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SUMMARY 
This paper studies the potential and gravity changes caused by dislocations in 
spherically symmetric earth models. We define dislocation Love numbers to describe 
the elastic deformation of the earth raised by point sources. We discuss the shear 
and tensile dislocations, which can be expressed by four independent components: a 
vertical strike-slip, a vertical dip-slip, a tensile opening on a horizontal plane, and a 
tensile opening on a vertical plane. 

The results for a homogeneous earth model agree very well, at least within lo, 
with those predicted from flat-earth theory. The far-field results indicate no larger 
than 10per cent difference within 10". It makes little difference whether we use the 
theory on a sphere or that for a flat earth in the near field, while it is reasonable to  
use the spherical theory for global calculation. We proceed to calculations with a 
radially heterogeneous earth model (Model 1066A). The results are as a whole 
similar to those for a homogeneous sphere. In some cases, however, the difference 
between the two becomes significant. For example, the locations of the nodal lines 
of the gravity change differ significantly between the two models. This indicates that 
the vertical layering can cause considerable effects on the deformation fields. 

Key words: coseismic change, dislocation, gravity, potential, spherical earth. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 INTRODUCTION 

Since Steketee (1958) introduced dislocation theory to 
seismology, numerous theoretical formulations have been 
developed to describe the deformation of an isotropic 
homogeneous earth model caused by a variety of 
dislocations. Many scientists (Maruyama 1964; Press 1965; 
Okada 1985) studied surface displacements, tilt and strain, 
due to dislocations buried in a semi-infinite medium. 

Efforts to develop the formulations in a more realistic 
earth model have also been advanced through numerous 
studies (Ben-Menahem & Singh 1968; Ben-Menahem & 
Israel 1970; Smylie & Mansinha 1971). These studies 
revealed that the effect of the earth curvature is negligible 
for shallow events at an epicentral distance less than 20", 
while vertical layering or lateral inhomgeneity may have 
considerable effects on the deformation fields. 

Saito (1967) presented a theory to calculate amplitudes of 
free oscillations caused by a point source in a spherically 
symmetric earth model. He expressed his results in terms of 
normal mode solutions and source functions. Kagan (1987a 
and b) gave the source functions of elementary sources in 
general form for both static and dynamic displacements. 

*On leave from: Center for Analysis and Prediction of State 
Seismological Bureau, Beijing, 100036, China. 

It was only in the late 1970s when gravity change caused 
by dislocations was studied by researchers. Hagiwara (1977) 
first investigated the elevation and gravity changes due to an 
explosive source. Savage (1984) gave the gravity changes in 
several special cases: strike-slip faulting on a vertical plane, 
slip on an infinitely long fault, and so on. Sasai (1986, 1988) 
studied the surface displacement, gravity and magnetic 
changes associated with multiple tensile cracks of the 
Gaussian distribution. Okubo (1991, 1992) completely 
studied the problem on potential and gravity changes caused 
by point dislocations and by faulting on a finite plane in a 
semi-infinite homogeneous medium. He derived all sets of 
expressions in closed form. They also enable us to evaluate 
coseismic changes in surface gravity and geoid height. 

All of the above studies except Saito (1967) assumed a 
homogeneous semi-infinite medium or a homogeneous 
non-gravitating sphere. No one has ever succeeded in 
computing the displacement, strain, tilt and change in 
gravity field of a spherically symmetric and self -gravitating 

earth model owing to numerical difficulties. 
The objective of this paper is to study global gravity 

changes caused by dislocations in a spherical earth. We give 
formulae and numerical results of the radial displacement, 
potential and gravity changes, due to point dislocations in a 
spherical earth model. We examine the effects of the 
spherical curvature and the radial heterogeneity by 
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comparing results for a flat earth, a homogeneous sphere 
and a radially stratified spherical earth. We may check the 
consistency between Okubo's (1991) flat-earth theory and 
our spherical theory. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 EXCITATION PROBLEM AND 
RECIPROCITY THEOREM 

We discuss two kinds of excitation sources-shear and 
tensile dislocations. We show that they can be expressed by 
four independent components: a vertical strike-slip, a 
vertical dip-slip, an opening of a horizontal crack, and an 
opening of a vertical crack. We introduce the reciprocity 
theorem (Okubo 1993) to get our solutions of equations of 
equilibrium with an arbitrary point dislocation in a SNREI 
model. We define dislocation Love numbers in Section 2.4. 

2.1 

Let us consider a spherically symmetric, non-rotating, 
perfectly elastic and isotropic, i.e. the SNREI model 
(Dahlen 1968). For convenience, we assume a point 
dislocation located on the polar axis at  radial distance r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= r,; 
the deformation field due to a source at  an arbitrary position 
can be obtained by simply using the rotational transforma- 
tion. The geometry of such a dislocation can be uniquely 
determined by a vector n to the infinitesimal fault and by a 

Equations of equilibrium for spheroidal deformation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

JX 

n 

Figure 1. Dislocation model. The upper figure shows the location of 
an earthquake within a sphere. The lower figure indicates the fault 
geometry in spherical coordinates. 

- u/2 

dS- 

Figure 2. Dislocation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAU and its normal n defined on a fault plane. 

