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Surface plasmon polaritons on metal cylinders with dielectric core
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Abstract

Metal cladded dielectric cylinders with submicron diameters may serve to

model coated tips used in near-field scanning optical microscopy. The signal

measured may be greatly influenced by resonance effects due to eigenmodes of

the probe. Especially, using a photon scanning tunneling microscope setup,

gold coated tips have been found to detect a signal proportional to the mag-

netic field distributions [E.Devaux et al., Phys. Rev. B 62, 10504 (2000)].

This effect is attributed to cylindrical surface plasmons. We present here fully

retarded calculations of the dispersion and field patterns of the non-radiative

plasmon modes in cylindrical geometry. We study the effect of varying the

cylinder radius on the surface plasmon dispersion, thus justifying that the

cylinder is a useful model for near field probes in spite of their slightly conical

shape.
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I. INTRODUCTION

Surface plasmon polaritons1 are electromagnetic eigenmodes of metal-dielectric inter-
faces. They are characterized by high field enhancements located close to the surfaces. Gold
and silver are especially favourable for surface plasmon excitations in the visible range of
frequencies. Multilayer structures can support several of these modes2. As evanescent waves,
surface plasmons persist even when layer thicknesses become so small that waveguide modes
cannot be sustained any more.

In scanning near-field optical microscopy (SNOM) pulled dielectric fibres, with or without
metal cladding, are used as probes which illuminate the sample locally. Making the tip
dimensions much smaller than the wavelength of the light leads to sources of light which,
under some specific circumstances, can be close to the ideal definition of a point-like source.
However, this is usually paid for by bad throughput properties of the probe and thus by low
signal intensity. Plasmon resonances are therefore of great interest for signal amplification
and have already been exploited in different SNOM configurations3,4.

On the other hand, the properties of the probe, such as eigenmodes sustained by it,
may largely influence the nature of the obtained signal. The quantity measured in photon
scanning tunneling microscopy (PSTM), where the tip does not illuminate the sample but
collect the light close to the sample, is usually related to the local intensity of the electric
field. Devaux and co-workers5,6 recently showed that gold coated tips can measure a signal
proportional to the magnetic field if their dimensions are carefully chosen such that the
circular symmetry plasmon modes can be excited at the frequency of the incident light.

In this article we improve on the calculation of the dispersion of the cylindrical plasmons
presented in references 5 and 6 by taking into account retardation. In order to estimate
the influence of the conical shape of a PSTM tip, we study the dependence of the plasmon
dispersion on the diameter of the cylinder. We explicitely calculate the distributions of the
electric and the magnetic field with the aim of understanding possible coupling mechanisms.

II. DISPERSION RELATIONS

The system under consideration is a metal cylinder with a dielectric core characterized
by ǫc embedded in an outside medium of infinite extent described by ǫa (see inset Fig.2a).
These dielectric functions, ǫc = 2 (glass) and ǫa = 1 (air) are taken to be constant throughout
this article, although a frequency dependence would present no further difficulty. The metal
is also described by a dielectric function ǫ(ω), so no charge or current appears explicitely in
Maxwell’s equations. Data for gold and silver have been taken from Ref.7; the imaginary
part of ǫ(ω) has been ignored when describing the eigenmodes. Solving Maxwell’s equations
in cylindrical coordinates (r, θ, z) leads to the following expressions for the electric and
magnetic fields8:
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where i is the imaginary unit, aj
n, bj

n are complex coefficients and n is an integer (n =
0, 1, 2, . . .). kz is the wave vector component in z-direction (along the cylinder axis), which
will be real and the same for all media. ǫj is the dielectric function of the medium j and
may depend on the frequency ω. The index j can be a=air, m=metal or c=core. As we are
not dealing with magnetic materials, the magnetic permeability µ is considered to be unity
everywhere and has been omitted in the equations. Sn is the exponential factor

