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ABSTRACT 

This proposed model considers a supply network consisting of a manufacturer, its 

external suppliers, and a remanufacturing facility. The manufacturer, facing an uncertain 

market demand and return, has two options for supplying parts: either ordering the 

required parts to external suppliers or remanufacturing used products and bringing those 

back to 'as new' conditions. We propose a general framework for this multi product, 

closed loop system and develop a non-linear programming (NLP) model to maximize the 

total expected profit by optimally deciding quantity of parts to be remanufactured and 

quantity of parts to be purchased from external suppliers. We solved the mathematical 

model using two different solution techniques to find optimal or near optimal solution 

values. With a numerical example we compared the results from both solution techniques 

and introduced sensitivity analysis to illustrate the interacting effects among critical 

parameters in the model. 
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CHAPTER 1: INTRODUCTION 

1.1 Introduction 

Reverse logistics has received growing attention throughout this decade due to the 

increased environmental concerns, and limited availability of natural resources. Reverse 

logistics can be defined as the logistics activities all the way from used products no 

longer required by the customer to products again usable in the market. In many 

industries, original equipment manufactures (OEMs) are also active in the 

remanufacturing business because of their specific know-how in products and markets. 

An example is Hewlett-Packard, which collects an empty laser-printer cartridge from 

customers for using again (Jorjani et al., 2004). In this case, OEMs not only act as 

suppliers in a forward logistics chain, but they also organize reverse logistics operations 

concerning collection and recovery of used products. By bringing remanufactured goods 

back to customer markets, these OEMs directly establish links between forward and 

reverse logistics activities, thus building up and operating closed-loop supply chains. 

Reverse logistics can be categorized various types according to the product 

recovery option. Thierry et al. (1995) suggested various product recovery options such as 

direct reuse, resale, repair, refurbishing, remanufacturing, cannibalization, and recycling. 

These options can be reclassified into three broad categories such as reuse, recycling, and 

remanufacturing. In reuse, the returned product can be used more than once in the same 

form after cleaning or reprocessing, such as container, pallet, and bottle. On the other 

hand, recycling denotes material recovery without conserving any product structure, for 

example, metal, glass, paper, and plastic. Finally, remanufacturing, the subject of this 

10 
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study, is an industrial process in which worn-out products are restored to like-new 

condition, such as electronic machine, toner cartridge, and automobile part. For 

remanufacturing, discarded products are completely disassembled through a series of 

industrial process in factory environment. Usable parts are cleaned, refurbished, and put 

into part inventory. Then the new product is reassembled from the old and, where 

necessary, new parts to produce a fully equivalent and sometimes superior in 

performance and expected lifetime to the original new product (Lund, 1998). 

Remanufacturing is distinctly different from the repair operation, since products 

are disassembled completely and some of parts are returned to like-new condition, which 

may include cosmetic operations. It is a process whereby companies can become more 

environmentally efficient through reusing and reduction the amount of materials used. 

Remanufacturing can be crucial to the survival of companies, because the permanent 

goodwill of the company is at stake. 

1.2 Remanufacturing - current practice in the industries 

1. 2.1 Xerox's parts remanufacture and reuse program 

Xerox pioneered the practice of converting end-of-life electronic equipment into 

new products and parts. Xerox developed a comprehensive process for taking back end-

of-life products from customers in the early 1990s, establishing a remanufacture and parts 

reuse program that fully supports their Waste-Free initiatives. This partnership with 

Xerox customers resulted in more than 3.1 million cartridges and toner containers being 

returned in 2005, with more than 90% by weight remanufactured or recycled. In Xerox 

returned products are cleaned, inspected, and then remanufactured or recycled. 

Remanufactured cartridges, containing an average of 90% reused/recycled parts, are built 
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and tested to the same performance specifications as new products. Similarly, waste 

toners qualified for reuse may account for 25% of the weight of new toner, without 

compromising toner functionality. The reuse of waste toner saves several million dollars 

in raw material costs each year. 

Equipment remanufacture, reuse and recycling of parts prevent millions of pounds 

of waste from entering landfills each year - 107 million pounds in 2005 alone. The 

practice of reusing parts reduces the amount of raw material and energy needed to 

manufacture brand new parts, generating several hundred million dollars in cost savings 

each year. Xerox estimate that in 2005, energy savings from parts reuse totaled 9 million 

therms (280,000 megawatt hours) - enough energy to light more than 220,000 U.S. 

homes for a year. The annual reduction in waste diverted from landfill and energy saved 

from parts reuse since 2001 reflect a trend toward lighter-weight machines and a decrease 

in the number of office machines returned for remanufacturing in Europe, where scrap 

office products are now driven into national collection and recycling programs as a result 

of the new WEEE legislation. 

Xerox has developed unique processes and technologies to ensure that all Xerox 

products, regardless of their reused/ recycled part content, meet the same specifications 

for performance, appearance, quality and reliability. Signature Analysis enables Xerox 

engineers to determine the life expectancy of motors and other electromechanical 

components. Using this technology they test new parts to determine a "signature" - an 

acceptable range for the noise, heat or vibration that electromechanical parts produce 

while in use, they then test the same characteristics in parts from returned equipment. 

12 
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Only those parts whose signatures are consistent with those of newly built parts are 

approved and processed for reuse. 

The full integration of equipment remanufacture and parts reuse processes with 

traditional manufacturing operations is another critical element of Xerox's strategy for 

ensuring consistent quality for all products. Machines with reused/ recycled parts are 

built on the same manufacturing lines as newly manufactured equipment, and they 

undergo the same rigorous quality assurance tests. As a result, products with 

reused/recycled parts carry the same Xerox guarantees, warranties and service 

agreements as Xerox equipment made from all-new parts. 

Xerox has been able to maximize the end-of-life potential of products and 

components by incorporating reuse considerations into the design process. Machines are 

designed for easy disassembly and contain fewer parts. Parts are designed for durability 

over multiple product life cycles. Parts are also easy to reuse or recycle, and are coded 

with disposition instructions. As a result, equipment returned to Xerox at end-of-life can 

be remanufactured - rebuilt - to as-new performance specifications, reusing 70-90% by 

weight of machine components, while meeting performance specifications for equipment 

with all-new parts. 

Xerox has further extended its ability to reuse parts by designing product families 

around modular product architectures and a common set of core components. These 

advances offer Xerox multiple options for giving new life to old equipment. A returned 

machine can be rebuilt as the same model through remanufacture, converted to a new 

model within the same product family, or used as a source of parts for next-generation 

models. Improved processes for forecasting equipment returns from customers have 

13 



SuppCy Planning ModeCfora Closed Coop System with Uncertain <Demandand<R§turn 

allowed Xerox to increasingly rely on previous generations of equipment as a source of 

components for products in development. Xerox products whose designs are based on 

previous models may have 60% of their parts in common with previous equipment. As 

the pace of technological innovation has shortened product life cycles, our ability to reuse 

parts across product generations has become increasingly important. (Source 

www.xerox.com) 

1.2.2 HP's planet partner return and recycling program 

HP's computer product take-back service accepts any HP or non-HP brands of 

personal/office computer equipment or peripherals. This includes printers, scanners, fax 

machines, personal computers, desktop servers, monitors, handheld devices, etc. HP has 

recycled computer and printer hardware since 1987. These end-of-life programs have 

benefited HP customers and the environment as well as their business. In addition to 

recycling millions of products HP collected approximately 2.5 million hardware products 

each year that are refurbished, resold or donated. 

Refurbished products come from various sources, including customer returns and 

cancelled orders, products damaged during shipping, overstocks, demonstration and trial 

units, asset recovery, and lease returns. These products are carefully inspected, 

refurbished or remanufactured, re-boxed and re-sold with an HP warranty. HP offers 

remarketed products on most product lines, including printers, personal computers, 

monitors and even entire data centers. Remarketed products offer a high quality, low cost 

solution with an HP warranty. For some applications, the latest technology is needed, but 

in other cases, a business may simply need to maintain or extend a proven, stable 

environment. Some organizations, for example software developers and schools, may 

14 
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require equipment temporarily. In these situations, remarketed products may be the most 

cost-effective solution. 

HP provides customers with the option of trading in used equipment from any 

manufacturer when they upgrade to new HP technology. Customers receive credit for the 

value of their old products and the used equipment is either sold on the secondary market 

or recycled through their environmentally responsible recycling processes. HP 

accommodates customer needs for data removal and provides an inventory for their asset 

management reporting. HP also partner with eBay on the Rethink Initiative, which 

provides information, tools and solutions for selling, donating, or recycling used 

computers and electronics. 

What happens when you return an HP print cartridge or any brand of computer 

hardware to use for recycling? Their state-of-the-art recycling facilities process each 

return in an environmentally responsible manner through a multi-phase recycling process. 

Products are sorted and shredded, then separated into plastics and metals. Print cartridges 

are further separated into residuals of ink, foam or toner. Materials are then processed 

into their raw forms so they can be used in automotive parts, microchip processing trays, 

serving trays, spools, hangers and other everyday products. 