Burgers vector Au: 

n = nle l  + n2e2 + n3e, 

Au = U - v = U(v,e, + v2e2 + v,e,), 
(1) 

(2) 

where we take unit vectors e l  and e2 in the equatorial plane 
in the direction of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 = 0 and n/2, respectively, and e3 along 
the polar axis (Fig. 1). The sign convention is such that if the 
sides of an infinitesimal surface dS are labelled d S -  and 
dS+,  the normal vector n points from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdS- to dS+ and Aui is 
the displacement on dS+ minus the displacement on dS-  
(Fig. 2). 

$ are conveniently described as 
Spheroidal displacement u, stress z, and potential change 

where e,, e,, e+ are unit vectors in the spherical 
coordinates, and 

Y:(e, 4) = P;(COS e)eim+. 

P ~ ( C O S  e) = (- 1 ) m ~ ; ( ~ ~ ~  el. 

(8) 

(9) 

PI: is the associated Legendre's function and 

The linearized first-order equations of equilibrium, stress- 
strain relation and Poisson's equation for a spheroidal 
deformarion can be written as (Saito 1967) 

dY 

dr 

where Y = ( y , ,  . . , , yh)', A is a matrix coefficient which 

(10) _ -  - A Y + S  
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Surface potential and gravity changes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA571 

geometry indicates that the components Z" and Z" can be 
easily calculated by applying rotational transformation about 
the polar axis to Z2* and Z3' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Load 
Shear 

depends on density zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp ,  on the elastic constants A ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp and on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn. 
In eqs (3)-(lo), we strictly follow the notation and 
formulation by Takeuchi zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Saito (1972) which conforms to 
Alterman, Jarosch & Pekeris (1959) except y,. A 
modification has been made for the definition of y ,  as 

a 

a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 
0 

0 
(2n+l)g(a) 

4xGar (n+ l )  

(2n+l)g(aL 
4rGa 
0 

G denotes Newton's gravitational constant. The source 
function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS is discontinuous across r = r,: 

S = (sl, s 2 , .  . . , s6)6(r - r5 )  

= [Y(<, + 0) - Y(c, - O)]S(r - r,). (12) 

Notice that ss and s6 always vanish because the potential I) 
and (a+ /& - 4nCpu,) must be continuous across any 
boundary surfaces. The continuity persists even if the radial 
displacement u, has a jump at the interface (Saito 1967). 

The source functions of spheroidal degree n and order m 
for the point dislocation are given by Takeuchi & Saito 
(1972) as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

s5(n, m )  = 0 (17) 

s6(nr m )  = 0 (18) 

where 6, is the Kronecker delta. Notice that only the 
spheroidal orders I m l ~  2 are involved in (13)-(16) because 
we take the source on the polar axis. 

2.2. Four independent solutions 

Let ZJ denote either vertical displacement u, or potential 
change Ic, due to the slip Au=e,  on an infinitesimal plane 
normal to e,. A deformation field caused by a dislocation Au 
on a plane normal to n is written as 

Z ( r , e , $ ) = Z " ( r , 8 , $ ) v , n , U d S ;  i , j = 1 , 2 , 3  (19) 

because S in (10) is expressed in terms of v,n,UdS [see 
(13)-(18)) Z' is symmetrical with respect to i and j 

ZJ1(r, 8, 4) = Z"(r, 8, 4) (20) 

because S in (10) is invariant by interchanging i and j {see 
(13)-(18)]. Hence the number of independent Z', reduces to 
six. Furthermore, intrinsic symmetry within the fault 

(22) 
n 

~ 3 1 ( r ,  e, 4) = Z'2(r, 0 , 4  + -) . 
Consequently, the number of independent ZJ is 4. In the 
following, we choose (ZI2,  Z", Zz2,  2") for the four 
independent solutions. They are excited by a vertical 
strike-slip, a vertical dip-slip, a horizontal tensile 
fracturing, and a vertical tensile fracturing. 

2 

2.3 Reciprocity theorem 

The basic eq. (10) is inhomogeneous because it includes the 
S term which represents a jump at the point source. We 
must solve the singular inhomogeneous equations with free 
boundary conditions 

yz(a; n, m )  = y4(a; n, m )  = y,(a; n, m )  = 0. (23) 

Smylie & Mansinha (1971) and Takeuchi & Saito (1972) 
discussed the methods of solving the problem. From a new 
way here, we solve the problem by introducing Okubo's 
(1993) reciprocity theorem. 

Okubo (1933) found that the deformation on the surface 
r = a  raised by dislocations a t  r = rs is expressed simply by 
that of the tide, load and shear solutions at r = r,. Let 
superscripts 'Tide', 'Load', and 'Shear' indicate the tide, the 
load, and the shear solutions respectively (Saito 1978). They 
are governed by the homogeneous differential equation 

-=AY 
dY 

dr 

under appropriate boundary conditions (Table 1). Okubo 
gave the surface values of the radial functions {ytJ, 
I = 1, 3, 5) raised by a slip Au = e, on an infinitesimal plane 
normal to e, as follows. 

Vertical strike-slip: 

Table 1. Boundary conditions for tide, load and shear 
deformations. 
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Here zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAgo denotes the gravity on the earth’s surface, 

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAK ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= A, + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$p,?. Notice that yTdr, y y d  and yshrar are 
degenerated with respect to the spheroidal order m. 

