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Abstract. In the framework of Carnot-Carathéodory spaces we study Min-
kowski content and perimeter, we prove some coarea formulas, and finally
we prove some variational approximations of the perimeter.

1. Introduction

In this paper we deal with some problems concerning Geometric Measure
Theory and Calculus of Variations in metric spaces. Although such a theory
is in embryonic stage contained in Federer’s book [22], its systematic study
has been carried out only since a few years (see also Mattila’s recent book
[43] and references therein). An interesting proposal of a general Geometric
Measure Theory in metric spaces was given in [20] and the program has
been developed in [4] and [5]. A general report on problems and techniques
of Analysis and Geometry on metric spaces can be found in [19], [35], [54].

In our framework we actually consider a special class of metric spaces,
the Carnot-Carath́eodory (C-C) spaces. More precisely, given a familyX =
(X1, ..., Xm) of Lipschitz vector fieldsXj(x) =

∑n
i=1 aij(x)∂i (j =

1, ...,m) with aij ∈ Lip(Rn) (j = 1, ...,m, i = 1, ..., n), we call sub-
unit a Lipschitz continuous curveγ : [0, T ] −→ R

n such that

γ̇(t) =
m∑
j=1

hj(t)Xj(γ(t)), and
m∑
j=1

h2
j (t) ≤ 1 for a.e.t ∈ [0, T ],

(1.1)
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with h1, ..., hm measurable coefficients. Then define the C-C dinstance be-
tween the pointsx, y ∈ R

n as

d(x, y) = inf{T ≥ 0 : there exists a subunit pathγ : [0, T ]→ R
n

such thatγ(0) = x andγ(T ) = y}.(1.2)

If the above set is empty putd(x, y) = +∞. If d is finite onR
n, i.e.

d(x, y) < ∞ for everyx, y ∈ R
n, it turns out to be a metric onRn and

the metric space(Rn, d) is called C-C space (see, for instance, [33]). In
particular we shall always assume that

(H1) the metricd is finite and the identity mapId : (Rn, d)→ (Rn, | · |) is
a homeomorphism.

Such spaces have been much studied in the last years with applications
ranging from degenerate elliptic equations to optimal control theory and
differential geometry (see, for instance, [37], [53], [49], [26], the recent
book [9] and references therein). On the other hand even some topics of
Geometric Measure Theory have been studied in the setting of these spaces.
In particular the space of functions withbounded variationwith respect to
X has been introduced in [12], [15], [27], [30]. Namely, given an open set
Ω ⊂ R

n, the spaceBVX(Ω) is the set of functionsf ∈ L1(Ω) such that

||Xf ||(Ω)

:= sup
{∫

Ω
f(x)

m∑
j=1

n∑
i=1

∂i(aij(x)ϕj(x)) dx : ϕ = (ϕ1, ..., ϕm) ∈

∈ C1
0 (Ω;R

m) and|ϕ(x)| ≤ 1 ∀x ∈ Ω
}
<∞.

Many interesting properties ofBVX functions have been investigated and in
particularisoperimetric type inequalitieshave been proved for theX−pe-
rimeter ||∂E||X associated to a measurable setE ⊂ R

n of locally finite
perimeter, that is

||∂E||X(Ω) := ||XχE ||(Ω) <∞(1.3)

for every open bounded setΩ ⊂ R
n (see [51], [25] and [30]). Moreover, the

existence of minimizing sets of locally finite perimeter has been obtained
in [30], generalizing similar De Giorgi’s results for the Euclidean perimeter
measure||∂E|| := ||∂E||X with X = ∇ = (∂1, ..., ∂n) (see [32]).

More recently, introducing a suitable intrinsic notion of rectifiability in
the Heisenberg group, a counterpart of De Giorgi’s result on the structure of
sets of finite Euclidean perimeter (see [32]) has been obtained in [29] (see
Sect. 5 and see also [2] and [52]). Finally area formulas have been proved
in the setting of Carnot groups (see [56] and [41]).
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In this work we tackle the problem of investigating the relations among
some classical measures of the Geometric Measure Theory concentrated
on surface type sets in the setting of C-C spaces, such asX−perimeter
and Minkowski content. To this aim we are able to prove for some C-C
dinstances the followingeikonal type equation(see Theorem 3.1):

(H2) Let K ⊂ R
n be a closed set. IfdK(x) := infy∈K d(x, y) then

XdK(x) = (X1dK(x), ..., XmdK(x)) ∈ R
m exists and|XdK(x)| =

1 for a.e.x ∈ R
n \K.

Actually, we stress that only assumption (H1) and (H2) are needed in
order that ourmain results turn tobe true inageneralC-Cspace. Inparticular,
assuming (H1)wewill get that theX−perimeter||∂E||X(Rn) coincideswith
the Minkowski content of∂E

M(∂E)(Rn) := lim
r→0+

|{x ∈ R
n : d∂E(x) < r}|
2r

for all boundedsetE ⊂ R
nwithC∞ boundary (seeTheorem5.1). Theproof

relies on aRiemannian type approximationof themetricd (seeRemark 5.2),
and as a preliminary step we also prove acoarea formulaof the following
type ∫

Rn

u(x)|Xf(x)|dx =
∫ +∞

−∞

(∫
{f=t}

u dµt

)
dt,(1.4)

whereu is an integrable function andf is a Lipschitz continuous func-
tion with respect to the C-C metricd, Et = {x ∈ R

n : f(x) > t} and
µt = ||∂Et||X (see Theorem 4.2). This coarea formula extends previous
ones already known in the literature (see [27], [30] and [29]). Moreover let
us note that, although only assumption (H1) is involved in the proof of for-
mula (1.4), looking at the weight|Xf | one can immediately guess the key
role played by hypothesis (H2) in integration over level sets of dinstance
functions.

Our main result is the variational approximation of the perimeter||∂E||X
by means of degenerate elliptic functionals of the typeFε : L1(Ω) →
[0,+∞]

Fε(u) =


∫
Ω
(ε|Xu|2 + 1

ε
W (u))dx if u ∈ H1

X(Ω)

+∞ if u ∈ L1(Ω) \H1
X(Ω)

(1.5)

whereW (u) = u2(1−u)2 andH1
X(Ω) is the set of the functionsu ∈ L2(Ω)

such thatXju ∈ L2(Ω), j = 1, ...,m, exist in distributional sense. More
precisely for everybounded, regular opensetΩ ⊂ R

nweget theexistenceof
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theΓ−limit functionalF := Γ (L1(Ω))− limε→0 Fε : L1(Ω)→ [0,+∞]
with

F (u) =
{
2α||∂E||X(Ω) if u = χE ∈ BVX(Ω)
+∞ otherwise

provided assumptions (H1) and (H2) hold, withα =
∫ 1
0

√
W (s)ds (see

Definition 6.1 and Theorem 6.5). In the caseX = ∇ = (∂1, ..., ∂n) this
result is proved in [47] for the classical Euclidean perimeter. The same
variational approximationwasused in [46] to establishaconnectionbetween
the classical model and the Cahn-Hilliard model of phase transition (see
[8], [1] and references therein). More recently the general non degenerate
anisotropic casewasalsostudied,namelywhenoneconsiders the functionals
Fε : L1(Ω)→ [0,+∞]

Fε(u) =


∫
Ω
(ε〈BDu,Du〉+ 1

ε
W (u))dx if u ∈ H1(Ω)

+∞ if u ∈ L1(Ω) \H1(Ω)

(1.6)

whereH1(Ω) is the classical Sobolev space andB(x) is an×n symmetric
matrix of bounded measurable functions onΩ such that

〈B(x)ξ, ξ〉 ≥ λ0|ξ|2 for a.e.x ∈ Ω and for allξ ∈ R
n,(1.7)

for a givenλ0 > 0 (see for instance [13] and [10]). However, we explicitly
point out that the case (1.6) is not comprehensive of the one (1.5). In fact in
this case, ifA(x) = (aij(x)) is the matrix of the coefficients of the vector
fields, thenB(x) = A(x)A(x)T would be the appropriate matrix in (1.6),
but it could not satisfy (1.7) (see Remark 6.6).

Moreoverwe are able to prove that theX−perimeter (1.3) is theΓ−limit
of a suitable family ofRiemannian type perimetersfor a general family of
Lipschitz vector fieldswithout assumptions (H1) and (H2) (see Theorem6.4
andRemark 5.2). These arguments show that the definition ofX−perimeter
is from the variational point of view as stable as the Euclidean perimeter.

Finally let us give a short abstract of the paper. In Sect. 2 we establish
our notations and recall some known results about C-C spaces. In Sect. 3
we prove (H2) for some C-C metrics by means of an extension of a well
known differentiability theorem due to Pansu. In Sect. 4 we prove coarea
formula (1.4) and get some applications. In Sect. 5 we study the relation be-
tweenX−perimeter and Minkowski content, proving that they coincide for
regular surfaces. Finally, in Sect. 6 we perform the study ofX−perimeter’s
approximations by means ofΓ−convergence.
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2. Notations and preliminary results

In this section we recall some well known results about C-C spaces that will
be used in the sequel. Consider the vector fieldsX1, ..., Xm ∈ Lip(Rn;Rn).
We shall as usual identify vector fields and differential operators. If

Xj(x) =
n∑
i=1

aij(x)∂i, j = 1, ...,m,

define the matrix

A = col[X1, ..., Xm] =

 a11 · · · a1m
...

...
an1 · · · anm

 .(2.1)

We shall denote byX∗
j the operator formally adjoint toXj in L2(Rn), that

is the operator which for allϕ,ψ ∈ C∞
0 (R

n) satisfies∫
Rn

ϕ(x)Xjψ(x) dx =
∫

Rn

ψ(x)X∗
j ϕ(x) dx.

We first introduce some functional spaces associated with the vector
fields. If f is a scalar function andϕ is am−vector valued function, define
theX−gradientandX−divergence

Xf := (X1f, ...,Xmf), divX(ϕ) :=
m∑
j=1

X∗
j ϕj .