The HP Planet Partner return and recycling program for HP printing supplies has 

been operating for the past 15 years. In 2005, more than 25 million HP inkjet and 

LaserJet print cartridges were returned worldwide for recycling through the Planet 

Partners program. Since the program began, more than 112 million HP LaserJet and HP 

inkjet print cartridge materials had been returned and recycled worldwide, representing a 

weight greater than 229 million lbs. (Source www.hp.com) 

15 
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1.2.3 Toshiba's recycling program 

Toshiba has partnered with a registered ISO 14001 companies that disassemble 

incoming notebooks and personal computers into their basic components such as plastics, 

circuit boards and metals. Plastics are ground to achieve consistency of size and recycled 

into other useful materials such as foundation pads for buildings, containers used for 

agriculture potting systems and plastic lumber. Circuit boards are smelted to reclaim 

various precious and semi precious metals. The metal portions are separated and 

reprocessed into basic commodities, such as copper, aluminum and steel. Under the 

program, returned cartridges are put through a recycling and energy recovery process. 

This program produces plastics, metals and reconditioned parts that can be used in the 

manufacture of cartridges and other products. (Source www.toshiba.com) 

1.2.4 Dell's recycling program 

The ink and toner cartridges are delivered to Dell's recycling partners, who 

provide economical and environmentally sound management of the recycling process. 

Typically ink and toner cartridges are de-manufactured and sorted by commodity type 

(such as plastic) and then either re-used to make new products or disposed of in an 

environmentally friendly manner. (Source www.dell.com) 

1.2.5 Lexmark's recycling program 

Lexmark outsource their recycling program through a company name "Close the 

Loop Limited" which is a leading global recycler of imaging consumables including 

inkjet cartridges, laser toner cartridges, drum units, copier bottles and more. Using state 

of the art materials separation processes, this company recycles all cartridges with zero 

waste to landfill. (Source www.lexmark.com) 

16 
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1.3 Research motivation 

In case of remanufacturing used products simply represent input resources for a 

specific production process. The situation is different if the used products are returned to 

the original manufacturer and provide an alternative input resource in the fabrication of 

new products. This applies to the automobile industry where spare parts can often be 

made out of used parts and the electronics industry where returned modules can be reused 

in new products. In this type of situation the manufacturer has two alternatives for 

fulfilling the demand either ordering the required raw materials externally and fabricating 

new products or overhauling old products and bringing them back to as new conditions. 

The objective of supply planning is to control external component orders and the internal 

components recovery process to guarantee a required service level and to minimize fixed 

and variables costs. 

The manufacturer has little control on the return flow in terms of quantity, quality, 

and timing. The effects of return flow in this situation are twofold. On the one hand it 

may be cheaper to overhaul an old product than to procure a new one. On the other hand 

reliable planning becomes more difficult due to increased uncertainty which may lead to 

higher safety stock levels. The motivation of this research is to get more insight into 

issues related to supply planning in a closed loop system. 

1.4 Research objectives 

In this research, we propose a general framework and a mathematical model for 

closed loop system with two different options of supply sources. The objective is to 

maximize total expected profit by simultaneously determining quantity of parts to 

purchase or remanufacture, and quantity of finished product to manufacture. 

17 
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1.5 Report organization 

This report is organized as follows: In the next Chapter 2 we introduce the key 

literatures relevant to this research. In Chapter 3 we propose a general framework and a 

mathematical model for a closed-loop system. Chapter 4 describes the solution 

methodology for the mathematical model. Chapter 5 and 6 provide an analysis of the 

model using an illustrative example and insights into the proposed model. Finally, 

Chapter 7 addresses conclusions and future research plan. 

18 
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CHAPTER 2: LITERATURE REVIEW 

There are numerous researches on remanufacturing system which address various 

topics as product recovery management, production planning and inventory control and 

supply planning model for a closed loop system. Depending on the various strategic and 

operational aspects of the remanufacturing system we have arranged the reviewed 

literature in three main categories. 

2.1 Product recovery management 

A very important field of product recovery is remanufacturing, Inderfurth (2005) 

investigated the impact of uncertainties in terms of quantity, quality, and timing on 

recovery behavior in a remanufacturing environment. It is shown that from a managerial 

point of view, product recovery management in a closed loop system is a challenging 

task, because it has to balance production, recovery and disposal decisions under often 

considerable uncertainty of demand and return processes. The author pointed a main 

issue in product recovery management which has to be carefully considered in decision 

making is the existence of a significant level of uncertainty. 

It is shown that uncertainty in returns and demands can be a considerable obstacle 

to follow a consequently environmental-benign recovery strategy within a reverse 

logistics system. The author indicated that a purely deterministic approach as employed 

by Ferrer and Whybark (2003), in many situations will not be sufficient to completely 

understand the economics of remanufacturing and the respective consequences for 

recovery behavior. In this context, the author performed their analysis only to stationary 

19 
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demand and return patterns. In a non-stationary situation the impact of uncertainties 

could be even stronger since excessive returns might happen more often. 

In this paper the author has considered three policy parameters(S, M, and U). S: 

produce up to level S, M: remanufacture up to level M, and dispose down to level U. 

According to the author knowing the structure of the policy the optimal parameter values 

can be determined by applying the numerical methods of Markovian decision processes. 

To proof this policy is optimal the author has simplified their model by not considering 

the stocking point of recoverable inventory. The author considered demand and return is 

stationary for all period. In contrast to this paper our model considers recoverable 

inventory for returned products and serviceable inventory for purchased and 

remanufactured parts, also in our model demands and returns are non-stationary. 

Inderfurth (2001) presented product recovery situations, where returned products 

can be reused in multiple ways. Under these circumstances, the problem arises in which 

quantities reusable items should be allocated to the different remanufacturing options, 

especially in case of insufficient stock of returns. For this problem a periodic review 

model is formulated which also includes a disposal option and incorporates uncertainties 

in returns and demands for the different serviceable options. An efficient algorithm is 

developed for numerical evaluation of the policy parameters. Using this algorithm a 

numerical study was carried out, to gain insight into the influence of disposal costs and 

the demand/returns ratio on the performance of such a remanufacturing system. 

Inderfurth (1997) addressed a problem of product recovery management where a 

single product is stocked in order to fulfill a stochastic demand of customers who may 

return products after usage, thus generating also stochastic product returns. The material 

20 
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flow can be controlled by procuring new products on the one hand, and by 

remanufacturing or disposal of returned items on the other. A situation is considered 

where all costs are proportional and where remanufacturing as well as procurement needs 

a fixed deterministic lead-time which can be different for both activities. 

The author developed an optimal control (L, U) policy which is an extension of a 

single parameter (so-called order-up-to-S) policy known to be optimal in simple 

stochastic inventory models with proportional costs. (L, U) control rule distinguishes 

between three state regions. If the inventory position is smaller than a lower control limit, 

then dispose nothing, remanufacture all items that have been returned and procure up to 

the lower control limit. If the inventory exceeds an upper control limit, then dispose down 

to upper control limit, remanufacture the remaining recoverable products, and procure 

nothing. In between the control limits nothing has to be procured, nothing has to be 

discarded, and all returned goods have to be remanufactured. 

As a result of this policy a simultaneous procurement and disposal of products 

will never be optimal. For periodic review control it is shown how the optimal decision 

rules for procurement, remanufacturing and disposal can be evaluated by exploiting the 

functional equations of a dynamic programming formulation. Knowing the structure of 

the policy the optimal parameter values is determined by applying the numerical methods 

of Markovian decision processes. It has been elaborated that the deviation between lead-

times for procurement and remanufacturing is a critical factor for the simplicity or 

complexity of the optimal policy. 

Our model is different from this paper in terms of solution approach (GAMS and 

Iterative approach), also we extended our model to determine the quantity of finished 
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product to produce and demand is considered for the finished products instead of the 

remanufactured products. The paper gave an analytical insight into the complexity of 

optimal control for stochastic remanufacturing problems, if more than a single recovery 

option is available as often found in practice. Second, it shows that under a reasonable 

restriction of allocation procedures for re-usable a simple policy is optimal. 

Inderfurth (2004) addressed a hybrid control systems for simultaneous 

remanufacturing of used products and manufacturing of new ones, the two operations are 

not directly interconnected if remanufactured items are downgraded and have to be sold 

in markets different from those for new products. Sometimes a connection between these 

markets is given by a downward substitution property which allows the producer to offer 

a new item instead of a remanufactured one in case of a shortage of a remanufactured 

product. Thus, shortage costs can be avoided, but a loss in profit due to sale of a high-

graded product at the price of a low-graded one has to be accepted. 

For a single-period problem with stochastic returns of used products and 

stochastic demands of serviceable ones, it is shown how the manufacturing and 

remanufacturing decisions have been coordinated in order to maximize the total expected 

profit. It turns out that under strictly proportional costs and revenues a medium-simple 

'order-up-to policy' with two parameters and two parameter functions is optimal. 

However, optimal policies in situations where manufacturing lead-times exceed lead-

times for remanufacturing turn out to be different from those in the opposite lead-time 

case. 

The research presented combines methods for policy analysis in stochastic 

manufacturing/remanufacturing problems and in stochastic inventory control problems 
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with substitutable products. In contrast to this research our model consider disassembly 

of used product to its component level and remanufacturing of components to integrate 

with the purchased parts to produce final products. We present a quantitative approach to 

solve our model whereas the authors presented an analytical approach to determine the 

optimal policy. 

2. 2 Production planning and inventory control 

Many analytical and quantitative approaches are also found in various problems 

such as forecasting, production planning/control, inventory control/management, and 

location. A good overview on quantitative models for recovery production planning and 

inventory control is given by Fleischmann et al. (1997). They surveyed the recently 

emerged field of reverse logistics and subdivided the field into three main areas, namely 

distribution planning, inventory control, and production planning. They point out the lack 

of a general framework and mathematical model for reverse logistics environment. 