In practice, therefore, we have only to calculate three sets 
of basic solutions (tide, load and shear) at the point source 
r = r, because the coseismic solutions at the earth’s surface 
are given by the above reciprocity theorem. The integration 
of (10) is thus transformed to the integration of (24). 
Takeuchi & Saito (1972) and Saito (1974) described in detail 
how to get the three sets of basic solutions (tide, load and 
shear). 

5 = go /ya ,  Y = $ ~ G P ~ J  A ,  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApS = ~ ( r , ) ,  a.7 = A, + 2 ~ ~ 7 ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2.4 Dislocation Love numbers 

Love and Shida numbers (we shall collectively call them 
Love numbers) express the elastic deformation of the earth 
due to external forces. For example, the tidal Love number 
triplet (hn,  ln, k,) describes the displacement and the 
gravitational potential change at the surface of the earth. 
Since a surface mass load also deforms the elastic earth, one 
can define load Love numbers (hi, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt i ,  k i )  (Longman 1962, 
1963; Farrell 1972). Saito (1978) defined the shear Love 
numbers (h:, l:, k:) which specify the elastic response of the 
earth to a shear force acting on the earth’s surface. 

In the same way, we define new Love number triplets 
[h:,,, / y m ,  kin,], so that the spheroidal deformation of the 
earth raised by a point dislocation is described as 

1 
44 8, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4) = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 . 

X c [hi,R;( 8, 4) + I!,,$:( 8, 4)] - v,n,UdS 
n,m 

(37) 

+(a, 8, 4) = c ki,Y:(8, 4) . vinjUdS. (38) 
a n,m 

We call [h im,  /im, kim] dislocation Love numbers. Compar- 
ing eqs (3) (5) with (37) (38), we may derive the relation 
between the dislocation Love numbers and 
{y , ; j=1 ,2  , . . . ,  6)as 

hi,,, = y?(a; n, m)a2 

&,, = yf(a; n, m)a’ 

(39) 

(40) 

a’ 
k im = yx(a; a, m )  - 

go 

We should notice that the dislocation Love numbers are 
independent of the magnitude of dislocation UdS. We show 
the relations between them in Table 2. 

When n = 0, the dislocation Love numbers /& and k& are 
zero because k& is proportional to the change in the earth’s 
mass which should be conserved during deformation, and 
because the spheroidal deformation of degree 0 is free from 
tangential displacement. 

For the special case n = I, Ben-Menahem & Singh (1968) 
found that the divergence of the term of the degree 1 is due 
to the fact that a sphere of finite radius cannot remain in 
static equilibrium under the action of an unbalanced force 
system. In a load problem, the degree 1 mode of 
deformation has the similar situation. Farrell (1972) and 

Table 2. Relations between dislocation Love numbers and source 
functions yZ in this Table satisfies the source condition 
yZ( r : )  - y ; ( r ; )  = sk and free boundary conditions on the earth’s 
surface. 
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Surface potential and gravity changes 573 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The gravity change at a space-fixed point can be 

calculated from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$ as 
Okubo & Endo (1986) studied the problem. They found that 
the degree 1 mode shifts the centre of the earth, while the 
centre of mass of the earth plus loading mass should remain 
fixed with respect to space. In the dislocation problem, there 
exists the common situation. Computationally, we proceed 
in the following way. 

(1) Obtain two independent solutions to (10): yI” ( r ;  1, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArn) 
and y!;*(r; 1, rn). 

(2) Choose the rigid translation jjk(r; 1, rn) as the trivial 
solution to (10): 

Y l ( r ;  1, rn) = jj3(r; 1, rn) = PS(r; 1, m ) / g ( r )  = 1 

jj2(r; 1, rn) = j 4 ( r ;  1, rn) = jj6(r; 1, rn) /g ( r )  = 0. 

(3) Assume a solution: yz (a ;  1, rn)  = c ,  y;l’(a; 1, rn) + 

(4) Find the constants c l ,  c2 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc3 by using any two of 
the boundary conditions (23) and a condition y,(a; 1, rn) = 0, 
which is equivalent to choosing the centre of mass of the 
deformed earth as the origin. Notice that only two are 
independent in the boundary condition (23) because there 
automatically holds a consistency relation in the case of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
n = 1 (Farrell 1972; Okubo & Endo 1986): 

y2(r; 1, rn )  + 2y4(r; 1, rn) + g(r)y6(r;  1, rnY4nC = 0. 

hfm = y‘:(a; 1, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArn)a’ (42) 

lym = y f ( a ;  1, r n ) 2  (43) 

kym = 0. (44) 

C2y::*(a; 1, rn )  + c,y,(a; 1, rn). 

(5) Obtain the degree 1 dislocation Love numbers as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 THEORY OF POTENTIAL A N D  GRAVITY 
CHANGES 

In this section, we focus our attention on potential and 
gravity changes raised by point dislocations buried in a 
radially heterogeneous earth model. We first discuss the 
general theory of potential and gravity changes in Section 
3.1. In Sections 3.2-3.5, we show in detail the potential and 
gravity changes due to vertical strike-slip, vertical dip-slip, 
horizontal and vertical tensile fracturings. We derive 
expressions for an arbitrary geometry for practical 
applications in Sections 3.6-3.7. 