If Ω ⊂ R
n is an open set, the anisotropic Sobolev spaceH1,p

X (Ω), 1 ≤ p ≤
∞, is the set of functionsf ∈ Lp(Ω) such that the derivativesXjf , j =
1, ...,m, exist in the senseof distributionsasLp(Ω) functions.Weshall write
H1
X(Ω) := H1,2

X (Ω). The spaceH1,p
X,loc(Ω) is the set of functions belonging

toH1,p
X (U) for each open setU compactly contained inΩ (U ⊂⊂ Ω).
We now introduce functions of boundedX−variation and recall some

of their properties (see [27] and [30]). LetΩ ⊂ R
n be an open set and let

F (Ω;Rm) := {ϕ ∈ C1
0 (Ω;R

m) : |ϕ(x)| ≤ 1 ∀x ∈ Ω}.
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The spaceBVX(Ω) is the set of functionsf ∈ L1(Ω) such that

||Xf ||(Ω) := sup
ϕ∈F (Ω;Rm)

∫
Ω
f(x)divX(ϕ)(x) dx <∞.(2.2)

The spaceBVX,loc(Ω) is the set of functions belonging toBVX(U) for
each open setU ⊂⊂ Ω. A measurable setE ⊂ R

n is of locally finite
X−perimeter inΩ (or aX−Caccioppoli set) ifχE ∈ BVX,loc(Ω), namely
if

||∂E||X(U) := ||XχE ||(U) <∞(2.3)

for every open setU ⊂⊂ Ω. By means of Riesz representation Theorem
one can prove that iff ∈ BVX,loc(Ω) then||Xf || is a Radon measures on
Ω (see [22, 2.2.5]).

Proposition 2.1.Letf, fk ∈ L1(Ω), k ∈ N, be such thatfk → f inL1(Ω),
then

lim inf
k→∞

||Xfk||(Ω) ≥ ||Xf ||(Ω).

Proposition 2.2.If E is a X−Caccioppoli set withC1 boundary the
perimeter has the following representation

||∂E||X(Ω) =
∫
∂E∩Ω

|C(x)n(x)|dHn−1,(2.4)

wheren(x) is the Euclidean normal to∂E atx andC = AT (recall (2.1)).

Theorem 2.3.Let f ∈ BVX(Ω) and write µ = ||Xf ||. There exists a
µ−measurable functionσf : Ω → R

m such that|σf | = 1 µ−a.e. and∫
Ω
f(x)divX(ϕ)(x) dx = −

∫
Ω
〈ϕ(x), σf (x)〉dµ,

for all ϕ ∈ F (Ω;Rm).

Whenf = χE in Theorem 2.3, then the vector

νE(x) := −σχE (x)(2.5)

will be calledX−generalized inner normalof E .
The representation of the perimeter (2.4) is in [27, Remark 2.3.3]. The-

orem 2.3 is a direct consequence of Riesz Theorem (see for example [32]
or [21]).

We now turn back to C-C metrics (recall definitions (1.1) and (1.2)).
We already noticed that it is not always possible to connect two points by
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a subunit path. An interesting condition that implies theX−connectivity is
the so-called Chow-Ḧormander condition

rankL(X1, ..., Xm)(x) = n for everyx ∈ R
n.(2.6)

L(X1, ..., Xm) is the Lie algebra generated byX1, ..., Xm ∈ C∞(Rn;Rn)
(see [37]). C-Cmetrics induced by vector fields satisfying (2.6) satisfy (H1).
Precisely, ifΩ ⊂ R

n is a bounded open set and ifk ∈ N is the minimum
length of the commutators necessary to guarantee (2.6) relatively toΩ then
there existsC > 0 such that

1
C
|x− y| ≤ d(x, y) ≤ C|x− y| 1k

for all x, y ∈ Ω (see for example [39]).
Metric balls induced by vector fields satisfing theChow-Hörmander con-

dition are well behaved with respect to Lebesgue measure. LetΩ ⊂ R
n be

a bounded open set and letr0 > 0. Then there exists a constantδ > 0 such
that for allx ∈ Ω and for all0 < r < r0 the followingdoubling property
holds (see [49])

|B(x, 2r)| ≤ δ|B(x, r)|.(2.7)

Here and in the sequel|E| will always stand forLn(E), whereLn is
then−dimensional Lebesgue measure onR

n. B(x, r) is a C-C open ball
centered atx with radius r. The constantδ is a doubling constant and
Q := log2 δ ≥ n is a local homogeneous dimensionof Ω relatively to
the vector fieldsX1, ..., Xm.

A subunit pathγ : [0, T ] → R
n is ageodesicif d(γ(0), γ(T )) = T . If

R
n isX−connected then it has thegeodesic segment property, i.e. for every

two points ofRn there exists a geodesic connecting them. The following
proposition can be proved by a classical compactness method due to Hilbert
(see for example [34, Theorem 1.10]).

Proposition 2.4.Let (Rn, d) be X−connected and complete. For every
x, y ∈ R

n there exists a Lipschitz continuous subunit curveγ : [0, d(x, y)]
−→ R

n such thatγ(0) = x, γ(d(x, y)) = y andt = d(γ(t), x).

We state now a deep result which will be needed. Consider a C-C space
(Rn, d). A functionf : (Rn, d)→ R isL−Lipschitz if

|f(x)− f(y)| ≤ Ld(x, y)(2.8)

for all x, y ∈ R
n. In this case we shall writef ∈ Lip(Rn, d). The infimum

of the constantsL such that (2.8) holds will be denoted byLip(f). Lipschitz
functions are differentiable a.e. along the fieldsXj (see [28] and [31]).
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Theorem 2.5.Let(Rn, d) be a Carnot-Carath́eodory space associated with
a family of vector fieldsX1, ..., Xm ∈ Lip(Rn;Rn), and suppose that (H1)
holds. Then, for everyL−Lipschitz functionf the derivativesXjf(x), j =
1, ...,m, exist and|Xf(x)| ≤ L for a.e.x ∈ R

n.

Next Morrey’s type estimate is proved in [40]. Here and in the sequel we

write
∫
B
u =

1
|B|

∫
B
u.

Lemma 2.6.LetX1, ..., Xm ∈ C∞(Rn;Rn) satisfy the Chow-Ḧormander
condition (2.6) and letΩ ⊂ R

n be a bounded open set with homogeneous
dimensionQ ≥ n (recall (2.7)). Ifp > Q there existsC = C(Ω,X,Q, p) >
0 such that for every ballB = B(x0, r) ⊂⊂ Ω

|f(x)− f(y)| ≤ Cr
(∫

B
|Xf(z)|p dz

) 1
p

for a.e.x, y ∈ B(2.9)

for all f ∈ H1,p
X (B).

Finally, we recall the definition ofCarnot group(see also [36] and [50]).
Let (Rn, ·) be a nilpotent Lie group whose Lie algebrag admits astratifica-
tion, i.e. there existV1, ..., Vk linear subspaces ofg such that

g = V1 ⊕ ...⊕ Vk, [V1, Vi] = Vi+1, Vk /= {0}, Vi = {0} if i > k,

where[V1, Vi] is the subspace ofg generated by the elements[X,Y ] with
X ∈ V1 andY ∈ Vi. It is well known that, identifyingg with R

n via the
exponential map, it is possible to induce onR

n a family of automorphisms
of the group, calleddilations, δλ : Rn → R

n (λ > 0) such that

δλ(x1, ..., xn) = (λα1x1, ..., λ
αnxn),

where1 = α1 = ... = αm < αm+1 ≤ ... ≤ αn are integers andm =
dim(V1) (see [23, Chapter 1]). The integerQ =

∑n
j=1 αj =

∑k
j=1 jdim

(Vj) is thehomogeneous dimensionof the group, which turns out to be the
Hausdorff dimension of(Rn, d) (see [44]). The group law can be written in
the form

x · y = P (x, y) = x+ y +Q(x, y), x, y ∈ R
n

whereP,Q : Rn×R
n → R

n have polinomial components andQ1 = ... =
Qm = 0 (see [55, Chapter 12, Sect. 5]). Note that the inverse of an element
x ∈ R

n has the formx−1 = (−x1, ...,−xm, i(x)) with i(x) ∈ R
n−m.

LetX1, ..., Xm form a basis ofV1 and letd be the C-C metric induced
on R

n by them. The structureG = (Rn, ·, δλ, d) is said to be a Carnot
group. Let us point out that C-C metrics induced by different bases ofV1
are equivalent (see [50, Sect. 1.3]).
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Then−dimensional Lebesguemeasure inR
n is the Haar measure of the

groupG. This means that ifE ⊂ R
n is measurable, then|x · E| = |E| for

all x ∈ G. Moreover, ifλ > 0 then|δλ(E)| = λQ|E|.
The C-C metricd is well behaved with respect to left translations and

dilations. In fact one can prove that

d(z · x, z · y) = d(x, y), d(δλ(x), δλ(y)) = λd(x, y)

for x, y, z ∈ G andλ > 0.
The vector fieldsXj have polinomial coefficients and can be assumed

to be of the form

Xj(x) = ∂j +
n∑

i=j+1

aij(x)∂i, Xj(0) = ∂j , j = 1, ...,m,

whereaij are polinomials such thataij(δλ(x)) = λαi−αjaij(x) (see [55,
p.621]). Sinceα1 = ... = αm = 1 it follows thataij is homogeneous of
degree zero for everyi = 1, ...,m. Thus the conditionXj(0) = ∂j for
j = 1, ...,m implies thataij = 0 if i = 1, ...,m. Consequently, we can also
write

Xj(x) = ∂j +
n∑

i=m+1

aij(x)∂i, Xj(0) = ∂j , j = 1, ...,m.(2.10)

By the same argumentaij(x) = aij(x1, ..., xi−1) and thusXj = −X∗
j . We

refer to (2.10) as thecanonical generating vector fieldsof the group.
Lipschitz maps between Carnot groups are differentiable in a suitable

sense. This is the content of a well known result due to Pansu (see [50] and
see also [16] for more general metric spaces). Here we consider as target
space the Carnot groupR.

Theorem 2.7.Let f : G → R be a Lipschitz map. Then for a.e.x ∈ G

there exists aG−linear differentialDf(x) : G → R, i.e.Df(x) is a group
homomorphism andDf(x)(δλ(ξ)) = λDf(x)(ξ) for all λ > 0 andξ ∈ G,
and

lim
y→x

f(y)− f(x)−Df(x)(x−1 · y)
d(x, y)

= 0.(2.11)

Note that Pansu’s differential is explicitely given by the “directional”
derivatives

Df(x)(ξ) = lim
t→0+

f(x · δt(ξ))− f(x)
t

,(2.12)

and the convergence is uniform inξ.
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3. Rademacher-Pansu type theorem and Eikonal equation
for some Carnot-Carathéodory metrics

Let (Rn, d) be a C-C space induced by the vector fieldsX1, ..., Xm ∈
Lip(Rn;Rn) and suppose that the metricd satisfies (H1). IfK ⊂ R

n is
a closed set definedK(x) := infy∈K d(x, y). Notice that if(yk)k∈N is a
minimizing sequence for a fixedx, we can suppose thatyk ∈ K ∩B(x,R)
for R large enough and for allk ∈ N. SinceK ∩ B(x,R) is compact
there exists a convergent subsequence. ThusdK(x) = infy∈K d(x, y) =
miny∈K d(x, y).