Der Laan and Salomon (1997) proposed a hybrid manufacturing/remanufacturing 

system with stocking points for serviceable and remanufacturable products, which will be 

a part of our framework. Jayaraman et al. (2003) proposed a general mixed-integer 

programming model and solution procedure for a reverse distribution problem focused on 

the strategic level. The model decides whether each remanufacturing facility is open 

considering the product return flow. On the contrary, our study deals with 

remanufacturing/manufacturing execution, at operational level. 

Der Laan et al. (1999) proposed production planning and inventory control in 

systems where manufacturing and remanufacturing operations occur simultaneously. 

Both the output of the manufacturing process and the output of the remanufacturing 
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process can be used to fulfill customer demands. For this system, they represented a 

methodology to analyze a PUSH control strategy (in which all returned products are 

remanufactured as early as possible) and a PULL control strategy (in which all returned 

products are remanufactured as late as is convenient). The main contribution of this paper 

are (i) to compare traditional systems without remanufacturing to PUSH and to PULL 

controlled systems with remanufacturing, and (ii) to derive managerial insights into the 

inventory related effects of remanufacturing. 

Jayaraman (2005) presented an analytical approach towards production planning 

and control for closed-loop supply chains with product recovery and reuse. The approach 

consists of a mathematical programming model, RAPP (Remanufacturing Aggregate 

Production Planning), for aggregate production planning and control. The model is 

designed to aid operational decision-makers in an intermediate to long-range planning 

environment and also may serve as a focal point for developing formal systems for 

production planning, inventory control, and other tactical decision-making. The proposed 

model is a linear program that deals with basic operational planning issues includes 

calculating the expected material recovery rates (MRR), the expected set of replacement 

parts and materials, the expected costs of replacement parts and materials, and the 

expected work loads at resource centers in a deterministic environment. Our model on the 

contrary conducts remanufacturing/manufacturing operational planning in a stochastic 

environment. 

2.3 Supply planning network 

Kim et al. (2006) developed a multi period, multi product mixed integer 

programming supply planning model for a remanufacturing system where returned 
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products are disassembled to remanufacture. They have considered two alternative 

options for supplying parts to the manufacturing plant: either ordering the required parts 

to external suppliers or overhauling the returned products and bringing those back to 'as 

new' conditions. They proposed a general framework for this remanufacturing 

environment and a mathematical model to maximize the total cost savings by optimally 

deciding the quantity of parts to be processed at each remanufacturing facilities, the 

number of purchased parts from subcontractor. The model is newly introduced and 

developed in the reverse logistics literatures. 

Kim et al. (2002) developed a supply planning model for a forward logistics 

system. The supply planning network consists of a manufacturer and its suppliers. The 

manufacturer produces different types of products, using a common set of inputs (e.g., 

raw materials and/or component parts) from the suppliers: but, each product needs a 

different mix of these inputs. The manufacturer sells its finished products to the market at 

the end of the current decision horizon, facing an uncertain market demand. In situations 

where a manufacturer has outsourced its parts production to contract manufacturers, the 

contract manufacturer's capacity available for the given manufacturer in a particular time 

period may be limited by "capacity reservation" agreements made in advance. Thus, in 

making production mix decisions for the current planning horizon, the manufacturer has 

to take into account both its own capacity and the suppliers' capacity restrictions. They 

develop a mathematical model and an iterative algorithm that helps the manufacturer 

solve its supply configuration problem, that is, how much of each raw material and/or 

component part to order from which supplier, given capacity limits of suppliers as well as 

the manufacturer. The model takes into account such factors as market demand 

25 



Supply (Planning Model for a ClosedLoop System with Uncertain (Demand and (Return 

uncertainty, costs and product characteristics. They presented a numerical example to 

illustrate the interacting effects among critical parameters in the model. Our model is a 

special case of this model designed for a reverse logistics environment in the presence of 

demand and return uncertainty. 

There are only few papers that considered the disassembly of the returned product 

to its component and reintegrating these components to the original production network. 

The existing models considered deterministic nature of returned product, whereas we 

have considered uncertainty from both demand and return side, which is more 

appropriate to real world practice. Therefore, in addition to the previous researches on the 

various specific areas of remanufacturing, our study focuses on developing a general 

framework of remanufacturing system from the standpoint of supply planning in reverse 

logistics environment and its optimization model. The practical implication of the 

proposed model is examined through the numerical example and experimental analysis. 
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CHAPTER 3: MATHEMATICAL MODEL 

3.1 Supply planning model for a closed loop system 

There exist common types of remanufacturing processes that can be classified as 

process characteristics such as collection, disassembly, refurbishment, and assembly. 

Refurbished products come from various sources, including customer returns and 

cancelled orders, products damaged during shipping, overstocks, demonstration and trial 

units, asset recovery, and lease returns. We consider closed loop systems where the 

manufacturer stock the returned items in a recoverable inventory from here these items 

are sent to the remanufacturing facility according to the remanufacturing order. Since a 

product consists of various parts, the returned products are carefully inspected and 

disassembled to remanufacture. 

Disassembled parts are classified into the reusable components and recyclable 

components. Reusable parts go to refurbishing site for repairing and cleaning. Recyclable 

components for example plastics and metals are shredded and then materials are 

processed into their raw forms by the recycling company so they can be used in 

automotive parts, microchip processing trays, serving trays, spools, hangers and other 

everyday products. The recycling operation is not included in the scope of the research in 

discussion. 

After refurbishing process, 'as new' parts are stocked as serviceable inventory 

together with new parts purchased from the external suppliers. Finally parts in 

serviceable inventory are supplied to the manufacturing plants according to the 

company's own production plan. The manufacturer sells fully assembled/finished 

products to the market after final assembly and other in-house operations on the 
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outsourced parts. For example, in a mobile phone industry, manufacturers collect and test 

the used phones. The phones that are in working condition, go the secondary market for 

rental or resale, otherwise, they go into the remanufacturing system to reuse parts or 

modules, i.e. PCB, display, speaker, and microphone. Defective phones go for 

disassembly, cleaning, and reassembly with new parts or modules if necessary. The 

remanufacturing system can be conceptualized into a framework as shown in Figure 1. 

Procure new parts 

External supplier 

Produce new product 

Manufacturing Plant 

Remanufacture Parts 

Return 

Remanufacturing facility 

Recycle Materials I Recycling company 

Manufacture tack back about 50% of their used products 

Figure 1 Framework for supply planning in a closed loop system 

Demand 

Customer Use 

The decision-making process is as follows, at the beginning of the current 

decision horizon, the manufacturer knows only the statistical distribution for the market 

demand for each assembled product also the statistical distribution for the return for each 
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used product without knowing, the actual return quantity. Then, the company has to make 

purchase decisions (how many units of parts to order from which suppliers), 

remanufacturing decision (how many units of parts to remanufacture) and assembly 

decisions (how many units of each product to make) simultaneously. Thus, before placing 

purchasing orders, the manufacturer has to take into consideration of its own capacity, 

and the capacity of its remanufacturing facility and suppliers. The decision can be 

optimally made using the mathematical model described in the following section. 

3.2 Mathematical formulations 

3.2.1 Assumptions 

The following assumptions were made to formulate the model, 

1. When a returned item undergoes remanufacturing process it is assumed to be "as good 

as new' after refurbishing. 

2. Remanufacturing cost of a part is less than the purchasing cost of a new one. 

3. As the model is for a single period we considered the beginning inventory of the 

serviceable parts to be zero. 

4. Any given time there is a certain percentage of remanufactured parts supply available 

from the used products source. 

3.2.2 Variables, parameters, and other notations 

Indices 

i Set of parts, i~{l,...,I) 

j Set of products, j = {1,.....JJ 

k Set of suppliers, k = fl, K} 

Decision variables 
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Xntj Units of product j produced 

ZA;. Units of part i remanufactured 

Xpik Units of part i purchased from external supplier k 

Stochastic variables 

Dj Random variable of demand of product j 

f(Dj) The p.d.f of demand for product j 

Rj Random variable of return of product j 

f(Rj) The p.d.f of return for product; 

Parameters 

Qm Maximum capacity of the manufacturing plant 

Sj Unit selling price for the product j 

Q.. Unit requirements of part i to produce one unit of product j 

MCj Unit direct manufacturing cost of product j 

a. Resource usage to produce one unit of product; 

u j Under stocking cost of the product j 

Vj Overstocking cost of the product; 

PCik Unit purchasing cost of part i from external supplier k 

Qk Maximum capacity reserved of the external supplier k 

jy Supplier fc's internal resource usage to produce one unit of part i 

RCt Unit remanufacturing cost for part i 
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Qr( Max capacity of the remanufacturing facility to remanufacture part i 

yl Resource usage to remanufacture one unit of part i 

HTJ Unit inventory holding cost of returned product; 

Hst Unit inventory holding cost of serviceable stock of part i 

n Mean demand of product ;' 

* Standard deviation of demand of product; 

n Mean return of product; 

0- Standard deviation of return of product; 

z Supply available for remanufactured parts from used product; 

3. 2. 3 Mathematical model 

(Z): Maximize ^ 
Xm, 

jlSjtDj-VjlXmj-DjMDjjdDj 

j 

llSj^Xmj -ufa -XmJ)]f(Dj]dDj 

Xm, 

-^MCj*Xmj 
7=1 

-YLPC^Xp^-^RC.^Xr., 
;=i *-i 

-I 
;=i 

/
 Hrj\Rj-£xr',coV^-K 

t,Xr',cv 
V i 

-^Hs\xri+Xpik-Yjc..*Xmj 

J'=I 

(1) 
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Subjectto £c,*Xm,<X,;.+£x/>,, V, (2) 

Y^a^Xm^Qm (3) 

X>ft **/>«< ft Vk (4) 

y^Xr.^Qr., Vi (5) 

Xr^j^c^+a^z) Vi (6) 

Xmj.Xp^Xr^O (7) 

3.3 Summery of the mathematical equations 

3.3.1 Objective function 

Z is the objective function that maximizes total expected profit. 