3.1 Potential zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand gravity changes 

A dislocation within the earth causes a density change and a 
displacement of interfaces, perturbing the gravitational 
potential. The gravitational potential change Ic, may be 
expressed as 

W ,  8, 4 )  = V ( r ,  8, 4)vtn,UdS (45) 

where $‘I is the potential change due to a dislocation Au = e, 
on a plane of infinitesimal area dS with a normal n = e, [see 
also (19)]. 

We may expand $‘I in spherical harmonics as 

$“(a, 8, 4 )  = 5 c k L Y X 0 ,  4 )  (46) 
a n,m 

where kzm can be calculated from (10). Once all the k:,,, for 
different n and rn are given, we have $‘I and J, from (46) and 
(45). 

(47) 

The gravity change on the earth’s surface r = a  deserves 
special attention because we must consider the surface mass 
distribution 4nGpu,. Across this single layer, the gravity is 
not continuous. The gravity change (positive downward) just 
inside this thin layer is 

Since y6(a )  = 0, we may substitute 

(49) 

in eq. (48) to obtain 

Ag-(a, 8, 4 )  = [” 2 ( n  + l )k ; ;mc(8,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4) 
a3 n.m 

=c 

= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg, c ( n  + l)k:,Y:(O, 4)vinjUdS 
a3 n,m 

- 4nGpu,(a, 8, 4 )  (50)  

(51) 

(52) 

where u, is the radial displacement 

u,(u, 8, 4 )  = u ~ ( u ,  8, +)v,n,UdS 

1 
u:(u, e,4) = 2 hZmy;(e, #). 

a n,m 

The gravity change Ag+(a,  8, #) just outside the single layer 
is derived from potential theory (Fig. 3) as 

Ag, = Ag- + 4nCpu,. (53) 

From now on, we will briefly use Ag(a, 0, #) for 
Ag+(a + u,, 8, 4 )  because the gravity surveying is usually 
carried out on the earth’s surface. 

Substituting (50) into (53), we obtain 
m 

(54) 
go 

a n.m 

Ag(a, 8, #) = 3 c (n  + l ) k ~ , , s Y ~ ( 8 ,  4)v,njUdS.  

Ag(a) &+(a 4- u,) 

10 
Figure 3. Gravity step on the earth’s surface. 
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574 W. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASun zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand S.  Okubo 

The gravity change at a point zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfixed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon the free surface 
becomes 

@Aa, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4) =&(a,  8, 4) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- Pu,(a, 8, 4) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(55) 

or 

&(a, 8, 4) = & - ( a ,  0, 4) - ( P  - 4nGp)u,(a, 0, 4) (56) 

where p is the free-air gravity gradient which can be 
expressed as 

(57) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3.2 

From this section we are going to derive u,, I), Ag and 6g 
for t he  four dislocation models assuming dislocation 
magnitude UdS = 1. 

We begin with the vertical strike-slip by taking v = e l  and 
n = e2. Substituting v, = 6,, and n, = S,2 into (13)-(M), we 
obtain the source functions 

Z”: vertical strike-slip on the polar axis 

where the superscript 12 denotes a vertical strike-slip. 
Hence we obtain the radial displacement u:2 as 

uf.’(r, e, 4) = - C iyi2(r; n, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2) 
n 

x (P~,(COS e)e2’+ - pi2(cos e)e-”+) 

= 2 C yi2(r; n, 2)~2,(cos e)  sin 2 4  (59) 
n 

where {y;’(r; n, 2); j = 1,2,  . . . ,6}  is the excited deforma- 
tion field with 

In the same way, we obtain potential change as 

412(r, 8, 4) = 2 yi2(r; n, ~ ) P ; ( C O S  e )  sin 24. 
n 

W e  may further simplify uf-’ and I)” as 

uf.2(r, 8, 4) = ~ ^ f . ~ ( r ,  e)  sin 2 4  

4l2(r, e, 4) = S12(r ,  e)  sin 2 4  

by defining 

2 “  
u1:2(r, e )  = - C hA;P2,(cos 0) 

$”(r, e )  = 

a2 n = 2  

2go = 

a ,,=2 
C ~:Z,P~,(COS e). 

From (54) and (55)  we have gravity changes 

Agi2(a,  0, 4) = Ag12(a, 0) sin 2 4  

6gL2(a,  e, 4) = 6gI2(a, e )  sin 2 4  

where 

2gI) 
Ag”(a, 0 )  = c (n  + l)kjt;P;(cos e) 

a n=2 

6g1’(a, 8 )  = Ai12(a, 0 )  - pu^L2(a, 0). (69) 

Equations (62)-(69) are the fundamental formulae which 
give the radial displacement, potential and gravity changes 
at any point (0, 4 )  at the earth’s surface. We present the 
numerical result of 2i2, S1*,  and in Appendix A. 

The factor sin 2 4  in eqs (62), (63), (66) and (67) reveals a 
quadrant deformation pattern. If u, (or I), Ag, 6g) is positive 
in the quadrants 1 and 3 ,  it becomes negative in the 
quadrants 2 and 4. 

