory on AdS4 × S7 spacetime is needed, or equivalently an SCFT that describes

coinciding M2-branes is needed. The theory was finally constructed in [4] and is known

as Aharony-Bergman-Jafferis-Maldacena (ABJM) theory. The ABJM theory is an N = 6

super Chern-Simons-matter (SCSM) theory with gauge group U(N) × U(N) and levels

(k,−k), and it is dual to M-theory in AdS4 × S7/Zk spacetime, or type IIA superstring

theory in AdS4 × CP 3 spacetime. When k = 1, 2 the supersymmetries are enhanced non-

perturbatively to N = 8.

Like the study of Bogomol’nyi-Prasad-Sommerfield (BPS) Wilson loops in d = 4N = 4

super Yang-Mills theory in AdS5/CFT4 correspondence [5–9], there are also many studies

of Wilson loops in ABJM theory in the AdS4/CFT3 correspondence. The simplest BPS

Wilson loop in ABJM theory is the 1/6 BPS one that was constructed in [10–12], but the

simplest fundamental string solution dual to a Wilson loop in type IIA superstring theory

in AdS4 × CP 3 spacetime is 1/2 BPS. With more efforts the 1/2 BPS Wilson loop was

constructed in [13].1 When M theory or IIA superstring theory is weakly coupled, ABJM

theory is strongly coupled. Then in order to compare with available results in gravity side,

one needs to compute the vacuum expectation values (VEVs) of Wilson loops at strong

coupling which is usually a hard task. However, using localization techniques [19]2 one can

compute these VEVs in ABJM theory at both weak and strong couplings [19, 22, 23]. In

applying the localization techniques to 1/2 BPS Wilson loops one needs to check that 1/2

and 1/6 BPSWilson loops difference by aQ-exact term withQ being some supercharge that

is preserved by both the 1/2 and 1/6 BPS Wilson loops and being used in localization [13].

The result of localization techniques for the 1/2 BPS loop has also been checked up to two

loops in [24–26].

The construction of the 1/6 BPS Wilson loops in ABJM theory in [10–12] is basically

the same as the 1/2 BPS (1/3 BPS) Wilson loop in d = 3 N = 2 (N = 3) Chern-Simons-

matter theory in [27]. We will call these Wilson loops Gaiotto-Yin (GY) type. When

2 ≤ N ≤ 6, the GY type Wilson loop usually preserves four real supercharges, including

the Poncaré supercharges and superconformal ones, if the loop is along a straight line

or a circle.3 The construction of 1/2 BPS Wilson loops in [13] includes essentially the

fermionic matter fields and the supergroup structure appears in the ABJM theory. This

type of Wilson loops will be called Drukker-Trancanelli (DT) type. It is an interesting

question whether DT type BPS Wilson loops exist in theories with fewer supersymmetries.

In N = 5 theories [29, 30], such Wilson loops do exist and they are 2/5 BPS [31]. The

situation in N = 3 theories is interesting but not completely clear. Based on studies of the

dual M2-brane solutions, strong evidence was given in [32] to support the conjecture that

1There are also similar constructions of Wilson loops but with fewer supersymmetries in [14–18].
2This has been generalized to N = 2 SCSM theories in [20, 21].
3However supersymmetry enhancement for some special GY type Wilson loops in d = 3,N = 4 theories

has been recently found in [28].
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there are no Wilson loops in N = 3 theories that preserve more that four supercharges.

If this conjecture is right, there are two possibilities about the fate of the DT type BPS

Wilson loops: one is that there are no DT type BPS Wilson loops in such theories, and

the other is that DT type BPS Wilson loops exist in some N = 3 theories and they are at

most 1/3 BPS. This direction is interesting to be further studied.

Putting the situations in N = 3 theories aside, we would like now to study the con-

struction of DT type BPS Wilson loops in N = 4 Chern-Simons-matter theories. Among

these theories [33, 34], we will focus on the theories that are obtained from the non-chiral

orbifold of ABJM theory. From ABJM theory with gauge group U(nN)×U(nN), one can

perform a Zn orbifolding and get an N = 4 SCSM theory [35], and it is dual to M-theory

in AdS4 × S7/(Zn × Znk) background [35–37]. The Wilson loops in this N = 4 theory in

fundamental representation are dual to M2-branes in AdS4 × S7/(Zn × Znk) spacetime.

We consider the simplest embedding of such a membrane. The topology of the membrane

worldvolume is AdS2 × S1, where AdS2 ⊂ AdS4 and S1 is along the M-theory circle direc-

tion in S7/(Zn × Znk). We find that there exists such an M2-brane that preserves half of

the supersymmetries of the M-theory in AdS4 × S7/(Zn × Znk) spacetime. This indicates

that there should be half-BPS Wilson loops in such N = 4 SCSM theory. Based on expe-

rience in ABJM case, this Wilson loop may not be GY type, and may be DT type. One of

the main results in this paper is the construction of such DT type half-BPS Wilson loops.

We get the Poncaré and conformal supersymmetry (SUSY) transformation of the N = 4

SCSM theory from that of ABJM theory. As a warm-up, we firstly construct the 1/4 BPS

GY type Wilson loops. Then we give the details of the construction of the 1/2 BPS DT

type Wilson loops. In Minkowski spacetime, we have the 1/4 and 1/2 BPS Wilson loops

along a timelike infinite straight line. In Euclidean space, we have the 1/4 and 1/2 BPS

Wilson loops along a infinite straight line, as well as 1/4 and 1/2 BPS Wilson loops along

a circle. We also provide a complete proof that 1/2 and 1/4 BPS Wilson loops difference

by a Q-exact term, with Q being some supercharge that is preserved by both the 1/4 and

1/2 BPS Wilson loops.

The rest of the paper is arranged as follows. In section 2, we study the simplest M2-

brane solution dual to a circular Wilson loop in orbifold ABJM theory. We compute its

on-shell action with boundary terms included and we also find that this M2-brane can be

half BPS. In section 3 we review the basics of this N = 4 SCSM theory and derive its

SUSY transformation. In section 4 we consider the 1/4 and 1/2 BPS Wilson loops along a

timelike infinite straight line in Minkowski spacetime. In section 5 we consider the 1/4 and

1/2 BPS Wilson loops along an infinite straight line in Euclidean space. In section 6 we

construct the circular 1/4 and 1/2 BPS Wilson loops. We conclude with conclusion and

discussion in section 7. We review the 1/6 and 1/2 BPS Wilson loops in ABJM theory in

appendix A. In appendix B we provide a simple proof of gauge covariance of Wilson loops,

from which we also prove a useful statement that has appeared in [13]. In appendix C

we explore alternative definitions of Wilson loops for a super connection, but we find no

nontrivial ones. In appendix D there are the calculation details of subsection 6.3, and we

give a complete proof that the difference between 1/2 and 1/4 BPS Wilson loops is Q-exact.
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Note added. After the paper appears in ArXiv, there appears another paper [28] that

has some overlaps with ours. There are more general 1/2 BPS Wilson loops in the orbifold

ABJM theory, as well as in other N = 4 SCSM theories. According to terminology of [28],

the 1/2 BPS Wilson loops in this paper are ψ1-loops. For a timelike straight line xµ = τδµ0
in Minkowski space if we change the first two equations of the ansatz (4.16) to

η̄
(2ℓ)
i = η̄(2ℓ)δ2i , ηi(2ℓ) = η(2ℓ)δ

i
2, (1.1)

we would get the ψ2-loops. In this case we would have m̂ = n̂ = −1, as well as

γ0η(2ℓ) = −iη(2ℓ), η̄(2ℓ)γ0 = −iη̄(2ℓ), η(2ℓ)η̄
(2ℓ) = −i+ γ0. (1.2)

The ψ1- and ψ2-loops have the same conserved supersymmetries (4.19) and (4.20). There

are similar stories for 1/2 BPS Wilson loops along straight lines and circles in Euclidean

space. There are a large number of 1/2 BPS Wilson loops, but there are not so many dual

1/2 BPS objects in M-theory. And so it is expected in [28] that these Wilson loops are 1/2

BPS classically, and only some special linear combination of them is 1/2 BPS quantum

mechanically.

2 M2-branes in AdS4 × S7/(Zn × Znk) spacetime

The N = 4 theory obtained from orbifolding ABJM theory is dual to M-theory in AdS4 ×
S7/(Zn × Znk) spacetime. We will denote Zn × Znk as Γn,k below. If we embed a unit S7

inside C4 ∼= R8 as
4

∑

i=1

|zi|2 = 1, zi ∈ C, (2.1)

the action of Γn,k on S7 is generated by [36]

(z1, z2, z3, z4) → (ωnz1, ωnz2, z3, z4), (2.2)

and

zi → ωnkzi, (2.3)

where ωm ≡ exp
(

2πi
m

)

.

We parameterize zi as

z1 = cos
α

2
cos

θ1
2
exp

[

i

4
(2ϕ1 + χ+ ζ)

]

,

z2 = cos
α

2
sin

θ1
2
exp

[

i

4
(−2ϕ1 + χ+ ζ)

]

,

z3 = sin
α

2
cos

θ2
2
exp

[

i

4
(2ϕ2 − χ+ ζ)

]

, (2.4)

z4 = cos
α

2
sin

θ2
2
exp

[

i

4
(−2ϕ2 − χ+ ζ)

]

,
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where α ∈ [0, π], ζ ∈ [0, 8π], χ ∈ [0, 4π], θ1,2 ∈ [0, π], ϕ1,2 ∈ [0, 2π]. Then the action of Γn,k

is generated by

χ → χ+
4π

n
, ζ → ζ +

4π

n
, (2.5)

and

ζ → ζ +
8π

nk
. (2.6)

The IIA limit of M-theory is obtained by taking k → ∞ while keeping n fixed. In this

limit the circle along ζ direction will shrink. So this circle is the M-theory circle, and its

circumference is 8π
nk . The metric of unit S7 is

ds2S7 =
1

4

[

dα2 + cos2
α

2

(

dθ21 + sin2 θ1dϕ
2
1

)

+ sin2
α

2

(

dθ22 + sin2 θ2dϕ
2
2

)

+ sin2
α

2
cos2

α

2
(dχ+ cos θ1dϕ1 − cos θ2dϕ2)

2

+

(

1

2
dζ + cos2

α

2
cos θ1dϕ1 + sin2

a

2
cos θ2dϕ2 +

1

2
cosαdχ

)2]

. (2.7)

The metric of AdS4 × S7/Γn,k is

ds211 = R2

(

1

4
ds2AdS4 + ds2S7/Γn,k

)

. (2.8)

For Lorentzian signature we choose the following global coordinate on AdS4,

ds2AdS4 = cosh2 u
(

− cosh2 ρdt2 + dρ2
)

+ du2 + sinh2 udφ2. (2.9)

The four-form field strength on this background is

H4 =
3R3

8
cosh2 u sinhu cosh ρdt ∧ dρ ∧ du ∧ dφ. (2.10)

Flux quantization gives

R = 2πℓp

[

N

6Vol(S7/Γn,k)

]1/6

= ℓp(32π
2n2Nk)1/6, (2.11)

where ℓp is the eleven-dimensional Planck length, and we have used

Vol(S7/Γn,k) =
Vol(S7)

n2k
=

π4

3n2k
. (2.12)

The radius of the ζ circle in Planck unit is of order R/(nkℓp) ∝ (n2Nk)1/6/(nk), and so

the M-theory description is a good one when N ≫ n4k5.

