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Summary 
The representation of the Earth's gravity field as the potential of a simple 
layer distributed over the surface of the Earth is determined by com- 
bining satellite observations and gravity anomalies. Density values of 
the simple layer for 192 surface elements are computed and converted 
into harmonic coefficients up to the 15th degree and order. These co- 
efficients are used to determine surface density values referred to a reference 
ellipsoid with the flattening of an earth in hydrostatic equilibrium. The 
geophysical implications of these values are outlined. 

Introduction 

Recent determinations of the gravity field of the Earth by means of satellites 
(Kaula 1966; Smithsonian Institution 1966; Anderle 1967) have been used to interpret 
the sources of the geopotential (Kaula 1969; Moberly & Khan 1969). In these 
studies the gravity field was expressed by gravity anomalies. However, for geo- 
physical interpretation a representation of the gravity field by means of the potential 
of a simple layer distributed over the surface of the Earth seems to be more suitable 
than one by gravity anomalies, since the computed density values allow both quanti- 
tative and qualitative interpretation of mass surplus or deficiency within the Earth. 
Density anomalies have already been computed from satellite results by Schwiderski 
(1968) under the assumption of a fluid mantle. However, the density values of a 
simple layer can be obtained without any hypotheses. 

The representation of the Earth's gravity field by means of the potential of a 
simple layer has been proposed for satellite geodesy by Koch (1968) and applied to 
optical satellite observations by Koch & Morrison (1970). In this application 48 
density values of the simple layer for 48 surface elements of about 30" x 30" were 
determined from satellite observations. In addition gravity anomalies were com- 
bined with the satellite observations to make a second determination of the 48 density 
values. For this computation only gravity anomalies found from a combination 
of satellite results and terrestrial data (Rapp 1968a) were available. In the mean- 
time, however, gravity anomalies and their standard deviations collected by the 
Department of Geodetic Science of the Ohio State University have been provided 
by the Air Force Cambridge Research Laboratories. These gravity anomalies are 
given as mean values for 2592 5" x 5" surface elements. One thousand four hundred 
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2 Kd-Rudolf Koch 

and seventy values are obtained from gravity measurements and the rest are model 
anomalies (Rapp 1968b). The standard deviations of the measured anomalies vary 
between 5 2  and f 19 mgal, the standard deviations of the model anomalies are 
k 20 mgal. 

To incorporate these gravity anomalies, the combination of satellite observations 
and gravity data mentioned above is repeated, to determine the gravity field of the 
Earth represented by density values of a simple layer potential. However, instead 
of 48 density values for 30" x 30" blocks 192 density values for elements of an approxi- 
mate size of 15" x 15" are determined here, in order to take more advantage of the 
information about the gravity field corning from the gravity measurements. Since 
the gravity anomalies are given for 5" x 5" surface elements, density values for smaller 
than 15" x 15" blocks could have been computed. However, as shown by Koch 
(1970), the results of the combined solution would not be improved with smaller 
surface elements, since the significant contribution to the determination of the gravity 
field comes from the satellite solution which uses 30" x 30" surface elements. 

Computational method 
In the satellite solution mentioned above the optical satellite observations were a 

function of the unknown density values and the unknown orbital elements of the 
satellites being observed. Since approximate values for the density and the orbital 
elements were known, Taylor's series was applied to obtain the observation equations 
for the least squares adjustment (Koch 8t Morrison 1970, equation (4)) 

[A, B] 121 = I + v  

where A and B are matrices of coefficients, Ax the vector of the 48 corrections Axi 
to the approximate density values for 30" x 30" surface elements, Ae the vector of 
corrections to the orbital elements of the observed satellites, I the observation vector, 
and v the vector of residuals. The normal equations of the least squares adjustment 
for Ax and Ae are obtained by means of the covariance matrix Zl of the observa- 
tions 1 

[BTZ1-'A ATZ1-'A A'Zl-'B] BTZ1- lB  [z] = [ATXl-';] BTZ1-l ' (1) 

The values Axi ( i  = 1,  ..., 48) may be represented as mean values of four cor- 
rections Afii (j = 1, ..., 4) of density values for surface elements of the approximate 
size of 15" x 15" into which the 30" x 30" blocks are divided 

In matrix notation we write 

Ax = CAE (3) 
with :::I c11 c t 2  c13 c14 

c21 c22 c23 c24 

C =  [... 
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Surface density values for the Earth 3 

The coefficients c i j  are obtained by dividing the surface element associated with 
AZij by the surface element for Axi, so that the mean value Axi is formed by applying 
weights proportional to the size of the surface element for Ajrj (Koch 1970). 