Sn = exp(inθ + ikzz − iωt) (2)

and kj is the radial component of the wave vector in the jth medium:

k2

j = ǫj (ω/c)2 − k2

z (3)

where c is the speed of light in vacuum.
Of course, a general solution is a superposition of waves of all n, but an eigenmode of the

cylinder will be characterized by a fixed n which has to be the same for all media. We only
consider non-radiative modes. Therefore in the outermost medium (air) ka is imaginary and
fa

n(kar) is the modified Bessel function Kn(kar). In the metal, ǫm is negative for frequencies
in the visible and km is also imaginary; in this finite region not containing the z-axis (that
is r=0) fm

n (kmr) has to be taken as a linear combination of the modified Bessel functions
In(kmr) and Kn(kmr). In the dielectric core, f c

n(kcr) is the modified Bessel function In(kcr)
for kc imaginary and the ordinary Bessel function Jn(kcr) for kc real; because the core
region is finite, a confined cylinder mode may be propagative in radial direction there. In
the modified Bessel functions, arguments are understood to be taken without the imaginary
unit i. In every casef j′

n (x) denotes the derivative of f j
n(x) with respect to its argument x.

Applying the boundary conditions that the tangential components of ~E and ~H must
be continuous at the inner and outer cylinder radius leads to the sought dispersion rela-
tion ω(kz). Matching the field components at the boundaries results in a system of linear
equations for the coefficients aj

n and bj
n. (In the metal there are four coefficients, instead of

only two for the core as well as for the outside region, because fn is a superposition of In

and Kn there.) A non-trivial solution of the coefficients exists, if the determinant of this
system of linear equations vanishes. The dispersion of possible eigenmodes of the cylinder
is obtained by finding numerically the zeros of this determinant on a grid (kz, ω). This is a
general procedure and the result includes all electromagnetic eigenmodes of the cylinder9,
surface plasmons as well as waveguide modes. However, in the frequency range considered
here, waveguide modes only appear for cylinder radii larger than the examples shown in this
article.

For comparison, Fig.1 shows the even simpler case of a full metal cylinder embedded
in a dielectric; here, fm

n (kmr) has to be taken as In(kmr). Non-radiative plasmon modes
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exist to the right of the light line of the surrounding dielectric (air). The n=0 mode goes
down to ω=0 approaching the light line from the right. The n=1 mode also shows strong
retardation effects, but intersects the light line at finite ω (we only calculated the dispersion
in the non-radiative region). The modes of different n rest well separated, there is not any
crossing. And even if the curves get broadened by damping, a significant overlap is not
expected between branches for at least up to n=3.

For the metal cylinder with dielectric core (Fig.2), non-radiative eigenmodes also exist to
the right of the light line of the embedding medium (air). However, up to the glass light line
the radial part of the wave vector is real in the core. The radial part of the functions given
for the field components implies the normal Bessel function to the left and the modified
Bessel function to the right of the glass light line. As to the dispersion of the eigenmodes,
the transition between these two regions is nevertheless continuous. On the glass light line
k2

z = ǫc (ω/c)2 and kj = kc vanishes in the core medium. Eventually ambiguous expressions
with kj appearing in the denominator as in eqs.(1) can be avoided , as the solution for the
field components in this case is given in the following closed form:
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for n > 0 and

Er = −i αc
0

kzr

2
S0, Eθ = 0, Ez = αc

0 S0

Hr = 0, Hθ = −i αc
0

ǫcωr

2
S0, Hz = 0 (5)

for n=0. αc
n and βc

n are complex coefficients replacing ac
n and bc

n in this case. No boundary
conditions have been applied yet: (4) is the general solution of Maxwell’s equations in a
homogeneous medium in cylindrical coordinates for the special case k2

z = ǫ (ω/c)2. The
solution has however already been restricted to the type being finite at r=0 as we only
apply it to the core of the cylinder.