We consider the probe M2-brane solution in this background. In Lorentzian signature

the bosonic part of the M2-brane action is

SM2 = SDBI
M2 + SWZ

M2 = −TM2

(∫

d3σ
√

−detgmn +

∫

P [C3]

)

. (2.13)
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Here gmn is the induced metric of the membrane worldvolume, TM2 is the tension of the

M2-brane

TM2 =
1

(2π)2ℓ3p
, (2.14)

and P [C3] is the pullback of the bulk 3-form gauge potential to the worldvolume of the

membrane. The gauge choice for the background 3-form gauge potential C3 is

C3 =
R3

8
(cosh3 u− 1) cosh ρdt ∧ dρ ∧ dφ. (2.15)

From the action, one can obtain the membrane equation of motion as4

1√−g
∂m

(√−ggmn∂nX
N
)

GMN + gmn∂mXN∂nX
PΓ

Q

NPGQM =
1

3!
√−g

ǫmnp(P [dC3])Mmnp.

(2.16)

Note that ǫmnp is a tensor density on the world-volume of the membrane.

Since we want to find the simplest membrane embedding corresponding to a Wilson

loop in the dual field theory, we take the topology of the membrane worldvolume to be

AdS2 × S1. The AdS2 is embedded in AdS4, while S1 is along the M-theory circle. So we

consider the ansatz

t = σ0, ρ = σ1, ζ = σ2, (2.17)

where σµ, µ = 0, 1, 2 is the coordinates on the worldvolume of M2-brane. One can find that

the equations of motion only lead to the constraint that u = 0. Then the induced metric

of M2-brane is

ds2M2 = R2

(

−1

4
cosh2 ρdt2 +

1

4
dρ2 +

1

16
dζ2

)

. (2.18)

To compute the on-shell action of the M2-brane whose boundary at infinity is S1, we

work in Euclidean signature and choose the AdS4 coordinates

ds2AdS4 = cosh2 u
(

sinh2 ρdψ2 + dρ2
)

+ du2 + sinh2 udφ2, (2.19)

where ψ ∈ [0, 2π]. In Euclidean signature the M2-brane action becomes5

SM2 = SDBI
M2 = T2

∫

d3σ
√

detgmn. (2.20)

For the M2-brane that is put at

ψ = σ1, ρ = σ2, ζ = σ3, u = 0, (2.21)

the on-shell action is

SM2 =
TM2R

3

16

∫

dζdρdψ sinh ρ. (2.22)

4We always use the indices from the beginning (middle) of the alphabet to refer to the frame (coordinate)

coordinates, and the underlined indices to refer to the target space ones.
5It is easy to see that SWZ

M2 = 0 for the M2-brane solution considered here.

– 6 –
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After adding boundary terms to regulate the action as in [8], we get

Stotal
M2 = −πTM2R

3

8

∫

dζ. (2.23)

Using the fact that ζ ∈ [0, 8πnk ], TM2 = 1/(4π2ℓ3p) and (2.11), we can get

Stotal
M2 = −π

√

2N

k
. (2.24)

Then the holographic prediction for the leading exponential behavior of the VEV of the

1/2 BPS Wilson loop in the large N limit with finite k and n is

〈W 〉 ∼ exp(−Stotal
M2 ) = exp(π

√

2N/k). (2.25)

Note that the result is not dependent on n.

In Lorentzian signature the Killing spinor of M-theory in AdS4 × S7 spacetime with

the AdS4 coordinates (2.9) is [10]

ǫ = e
α
4
(γ̂γ4−γ7♯)e

θ1
4
(γ̂γ5−γ8♯)e

θ2
2
(γ79+γ46)e−

ξ1
2
γ̂γ♯e−

ξ2
2
γ58e−

ξ3
2
γ47e−

ξ4
2
γ69e

u
2
γ̂γ2e

φ
2
γ23e

ρ
2
γ̂γ1e

t
2
γ̂γ0ǫ0,

(2.26)

where ǫ0 is a constant eleven-dimensional Majorana spinor which has 32 real degrees of

freedom. The definitions of ξi with i = 1, 2, 3, 4 are

ξ1 =
1

4
(2φ1 + χ+ ζ), ξ2 =

1

4
(−2φ1 + χ+ ζ),

ξ3 =
1

4
(2φ2 − χ+ ζ), ξ4 =

1

4
(−2φ2 − χ+ ζ). (2.27)

Also γ0, γ1, · · · , γ9, γ♯ are eleven-dimensional gamma matrices, and γ̂ ≡ γ0123. Note that

the eleven-dimensional gamma matrices are chosen such that

γ0123456789♯ = 1. (2.28)

To obtained the Killing spinor of M-theory on AdS4 ×S7/Γn,k, we need to impose the

conditions

LK1
ǫ = LK2

ǫ = 0, (2.29)

where K1,2 are the following two Killing vectors

K1 = ∂χ + ∂ζ , K2 = ∂ζ , (2.30)

and they are related to the generators of Γn,k. The definition of LKǫ is

LKǫ ≡ KM∇M ǫ+
1

4
(∇MKN )γMN ǫ. (2.31)

After some computations, we find that the two conditions (2.29) are equivalent to

γ4679ǫ0 = −ǫ0. (2.32)

So the background is half BPS compared to the maximal possibility, i.e. there are 16 real

supercharges. This is consistent with the fact that the dual three-dimensional SCFT is an

N = 4 theory.

– 7 –
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The supercharges preserved by the probe membrane are determined by the following

equation

ΓM2ǫ = ǫ, (2.33)

with

ΓM2 =
1√−g

∂σ0
XM∂σ1

XN∂σ2
XP e

A
Me

B
Ne

C
P γABC . (2.34)

For the membrane we just found, we have

ΓM2 = γ01♯. (2.35)

So the supercharges preserved by this probe membrane correspond to the solution of

γ01♯ǫ = ǫ. (2.36)

At the positions with α = θ1 = 0, this is equivalent to [10]

γ01♯ǫ0 = ǫ0. (2.37)

Since it is compatible with the projection condition in (2.32), we arrive at the conclusion

that the probe M2-brane put at α = θ1 = 0 is half BPS compared to the supersymmetries

of M-theory in AdS4 × S7/Γn,k spacetime.

3 N = 4 SCSM theory

Orbifolding the ABJM theory with gauge group U(nN)×U(nN) and levels (k,−k) by Zn,

one can get the N = 4 SCSM theory with gauge group U(N)2n and Chern-Simons levels

(k,−k, · · · , k,−k) [35]. We can get the SUSY transformation of this N = 4 theory from

that of ABJM theory (A.1) by the orbifolding. The result is

δφ
(2ℓ+1)
i = 2iχ̄îıψ

ı̂
(2ℓ+1), δφ

(2ℓ)
ı̂ = −2iχ̄îıψ

i
(2ℓ),

δφ̄i
(2ℓ+1) = 2iψ̄

(2ℓ+1)
ı̂ χîı, δφ̄ı̂

(2ℓ) = −2iψ̄
(2ℓ)
i χîı,

δA(2ℓ+1)
µ =

4π

k

[(

φ
(2ℓ+1)
i ψ̄

(2ℓ+1)
ı̂ − φ

(2ℓ)
ı̂ ψ̄

(2ℓ)
i

)

γµχ
îı + χ̄îıγµ

(

ψı̂
(2ℓ+1)φ̄

i
(2ℓ+1) − ψi

(2ℓ)φ̄
ı̂
(2ℓ)

)]

,

δÂ(2ℓ)
µ =

4π

k

[(

ψ̄
(2ℓ−1)
ı̂ φ

(2ℓ−1)
i − ψ̄

(2ℓ)
i φ

(2ℓ)
ı̂

)

γµχ
îı + χ̄îıγµ

(

φ̄i
(2ℓ−1)ψ

ı̂
(2ℓ−1) − φ̄ı̂

(2ℓ)ψ
i
(2ℓ)

)]

,

δψi
(2ℓ) = 2γµχîıDµφ

(2ℓ)
ı̂ + 2ϑîıφ

(2ℓ)
ı̂ − 4π

k
χîı

(

φ
(2ℓ)
ı̂ φ̄j

(2ℓ−1)φ
(2ℓ−1)
j

+φ
(2ℓ)
ı̂ φ̄̂

(2ℓ)φ
(2ℓ)
̂ − φ

(2ℓ+1)
j φ̄j

(2ℓ+1)φ
(2ℓ)
ı̂ − φ

(2ℓ)
̂ φ̄̂

(2ℓ)φ
(2ℓ)
ı̂

)

− 8π

k
χĵ

(

φ
(2ℓ+1)
j φ̄i

(2ℓ+1)φ
(2ℓ)
̂ − φ

(2ℓ)
̂ φ̄i

(2ℓ−1)φ
(2ℓ−1)
j

)

,

δψı̂
(2ℓ+1) = −2γµχîıDµφ

(2ℓ+1)
i − 2ϑîıφ

(2ℓ+1)
i +

4π

k
χîı

(

φ
(2ℓ+1)
i φ̄j

(2ℓ+1)φ
(2ℓ+1)
j

+φ
(2ℓ+1)
i φ̄̂

(2ℓ+2)φ
(2ℓ+2)
̂ − φ

(2ℓ+1)
j φ̄j

(2ℓ+1)φ
(2ℓ+1)
i − φ

(2ℓ)
̂ φ̄̂

(2ℓ)φ
(2ℓ+1)
i

)

