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1 Introduction

After the discovery of AdS;/CFT, correspondence [1-3], people have also been interested
in the AdS;/CFT3 correspondence. A superconformal field theory (SCFT) that is dual
to M-theory on AdS, x S7 spacetime is needed, or equivalently an SCFT that describes
coinciding M2-branes is needed. The theory was finally constructed in [4] and is known
as Aharony-Bergman-Jafferis-Maldacena (ABJM) theory. The ABJM theory is an N' = 6
super Chern-Simons-matter (SCSM) theory with gauge group U(N) x U(N) and levels
(k,—k), and it is dual to M-theory in AdS; x S7/Z spacetime, or type ITA superstring
theory in AdS; x C'P3 spacetime. When k = 1,2 the supersymmetries are enhanced non-
perturbatively to N = 8.

Like the study of Bogomol'nyi-Prasad-Sommerfield (BPS) Wilson loopsind =4 N =4
super Yang-Mills theory in AdS5;/CFTy correspondence [5-9], there are also many studies
of Wilson loops in ABJM theory in the AdS;/CFTj3 correspondence. The simplest BPS
Wilson loop in ABJM theory is the 1/6 BPS one that was constructed in [10-12], but the
simplest fundamental string solution dual to a Wilson loop in type ITA superstring theory
in AdS; x CP? spacetime is 1/2 BPS. With more efforts the 1/2 BPS Wilson loop was
constructed in [13].) When M theory or ITA superstring theory is weakly coupled, ABJM
theory is strongly coupled. Then in order to compare with available results in gravity side,
one needs to compute the vacuum expectation values (VEVs) of Wilson loops at strong
coupling which is usually a hard task. However, using localization techniques [19]? one can
compute these VEVs in ABJM theory at both weak and strong couplings [19, 22, 23]. In
applying the localization techniques to 1/2 BPS Wilson loops one needs to check that 1/2
and 1/6 BPS Wilson loops difference by a @-exact term with @) being some supercharge that
is preserved by both the 1/2 and 1/6 BPS Wilson loops and being used in localization [13].
The result of localization techniques for the 1/2 BPS loop has also been checked up to two
loops in [24-26].

The construction of the 1/6 BPS Wilson loops in ABJM theory in [10-12] is basically
the same as the 1/2 BPS (1/3 BPS) Wilson loop in d = 3 N =2 (AN = 3) Chern-Simons-
matter theory in [27]. We will call these Wilson loops Gaiotto-Yin (GY) type. When
2 < N <6, the GY type Wilson loop usually preserves four real supercharges, including
the Poncaré supercharges and superconformal ones, if the loop is along a straight line
or a circle.®> The construction of 1/2 BPS Wilson loops in [13] includes essentially the
fermionic matter fields and the supergroup structure appears in the ABJM theory. This
type of Wilson loops will be called Drukker-Trancanelli (DT) type. It is an interesting
question whether DT type BPS Wilson loops exist in theories with fewer supersymmetries.
In A/ = 5 theories [29, 30], such Wilson loops do exist and they are 2/5 BPS [31]. The
situation in A/ = 3 theories is interesting but not completely clear. Based on studies of the
dual M2-brane solutions, strong evidence was given in [32] to support the conjecture that

!There are also similar constructions of Wilson loops but with fewer supersymmetries in [14-18].

2This has been generalized to ' = 2 SCSM theories in [20, 21].

3However supersymmetry enhancement for some special GY type Wilson loops in d = 3, ' = 4 theories
has been recently found in [28].



there are no Wilson loops in A/ = 3 theories that preserve more that four supercharges.
If this conjecture is right, there are two possibilities about the fate of the DT type BPS
Wilson loops: one is that there are no DT type BPS Wilson loops in such theories, and
the other is that DT type BPS Wilson loops exist in some AN = 3 theories and they are at
most 1/3 BPS. This direction is interesting to be further studied.

Putting the situations in A/ = 3 theories aside, we would like now to study the con-
struction of DT type BPS Wilson loops in N' = 4 Chern-Simons-matter theories. Among
these theories [33, 34], we will focus on the theories that are obtained from the non-chiral
orbifold of ABJM theory. From ABJM theory with gauge group U(nN) x U(nN), one can
perform a Z, orbifolding and get an N’ =4 SCSM theory [35], and it is dual to M-theory
in AdSy x S7/(Z, x Zy,,) background [35-37]. The Wilson loops in this N = 4 theory in
fundamental representation are dual to M2-branes in AdSy x S7/(Z, x Z,}) spacetime.
We consider the simplest embedding of such a membrane. The topology of the membrane
worldvolume is AdSy x S', where AdS; € AdS, and S! is along the M-theory circle direc-
tion in S7/(Z, x Znr). We find that there exists such an M2-brane that preserves half of
the supersymmetries of the M-theory in AdSy x S7/(Z,, X Z,) spacetime. This indicates
that there should be half-BPS Wilson loops in such A/ = 4 SCSM theory. Based on expe-
rience in ABJM case, this Wilson loop may not be GY type, and may be DT type. One of
the main results in this paper is the construction of such DT type half-BPS Wilson loops.
We get the Poncaré and conformal supersymmetry (SUSY) transformation of the N' = 4
SCSM theory from that of ABJM theory. As a warm-up, we firstly construct the 1/4 BPS
GY type Wilson loops. Then we give the details of the construction of the 1/2 BPS DT
type Wilson loops. In Minkowski spacetime, we have the 1/4 and 1/2 BPS Wilson loops
along a timelike infinite straight line. In Euclidean space, we have the 1/4 and 1/2 BPS
Wilson loops along a infinite straight line, as well as 1/4 and 1/2 BPS Wilson loops along
a circle. We also provide a complete proof that 1/2 and 1/4 BPS Wilson loops difference
by a @-exact term, with @) being some supercharge that is preserved by both the 1/4 and
1/2 BPS Wilson loops.

The rest of the paper is arranged as follows. In section 2, we study the simplest M2-
brane solution dual to a circular Wilson loop in orbifold ABJM theory. We compute its
on-shell action with boundary terms included and we also find that this M2-brane can be
half BPS. In section 3 we review the basics of this N' = 4 SCSM theory and derive its
SUSY transformation. In section 4 we consider the 1/4 and 1/2 BPS Wilson loops along a
timelike infinite straight line in Minkowski spacetime. In section 5 we consider the 1/4 and
1/2 BPS Wilson loops along an infinite straight line in Euclidean space. In section 6 we
construct the circular 1/4 and 1/2 BPS Wilson loops. We conclude with conclusion and
discussion in section 7. We review the 1/6 and 1/2 BPS Wilson loops in ABJM theory in
appendix A. In appendix B we provide a simple proof of gauge covariance of Wilson loops,
from which we also prove a useful statement that has appeared in [13]. In appendix C
we explore alternative definitions of Wilson loops for a super connection, but we find no
nontrivial ones. In appendix D there are the calculation details of subsection 6.3, and we
give a complete proof that the difference between 1/2 and 1/4 BPS Wilson loops is Q-exact.



Note added. After the paper appears in ArXiv, there appears another paper [28] that
has some overlaps with ours. There are more general 1/2 BPS Wilson loops in the orbifold
ABJM theory, as well as in other ' = 4 SCSM theories. According to terminology of [28],
the 1/2 BPS Wilson loops in this paper are 11-loops. For a timelike straight line 2# = 76/
in Minkowski space if we change the first two equations of the ansatz (4.16) to

_(2¢ _ ] i
7 = 7062, M(2e) = N26)02; (1.1)
we would get the o-loops. In this case we would have m =n = —1, as well as
Yom2e) = —inN(20)s 7120 = —i 20, 77(24)77(2@ = —1i+ . (1.2)

The 11- and 2-loops have the same conserved supersymmetries (4.19) and (4.20). There
are similar stories for 1/2 BPS Wilson loops along straight lines and circles in Euclidean
space. There are a large number of 1/2 BPS Wilson loops, but there are not so many dual
1/2 BPS objects in M-theory. And so it is expected in [28] that these Wilson loops are 1/2
BPS classically, and only some special linear combination of them is 1/2 BPS quantum
mechanically.