For the metal cylinder with dielectric core there are two surface plasmon branches for
each n. The lower mode corresponds to a symmetric polarization charge distribution on the
inner and the outer surface of the metal cylinder and the upper mode to an asymmetric
one. As for the full cylinder the n=0 and the n=1 mode show strong dispersion whereas
the higher order modes are nearly dispersionless. Relatively to the case of the full cylinder,
the n=0 and the n=1 lower branches do not only come much closer together, they even
cross. Keeping the core radius fixed at b = 80 nm, in Fig.2 we show the dispersion for the
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two thicknesses d = 32 nm and d = 24 nm of the gold cladding corresponding to the ratios
a/b=1.4 and a/b=1.3. Indeed, tips of these dimensions have been reported in references
5 and 6 to provide measurements proportional to the optical magnetic field when using a
green laser (λ = 543 nm) in the first and when using a red laser (λ = 633 nm) in the second
case. These vacuum wavelengths correspond very well to the energies at which the n=0
and the n=1 lower plasmon branches cross the glass (core) light line. Using a tip at the
“wrong” wavelength results in measuring the intensity of the electric field just as using an
uncoated tip. Our retarded calculations suggest a coupling of the cylindrical surface plasmon
to propagating waves in the core material. The cylinder radius at the end of the tip is too
small for waveguide modes in the core to be sustained, but further up the fiber is much
thicker and the dispersion of propagating waves is just the glass light line. So choosing
(kz, ω) on this line seems to be the right injection condition, which was probably met in
references 5 and 6.

To estimate the influence of the conical shape of a real tip, in Fig.s 3 and 4 we study
the effect of changing the core radius of the cylinder on the dispersion of the lowest order
surface plasmon modes. The cladding thickness, that is the difference between the inner and
the outer radius d=a-b, is kept constant in each plot. The intensity of the evanescent near
field of a sample typically decreases within a few hundred nanometres in height. The tips
used for the experiments in references 5 and 6 have a radius of 50 nm at the apex and an
opening angle of 8o. So variing the core radius from 50 nm to 110 nm should approximately
cover the part of the tip plunged into the near field. From Fig.3 we see that the lower n=0
branch changes very little with the core radius for d = 32nm as well as for d = 24nm. Even
if in Fig.3b the curve for the largest b separates from the others for large kz, the intersection
with the glass light line is not affected by this shift. For n=1 (Fig.4) the upper branch is
less dependent on the radius. Nevertheless, in Fig.4a (d = 32 nm) the lower three curves
cross the glass light line in the same energy range as all of them have already reached their
final plateau. A broadening due to damping would very likely produce a good overlap for
h̄ckz ≥ 3eV . In Fig.4b (d = 24 nm) the intersection with the glass light line is on the first
plateau to the left of the S-shape structure in the curves for b = 80 nm and b = 110 nm, thus
also at about the same energy. For the smallest radius b = 50 nm, however, the dispersion
curve gets considerably shifted to the left and therefore it crosses the glass light line at a
higher energy. According to this estimate, if the n=1 surface plasmon mode plays a role
in near-field detection as proposed in references 5 and 6, the significant excitation takes
place in a certain height range, i.e. at a certain radius, instead of being spread out all over
the whole metallized tip. Of course, good contrast in near field images cannot be obtained
without a somewhat limited range of the detection height. So the fact that the n=1 mode
dispersion shifts more strongly with changing cylinder radius does not at all exclude this
mode from having to be considered for understanding the properties of metal coated tips.

The crossing point between the n=0, the n=1 lower plasmon modes and the glass light
line shifts with the cladding thickness. This is not only due to the S-shape structure in
the curves, which stems from the dielectric function ǫ(ω) for gold. Indeed, if we repeat the
calculations from Fig.2 for silver in Fig.5, again, changing the metal thickness from 32 nm to
24 nm results in a perceptible shift of the energy at which the two lowest branches intersect
the glass light line.
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III. FIELD DISTRIBUTIONS

A. Radial Dependence

As the angular and the z-dependence is the same and given by Sn for all field components,
in order to describe the field distributions of the eigenmodes, it suffices, in principle, to
evaluate the radial parts from eqs.(1) which can be viewed as radius dependent amplitudes.
In figures 6-9, we plot these amplitudes of the field components as a function of r for the
modes with n = 0, 1 and 2. As a normalization, we arbitrarily chose |Ez| = 1 at the outside
boundary of the metal. The numerical values for the field amplitudes are of the same order

of magnitude for
→

E and
→

H . Relatively to the electric field, the distribution of the magnetic
field in any of the three regions (core, metal and outside) does not show any significantly
higher intensity. (Equations are written in Gaussian units, so the numerical factor between
→