£ ftSj * £>,. - Vj {Xmj - Dj )]f (Dj )dDj : Expected value of profit from product j 
M [ o J 

when the realized demand of the product; is less than the actual quantity produced. This 

is calculated by subtracting over-stocking cost (occurred from the quantity produced 

more than the actual demand) from sales revenue. 

I 
y=i 

][S, * Xmj - Uj (Dj - Xmj)]/(/); )dDj 

Xm, 

: Expected value of profit from product j 

when the realized demand of the product,/ is more than the actual quantity produced. This 

is calculated by subtracting under-stocking cost (occurred from the quantity produced 

less than the actual demand) from sales revenue. 
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^MCj * Xntj : Total cost the manufacturer incurs that includes internal production cost, 
j=i 

consists of unit manufacturing cost multiplied by the amount of finished product 

produced by the manufacturer. 

/ K 

]ir ]T PCik * Xpik : Total purchasing cost incurs from external supplier, consists of unit 
1=1 jt=i 

purchasing cost multiplied by the amount of parts/ raw materials purchased from external 

supplier. 

^ RCj * Xrt : Total remanufacturing cost incurs from remanufacturing facility, consists 

1=1 

of unit re-manufacturing cost multiplied by the amount of parts remanufactured by the 

remanufacturing facility. 

j 

I 
7=1 

( I 

' \ i J 
: Expected holding cost for the recoverable 

inventory, consists of unit recoverable holding cost times the difference between amount 

of returns received and amount of parts remanufactured. 

2 > , Xri+XPik-YJC^Xmj 
(=1 7=1 

: Total holding cost for the serviceable inventory, 
; 

consists of unit serviceable holding cost times sum of parts remanufactured, and parts 

purchased subtracted from the total amount of parts requirements to produce unit of 

finished product. 

3.3.2 Constraints 

7=1 *=1 
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Constraint (2): Parts requirements balance constraint - presents the number of parts 

c,., required to produce Xm7 unit of finished product that equals sum of parts 

remanufactured and parts purchased. 

j 

^ ay * Xrrij < Qm 

Constraint (3): Capacity constraint for the manufacturer - presents capacity limitation of 

the manufacturer. 

j^bik*Xpik<Qk \/k 

i=i 

Constraint (4): Capacity constraint for the supplier - presents capacity limitation of the 

external supplier. 

y^Xr^Qr, Vi 

Constraint (5): Capacity constraint for the remanufacturing facility - presents capacity 

limitation of the remanufacturing facility. 

Constraint (6): Supply available constraint for remanufactured parts from used product 

source. 

Xmj,Xpik,Xri>0 

Constraint (7): Non negativity constraint of all decision variables. 
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CHAPTER 4: SOLUTION METHODOLOGY 

4.1 GAMS solution approach 

4.1.1 GAMS Non-linear programming solver 

GAMS is an acronym that stands for General Algebraic Modeling System. We 

used GAMS to solve our non-linear programming model for its high level Computer 

programming language for modeling and solving optimization problems - linear, 

nonlinear, and mixed integer. It is especially useful for handling large, complex, "one of a 

kind" problems, which may require many revisions of the model to get the formulation 

right. GAMS offers a portfolio of diverse local nonlinear programming solvers using a 

variety of approaches suitable for almost any situation, including: CONOPT (GRG, SQP, 

SLP), KNITRO—NEW (Interior Point), MINOS (Augmented Lagrangian), SNOPT 

(SQP). 

We used CONOPT solver to solve our non-linear programming model as we have 

full license for this solver. CONOPT is a solver for large-scale nonlinear optimization 

(NLP). CONOPT is a feasible path solver based on the generalized reduced gradient 

(GRG) method. The original GRG method helps achieve reliability and speed for models 

with a large degree of nonlinearity, i.e. difficult models, and CONOPT is often preferable 

for very nonlinear models and for models where feasibility is difficult to achieve. The 

multi-method architecture of CONOPT combined with build-in logic for dynamic 

selection of the most appropriate method makes CONOPT a strong all-round NLP solver. 
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4.1 .2 Mathematical formulations for implementing the model in GAMS 

To implement the non-linear (integration function) part of the objective function 

we used GAMS built in function "errorf' (Kalvelagen, 2006). The function "errorf' is 

used to integrate Normal distribution function. We can use errorf ((X - mu) I sigma) to 

express a Normal distribution function with mean ju and variance a2 .The mathematical 

formulation for solving the integration of normal distribution function using "errorf is as 

follows; 

X \[sj*Dj-vj(Xmj-Dj)\f(Dj)dDj (la) 
7=1 0 

J 

I 
;'=i 

CO 

\[Sj*Xmj-uj{D}-Xm])]f(D])dDj 

Xm, 

(lb) 

u,,
(D

'-^U 
Qj 

dDj = aDjdY 

Dj=crDJY + nDj 

1 \ 
Where, errorf'(x) = .— fexp-0'5' dt and the p.d.f of standard normal distribution is 

4l7t 1 

/(r)=-4=exP 
•42K 

f y2\ 

Equation (la) becomes; 

. (Xntj Xntj Xtrtj 

£ ISj'DjflPjIdDj- lvj*Xmjf(Dj)dDJ+ J v , * D j f a f a 
;'=i o 
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-Z 
7=1 

Xmj-Mpj XmrM,„ 

) Sj^Y + jiJfiYfrydY- jvj*Xmjf(Y)(7DjdY 
VDJ MDJ 

Xmrl4DI 

\Vj(aDjY + iuDj)f{Y)aDjdY 
MDJ 

aDj 

XmrfiDj 

= 1 
7=1 

(SJ+VJH-

exp 

i 

f Y2\ 

Jin 

MDJ 

+ ( s A +
v
A r

v
i

I m
/ K errorf 

\ av J 

— errorf 

Equation (lb) becomes; 

7=1 

oo oo oo 

\Sj * Xmjf(Dj ]dDj - j U j * Djf(Dj ]dD} + \u, * Xm^Dj ]dD, 
Km i Xm i Xm, 

I 
7=1 

[Sj + Uj jXrrij * <TDj lf{Y]dY-Uj*aDj j(aDjY+juDJ)f(Y)dY 
Xmj-flDI Xmj-fiDj 

= 1 
7=1 

(SjXmj + UjXmj -UjjUDjK, jf{Y)AY 
Uj *GDj \Yf{Y)dY 

Xntj-Mm Xmj -fiOJ 

=1 (SjXnij +UjXmj -UJ^DJ)CTDJ 1 - errorf 
(Xmrn 

Dj 

V am J 

-Uj<TDj 

exp 

f y 2 ^ 

v " 2 ; 

In 

\Xmj-flDj 
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Next we derive the equation of expected holding cost of recoverable inventory in 

objective function (1) in the following manner; 

I 
i V i J 

\Hrj (<JRjY + ̂ f{Y)aRjdY-Hr^-^ \f{Y)aRjdY 

^ '=1 cij ± 
2_, xr, 1 c„ -fiRj 2 . Xr>' c'i -fm 

OR) 

l"rtfj 
7=1 

exp 
r Y2^ 

v " 2 / 

tiXr<-/cii -fw 

+Y,HrJ*<TRj\tiRj-yL-1 

;=i 

Xr: 

'•=1 c'i j 

f 1 

1 - errorf 
T.Xrilcij-^j 

) 

Defining the integration part of the objective function as described above, allows rest of 

the model easy to implement using GAMS modeling language. 