− 8π

k
χĵ

(

φ
(2ℓ+1)
j φ̄ı̂

(2ℓ+2)φ
(2ℓ+2)
̂ − φ

(2ℓ)
̂ φ̄ı̂

(2ℓ)φ
(2ℓ+1)
j

)

, (3.1)
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δψ̄
(2ℓ)
i = −2χ̄îıγ

µDµφ̄
ı̂
(2ℓ) + 2ϑ̄îıφ̄

ı̂
(2ℓ) +

4π

k
χ̄îı

(

φ̄ı̂
(2ℓ)φ

(2ℓ+1)
j φ̄j

(2ℓ+1)

+φ̄ı̂
(2ℓ)φ

(2ℓ)
̂ φ̄̂

(2ℓ) − φ̄j
(2ℓ−1)φ

(2ℓ−1)
j φ̄ı̂

(2ℓ) − φ̄̂
(2ℓ)φ

(2ℓ)
̂ φ̄ı̂

(2ℓ)

)

+
8π

k
χ̄ĵ

(

φ̄j
(2ℓ−1)φ

(2ℓ−1)
i φ̄̂

(2ℓ) − φ̄̂
(2ℓ)φ

(2ℓ+1)
i φ̄j

(2ℓ+1)

)

,

δψ̄
(2ℓ+1)
ı̂ = 2χ̄îıγ

µDµφ̄
i
(2ℓ+1) − 2ϑ̄îıφ̄

i
(2ℓ+1) −

4π

k
χ̄îı

(

φ̄i
(2ℓ+1)φ

(2ℓ+1)
j φ̄j

(2ℓ+1)

+φ̄i
(2ℓ+1)φ

(2ℓ)
̂ φ̄̂

(2ℓ) − φ̄j
(2ℓ+1)φ

(2ℓ+1)
j φ̄i

(2ℓ+1) − φ̄̂
(2ℓ+2)φ

(2ℓ+2)
̂ φ̄i

(2ℓ+1)

)

+
8π

k
χ̄ĵ

(

φ̄j
(2ℓ+1)φ

(2ℓ)
ı̂ φ̄̂

(2ℓ) − φ̄̂
(2ℓ+2)φ

(2ℓ+2)
ı̂ φ̄j

(2ℓ+1)

)

.

Here ℓ = 0, 1, · · · , n−1. There are no summations of ℓ here, and would not be summations

of ℓ later unless it is given out explicitly. Indices i, j, · · · = 1, 2 and ı̂, ̂, · · · = 1̂, 2̂ are those

of the SU(2)× SU(2) R-symmetry. There are definitions of covariant derivatives

Dµφ
(2ℓ)
ı̂ = ∂µφ

(2ℓ)
ı̂ + iA(2ℓ+1)

µ φ
(2ℓ)
ı̂ − iφ

(2ℓ)
ı̂ Â(2ℓ)

µ ,

Dµφ
(2ℓ+1)
i = ∂µφ

(2ℓ+1)
i + iA(2ℓ+1)

µ φ
(2ℓ+1)
i − iφ

(2ℓ+1)
i Â(2ℓ+2)

µ ,

Dµφ̄
ı̂
(2ℓ) = ∂µφ̄

ı̂
(2ℓ) + iÂ(2ℓ)

µ φ̄ı̂
(2ℓ) − iφ̄ı̂

(2ℓ)A
(2ℓ+1)
µ , (3.2)

Dµφ̄
i
(2ℓ+1) = ∂µφ̄

i
(2ℓ+1) + iÂ(2ℓ+2)

µ φ̄i
(2ℓ+1) − iφ̄i

(2ℓ+1)A
(2ℓ+1)
µ .

Also χîı = θîı + xµγµϑ
îı and χ̄îı = θ̄îı − ϑ̄îıx

µγµ, and θîı, θ̄îı, ϑ
îı, ϑ̄îı are Dirac spinors with

constraints

(θîı)∗ = θ̄îı, θ̄îı = ǫijǫı̂̂θ
ĵ,

(ϑîı)∗ = ϑ̄îı, ϑ̄îı = ǫijǫı̂̂ϑ
ĵ. (3.3)

Symbols ǫij and ǫı̂̂ are antisymmetric with ǫ12 = ǫ1̂2̂ = 1. Note that for δ in (3.1) we have

δ = 2i
(

θ̄îıP
îı + ϑ̄îıS

îı
)

= 2i
(

P̄îıθ
îı + S̄îıϑ

îı
)

, (3.4)

with P îı, P̄îı and S îı, Sîı being Poncaré and conformal supercharges that satisfy

(P îı)∗ = P̄îı, P̄îı = ǫijǫı̂̂P
ĵ,

(S îı)∗ = S̄îı, S̄îı = ǫijǫı̂̂S
ĵ. (3.5)

In Euclidean space, the SUSY transformation is formally identical to (3.1), with χîı =

θîı + xµγµϑ
îı and χ̄îı = θ̄îı − ϑ̄îıx

µγµ. But now equations (3.3) become

θ̄îı = ǫijǫı̂̂θ
ĵ, ϑ̄îı = ǫijǫı̂̂ϑ

ĵ.

Note the eight spinors θîı, ϑîı with i = 1, 2, ı̂ = 1̂, 2̂ are independent Dirac spinors. Now

equations (3.4) are invariant but (3.5) become

P̄îı = ǫijǫı̂̂P
ĵ, S̄îı = ǫijǫı̂̂S

ĵ. (3.6)

– 9 –



J
H
E
P
1
1
(
2
0
1
5
)
2
1
3

4 Straight line in Minkowski spacetime

In Minkowski spacetime there are BPS Wilson loops along null and timelike infinite straight

lines [38]. It is easy to construct a null Wilson loop, and it is 1/2 BPS. We only consider

the timelike BPS Wilson loops here.

4.1 1/4 BPS Wilson loop

We consider the Wilson loop along a timelike straight line xµ = τδµ0 as

W
(2ℓ+1)
1/4 = P exp

(

−i

∫

dτA(2ℓ+1)(τ)

)

, (4.1)

A(2ℓ+1) = A(2ℓ+1)
µ ẋµ +

2π

k

(

M i
jφ

(2ℓ+1)
i φ̄j

(2ℓ+1) +M ı̂
̂φ

(2ℓ)
ı̂ φ̄̂

(2ℓ)

)

|ẋ|.

For Poncaré SUSY transformation we can get

δA(2ℓ+1) =
4π

k

[

φ
(2ℓ+1)
i ψ̄

(2ℓ+1)
ı̂

(

γ0θ
îı + iM i

jθ
jı̂
)

− φ
(2ℓ)
ı̂ ψ̄

(2ℓ)
i

(

γ0θ
îı + iM ı̂

̂θ
î
)

+
(

θ̄îıγ0 + iM j
iθ̄jı̂

)

ψı̂
(2ℓ+1)φ̄

i
(2ℓ+1) −

(

θ̄îıγ0 + iM ̂
ı̂θ̄î

)

ψi
(2ℓ)φ̄

ı̂
(2ℓ)

]

. (4.2)

We work in the basis of diagonal M i
j = miδ

i
j and M ı̂

̂ = mı̂δ
ı̂
̂, and then we get

γ0θ
îı = −imiθ

îı = −imı̂θ
îı,

γ0θ̄îı = imiθ̄îı = imı̂θ̄îı. (4.3)

Supposing θ11̂ 6= 0, we choose without loss of generality

γ0θ
11̂ = iθ11̂. (4.4)

Using (3.3) we know (θ11̂)∗ = θ22̂, and then we get

γ0θ
22̂ = −iθ22̂. (4.5)

This means that m1 = m1̂ = −1, m2 = m2̂ = 1. Then we have

θ12̂ = θ21̂ = 0. (4.6)

We can check that the equations (4.3) are consistent. It is similar for conformal SUSY

transformation. Thus we get a 1/4 BPS Wilson loop.

Similarly we can construct the 1/4 BPS Wilson loop along xµ = τδµ0 that preserves

the same supersymmetries

Ŵ
(2ℓ)
1/4 = P exp

(

−i

∫

dτÂ(2ℓ)(τ)

)

,

Â(2ℓ) = Â(2ℓ)
µ ẋµ +

2π

k

(

N j
i φ̄i

(2ℓ−1)φ
(2ℓ−1)
j +N ̂

ı̂ φ̄
ı̂
(2ℓ)φ

(2ℓ)
̂

)

|ẋ|, (4.7)

N j
i = N ̂

ı̂ = diag(−1, 1).
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Also we can combine (4.1) and (4.7) and get the 1/4 BPS Wilson loop

W1/4 = P exp

(

−i

∫

dτL1/4(τ)

)

,

L1/4 =

(

A
Â

)

, (4.8)

A = diag(A(1),A(3), · · · ,A(2n−1)),

Â = diag(Â(0), Â(2), · · · , Â(2n−2)).

Note that we can also construct the 1/4 BPS Wilson loop in this subsection using the

consideration in [27] for general N = 2 theories. So this Wilson loop is GY type.

4.2 1/2 BPS Wilson loop

We consider the timelike Wilson loop along xµ = τδµ0

W1/2 = P exp

(

−i

∫

dτL1/2(τ)

)

, (4.9)

where L1/2 is a supermatrix

L1/2 =

(

A F̄1

F2 Â

)

. (4.10)

Here we have definitions

A = diag(A(1),A(3), · · · ,A(2n−1)),

A(2ℓ+1) = A(2ℓ+1)
µ ẋµ +

2π

k

(

M i
jφ

(2ℓ+1)
i φ̄j

(2ℓ+1) +M ı̂
̂φ

(2ℓ)
ı̂ φ̄̂

(2ℓ)

)

|ẋ|,

Â = diag(Â(0), Â(2), · · · , Â(2n−2)), (4.11)

Â(2ℓ) = Â(2ℓ)
µ ẋµ +

2π

k

(

N j
i φ̄i

(2ℓ−1)φ
(2ℓ−1)
j +N ̂

ı̂ φ̄
ı̂
(2ℓ)φ

(2ℓ)
̂

)

|ẋ|,

F̄1 =



















f̄
(0)
1 f̄

(1)
1

f̄
(2)
1 f̄

(3)
1
. . .

. . .

f̄
(2n−4)
1 f̄

(2n−3)
1

f̄
(2n−1)
1 f̄

(2n−2)
1



















|ẋ|,

f̄
(2ℓ+1)
1 =

√

2π

k
η̄
(2ℓ+1)
ı̂ ψı̂

(2ℓ+1), f̄
(2ℓ)
1 =

√

2π

k
η̄
(2ℓ)
i ψi

(2ℓ),

F2 =



















f
(0)
2 f

(2n−1)
2

f
(1)
2 f

(2)
2

f
(3)
2

. . .