E and
→

H is ǫ1/2 for plane waves.) This presents an objection to the hypothesis, that gold
coated fibre tips detect the magnetic instead of the electric field, can be explained in terms of
overlap integrals. Approximating the tip by a cylinder, of course, is an oversimplification and
more realistic tip shapes have to be studied. However, the resonance phenomenon associated
with the extraordinary behavior of tips with certain cladding thicknesses detecting optical
magnetic field intensities at specified wavelengths5,6 has to be in the metal ring region and
not at the very end of the tip. Plasma resonances of full gold spheres or even metal spheres
with dielectric core of the dimensions corresponding to the tip apex do not lie at the correct
wavelengths.

Concerning the cylinder plasmon modes, we make the following observations: For the
n=0 modes, of the six field components only Ez, Er and Hθ do not vanish (Fig.s 6and
9a). This mode resembles very much a surface plasmon on a planar metal film between
two dielectrics, which only exists in p-polarization and has an electric field perpendicular
to the metal surface (here Er) and parallel to it in propagation direction (here Ez) as well
as an inplane magnetic field perpendicular to the propagation direction (here Hθ). Due to
the negative dielectric function of the metal, the electric field perpendicular to the metal
surfaces, that is Er in the case of the cylinder, has sign changes at the metal boundaries.

All other field components of
→

E and
→

H are continuous. In Fig.6 the radius dependent
amplitudes of the field components are plotted for three points on the lower n=0 dispersion
branch from Fig.2a, in the region between the two dielectrics’ light lines, on the glass light
line and beyond it. Qualitatively the three distributions are alike. According to eqs.(5), in
Fig.6b, Ez is constant while Er and Hθ grow linearly with the radius inside the core. The
field configuration for the point on the glass light line fits in between the other two and is
equally obtained by approaching this point from either side. The same is true for the field
distributions corresponding to the n=1 modes (Fig.7). There are only quantitative, but no
qualitative differences whether kc is real, zero or imaginary. For completeness, we plot the
radius dependent amplitudes of the field components for a point on the lower n=2 dispersion
branch from Fig.2a in Fig.8 and examples for the high energy modes with n = 0, 1 and 2 in
Fig.9. In contrast to the low energy modes, for the high energy modes, when going from the
inside to the outside of the cylinder, the magnetic field components have no sign changes,
whereas Ez and Eθ have one more and Er has one less than for the low energy modes. As
the frequencies of the upper modes lie mostly beyond the visible range, these plasmons are
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of little interest for applications in near-field optics.

B. Angular Dependence

To see the effect of the cylindrical geometry and of the phase factor Sn, the fields in a
plane perpendicular to the cylinder axis, that is the fields resulting from Er and Eθ (resp.
Hr and Hθ), are plotted as arrow diagrams in Fig.10 and the behavior of all three field
components is explained schematically in Fig.11. With θ the fields vary as einθ or, taking
the real part, cosnθ. For the n=0 mode there is no angular dependence. On a circle of
fixed radius, at a fixed height (z=const.), at a given instant in time, each field component
has a constant value. However, projecting the cylindrical field components in a Cartesian
coordinate system for clearer illustration as done in Fig.11, we see that only the z-components
are uniform in space. Due to the cylindrical geometry, for the radial and respectively the
angular components, for every field vector there is one in opposite direction. The latter is
also the case for the z-components of modes with n > 0 as well as the radial and angular
components of modes with n ≥ 2 (Fig.11).