As special cases, let us evaluate the radial displacement, 
potential and gravity changes for 8 = 0 and 8 = n. Since 

1; r n = O  

0; r n f O  
Iim Y;(e, 4)  = ei’n’611m = 
8-0 

and / 

1; rn =O,n = o d d  

-1; rn = 0, n =even 
0; rn # 0, 

lim Y;(e, 4)  = (-l)neim+6gm = 

(71) 

(72) 

(73) 

(74) 

(75) 

8-Z 

it follows that 

U ; 2 ( a ,  0, 4 )  = uj2(a,  n, 4) = 0 

I)I2(a, 0 ,4 )  = +12(a, n, 4) = o 
Ag12(a, 0, 4) = AgI2(a, K ,  4) = 0 

6g”(a, 0, 4) = 6g12(a, n, 4) = 0. 

3.3 Z3’: vertical dip-slip on the polar axis 

In this section, we derive the potential and gravity changes 
caused by a vertical dip-slip by assuming v = e3, n = e2 and 
UdS = 1. 

Substituting v, = a,, and nl = into (13)-(H), the 
source functions become 

2n + 1 
s?(n, rn )  = - i  6-  6 

8nn(n + 1)ra l3 l m ’ l  

where the superscript 32 denotes a vertical dip-slip. We 
obtain the radial displacement u y  as 

~ 5 ~ ( a ,  8, 4) 

= - C iy:’(a; n, l)[P,!Jcos 8)e’+ + P,’(cos B)e-‘@] 
n 

(77) 

where {y;”(r; n, 1); j = 1, 2, . . . , 6) is a real-valued solution 
defined by 

We may simplify (77) as 

u;’(a, 8, 4) = G y ( a ,  e)  sin 4 

Similarly, we obtain the potential and gravity changes on 
the earth’s surface r = a due to a vertical dip-slip dislocation 
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Surface potential and gravity changes 575 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+”(a, e, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq3’(a, e) sin 4 

Ag”(a, 8, 4 )  = Ag”(u, 0) sin 4 

6g3’(a, e, 4 )  = 6g3’(a, e) sin 4,  

(81) 

(82) 

(83) 

where 

(84) 

(85) 

(86) 

2g (P(u, e) = + C ~ ;~~ ,P ;Jcos  e) 

A ~ ~ , ( u ,  e) = + C (n  + i)k;:P:(cos e) 

~ g ~ ~ ( ~ ,  e) = hg3,(a. e) - pu^;’(a, e). 

a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn = l  

2g 
a n = l  

The factor sin 4 in (79)-(83) reveals that the deformation 
pattern is anti-symmetric with respect to the fault line 
defin%d by 4 = 0 and 4 = a. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Q;’, +32,  A@’ and 6g3’ vanish on the two poles (0 = 0, a )  
because PA in eqs (80)-(86) is proportional to sin 0. 

When Iml = 2, the source functions are 

3.4 z*’: tensile fracturing on a vertical plane 

Now we study the potential and gravity changes raised by a 
tensile dislocation Au = e, on a vertical plane normal to 
n = e, assuming UdS = 1. 

Substituting Y, = n, = 6,’ into (13)-(18), the source 
functions are non-zero only when m = 0 and Im/ = 2. It 
follows that 

u ~ ( u ,  e, 4 )  = U : ~ . ~ ) ( C C ,  e, 4 )  + u ~ , ~ ( u ,  8, 4 )  

+’,(a, 8, 4 )  = +22.n(a, 8, 4 )  + +22,2(a, 8, 4 )  
AgZ2(a, 8, 4 )  = Ag2””(a, 8, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4)  + Ag2’”(a, 8, 4 )  

6g22(a, e, 4 )  = 6g22.n(a, e, 4 )  + 6g22,2(a, 8, 4) .  

(87) 

(88) 

(89) 

(90) 

When m = 0, the source functions are 

2 n + 1  A 2n + 1 p(3A + 2 p )  
SJl - _ _ _ _ ~  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs/ (n, 0 )  =-- 

4ar: A + 2p 

+- 6 J 4 .  

22 

2ar: A + 2 p  ‘12 

2n + 1 p(3A + 2 p )  

4ar: A + 2 p  

Since the excited field of order m = 0 is independent of 4, 
we have 

1 ”  
~ : ~ . “ ( a ,  8, 4 )  = u^f2.”(a, e) = C ~;~,P,(cos e) (92) 

(93) 

a n = n  

” 
+22a0(a, e, 4 )  = ~ ~ ~ s ~ ( a ,  e) = 9 c k;;:,~,,(cos e) 

a n=O 

AgZ2.’(a, 8, 4 )  = Ag2‘.’(a, 0) 
r 

= g, (n + l)k;?)P,(cos 0) (94) 

= ~ g ~ ~ . ~ ) ( ~ ,  e) - ~ E ? . ~ ( U ,  e) 

a3 P = o  

6gZ2,”(a, 8, 4 )  = 6g2Z,0(~,  e) 
(95) 

where h:;, 1;;) and k z ,  are the dislocation Love numbers. 
Since (92)-(95) are independent of longitude 4, the earth’s 
surface deforms with a pattern of concentric circles about 
the north pole. 