4. 2 Iterative solution approach 

4.2.1 Characterizing the optimal solution to (Z) 

We develop second solution approach based on utilizing Lagrangian Multipliers, 

Kuhn-Tucker conditions and iterative solution techniques, Kim et al. (2002). Karush-

Kuhn-Tucker (KKT) conditions establish the first-order necessary conditions for 

optimality for (Z). Let's consider the following Lagrangian function: 
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j '""J 

y=i o 

+ 1 

oo 

jfc, * Xm; - Uj (Dj - Xmj ) ] / ( D ; )dDj 

lXmj 

-£MC,*Xm,. - £ | > C , * X p , 
;= i 1=1 *=i 

/=i y=i 

i-i V ;'=1 J <=1 V *=1 J'=1 
J 

+ TJ Qm-£aJ*XmJ\+j]#k\Qk+j^bik*Xpik) + fjyi(Qri-yi*Xri) 
k=\ V i=l i=l 

+ S A 
1=1 

5 > y *(//«,+c^*z)-X>} 
;= i 

(10) 

Where, 

$ Lagrangian multiplier for requirements of part / 

7 Lagrangian multiplier for the manufacturer's resource capacity 

Sk Lagrangian multiplier for the supplier k' s resource capacity 

yl Lagrangian multiplier for the reserved capacity for part / at the remanufacturing 

facility 

Pi Lagrangian multiplier for the available supply of remanufacturing part i 

With L defined above, we can obtain the following set of KKT- first order conditions for 

optimality. 
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dL 

dXm, 
^-VjFiXm^+iSj+Ujll-Fixm^-MCj+^Hs,*^-^ *c , -V*a-<0, 

and Xm, > 0 (ID 

ISJ+UJ - M C , +£7%, . % - £ / ? , . % -^ajl-ivj+Sj+UjMxmj) 

Mr, J c„ 

f 

\-F\ 
fXr^ 

• Hsi + /3, - ?, * y, ~p£ 0, and Xr, > 0 

Xrrij 

0 

= 0 

(11a) 

(12) 
V v -o Jj 

' Hr, ' Hrs 'V 
7=1 cij M cij V C U 

-HSi+pi-yi*yi-pi Xr, = 0 

J 

dL 
= -PCik-HSi+/3,-Sk*bik<0 

toPik 

{-PCik-HSi+fi-Sk*bik)XPik=0 

Xpik>0 

r)T K J 

OPi *=1 7=1 

^ *=1 7=1 

-\T I 

= 0 
; 

(12a) 

(13) 

(13a) 

(13b) 

(14) 

(14a) 

(14b) 

(15) 

Qk-£bik*XPik = 0 
V i=l 

<?,>0 

(15a) 

(15b) 
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— = Qm-Ya*Xmi>0,mdri>0 (16) 
d7 M 

{ J ) 

v J J 
0 (16a) 

— = Qri-yi*Xri>0,(mdyi>0 (17) 

TtiQn-y^Xr^O (17a) 

| ^ = Z ^ + c 7 R . * a ) - ^ > 0 , a n d A > 0 (18) 

tlcll*bilf,+<rly*z)-Xrl = 0 (18a) 

Equations (11) - (18a) constitute the KKT first order conditions for the optimal solution. 

If a set of values Xmj*,Xpik*,Xri*,j3i*,Tj*,Sk*,'/i*,pi * for 

i = l, ,7,7 = 1, ,J,k = l, ,Ksatisfy equations (ll)-(18a), then the values of 

Xmj*,j = I,...., J, Xr.*,i = 1, ,7,andXpik*,i = 1, ,I,k = 1, , K constitute an optimal 

solution to (Z). 

4.2 .2 Characterizing Xntj 

By rearranging (11a), we obtain: 

Sj+uj -MCj+j^HSi*^ - £ fr *cv -r}*aj 

'- '- < FVXm,.) 
VJ + SJ+UJ 

Here, FyXntj) is the cumulative probability distribution function for the demand of 

product/ The KKT condition (11) for optimality implies that if Xm, > 0 , then 
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F(*m,) = 
SJ+UJ -MC,. + £/f r , *c, -£/?,. %. -tj*aj 

SJ+VJ+UJ 

Hence we can evaluate XmjT as follows: 

Xmj = F~l 

5.+M._MC.+J^.*c,-XA*c,-/7*a, 

SJ+UJ+VJ 

In order for (21) to be meaningful, we must have, 

SJ+UJ+XHS, *C, >MCJ + £/?,. % +7*«, 

(19) 

(19a) 

The left-hand side of the equation (19a) Sy. + wy- + ^ / / s , *cij represents the incremental 

benefit the manufacturer could earn by producing one more unit of Xntj, assuming the 

additional unit is sold in the market. That is, by selling the additional unit, the company 

will receive 5y from the customer, and save Uj +^jHsi *cv because of avoiding the 

stock-out and holding cost of the serviceable inventory for the additional unit. The right 

hand- side of equation (19a) denotes the marginal cost to produce the additional unit. 

Since fit is the unit marginal price of material /, ]T /}. * ctj represents the total cost of 
i 

resources needed to produce one unit ofXmr In addition, the manufacturer incurs an 

actual cost of MC; and consume ayof its own internal resources (e.g., production process 

and/or plant space) whose unit marginal value is rj. 
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Therefore, we can conclude the right-hand side of (19a) is the total cost, both 

external and internal, to produce one unit ofXmr Equation (19a) postulates that unless 

the marginal value of Xntj is larger than the marginal cost, the manufacturer should not 

produce the last unit of Xm;. Finally, Xmi is determined after the adjustment related with 

the overstocking cost, v. is done as in the denominator of (19). 

4.2.3 Characterizing Xrt 

By rearranging (12a), we obtain: 

1 Hr J Hr 'V 
J

 ca J
 cij V Cv J 

Here, F(/?,.) is the cumulative probability distribution function for return of product/ 

The KKT condition for optimality implies that if Xr( > 0, then 

rXr} 

V cv J J Hrjy 

^Hr, 
= Z i r -^ J- f t l+2- J-+A-y«*y,-A 

J
 c>j 

Hence we can evaluate Xr, as follows: 

Xr^^c^F'1 C,: 

• Hr j nrj 

-RC, -HSi +Y—1 +J3i -y, *y. -p, 
J

 cu 

(20) 

In order for (20) to be meaningful we must have 

J nr 

^-^L + fi'!,RCl + Hsl + yi*yi+pl 

J C<J 

(20a) 

The left-hand side of equation (20a) represents the cost savings the manufacture 

could gain by remanufacturing one more unit ofXrn assuming the additional unit is 

within the allowable upper bound of using remanufactured parts. By remanufacturing 
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—-unit of recoverable inventory 
c 

holding cost and gains fa unit of marginal price of part i in terms of not purchasing that 

additional unit from external supplier. The right hand of equation (20a) denotes the total 

cost to produce one unit of remanufactured part X^. Equation (20a) postulates that unless 

the cost savings of Xrt is larger than the marginal cost, the manufacturer should not 

remanufacture the last unit of Xr(. 

4.2. 4 Characterizing Xpik 

From (13)-(15a), we have another set of necessary conditions that must hold for 

an optimal solution whenXp(t>0, and$;={PCik + /fa, + Sk *bik). This condition 

ensures that at the optimal solution, the manufacturer procures Xpilc from the suppliers so 

that the supplier k's marginal supply cost for a unit of part / becomes equal to the 

manufacturer's marginal value of part /, for K=l, ,k. Recall that bik is the supplier 

k's internal cost of resources needed to produce a unit of part /, Sk is the marginal price 

of the internal resources, and PCjk is the manufacturer's procurement cost for part / from 

supplier k and Hst is the holding cost of serviceable inventory for part i. In effect, the 

manufacturer's production decision becomes intricately connected with the suppliers' 

production constraints. 

4.2.5 Primal-Dual linear program 

Conditions (13-15b) are exactly the feasibility conditions for the following 

primal-dual pair of linear programs. 
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1 k 

Pi(X): Minimize £ £ PC,, * Xpik + £ £ Zfo, * Aptt 

Subject to J c</ * * w , ^ + Z ^ * Vl' 
;=i *=i 

Z^A^Sg, 

^ * o 

Vk 

Vi;VJfc 

D,(X): Mox/m/ze J fit £ c, * Xm. -Xrt -£<?** G* 
,=i V;=i ) k=\ 

Subject to •/]i+2s^bik>YPCik+Hsi Vi; 

# > o v/ 

Sk>0 Vk 

The corresponding complementary slackness conditions: 

1=1 v
 k=l i=x 

:0 

f I 

*=1 
Z** G*-£****&* 

\ i=i 

= 0 

(14) 

(15) 

(13b) 

(13) 

(14b) 

(15b) 

(13a) 

(14a) 

(15a) 

Thus, given the optimal values ioxXmj,Xri,ri,YJ,pn the optimal values of Xpik can be 

obtained by simply solving the corresponding linear program Pl (X). This suggests an 

iterative approach for solving the overall problem (Z). 
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4. 2. 6 Summery of the Algorithm 

Initially we consider the case when the capacity constraint for the manufacturer, 

remanufacturing facility, and upper-bound constraint for using remanufactured parts is 

not tight, in this case t) = 0, y.= 0 and p. = 0 .The iterative solution approach for solving 

the overall problem (Z) is described as follows. First we consider some values for J3, and 

dk (initially zero), and find the values of Xmyand fus ing equation (21) and (22) 

respectively. Then using these values of Xm- and Xrt we solve the linear 

program Px{x). 

Next, we update the values of $ and Sk according to the optimal dual variables, 

and re-compute the values of Xm^and Z?; according to equation (21) and (22) 

respectively. We then iterate back and forth between solving the linear program P^X) 

and computing Xm;. and ^according to equation (21) and (22) respectively until the 

values of Xm^Xr^Xp^,^ and 8kconverge. In the implementation of the algorithm we 

have to be careful about the initialization of variables, the "step-size" in the updating of 

Xrrij and Xrt, and the convergence criteria. An exact description of the Algorithm 1 is 

given in Appendix B. 