For n=1, the radial and angular fields on a circle of constant r do not add up to zero
and this has an important consequence: Because of the angular modulation following eiθ

for n=1 the radial and the angular field components can well have finite amplitudes at r=0
(Fig.s 7 and 9b) where the directions of the unit vectors ~er and ~eθ in cylindrical coordinates
get undefined. Integrating the radial or the angular component vector over a circle as shown
in Fig.11b, we see that, even in the limit where the radius of the circle approaches zero
(r → 0), a field vector in the x-y-plane rests in each case. A possible phase shift between
the components has been omitted in Fig.11b; all components are drawn as having their
maximum positive value at θ = 0o. At this stage we have to add that all the coefficients aj

n,
bj
n, αc

n and βc
n for all n come out either real or purely imaginary. (We only implied Bessel,

no Hankel functions, and ǫ(ω) for the metal was also taken as real.) The radial parts of
the field components, i.e. the expressions from eqs.(1) resp. eqs.(4) without the factor Sn

also turn out to be either real or purely imaginary, but not complex. That is, phase shifts
between the field components are multiples of π/2. A consistent scheme is given by:

Ez imaginary, Eθ imaginary, Er real
Hz real, Hθ real, Hr imaginary

Ez, Eθ and Hr in figures 6-9 have to be multiplied by the imaginary unit i, but otherwise
the relative signs of the components are given consistently. This information about the
relative phase is necessary for the vector addition of Er and Eθ (resp. Hr and Hθ) as done
in Fig.10. n=1 is the only n value for which the radial and angular field components do
not vanish at r=0. Note also from Fig.7 that for both the electric and the magnetic field
the amplitudes of the radial and the angular component are of equal absolute value towards
the center of the cylinder. Combining the radial and the angular component of the electric
(or the magnetic) field with the correct phase between them, we find that they reinforce
each other as depicted in Fig.11d. Furthermore, in the middle of the core we find a phase
difference of π/2 between the electric and the magnetic field in the plane perpendicular to
the z-axis (see Fig.s 10c and d). Therefore, in the center of the core, where the z-components
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of the fields vanish, the n=1 plasmon mode is nearly a circularly polarized wave travelling
in the z-direction. For the special case that there is no radial wave vector this is easily seen
from eqs.(4) as for n=1 the β-terms describe a plane wave in the core material. So exciting
the n=1 plasmon mode at an energy corresponding to the glass light line should provide
good signal injection from the tip into the fibre. The z-component of the electric field of the
n=0 plasmon mode has no overlap with a transverse wave propagating in z-direction in the
core material.

Because of the phase factor Sn the field patterns like the ones drawn in Fig.10a-f turn
around the z-axis with time. However, this is merely due to the choice of basis of angular
eigenfunctions. By building linear combinations out of terms with both signs of θ in eq.(2),
einθ and e−inθ, we cuold change from right and left turning circularly polarized (surface
plasmon) waves to “linearly” polarized ones, depending on θ as cos nθ or sin nθ. In this
basis, the field patterns in Fig.10 would be viewed as oscillating in time, but with their
directions and characteristic axis resting fixed in space.

Figure 10 illustrates that, at least concerning the fields in a plane perpendicular to
the cylinder axis, the n=0 plasmon mode has monopole character, the n=1 mode dipole
character, the n=2 mode quadrupole character, etc. For n=1 the dipole is probably more
easily recognized in the magnetic field than in the electric field. The magnetic field in Fig.10d
points upwards inside the cylinder and field lines are closed via the outside with the strongest
downward pointing fields on the x-axis. This field distribution resembles more the pattern of
a dipole with its loops of field lines than the electric field distribution of the plasmon. Here
the fields are opposed inside and outside the cylinder on the dipole axis (x-axis in Fig.10c)
and also, outside the cylinder the fields nearly vanish on the perpendicular axis (y-axis in
Fig.10c). This observation should, however, only be taken as a qualitative remark.

C. Dipole Moments

As our cylinders are of subwavelength diameter, coupling of their eigenmodes to an
external field will in a first approximation be descibed by the dipole terms10

p
→

eff

→

Eext +
→

meff

→

Bext

where p
→

eff and
→

meff are the effective electric and magnetic dipole moments of the cylinder

mode and
→

Eext and
→

Bext are the external electric and magnetic field. As seen from the field
distributions in the last section, the n=1 cylinder plasmon mode contains an electric as well
as a magnetic dipole. In the following we calculate the electric and the magnetic dipole
moment10

p→ = −
1

iω

∫

J
→

(x→) d3x (6)