[ 'i';:'AC BT XI- '  B Ae BT Cl-  

With (3) we obtain instead of (1) 

(4) 
AC CT AT El-' B] [ AX] - - [ CT AT 1 

This system of normal equations is singular, since not AX but Ax has been determined 
by satellite observations. However, by adding the contribution of the gravity anoma- 
lies to the density values we obtain a non-singular system. 

Density values for 5" x 5" surface elements are computed from the given gravity 
anomalies A g  for 5" x 5" blocks by (Koch & Morrison 1970, equation (16)) 

where 

S($) is Stokes' function, t,b the spherical distance between the fixed point and the 
variable point, and 4 and 1 the geographic latitude and longitude. Mean values 
X for the density of 15" x 15" surface elements are formed again by applying weights 
proportional to the size of the surface elements 

X = DFAg. (6) 
F denotes the matrix by which according to (5) the anomalies A g  have to be multi- 
plied to obtain the density values for 5" x 5" blocks and D the matrix by which the 
mean values for the 15" x 15" elements are computed from the 5" x 5" blocks. From 
the covariance matrix ZAa which is diagonal and has the standard deviations of the 
anomalies A g  on its diagonal, we find the covariance matrix Cx for the density 
values % 

Cz = DF CAg FT DT. (7) 
When analysing the satellite observations according to (l), the anomalies pub- 

lished by Rapp (1968a) were used to compute approximate density values. The 
gravity anomalies now being used lead to different density values for the 15" x 15" 
surface elements. If the difference between these values is denoted by Zo, we finally 
obtain the 192 corrections AX to the density values from the combination of satellite 
observations and gravity measurements by least squares adjustment 

Results 
The variance of unit weight of the least squares adjustment (8) equals 1.44, 

and the number of degrees of freedom is equal to 8932. The standard deviations 
for the density values lie between f 1 a23 mgal and k 0.14 mgal. The absolute values 
for the correlation coefficients for AXij obtained from the inverted system (8) are 
smaller than 0-6. The standard deviations computed by the error propagation 
(7) vary between & 1-45 mgal and f0-24 mgal. Hence, the accuracy of the density 
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values could not be considerably improved by combining satellite observations and 
gravity anomalies. This indicates that the 15" x 15" surface elements are sufficiently 
small for the combination solution. To investigate the influence of the model 
anomalies on the solution, a combined solution was completed with standard devia- 
tions of k40mgal instead of f20mgal assigned to the model anomalies. The 
results were not considerably changed. 

The density values A& were then used to compute the normalized harmonic 
coefficients Cn, and S,, of the expansion of the geopotential in spherical harmonics, 
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6 Karl-Rudolf Koch 

where n is the degree and m the order of the expansion. Although an arbitrary 
number of harmonic coefficients may be computed with a given set of density values 
(Koch 1968), it is obvious that the number of harmonic coefficients should not be 
much greater than the number of the computed density values. A development up 
to the 15th degree and order is chosen here. The coefficients are given in Table 1. 
For this expansion the values of the Smithsonian Institution (1966) 

kM = 3.986013 x lOI4 m3 s-'; a = 6 378 155 m (9) 

have been assumed, where kM is the product of the gravitational constant and the 
mass of the Earth, and a the equatorial radius of the Earth. Using the harmonic 
coefficients in Table 1, the geoid shown in Fig. 1 has been computed. It refers to 
the best fitting ellipsoid, which is defined by the values for kM and a in equation (9), 
C2, = -484.0664~ in Table 1, and the rotational velocity of the Earth. Its 
flattening equals 1 : 298.286 which is slightly too small in comparison with other 
satellite results. The reason for this is the incomplete coverage of the Earth with 
gravity anomalies, which gives insufficient results for the low order harmonics. 

The harmonic coefficients and the geoid are compared with the solution of the 
Smithsonian Institution (1966) and the one of Anderle (1967) which were obtained 
from satellite observations, and with the results of Rapp (1968a, Table 1) and Koch 
& Morrison (1970, Table 3) which are found by combining satellite observations 
and gravity measurements. The rms discrepancy between the common coefficients 
of these solutions and the ones of Table 1 is per coefficient f0-21 x 
k 0 - 2 9 ~  ,045 x k0.13 x The rms discrepancy between the 
geoid heights computed at 10" intervals is f 16.1 m, f 17.1 m, 15.4 m, f 10.0 m. 
Table 2 shows the anomaly degree variances 

for the solutions mentioned above. y denotes the normal gravity. The comparison 
shows that the results of the combination of satellite data and gravity measurements 
agree very well with previous solutions. 