When the capacity constraint for the manufacturer, remanufacturing facility and 

upper bound constraint of using remanufactured parts is not tight, the optimal value of 

7], y., and/?; may be non-zero. In this case, we modify our iterative procedure to include a 

bisection search for the optimal value of //, yi, and /?,. The detailed description of the 

Algorithm 2 is given in Appendix C. 
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It is straightforward to show that the objective function is concave in 

Xnij,Xrt,andXpik, so the solution obtained by our iterative algorithm (which satisfies the 

KKT conditions) is guaranteed to be the global optimal solution. We note that while (Z) 

is a non-linear mathematical programming problem, both Algorithms 1 and 2 involves 

solving only linear programs. The only non-linear calculations involve is the computation 

oiXm^X^ and the objective function, which is relatively straightforward. Our 

computational testing indicates that both algorithms converge in a few iterations and are 

very efficient. 
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CHAPTER 5: NUMERICAL EXAMPLE AND RESULTS 

5.1 Numerical example 

We present a numerical example reflecting real business situation to illustrate 

how the model works in proposed framework and to gain insights into the proposed 

model. We assume that the manufacturer produces two different types of products with 

the combination of four different types of parts. These parts can be purchased from two 

external suppliers or can be remanufactured by the manufacturer. The manufacturer has 

one manufacturing plant and one remanufacturing facility. There is a capacity limitation 

for the manufacturing plant, remanufacturing facility and external suppliers. We also 

assume that demand for the finished product and return of the used product is normally 

distributed. 

Table.3 presents parts requirements for two different products. Purchasing cost 

and resource requirements by the suppliers are summarized in Table.4 and Table.5 

respectively. Product information data such as sales revenue, manufacturing cost, 

recoverable inventory holding cost, resource usage, underage and overage cost are listed 

in Table.6. Part information data such as remanufacturing cost, resource usage, 

serviceable inventory holding cost, and lead time requirements are listed in Table.7. The 

mean and standard deviation of demand for finished products are listed Table.8. Table.9 

shows the mean and standard deviation of return for used products. Capacity of the 

manufacturer, remanufacturing facility, and suppliers are given in Table. 10. Upper bound 

of using remanufactured parts is z = 0.25. The input data for solving a small size 

(Example: 1) and a large size (Example: 2) problem is given in Appendix: A. 
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5. 2 Implementation of the model 

We solved the GAMS solution approach using GAMS 22.5 software (CONOPT 

solver) and to solve the Iterative solution approach we linked GAMS 22.5 with 

MATLAB 6.5 using an interface (Ferris, 1999). This interface facilitated us to solve the 

primal-dual linear program using GAMS optimization capability and at the same time 

take advantage of MATLAB built in function (norminv) to solve the inverse cumulative 

distribution function. 

5.3 Comparison of results 

Using Example. 1 (keeping all parameter values same) we obtained results for 

both solution approaches. Table. 1 summarizes the results for GAMS and Iterative 

solution approach. 

Table 1 Results from GAMS and Iterative solution approach 

Solution approach GAMS Iterative 
Objective function value 
Iteration number 
Execution time 
Feasible solution 

17,655.82 
16 
0.2 sec 
Yes 

17,654.79 
6 
5 sec 
Yes 

Number of product produced Xrtij product j = 1 

product j = 2 

103.25 

127.72 

103.24 

127.71 

Number of parts remanuf actured Xri 

Number of parts purchased from Supplier 1 Xpik 

Number of parts purchased from Supplier 2 Xpik 

part i 
part i 
part 
part 

part 
part 
part 
part 

part 
part 
part 
part 

= 1 
= 2 
= 3 
= 4 

= 1 
• = 2 
• = 3 
• = 4 

= 1 
• = 2 
• = 3 
' = 4 

145 
210 
245 
145 

0 
276.40 
320.18 
0 

189.21 
0 
0 
189.21 

145 
210 
245 
145 

0 
276.43 
320.19 
0 

189.22 
0 
0 
189.22 
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The objective function value for both GAMS approach and Iterative approach presents 

similar results and both approaches present feasible solution. To realize more about the 

consistency of the results obtained from these solution approaches we solved another 

example presented in the paper Kim et al. (2002), as our model is a special case of the 

model presented in this paper. 

Table 2 Comparison of results from GAMS and Iterative solution for an example 

from Kim et al. (2002) 

Results from GAMS solution Iterative solution 
approach approach 

Objective function value 4005 4001 
Feasible solution Yes Yes 
Number of finished product product j = 1 19.59 19.60 

produced, y t product; = 2 19.81 19.71 

Number of parts purchased 

from Supplier 1, xy 

Number of parts purchased 

from Supplier2, xy 

Number of parts purchased 

from Supplier3, xtj 

Number of parts purchased 
from Supplier4, xt] 

part i 
part i 
part i 
part i 
part 

part 
part 
part 

part 
part 

part 
part 
part 
part 
part 
part 
part 

part 
part 
part 

= 1 
= 2 
= 3 
= 4 

= 5 

= 1 
= 2 

= 3 

• = 4 
• = 5 

= 1 
• = 2 

' = 3 
• = 4 
• = 5 
= 1 

• = 2 
• = 3 
• = 4 

• = 5 

19.59 
19.81 
0 

0 
0 
0 
0 
34.60 

0 

0 

0 
0 
4.80 
0 

0 
0 
0 
0 
19.59 
19.81 

19.60 
19.71 
0 

0 
0 
0 
0 
34.60 
0 

0 
0 

0 
4.71 
0 

0 
0 
0 
0 
19.60 
19.71 
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Using data from Table. 1 presented in the paper Kim et al. (2002) we solve the problem 

using our solution approaches. Table.2 summarizes the results from both solution 

approaches. The objective function value for GAMS approach is slightly more than the 

objective function value obtained from the Iterative approach and both approaches 

present feasible solution. 

5.4 Computational experience 

The inverse of normal cumulative distribution function can be computed using 

MATLAB built in function (norminv). The definition of the norminv (P, MU, SIGMA) 

is, it computes the inverse of the normal c.d.f. with parameters MU and SIGMA at the 

corresponding probabilities in P. A scalar input is expanded to a constant matrix with the 

same dimensions as the other inputs. The parameters in SIGMA must be positive, and the 

values in P must lie on the interval [0 1]. We calculated the probability for the decision 

variables Xm,and f u s i n g equations (21) and (22) respectively. 

Pr = 

Sj+uj - M C ; + £ * & , % - £ # % -Tj*aj 
i=i 

SJ + UJ+VJ 
(21) 

Pr = 
J c J Hr 

jsl Mrj y M ctJ 

(22) 

The equations above are derived from equations (21) and (22) respectively. Some 

computational problems arise during iterations. Depending on the parameter values 

probability sometimes become less than zero or more than one. So we had to adjust the 

value of probability such a way that it gives a value between the intervals [0-1], so care 
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should be taken during this adjustment as it will influence the optimal solution of 

decision variables. This creates another opportunity for future research. 

For solving a small size problem using MATLAB built in function to calculate 

inverse cumulative distribution function will not limit to achieve the optimal solution. For 

a large size problem where it involves calculating more than 1000 different decision 

variables, using MATLAB built in function might not be an ideal choice of software as 

controlling probability values this way can be very difficult and time consuming, also 

there is a possibility of not achieving the optimal solution. 
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CHAPTER 6: SENSIVITY ANALYSIS 

6.1 Sensitivity analysis 

We conducted sensitivity analysis for five different cases to investigate how the 

objective function value and the values for decision variables change with the changes in 

critical parameters. 

Case 1: how the total expected profit changes with the changes in the upper bound of 

using remanufactured parts. 

Expected profit vs upperbound of using remanufactured 
parts 

17750 -

17700 -

17650 -

17600 -

17550 -

17500 -

17450 -

17400 -, , . . . . . . , . 

0 0.1 0.2 0.3 0.4 0.5 
Value of z (available supply of remanufactured parts 

from used products) 

Figure 2 Total expected profit with or without remanufacturing operation 

Figure.2 illustrates that total expected profit increases as we increase in the upper 

bound of using remanufactured parts (the value of z). This is because remanufactured 

parts are less expensive than new parts purchased from external supplier as a result by 

using more of remanufactured parts we save on the parts purchasing cost. 

o 
u 
a 

v 

o 
<u 
a 
XI 

a) 

o 
H 
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Case 2: how the objective function changes as the capacity of the remanufacturing 

facility changes. 

Figure.3 shows that at low capacities the objective function value increases as the 

capacity of the remanufacturing facility Qr is increased. The largest optimal value is 

obtained at about Qr =715 and after that point the objective value does not increase 

even if the capacity is increased further. 

J Expected profit as a function of ramanufacturing 
! facilities' capacity ; 

| 17750 - | 

I <i> I 
! 3 17700 - # • • • 
i IT) ! 
I > I 

1 c 17650 - i 
f ° 

i t> 17600 - * 1 
! c 
i 3 

• "w 17550 -

t * 
•H 17500 - \ 
o ! 
•n 17450 - • 
£> i 

! o ; 
| 17400 -, - ,- -. , .... , , ! 
I 600 700 800 900 1000 \ 

| capacity of the remanufacturing facility 
t \ 

Figure 3 Expected profit as a function of thr remanufacturing facilities' capacity Qr 

Case 3: how the changes in a supplier's capacity affects the pattern of the manufacturer's 

procurement and remanufacturing quantity. 

Figure.4 shows the procurement quantity of the manufacturer from external 

suppliers, given manufacturer's capacity Qm = 415, supplier's capacity Qu - 2,500, Qk2 

= 3,000, and the capacity of the remanufacturing facility is Qr = 765. 
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Figure 4 Parts supply quantity from external supplier and remanufacturing facility 
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Figure 5 Supply quantities from external supplier and remanufacturing facility 

(after the change of capacity) 

55 



SuppCy (Planning Model for a Closed Loop System with Uncertain (Demandand 9^turn 

Figure.5 shows as the capacity of the remanufacturing facility changes to Qr = 765 

keeping all other capacity same (Qm = 415, QM = 1,000, and Qk2 - 3000), more parts are 

remanufactured by the remanufacturing facility then before. 