2 M2-branes in AdS,; X S"/(Z,, X Z,i) spacetime

The N = 4 theory obtained from orbifolding ABJM theory is dual to M-theory in AdS, x
ST /(Zn X Zni) spacetime. We will denote Z,, x Z,, as Iy below. If we embed a unit S7
inside C* = R® as

4
Ylal=1, zec, (2.1)
i=1
the action of I, on S7 is generated by [36]

(21,22, 23, 24) = (Wp21, W22, 23, 24), (2.2)

and
Zi — WnkZi, (23)

213 )

where w,, = exp (W .

We parameterize z; as

i

cos a cos o1 e
21 = — — X
1 B) 9 p

0 -
29 = cos%singlexp _%(—%01 +X+C)] ;
0 ro.
z3 = sin % cos 52 exp _%(2@2 —x+ C)} , (2.4)
% sin 2 exp | £ (-2 - x40
24 = cos — sin — exp | — (=29 —
4 B) B) P_4 P2 — X )




where a € [0, 7], ¢ € [0,87], x € [0,47], 612 € [0,7], 12 € [0,27]. Then the action of T,
is generated by

4 4
X=X+ =, (o (+ =, (2.5)
n n
and 8
v
_ 2.6
= CH o (2.6)

The ITA limit of M-theory is obtained by taking k& — oo while keeping n fixed. In this
limit the circle along ¢ direction will shrink. So this circle is the M-theory circle, and its

circumference is %. The metric of unit S7 is

1
dskr = ; {da2 + cos” I (6] + sin® 1dp3) + sin® 5 (d63 -+ sin® fadisd)
+ sin? % cos? %(dx + cos Bydpy — cos Badps)?

+ <;d§ + cos? % cos 01dyp; + sin® % cos Oodps + % cos adx) 2] . (2.7)
The metric of AdSy x S7/T'y, 1 is
ds?, = R? (idsid& + ds% /FM> : (2.8)
For Lorentzian signature we choose the following global coordinate on AdSy,
dszAdS4 = cosh? u (- cosh? pdt?® + dpQ) + du? + sinh? udg?. (2.9)

The four-form field strength on this background is

3R3

Hy = e cosh? usinh u cosh pdt A dp A du A dép. (2.10)
Flux quantization gives
N 1o 2,2 1/6
=21l | ————— =/(,(32 Nk 2.11
Rty Gy GO 24y

where ¢, is the eleven-dimensional Planck length, and we have used

Vol(S7 it
Vol(S7/T, 1) = ngk ) _ T (2.12)

The radius of the ¢ circle in Planck unit is of order R/(nkf,) « (n>Nk)'/6/(nk), and so
the M-theory description is a good one when N > n*k®.
We consider the probe M2-brane solution in this background. In Lorentzian signature

the bosonic part of the M2-brane action is

Sire = ]\9[123’] + S]\M/ZQZ = —Tuo < d3g\/—detgmn + /P[C3]> . (213)



Here g, is the induced metric of the membrane worldvolume, T is the tension of the

M2-brane 1

Thpy = —— 2.14
M2 (2m)263 (2.14)

and P[C3] is the pullback of the bulk 3-form gauge potential to the worldvolume of the
membrane. The gauge choice for the background 3-form gauge potential C5 is

3

R
Cs = §(<:osh3 u — 1) cosh pdt A dp A deo. (2.15)

From the action, one can obtain the membrane equation of motion as*

1 Q
7_98”1 ( /jggmnanXﬂ) Gm—l—gmnamXﬂanXBFNipGQiM:

1
SINE

" (PlACs]) Mmnp-
(2.16)

ﬁ

Note that €""P is a tensor density on the world-volume of the membrane.

Since we want to find the simplest membrane embedding corresponding to a Wilson
loop in the dual field theory, we take the topology of the membrane worldvolume to be
AdSs x S'. The AdS, is embedded in AdS,, while S! is along the M-theory circle. So we
consider the ansatz

t=0", p=o', (=02, (2.17)

where o, n = 0, 1, 2 is the coordinates on the worldvolume of M2-brane. One can find that
the equations of motion only lead to the constraint that w = 0. Then the induced metric
of M2-brane is

1 1 1
ds%;, = R? <—4 cosh? pdt?* + deQ + 16d<2> - (2.18)

To compute the on-shell action of the M2-brane whose boundary at infinity is S, we
work in Euclidean signature and choose the AdSy coordinates

dsid&l = cosh?u (sinh2 pdi)® + dpz) + du?® + sinh? ud¢?, (2.19)

where 1) € [0,27]. In Euclidean signature the M2-brane action becomes®

Sare = SEET =Ty [ d®ov/detgmn. (2.20)
For the M2-brane that is put at

Yp=01, p=o03, (=03 u=0, (2.21)
the on-shell action is

Ty
1

3
Shra = 26R / dCdpdi sinh p. (2.22)

*We always use the indices from the beginning (middle) of the alphabet to refer to the frame (coordinate)
coordinates, and the underlined indices to refer to the target space ones.
°Tt is easy to see that S}, = 0 for the M2-brane solution considered here.



After adding boundary terms to regulate the action as in [8], we get

T R?
Stotal — —7”‘22/@. (2.23)

Using the fact that ¢ € [0, 7], Ty = 1/(4m*£3) and (2.11), we can get

» nk
[2N
Stotal — 7 = (2.24)

Then the holographic prediction for the leading exponential behavior of the VEV of the
1/2 BPS Wilson loop in the large N limit with finite k£ and n is

(W) ~ exp(—Si35) = exp(my/2N/k). (2.25)

Note that the result is not dependent on n.
In Lorentzian signature the Killing spinor of M-theory in AdS; x S7 spacetime with
the AdSy coordinates (2.9) is [10]

4 91 (4 ) €14 2 €3 4 5 ¢ P4 ts
e = et (M=) (15=81) o5 (19 H746) o= 3 AW o= F 1580 =547~ 29690371720 312805 1M 03 10¢

(2.26)

where ¢ is a constant eleven-dimensional Majorana spinor which has 32 real degrees of
freedom. The definitions of & with i = 1,2, 3,4 are

6= 220+ X+, &= 1(-201 X+ 0,

4
1 1
53:1(2¢2—X+C)a &= Z(_2¢2_X+C)' (2.27)
Also 70, 71, - -+, 79, V4 are eleven-dimensional gamma matrices, and 4 = 79123 Note that

the eleven-dimensional gamma matrices are chosen such that

Yo1234567895 = 1. (2.28)

To obtained the Killing spinor of M-theory on AdS, x S7/ Iy, &, we need to impose the
conditions
Ly, e =Lk, e=0, (2.29)

where K o are the following two Killing vectors
Ky =0y+0:, Kz=0, (2.30)
and they are related to the generators of I'j, ;.. The definition of Lxe is
Lre= KMV e+ E(VMKM)WME- (2.31)
After some computations, we find that the two conditions (2.29) are equivalent to

Y4679€0 = —€0- (2.32)

So the background is half BPS compared to the maximal possibility, i.e. there are 16 real
supercharges. This is consistent with the fact that the dual three-dimensional SCFT is an
N = 4 theory.



The supercharges preserved by the probe membrane are determined by the following
equation
Cpoe =€, (2.33)

with
1

Tao = ——
v—9

For the membrane we just found, we have

Doy XM 0, XN, XPeMeﬁePWABC (2.34)

a2 = Y014 (2.35)

So the supercharges preserved by this probe membrane correspond to the solution of
Yo14€ = €. (2.36)

At the positions with o = 61 = 0, this is equivalent to [10]

Yo1g€o = €o- (2.37)

Since it is compatible with the projection condition in (2.32), we arrive at the conclusion
that the probe M2-brane put at o = 67 = 0 is half BPS compared to the supersymmetries
of M-theory in AdSy x S7/ I';, . spacetime.