Comparing them with (58) for the vertical strike-slip model 
leads to the following relationship 

sy (n ,  * 2 )  = Tis/=(n, *2). (97) 

(97) implies uf’., excited by the ~ : ~ ( n ,  k2)  can be written as 

i*~’.’(a, e, 4 )  = - C y i2(a;  n, 2 )  
I 

x [P;(cos e)e2‘* + P;’(COS ~ ) e c ~ ~ ~ ]  (98) 

(99) 

or equivalently as 

I * ~ ~ , ~ ( u ,  e, 4 )  = -u^;’(a, e) cos 24 

where 12;’ is already given in Section 3.2. 
Similarly we have 

+ 2 2 , 2 ( ~ ,  e, 4 )  = -4 I2(a, e) cos 24 

Ag22‘2(a, e, 4 )  = - A ~ ~ ~ ( u ,  e) ~ 0 ~ 2 4  

6g22.2(a, 8, 4 )  = -6g12(a, e) cos 2 4 .  

u ~ ( u ,  e, 4 )  = p O ( a ,  e) - u^bz(a, e) cos 2 4  

+,’(a, e, 4 )  = qZ2.[)(~, e) - 4 I2(a, e) cos 2 4  

Ag2’(a, 8, 4 )  = Ag2’*”(a, 0) - Ag12(a, 0) cos 2 4  

6g22(a, e, 4 )  = 8g2’.()(a, e) - 6gL2(a, 8 )  cos 2 4 .  

(100) 

(101) 

(102) 

(103) 

(104) 

(105) 

(106) 

In summary, we have 

3.5 Z33: tensile fracturing on a horizontal plane 

We consider tensile fracturing on a horizontal plane by 
taking v = e3, n = e3 and UdS = 1. Substituting v, = 6,, and 
nJ = S13 into (13)-(B), we obtain the source functions as 

The deformation caused by the tensile dislocation of unit 
magnitude (UdS = 1)  is obtained as 

1 ”  
(108) 

(109) 

33 
U, (u,  e, 4 )  = u^j3(a, e) = C h%Pn(Cos e) 

a n = n  

1 

+33(a, e, 4 )  = ~ 3 3 ( a ,  e) = % c kzpn(cos 8 )  
a n = n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

g 
a n=n 

- 
Ag”(a, e, 4 )  = A ~ ” ( u ,  e) = 4 2 (n + i)kzp,(cos e) 

(110) 

(111) 6g33(~, e, 4 )  = 6g33(~, e) = A ~ ~ ~ ( u ,  e) - p ~ 5 ~ ( ~ ,  e) 

where hi:, 1;; and ki:) are the dislocation Love numbers 
excited by (107). 

Equations (108)-(111) indicate that the earth’s surface 
deforms with a pattern of concentric circles about the north 
pole because they are indepezdent of longitude 4. 

Numerical results of 12:, t j i l ,  Ag” and Sg” are given in 
Appendix A. 
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576 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASun zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand S. Okubo 

3.6 

We consider an  inclined dislocation on the polar axis. 
Furthermore, we assume the fault line is in the direction of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0 (Greenwich meridian). 

Inclined dislocation on the polar axis N 

3.6.1 Shear dislocation 

A dislocation vector v and its normal n can be expressed in 
terms of dip-angle 6, and slip-angle A of the fault (Fig. 1) as 

n = e3 cos 6 - e,sin 6 

v = e3 sin zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 sin A + e, cos zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA + e2 cos 6 sin A. 

(112) 

(113) 

If t h e  dislocation vector v runs parallel to the fault plane, we 
have a shear dislocation problem. 

L e t  Z(“) denote {ur, +, Ag, 6g} excited by a shear 
dislocation of unit magnitude UdS = 1. From (19)-(22), we 
have 

z(’)(a, 8, 4)  = Z y a ,  8, 4 ) ~ , n ,  
= cos A[-Z1’sin 6 + Zi3 cos 61 

+ sin A [ i ( Z 3 3  - ZZ2) sin 28 + Z” cos 261 (114) 

where 

(115) 
?L 

z13(a, e, 4) = z 3 2 ( a .  e, 4 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz) . 

3.6.2 Tensile dislocation 

We consider a tensile dislocation problem by taking 

Y = n = e3 cos 6 - e2 sin 6. (116) 

Let Z(‘) denote {ur, $, Ag, 6g} excited by a tensile 
dislocation of UdS = 1. It follows from (19)-(22) 

z(‘)(u, e,+) = z”(u, 8, 4)v,n, 

= z”(u, 8, 4 )  cos2 6 + z*’(u, 8, 4)  sin2 6 

- z3’(a, 8, 4) sin 26. (117) 

3.7 

In practice, the dislocation is not necessarily on the polar 
axis nor the fault line is along the Greenwich meridian. In 
the following, we derive formulae for an inclined dislocation 
at an  arbitrary point. 