Since the functiondK : (Rn, d)→ R is 1−Lipschitz, Theorem 2.5 im-
plies that the derivativesXjdK , j = 1, ...,m, exist a.e. and|XdK(x)| ≤ 1
for a.e.x ∈ R

n. We shall prove for some C-C metricsd that the din-
stance functiondK actually verifies an eikonal equation with respect to the
X−gradient

|XdK(x)| = 1, a.e.x ∈ R
n \K.(3.1)

It is well known that Euclidean and Riemannian metrics satisfy (3.1) (see
for instance [6] and [42]). We are able to prove (3.1) in the following three
cases.

Case A. X1, ..., Xm ∈ C∞(Rn;Rn), m < n, satisfy the Chow-Ḧorman-
der condition (2.6) and are of the form

Xj = ∂j +
n∑

i=m+1

aij(x)∂i, j = 1, ...,m,(3.2)

whereaij ∈ C∞(Rn).

Case B. X1, ..., Xn ∈ C∞(Rn;Rn) are of the form

X1 = ∂1, X2 = p2(x1)∂2, ... Xn = pn(x1, ..., xn−1)∂n,(3.3)

wherepj ∈ C∞(Rj−1), j = 2, ..., n, are functions vanishing on a set of
null (j − 1)−dimensional Lebesgue measure.

Case C. X1, ..., Xm ∈ C∞(Rn;Rn) andspan{X1(x), ..., Xm(x)} = R
n

for everyx ∈ R
n.

Vector fields in Case A may be called “of Carnot type”. This expression
is motivated by the analogy with the canonical generating vector fields of
a Carnot group (see (2.10)). For vector fields of Carnot type we are able to
prove a differentiation theorem that generalizes Pansu differentiation The-
orem 2.7. We give two simple examples of vector fields of Carnot type.
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Example A1: Heisenberg group. The most important example of case
A are Carnot groups whose definition was recalled in the previous section.
Here we introduce themost simple group of this class: the Heisenberg group
(see [55] for a general introduction). InR2n+1 consider the vector fields

Xj = ∂xj + 2yj∂t and Yj = ∂yj − 2xj∂t, j = 1, ..., n,(3.4)

where(z, t) = (x, y, t) ∈ C
n×R = R

n×R
n×R. Since[Xj , Yj ] = −4∂t

the Chow-Ḧormander condition (2.6) is satisfied and the C-C dinstanced
satisfies (H1). The group law is

(ζ, τ) · (z, t) := (ζ + z, τ + t+ 2 Im(ζz̄)).

Dilations are given byδλ(z, t) := (λz, λ2t).
The structureHn = (R2n+1, ·, δλ, d) is the Heisenberg group, whose

homogenous dimension isQ = 2n+2. The Lie algebra ofHn is generated
by the canonical vector fieldsXj , Yj . The intrinsicX−gradient isX =
∇H = (X1, ..., Xn, Y1, ..., Yn).

Example A2. Consider inR3 the vector fields

X = ∂x + y2∂z, Y = ∂y.

Since [X,Y ] = −2y∂z and [Y, [X,Y ]] = −2∂z the Chow-Ḧormander
condition (2.6) is verified. Thus the C-C metricd induced byX andY
satisfies (H1). The C-C space(R3, d) is not a group and it has not a uniform
homogeneous dimension. Still we are in Case A.

Case B, which is inspired by [26], generalizes the Grushin vector fields
X = ∂x andY = x∂y in R

2. Notice that every couple of points inRn can
be connected by polygonals that are piecewise integral curves of the vector
fieldsX1, ..., Xn. Moreover the C-C dinstance induced by them satisfies
(H1) (see for instance [26]).

We now state the main result of this section.

Theorem 3.1.Let(Rn, d) be a C-C complete space induced byX1, ..., Xm,
and suppose that the vector fields satisfy one of the cases A, B or C. Let
K ⊂ R

n be a closed set and letdK be the dinstance fromK. Then

|XdK(x)| = 1(3.5)

for a.e.x ∈ R
n \K.

Our task is to prove equation (3.5) but first we need some preliminary
lemmas. We begin by a Rademacher-Pansu type Theorem (recall 2.11).
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Theorem 3.2.LetX1, ..., Xm ∈ C∞(Rn;Rn) be as in Case A and letf ∈
Lip(Rn, d). Then for a.e.x ∈ R

n

lim
y→x

f(y)− f(x)−∑m
j=1Xjf(x)(yj − xj)

d(x, y)
= 0.(3.6)

Proof.The proof follows an idea of Calderón (see [14] and for example [21,
Theorem 6.1]). The derivativesXjf(x), j = 1, ...,m, exist a.e. by Theorem
2.5. Moreover|Xf | ∈ Lploc(R

n) for all p ≥ 1. LetΩ ⊂ R
n be a bounded

open set with homogeneous dimensionQ and fix p > Q. By Lebesgue
differentiation Theorem in spaces of homogeneous type we have for a.e.
x ∈ Ω

lim
r→0+

∫
B(x,r)

|Xf(x)−Xf(y)|p dy = 0.(3.7)

Fix x ∈ Ω such that|Xf(x)| <∞ and (3.7) holds, define

g(y) = f(y)−
m∑
j=1

Xjf(x)(xj − yj),

and notice thatXjg(y) = Xjf(y) − Xjf(x) (recall (3.2)). By Morrey’s
inequality (2.9) we get

|g(y)− g(x)| ≤ Cr
(∫

B(x,r)
|Xg(z)|p dz

) 1
p

for all y ∈ B,

and chooser = 2d(x, y) to find

|f(y)− f(x)−∑m
j=1Xjf(x)(xj − yj)|

d(x, y)

≤ 2C
(∫

B(x,2d(x,y))
|Xjf(z)−Xjf(x)|p dz

) 1
p
.

The last term tends to zero asd(x, y)→ 0 owing to (3.7). ��
Remark 3.3.If G = (Rn, ·, δλ, d) is a Carnot group, andf : G → R is a
Lipschitz map, then Pansu’s differentialDf(x) : G → R defined in (2.11)
has the explicit representation

Df(x)(ξ) =
m∑
j=1

ξjXjf(x),(3.8)

for a.e.x ∈ G and for allξ ∈ G.



Surface measures in Carnot-Carathéodory spaces 351

Thus Theorem 3.2 truly generalizes Pansu Theorem 2.7 to vector fields
of Carnot type. We prove (3.8). Consider first the casef ∈ C∞

0 (R
n). Let

P (x, y) = x · y be the group law, and notice that ifj = 1, ...,m then

Xjf(x) = 〈∇f(x), ∂

∂yj
P (x, y)

∣∣∣
y=0
〉.

Now recall the characterization of Pansu differential (2.12)

Df(x)(ξ) = lim
t→0

f(x · δt(ξ))− f(x)
t

=
d

dt
f(x · δt(ξ))

∣∣∣
t=0

.

Compute

d

dt
P (x, δt(ξ))

∣∣∣
t=0

= 〈∇yP (x, y)
∣∣∣
y=0

,
d

dt
δt(ξ)

∣∣∣
t=0
〉

= 〈∇yP (x, y)
∣∣∣
y=0

, (ξ1, ..., ξm, 0, ..., 0)〉.

In fact, the coordinate( ddtδt(ξ))i containst
α with α ≥ 1 if i = m+1, ..., n.

Finally we get

Df(x)(ξ) = 〈∇f(x),∇yP (x, y)
∣∣∣
y=0
(ξ1, ..., ξm, 0, ..., 0)〉

=
m∑
j=1

ξjXjf(x).

If f ∈ Lip(G), takeϕ ∈ C∞
0 (R

n) andξ ∈ R
n. By the dominated conver-

gence theorem we can write∫
Rn

Df(x)(ξ)ϕ(x) dx =
∫

Rn

lim
t→0+

f(x · δt(ξ))− f(x)
t

ϕ(x) dx

= lim
t→0+

∫
Rn

f(x · δt(ξ))− f(x)
t

ϕ(x) dx.

In fact, ifL = Lip(f), since the metricd is left-invariant and homogeneous∣∣∣f(x · δt(ξ))− f(x)
t

∣∣∣ ≤ Ld(x · δt(ξ), x)
t

= L
d(δt(ξ), 0)

t
= Ld(ξ, 0).

Now recall that Lebesgue measure is left and right invariant and perform a
change of variable to find∫

Rn

f(x · δt(ξ))− f(x)
t

ϕ(x) dx =
∫

Rn

f(x)
ϕ(x · (δt(ξ))−1)− ϕ(x)

t
dx.
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Recalling that(δt(ξ))−1 = δt(ξ−1) and ξ−1 = (−ξ1, ...,−ξm, i(ξ)) we
infer as above that

lim
t→0

ϕ(x · (δt(ξ))−1)− ϕ(x)
t

= −
m∑
j=1

ξjXjϕ(x),

and integrating by parts we get∫
Rn

Df(x)(ξ)ϕ(x) dx = −
∫

Rn

f(x)
m∑
j=1

ξjXjϕ(x) dx

=
∫

Rn

ϕ(x)
m∑
j=1

ξjXjf(x) dx,

as everyXj is self-adjoint. ��
Lemma 3.4.Let (Rn, d) be a C-C space corresponding to case B. For a.e.
x ∈ R

n every geodesic starting fromx is of classC1 in a neighborhood of
x.

Proof. See for example [24]. LetZj = {y ∈ R
j−1 : pj(y) = 0} if

j = 2, ..., n and setA =
⋃n
j=2 Zj × R

n−j+1. Then |A| = 0. Choose
x ∈ R

n \A and taker > 0 such thatB(x, r) ⊂ R
n \A (A is closed).

If X1, ..., Xn ∈ C∞(Rn;Rn) the metricd is actually a Riemannian
metric onRn \A. Thus geodesics are locally regular (of classC1) inR

n \A.
��

Proof of Theorem 3.1.Case A. SincedK is the lower envelope of1-
Lipschitz functions, thendK is1−Lipschitz. By Theorem2.5 the derivatives
XjdK(x), j = 1, ...,m, exist for a.e.x ∈ R

n and

|XdK(x)| ≤ 1(3.9)

for a.e.x ∈ R
n.