. . . f
(2n−4)
2

f
(2n−3)
2 f

(2n−2)
2



















|ẋ|, (4.12)

f
(2ℓ+1)
2 =

√

2π

k
ψ̄
(2ℓ+1)
ı̂ ηı̂(2ℓ+1), f

(2ℓ)
2 =

√

2π

k
ψ̄
(2ℓ)
i ηi(2ℓ).
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Note that A and Â are Grassmann even. Also η̄
(2ℓ+1)
ı̂ , η̄

(2ℓ)
i , ηı̂(2ℓ+1) and ηi(2ℓ) are Grassmann

even, and so F̄1 and F2 are Grassmann odd. To make W1/2 SUSY invariant, we need [31]

δL1/2 = DτG ≡ ∂τG+ i[L1/2, G], (4.13)

for some Grassmann odd supermatrix

G =

(

Ḡ1

G2

)

. (4.14)

Concretely, we need

δA = i(F̄1G2 − Ḡ1F2),

δÂ = i(F2Ḡ1 −G2F̄1), (4.15)

δF̄1 = Dτ Ḡ1 ≡ ∂τ Ḡ1 + iAḠ1 − iḠ1Â,

δF2 = DτG2 ≡ ∂τG2 + iÂG2 − iG2A.

As in [13], we can use symmetry to guide the search for a 1/2 BPS Wilson loop. We

break the SU(2)× SU(2) R-symmetry to U(1)× SU(2) by writing (i, ı̂) = (1, 2, ı̂). We wish

to get a BPS Wilson loop with the SU(2) subgroup intact, and so we choose

η̄
(2ℓ)
i = η̄(2ℓ)δ1i , ηi(2ℓ) = η(2ℓ)δ

i
1, η̄

(2ℓ+1)
ı̂ = ηı̂(2ℓ+1) = 0,

M i
j = diag(m1,m2), M ı̂

̂ = diag(m̂, m̂), (4.16)

N j
i = diag(n1, n2), N ̂

ı̂ = diag(n̂, n̂).

Then we need

Ḡ1 = diag(ḡ
(0)
1 , ḡ

(2)
1 , · · · , ḡ(2n−2)

1 ),

G2 = diag(g
(0)
2 , g

(2)
2 , · · · , g(2n−2)

2 ). (4.17)

And then equations (4.15) become

δA(2ℓ+1) = i(f̄
(2ℓ)
1 g

(2ℓ)
2 − ḡ

(2ℓ)
1 f

(2ℓ)
2 ),

δÂ(2ℓ) = i(f
(2ℓ)
2 ḡ

(2ℓ)
1 − g

(2ℓ)
2 f̄

(2ℓ)
1 ), (4.18)

δf̄
(2ℓ)
1 = Dτ ḡ

(2ℓ)
1 ≡ ∂τ ḡ

(2ℓ)
1 + iA(2ℓ+1)ḡ

(2ℓ)
1 − iḡ

(2ℓ)
1 Â(2ℓ),

δf
(2ℓ)
2 = Dτg

(2ℓ)
2 ≡ ∂τg

(2ℓ)
2 + iÂ(2ℓ)g

(2ℓ)
2 − ig

(2ℓ)
2 A(2ℓ+1).

Without loss of generality, we suppose that

γ0θ
1ı̂ = iθ1ı̂, ı̂ = 1̂, 2̂, (4.19)

and then from (3.3) we have

γ0θ
2ı̂ = −iθ2ı̂, θ̄1ı̂γ0 = iθ̄1ı̂, θ̄2ı̂γ0 = −iθ̄2ı̂. (4.20)
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For ψ2, ψı̂ and ψ̄2, ψ̄ı̂ not appearing in δA(2ℓ+1) and δÂ(2ℓ), we have to choosem1 = n1 = −1

and m2 = m̂ = n2 = n̂ = 1, and then we get

δA(2ℓ+1) = −8πi

k

(

φ
(2ℓ)
ı̂ ψ̄

(2ℓ)
1 θ1ı̂ + θ̄1ı̂ψ

1
(2ℓ)φ̄

ı̂
(2ℓ)

)

,

δÂ(2ℓ) = −8πi

k

(

ψ̄
(2ℓ)
1 φ

(2ℓ)
ı̂ θ1ı̂ + θ̄1ı̂φ̄

ı̂
(2ℓ)ψ

1
(2ℓ)

)

. (4.21)

For δf̄
(2ℓ)
1 and δf

(2ℓ)
2 satisfying the form of (4.18), we must choose

γ0η(2ℓ) = iη(2ℓ), η̄(2ℓ)γ0 = iη̄(2ℓ). (4.22)

Then we get

δf̄
(2ℓ)
1 = −i

√

8π

k
η̄(2ℓ)θ1ı̂D0φ

(2ℓ)
ı̂ , ḡ

(2ℓ)
1 = −i

√

8π

k
η̄(2ℓ)θ1ı̂φ

(2ℓ)
ı̂ ,

δf
(2ℓ)
2 = i

√

8π

k
θ̄1ı̂η(2ℓ)D0φ̄

ı̂
(2ℓ), g

(2ℓ)
2 = i

√

8π

k
θ̄1ı̂η(2ℓ)φ̄

ı̂
(2ℓ). (4.23)

One can show that, given6

η(2ℓ)η̄
(2ℓ) = −i− γ0, (4.24)

equations (4.18) are satisfied. It is similar for conformal SUSY transformation. Thus we

get the 1/2 BPS Wilson loop along a timelike infinite straight line.

4.3 Relation between 1/4 and 1/2 BPS Wilson loops

We check

W1/2 −W1/4 = QV, (4.25)

for some supercharge Q preserved by both W1/4 and W1/2 and some operator V . This is

similar to the ABJM case in [13]. In the N = 4 SCSM theory we have the 1/4 and 1/2

BPS Wilson loops (4.8) and (4.9)

W1/4(s, t) = P exp

(

−i

∫ s

t
dτL1/4(τ)

)

,

W1/2(s, t) = P exp

(

−i

∫ s

t
dτL1/2(τ)

)

. (4.26)

In this subsection it is convenient to rearrange the rows and columns and rewrite

L1/4 = diag
(

L
(0)
1/4, L

(1)
1/4, · · · , L

(n−1)
1/4

)

,

L
(ℓ)
1/4 =

(

A(2ℓ+1)

Â(2ℓ)

)

,

L1/2 = diag
(

L
(0)
1/2, L

(1)
1/2, · · · , L

(n−1)
1/2

)

, (4.27)

L
(ℓ)
1/2 =

(

A(2ℓ+1) f̄
(2ℓ)
1

f
(2ℓ)
2 Â(2ℓ)

)

.

6We stress again that there are no summations of ℓ in this paper unless indicated explicitly.
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Note that for L1/4 there are M i
j = M ı̂

̂ = N j
i = N ̂

ı̂ = diag(−1, 1), and for L1/2 there are

M i
j = N j

i = diag(−1, 1) and M ı̂
̂ = N ̂

ı̂ = diag(1, 1). Here L
(ℓ)
1/2 with ℓ = 0, 1, · · · , n−1 can

be thought as building blocks of the 1/2 BPSWilson loop. Note that though L
(ℓ)
1/2 with fixed

ℓ only involves fermions ψi
(2ℓ) and ψ̄

(2ℓ)
i which are in (anti-)bifundamental representation

of U(N)(2ℓ) × U(N)(2ℓ+1), the involved scalar fields include not only φ
(2ℓ)
ı̂ , φ̄ı̂

(2ℓ), but also

φ
(2ℓ±1)
i , φ̄i

(2ℓ±1). In some sense, this construction is a kind of hybrid of 1/2 BPS Wilson

loop in ABJM theory and 1/4 BPS Wilson loop in this N = 4 theory.

We also define

L1/2 − L1/4 = L̃ = L̃B + L̃F ,

L̃1/2 = L1/4 + L̃B − L̃F ,

W̃1/2(s, t) = P exp

(

−i

∫ s

t
dτL̃1/2(τ)

)

. (4.28)

Explicitly there are

L̃B = diag
(

L̃
(0)
B , L̃

(1)
B , · · · , L̃(n−1)

B

)

,

L̃
(ℓ)
B =

4π

k

(

φ
(2ℓ)

1̂
φ̄1̂
(2ℓ)

φ̄1̂
(2ℓ)φ

(2ℓ)

1̂

)

,

L̃F = diag
(

L̃
(0)
F , L̃

(1)
F , · · · , L̃(n−1)

F

)

, (4.29)

L̃
(ℓ)
F =

√

2π

k

(

η̄(2ℓ)ψ1
(2ℓ)

ψ̄
(2ℓ)
1 η(2ℓ)

)

.

Then we get

W1/2(s, t)−W1/4(s, t) = −i

∫ s

t
dτ

[

W1/4(s, τ)L̃(τ)W1/2(τ, t)
]

= −i

∫ s

t
dτ

[

W1/2(s, τ)L̃(τ)W1/4(τ, t)
]

. (4.30)

We define

Λ = diag
(

Λ(0),Λ(1), · · · ,Λ(n−1)
)

,

Λ(ℓ) = −
√

2π

k

(

φ
(2ℓ)

1̂

φ̄1̂
(2ℓ)

)

, (4.31)

and a Grassmann odd operator

Q = diag
(

Q(0), Q(1), · · · , Q(n−1)
)

,

Q(ℓ) = η̄(2ℓ)P 11̂ + P̄11̂η(2ℓ), (4.32)

with P 11̂ and P̄11̂ being Poncaré charges in (3.4). It can be checked that

QΛ = L̃F , αΛ2 = L̃B, α = 2. (4.33)
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Now we have the SUSY transformation

δW1/4(s, t) = 0,

δW1/2(s, t) = −iG(s)W1/2(s, t) +W1/2(s, t)iG(t),

δW̃1/2(s, t) = iG(s)W̃1/2(s, t)− W̃1/2(s, t)iG(t), (4.34)

with

G = diag
(

G(0), G(1), · · · , G(n−1)
)

,

G(ℓ) =

(

ḡ
(2ℓ)
1

g
(2ℓ)
2

)

. (4.35)

Note that ḡ
(2ℓ)
1 and g

(2ℓ)
2 have been derived in (4.23). And then we have

QW1/4(s, t) = 0,

QW1/2(s, t) = αΛ(s)W1/2(s, t)− W̃1/2(s, t)αΛ(t),

QW̃1/2(s, t) = −αΛ(s)W̃1/2(s, t) +W1/2(s, t)αΛ(t). (4.36)

Note that from (4.24) we have η̄(2ℓ)η(2ℓ) = −2i with no summation of ℓ.