3 N =4 SCSM theory

Orbifolding the ABJM theory with gauge group U(nN) x U(nN) and levels (k, —k) by Z,,

2n

one can get the N'= 4 SCSM theory with gauge group U(N)?" and Chern-Simons levels
(k,—k,---,k,—k) [35]. We can get the SUSY transformation of this N' = 4 theory from
that of ABJM theory (A.1) by the orbifolding. The result is

067 Y = 2ixittiarrry, 06 = —2iXuttlay

5¢(2£+1) = 2“/’@2“1 X%, 89 (20) _QW(% X A?

5AEL2£+1) — 4% [(qbﬁ”“%?”” _ ¢>§2€)@-(2€)) VX" + XV (1/1%2“1)95%2”1 w(% o QK)H
521&2") - 4% [(1/7’2(%71)‘155%71) - 1@(2@)%(%)) ’YuXﬁ + Xii Y (‘Z;i2e—1 w%%—l) - &%25)1/12'2@))} )
5%2@) = Z'VHXﬁDu‘ﬁg%) + 2191‘%@) N 4% (¢ 2 ¢J2e 1)¢ e

+¢§2£)<13€25)¢ (20) ¢(2€+1 ¢g2€+1 ¢(2£) _¢A24 ¢]2z ¢§%)

B %ij <¢§2z+1)q31(-%+1)¢§24) B ¢§2£)¢ . 1)¢ (20-1) )
0iarsry = —27"X" "Dy R T S 4k: X’ <¢£2z+1) (2e+1)¢(2é+1)
+ 2e+1)¢]%L2 ¢(2€+2) ¢§2£+1) (2£+1)¢(2e+1) ¢(% ¢J ¢ 22+1))
_ 8k 3 (¢(2e+1 ¢(2€+2 ¢(2£+2) B ¢§2€)$z2€)¢j2“1)> 7 (3.1)



o0 - - i AT 1 20+1) 75
o) = —2XiY" Dpulae) + 2Vialag) + - Xaa <¢(2€ (b(‘ )¢J2@+1)

i (20 75 201 5
+¢(2€)¢JE )(75%26) - (2e 1) ¢( )¢ (20) — ¢ ¢ <75(2g)
8 (5 (26-1) 7 S5 (20+1)
X < (2t-1): #2@) - ¢z2€)¢ ¢J2£+1 )
p26+1 v B 9. 7i dm _ o 204+1) 7
o = 2XiY" Dudlagsr) — 20iaflaes1) — 7 Xio (¢(2@+1)¢§ ! )¢%213+1)

¢(zz+1) 5 = $RED g

Ti (20) 77
+er1)®;  Dlap) — (2z+1 20+1) ~ P20+2)?5 (2@+1)>

8T _ /- (20) 7 " (26+2) 75
T Xii ( €2£+1)¢i ‘%5) - ¢€2e+2)¢z ¢f2£+1)> :

Here £ =0,1,--- ,n—1. There are no summations of ¢ here, and would not be summations
of ¢ later unless it is given out explicitly. Indices i,j,---=1,2 and 7,7}, -- = 1,2 are those
of the SU(2) x SU(2) R-symmetry. There are definitions of covariant derivatives

qu(zﬁ 8M¢§2é) + z'Af“l)qﬁgﬂ) _ iqﬁE%)A(ﬂ)

7 w0
M¢i2€+1 _ 8u¢§24+1) + Z.A(24+1)¢(2£+1) . .¢(2£+1)A£2g+2)7
D“qgl(%) - 81/1522@) + Z.A/(J,Z )¢(2e - “75(2@ 2”1)’ (3.2)

D“‘ZBZ('%H) - 81@22%1) + iA,S )¢(2£+1) _ ¢(2€+1)A£2z+1)_

Also % = 6% + x“”y,mii and Y;; = 05 — 19%96“7#, and 6%, 0;;, 9%, 9;; are Dirac spinors with

constraints

(07)" =0, 0 = €ijet’,
(191@)* _ 51% 'lgzi — eijeijﬂjj' (33)

Symbols €;; and €;; are antisymmetric with € = €55 = 1. Note that for § in (3.1) we have
§ = 2i (éﬁpﬁ + %Sﬁ) = 9 (Pﬁeﬁ + §m9ﬁ) , (3.4)

with P%, P; and S%, S;; being Poncaré and conformal supercharges that satisfy

(Szi)* s S’zi — Eijeijsjj- (35)

P = ee P,

In Euclidean space, the SUSY transformation is formally identical to (3.1), with x% =
0% + a:“’y“ﬁ“ and Y = 0 — Q%x“fyu. But now equations (3.3) become

Oi = eijet?’, Ui = e’

Note the eight spinors 0, 9% with i = 1,2, 7 = 1,2 are independent Dirac spinors. Now
equations (3.4) are invariant but (3.5) become

Pﬁ = Gijéijpjj, Sﬁ = 6Z'j6ijsjj. (3.6)



4 Straight line in Minkowski spacetime

In Minkowski spacetime there are BPS Wilson loops along null and timelike infinite straight
lines [38]. It is easy to construct a null Wilson loop, and it is 1/2 BPS. We only consider
the timelike BPS Wilson loops here.

4.1 1/4 BPS Wilson loop

We consider the Wilson loop along a timelike straight line z# = 76} as

Wit = Pexp (—i / dTA(%ﬂ)(T)> ’ Y
oy 2T (0 (2041) 7 ipP0G ) i
AR _ Aff“l)a:“ + - (qubgz +1) €2£+1) + qubf ) z%)) |Z].

For Poncaré SUSY transformation we can get

An

(20+1)
0A 3

620 6 (01407 - 6205 (0 379)
+ (@m + iMjﬁﬁ) Vioer1yPlaer1) (émo +iM j@j) wéze)q;%%)} . (42)

We work in the basis of diagonal M ij = mz(F; and M ’j = mgéj?, and then we get

’)/09“ = —imiH“ = —z’miﬁ”,

Yobii = imibi = im;fy. (4.3)
Supposing gl =% 0, we choose without loss of generality
o0 = oL, (4.4)

Using (3.3) we know (911)* = 622, and then we get

Y0022 = —ih22, (4.5)
This means that m; = mj; = —1, ma = ms = 1. Then we have
912 = g2 = 0. (4.6)

We can check that the equations (4.3) are consistent. It is similar for conformal SUSY
transformation. Thus we get a 1/4 BPS Wilson loop.

Similarly we can construct the 1/4 BPS Wilson loop along z# = 76} that preserves
the same supersymmetries

Wl(?ﬁ) = Pexp <—i/d7fl(2é) (T)> ,

p ~(90) . 2m i 7i 20—1 775 200\ | .
ABO = A@Dgr + - (NZ.%(%D@. )+ NI Bl 8 )) |2, (4.7)
N,/ = N,/ = diag(—1,1).

,10,



Also we can combine (4.1) and (4.7) and get the 1/4 BPS Wilson loop

W14 =Pexp (—i/dTL1/4(T)> ,

Ly = (A A) ) (4.8)

A = diag(AM, A®) ... 4Gy
A = diag(A©, A®) ... 4=,

Note that we can also construct the 1/4 BPS Wilson loop in this subsection using the
consideration in [27] for general N' = 2 theories. So this Wilson loop is GY type.