Fix x ∈ R
n \K such that (3.9) holds. Since the functionξ → d(x, ξ)

is continuous and coercive, it has minimum inK. Thus there exists̄ξ ∈
K such thatd(x, ξ̄) = dK(x) := T > 0. There exists a geodesicγ ∈
Lip([0, T ];Rn) such thatγ(0) = x andγ(T ) = ξ̄. By Proposition 2.4 we
have

dK(γ(t)) = d(γ(t), ξ̄) = T − t

for all t ∈ [0, T ].
Since the functionf = dK is Lipschitz, by Theorem 3.2 we have for a.e.

x ∈ R
n

lim
y→x

f(y)− f(x)−∑m
j=1Xjf(x)(yj − xj)

d(x, y)
= 0.(3.10)
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Fix x ∈ R
n \K such that (3.9) and (3.10) hold. Ast = d(γ(t), γ(0)),

we can write

f(γ(t))− f(γ(0))
d(γ(t), γ(0))

=
dK(γ(t))− dK(γ(0))

t
=
(T − t)− T

t
= −1,

(3.11)

and from (3.10) it follows

f(γ(t))− f(γ(0))
t

=
m∑
j=1

Xjf(x)
γj(t)− γj(0)

t
+ o(1).(3.12)

Let γ̄ := (γ1, ..., γm). Since

γ̇(t) =
m∑
j=1

hj(t)Xj(γ(t)), for a.e.t ∈ [0, T ]

with h = (h1, ..., hm) measurable coefficients such that|h(t)| ≤ 1 a.e.,
from the special form of the vector fields (3.2) it follows that

γ̄(t) = γ̄(0) +
∫ t

0
h(s) ds,

and thus|γ̄(t)− γ̄(0)| ≤ t for all t ∈ [0, T ]. Thus if t ∈ (0, T ]
m∑
j=1

∣∣∣γj(t)− γj(0)
t

∣∣∣2 ≤ 1,
and therefore, recalling (3.11) and (3.12)

1 =
∣∣∣ m∑
j=1

Xjf(x)
γj(t)− γj(0)

t
+ o(1)

∣∣∣ ≤ |Xf(x)|+ |o(1)|

for all t ∈ (0, T ). This proves that|Xf(x)| ≥ 1. This inequality and the
converse one (3.9) prove that|Xf(x)| = 1 for a.e.x ∈ R

n \K.

We now consider case B. SincedK is1−Lipschitz, Theorem2.5 implies,
as above, that|XdK(x)| ≤ 1 a.e., and moreover everyXjdK(x) exists as
aL∞

loc(R
n \ A) function. But|pj | is locally strictly positive onRn \ A and

pj = pj(x1, ..., xj−1). Thus∂jdK ∈ L∞
loc(R

n\A) exist forj = 1, ...,m. By
Rademacher Theorem it follows thatdK is differentiable almost everywhere
onR

n.
Now fix x ∈ R

n \ (K ∪ A) such that|XdK(x)| ≤ 1 anddK is differ-
entiable atx. Choosex̄ ∈ K such thatd(x, x̄) = dK(x) := T . There
exists a geodesicγ ∈ Lip([0, T ];Rn) ∩ C1([T − δ, T ];Rn) such that
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γ(0) = (x̄) andγ(T ) = x for δ > 0 small enough. Moreover there ex-
ist h1, ..., hm ∈ C([T − δ, T ];Rn) for which

γ̇(t) =
n∑
j=1

hj(t)Xj(γ(t)),
n∑
j=1

h2
j ≤ 1

for all t ∈ [T − δ, T ] (see for example [48]). By Proposition 2.4 we have
dK(γ(t)) = t, and we can differentiate this identity int = T to find

1 = 〈∇dK(x), γ̇(T )〉 = 〈XdK(x), h〉 ≤ |XdK(x)|.
Finallyweconsider caseC. IfA is thematrix in (2.1) thenrankA(x) = n

for everyx ∈ R
n. Thus Chow-Ḧormander’s condition is satisfied and the

C-C dinstance verifies (H1). Moreover it is well known that themetric space
(Rn, d) is a Riemannianmanifold and geodesics are (at least locally) regular
curves (see, for instance, [39]). The functiondK is Lipschitz in theEuclidean
sense, and thus differentiable almost everywhere. We can perform the same
computations as in the previous case to show that|XdK(x)| = 1 for a.e.
x ∈ R

n \K (see also [42]). ��

4. Coarea formula in Carnot-Carathéodory spaces

In this section we slightly improve a coarea formula for vector fields. Let
Ω ⊂ R

n be an open set. Iff ∈ BVX(Ω) thenR � t → ||∂Et||X(Ω) is
L1−measurable and

||Xf ||(Ω) =
∫ +∞

−∞
||∂Et||X(Ω)dt,(4.1)

whereEt := {x ∈ Ω : f(x) > t} are the level sets of the functionf , and
||Xf || and||∂Et||X are the measures defined in (2.2) and (2.3). For the proof
see [27, Theorem 2.3.5], [30, Theorem 5.2] and see also [29, Proposition
3.1] and [45].

Remark 4.1.Let X1, ..., Xm ∈ Lip(Rn;Rn), and letE ⊂ R
n be aX-

Caccioppoli set. It can easily checked that||∂E||X(Rn \ ∂E) = 0 and
||∂E||X = ||∂(Rn \ E)||X .
Theorem 4.2.Suppose that the vector fieldsX1, ..., Xm ∈ Lip(Rn;Rn)
satisfy (H1). Letf ∈ Lip(Rn, d) and let u : R

n → [0,+∞] be Ln-
measurable. Then∫

Rn

u(x)|Xf(x)|dx =
∫ +∞

−∞

(∫
{f=t}

u dµt

)
dt,(4.2)

whereµt = ||∂Et||X is the perimeter measure of the level setEt of f .
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Proof.We shall divide the proof in two steps.

Step 1.LetΩ ⊂ R
n be an open set. Letf ∈ BVX,loc(Ω) and letB ⊂ Ω be a

Borel set, or alternatively letf ∈ H1,1
X,loc(Ω) and letB ⊂ Ω beLn−measur-

able. In either cases the functionR � t → ||∂Et||X(B) is L1−measurable
and

||Xf ||(B) =
∫ +∞

−∞
||∂Et||X(B)dt.(4.3)

It is not restrictive to assumef ∈ BVX(Ω) and, moreover, because of (4.1)
we can assume that||∂Et||X is a Radon measure inΩ for L1−a.e.t ∈ R, or,
for the sake of semplicity, for everyt ∈ R. Let us denote byMt(Ω) the class
of the ||∂Et||X−measurable setsB ⊂ Ω such thatR � t→ ||∂Et||X(B) is
L1−measurable, and letM =

⋂
t∈R
Mt(Ω). We show thatM contains the

σ−algebraB(Ω) of the Borel sets ofΩ, thus proving the first statement. By
a classical result of measure theory on monotone classes (see for instance
[3, Remark 1.9]) it is sufficient to prove that

(i) M contains the open sets ofΩ;
(ii) if (Bh)h∈N ⊂M is an increasing sequence then

⋃∞
h=1Bh ∈M;

(iii) if B ∈M thenΩ \B ∈M;
(iv) if B, C, B ∪ C ∈M thenB ∩ C ∈M.

It is easy to see that conditions (i)-(iv) follows from the properties of mea-
surable functions and of the Radon measures||∂Et||X .

The set functionν : B(Ω)→ [0 +∞] defined by

ν(B) =
∫ +∞

−∞
||∂Et||X(B) dt

is a (Radon) measure on theσ−algebraB(Ω) andν(A) = ||Xf ||(A) for
every open setA ⊂ Ω. The coincidence criterion for measures in [3, Propo-
sition 1.8] implies thatν(B) = ||Xf ||(B) for all B ∈ B(Ω). This proves
(4.3).

If f ∈ H1,1
X,loc andB ⊂ Ω is aLn−measurable set, then||Xf || � Ln

and there exist two Borel setsF,A ⊂ Ω such thatF ⊂ B ⊂ A and
||Xf ||(A\F ) = 0. By (4.3) it follows that||∂Et||X(A\F ) = 0 for L1−a.e.
t ∈ R, and thusR � t → ||∂Et||X(B) = ||∂Et||X(A) is L1−measurable
and (4.3) holds for anyLn−measurable setB ⊂ Ω.

Step 2.Sincef ∈ Lip(Rn, d), by Theorem2.5 the gradientXf(x) is defined
almost everywhere, and|Xf(x)| ≤ Lip(f). In particularf ∈ H1,1

X,loc(R
n).

Sinceu is measurable we can writeu(x) =
∑∞

k=1 1/kχAk
(x) with Ak ⊂
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R
nmeasurable with finite measure (see [21, Theorem 1.1.7]). By themono-

tone convergence theorem and Step 1

∫
Rn

u(x)|Xf(x)|dx =
∞∑
k=1

1
k
||Xf ||(Ak) =

∞∑
k=1

1
k

∫ +∞

−∞
||∂Et||X(Ak)dt

=
∫ +∞

−∞

(∫
Rn

u(x)d||∂Et||X
)
dt.

Sincef ∈ Lip(Rn, d)andsinced is continuouswith respect to theEuclidean
topology, thenf is continuous. It follows that∂{x ∈ R

n : f(x) > t} ⊂
{x ∈ R

n : f(x) = t}. Thus Remark 4.1 implies that the support of the
measureµt = ||∂Et||X is contained in{x ∈ R

n : f(x) = t}. ��
Remark 4.3.Let us observe that if the vector fieldsX1, ..., Xm satisfy con-
dition (H1) then

∂B(x0, r) = {x ∈ R
n : d(x0, r) = r} = ∂{x ∈ R

n : d(x0, r) > r}
(4.4)

for everyx0 ∈ R
n, r > 0. Indeed,(4.4) follows from the continuity of

the metricd and the geodesic segment property of(Rn, d). Then, taking
u = χB(x0,R) andf(x) = d(x, x0) for fixed x0 ∈ R

n andR > 0, we
get from Theorem 4.2 thatB(x0, r) has finiteX−perimeter inRn for a.e.
r > 0. In particular (see Lemma 4.5) ifX1, ..., Xm induce a structure of
Carnot group onRn, thenB(x0, r) has finiteX−perimeter inRn for every
r > 0.

Corollary 4.4. LetX1, ..., Xm be one of Cases A, B or C, and letd be the
C-C metric induced by them. Ifu ∈ L1(Rn) then∫

Rn

u(x) dx =
∫ +∞

0

(∫
∂B(0,r)

u(x)dµr
)
dr,(4.5)

where∂B(0, r) = {x ∈ R
n : d(x, 0) = r} andµr = ||∂B(0, r)||X .