→

m =
1

2c

∫

(x
→

× J
→

(x
→

)) d3x (7)

(where x→ is the position vector) for a plasmon mode for a slice of unit length of the cylinder.
Thus we suppress the integration over z in (6) and (7) and take p→ and →m per unit length of
the cylinder. As we have put all information about the materials into ǫ, there are no free
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charges or currents. For harmonic time dependent fields the current is thus the polarization
current given in the Gaussian system by

J
→

=
1

4π
(ǫ − 1)

→

E (8)

The position vector x→ is re→r in cylindrical coordinates. Inversely, the unit vectors e→r and
e
→

θ projected into Cartesian coordinates are

e
→

r = e
→

x cos θ + e
→

y sin θ (9)

e→θ = −e→x sin θ + e→y cos θ (10)

Furthermore, we write

Er(r, θ, z) = Er(r) exp(inθ + ikzz − iωt) = Er(r) (cosnθ + i sin nθ) exp(ikzz − iωt) (11)

where Er with argument r instead of r, θ and z is the radial part from eqs.(1) resp. eqs.(4),
that is Er(r, θ, z) without the factor Sn. The electric dipole moment of a plasmon mode per
unit length of the cylinder is then
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r dr J
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= −
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r dr
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4π
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= −
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0
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(

Er(r) (cos θe→x + sin θe→y) + Eθ(r) (− sin θe→x + cos θe→y) + Ez(r) e→z
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= −
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4iω
δn,1 (e→x + ie→y)
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0

dr r (ǫ(r) − 1)
(

Er(r) − iEθ(r)
)

(12)

δn,1 in eq.(12) indicates that p→ only exists for n=1. (The kind of “dipole” presented by
Ez for n=0 is not described by regarding only a thin slice of the cylinder at constant z,
because here the charge separation is in z-direction. Anyway, as there is no Hz-component,
the n=0-mode has no magnetic dipole moment the electric one could be compared to.) As
Er(r) is real and Eθ(r) is imaginary, Er(r) − iEθ(r) is real and corresponds to adding the
curves for these two amplitudes in Fig.7.

The magnetic dipole moment
→

m is calculated in the same manner as the electric dipole

moment p
→

. We assume here, that the outside medium is air with ǫa=1, so that J
→

vanishes
for r > a. An outside medium with a dielectric constant different from 1 and thus the
integration over r up to infinity would, however, cause no problem, because the exponential
decay of the fields outside the cylinder would assure that the values of the integrals rest
finite.

→m =
1

2c

∫

2π

0

dθ
∫ a

0

r dr x→× J
→
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=
1

2c

∫

2π

0

dθ
∫ a

0

r dr
ǫ(r) − 1

4π
exp(inθ + ikzz − iωt)

re
→

r ×
(

Er(r)e
→

r + Eθ(r)e
→

θ + Ez(r)e
→

z

)

=
exp(ikzz − iωt)

8c
δn,1 (ie→x − e→y)

∫ a

0

(ǫ(r) − 1) r2 Ez(r) dr (13)

ǫ(r) is understood to be ǫc for r < b, ǫm for b < r < a and ǫa for r > a. As before,
Er(r), Eθ(r) and Ez(r) are the radius dependent amplitudes of the field components, that
is the expressions from eqs.(1) resp. eqs.(4) without Sn. →m also only exists if n=1. Like
→

E and
→

H , in the Gaussian system p→ and →m are in the same units and directly comparable.
|p→| and |→m| following the lower n=1 dispersion branch of Fig.2a are plotted in Fig.12 and
some values are listed some in table 1. Other than for atoms, where the magnetic dipole
moment usually is several orders of magnitude less than the electric dipole moment in the
optical range of frequencies11, for surface plasmons on a cylinder, whose circumference is
about a wavelength, the electric and the magnetic dipole moment become comparable. |→m|
is not always bigger than |p→|, though. For the parameters chosen in Fig.12 (a=112nm and
b=80nm) |

→

m| exceeds |p
→

| for h̄ckz ≥ 2.7eV. So at the intersection of the plasmon dispersion
with the core light line at h̄ckz = 3.2eV the plasmon’s magnetic dipole moment is greater
than its electric one. For the parameters from Fig.2b (a=104nm, b=80nm) |