We define

S1(s, t) = −i

∫ s

t
dτ

[

W1/4(s, τ)Λ(τ)W1/2(τ, t)
]

,

S2(s, t) = −i

∫ s

t
dτ

[

W1/4(s, τ)Λ(τ)W̃1/2(τ, t)
]

,

S3(s, t) = −i

∫ s

t
dτ

[

W1/2(s, τ)Λ(τ)W1/4(τ, t)
]

, (4.37)

S4(s, t) = −i

∫ s

t
dτ

[

W̃1/2(s, τ)Λ(τ)W1/4(τ, t)
]

.

We can show that

QS1(s, t) = W1/2(s, t)−W1/4(s, t)− S2(s, t)αΛ(t),

QS4(s, t) = W1/2(s, t)−W1/4(s, t)− αΛ(s)S4(s, t). (4.38)

For the infinite straight line, we have s → ∞ and t → −∞, and we also assume Λ(±∞) = 0.

Then we get

W1/2 −W1/4 = QS1 = QS4. (4.39)

Operator S1 or S4 is just the V we are looking for.

5 Straight line in Euclidean space

There are BPS Wilson loops along spacelike infinite straight lines in Euclidean space. Since

they are similar to BPS Wilson loops along timelike infinite straight lines in Minkowski

spacetime, and so it will be brief in this section.
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5.1 1/4 BPS Wilson loop

We use coordinates xµ = (x1, x2, x3) in Euclidean space. We have the 1/4 BPS Wilson

loop along the infinite straight line xµ = τδµ1 the same as (4.8) except that

M i
j = M ı̂

̂ = N j
i = N ̂

ı̂ = diag(i,−i). (5.1)

The preserved Poncaré and conformal supersymmetries are

γ1θ
11̂ = θ11̂, γ1θ

22̂ = −θ22̂,

γ1ϑ
11̂ = ϑ11̂, γ1ϑ

22̂ = −ϑ22̂, (5.2)

θ12̂ = θ21̂ = ϑ12̂ = ϑ21̂ = 0.

5.2 1/2 BPS Wilson loop

Also we have the 1/2 BPS Wilson loop along the infinite straight line xµ = τδµ1 the same

as (4.9) except that

M i
j = N j

i = diag(i,−i), M ı̂
̂ = N ̂

ı̂ = diag(−i,−i),

γ1η(2ℓ) = η(2ℓ), η̄(2ℓ)γ1 = η̄(2ℓ), η(2ℓ)η̄
(2ℓ) = i(1 + γ1). (5.3)

The preserved supersymmetries are

γ1θ
1ı̂ = θ1ı̂, γ1θ

2ı̂ = −θ2ı̂,

γ1ϑ
1ı̂ = ϑ1ı̂, γ1ϑ

2ı̂ = −ϑ2ı̂, (5.4)

with ı̂ = 1̂, 2̂.

5.3 Relation between 1/4 and 1/2 BPS Wilson loops

The check of W1/2−W1/4 = QV for a straight line in Euclidean space is similar to the case

of a timelike straight line in Minkowski spacetime. The only differences are that

L̃
(ℓ)
B = −4πi

k

(

φ
(2ℓ)

1̂
φ̄1̂
(2ℓ)

φ̄1̂
(2ℓ)φ

(2ℓ)

1̂

)

,

α = −2i. (5.5)

6 Circle in Euclidean space

The N = 4 SCSM theory is a superconformal theory, and a conformal transformation can

change an infinite straight line to a circle. So there would be BPS circular Wilson loops if

there exist BPS Wilson loops along infinite straight lines.
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6.1 1/4 BPS Wilson loop

There is 1/4 circular BPS Wilson loop along xµ = (cos τ, sin τ, 0) the same as (4.8) except

that

M i
j = M ı̂

̂ = N j
i = N ̂

ı̂ = diag(i,−i). (6.1)

The preserved Poncaré and conformal supersymmetries are

ϑ11̂ = iγ3θ
11̂, ϑ22̂ = −iγ3θ

22̂,

θ12̂ = θ21̂ = ϑ12̂ = ϑ21̂ = 0. (6.2)

6.2 1/2 BPS Wilson loop

Also there is circular 1/2 BPS Wilson loop along xµ = (cos τ, sin τ, 0) the same as (4.9)

except that

M i
j = N j

i = diag(i,−i), M ı̂
̂ = N ̂

ı̂ = diag(−i,−i),

η̄(2ℓ)α = β̄(eiτ/2, e−iτ/2), η(2ℓ)α = (e−iτ/2, eiτ/2)β, (6.3)

with β, β̄ being Grassmann even constants and satisfying ββ̄ = i. Note that we have useful

relations with no summations of ℓ

η(2ℓ)η̄
(2ℓ) = i (1 + ẋµγµ) , η̄(2ℓ)η(2ℓ) = 2i. (6.4)

Here we have antiperiodic boundary conditions

G(2π) = −G(0), (6.5)

and so the gauge invariant Wilson loop is

TrW1/2. (6.6)

Now the preserved supersymmetries are

ϑ1ı̂ = iγ3θ
1ı̂, ϑ2ı̂ = −iγ3θ

2ı̂, (6.7)

with ı̂ = 1̂, 2̂.

6.3 Relation between 1/4 and 1/2 BPS Wilson loops

The check of W1/2 −W1/4 = QV for a circle in Euclidean space is different to the case of

a straight line in Minkowski spacetime. Firstly we have the differences

L̃
(ℓ)
B = −4πi

k

(

φ
(2ℓ)

1̂
φ̄1̂
(2ℓ)

φ̄1̂
(2ℓ)φ

(2ℓ)

1̂

)

,

Λ(ℓ) = −
√

2π

k
eiτ/2

(

φ
(2ℓ)

1̂

φ̄1̂
(2ℓ)

)

, (6.8)

Q(ℓ) = ζ̄(2ℓ)
(

P 11̂ + iγ3S
11̂
)

+
(

P̄11̂ + S̄11̂iγ3
)

ζ(2ℓ),

ζ̄(2ℓ)α = β̄(1, 0), ζ(2ℓ)α = (0, 1)β, α = −2ie−iτ .

Then, the construction of V is also different, since we have to treat the boundary terms

carefully. The calculation is very involved, and so we collect them in appendix D.
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7 Conclusion and discussion

In this paper, we have investigated the supersymmetric Wilson loops in N = 4 SCSM

theory. In Minkowski spacetime we have 1/2 BPS Wilson loops along null infinite straight

lines, and 1/4 and 1/2 BPS Wilson loops along timelike infinite straight lines. In Euclidean

space we have 1/4 and 1/2 Wilson loops along infinite straight lines, as well as circular

1/4 and 1/2 Wilson loops. We also gave a complete proof that the difference between 1/4

and 1/2 Wilson loops is Q-exact with Q being some supercharge that is preserved by both

the 1/4 and 1/2 Wilson loops. On the gravity side, we also studied the probe M2-branes

dual to half BPS circular Wilson loops in the fundamental representation, and give the

holographic prediction of the VEV of this 1/2 BPS Wilson loops in the M-theory limit.

The VEV of the half-BPS circular Wilson loop in fundamental representation can be

calculated using localization in the M-theory limit (N → ∞ with k and n being fixed)

based on results in [39]. It will be also interesting to compute the vacuum expectation

values of these BPS Wilson loops beyond the M-theory limit. We can use the fermi gas

approach [40, 41] to include all of the 1/N corrections. Similar to the ABJM case [42], it

is interesting to study these Wilson loops in arbitrary representations. These results are

in accordance with the gravity ones, and they will be presented in [43].

We think that the construction of DT type BPS Wilson loops here could be easily

generalized to similar ones in N = 4 theories obtained from orbifolding ABJ theory or

N = 5 theories in [29, 30]. It is an interesting question to study whether there exist DT

type BPS Wilson loops in other N = 4 theories [33, 34, 44–46]7 and N = 3 theories [47–50].

As mentioned in the Introduction, in the latter case the DT type Wilson loops are believed

to be at most 1/3 BPS [32].
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A Review of Wilson loops in ABJM theory

The ABJM theory is an N = 6 SCSM theory, and it was constructed in [4]. ABJM theory

has gauge group U(N) × U(N) and Chern-Simons levels (k,−k), and the gauge fields are

Aµ and Âµ respectively. The complex scalar φI and Dirac spinor ψI are in (N, N̄) bifun-

damental representation, and so φ̄I = φ†
I and ψ̄I = (ψI)† are in (N̄ ,N) representation. We

adopt the convention of spinors in three-dimensional Minkowski spacetime and Euclidean

7This issue has been addressed recently in [28].
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space in [38]. We use I, J,K,L, · · · = 1, 2, 3, 4 as indices of the SU(4) R-symmetry. A

general SUSY transformation of ABJM theory is [30, 51–53]

δAµ =
4π

k

(

φI ψ̄Jγµχ
IJ + χ̄IJγµψ

J φ̄I
)

,

δÂµ =
4π

k

(

ψ̄JγµφIχ
IJ + χ̄IJ φ̄

Iγµψ
J
)

,

δφI = 2iχ̄IJψ
J , δφ̄I = 2iψ̄Jχ

IJ , (A.1)

δψI = 2γµχIJDµφJ + 2ϑIJφJ − 4π

k
χIJ

(

φJ φ̄
KφK − φK φ̄KφJ

)

− 8π

k
χKLφK φ̄IφL,

δψ̄I = −2χ̄IJγ
µDµφ̄

J + 2ϑ̄IJ φ̄
J +

4π

k
χ̄IJ

(

φ̄JφK φ̄K − φ̄KφK φ̄J
)

+
8π

k
χ̄KLφ̄

KφI φ̄
L,

with χIJ = θIJ + xµγµϑ
IJ and χ̄IJ = θ̄IJ − ϑ̄IJx

µγµ. The definitions of covariant deriva-

tives are

DµφJ = ∂µφJ + iAµφJ − iφJ Âµ,

Dµφ̄
J = ∂µφ̄

J + iÂµφ̄
J − iφ̄JAµ. (A.2)

Also θIJ , θ̄IJ and ϑIJ , ϑ̄IJ are Dirac spinors with constraint

θIJ = −θJI , (θIJ)∗ = θ̄IJ , θ̄IJ =
1

2
ǫIJKLθ

KL,

ϑIJ = −ϑJI , (ϑIJ)∗ = ϑ̄IJ , ϑ̄IJ =
1

2
ǫIJKLϑ

KL. (A.3)

Symbol ǫIJKL is totally antisymmetric with ǫ1234 = 1. The θ, θ̄ terms denote Poncaré

SUSY transformation, and ϑ, ϑ̄ terms denote conformal SUSY transformation. Note that

we have δAµ = δA†
µ, δÂµ = δÂ†

µ, δφ̄I = δφ†
I , and δψ̄I = δψ†

I .