Proof.By Theorem 3.1 we have|Xd(x, 0)| = 1 a.e.x ∈ R
n, by Remark

4.1 and by (4.4) we can apply formula (4.2). ��
Lemma 4.5.LetG = (Rn, ·, δλ, d)be a Carnot group with canonical gener-
ating vector fieldsX1, ..., Xm ∈ C∞(Rn;Rn) and homogeneous dimension
Q. LetE ⊂ G be measurable. Then

||∂δλ(E)||X(δλ(A)) = λQ−1||∂E||X(A),
for λ > 0 and for every Borel setA ⊂ R

n.
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Proof.We prove first that, ifψ ∈ C1(Rn), then

Xj(ψ ◦ δλ)(x) = λ(Xjψ)(δλ(x)),(4.6)

for j = 1, ...,m andλ > 0. Recall thatδλ(x) = (λα1x1, ..., λ
αnxn) where

α1 = ... = αm = 1 andαm+1, ..., αn are integers greater or equal than2.
The vector fields are of the formXj(x) = ∂j +

∑n
i=m+1 aij(x)∂i, where

aij(δλ(x)) = λαi−1aij(x). Thus

Xj(ψ ◦ δλ)(x) = ∂j(ψ ◦ δλ)(x) +
n∑

i=m+1

aij(x)∂i(ψ ◦ δλ)(x)

= λ
[
∂jψ(δλ(x)) +

n∑
i=m+1

λαi−1aij(x)∂iψ(δλ(x))
]

= λ(Xjψ)(δλ(x))

Without loss of generality we can assumeA open. Takeϕ ∈ F (δλ(A);Rm).
Since the determinant of the jacobian ofδλ(x) is λQ andX∗

j = −Xj , we
can write∫

δλ(E)∩δλ(A)
divX(ϕ)(x) dx = λQ

∫
E∩A

divX(ϕ)(δλ(x)) dx =

= λQ
∫
E∩A

m∑
j=1

(Xjϕj)(δλ(x)) dx = λQ−1
∫
E∩A

m∑
j=1

Xj(ϕj ◦ δλ)(x) dx.

Sinceϕ ◦ δλ ∈ F (A;Rm) it immediately follows that

||∂δλ(E)||X(δλ(A)) ≤ λQ−1||∂E||X(A).
The converse inequality can be proved in the same way. ��
Corollary 4.6. Let G = (Rn, ·, δλ, d) be a Carnot group with canonical
generating vector filedsX1, ..., Xm ∈ C∞(Rn;Rn) and homogeneous di-
mensionQ. If u ∈ L1(Rn) then∫

Rn

u(x) dx =
∫ +∞

0

(∫
∂B(0,1)

u(δr(x))rQ−1dµ
)
dr,(4.7)

whereµ = ||∂B(0, 1)||X .

Remark 4.7.Formula (4.7) gives an explicit representation of the (unique)
surface measure whose existence for Carnot groups was proved in [23,
Proposition 1.15].
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Remark 4.8.It would be interesting to see whether in formula (4.2) the
perimeter measure||∂Et||X could be replaced by the spherical Hausdorff
measureSQ−1

d (constructed according to Federer definition using the C-
C dinstanced) in the case of a Carnot group of homogeneous dimension
Q. However one can not always expect this replacement in a general C-
C space. The reason is that in C-C spaces which are not Carnot groups
the local Hausdorff dimension may change at different points of the space.
Analogously, the boundary of a regular open set needs not have a uniform
Hausdorff dimension.

For instance, consider inR3 theC-Cmetricd induced by the vector fields

X = ∂x + 2y∂t, Y = ∂y − 2x∂t, T = a(t)∂t,

wherea ∈ C∞(R) isa(t) = e−
1
t if t > 0 anda(t) = 0 if t ≤ 0. Thus, in the

half space{t > 0}X, Y andT are linearly independent and the Hausdorff
dimension is 3, whereas in the half space{t < 0} we have exactly the
Heisenberg vector fields of Example A1 and thus the Hausdorff dimension
here is 4. Now, letΩ ⊂ R

3 be an open set withC∞ boundary. The set
∂Ω ∩ {t > 0} has Hausdorff dimension 2, while the set∂Ω ∩ {t < 0}
has Hausdorff dimension 3 (see [29, Corollary 7.7]). This shows that the
right dimension for the Hausdorff measure to integrate over regular surfaces
is different at different points of the space. The perimeter measure takes
automatically account of such change of dimension.

5. Minkowski content and perimeter in Carnot-Carathéodory spaces

Let E ⊂ R
n be a bounded open set, and fix onR

n a C-C metricd in-
duced by the vector fieldsX1, ..., Xm ∈ C∞(Rn;Rn). Let d∂E(x) =
miny∈∂E d(x, y), and forr > 0 define the tubular neighborhoodIr(∂E) =
{x ∈ R

n : d∂E(x) < r}. Theupperandlower Minkowski contentof ∂E in
an open setΩ ⊂ R

n are respectively

M+(∂E)(Ω) := lim sup
r→0+

|Ir(∂E) ∩Ω|
2r

,

M−(∂E)(Ω) := lim inf
r→0+

|Ir(∂E) ∩Ω|
2r

.

In this section we prove that ifE is regular andΩ has regular boundary
thenM+(∂E)(Ω) =M−(∂E)(Ω), and this commonvalue,whichwe shall
call Minkowski contentof ∂E in Ω and denote byM(∂E)(Ω), coincides
with theX−perimeter ofE inΩ as defined in (2.3). The proof is based on a
Riemmanian approximation of the C-C space(Rn, d). In this section and in
the next oneHn−1 stands for the(n−1)−dimensional EuclideanHausdorff
measure.
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Theorem 5.1.LetΩ ⊂ R
n be an open set withC∞ boundary orΩ = R

n.
LetE ⊂ R

n be a bounded open set withC∞ boundary and suppose that
Hn−1(∂E ∩ ∂Ω) = 0. ThenM+(∂E)(Ω) =M−(∂E)(Ω) and moreover

M(∂E)(Ω) = ||∂E||X(Ω).

Proof.We prove separately that

M−(∂E)(Ω) ≥ ||∂E||X(Ω),(5.1)

M+(∂E)(Ω) ≤ ||∂E||X(Ω).(5.2)

The former statement follows from the lower semicontinuity of the perime-
ter. The latter one requires the Riemannian approximation.

Define

?(x) =
{

d∂E(x) if x ∈ E
−d∂E(x) if x ∈ R

n \ E.
Now, for ε > 0 define the function

ϕε(x) =


1
2ε?(x) +

1
2 if |?(x)| < ε

1 if ?(x) ≥ ε
0 if ?(x) ≤ −ε.

Since|X?| ≤ 1 a.e.

||Xϕε||(Ω) = 1
2ε

∫
Ω∩{|$(x)|<ε}

|X?(x)|dx

≤ 1
2ε
|{x ∈ Ω : |?(x)| < ε}| = |Iε(∂E) ∩Ω|

2ε
.

The total variation is lower semicontinuous (Proposition 2.1) andϕε → χE
in L1(Ω), thus

||∂E||X(Ω) ≤ lim inf
ε→0+

||Xϕε||(Ω) ≤M−(∂E)(Ω).

This proves (5.1).We shall now prove (5.2). LetA be thematrixn×m of
the coefficients of the vector fieldsXj defined in (2.1) and letC = AT. For
ε > 0 consider the new family of vector fieldsXε = (X1, ..., Xm, ε∂1, ...,
ε∂n), which generates a C-C metricdε. Define analogously the matricesAε

andCε. One can prove the following statements:

(i) dε(x, y) ≤ d(x, y) for all x, y and in factd(x, y) = supε>0 dε(x, y).
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(ii) Let dε,∂E(x) = miny∈∂E dε(x, y). The function

?ε(x) =
{

dε,∂E(x) if x ∈ E
−dε,∂E(x) if x ∈ R

n \ E
is of classC∞ in a neighborhood of∂E, and|Xε?ε(x)| = 1 in this
neighborhood.

A proof of (i) can be found in [38], while statement (ii) relies on classical
results in Riemannian geometry and on Theorem 3.1, case C.

Now define the upper and lower Minkowski content

M+
ε (∂E)(Ω) := lim sup

r→0+

|{x ∈ Ω : |?ε(x)| < r}
2r

,

M−
ε (∂E)(Ω) := lim inf

r→0+

|{x ∈ Ω : |?ε(x)| < r}
2r

.

By (i) we have that|?ε| ≤ |?| and thus{x ∈ Ω : |?(x)| < r} ⊂ {x ∈ Ω :
|?ε(x)| < r}. It follows that

M+(∂E)(Ω) ≤M+
ε (∂E)(Ω).(5.3)

We shall soon prove that

M+
ε (∂E)(Ω) =M−

ε (∂E)(Ω) = ||∂E||Xε(Ω).(5.4)

Recalling the representation for the perimeter in Proposition 2.2 we find

lim
ε→0

||∂E||Xε(Ω) = lim
ε→0

∫
Ω∩∂E

|Cε(x)ν(x)| dHn−1

=
∫
Ω∩∂E

|C(x)ν(x)| dHn−1 = ||∂E||X(Ω).
(5.5)

In fact,Cε(x)→ C(x) pointwise. Thus, using (5.3) and (5.4) we get

M+(∂E)(Ω) ≤ lim
ε→0+

M+
ε (∂E)(Ω) = lim

ε→0+
||∂E||Xε(Ω) = ||∂E||X(Ω).

This completes the proof of the Theorem if we prove (5.4).
LetEs = {x ∈ R

n : ?ε(x) > s}. Since|Xε?ε| = 1 in a neighborhood
of ∂E using the Coarea Formula (4.2) we can write

|{x ∈ Ω : |?ε(x)| < t}|
2t

=
1
2t

∫
{|$ε|<t}∩Ω

dx =

=
1
2t

∫ +t

−t

∫
{$ε=s}∩Ω

1
|Xε?ε|d||∂Es||Xε ds =

1
2t

∫ +t

−t
||∂Es||Xε(Ω)ds.
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We consider first the caseΩ = R
n andt > 0. By Theorem 2.3∫

Et\E
divXε(Xε?ε)dx =

∫
Rn

〈Xε?ε, νEt〉d||∂Et||Xε

−
∫

Rn

〈Xε?ε, νE〉d||∂E||Xε ,

and by (2.4)

νE =
CεnE
|CεnE | =

Xε?ε
|Xε?ε| ,

wherenE = ∇$ε

|∇$ε| is the Euclidean normal to∂E. We have an analogous
representation formula forνEt on ∂Et. Thus, since|Xε?ε(x)| = 1 in a
neighborhood of∂E∫

Et\E
divXε(Xε?ε)dx

=
∫

Rn

〈Xε?ε,
Xε?ε
|Xε?ε| 〉d||∂Et|| −

∫
Rn

〈Xε?,
Xε?ε
|Xε?ε| 〉d||∂E||Xε

= ||∂Et||Xε(R
n)− ||∂E||Xε(R

n).