4.2 1/2 BPS Wilson loop

We consider the timelike Wilson loop along z# = 76}

W1/2 = PeXp <—Z/dTL1/2(T)> s (49)
where Ly is a supermatrix
A Fy
Lqi= i 4.10
1/2 (Fg A > ( )
Here we have definitions

A = diag(AW, A(3)7.,. | ACn=D)y,
A26+1) :AEL%H) u+ 3 <Mz¢2e+1)¢1%+1 +M@j¢§2e)¢—)g2€)) m

A = diag(A©, A@) o AR2)) (4.11)
; z i < 201 i (20N |
ACHD = ARO “JF ¢]¢(2e_1)¢§‘ )+Ni]¢(2€)¢§ )) 21,
(0) (1
(2) (3)
Fl — . . |:E’a
—1(2n—4 f—12n—3)
2n 1) (2n—2)
i
F(20+1) _ 27T 2z+1) 20 27 _(20)
fi = k: 1/’21z+1 I VA 1/’(25)7
f2 f2(2n71)
RN
Py = oSS ||, (4.12)
f(2n 4)
2n—3) 2n—2
2B
2+1 2T —(2041) 20 2T —(20) ;
A =2 )77(2@+1)7 2 = ?%( )
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Note that A and A are Grassmann even. Also _(%H), 771(2[), 17%2 0+1) and 772'2 () are Grassmann

even, and so F} and F, are Grassmann odd. To make W, 5 SUSY invariant, we need [31]
(SLl/Q = DTG = 67G+i[L1/2,G], (413)

for some Grassmann odd supermatrix

Gh
G = <G2 ). (4.14)

SA =i(F1Gy — G1 ),

SA = i(FyGy — GoFY), (4.15)
6F, = DGy = 0.G1 +iAG) —iGL A,

0Fy = DGy = 0,Gy + iAGy — iGa A.

Concretely, we need

As in [13], we can use symmetry to guide the search for a 1/2 BPS Wilson loop. We
break the SU(2) x SU(2) R-symmetry to U(1) x SU(2) by writing (i,2) = (1,2,7). We wish
to get a BPS Wilson loop with the SU(2) subgroup intact, and so we choose

771(24) _ ?7(%)(51‘1, _(20+1) 3 0,

77224) = 77(2@)5217 ; = N2e+1) =
Mij = diag(mq, ma), Mij = diag(m, m), (4.16)
Nij - diag(nlv n2>7 quj = dlag<ﬁ7 ﬁ)

Then we need

G = diag(gy”, 31", g ),
Gy = diag(gy” gt .-+ g5 7?). (4.17)
And then equations (4.15) become
SAREHD) _ i(fl(%)gé%) g f)f22f ),
SAED — Z.(],,,2(2@,(24) éwfl% ) (4.18)
5f1(2€) D 9(24) -9 ggﬂ —i—z’A(%H)g%w zgi%)A(%),

5f2(213) _ DTgéy) — 379525) + Z—A(Qf)géﬂ) _ igéﬂ)A(%H),

Without loss of generality, we suppose that
00 =ip", i =1,2, (4.19)

and then from (3.3) we have

200% = —=i6%,  Ouyo = i0u, Oxyo = =i (4.20)

— 12 —



For ¢2, 1" and 19, ¥; not appearing in 6 A1) and 5 A2 we have to choose mi = nq = —1
and mo = m =n9 = n = 1, and then we get

8mi - A .
SARHY — ((;55%)1/15%)9“ I Hlﬂ/}l% ¢z2€)> 7
. 8 1
SACH — _°T (7/)1% 8 @Ogti 4 010 (20) 1/, )) : (4.21)
~(20) 20 e
For § ;" and ¢ fy” satisfying the form of (4.18), we must choose

Yone) = M@ey, 7100 = 730, (4.22)

5720 _ \/Z OgLpe0, 520 — _; /8%77(2@)91%525)7
) _ . [875 - 20 _ . |87
o f i 5 OinenPoday: 9 ’ 0120 b (o0 (4.23)

6

Then we get

One can show that, given

H(20)

Mo = —i =", (4.24)

equations (4.18) are satisfied. It is similar for conformal SUSY transformation. Thus we
get the 1/2 BPS Wilson loop along a timelike infinite straight line.

4.3 Relation between 1/4 and 1/2 BPS Wilson loops

We check
Wi =Wy =0QV, (4.25)

for some supercharge @ preserved by both W, and W/, and some operator V. This is
similar to the ABJM case in [13]. In the N' = 4 SCSM theory we have the 1/4 and 1/2
BPS Wilson loops (4.8) and (4.9)

Wia(s.t) = Pexp <_¢ /t T irL /4(T)> ,
Wija(s.) = Pexp (—z’ /t Cart, /2(7)> . (4.26)

In this subsection it is convenient to rearrange the rows and columns and rewrite

3 0 7@ (n—1)
Lyyy = diag <L1/47L1/47 Ly ) ’

(20+1)
L), = A R
iz Ao |

A 0) () (n—1)
Lyjy = diag <L1/2vL1/2v s Ly ) )

Lo _ A(264+1) f12€)
1/2 f2(2Z) A(gg) :

SWe stress again that there are no summations of £ in this paper unless indicated explicitly.

(4.27)
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Note that for L;,, there are M’; = MZJ = Nij = Nij = diag(—1,1), and for L, there are
Mij = Nij = diag(—1,1) and sz = Nij = diag(1,1). Here L(le/)2 with ¢ =0,1,--- ,n—1 can

be thought as building blocks of the 1/2 BPS Wilson loop. Note that though Lgé/)z with fixed

¢ only involves fermions 1/1223) and @ZZ@Z) which are in (anti-)bifundamental representation
of U(N) ¢ % U(N)2e41), the involved scalar fields include not only qbg%), QE%%), but also

gi)fg%il),gi_)’@ L1y In some sense, this construction is a kind of hybrid of 1/2 BPS Wilson
loop in ABJM theory and 1/4 BPS Wilson loop in this N/ = 4 theory.
We also define

Lijp—Liyy=L=Lg+Lp,
i1/2 =L+ Lp—Lp,

~ S ~
Wi a(s,t) = Pexp (z/ dTL1/2(7)> . (4.28)
t
Explicitly there are

Ly =diag (L), 1§, 1§7Y),

20 71
i <¢1 Yo (%))
K Ban i

L = diag (E;E)), AL ,E}Z“”) , (4.29)

I:(e) B 2l e ﬁ(%)q)[)(l%)
F =1 (2 :
k ¢§ )?7(2@)

Wija(s,t) = Wija(s,t) = —i /ts dr [W1/4(S77')[~1(7')W1/2(T= 75)}

Then we get

(1)W1 a(T, t)} . (4.30)

I
|
~
e\m
Q
3
L —
=
~
no
—~
\_CI)
2
0

We define

A = diag (A(o>,A(1>, . ,A<n71>) ,

o__ 7 %
AO = /7] ((;_51 i ) (4.31)

(20)

and a Grassmann odd operator
Q = diag (Q(o>7 om. ... ,Qm—n) ,
Q(f) = ,7(25)p11 + ]31177(2@: (4.32)
with P11 and P,; being Poncaré charges in (3.4). It can be checked that

QA=Lp, aAN’=1Lp, a=2. (4.33)
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Now we have the SUSY transformation

6W1/4(87t> =0,
Wi a(s,t) = —iG(s)Wy a(s,t) + Wy (s, t)iG(t),

5W1/2(37t> = Z‘G(<9)V~V1/2(3775) - W1/2(3at)iG(t)7 (4.34)

with
G = diag (G(m, G, ... 7(;(7%1)) 7
g(%)
92

Note that g(%) and géw have been derived in (4.23). And then we have

QW1/4( ) ):

QWija(s,t) = al(s)Wia(s,t) — Wy a(s, t)al(t),

QW1/2( 1) = —al(s)Wya(s,t) + Wy ja(s, t)aA(t). (4.36)
Note that from (4.24) we have 77(22)77(2@) = —2¢ with no summation of /.