Let the point dislocation and the observation station be at 
D(8, ,  41) and P(O,, &) (Fig. 4). The angular distance 
between D(B, ,  4 , )  and P(8,, 42) is denoted by cp. The fault 
plane is defined by its strike azimuth z1 on the earth’s 
surface, measured here clockwise from north. The azimuth 
of P with respect to the point D ( 8 , ,  41) is  denoted as z2 
(clockwise from north). We define z as the azimuth of the 
calculating point with respect to the fault line 

Point dislocation at an arbitrary point 

z = z 1 - z *  (1 18) 

cp and z2 are derived from spherical trigonometric formulae 
as 

cos cp = c0s 8, cos o2 + sin el sin 8, cos (& ~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4,) (1 19) 

1 

sin cp 
sin z2 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 sin 8, sin (& - 

W 

S 

Figure 4. Geometry of a dislocation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAD and the observation point P. 

1 

sin 8, sin cp 
COSZZ = . (COS e, - cos 8, cos cp). (121) 

Therefore, we have the following formulae. 

Shear dislocation with arbitrary dip and slip angles 6 ,  A 
lfrom (1 14)] 

u!?)(a. cp, z) = cos A[-G:*(U, cp) sin 6 sin 2z 

+ u^y(a, cp) cos 6 cos z]  + sin A 

x {+ sin 26[~P3(a, cp) - ~ ^ ~ ~ ( ~ ( a ,  cp) 

+ u^f2(a, cp) cos 2z] + ~ y ( a ,  cp) cos 26 sin z} 

(122) 

+( ’ ) (a ,  cp, z) = cos h[-&I2(a,  cp) sin 6 sin 2z 

+ i 3 ’ (a ,  cp) cos 6 cos z]  + sin A 

x {+ sin 26[t3”(ua, cp) - $22*”(u, cp) 

+ $‘*(a,  cp) cos 2z]+ &32(a, cp) cos 26 sin z} 

(123) 

Ag(”)(a,  cp, z )  = cos A[-Ag”(a, 9) sin 6 sin 2z 

+ Ag32(a, cp) cos 6 cos z ]  + sin A 

X {$ sin 26[Ag”(a, cp) - Ag2’.’(a, cp) 

+ Ag”(a, p) cos 221 + Ag”(a. 9) 

x cos 28 sin z} 

6g(”(a, cp, z )  = cos ~ [ - 6 g ” ( a ,  cp) sin 6 sin 22 

(124) 

+ Sg”(a, cp) cos 8 cos z ]  + sin A 

x {$ sin 2 ~ [ 6 g ” ( a ,  9) - 6gZ2,”(a, cp) 

+ 6g”(a, cp) cos 2z] + 8g’*(a, cp) 

x cos 26 sin z}. (125) 
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Surface potential and gravity changes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA577 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Tensile dislocation with an arbitrary dip-angle S [from 
117)]: 

u?)(a, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcp, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz) = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu^?(a, cp) cos2 6 

+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ ~ f ' . ~ ( a ,  cp) - u^b2(a, cp) C O S ~ Z ]  sin2 6 

- ~ y ( a ,  cp) sin 26 sin z 

+ [$22a0(a, cp) - $"(a, cp) cos 2z1 sin2 6 

- q3'(a, c p )  sin 26 sin z 

( 126) 

$(')(a, $7, z) = 333(a,  cp) COS' 6 

(127) 

Ag(')(a, cp, z) = Ag33(a, cp) cos2 6 

+ [Abg2'*O(a, cp) - Ag"(a, cp) cos 221 sin2 6 

- Ak3'(a, cp) sin 26 sin z 

+ [6gZ2.'(a, cp) - 6g12(a, cp) cos 2z] sin' 6 

- 6g3'(a, cp) sin 26 sin z. 

(128) 

6g"2(a, cp, z) = 6g33(a, cp) COS' 6 

(129) 

In summary, we may obtain the deformation on the 
surface by taking the following procedure. 

(1) Compute epicentral distance cp and azimuth z of the 
observation point P(€J,, &) from the dislocation at 
D(8,, 41) after (119)-(121). 

(2) Compute u^:(u, cp), $'](a, cp), Ag"(a, cp) and 6g"(a, cp) 
as described in Sections (3.2)-(3.5) (or from the Tables 

(3) Use formulae (122) through (129) to compute 
~ : ( a ,  cp, z), 4f(a, cp, z), zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAgT(a, cp, z )  and 6gT(a, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq, 2 ) .  
These deformation fields are due to a point dislocation of 
unit magnitude UdS = 1. 

(4) Reverse the results of (3) back to get their actual units 
(since we have made some normalizations in Tables 
A1-A16). With considering UdS, the final results are 

A.l-A.16). 

(133) 

4 COMPUTATIONAL TECHNIQUES 

4.1 Truncation of the infinite series 

Since it is impossible to calculate the dislocation Love 
numbers to infinite degrees, we must truncate the series such 
as 

1 "  l N  

a' n,m a n m = - z  

where N is the truncation order. In the following, we discuss 
the appropriate choice of N .  

Okubo's (1988) asymptotic solutions imply that all the 
Love numbers are proportional to ( [Ju)" :  

- c h:,Pn(cos 6) = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 c h;,,,P,(cos 6) (134) 

(135) 

where r, = a  - d, is the radial distance of the point source. 
Eq. (135) indicates that the deeper the point source, the 
faster the series (134) converges with n. 