→

m| and |p
→

| are
just found to be equal where the low energy n=1 dispersion branch crosses the glass light
line at h̄ckz = 2.7eV; |→m| > |p→| for greater kz and |→m| < |p→| to the left of the glass light
line. The curves in Fig.12 do not change much, if just a is varied. However, changing b from
80nm to 110nm while keeping a − b constant at 24nm (see Fig.4b) shifts the intersection
between |→m| and |p→| to h̄ckz = 1.8eV, so that at h̄ckz = 2.7eV where the plasmon dispersion
meets the glass light line, |

→

m| is considerably larger than |p
→

|. Keeping in mind that even the
metal ring region of the tip with about the correct radius for surface plasmon excitation at
a given frequency has a certain opening angle, our calculations are consistent with the fact
that, as for tips with 32nm gold cladding resonant a 543nm, also for tips with 24nm cladding
resonant at 633nm5,6, the cylindrical surface plasmon’s magnetic dipole moment can well
exceed its electric one. Of the height range sustaining the surface plasmon, the part with a
little greater radius a little further up the tip may even be more important than the lower
end as the farther is nearer to the signal injection into the actual fibre. For the cylinder, as
a thumb rule, we may deduce, that the plasmon dipole is more of magnetic than of electric
type as long as the inner metal circumference is larger than the wavelength.

IV. CONCLUSIONS

We have presented fully retarded calculations for the non-radiative surface plasmon
modes on metal cylinders with dielectric core. The dispersion as well as the distributions of
the electric and the magnetic field of these eigenmodes have been detailed. We associate the
resonance phenomenon leading to the measurement of the magnetic field by metal cladded
near-field tips reported in references 5 and 6 to the excitation of the low energy n=1 cylin-
drical plasmon mode and the special condition that the plasmon frequency and the wave
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vector along the cylinder axis coincide with the light line of the core material of the tip. The
plasmon excited at the cladded end of an optical fibre can only lead to a signal transmitted
through the fibre if the frequency and the wave vector coincide with those of propagating
waves in the fibre core material. The low energy n=0 surface plasmon mode nearly coin-
cides with the n=1 mode for metal cylinders with dielelectric core for wave vectors near and
beyond the core light line. But as the n=0 mode has no overlap with propagating waves
in the core material, it is unlikely to be of importance for the detection in PSTM. For the
n=1-mode we find that effective electric and magnetic dipole moments per unit length of
the cylinder are of the same order of magnitude. For parameters corresponding to the tip
dimensions from references 5 and 6, the magnetic dipole moment is found to exceed the
electric one, which can be related to the fact that cladded tips at certain frequencies image
the optical magnetic near-field. Of course, the infinitely long cylinder is a very crude model
for near-field tips, and in a PSTM setup, the distance between the sample and the ring
region of the tip is not really large compared to the tip diameter. So firstly, more realistic
model geometries have to be studied, and secondly, the surface plasmon mode excitation
should be decribed more exactly than in the dipole approximation.
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TABLES

a (nm) b (nm) h̄ckz (eV) h̄ω (eV) |~p| (a.u.) |~m| (a.u.)

112 80 2.0 1.85 1.84 ∗ 10−30 1.27 ∗ 10−30

112 80 3.2 2.27 0.50 ∗ 10−30 0.85 ∗ 10−30

112 80 4.5 2.37 0.12 ∗ 10−30 0.60 ∗ 10−30

104 80 2.0 1.82 1.71 ∗ 10−30 1.08 ∗ 10−30

104 80 2.7 1.92 0.82 ∗ 10−30 0.79 ∗ 10−30

104 80 4.5 2.32 0.13 ∗ 10−30 0.51 ∗ 10−30

134 110 2.0 1.76 1.94 ∗ 10−30 2.34 ∗ 10−30

134 110 2.7 1.87 0.70 ∗ 10−30 1.58 ∗ 10−30

134 110 4.5 2.30 0.06 ∗ 10−30 0.91 ∗ 10−30

TABLE I. Table 1. Electric and magnetic dipole moments for some points on the low energy

n=1 dispersion branches from Fig.2.