We define

ar
S3(s,t) /t dr [Wl/Q 8, T)MT)Wy (7, 1), (4.37)
i

We can show that

QS1(s,t) = Wyja(s,t) — Wiya(s,t) — Sa(s, t)aA(t),
QS4(s,t) = Wyja(s,t) — Wia(s,t) — al(s)Sa(s,t). (4.38)

For the infinite straight line, we have s — co and t — —o0, and we also assume A(+o0) = 0.
Then we get
Wije — Wiy = Q51 = QS (4.39)

Operator S or Sy is just the V' we are looking for.
5 Straight line in Euclidean space

There are BPS Wilson loops along spacelike infinite straight lines in Euclidean space. Since
they are similar to BPS Wilson loops along timelike infinite straight lines in Minkowski
spacetime, and so it will be brief in this section.
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5.1 1/4 BPS Wilson loop

We use coordinates z# = (2!, 22, 2%) in Euclidean space. We have the 1/4 BPS Wilson

loop along the infinite straight line 2# = 761 the same as (4.8) except that
M’ = M'; = N;) = N,/ = diag(i, —i). (5.1)
The preserved Poncaré and conformal supersymmetries are

71911 — 911’ ,71922 _ _QQQ’
o't =9, 9 = 9, (5.2)
01@ _ 021 _ 191? _ 7921 = 0.
5.2 1/2 BPS Wilson loop

Also we have the 1/2 BPS Wilson loop along the infinite straight line z# = 74} the same
as (4.9) except that

M'; = N,/ = diag(i, —i), M’ = N,/ = diag(—i, —i),
M@y =0, 120 =7, neyi®? =il +m). (5.3)

The preserved supersymmetries are

71017? _ Hli7 719% _ _92?7
nd =9, = 0%, (5-4)

with i =1, 2.

5.3 Relation between 1/4 and 1/2 BPS Wilson loops

The check of Wy — Wy 4 = QV for a straight line in Euclidean space is similar to the case
of a timelike straight line in Minkowski spacetime. The only differences are that

. (2@) -1
po - _dm <¢i O ( D)
B = LN E
K Pan i
o= —2. (5.5)

6 Circle in Euclidean space
The N = 4 SCSM theory is a superconformal theory, and a conformal transformation can

change an infinite straight line to a circle. So there would be BPS circular Wilson loops if
there exist BPS Wilson loops along infinite straight lines.
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6.1 1/4 BPS Wilson loop

There is 1/4 circular BPS Wilson loop along z# = (cos 7,sin7,0) the same as (4.8) except
that
M, = M, = N7 = N, = diag(i, —i). (6.1)

The preserved Poncaré and conformal supersymmetries are

1911 _ i’}@,eli, 192é _ 71-73022’

12 = 921 = 912 = 921 — . (6.2)
6.2 1/2 BPS Wilson loop

Also there is circular 1/2 BPS Wilson loop along z# = (cos7,sin7,0) the same as (4.9)
except that

sz _ Nij = diag(i, —1), MZ] = Nij = diag(—1, —1),
7200 — B(eiT/2, =i7/2), Natye = (e7/2,¢i7/2) 8, (6.3)

with 3, 3 being Grassmann even constants and satisfying 33 = i. Note that we have useful
relations with no summations of ¢

Mo =i(1+d"y,), 720 = 2i. (6.4)
Here we have antiperiodic boundary conditions
G(2m) = —G(0), (6.5)
and so the gauge invariant Wilson loop is
TrWy /5. (6.6)
Now the preserved supersymmetries are
0" =ingh", 9P = —ingb”, (6.7)
with i =1, 2.
6.3 Relation between 1/4 and 1/2 BPS Wilson loops

The check of Wy, — W,y = QV for a circle in Euclidean space is different to the case of
a straight line in Minkowski spacetime. Firstly we have the differences

. (20) 71
i - A (% P

B = O RE
K Dan i >

(20)
A<f>:—,/2l:e”/2<_i % ) (6.8)
P20)

QW — 20 (Pli + i735ﬁ> + (Py3 + S13973) C(20)5
5(2@)04 _ 5(170)7 C(ze)a =(0,1)8, a= —2ieT.

Then, the construction of V' is also different, since we have to treat the boundary terms
carefully. The calculation is very involved, and so we collect them in appendix D.
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7 Conclusion and discussion

In this paper, we have investigated the supersymmetric Wilson loops in N/ = 4 SCSM
theory. In Minkowski spacetime we have 1/2 BPS Wilson loops along null infinite straight
lines, and 1/4 and 1/2 BPS Wilson loops along timelike infinite straight lines. In Euclidean
space we have 1/4 and 1/2 Wilson loops along infinite straight lines, as well as circular
1/4 and 1/2 Wilson loops. We also gave a complete proof that the difference between 1/4
and 1/2 Wilson loops is @-exact with @) being some supercharge that is preserved by both
the 1/4 and 1/2 Wilson loops. On the gravity side, we also studied the probe M2-branes
dual to half BPS circular Wilson loops in the fundamental representation, and give the
holographic prediction of the VEV of this 1/2 BPS Wilson loops in the M-theory limit.

The VEV of the half-BPS circular Wilson loop in fundamental representation can be
calculated using localization in the M-theory limit (N — oo with k& and n being fixed)
based on results in [39]. It will be also interesting to compute the vacuum expectation
values of these BPS Wilson loops beyond the M-theory limit. We can use the fermi gas
approach [40, 41] to include all of the 1/N corrections. Similar to the ABJM case [42], it
is interesting to study these Wilson loops in arbitrary representations. These results are
in accordance with the gravity ones, and they will be presented in [43].

We think that the construction of DT type BPS Wilson loops here could be easily
generalized to similar ones in N' = 4 theories obtained from orbifolding ABJ theory or
N =5 theories in [29, 30]. It is an interesting question to study whether there exist DT
type BPS Wilson loops in other N = 4 theories [33, 34, 44-46]7 and A/ = 3 theories [47-50].
As mentioned in the Introduction, in the latter case the DT type Wilson loops are believed
to be at most 1/3 BPS [32].
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A Review of Wilson loops in ABJM theory

The ABJM theory is an N’ = 6 SCSM theory, and it was constructed in [4]. ABJM theory
has gauge group U(N) x U(N) and Chern-Simons levels (k, —k), and the gauge fields are
A, and /Al# respectively. The complex scalar ¢; and Dirac spinor v; are in (N, N) bifun-
damental representation, and so ¢! = gb} and 17 = (1) are in (N, N) representation. We
adopt the convention of spinors in three-dimensional Minkowski spacetime and Euclidean

"This issue has been addressed recently in [28].
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space in [38]. We use I,J,K,L,--- = 1,2,3,4 as indices of the SU(4) R-symmetry. A
general SUSY transformation of ABJM theory is [30, 51-53]

4 _ 3 -
=7 (p1svux™ + X1’ é')

o AT - _
0A, = - (bovudrx’” + xrsd vuv’)
Spr = 2ixry’, 09" = 2ihyx", (A1)

oyt =29"x" Doy + 20" 6 — %x” (66" 6 — Pxcd" ds) — %x“cbm‘sfm,

5A,

_ _ _ 4 _ _ _ _ _ _
Sr = =2X1,7"Dpd” + 201,67 + %m (67 oK™ — o™ drd”) + %XKW%WL,

with x// = 017 + m“’y,ﬂ?” and Y77 = 077 — ﬁua:“fyu. The definitions of covariant deriva-
tives are

Dby = 0,y +iAugpy —idsA,,

D¢’ = 8,67 +iA, ¢ —id’ A, (A.2)
Also 617, 677 and ¥/, 9;; are Dirac spinors with constraint
- . 1
0" =071, (0") =015, 01y = §€IJKL‘9KLa
- - 1
W =9t W) =0, Oy = §GUKLQ9KL. (A.3)

Symbol €75k is totally antisymmetric with €934 = 1. The 0, 0 terms denote Poncaré
SUSY transformation, and ¥, 9 terms denote conformal SUSY transformation. Note that
we have 64, = 6Al,, §A, = A}, 667 = 64}, and 57 = syl
For the Euclidean ABJM theory, the SUSY transformation is formally identical
to (A.1), with x!/ = 61/ + x“’y,ﬂ?” and Y75 = 017 — ﬁua:“’yu. But now equations (A.3)
become
- 1
0" = -0 01, = §€IJKL9KLa
- 1
9 = =0y = Serr™h (A.4)

Note the twelve spinors 07, 917 with I, J = 1,2, 3,4 are independent Dirac spinors.
In Minkowski spacetime, one has the 1/6 BPS Wilson loop along the timelike infinite
straight line z# = 76} [10-12]