For the Euclidean ABJM theory, the SUSY transformation is formally identical

to (A.1), with χIJ = θIJ + xµγµϑ
IJ and χ̄IJ = θ̄IJ − ϑ̄IJx

µγµ. But now equations (A.3)

become

θIJ = −θJI , θ̄IJ =
1

2
ǫIJKLθ

KL,

ϑIJ = −ϑJI , ϑ̄IJ =
1

2
ǫIJKLϑ

KL. (A.4)

Note the twelve spinors θIJ , ϑIJ with I, J = 1, 2, 3, 4 are independent Dirac spinors.

In Minkowski spacetime, one has the 1/6 BPS Wilson loop along the timelike infinite

straight line xµ = τδµ0 [10–12]

W1/6 = P exp

(

−i

∫

dτA(τ)

)

,

Ŵ1/6 = P exp

(

−i

∫

dτÂ(τ)

)

,

A = Aµẋ
µ +

2π

k
M I

JφI φ̄
J |ẋ|, (A.5)

Â = Âµẋ
µ +

2π

k
N J

I φ̄IφJ |ẋ|,

M I
J = N J

I = diag(−1,−1, 1, 1).
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Here W1/6 and Ŵ1/6 can be combined to give the 1/6 BPS Wilson loop

W1/6 = P exp

(

−i

∫

dτL1/6(τ)

)

,

L1/6 =

(

A
Â

)

. (A.6)

The preserved Poncaré and conformal supersymmetries are

γ0θ
12 = iθ12, γ0θ

34 = −iθ34,

θ13 = θ14 = θ23 = θ24 = 0, (A.7)

γ0ϑ
12 = iϑ12, γ0ϑ

34 = −iϑ34,

ϑ13 = θ14 = ϑ23 = ϑ24 = 0.

Also one has the 1/2 BPS Wilson loop along the timelike infinite straight line xµ = τδµ0 [13]

W1/2 = P exp

(

−i

∫

dτL1/2(τ)

)

,

L1/2 =

(

A f̄1
f2 Â

)

,

A = Aµẋ
µ +

2π

k
M I

JφI φ̄
J |ẋ|,

Â = Âµẋ
µ +

2π

k
N J

I φ̄IφJ |ẋ|, (A.8)

M I
J = N J

I = diag(−1, 1, 1, 1),

f̄1 =

√

2π

k
η̄Iψ

I |ẋ|, f2 =

√

2π

k
ψ̄Iη

I |ẋ|,

η̄I = η̄δ1I , ηI = ηδI1 ,

γ0η = iη, η̄γ0 = iη̄, ηη̄ = −i− γ0.

The preserved Poncaré and conformal supersymmetries are

γ0θ
1i = iθ1i, γ0θ

ij = −iθij ,

γ0ϑ
1i = iϑ1i, γ0ϑ

ij = −iϑij , (A.9)

with i, j = 2, 3, 4. One can use localization techniques to calculate the vacuum expectation

value of the 1/6 BPS Wilson loop [19], and in order to generalize this to the 1/2 BPS

Wilson loops [22, 23] one needs the relation between 1/6 and 1/2 BPS Wilson loops [13]

W1/2 −W1/6 = QV, (A.10)

for some supercharge Q preserved by both W1/6 and W1/2 and some operator V . Operator

V has been given in [13], and W1/2 − W1/6 = QV can be checked for the first several
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orders.8 Note that there is no spacelike BPS Wilson loop in Minkowski spacetime [38].

One has 1/2 BPS Wilson loops along null infinite straight lines.

In Euclidean space, we use coordinates xµ = (x1, x2, x3). One has the 1/6 BPS Wilson

loop along the infinite straight line xµ = τδµ1 the same as (A.6) except that

M I
J = N J

I = diag(i, i,−i,−i). (A.11)

The preserved Poncaré and conformal supersymmetries are

γ1θ
12 = θ12, γ1θ

34 = −θ34,

θ13 = θ14 = θ23 = θ24 = 0, (A.12)

γ1ϑ
12 = ϑ12, γ1ϑ

34 = −ϑ34,

ϑ13 = θ14 = ϑ23 = ϑ24 = 0.

Also one has the 1/2 BPS Wilson loop along the infinite straight line xµ = τδµ1 the same

as (A.8) except that

M I
J = N J

I = diag(i,−i,−i,−i),

γ1η = η, η̄γ1 = η̄, ηη̄ = i(1 + γ1).

The preserved supersymmetries are

γ1θ
1i = θ1i, γ1θ

ij = −θij ,

γ1ϑ
1i = ϑ1i, γ1ϑ

ij = −ϑij ,

with i, j = 2, 3, 4. The check of W1/2 −W1/6 = QV for a straight line in Euclidean space

is similar to the previous case.

Besides, in Euclidean space one has the circular 1/6 BPS Wilson loop along xµ =

(cos τ, sin τ, 0) the same as (A.6) except that

M I
J = N J

I = diag(i, i,−i,−i). (A.13)

The preserved Poncaré and conformal supersymmetries are

ϑ12 = iγ3θ
12, ϑ34 = −iγ3θ

34,

θ13 = θ14 = θ23 = θ24 = 0, (A.14)

ϑ13 = θ14 = ϑ23 = ϑ24 = 0.

Also one has the circular 1/2 BPS Wilson loop along xµ = (cos τ, sin τ, 0) the same as (A.8)

except that

M I
J = N J

I = diag(i,−i,−i,−i), (A.15)

η̄α = β̄(eiτ/2, e−iτ/2), ηα = (e−iτ/2, eiτ/2)β,

8In fact, the localization is used to compute the BPS circular Wilson loops in the Euclidean space

discussed in the following. The discussion on the relation of W1/6 and W1/2 here can be taken as a

warm-up.
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with β, β̄ being constants and satisfying ββ̄ = i. The preserved supersymmetries are

ϑ1i = iγ3θ
1i, ϑij = −iγ3θ

ij , (A.16)

with i, j = 2, 3, 4. There has been no general form of V in the check of W1/2−W1/6 = QV ,

but there are V of the first several orders in [13].

B A simple proof of gauge covariance of Wilson lines

We have a general line in spacetime parameterized by τ ∈ [t, s]. For gauge field A(τ) we

define the Wilson line

W (s, t) = P exp

(

−i

∫ s

t
dτA(τ)

)

, (B.1)

with P being path-ordering. For a general infinitesimal gauge transformation

δA ≡ DτΛ = ∂τΛ + i[A,Λ], (B.2)

the Wilson line transforms as

δW (s, t) = −iΛ(s)W (s, t) +W (s, t)iΛ(t). (B.3)

This gauge covariance of Wilson lines is well-known, one can see a complete proof in, for

example, the textbook [54]. Here we give a simple proof using induction.

For n ≥ 0 we define the symbols

Xn(s, t) =

∫ s

t
dτ1

∫ τ1

t
dτ2 · · ·

∫ τn−1

t
dτnA1A2 · · ·An,

Yn(s, t) =

∫ s

t
dτ1

∫ τ1

t
dτ2 · · ·

∫ τn−1

t
dτn (∂Λ1A2 · · ·An +A1∂Λ2A3 · · ·An

+ · · ·+A1A2 · · ·An−1∂Λn) , (B.4)

Zn(s, t) =

∫ s

t
dτ1

∫ τ1

t
dτ2 · · ·

∫ τn−1

t
dτn ([A1,Λ1]A2 · · ·An +A1[A2,Λ2]A3 · · ·An

+ · · ·+A1A2 · · ·An−1[An,Λn]) ,

with the shorthand Ai ≡ A(τi), Λi ≡ Λ(τi) and ∂Λi ≡ ∂τiΛ(τi). Note that we have X0 = 1

and Y0 = Z0=0. We have the relations

W =
+∞
∑

n=0

(−i)nXn, δXn = Yn + iZn. (B.5)

With the recursive relations for n ≥ 1

Xn(s, t) =

∫ s

t
dτA(τ)Xn−1(τ, t),

Yn(s, t) =

∫ s

t
dτ (∂τΛ(τ)Xn−1(τ, t) +A(τ)Yn−1(τ, t)) , (B.6)

Zn(s, t) =

∫ s

t
dτ ([A(τ),Λ(τ)]Xn−1(τ, t) +A(τ)Zn−1(τ, t)) ,
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we can use induction to prove

Yn+1(s, t)− Zn(s, t) = Λ(s)Xn(s, t)−Xn(s, t)Λ(t). (B.7)

This leads to the infinitesimal version of the gauge covariance of the Wilson line (B.3).

We rewrite (B.3) as

P
(

e−i
∫ s
t dτA(τ)

∫ s

t
dτ ′Dτ ′Λ(τ

′)

)

= P
(

e−i
∫ s
t dτA(τ)[Λ(s)− Λ(t)]

)

. (B.8)

Then it follows that more generally for [t′, s′] ⊂ [t, s] we can easily get

P
(

e−i
∫ s
t dτA(τ) · · ·

∫ s′

t′
dτ ′Dτ ′Λ(τ

′) · · ·
)

= P
(

e−i
∫ s
t dτA(τ) · · · [Λ(s′)− Λ(t′)] · · ·

)

. (B.9)

This is just the statement in [13] that one can integrate out the covariant derivative D =

d+ iA term in the presence of path ordered exp(−i
∫

A).

C Alternative Wilson loops for a super connection

In this appendix we explore alternative definitions of Wilson loops for a super connection.

The result is that we find no nontrivial ones.