13



FIGURES

FIG. 1. Dispersion of the first five non-radiative surface plasmon modes of a gold cylinder of

radius a=100nm surrounded by air.
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FIG. 2. Surface plasmon dispersion up to 4th order branches for gold cylinders with dielectric

core (ǫc=2) embedded in air (ǫa=1). (a) inner radius b=80nm, outer radius a=112nm. (b) inner

radius b=80nm, outer radius a=104nm.
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FIG. 3. Dispersion of the n=0 modes as a function of the cylinder radius keeping the metal

cladding thickness constant. (a) a-b=32nm, (b) a-b=24nm.
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FIG. 4. Dispersion of the n=1 modes as a function of the cylinder radius keeping the metal

cladding thickness constant. (a) a-b=32nm, (b) a-b=24nm.
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FIG. 5. Surface plasmon dispersion up to 4th order branches for silver cylinders with dielectric

core (ǫc=2) embedded in air (ǫa=1). (a) inner radius b=80nm, outer radius a=112nm. (b) inner

radius b=80nm, outer radius a=104nm.
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FIG. 6. Radial dependence of the field components for the lower n=0 mode from Fig.2a, that is

cylinder radii a=112nm and b=80nm. (a) h̄ckz=2.0eV, h̄ω=1.72eV. (b) h̄ckz=3.2eV, h̄ω=2.26eV.

(c) h̄ckz=4.5eV, h̄ω=2.38eV. The vertical lines mark the core radius b and the outside cylinder

radius a.
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FIG. 7. Radial dependence of the field components for the lower n=1 mode from Fig.2a, that is

cylinder radii a=112nm and b=80nm. (a) h̄ckz=2.0eV, h̄ω=1.85eV. (b) h̄ckz=3.2eV, h̄ω=2.27eV.

(c) h̄ckz=4.5eV, h̄ω=2.37eV. Of the two solid curves in each plot Hr is the one whose slope doesn’t

change at r = b and r = a.
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FIG. 8. Radial dependence of the field components for the lower n=2 mode from Fig.2a, that

is cylinder radii a=112nm and b=80nm. h̄ckz=3.4eV, h̄ω=2.38eV.
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FIG. 9. Radial dependence of the field components for the upper modes. Cylinder radii

a=112nm and b=80nm. (a) n=0, h̄ckz=5.0eV, h̄ω=3.24eV. (b) n=1, h̄ckz=5.0eV, h̄ω=3.12eV.

(c) n=2, h̄ckz=5.0eV, h̄ω=3.16eV.
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FIG. 10. Arrow diagrams of electric and magnetic field in a plane perpendicular to the cylinder

axis at a fixed time. The circles mark the core and outside boundaries of the cylinder. Arrows

are placed with their center on the coordinate point they belong to and their lengths follow a

logarithmic scale to avoid messy overlapping. The radial part of the electric field vector has three

sign changes when going from the center to the outside of the cylinder, which might be not be easily

seen due to the coarse arrow density in the diagrams. (a) Electric and (b) magnetic field for n=0,

h̄ckz=4.5eV, h̄ω=2.38eV. (c) Electric and (d) magnetic field for n=1, h̄ckz=4.5eV, h̄ω=2.37eV.

(e) Electric and (f) magnetic field for n=2, h̄ckz=3.4eV, h̄ω=2.38eV.
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FIG. 11. (a) Field components are drawn separately for fixed radius r, fixed height z and fixed

time for (a) n=0, (b) n=1 and (c) n=2. (d) Radial and angular component of the electric field of

the n=1 mode with their correct respective phase and resulting inplane field; the magnetic field

components have to be added in the same way. (Differently to Fig.10, in this figure arrows are

drawn as having their origin at the coordinates they belong to.)
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FIG. 12. Electric and magnetic dipole moment per unit length of the cylinder computed from

the polarization currents along the low energy n=1 plasmon mode from Fig.2a, that is for cylinder

radii a=112nm and b=80nm.
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