W16 = Pexp <i/d7'.A(7')) ,

W1/6 = Pexp <—z’/d7'/l(7')> ,
A=A, ik + %M{]@&J\dﬁ], (A.5)
A= Ay SN 610,

M, = N;7 = diag(—1,-1,1,1).
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Here W 6 and WI/G can be combined to give the 1/6 BPS Wilson loop

W16 =Pexp <i/dTL1/6(T)) ,

A
L1/6: ( A)

The preserved Poncaré and conformal supersymmetries are

’)/()612 012 ,70034 — —i934,
9 :014:023:924:0’
701912 _ 7:1912’ 707934 — —i1934,

013 :014 :1923 :1924 -0

Also one has the 1/2 BPS Wilson loop along the timelike infinite straight line z# = 76} [13]

W1/2 = Pexp (—Z/dTLl/Q(T)) N

A,
Ll/Q:(f ‘fi)’

A= A“z“—l— M gb]gb |z,
A=At + ?N1J¢I¢J|ﬂ'3’a
M, = N;7 = diag(—1,1,1,1),

f1= \/>77ﬂ/1 1z,  fo= \/>¢ﬂ7 |21,

77[:775]7 77 :/'761)
Yom =in, Mo =17, N = —i— 0.

The preserved Poncaré and conformal supersymmetries are

2001 = 0", o8 = it
00" = 9", 9 = —id",

(A.8)

(A.9)

with 4, = 2, 3,4. One can use localization techniques to calculate the vacuum expectation
value of the 1/6 BPS Wilson loop [19], and in order to generalize this to the 1/2 BPS
Wilson loops [22, 23] one needs the relation between 1/6 and 1/2 BPS Wilson loops [13]

Wi =Wy =QV,

(A.10)

for some supercharge () preserved by both W, 5 and W /5 and some operator V. Operator
V' has been given in [13], and W, /2 — Wi = QV can be checked for the first several
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orders.® Note that there is no spacelike BPS Wilson loop in Minkowski spacetime [38].
One has 1/2 BPS Wilson loops along null infinite straight lines.

In Euclidean space, we use coordinates z* = (x!', 22, 2%). One has the 1/6 BPS Wilson
loop along the infinite straight line 2# = 744" the same as (A.6) except that

M1, = N;7 = diag(i, i, —i, —i). (A.11)
The preserved Poncaré and conformal supersymmetries are
71912 _ 012 ,y1034 _ 7034
013 = g1 = 9?3 = 9 = 0, (A.12)
711912 — 1912 711934 — _1934
1913 — 014 _ 1923 _ 7924 =0.

Also one has the 1/2 BPS Wilson loop along the infinite straight line z# = 7§} the same
as (A.8) except that

M, = N7 = diag(i, —i, —i, —i),
mn=n, gy =1, n=7il+n).
The preserved supersymmetries are
i _ pli ij . pij
710 =0 ) 710 =—0 )
I =9l 9 =~
with 4,7 = 2,3,4. The check of Wy, — Wy = QV for a straight line in Euclidean space
is similar to the previous case.

Besides, in Euclidean space one has the circular 1/6 BPS Wilson loop along z# =
(cosT,sinT,0) the same as (A.6) except that

M, = N7 = diag(i, i, —i, —i). (A.13)
The preserved Poncaré and conformal supersymmetries are
,1912 _ 2‘,}/3012, 1934 _ —’i73034,

013 = o' = 9?3 = 9?1 =0, (A.14)
1913 _ 014 — 1923 _ 1924 = 0.

Also one has the circular 1/2 BPS Wilson loop along x# = (cos 7, sin 7, 0) the same as (A.8)
except that

M, = N7 = diag(i, —i, —i, —i), (A.15)
ﬁa _ B(ei‘r/Q’ 67”/2), N = (efiT/Q’eiT/Q)ﬁ’

8In fact, the localization is used to compute the BPS circular Wilson loops in the Euclidean space
discussed in the following. The discussion on the relation of W;,s and W)/, here can be taken as a
warm-up.
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with 3, B being constants and satisfying 33 = i. The preserved supersymmetries are
IV = iy30', 99 = —iy30Y, (A.16)

with 7,7 = 2,3,4. There has been no general form of V' in the check of Wy, — Wy 6 = QV,
but there are V' of the first several orders in [13].

B A simple proof of gauge covariance of Wilson lines

We have a general line in spacetime parameterized by 7 € [t,s]. For gauge field A(7) we
define the Wilson line

W(s,t) = Pexp <—i /ts dTA(T)> , (B.1)
with P being path-ordering. For a general infinitesimal gauge transformation
JA=D;A=0;A+i]A 7] (B.2)
the Wilson line transforms as
W (s,t) = —iA(s)W (s,t) + W (s, t)iA(t). (B.3)

This gauge covariance of Wilson lines is well-known, one can see a complete proof in, for
example, the textbook [54]. Here we give a simple proof using induction.
For n > 0 we define the symbols

S T1 Tn—1
Xn(s,t):/t dTl/t dTQ-"[ dTnAlAQ'”An,

Tn—
t

S T1 1
Yn(s,t):/t dﬁ/t dTQ"‘/ dry, (0N Ay -+ Ay + A10N2 As - -+ Ay,

+-- +A1A2An—1aAn)’ (B4)
t

s 1 1
Zn(s’t):/ dTl/ dTQ“'/ dTn([Al,Al]AQ"-An+A1[A2’A2]A3'~~An
t t
+ + Aj A A1 [An, A

with the shorthand A; = A(7;), Ay = A(7;) and OA; = 0, A(7;). Note that we have Xy =1
and Yy = Zy=0. We have the relations

W= Jio(—i)”Xn, 5X, = Yo + iZn. (B.5)
n=0
With the recursive relations for n > 1
X, (s,1) = /t A A(T) X (7 1),
Yo(s,t) = /t " dr (OuA(T) X1 (1) + A() Yo 1 (1 1), (B.6)

Zn(s,t) = /ts dr ([A(7), A(7)| Xn—1(7,t) + A(T) Zp—1(T, 1)),

— 922 —



we can use induction to prove
Yot1(s,t) — Zp(s,t) = A(s) Xn(s,t) — X (s, t)A(2). (B.7)

This leads to the infinitesimal version of the gauge covariance of the Wilson line (B.3).
We rewrite (B.3) as

i <e—i 2 dr ) / dT’DT/A(r’)) o <e—i S AT A A (5) — A@)}) , (B.8)

Then it follows that more generally for [t', s'| C [t, s] we can easily get
P (eifts drA(T) / dr' D A(7') - ) —P (e*ifts drA() A (') — A(E)] - ) . (B.9)
t’

This is just the statement in [13] that one can integrate out the covariant derivative D =
d + iA term in the presence of path ordered exp(—i [ A).

C Alternative Wilson loops for a super connection

In this appendix we explore alternative definitions of Wilson loops for a super connection.
The result is that we find no nontrivial ones.

A super connection L can be written as L = B+ F with Grassmann even part B being
block diagonal and Grassmann odd part F' being block off-diagonal

B1 Fl
o (") (") e

When defining the path-ordering for the Grassmann odd part F' of the supermatrix L, we
have ambiguities. We can do it as an ordinary matrix

F(r)F(m2) 11 > 72
PF(m)F = ) C.2
(T1)F(72) { F(m)F(r1) 71 < 7 (C.2)
or we can define the super path-ordering as
F(r)F(r) m 2>
SPF(m)F = . C.3
()P (72) { e (C.3)

Note that when acting on two Grassmann even matrices, or one even matrix and one odd
matrix, SP is no different with P. Only when acting on two odd matrices, SP is different
from P as shown above.