A super connection L can be written as L = B+F with Grassmann even part B being

block diagonal and Grassmann odd part F being block off-diagonal

B =

(

B1

B2

)

, F =

(

F1

F2

)

. (C.1)

When defining the path-ordering for the Grassmann odd part F of the supermatrix L, we

have ambiguities. We can do it as an ordinary matrix

PF (τ1)F (τ2) =

{

F (τ1)F (τ2) τ1 ≥ τ2
F (τ2)F (τ1) τ1 < τ2

, (C.2)

or we can define the super path-ordering as

SPF (τ1)F (τ2) =

{

F (τ1)F (τ2) τ1 ≥ τ2
−F (τ2)F (τ1) τ1 < τ2

. (C.3)

Note that when acting on two Grassmann even matrices, or one even matrix and one odd

matrix, SP is no different with P. Only when acting on two odd matrices, SP is different

from P as shown above.

We can define the Wilson loop along a super connection L as that of an ordinary

connection

W (s, t) = P exp

(

−i

∫ s

t
dτL(τ)

)

, (C.4)
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and this is just what is done in main part of the paper. As shown in the last appendix, for

a transformation

δL = ∂Λ + i[L,Λ], (C.5)

with Λ = Σ+Ξ, Σ being Grassmann even and Ξ being odd, the Wilson loop transforms as

δW (s, t) = −iΛ(s)W (s, t) +W (s, t)iΛ(t). (C.6)

This is the same as the case of an ordinary gauge filed. For super matrices there is also

definition

[L,Λ} = [B,Σ] + [B,Ξ] + [F,Ξ] + {F,Ξ}. (C.7)

Note that for a transformation

δ′L = ∂Λ + i[L,Λ} = δL+ 2iΞF, (C.8)

the Wilson loop (C.4) transforms as

δ′W (s, t) = −iΛ(s)W (s, t) +W (s, t)iΛ(t) + 2P
[

exp

(

−i

∫ s

t
dτL(τ)

)∫ s

t
dτ ′Ξ(τ ′)F (τ ′)

]

,

(C.9)

and so it is not covariant under δ′L.

Alternatively, we can define the Wilson loop for a super connection L as

SW (s, t) = SP exp

(

−i

∫ s

t
dτL(τ)

)

, (C.10)

with the super path-ordering defined in (C.3). We rewrite SW as

SW (s, t) = P
[

exp

(

−i

∫ s

t
dτB(τ)

)

SP exp

(

−i

∫ s

t
dτF (τ)

)]

, (C.11)

and then expand

SP exp

(

−i

∫ s

t
dτF (τ)

)

=
+∞
∑

n=0

(−i)n

n!
Tn(s, t), (C.12)

with

Tn(s, t) = SP
∫ s

t
dτ1

∫ τ1

t
dτ2 · · ·

∫ τn−1

t
dτn

∑

σ∈Sn

F (τσ(1))F (τσ(2)) · · ·F (τσ(n)), (C.13)

where Sn denotes order n permutation group. It is easy to see that Tn = 0 for n ≥ 2. And

then we get

SW (s, t) = P
[

exp

(

−i

∫ s

t
dτB(τ)

)(

1− i

∫ s

t
dτF (τ)

)]

. (C.14)

Thus the definition of SW (C.10) is trivial for several aspects.
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• For a loop, upon taken the trace Tr or super trace STr, there is no contribution from

the block off-diagonal part,

TrSW = TrP exp

(

−i

∮

dτB(τ)

)

,

STrSW = STrP exp

(

−i

∮

dτB(τ)

)

. (C.15)

• Quantum mechanically, the Grassmann odd part will not contribute to the vacuum

expectation value,

〈SW 〉 =
〈

P exp

(

−i

∫

dτB(τ)

)〉

. (C.16)

• Furthermore, it is not covariant under the transformation (C.5) or (C.8).

D A complete proof of 1/2 and 1/4 BPS Wilson loops differencing by a

Q-exact term

The result here is general and applies not only to the N = 4 SCSM case, but also to the

ABJM case. A complete proof of 1/2 and 1/6 BPS Wilson loops difference in ABJM theory

being Q-exact is the same as what is presented here.

D.1 Some simplifications

First of all, let us repeat the problem that we are going to tackle and make some simpli-

fications. We have a circle parameterized by τ ∈ [0, 1] with xµ(1) = xµ(0).9 We have the

1/4 and 1/2 BPS Wilson loops

W1/4 = P exp

(

−i

∫

dτL1/4(τ)

)

,

W1/2 = P exp

(

−i

∫

dτL1/2(τ)

)

, (D.1)

with

L1/2 = L1/4 + L̃ = L1/4 + L̃B + L̃F . (D.2)

Here L1/2 is a supermatrix, with L1/4 + L̃B being its Grassmann even block diagonal part

and L̃F being its Grassmann odd block off-diagonal part. There is a Grassmann odd

operator Q and a Grassmann even block off-diagonal matrix Λ. We have the relations

QΛ = L̃F , κΛ2 = L̃B, κ(1) = κ(0), Λ(1) = −Λ(0), (D.3)

QL1/4 = 0, QL̃B = {L̃F , κΛ}, QL̃F = ∂τ (iκΛ) + i[L1/4, iκΛ].

Here the factor α has been redefined as κ. Note that [L̃B,Λ] = 0 has been used. We want

to find some operators V and U that satisfy

QV (1, 0) = W1/2(1, 0)−W1/4(1, 0) + iκ(1)Λ(1)U(1, 0) + U(1, 0)iκ(0)Λ(0). (D.4)

9Note that this is different to what we have done before. For a circle we have used τ ∈ [0, 2π].
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Taking the trace we would have

QTrV (1, 0) = TrW1/2(1, 0)− TrW1/4(1, 0). (D.5)

We call this task I.

To avoid cluster of factors and indices, we make the following redefinitions

L1/4 → iL1/4, L1/2 → iL1/2, L̃ → iL, L̃B → iB,

L̃F → iF, Λ → eiπ/4Λ, Q → eiπ/4Q. (D.6)

Then we have

W1/4 = P exp

(∫

dτL1/4(τ)

)

,

W1/2 = P exp

(∫

dτL1/2(τ)

)

, (D.7)

with

L1/2 = L1/4 + L = L1/4 +B + F. (D.8)

We have the relations

QΛ = F, κΛ2 = B, κ(1) = κ(0), Λ(1) = −Λ(0), (D.9)

QL1/4 = 0, QB = {F, κΛ}, QF = ∂τ (κΛ)− [L1/4, κΛ].

Our task is still to find some operators V and U that satisfy

QV (1, 0) = W1/2(1, 0)−W1/4(1, 0) + κ(1)Λ(1)U(1, 0) + U(1, 0)κ(0)Λ(0). (D.10)

We call this task II. Of course, it is equivalent to task I.

Furthermore, we may set L1/4 = 0 and redefine W1/2 = W in task II. Now there are

W = P exp

(∫

dτL(τ)

)

,

L = B + F. (D.11)

We have the relations

QΛ = F, κΛ2 = B, κ(1) = κ(0), Λ(1) = −Λ(0),

QB = {F, κΛ}, QF = ∂τ (κΛ). (D.12)

Our task is to find some operators V and U that satisfy

QV (1, 0) = W (1, 0)− 1 + κ(1)Λ(1)U(1, 0) + U(1, 0)κ(0)Λ(0). (D.13)

We call it task III. It is a special case of task II, and so is easier.
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D.2 Some definitions

Before tacking task III we make some formal definitions. We have a circle parameterized

by τ ∈ [0, 1] with xµ(1) = xµ(0), and we will also use s, t, τ1, τ2, · · · to denote the parameter

of the circle. We define two kinds of quantities on the circle.

• We call the first kind type 1, and a type 1 quantity has only one argument. Generally

we denote them by lowercase Latin letters a(τ), b(τ), c(τ), · · · , or simply a, b, c, · · · .
Type 1 quantities below will include Λ, B, F , et al.

• The second kind is type 2, and a type 2 quantity has two arguments. We denote them

generally by lowercase Greek letters α(s, t), β(s, t), γ(s, t), · · · , or simply α, β, γ, · · · .
Note that s ≥ t is required. Type 2 quantities below will include W , Wn, V , Vn,

U , Un, Λmn, Bmn, Fmn, S5,6,7,8, et al. We also define the identity type 2 quantity

I(s, t) = 1.

We then define two kinds of operations ∗ and ◦. For two type 1 quantities a, b we

define a type 2 quantity as

(a ∗ b)(s, t) ≡
∫ s

t
dτ1

∫ τ1

t
dτ2a(τ1)b(τ2) =

∫ s

t
dτ2

∫ s

τ2

dτ1a(τ1)b(τ2). (D.14)

Note that a ∗ b 6= b ∗ a. For one type 1 quantity a and one type 2 quantity α we define

type 2 quantities as

(α ∗ a)(s, t) ≡
∫ s

t
dτα(s, τ)a(τ),

(a ∗ α)(s, t) ≡
∫ s

t
dτa(τ)α(τ, t). (D.15)

Note that α ∗ a 6= a ∗ α. For two type 2 quantities α, β we do NOT define α ∗ β, and so

it is illegal. For one type 1 quantity a and two type 2 quantity α, β, we define a type 2

quantity

(α ◦ a ◦ β)(s, t) ≡
∫ s

t
dτα(s, τ)a(τ)β(τ, t). (D.16)

Note that symbol ◦ must appear in pair. We also define shorthand

(ab)(τ) ≡ a(τ)b(τ), (aα)(s, t) ≡ a(s)α(s, t), (αa)(s, t) ≡ α(s, t)a(t). (D.17)

Note that the shorthand is of the highest priority in calculation.

Under the above definitions there are some useful relations. There are

a ∗ I = I ∗ a, (I ∗ a) ∗ b = a ∗ b, a ∗ (I ∗ b) = a ∗ b,
I ◦ a ◦ α = a ∗ α, α ◦ a ◦ I = α ∗ a. (D.18)

Note that I ∗ a 6= a, because they are of different types. We can prove the associative

relations

(a ∗ b) ∗ c = a ∗ (b ∗ c), (a ∗ α) ∗ b = a ∗ (α ∗ b). (D.19)
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Also we know a ∗ (b ∗ α) and (α ∗ a) ∗ b are legal, and (a ∗ b) ∗ α and α ∗ (a ∗ b) are illegal.