The reason for this is where there are more suppliers for each material or 

component, procurement follows a 'one supplier for one material type' pattern, which is 

consistent with industry practice. Since costs are linear, manufacturer selects the most 

efficient (e.g., low-cost) supplier among many for each type of material or component 

when there are no other qualitative considerations such as strategic importance, long-term 

relationship building, Rosenblatt et al. (1998). 

Case 4: how the changes in a product's return uncertainty affects the parts purchasing 

and remanufacturing quantity. 

Figure.6 shows as the return uncertainty for product-2 (standard deviation of 

return for product-2) increases the quantity of remanufactured parts decreases for the case 

Qrt = 800, similarly with the increase in return uncertainty for product-2 the quantity of 

parts purchased from external supplier increases. 

Interpreting this from a newsvendor perspective, the optimal remanufacturing 

quantity can be written as Xri<^cij*(juRj+<7I<j*z) where z is determined by the 

j 

upper bound of using remanufactured parts and can be positive or negative. For example 

if the upper bound of using remanufactured parts is 40%, then from the normal table we 

can find the related value for z = - 0.26. Thus, increasing aR1 would increase Xrn 

when z > 0, as we are remanufacturing more than the average of return /iR2. 
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Figure 6 Unit of parts remanufacturedVpurchased as product 2's return uncertainty 

varies 

In other case increasing <7R2 would decrease Xrt, when z < 0, as we are remanufacturing 

less than the average of return juR2. Similar effects have been observed elsewhere in 

newsvendor-like problems, Gerchak and Mossman (1992). 

Figure.7 shows similar analysis as in case 4 performed for the large size problem, 

Example.2. By increasing the return uncertainty (standard deviation) for product 2 the 

total amount of parts remanufactured decreases and as a result parts purchasing from 

external supplier increases. This analysis indicates with changes of return uncertainty the 

model behaves similarly for a small and large size problem. 
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Return uncertainty vs part remanufacturig/purchasing 
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Figure 7 Total amount of parts remanufactured/purchased as product 2's return 

uncertainty varies 

Case 5: how the changes in a product's return uncertainty affects the total expected 

profit. 

Figure.8 shows the effect of return uncertainty on the objective function value, as 

the uncertainty of return for product 2 is increased the objective function value increases 

with it. That is because with increased return uncertainty we are remanufacturing more 

parts and purchasing fewer parts from external supplier. As remanufactured parts are 

cheaper than new parts from external supplier, we are saving in parts acquisition. As a 

result the value of the profit function increases. 
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Figure 8 Total expected profit as product 2's return uncertainty varies 
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CHAPTER 7: CONCLUSIONS AND FUTURE RESEARCH 

7.1 Conclusions 

While making significant strides in establishing a more efficient forward logistics 

pipeline, vendors often fail to place the same emphasis on creating an integrated and 

seamless reverse logistics process, which means they are winning only half the battle. To 

correct this, vendors need to gain a better understanding of the disposition process for 

used and returned goods, making it part of the total life cycle of their products. 

We developed a mathematical model and algorithm to solve a reverse supply 

chain management problem faced by an original equipment manufacturer that assembles 

and sells multiple products using parts purchased from external suppliers and parts 

remanufactured by the manufacturer itself. First we solved the mathematical model using 

GAMS optimization software then we developed second solution approach based on 

utilizing Lagrangian Multipliers, Kuhn-Tucker conditions and iterative solution 

techniques. We compared results from both solution approaches to find out which 

solution approach produce optimal or near optimal solution. The outcome of our finding 

shows both GAMS and Iterative approach produces almost similar results. The result of 

our research indicates that the manufacturer has to reach an optimal supply decision by 

taking into account such key factors as its production capacity, market demand and return 

uncertainty, supply costs, and suppliers' capacities, remanufacturing cost and 

remanufacturing capacity, overstocking and under stocking cost. 

Post-optimality analysis for the proposed model shows that there exists an optimal 

remanufacturing capacity for the remanufacturing facility at which the company achieves 

the maximal profit after this point increasing the capacity of the remanufacturing facility 
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does not increase the value of the objective function (total expected profit) anymore. We 

noticed that upper bound of using remanufactured parts for manufacturing finished 

product has a significant effect on total expected profit, for example increasing the upper 

bound of using remanufactured parts increases total expected profit for the manufacturer. 

We also analyzed the impact of product return uncertainties on parts remanufacturing, 

parts purchasing, and on total expected profit, as the return uncertainty increases parts 

remanufacturing decreases and parts purchasing increases as a result total expected profit 

decreases. 

Remanufacturing systems represent a much larger segment of the economy than 

was previously envisioned by companies. There is a lot of evidence that shows the 

development of remanufacturing systems due to their profitability and to response to the 

environmental pressure to reuse, recycle, recover, refurbish and remanufacture products. 

Our model, presents the beginning of research in an area that is not only fruitful but also 

as tremendous implications for companies that have to deal with the environment and 

also have to watch for their bottom-line profitability. 

7.2 Future research 

From the analysis in this research, there remain several open questions which give 

motivation for future research. One step of further research could be to extend the model 

to multi period and to solve a problem with a large number of variables that would give 

better to understanding of how efficient the model is in real life situation. We solved a 

large size problem using GAMS solution approach, for future research a large scale 

problem can be solved using the Iterative solution approach and compare results from 
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both approaches to investigate which solution approach produces optimal solution and 

efficient in handling large size problem. 

A main issue in product recovery management which has to be carefully 

considered in decision making is the existence of a significant level of uncertainty in 

terms of quantity and quality. In our model we have only considered uncertainty in terms 

of quantity and assumed the manufacturer take back only good quality used product, in 

practical situation it is always not like this, so the proposed model can be extended to 

include disposal of poor quality returned products, which involves considering of 

disposal cost. 

In addition to forecasting demand for the finished product, forecasting return for 

used product will allow the manufacturer to rely on previous generations of equipments 

as a source of components for products in development. The model can also be extended 

to investigate issues such as product-life cycle management, and design for disassembly 

for example designing product families with modular product architectures and a 

common set of core components, which will facilitate the manufacturer to reuse or 

recycle parts easily. 

Due to environmental issues the government imposes penalty cost to the 

companies for taking back their after life products from the market. The proposed model 

can also be extended to investigate the condition when the quality of remanufactured 

parts are not as good as new after going through the process of remanufacturing, or the 

cost of remanufactured parts are more than the new parts, in this type of situation the 

company has to decide whether it will be profitable or not to use remanufactured parts, 

and what should be the optimal quantity of remanufactured parts to use in the production 
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of new products. Some other future directions for this research are, if the company has a 

demand for their products in the secondary market and decide to manufacture their final 

product completely out of the remanufactured parts in that case would the company have 

enough supply of used products to depend for their parts supply, what would be the 

action for the company when there is no used product available to obtain parts to 

remanufacture. In many cases the company prefers to out source their remanufacturing 

process through a third party logistics one can also investigate whether it is profitable for 

the company to conduct the remanufacturing in house or out source the remanufacturing 

process. 

Based on the results, we can state that in order to optimize the supply chain 

performance in a closed loop system, the manufacture need to fully integrate production, 

remanufacturing and purchasing decisions. The proposed remanufacturing framework 

and model can be applicable to the various industries after customizing for specific 

industries. However, as the proposed model is introduced in terms of a general 

framework, many future works are accordingly needed. Above all, the proposed 

framework with remanufacturing can be effectively enhanced by adopting more industry 

practices. 
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APPENDICES 

Appendix A: Input data 

Example: 1 

Table 3 Product specification - component requirements 

part i = 1 part i = 2 part i = 3 part i = 4 

product 7 = 1 2 1 3 2 

product ;' = 2 1 3 2 1 

Table 4 Purchasing cost from external suppliers 

part / = 1 part i = 2 part i = 3 part i = 4 

supplier Jfe = l 8 10 5 9 

supplier k = 2 8 15 7 5 

Table 5 Resource requirements for the suppliers 

part i = 1 part i - 2 part i - 3 part i = 4 

supplier k = \ 1.5 2 2 1.5 

supplier k = 2 2 1 1.5 3 
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Table 6 Product Information 

product 5. MCj Hrj cij Uj v} 

"7=1 150 24 15 I 100 60 

7 = 2 200 32 3.5 2 90 40 

Table 7 Part Information 

part i = l i = 2 i = 3 i = 4 

_ _ _ _ _ - _ _ 

y, 1 1 1 1 

Hs, 3.5 5.5 2.5 3.5 

Table 8 Mean and Standard deviation of demand for product7 

product 7 = 1 100 20 

product 7 = 2 120 25 
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Table 9 Mean and Standard deviation of return for product y 