We can define the Wilson loop along a super connection L as that of an ordinary
connection

W(s,t) = Pexp (—i /t ) dTL(T)> 7 (C.4)
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and this is just what is done in main part of the paper. As shown in the last appendix, for
a transformation

L = OA +i[L, A, (C.5)

with A = X+ Z, ¥ being Grassmann even and Z being odd, the Wilson loop transforms as
W (s,t) = —iA(s)W (s,t) + W (s, t)iA(t). (C.6)

This is the same as the case of an ordinary gauge filed. For super matrices there is also
definition
[L,A} = [B, %] + [B,E] + [F,E] + {F, E}. (C.7)

Note that for a transformation
8L = 0N+ i[L,A} = 0L + 2i=F, (C.8)

the Wilson loop (C.4) transforms as

§W (s, t) = —iA(s)W (s, t) + W (s, t)iA(t) + 2P [exp (—z/ dTL(T)) / dT'E(T')F(T’)] ,
t t
(C.9)
and so it is not covariant under ¢'L.

Alternatively, we can define the Wilson loop for a super connection L as
S
SW(s,t) = SPexp <—z/ dTL(T)> , (C.10)
t

with the super path-ordering defined in (C.3). We rewrite SW as

SW(s,t) =P [eXp <—i /t ) dTB(T)) SP exp <_¢ /t ) dﬂ%))] RNGRED

and then expand

SPexp <z /t ) dTF(T)) _ f (Z!)nTn(s,t), (C.12)

n=0

with

S T1 Tn—1
Th(s,t) = 873/ drm / dro - - / dt, Z F(1o0)F(To2)) - F(To(m))s (C.13)
¢ ¢ ¢

CTGSn

where 5,, denotes order n permutation group. It is easy to see that T, = 0 for n > 2. And

SW (s, t) =P [exp <—z/t dTB(T)) (1 - z/t dTF(T))] . (C.14)

Thus the definition of SW (C.10) is trivial for several aspects.

then we get
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e For a loop, upon taken the trace Tr or super trace STr, there is no contribution from
the block off-diagonal part,

TrSW = TrP exp (—i%dTB(T)) ,

STrSW = STrP exp (-i jf dTB(T)> . (C.15)

e Quantum mechanically, the Grassmann odd part will not contribute to the vacuum

(SW) = <7>exp <_¢ / dTB(T)>> . (C.16)

e Furthermore, it is not covariant under the transformation (C.5) or (C.8).

expectation value,

D A complete proof of 1/2 and 1/4 BPS Wilson loops differencing by a
Q-exact term

The result here is general and applies not only to the N' =4 SCSM case, but also to the
ABJM case. A complete proof of 1/2 and 1/6 BPS Wilson loops difference in ABJM theory
being Q-exact is the same as what is presented here.

D.1 Some simplifications

First of all, let us repeat the problem that we are going to tackle and make some simpli-
fications. We have a circle parameterized by 7 € [0, 1] with 2#(1) = 2#(0).° We have the
1/4 and 1/2 BPS Wilson loops

W14 =Pexp <—i/dTL1/4(T)> ,

W1/2 = Pexp <—Z/dTL1/2(T)> y (Dl)
with

L1/2:L1/4+L:L1/4+LB+LF. (D2)

Here Ly 5 is a supermatrix, with Ly, + Lp being its Grassmann even block diagonal part
and Lp being its Grassmann odd block off-diagonal part. There is a Grassmann odd
operator (Q and a Grassmann even block off-diagonal matrix A. We have the relations

QA =Lp, kA>=Lp, k(1) = k(0), A(1) = —A(0), (D.3)
QLyy =0, QLp={Lp,kA}, QLp = 0:(ikA) +i[Ly, irA].

Here the factor o has been redefined as . Note that [Lp, A] = 0 has been used. We want
to find some operators V and U that satisfy

QV(1,0) = Wy /5(1,0) — Wy 4(1,0) +ix(1)A(1)U(1,0) + U(1,0)ix(0)A(0). (D.4)

?Note that this is different to what we have done before. For a circle we have used 7 € [0, 27].

— 25 —



Taking the trace we would have
QTI'V(l, O) == T‘I‘Wl/g(l, 0) — ’I‘I‘Wl/4(1, 0)

We call this task I.
To avoid cluster of factors and indices, we make the following redefinitions

L1/4 — iL1/4, L1/2 — ’L.Ll/g, I~/ — ZL, I~JB — ZB,
Lp —iF, A= ™A, Q = Q.

Then we have
W14 = Pexp (/ dTL1/4(T)) ,
Wl/2 = Pexp </ dTL1/2(7)> s

with
L1/2 :L1/4+L:L1/4+B+F

We have the relations

QA=F, rA?=B, R(1) = £(0), A(1) = —A(0),
QL1/4 =0, QB={F,kA}, QF =0-(kA)— [L1/4, KA.

Our task is still to find some operators V' and U that satisfy
QV(1,0) = Wis(1,0) = Wi 4(1,0) + £(1)A(1)U(1,0) + U(1, 0)x(0)A(0).

We call this task II. Of course, it is equivalent to task I.

(D.10)

Furthermore, we may set L/, = 0 and redefine Wy, = W in task II. Now there are

W = Pexp (/ dTL(T)> :

L =B+ F.
We have the relations

QA=F, rA*=DB, k(1)=k(0), A(1)=—A(0),
QB = {F,kA}, QF = 0:(kA).

Our task is to find some operators V and U that satisfy
QV(1,0) =W(1,0) — 1+ w(1)A(1)U(1,0) + U(1,0)(0)A(0).

We call it task III. It is a special case of task II, and so is easier.
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D.2 Some definitions

Before tacking task III we make some formal definitions. We have a circle parameterized
by 7 € [0, 1] with 2#(1) = z#(0), and we will also use s,t, 7, T2, - to denote the parameter
of the circle. We define two kinds of quantities on the circle.

e We call the first kind type 1, and a type 1 quantity has only one argument. Generally
we denote them by lowercase Latin letters a(7),b(7),c(7),---, or simply a,b,c,---.
Type 1 quantities below will include A, B, F, et al.

e The second kind is type 2, and a type 2 quantity has two arguments. We denote them
generally by lowercase Greek letters a(s,t), 3(s,t),v(s,t),--, or simply «a, 3,7, --.
Note that s > t is required. Type 2 quantities below will include W, W,, V, V,,,
U, Un, Many, Bony, Fon, Ss.6,78, et al. We also define the identity type 2 quantity
I(s,t) =1.

We then define two kinds of operations * and o. For two type 1 quantities a,b we
define a type 2 quantity as

(a%b)(s,t) = /t Cdn /t " drsa(m)b(ra) = /t " dry /Tjdﬁa(n)b(m). (D.14)

Note that a * b # b * a. For one type 1 quantity a and one type 2 quantity o we define
type 2 quantities as

(axa)(s,t) = /ts dra(s,7)a(T),
(a*xa)(s,t) = /ts dra(t)a(T,t). (D.15)

Note that a * a # a * . For two type 2 quantities o,  we do NOT define a % 3, and so
it is illegal. For one type 1 quantity a and two type 2 quantity «, 3, we define a type 2
quantity

(aoaofB)(s,t)= / dra(s,7)a(T)B(T,t). (D.16)
t
Note that symbol o must appear in pair. We also define shorthand

(ab)(7) = a(T)b(1), (ac)(s,t) =a(s)a(s,t), (aa)(s,t)= al(s,t)a(t). (D.17)

Note that the shorthand is of the highest priority in calculation.
Under the above definitions there are some useful relations. There are

axl=1Ixa, (Ixa)xb=axb, ax(lxb)=axb,

IToaoca=axa, «aqoaol=axa. (D.18)

Note that I x a # a, because they are of different types. We can prove the associative

relations
(axb)xc=ax(bxc), (axa)xb=ax*(ax*b). (D.19)
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Also we know a (b ) and (« * a) * b are legal, and (a % b) * @« and « * (a * b) are illegal.