SincedivXε(Xε?ε) ∈ L1 in a neighborhood of∂E, the first term tends to
zero whent → 0+, and we deduce that||∂Et||Xε(Rn) → ||∂E||Xε(Rn) as
t→ 0+. This concludes the proof ifΩ = R

n.
SinceχEt → χE both inL1(Ω) and inL1(Rn\Ω)we have by the lower

semicontinuity of perimeter

||∂E||Xε(Ω) ≤ lim inf
t→0+

||∂Et||Xε(Ω),

||∂E||Xε(R
n \Ω) ≤ lim inf

t→0+
||∂Et||Xε(R

n \Ω).(5.6)

From

||∂Et||Xε(Ω) ≤ ||∂Et||Xε(Ω) = ||∂Et||Xε(R
n)− ||∂Et||Xε(R

n \Ω),
using the second inequality (5.6) and the convergence inR

n established
above we find

lim sup
t→0+

||∂Et||Xε(Ω) ≤ ||∂E||Xε(R
n)− lim inf

t→0+
||∂Et||Xε(R

n \Ω)
≤ ||∂E||Xε(Rn)− ||∂E||Xε(Rn \Ω)
≤ ||∂E||Xε(Ω) + ||∂E||Xε(∂Ω)

≤ ||∂E||Xε(Ω) +
∫
∂E∩∂Ω

|CενE |dHn−1

= ||∂E||Xε(Ω).

Together with the first inequality in (5.6) this proves that||∂Et||Xε(Ω) →
||∂E||Xε(Ω) ast → 0+. The caset → 0− is quite similar. The theorem is
now completely proved. ��
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Remark 5.2.The Riemannian type approximation in the proof of Theorem
5.1 is “Riemannian” only from themetric point of view. In factweconsidered
in R

n the Riemannian metricdε but in place of the Riemannian volume,
which diverges asε → 0, we took the Lebesgue measure. The surface
measure||∂E||Xε is not the classical Riemannian area, either, which still
diverges whenε → 0 (see [10] and see also Theorem 6.4). Namely, the
Riemmanian area in the approximation is equal to the variational perimeter
defined by the family of vector fieldsXε except for a term which is exactly
the Riemmanian volume element, which makes it diverge.

LetAε be then× (m+ n) matrix defined in the proof of Theorem 5.1
and, according to our notation, writeCε = AT

ε . The Riemannian tensor
which induces onRn the metricdε is given by the definite positive matrix
gε(x) = (Cε(x)TCε(x))−1. Thus, ifE ⊂ R

n is a bounded open set with
regular boundary, the Riemannian volume ofE and the Riemmanian area
of ∂E are respectively

Volε(E) =
∫
E

√
det gε(x) dx =

∫
E

1√
det(Cε(x)TCε(x))

dx,

Areaε(∂E) =
∫
∂E
〈g−1
ε n(x), n(x)〉1/2

√
det gε(x) dHn−1

=
∫
∂E

|Cεn(x)|√
det(Cε(x)TCε(x))

dHn−1,

wheren(x) is theEuclideannormal to∂E atx.
Considering, for instance, inR3 the Heisenberg vector fieldsX = ∂x +

2y∂t andY = ∂y − 2x∂t it can be easily checked thatdet(CT
ε Cε) =

ε2(1 + ε2)[4(x2 + y2) + 1 + ε2] and thus it may happen

lim
ε→0

Volε(E) = lim
ε→0

Areaε(∂E) = +∞.

Remark 5.3.From the proof of Theorem 5.1 we get thatMε(∂E)(Rn) =
||∂E||Xε(Rn) for everyε > 0 and that there exists the limit

lim
ε→0+

Mε(∂E)(Rn) = ||∂E||X(Rn)

for any family of vector fieldsX = (X1, ..., Xm) even not satisfying as-
sumption (H1).

6. Variational approximations of the perimeter

In this section we prove that theX−perimeter is the limit of “regular” func-
tionals in the sense ofΓ− convergence. More precisely, we shall show that
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the C-C perimeter is both the limit of its elliptic-Riemannian approxima-
tion and of degenerate elliptic functionals. We recall first the definition of
Γ−convergence (for a comprehensive introduction see [17]).
Definition 6.1. Let (M,d) be a metric space, and letF, Fh : M → [−∞,
+∞], h ∈ N. F is said to be theΓ−limit of the sequence(Fh)h∈N, and we
shall writeF = Γ (M)− limh→∞ Fh, if the following conditions hold

if x ∈M andxh → x then F (x) ≤ lim inf
h→∞

Fh(xh),(6.1)

∀x ∈M ∃(xh)h∈N such thatxh → x andF (x) ≥ lim sup
h→∞

Fh(xh).
(6.2)

We now state a “Reduction Lemma” whose proof can be found in [47].

Lemma 6.2.Let (M,d) be a metric space,F, Fh : M → [−∞,+∞],
h ∈ N, D ⊂M andx ∈M . Suppose that:

(i) for everyy ∈ D there exists a sequence(yh)h∈N ⊂M such thatyh → y
in M andlim sup

h→∞
Fh(yh) ≤ F (y);

(ii) there exists(xh)h∈N ⊂ D such thatxh → x and lim sup
h→∞

F (xh) ≤
F (x).

Then there exists(x̄h)h∈N ⊂M such thatlim sup
h→∞

Fh(x̄h) ≤ F (x).

We shall need a refinement of the approximation theorem forBVX func-
tions in order to bypass the following technical difficulty. In the Euclidean
setting one of the main tool for the approximation of a set of finite perimeter
in Ω by means of sets with regular boundary inR

n (not only inΩ) was
the property of a functionu ∈ BV (Ω) ∩ L∞(Ω) to be extended to a func-
tion ũ ∈ BV (Rn) ∩ L∞(Rn) with ||Dũ||(∂Ω) = 0, if Ω has Lipschitz
boundary(see [46, Lemma 1]). It is not known whether such a property
does hold forBVX(Ω) functions. Nevertheless we can prove the following
proposition.

Proposition 6.3.LetΩ ⊂ R
n be a bounded open set withC∞ boundary,

and letE ⊂ Ω be a measurable set such that||∂E||X(Ω) < +∞. There
exists a sequence(Eh)h∈N of open sets inRn such that

(i) Eh is bounded and∂Eh is of classC∞ for all h ∈ N;
(ii) Eh → E in L1(Ω);
(iii) ||∂Eh||X(Ω)→ ||∂E||X(Ω);
(iv) Hn−1(∂Eh ∩ ∂Ω) = 0 for all h ∈ N.
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Proof.LetM = supx∈Ω
(∑n

i=1
∑m

j=1 |aij(x)|2
)1/2

where theaij are the

coefficients of the vector fieldsX1, ..., Xm. The proof will be divided in
three steps.

Step 1.Assume that∂E is of classC∞ in R
n. Forε > 0 fixed we show

that there exists a bounded open setÊ ⊂ R
n with C∞ boundary such that:

(1) |(E∆Ê) ∩Ω| ≤ ε;
(2) |||∂E||X(Ω)− ||∂Ê||X(Ω)| ≤ ε;
(3) Hn−1(∂Ê ∩ ∂Ω) = 0.
Define the dinstance function

δ(x) :=

 min
y∈∂Ω

|x− y| if x ∈ Ω
− min

y∈∂Ω
|x− y| if x ∈ R

n \Ω

There exists̄δ > 0 such that the functionx → δ(x) is of classC∞ in the
open set{x ∈ R

n : |δ(x)| < δ̄} (see for example [46, Lemma 3] or [6]). If
t ∈ (0, δ̄) defineΩt = {x ∈ Ω : δ(x) > t} and notice that∂Ωt is of class
C∞. We can fixt0 ∈ (0, δ̄) such that

|Ω \Ωt0 | ≤ ε, Hn−1(∂E ∩Ω \Ωt0) ≤ ε,(6.3)

||∂E||X(Ω \Ωt0) =
∫
∂E∩(Ω\Ωt0 )

|C(x)ν(x)| dHn−1

≤MHn−1(∂E ∩ (Ω \Ωt0)) ≤Mε.

(6.4)

Notice first that

Hn−1(∂Ωt ∩ ∂E) = 0 for a.e.t ∈ (0, δ̄).(6.5)

By contradiction assume thatHn−1(∂Ωt∩∂E) > 0 for t belonging to a set
of positive measure in(0, δ̄). Then

0 <
∫ δ̄

0
Hn−1(∂Ωt ∩ ∂E) dt =

∫
∂E∩Ω\Ωδ̄

|∇δ(x)| dx = |∂E ∩Ω \Ωδ̄|

and this is not possible.
Now take a functionϕ ∈ C∞(R) such thatϕ(s) = 1 if |s| ≤ 1

2 ,
0 < ϕ(s) ≤ 1 if 1

2 < |s| < 1 andϕ(s) = 0 if |s| ≥ 1. Forx ∈ R
n consider

the vector field

N(x) :=

{
−ϕ( δ(x)

t0

)∇δ(x) if |δ(x)| < t0
0 otherwise.
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Letγx : R → R
n be the maximal solution to the following Cauchy problem{

γ̇x(s) = N(γx(s))
γx(0) = x,

and define the flowΦ : R× R
n → R

n by Φ(t, x) = γx(t). WriteΦt(x) =
Φ(t, x) and notice thatΦt restricted toΩt0 is the identity andΦt(∂Ωt) = ∂Ω
if t ≤ t0

2 .
Choose0 ≤ t̄ ≤ t0

2 such that

Hn−1(∂Ωt̄ ∩ ∂E) = 0,(6.6)

sup
x∈Ω

|∇Φt̄(x)| ≤ 2.(6.7)

This is possible because of (6.5), and by the fact that ift = 0 thenΦt is the
identity and the dependence ont is smooth.