So we can write without ambiguity

a ∗ b ∗ c, a ∗ α ∗ b, a ∗ b ∗ α, α ∗ a ∗ b. (D.20)

We can prove

a ∗ (α ◦ b ◦ β) = (a ∗ α) ◦ b ◦ β, (α ◦ a ◦ β) ∗ b = α ◦ a ◦ (β ∗ b), (D.21)

and so we can write directly

a ∗ α ◦ b ◦ β, α ◦ a ◦ β ∗ b. (D.22)

For the shorthand (D.17) we have useful relations

α ∗ ab = αa ∗ b, ab ∗ α = a ∗ bα,
αa ◦ b ◦ β = α ◦ ab ◦ β = α ◦ a ◦ bβ. (D.23)

D.3 The main part

We tackle task III in this subsection and subsections D.4 and D.5. As done in [13], we

expand (D.11) in powers of B and F . We set F to be of order one, and B to be of order

two. And then we have

W =
+∞
∑

n=0

Wn, (D.24)

with the first few orders being

W0 = I, W1 = I ∗ F, W2 = I ∗B + F ∗ F, W3 = B ∗ F + F ∗B + F ∗ F ∗ F,
W4 = B ∗B +B ∗ F ∗ F + F ∗B ∗ F + F ∗ F ∗B + F ∗ F ∗ F ∗ F. (D.25)

It can be seen that our definitions simplify these formulas significantly. There is recursive

relation for n ≥ 2

Wn = B ∗Wn−2 + F ∗Wn−1 = Wn−2 ∗B +Wn−1 ∗ F. (D.26)

Note that we can define W−1 = 0 to make the above equations apply to n ≥ 1.

We also define

V =
+∞
∑

n=1

Vn, U =
+∞
∑

n=1

Un. (D.27)

And then task III (D.13) becomes to find Vn and Un for n ≥ 1 to satisfy

QVn = Wn + κΛUn + UnκΛ. (D.28)

We define

W̃ = P exp

[∫

dτ (B − F )

]

, (D.29)
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and then we get

W̃ =
+∞
∑

n=0

(−)nWn. (D.30)

From (D.12) we have

QW = κΛW − W̃κΛ, QW̃ = −κΛW̃ +WκΛ, (D.31)

and then for n ≥ 1 we get

QWn = κΛWn−1 + (−)nWn−1κΛ. (D.32)

Note that W0 = I, QW0 = 0, and we have set W−1 = 0. And then the above equation

applies to n ≥ 0.

For m ≥ −1 and n ≥ −1 we define

Λmn ≡ Wm ◦ Λ ◦Wn, Bmn ≡ Wm ◦B ◦Wn, Fmn ≡ Wm ◦ F ◦Wn. (D.33)

Note that we have Λmn = 0 for m = −1 or n = −1, and it is similar to Bmn and Fmn.

Because of (D.26), for m ≥ 1 we have

Bmn = B ∗Bm−2,n + F ∗Bm−1,n,

Fmn = B ∗ Fm−2,n + F ∗ Fm−1,n, (D.34)

and for n ≥ 1 we have

Bmn = Bm,n−2 ∗B +Bm,n−1 ∗ F,
Fmn = Fm,n−2 ∗B + Fm,n−1 ∗ F. (D.35)

And we can show

QΛmn = (−)m (Bm−1,n +Bm,n−1 + Fmn) + κΛΛm−1,n + (−)m+nΛm,n−1κΛ. (D.36)

Then we claim that the Vn and Un with n ≥ 1 we want in (D.28) are that for k ≥ 0

V2k+1 =
2k
∑

i=0

Λi,2k−i, U2k+1 =
2k−1
∑

i=0

Λi,2k−1−i,

V2k+2 =
1

2k + 2

2k+1
∑

i=0

(−)iΛi,2k+1−i, (D.37)

U2k+2 = − 1

2k + 2

2k
∑

i=0

(−)iΛi,2k−i.
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We will prove this claim using two different methods in subsections D.4 and D.5. The first

few orders are

V1 = I ∗ Λ, U1 = 0, V2 =
1

2
(Λ ∗ F − F ∗ Λ), U2 = −1

2
I ∗ Λ,

V3 = Λ ∗B +B ∗ Λ + Λ ∗ F ∗ F + F ∗ Λ ∗ F + F ∗ F ∗ Λ, U3 = Λ ∗ F + F ∗ Λ,

V4 =
1

4
(Λ ∗B ∗ F − F ∗B ∗ Λ +B ∗ Λ ∗ F −B ∗ F ∗ Λ + Λ ∗ F ∗B − F ∗ Λ ∗B (D.38)

+ Λ ∗ F ∗ F ∗ F − F ∗ Λ ∗ F ∗ F + F ∗ F ∗ Λ ∗ F − F ∗ F ∗ F ∗ Λ),

U4 = −1

4
(Λ ∗B +B ∗ Λ + Λ ∗ F ∗ F − F ∗ Λ ∗ F + F ∗ F ∗ Λ).

Note that V1,2,3 are just the ones given in [13]. Here we have gone further, and give a

general expression of Vn and Un for all integers n ≥ 1. Besides, we will give a general proof

of (D.28). There are two methods of doing so, and then we split the main part to two

branches.

D.4 The first branch

In the first branch we use (D.36) and get for k ≥ 0

QV2k+1 =
2k
∑

i=0

(−)iFi,2k−i + κΛU2k+1 + U2k+1κΛ, (D.39)

QV2k+2 =
1

2k + 2

(

2

2k
∑

i=0

Bi,2k−i +

2k+1
∑

i=0

Fi,2k+1−i

)

+ κΛU2k+2 + U2k+2κΛ.

Thus to prove (D.28) we need for k ≥ 0

2k
∑

i=0

(−)iFi,2k−i = W2k+1, (D.40)

2
2k
∑

i=0

Bi,2k−i +
2k+1
∑

i=0

Fi,2k+1−i = (2k + 2)W2k+2,

the first few orders of which can be verified easily. Furthermore, for k ≥ 0 we can prove

the above two equations and the following two equations

2k+1
∑

i=0

(−)iFi,2k+1−i = 0, (D.41)

2
2k+1
∑

i=0

Bi,2k+1−i +
2k+2
∑

i=0

Fi,2k+2−i = (2k + 3)W2k+3,

using induction. In the process (D.26) and (D.34) are used. Thus the proof of (D.28)

is done.
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D.5 The second branch

In the second branch, we firstly define

S5 = W ◦ Λ ◦W, S6 = W̃ ◦ Λ ◦ W̃ ,

S7 = W̃ ◦ Λ ◦W, S8 = W ◦ Λ ◦ W̃ . (D.42)

Then we can show

S5 + S6 = 2
+∞
∑

k=0

V2k+1, S5 − S6 = 2
+∞
∑

k=0

U2k+1,

S7 + S8 = −2
+∞
∑

k=0

(2k + 2)U2k+2, S7 − S8 = 2
+∞
∑

k=0

(2k + 2)V2k+2. (D.43)

Note that U1 = 0 has been used. From (D.31) we get

QS5 = W̃ ◦ F ◦W + κΛS5 − S6κΛ,

QS6 = W ◦ F ◦ W̃ − κΛS6 + S5κΛ, (D.44)

QS7 = W ◦ (2B + F ) ◦W − κΛS7 − S8κΛ,

QS8 = W̃ ◦ (−2B + F ) ◦ W̃ + κΛS8 + S7κΛ.

And then using (D.24) and (D.30), as well the results (D.40) in the first branch, we can get

Q(S5 + S6) = 2
+∞
∑

k=0

W2k+1 + κΛ(S5 − S6) + (S5 − S6)κΛ,

Q(S7 − S8) = 2
+∞
∑

k=0

(2k + 2)W2k+2 − κΛ(S7 + S8)− (S7 + S8)κΛ. (D.45)

Thus for k ≥ 0 we get

QV2k+1 = W2k+1 + κΛU2k+1 + U2k+1κΛ,

QV2k+2 = W2k+2 + κΛU2k+2 + U2k+2κΛ. (D.46)

This is indeed just (D.28). However, we note that neither V or U can be written directly

as combinations of S5,6,7,8.

D.6 Back to the main part

Now we turn back to the main part, with task III being completed. From task III to task II

we need to use (B.9) and just make some simple changes in the proof of task III. All the

type 1 quantities do not change, and every type 2 quantity changes as

α(s, t) = P
[

W1/4(s, t)α(s, t)
]

, (D.47)

with α being the old type 2 quantity and α being the new one. Especially, the “identity”

type 2 quantity becomes

I(s, t) → W1/4(s, t). (D.48)
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For type 1 quantities a, b, c, · · · and the old type 2 quantities α, β, γ, · · · , there are still ∗
and ◦ operations defined as before. For type 1 quantities a, b, c, · · · and the new type 2

quantities α, β, γ, · · · we define ⊛ and ⊚ operations as

(a⊛ b)(s, t) ≡ P
[

W1/4(s, t)(a ∗ b)(s, t)
]

,

(a⊛ α)(s, t) ≡ P
[

W1/4(s, t)(a ∗ α)(s, t)
]

,

(α⊛ a)(s, t) ≡ P
[

W1/4(s, t)(α ∗ a)(s, t)
]

, (D.49)

(α⊚ a⊚ β)(s, t) ≡ P
[

W1/4(s, t)(α ◦ a ◦ β)(s, t)
]

.

Now we have shorthand

(aα)(s, t) ≡ P
[

W1/4(s, t)a(s)α(s, t)
]

,

(αa)(s, t) ≡ P
[

W1/4(s, t)α(s, t)a(t)
]

. (D.50)

Keeping the above changes in mind, we can tackle task II with few efforts. For example,

we need to change (D.24) to

W1/2 −W1/4 =
+∞
∑

n=1

Wn, (D.51)

with Wn being changed as (D.47). And (D.29) is changed to

W̃1/2 = P exp

[∫

dτ
(

L1/4 +B − F
)

]

. (D.52)

In the second branch equations (D.42) are changed to

S5 = W1/2 ⊚ Λ⊚W1/2, S6 = W̃1/2 ⊚ Λ⊚ W̃1/2,

S7 = W̃1/2 ⊚ Λ⊚W1/2, S8 = W1/2 ⊚ Λ⊚ W̃1/2. (D.53)

Thus task II is completed following task III and (B.9). Since task I is equivalent to task II,

task I is competed too.

In summary we have given a complete proof that the difference of circular 1/2 and 1/4

BPS Wilson loops in this N = 4 SCSM theory is Q-exact, with Q being some supercharge

that is preserved by the both the 1/2 and 1/4 BPS Wilson loops. As we have stated, this

proof also applies to the 1/2 and 1/6 BPS Wilson loops in ABJM theory.
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