Table 2 
Anomaly degree variances o2 

Smi thsonian Koch 
Institution Anderle Ram er al. 

n (1966) (1 967) (1968a) (1 970) 

in mgal' 

2 7.2 8.0 
3 32.7 40.1 
4 17.0 22.4 
5 18.3 21-9 
6 18.8 32.2 
7 13.6 33.3 
8 11.9 
9 

10 
11 
12 
13 
14 
15 

7.1 7.5 
3 0 4  3 4 4  
16.2 26.4 
12.3 20.0 
14.5 27.1 
9.4 11.0 
6.7 7.2 
5.3 
6.7 
3-3 
4.5 
4.4 
5.6 

Coefficients 
in 

Table 1 

7.9 
30.1 
26-7 
25.0 
36.8 
17.5 
8.5 

11.0 
4.3 
9.5 
2.5 
3.1 
2-7 
2.5 
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Density values 

The density values determined here do not refer to a reference ellipsoid but to a 
reference surface obtained by an expansion into spherical harmonics up to the 4th 
degree and order (Koch & Morrison 1970, equation (8)). Instead of computing 
directly the density values with respect to a reference ellipsoid by means of integral 
equations and adding them to the values determined here, the harmonic coefficients 
of Table 1 are used to compute the density values by assuming a spherical surface 
of the Earth. 

Let U be the potential of a level ellipsoid, which is defined for instance by the 
values for kM, for a, for the second zonal harmonic C,,, and for the rotational 
velocity u of the Earth. Then the geopotential W is given by 

W = U+T. (1 1 )  

The disturbing potential T is represented by the potential of a simple layer with the 
density x distributed over the surface T: of the Earth 

r is the distance between the fixed point and the variable point, dC the surface element 
of the Earth and k as before the gravitational constant. If we assume a spherical 
surface of the Earth, we obtain the well-known integral equation for the density x, 
if there are no zero-order harmonics in the gravity anomalies Ag 

By substituting (12) we find with r = 2R sin ($/2) where R is the mean radius of 
the Earth 

Ag 3 T 
211 4a R 

kX = - + - - . 

The density x of the simple layer can now be computed by using the expansion into 
spherical harmonics 

kM OD n 
T = -  C P,,(sin 4)(C,, cos mL+ S,, sin mL) 

R n = 2 r n = 0  

and 

(16) 
kM n 

Ag = C C (n - 1 )  P,,(sin 4)(Cnm cos ml+ S,, sin ml) R n = 2 m = 0  

where B,,(sin$) is the normalized associated Legendre function and where C,, 
and C4, have to be referred to the chosen reference ellipsoid. 

Geophysical implication 
The density values given here are referred to an equipotential ellipsoid whose 

values for kM, a, and u are identical with the values obtained for the Earth. If we 
also take C,, as determined for the Earth, we refer the density values to the best 
fitting ellipsoid. The density values in Fig. 2 are referred to this ellipsoid, that means 
C,, equals the value given in Table 1. 
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10 Karl-Rudolf Koch 

For geophysical interpretation, however, the reference ellipsoid should have 
the shape of the Earth in hydrostatic equilibrium, since stress differences in the 
Earth’s mantle arise from the difference between the actual shape of the Earth and 
the theoretical one for hydrostatic equilibrium (O’Keefe & Kaula 1963). This 
argument has been recently supported by Goldreich & Toomre (1969) who argue 
that the Earth seeks out a polar axis such that the products of inertia are dampened. 
The rotational bulge follows the polar wandering and therefore the present deviation 
of the Earth’s flattening from the one of a hydrostatic equilibrium figure cannot be 
connected with a faster spin rate of the Earth in the past. In Fig. 3 the density 
values are referred to an ellipsoid with the second zonal harmonic for a fluid earth 
(Jeffreys 1964) 

c,, = -479.458 x 

The flattening of this ellipsoid equals 1 : 299.67. 
The units of the dimension of the density of a simple layer are by definition 

g ern-,. To come to any meaningful interpretation of the computed density values 
we have to assume that the simple layer is spread out over a layer of finite thickness, 
in order to obtain the units g ~ r n - ~  for the density. In Figs 2 and 3 a layer of 10m 
thickness is chosen. 