DefineÊ = Φt̄(E). SinceÊ ∩Ωt0 = E ∩Ωt0 we have|(Ê∆E)∩Ω| ≤
|Ω \Ωt0 | ≤ ε. This is (1). Moreover

Hn−1(∂Ω ∩ ∂Ê) = Hn−1(Φt̄(∂Ωt̄ ∩ ∂E)) = 0
sinceHn−1(∂Ωt̄ ∩ ∂E) = 0 andΦt̄ is a diffeomorphism. This proves (3).

Estimate theX−perimeter
|||∂E||X(Ω)− ||∂Ê||X(Ω)|
≤
∫
∂E∩Ω\Ωt0

|Cν(x)|dHn−1 +
∫
∂Ê∩Ω\Ωt0

|Cν(x)|dHn−1

≤ ε+MHn−1(∂Ê ∩Ω \Ωt0)
≤ ε+ 2n−1MHn−1(∂E ∩Ωt̄ \Ωt0)
≤ (1 + 2n−1M)ε,

where we used - in order - Proposition 2.4, (6.4), (6.7) and (6.3).
Step 2.Assume that||∂E||X(∂Ω) = 0. First notice that
||∂E||X(Rn) = ||∂E||X(Ω) + ||∂E||X(∂Ω) + ||∂E||X(Rn \Ω)

= ||∂E||X(Ω) < +∞.

By Theorem 7.1 there exists a sequence(Ẽh)h∈N of open subsets ofRn

such that

(1) Ẽh is bounded and∂Ẽh is of classC∞ for all h ∈ N;
(2) Ẽh → E in L1(Ω);
(3) ||∂Ẽh||X(Rn)→ ||∂E||X(Rn).

By the same argument as in [32, Proposition 1.13] we can also find
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(4) ||∂Ẽh||X(Ω)→ ||∂E||X(Ω).
The claim follows fromStep 1by a diagonal argument.

Step 3.Suppose that||∂E||X(∂Ω) > 0. We are going to reduce toStep
2.By Theorem 7.1 we can assume thatE ⊂ Ω and∂E ∩Ω is of classC∞.

LetΦt : R
n → R

n be the diffeomorphism defined inStep 1. Fix ε > 0
and choose0 < s < t̄ < t0 such that|Ω \Ωt0 | ≤ ε andHn−1(∂E ∩Ωs \
Ωt0) ≤ ε. As before defineΩs := {x ∈ Ω : δ(x) > s} and set

Es := Ωs ∩ E and Ê := Φt̄(Es).(6.8)

We can also assume that

Hn−1(∂Ωt0 ∩ ∂E) = Hn−1(∂Ωt̄ ∩ ∂E) = Hn−1(∂Ωs ∩ ∂E) = 0.
Notice thatEs is a setwith finiteEuclideanperimeter inRn, i.e.||∂E||(Rn) <
+∞. Indeed

||∂Es||(Rn) = ||∂Es||(Ωs) + ||∂Es||(Ω \Ωs)

= ||∂Es||(Ωs) = Hn−1(∂E ∩Ωs) +Hn−1(E ∩ ∂Ωs)
< +∞.

On the other hand

||∂Ê||X(Ω) = ||∂Ê||X(Ωt0) + ||∂Ê||X(Ω \Ωt0)

= ||∂E||X(Ωt0) + ||∂Ê||X(Ω \Ωt0).
(6.9)

By [32, Lemma 10.1]||∂Ê||(Rn) < +∞ and by [27, Remark 2.1.9]

||∂Ê||X(Ω \Ωt0) ≤ C||∂Ê||(Ω \Ωt0) = C||∂Φt̄(Es)||(Φt̄(Ωt̄ \Ωt0))

≤ C||∂Es||(Ωt̄ \Ωt0) ≤ CHn−1(∂Es ∩Ωt̄ \Ωt0)
≤ Cε.

Finally

||∂Ê||X(∂Ω) ≤ C||∂Ê||(∂Ω) = C||∂Φt̄(Es)||(Φt̄(∂Ωt̄))
≤ C||∂E||(∂Ωt̄) = 0,

(6.10)

and thus||∂Ê||X(∂Ω) = 0. ��
LetX = (X1, ..., Xm)bea family of Lipschitz vector fields inRn and for

ε > 0 define the new familyXε = (X1, ..., Xm, ε∂1, ..., ε∂n). LetΩ ⊂ R
n

be an open set and define the functionalsP, Pε : L1(Ω)→ [0,+∞]

P (u) =
{ ||∂E||X(Ω) if u = χE ∈ BVX(Ω)
+∞ otherwise,
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and

Pε(u) =
{ ||∂E||Xε(Ω) if u = χE ∈ BVXε(Ω)
+∞ otherwise.

Let εh → 0 and writePh = Pεh
. In the following theorem we prove that

the “elliptic-Riemannian” regularization of the perimeterΓ−converges to
the perimeter.

Theorem 6.4.If Ω ⊂ R
n is a bounded open set withC∞ boundary then

P = Γ (L1(Ω))− lim
h→∞

Ph

Proof.We will prove (6.1) and (6.2) withM = L1(Ω). Let us begin with
(6.1). Letu ∈ L1(Ω) and(uh)h∈N ⊂ L1(Ω) be such thatuh → u inL1(Ω).
Possibly extracting a subsequence we can assume thatlim infh→∞ Ph(uh)
= limh→∞ Ph(uh) < +∞ andPh(uh) < +∞ for all h ∈ N and thus
uh = χEh

andu = χE for suitable measurable setsE,Eh ⊂ R
n. Notice

that by the definition ofX−perimeter (see 2.3) it follows that
||∂F ||X(Ω) ≤ ||∂F ||Xε(Ω)

for all ε > 0 and for all measurable setF ⊂ R
n. Thus

||∂Eh||X(Ω) ≤ ||∂Eh||Xεh
(Ω) = Ph(uh),

and by the lower semincontinuity of perimeter we get

P (u) = ||∂E||X(Ω) ≤ lim inf
h→∞

||∂Eh||X(Ω) ≤ lim inf
h→∞

Ph(uh).

This proves (6.1).
Let us prove now (6.2). Takeu ∈ L1(Ω) and assume thatP (u) <

+∞, that is to sayu = χE ∈ BVX(Ω) (otherwise there is nothing to
prove). By Proposition 6.3 there exists a sequence of bounded open sets
(Eh)h∈N ⊂ R

n with C∞ boundary such thatχEh
→ χE in L1(Ω) and

||∂Eh||X(Ω) → ||∂E||X(Ω). By Lemma 6.2 withFh = Ph, F = P and
D = {Eh} it suffices to prove that ifu = χE with ∂E of classC∞ then
there exists(uh)h∈N ∈ L1(Ω) such that

uh → χE in L1(Ω) andP (u) ≥ lim sup
h→∞

Ph(uh).

In fact, choosinguh = χE for all h ∈ N and recalling the representation
formula (2.4) we find

Ph(uh) = ||∂E||Xεh
(Ω) =

∫
∂E∩Ω

|Cεh
ν(x)| dHn−1
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and

lim
h→∞

∫
∂E∩Ω

|Cεh
ν(x)| dHn−1 =

∫
∂E∩Ω

|Cν(x)| dHn−1 = P (u).

��
We now prove the mainΓ−convergence theorem. The classical result

in Euclidean space is proved in [47] and [46]. The first example of regular
approximation of the perimeter in the setting of Finsler manifolds is in [10].
Our proof is inspired by some ideas contained in [7], where the equality
between perimeter and Minkowski content turns out to be the main tool for
the approximation (see also [10]).

Fix a bounded open setΩ ⊂ R
n. For ε > 0 define the functionals

F, Fε : L1(Ω)→ [0,+∞]

Fε(u) =


∫
Ω
(ε|Xu|2 + 1

ε
W (u))dx if u ∈ H1

X(Ω)

+∞ otherwise
(6.11)

whereW (u) = u2(1− u)2, and

F (u) =
{
2α||∂E||X(Ω) if u = χE ∈ BVX(Ω)
+∞ otherwise,

(6.12)

whereα =
∫ 1

0

√
W (s)ds. Let εh → 0 and writeFh := Fεh

.

Theorem 6.5.Suppose thatX1, ..., Xm ∈ C∞(Rn;Rn) satisfy hypotheses
(H1) and (H2). IfΩ ⊂ R

n is a bounded open set withC∞ boundary then

F = Γ (L1(Ω))− lim
h→∞

Fh.(6.13)

Proof. We will prove (6.1) and (6.2) withM = L1(Ω). Let us begin
with (6.1). Let uh → u in L1(Ω). It is not restrictive to assume that
lim inf
h→∞

Fh(uh) <∞, and - possibly extracting a subsequence - we can also

assume thatuh(x)→ u(x) for a.e.x ∈ Ω. By Fatou Lemma∫
Ω
W (u(x)) dx ≤ lim inf

h→∞

∫
Ω
W (uh(x)) dx ≤ lim inf

h→∞
εhFh(uh) = 0.

We deduce thatu(x) ∈ {0, 1} for a.e.x ∈ Ω. We shall writeu = χE where
E := {x ∈ Ω : u(x) = 1}.

Define the increasing functionϕ ∈ C1(R) by ϕ(t) =
∫ t

0

√
W (s) ds,

and put
w(x) = ϕ(u(x)), wh(x) = ϕ(uh(x)).
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Observe that by [31, Lemma 3.16]wh ∈ H1
X(Ω). By the coarea formula

(4.1)

||Xw||X(Ω) =
∫ +∞

−∞
||∂{x ∈ Ω : ϕ(u(x)) > t}||X(Ω) dt

=
∫ 1

0
||∂{x ∈ Ω : u(x) > s}||X(Ω)ϕ′(s) ds

= ||∂E||X(Ω)
∫ 1

0

√
W (s) ds = 1/2F (u).

Replacinguh with ūh(x) = max{0,min{uh(x), 1}} and observing that
Fh(ūh) ≤ Fh(uh), we can assume that0 ≤ uh(x) ≤ 1. Thus, from∫

Ω
|wh(x)− w(x)| dx ≤ sup

t∈[0,1]
|ϕ′(t)|

∫
Ω
|uh(x)− u(x)| dx

we deduce thatwh → w in L1(Ω). Using the lower semicontinuty of the
total variation we find

F (u) = 2||Xw||(Ω) ≤ 2 lim inf
h→∞

∫
Ω
|Xwh(x)| dx

≤ 2 lim inf
h→∞

∫
Ω
|Xuh(x)||ϕ′(uh(x))| dx

≤ lim inf
h→∞

∫
Ω
(εh|Xuh(x)|2 + 1

εh
W (uh(x))) dx

≤ lim inf
h→∞

Fh(uh),

and then (6.1) follows. We shall now prove (6.2). By Proposition 6.3 we can
assumeu = χE , E ⊂ R

n bounded open set withC∞ boundary and such
thatHn−1(∂Ω ∩ ∂E) = 0. Letd∂E(x) = infy∈∂E d(x, y), d being the C-C
metric induced by the vector fields. Define? : Ω → [0,+∞)

?(x) =
{

d∂E(x) if x ∈ Ω ∩ E
−d∂E(x) if x ∈ Ω \ E.