product y' = l 40 20 

product 7 = 2 50 20 

Table 10 Capacity of the manufacturer, remanufacturing facility, and external 

supplier k 

capacity Qm 

product j = 1,2 415 

capacity Qrb 

part i = 1 

part ?* = 2 

part i = 3 

part i = 4 

capacity Qk, 

supplier k = 1 

supplier k = 2 

66 

150 

215 

250 

150 

2500 

3000 
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Example: 2 

Table 11 Product specification, component requirements, for part i and product,/ 

j/i 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1 

2 

1 

1 

1 

2 

1 

1 

3 

2 

2 

2 

1 

3 

2 

1 

1 

2 

1 

1 

1 

1 

3 

3 

2 

1 

4 

2 

1 

1 

2 

1 

1 

4 

2 

1 

2 

3 

2 

1 

2 

1 

2 

1 

5 

2 

1 

3 

1 

3 

2 

1 

1 

1 

1 

6 

1 

3 

2 

1 

1 

1 

1 

1 

1 

1 

7 

3 

2 

1 

4 

4 

8 

2 

1 

2 

3 

1 

1 

1 

1 

2 

1 

9 

2 

1 

3 

1 

2 

1 

1 

1 

1 

1 

10 

1 

3 

2 

11 

2 

1 

1 

1 

2 

1 

1 

3 

2 

2 

12 

1 

3 

2 

1 

1 

2 

1 

1 

1 

1 

13 

3 

2 

1 

4 

2 

1 

1 

2 

1 

1 

14 

2 

1 

2 

3 

2 

1 

2 

1 

2 

1 

15 

2 

1 

1 

1 

3 

2 

1 

1 

1 

1 

16 

1 

3 

2 

17 

3 

2 

1 

4 

4 

18 

2 

1 

2 

3 

1 

1 

1 

1 

2 

1 

19 

2 

2 

20 

1 

3 

2 

Table 12 Purchasing cost from external supplier k for part / 

k/i 1 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 

1 9 10 5 12 8 10 5 9 10 5 9 8 

2 8 1 2 7 7 8 9 7 5 1 2 7 5 8 

3 8 9 7 8 8 9 7 8 9 7 8 8 

4 10 8 6 10 9 12 6 8 9 6 10 9 8 6 8 9 6 8 9 10 

5 8 10 6 9 9 9 6 10 12 6 9 8 10 6 9 12 6 9 8 10 

10 5 

12 7 

9 9 

9 

6 

8 

10 

9 

9 

5 

7 

7 

9 

5 

10 

8 

8 

8 

10 

7 

9 
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Table 13 Resource requirements for supplier k for part i 

k/i 1 2 3 4 5 6 7 8 9 10 1 12 13 14 15 16 17 18 19 20 

1 

2 

3 

4 

5 

Table 14 Product information 

product 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

*y 

250 

250 

270 

280 

230 

230 

260 

250 

250 

240 

MCj 

24 

32 

35 

36 

20 

24 

32 

30 

30 

25 

Er. 

1.5 1 

1.9 1 

1.6 1 

1.7 1 

2.0 1 

1.7 1 

2.1 1 

1.9 

2.5 

1.8 

aj uj 

100 

90 

50 

90 

I 60 

70 

80 

1 60 

[ 105 

L 95 

vi 

60 

40 

20 

10 

30 

50 

30 

30 

40 

20 
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Table 15 Part information 

Part RCi Hsi 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

4.0 

5.5 

2.5 

3.5 

2.5 

5.0 

3.5 

4.0 

3.0 

3.0 

4.0 

3.5 

2.5 

3.5 

2.5 

5.0 

3.5 

4.0 

3.0 

5.0 

3.5 

5.5 

2.5 

3.5 

3.0 

4.5 

4.0 

2.5 

5.0 

2.5 

3.5 

3.0 

2.5 

5.0 

2.5 

1.9 

2.1 

3.0 

3.5 

4.0 
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Table 16 Mean of demand for product j 

Product Mean of Demand Standard deviation Mean of Return Standard deviation of 

of Demand Return 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

90 

110 

105 

95 

100 

120 

95 

100 

120 

105 

20 

25 

20 

20 

20 

25 

20 

20 

20 

25 

30 

35 

31 

35 

30 

35 

31 

30 

35 

31 

20 

20 

20 

20 

20 

20 

20 

20 

20 

20 
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Table 17 Capacity of the manufacturer, remanufacturing facility, and external 

suppliers 

capacity Qm capacity Qrt capacity Qk 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

50000 

1 

2 

3 

4 

5 

600000 

600000 

600000 

600000 

600000 
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Table 18 Results for Example 2 for GAMS solution approach 

Objective function value 

Iteration number 

Execution time 

Number of product j 

produced 

prod-1 

prod-2 

prod-3 

prod-4 

prod-5 

prod-6 

prod-7 

prod-8 

prod-9 

prod-10 

72.639 

84.370 

83.499 

79.979 

80.315 

108.107 

91.734 

90.183 

114.539 

96.825 

20,994.013 

34 

1 sec 

Number of parts 

remanufactured 

part-1 

part-2 

part-3 

part-4 

part-5 

part-6 

part-7 

part-8 

part-9 

part-10 

429.000 

389.000 

493.000 

465.000 

430.000 

359.000 

521.000 

414.000 

375.000 

359.000 

Number of parts purchased from 

external suppliers 

part-1 .supp-5 

part-2 .supp-4 

part-3 .supp-1 

part-4 .supp-2 

part-5 .supp-1 

part-5 .supp-2 

part-5 .supp-3 

part-6 .supp-5 

part-7 .supp-1 

part-8 .supp-2 

1017.874 

873.536 

1049.274 

1039.875 

326.855 

326.855 

326.855 

795.429 

1141.250 

918.826 
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Number of parts Number of parts purchased 

remanufactured from external suppliers 

part-11 429.000 part-9 .supp-3 423.570 

part-12 389.000 part-9 .supp-4 423.573 

part-13 493.000 part-10.supp-l 795.429 

part-14 465.000 part-ll.supp-2 1017.874 

part-15 378.000 part-12.supp-5 873.536 

part-16 359.000 part-13.supp-4 1049.274 

part-17 521.000 part-14.supp-l 1039.875 

part-18 414.000 part-15.supp-2 865.567 

part-19 323.000 part-16.supp-2 257.618 

part-20 359.000 part-16.supp-3 268.905 

part-16.supp-4 268.905 

part-17.supp-l 1141.250 

part-18.supp-2 918.826 

part-19.supp-5 732.144 

part-20.supp-2 795.429 
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Appendix B: Algorithm 1 

J [Xmi 

Let, R{Xm,Xr,0,S) = Y\ j K *DJ ~VJ(XmJ ~DJMDJ^DJ 
;=i o 

+ Z \[s^Xmj-uj(Dj-Xm])\f(Dj)dDj 

7=1 [Xmj 

-^MC^Xnij 
;=i 

*=i v i=i y 

Stepi. Let, /?° = 0, y° = 0, and p? = 0, « = 0, s = 1 (s is the step size). 

5rep2: Compute Xm7"
+1and Xr"+[ using equation (21) and (22) respectively and the 

values of ft and Sn
k . 

Step3. Solve />(x"+1)(and hence£>,(X"+1)) to get Xpf,#"+1,andSk
+l, and then 

compute /?(xm;+1, X>f+1, ft+x, Sn
k
+1). 

Step4. If \\Xm"+1 - Xmnj\\<eM and|xr;+1 - Xr."\\<eR, STOP. The optimal solution 

of problem (P) is (Xmf, Xr^, Xpf). 

StepS. lfR(xmn*\Xr?+\ft*x,Sk
n+')<R(xm"j,Xr;,ft,Sn

k) (dual accent not achieved), 

then let^ = s/2. 

Step6. Let ft+l = PI + s{j5f - ft), and 8? = S"k + s(s? - S"k) 
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Stap7. Increment n by 1, and repeat from step 2. 
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Appendix C: Algorithm 2 

Stepl. Let 7] = 0, yi = 0, /?,. = 0 Apply Algorithm 1, if the optimal solution satisfies 

constraint (4, 6, and 8), STOP. Solution is also optimal for (Z). 

Stepl. Let Tj^ = 0, ijma =(Sj+uj+^j Hst * cu )laj\ (this is an upper bound on rj, 
i=i 

else Xnij = 0). 

//rain ' / imax 

J^Hr 
Z-^+A 

vM ci/ 

/ y,; (this is an upper bound on yi, else Xrt = 0). 

Ajmin ' AOmax 

J^Hr 
; (this is an upper bound on/?,, else X?; =0). 

Step3. Let m = 0 

S ^ . L e t T / M ^ n + ^ x ) ^ ; 

Xi = V imin "*" 7ina\ ) ' *"' 

Am=(Ami„+Amax)/2; 

Step5. Apply Algorithm 1 to obtain XmJ, Xr™, fi?, and 8?. 

Step6. If Qm-^a^Xm"! 
M 

Ycij*{nRi+aR}*z)-Xr^ 

<e and Qr; -y,*Xr™ <e and 

<E„, STOP. Optimality achieved. 
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Step7. If TJ^ < enaad£aj *XmJ < Qm and yimm < ey and y, * Xr? < Qrt and 

Amax <epandXrr <i>,k, ,+<T„ ,*z),STOP ( X m J , * ^ #%<?;) optimal. 

Step8. Otherwise, If Qm <Y,aj* Xm7 > tnen let;7min = Vm '-

IfQm > J > , * XmJ , then let?7max = Tjm; 

ffGr,<yi*^lhen]et^=tf; 

If2^>y ;*Zr, f f l,thenletr,-, raax=^; 

If Z c - y k + <7„,. *z)<X/f thenletAmin = p? \ 
7=1 

IfE
c
. ;^

+ < 7
«J^)

>
^

r a
'

t h e n l e t
A ( max =A

m
; 

;= i 

Step9. Increment m by 1, and repeat from Step 4. 
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