So we can write without ambiguity
axbxc, axaxb, axbxa, axaxb. (D.20)
We can prove
ax(aobof)=(a*xa)obof, (awxoaof)xb=aoao(fx*b), (D.21)
and so we can write directly
axaobofl, «aoaofBxb. (D.22)
For the shorthand (D.17) we have useful relations

axab=aax*xb, ab*a=a*ba,
aaoboff=aoabo S =aocaobf. (D.23)

D.3 The main part

We tackle task III in this subsection and subsections D.4 and D.5. As done in [13], we
expand (D.11) in powers of B and F. We set F' to be of order one, and B to be of order
two. And then we have

+0o0
W = Z W, (D.24)
n=0
with the first few orders being

Wo=1, Wi=1IxF, Wy=1IxB+FxF, W3=BxF+F«B+FxFxF,
Wy=B+«B+B+«F«F+F«BxF+FxFxB+FxFxFxF. (D.25)

It can be seen that our definitions simplify these formulas significantly. There is recursive
relation for n > 2

Wy =B*Wy_o+FsWy_i =W,_o%B+W,_ xF. (D.26)

Note that we can define W_; = 0 to make the above equations apply to n > 1.
We also define

“+oo +oo
V=) V., U=> U, (D.27)
n=1 n=1
And then task III (D.13) becomes to find V;, and U, for n > 1 to satisfy
QV,, = W, + kAU, + U,kA. (D.28)

We define
W =Pexp [/ dr (B — F)] , (D.29)
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and then we get

W= +io(—)“wn. (D.30)
n=0
From (D.12) we have
QW = kAW — WkA, QW = —kAW + WEA, (D.31)
and then for n > 1 we get
QW = kAW, _1 + (=)"Wy_1kA. (D.32)

Note that Wy = I, QWy = 0, and we have set W_; = 0. And then the above equation
applies to n > 0.
For m > —1 and n > —1 we define

ANpn =WpoAoW,,, Bppn=W,,oBoW,, F,,=W,oFoW,. (D.33)

Note that we have A,,, = 0 for m = —1 or n = —1, and it is similar to B,,, and Fj,,.
Because of (D.26), for m > 1 we have

an =B x Bm—?,n + F Bm—l,nv
Fn = B * Fy_gn + F * Fru_1.n, (D.34)

and for n > 1 we have

Bmn = Bm,n—Z * B+ Bm,n—l * I,
Fon = mon—2 * B+ menfl * F. (D.35)

And we can show
QAmn = (_)m (Bmfl,n + Bm,nfl + an) + ’{AAmfl,n + (_)m—i_nAm,nleA- (D36)

Then we claim that the V;, and U,, with n > 1 we want in (D.28) are that for £ > 0

2% 2%—1
Vaka1 = Aiok—is User1 = Y Nisp—1-4,
i=0 i=0
| 2k
Voo = =——— —) A 21— D.37
%42 = 5 ZZ;( ) N 2k+1-i (D.37)
L 2
Uspyo = — =)' A oki.
2k+2 2k+2;( ) i,2k—1
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We will prove this claim using two different methods in subsections D.4 and D.5. The first

few orders are

1 1
Vi=IxA, U1=0, Va=_(AxF—FxA), Up=—_IxA,
Vs=A*xB+BsxA+AxFxF+F«A«F+FxFxA Us=AxF+FxA,
1
V4:E(A*B*F—F*B*A+B*A*F—B*F*A+A*F*B—F*A*B (D.38)
+A*Fs«FxF—F«A«FxF+F+«FxAxF—-F%xFxFxA\),
1
U4:—Z(A*B—i-B*A—l—A*F*F—F*A*F—i—F*F*A).
Note that Vi 23 are just the ones given in [13]. Here we have gone further, and give a
general expression of V,, and U, for all integers n > 1. Besides, we will give a general proof
of (D.28). There are two methods of doing so, and then we split the main part to two
branches.
D.4 The first branch

In the first branch we use (D.36) and get for £ > 0

2%
QVapy1 = Z(_)ZE,Qk—i + kAU 41 + Usgpy1 kA, (D.39)
i=0
1 2k 2k+1
QVaky2 = DY) (2 Y Biokit+ Y, Fi,2k+1—i> + £AUsky2 + Uiy kA
=0 =0

Thus to prove (D.28) we need for k > 0

2%
Z(—)iFi,2k4 = Wok1, (D.40)
i=0

2%k 2%-+1

2 Z Biok—i + Z F;okt1—i = (2k + 2)Wap o,

i=0 i=0

the first few orders of which can be verified easily. Furthermore, for £ > 0 we can prove
the above two equations and the following two equations

2k+1

> (- Fiak1-i =0, (D.41)
i=0
%-+1 %-+2

2)  Bigkr1-i+ Y Fiokyai = (2k +3)Wapys,
=0 =0

using induction. In the process (D.26) and (D.34) are used. Thus the proof of (D.28)
is done.
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D.5 The second branch

In the second branch, we firstly define

Ss=WoAoW, S¢g=WoAoW,

S;=WoAoW, Sg=WoAoW. (D.42)
Then we can show
400 oo
S5+ 86 =2)  Varia, S5—86=2) Ui,
k=0 k=0
+o0 +oo
Sr+ 85 =—-2> (2k+2)Usi2, Sr—Ss =2 (2k+2)Varya. (D.43)
k=0 k=0

Note that U; = 0 has been used. From (D.31) we get

QS5 =W o FoW + kASs — SgkA,

QSs =W o F oW — kASg + SskA, (D.44)
QS;=Wo(2B+ F)oW — kAS; — SgkA,

QSs =W o (—2B + F) o W + kASg + S7rA.

And then using (D.24) and (D.30), as well the results (D.40) in the first branch, we can get

“+o00
QS5+ 86) =2 Wapyr + £A(S5 — Se) + (S5 — S)rA,
k=0
o0
Q(Sr— S5) =2 (2k + 2)Wapgo — A(S7 + S5) — (S7 + Ss)kA. (D.45)
k=0

Thus for £ > 0 we get

QVars1 = Wagg1 + 6AUzp 11 + U1 KA,
QVarr2 = Wogg2 + KAUzg 2 + U2k (D.46)

This is indeed just (D.28). However, we note that neither V or U can be written directly
as combinations of S5 67 3.

D.6 Back to the main part

Now we turn back to the main part, with task III being completed. From task III to task II
we need to use (B.9) and just make some simple changes in the proof of task III. All the
type 1 quantities do not change, and every type 2 quantity changes as

a(s,t) =P [W1/4(s,t)g(s,t)] , (D.47)

with « being the old type 2 quantity and « being the new one. Especially, the “identity”
type 2 quantity becomes
I(S,t) — W1/4(8,t). (D48)
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For type 1 quantities a,b,c,--- and the old type 2 quantities a, 3,7, -, there are still *

and o operations defined as before. For type 1 quantities a,b,c,--- and the new type 2
quantities «, 5,7, --- we define ® and © operations as
(a®b)(s,t) =P [W1/4(s, t)(a*b)(s, t)} ,
(a®a)(s, t) =P [W1/4(s, t)(a* a)(s, t)] ,
(a®a)(s, t) =P [W1/4(s, t)(a*a)(s, t)} , (D.49)
(0 ©a® B)(s,t) = P [Wyals,t)(@oa o B)(s,b)]

(aa)(s,t) =P [Wy (s, t)als, t)a(t)] . (D.50)

Keeping the above changes in mind, we can tackle task II with few efforts. For example,

we need to change (D.24) to
+oo

Wijp = Wi => W, (D.51)

n=1

with W, being changed as (D.47). And (D.29) is changed to

Wl/Q:Pexp |:/dT(L1/4+B—F):| (D52)
In the second branch equations (D.42) are changed to

S5 =Wipp@A@ Wy, Se= I/‘V1/2 ©A® Wl/Qa
S7:W1/2@A@W1/2, S8:W1/2@A@W1/2. (D53)

Thus task IT is completed following task III and (B.9). Since task I is equivalent to task II,
task I is competed too.

In summary we have given a complete proof that the difference of circular 1/2 and 1/4
BPS Wilson loops in this N' = 4 SCSM theory is Q-exact, with ) being some supercharge
that is preserved by the both the 1/2 and 1/4 BPS Wilson loops. As we have stated, this
proof also applies to the 1/2 and 1/6 BPS Wilson loops in ABJM theory.
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