Now defineχ0 : R → R by

χ0(t) =
{
1 if t > 0
0 if t ≤ 0.

If x ∈ Ω we canwriteu(x) = χ0(?(x)). Consider now the one dimensional
functional (see [10], [1])

Jε(χ) :=
∫

R

(ε
(
χ′)2 +

1
ε
W (χ)

)
dt.
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Fix ε = 1 and determineχ as a solution of the minimum problem

M = min{J1(χ) : χ ∈ H1
loc(R; [0, 1]), limt→∞χ(t) = 1, lim

t→−∞χ(t) = 0}.
(6.14)

One can prove thatχ(t) =
et

1 + et
, unique solution of the Cauchy problem{

χ′ =
√
W (χ)

χ(0) = 1
2 ,

(6.15)

actually is a solution to problem (6.14) withM = 2
∫ 1

0

√
W (s)ds (see [1,

Proposition 2]). Let us follow now the proof contained in [10]. Fixε > 0
and writetε = 3ε log 1

ε . Define the functionΛε : R → R in the following
way

Λε(t) =


χ(t) if 0 ≤ t < tε

ε
pε(t) if tε

ε ≤ t < 2tε
ε

1 if t ≥ 2tε
ε

1− Λε(−t) if t < 0.
wherepε : R → R is the uniquely determined polinomial of degree 3 for
whichΛε ∈ C1,1(R)∩C∞(R\{± tε

ε ,±2tε
ε }) (see [11] for the construction

of pε). Now defineχε(t) = Λε( tε) for t ∈ R. Then,χε verifies the equations

εχ′
ε(t)

2 =
1
ε
W (χε(t)), χε(−t) = 1− χε(t)(6.16)

for t ∈ [−tε, tε].
Now putuε(x) := χε(?(x)) for x ∈ Ω. By [31, Lemma 3.16] we have

uε ∈ H1,∞
X (Ω) and we can write write for a.e.x ∈ Ω the chain rule

Xuε(x) = χ′
ε(?(x))X?(x).(6.17)

We first prove that

lim
ε→0

∫
Ω
|uε(x)− u(x)|dx = 0.(6.18)

We have|uε(x)− u(x)| = |χε(?(x))− χ0(?(x))| ≤ 2 for a.e.x ∈ Ω and

lim
ε→0

χε(t) =


1 if t > 0
1
2 if t = 0
0 if t < 0.

Thus, if ?(x) /= 0 then limε→0 |χε(?(x)) − χ0(?(x))| = 0. Since the set
{x ∈ Ω : ?(x) = 0} has zero Lebesgue measure, theL1(Ω) convergence
(6.18) follows by the dominated convergence theorem.
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We now prove that

F (u) = lim
ε→0

Fε(uε).(6.19)

Consider the sets

Aε := {x ∈ Ω : |?(x)| < tε} and

Bε := {x ∈ Ω : tε ≤ |?(x)| ≤ 2tε}.
Recalling the definition ofuε, (6.17) and that|X?(x)| = 1 a.e. inΩ \ ∂E,
we find

Fε(uε) =
∫
Aε

(
ε|Xuε|2 + 1

ε
W (uε)

)
dx+

∫
Bε

(
ε|Xuε|2 + 1

ε
W (uε)

)
dx

=
∫
Aε

(
εχ′

ε(?(x))
2 +

1
ε
W (χε(?(x)))

)
dx

+
∫
Bε

(
εp′

ε

( |?(x)|
ε

)2

+
1
ε
W (pε

( |?(x)|
ε

))
dx = Iε + II ε.

In order to show that IIε → 0 it suffices to notice thatlimε→0 |Bε| = 0 and
that there exists a constantC > 0 not depending onε such that, ifx ∈ Bε

then

εp′
ε

( |?(x)|
ε

)2

+
1
ε
W (pε

( |?(x)|
ε

)
≤ C.

In fact (see [11, Sect. 6]) it is not restrictive to assume||pε− 1||L∞( tε
ε
, 2tε

ε
) =

O(ε5) and||p′
ε||L∞( tε

ε
2tε
ε

) = O(ε6). If we show that

lim
ε→0

Iε = F (u),(6.20)

the Theorem is proved. Using the coarea formula (4.2) we can write

Iε =
∫ tε

−tε

(
εχ′

ε(s)
2 +

1
ε
W (χε(s))

)
||∂Es||X(Ω)ds,

whereEs = {x ∈ Ω : ?(x) > s}. Notice that by (6.16) we have for all
s ∈ [−tε, tε]

fε(s) := εχ′
ε(s)

2 +
1
ε
W (χε(s)) = εχ′

ε(−s)2 +
1
ε
W (χε(−s)) = fε(−s)

and thus

Iε =
∫ tε

0

(
εχ′

ε(s)
2 +

1
ε
W (χε(s))

)
(||∂Es||X(Ω) + ||∂E−s||X(Ω))ds,

(6.21)
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Let V (t) := |{x ∈ Ω : |?(x)| ≤ t}| for t ≥ 0. Then fort > 0 we have

V (t) =
∫ t

−t
||∂Es||X(Ω)ds and V ′(t) = ||∂Et||X(Ω) + ||∂E−t||X(Ω)

(6.22)

for a.e.t > 0. From (6.21) and from (6.22) it follows

Iε =
∫ tε

0

(
εχ′

ε(s)
2 +

1
ε
W (χε(s))

)
V ′(s) ds

=
∫ tε

0
fε(s)V ′(s) ds = V (tε)fε(tε)−

∫ tε

0
f ′
ε(s)V (s) ds.

(6.23)

By Theorem 5.1 we have

lim
t→0+

V (t)
2t

= L := ||∂E||X(Ω),

and thus there exists a functionδ : [0,∞)→ R such that

V (t) = 2Lt+ δ(t)t and lim
ε→0+

sup
t∈[0,tε]

|δ(t)| = 0.

We can write (6.23) in the following way

Iε = V (tε)fε(tε)−
∫ tε

0
sδ(s)f ′

ε(s) ds− 2L
∫ tε

0
sf ′

ε(s) ds

= V (tε)fε(tε)−
∫ tε

0
sδ(s)f ′

ε(s) ds− 2Ltεfε(tε) + 2L
∫ tε

0
fε(s) ds

= σε + L

∫ tε

−tε
fε(s) ds.

In order to prove (6.20) it suffices to show that

lim
ε→0+

σε = 0,(6.24)

lim
ε→0+

∫ tε

−tε
fε(s) ds = 2

∫ 1

0

√
W (s) ds = 2α.(6.25)

We begin with (6.25). Using (6.16) we find∫ tε

−tε
fε(s) ds =

∫ tε

−tε

(
εχ′

ε(s)
2 +

1
ε
W (χε(s))

)
ds

= 2
∫ tε

−tε
χ′
ε(s)

√
W (χε(s)) ds = 2

∫ χε(tε)

χε(−tε)

√
W (s) ds.
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Sinceχε(−tε)→ 0 andχε(tε)→ 1, one gets (6.25). We now prove (6.24).
Notice that

(V (tε)− 2Ltε)f(tε) = δ(tε)tε
(
εχ′

ε(tε)
2 +

1
ε
W (χε(tε))

)
=

= 2δ(tε)tε
W (χε(tε))

ε
≤ 2tε δ(tε)

ε
(1− χ(

tε
ε
)) =

=
2δ(tε)tε

ε

ε

1 + ε
=
2ε log 1

εδ(tε)
1 + ε

→ 0.

Furthermore

|
∫ tε

0
sδ(s)f ′

ε(s)ds| ≤ sup
s∈[0,tε]

|δ(s)|
∫ tε

0
s|f ′

ε(s)|ds.

Our thesis will be proved if we show that the integral is bounded. Now

f ′
ε(s) =

(
εχ′

ε(s)
2 +

1
ε
W (χε(s))

)′
= 2ε

(
χ′
ε(s)

2
)′
= 4εχ′

ε(s)χ
′′
ε(s),

and thus ∫ tε

0
s|f ′

ε(s)|ds = 4ε
∫ tε

0
s|χ′

ε(s)χ
′′
ε(s)|ds =

= 4
∫ 3 log 1

ε

0
s|χ′(s)χ′′(s)|ds ≤ 4

∫ ∞

0
s|χ′(s)χ′′(s)|ds <∞.

This concludes the proof of Theorem 6.5. ��
Remark 6.6.If (Rn, d) is a C-C space induced by the vector fieldsX1, ...,
Xm which satisfy one of the cases A, B or C of Sect. 3, andΩ ⊂ R

n is a
bounded open set withC∞ boundary then (6.13) holds.

Consider, for instance, the Heisenberg groupH
1 = (R3, ·, δλ, d) (see

Sect. 3, ExampleA1). LetΩ ⊂ R
3 beaboundedopen setwithC∞ boundary

and letF, Fε : L1(Ω) → [0 +∞] be the functionals given in (6.11) and
(6.12) withX = ∇H = (X1, Y1). Fε can be written as

Fε(u) =
∫
Ω
(ε〈BDu,Du〉+ 1

ε
W (u)) dxdydt

if u ∈ C1(Ω), with

B(x, y, t) =

 1 0 2y
0 1 −2x
2y −2x 4x2 + 4y2

 .

ThematrixB is degenerate at every point ofR
3, namelydet(B(x, y, t)) = 0

for all (x, y, t) ∈ R
3.
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7. Appendix

Theorem 7.1.LetΩ ⊂ R
n be an open set and letE ⊂ Ω be a measurable

set such that|E|+ ||∂E||X(Ω) < +∞. There exists a sequence(Eh)h∈N of
open sets contained inΩ such that

(i) ∂Eh ∩Ω is of classC∞ for all h ∈ N;
(ii) χEh

→ χE in L1(Ω);
(iii) ||∂Eh||X(Ω)→ ||∂E||X(Ω).

Proof.The proof is the same as in the Euclidean setting (see for example
[3]) and we give only a sketch of it. By [27, Theorem 2.2.2] the function
χE can be approximated byC∞(Ω) functions. Using Sard Lemma and the
coarea formula (4.1) one can choose suitable level sets of these functions
with total variation converging to that ofχE . ��
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