The comparison between the density values of Figs 2 and 3 shows that the absolute 
amount of the density values is considerably changed close to the poles while it is 
only slightly altered at the equator. However, the areas of positive and negative 
density values and the difference in the density values of adjacent areas have almost 
not changed at all. Thus, the flattening of the reference figure is not too important 
for the geophysical interpretation. For the following discussion we consider only the 
values of Fig. 3. These values represent density anomalies since the mass distribution 
of the equipotential ellipsoid, whose mass equals the mass of the Earth, has been 
subtracted. One possible mass distribution of a level ellipsoid is, for instance, a 
homogeneous core and a nearly homogeneous mantle (Moritz 1968). 

Just from looking at Fig. 3 it becomes evident that there is no correlation between 
the density anomalies and the topography. The variation of the density has no 
connection with the change of the continents and oceans over the Earth‘s surface. 
The sources of the density variations have to lie at a considerable depth which 
becomes obvious from the following considerations. The largest differences between 
density values of adjacent areas appear between East Africa and the Indian Ocean, 
and between the Indian Ocean and the area north of New Guinea. These differences 
equal 260gcm-3. They are unrealistically large so that the simple layer must be 
assumed to be spread over a layer thicker than 10 m. With a layer 10 km thick the 
above mentioned variations in the density equal 0.26 g cm-3; they are still too large. 
Assuming a thickness of lOOkm, we obtain the maximal density variations of 
0-026 g cm-3 which are very reasonable. Hence, density variations, the sources 
of the variations of the gravity field, go as deep as the lithosphere which is assumed 
to be about 100 km thick. 

Toksoz, Chinnery & Anderson (1967) concluded by means of seismic data that 
the sources for the satellite-determined gravity field lie even deeper than 100 km, 
and Moberly & Khan (1969) correlated the map of the gravity anomalies with the 
map of the asthenosphere, thus finding evidence for the new global tectonics founded 
on the hypotheses of continental drift, sea-floor spreading, and underthrusting of 
the lithosphere at island arc (Isacks, Oliver & Sykes 1968). Under such an assump- 
tion positive density values have to be found in areas of trenches and island arcs 
where the colder, and therefore denser crust is shoved into the mantle. Negative 
density values have to be expected in the areas of ocean ridges where material con- 
vecting out of the asthenosphere causes the sea-floor spreading. 
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Surface density values for the Earth 11 

The density anomalies of Fig. 3 are positive in the area of deep trenches east 
of the Philippines and north of New Guinea and there are negative density values 
at the Mid-Indian Ocean Ridge. Furthermore, a low can be found in the area of 
the ridges in the Pacific Ocean and a high along the trench off the west coast of South 
America. Positive density anomalies are encountered in the area of the Himalayas 
where the Indian shield underthrusts the Himalayas (Le Pichon 1968), and in the 
area of the Tonga and Kermadec Trench in the South Pacific Ocean. There is another 
high south of Alaska; however it does not follow the Aleutian Island arc. 

In the South Atlantic Ocean negative density values are situated in the area of 
the Mid-Atlantic Ridge, however in the North Atlantic Ocean the Mid-Atlantic 
Ridge goes through the area with the maximal amount of positive density values. 
Positive gravity anomalies in the area of the Mid-Atlantic Ridge of the North Atlantic 
Ocean have been found not only by satellites but also by sea-borne gravity measure- 
ments (Talwani & Le Pichon, 1969). Another feature of the density values which 
cannot be explained by means of the new global tectonics is the high over the Red 
Sea where negative values are to be expected, since the bottom of the Red Sea is 
assumed to be spreading. The negative density anomalies over the Canadian shield 
are another feature unexplainable by continental drift. These values, however, can 
be interpreted by the uplift of the Canadian shield due to the isostatic compensation 
after the icecap over the shield had melted. 

Although many features of the map of density anomalies of Fig. 3 support the 
theory of continental drift and sea-floor spreading, there are other features which 
cannot be explained by this hypothesis. Hence it must be concluded that not only 
density variations in the asthenosphere but also density anomalies in the lithosphere 
cause the variations of the gravity field although at the present time only the long- 
wave components of the gravity field are determined by satellite observations and 
their combination with gravity measurements. 
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