Since 

the truncated series xreo h;,,,P,(cos 0) gives a sufficiently 
accurate result if 

U 

<< 1 or N >>-. (137) 
. - N .  d, /u  

d ,  

We take 

U 
N-10- 

d s  

since ( r , / a ) N  - e-"' guarantees the accuracy of lo-'. Notice 
that N becomes very large ( N  2 50 000) when d, < 1 km. 

4.2 Disc factor 

To accelerate the convergence of the infinite series as 

we multiply the summand by a disc factor D,z 

1 + cos a 

n(n  + 1) sin a 

dPn(cos a )  
D,, = - 

d a  

Since 

(139) 

lim Dn+- W l ( n a ) +  1 for n >> 1, ( 141 ) 
a 4  na 

we may rewrite (139) as 

2 

a a-O,=' 

& 

u^;'(r, @) = 7 lim h!,;D,P:(cos 6). (142) 

u^f2 is accurately evaluated by 2/a2 Ec,T=, h::D,,P; when 
@ / a  > 10. The disc factor has a physical meaning of a disc 
load (Farrell 1972). Let y be a unit mass distributed 
uniformly over a disc of radius a, 

1 
?(@;a)=?; for e s a  (143) 

(144) 

za 

= O ;  for e>a. 

Expanding y in a Legendre series gives 

(145) 

4.3 Euler transformation 

The Euler transformation is a method for evaluating an 
alternating series. The theory of the Euler transformation 
states that, if an alternating series zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx;=,,( - l )"x , (x ,  2 0) 
converges, it can be transformed to 
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518 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASun and S. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOkubo 

where A is nth order difference of x,. The Euler 
transformation accelerates the convergence of many series. 

We must transform an original series into an alternating 
one in advance before applying the Euler transformation. 
For example, consider a radial displacement with including 
the disc factor 

. Y  

(147) 

The Euler transformation cannot be immediately applied to 
(148) since it is not an alternating series. 

We have to transform (148) to partial series 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA,,,-I , 112 I 

u, = c h:!,,,&P, + 7 c h:,,PJ,, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a 

/ + 
r l c n  

W '  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r,,>,O 

or 

so that  the Euler transformation may be applied to (149). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4.4 Interpolation 

The dislocation Love numbers [hi,, l:,,*, k:,,J must be 
known over a large range of spheroidal degree n. It is not 
necessary t o  integrate numerically the equations of 

Table 3. Dislocation Love numbers of a homogeneous earth 
model. Vertical strike-slip fault. 6 = 90°, A = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAo", m = 2. Source 
depth = 32 km. 

n 
2 
3 
4 
5 
6 
8 

10 
15 
20 
30 
40 
50 
70 

100 
200 
300 
500 
700 

1000 
1200 
1400 
1600 
1800 
2000 

hi; 
.1316E - 2 

- .2030E - 2 
-.227OE - 2 
-.2100E - 2 
-.1877E - 2 
-.1491E - 2 
-.1207E - 2 
-.7760E - 3 
-.5409E - 3 
- .2969E - 3 
-.1747E - 3 
-.1035E - 3 
-.278OE - 4 

.1915E - 4 

.4234E - 4 

.3185E - 4 

.1348E - 4 

.5212E - 5 

.1199E - 5 

.4449E - 6 

.1643E - 6 

.6054E - 7 

.2225E - 7 

.8172E - 8 

1% 
.1368E - 1 
.5764E - 2 
.3228E - 2 
.2065E - 2 
.1432E - 2 
.8003E - 3 
,5071 E - 3 
.2180E - 3 
,118OE - 3 
.4826E - 4 
.2487E - 4 
,14543 - 4 
.6146E - 5 
.2230E - 5 
.1540E - 6 

-.7950E - 8 
-.1403E - 7 
- .5038E - 8 
- ,9334 E - 9 
- ,3046 E - 9 

- .9963E - 10 
-.3286E - 10 
-.1093E - 10 
-.3662E - 11 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

k z  
,235214: - 2 
.6586E - 3 
.2876E - 3 
.1558E - 3 
.9632E - 4 
.4700E - 4 
.2808E - 4 
.1225E - 4 
.7391E - 5 
.3965E - 5 
.2648E - 5 
.1952E - 5 
.1226E - 5 
,72783 - 6 
.2180E - 6 
.8777E - 7 
.1924E - 7 
.5022E - 8 
.7765E - 9 
.2364E - 9 

.7405E - 10 

.2368E - 10 
,76906 - 11 
.2529E - 11 

Table 4. Transformed dislocation Love numbers. Homoge- 
neous earth model with a vertical strike-slip fault. 6 = 90", 
A = 0". m = 2. Source depth = 32 km. 

n 

2 
3 
4 
5 
6 
8 

10  
15  
20 
30 
40 
50 
70 

100 
200 
300 
500 
70 0 

1000 
1200 
1400 
1600 
1800 
2000 

hln22(2)n 
.1329E - 2 

- ,2061 E - 2 
-.2316E - 2 
-.2154E - 2 
-.1935E - 2 
-.1552E - 2 
-.1270E - 2 
- ,8369 E - 3 
-.5982E - 3 
-.3453E - 3 
-.2137E - 3 
-.1331E - 3 
-.3955E - 4 

.3168E - 4 

.1159E - 3 

.1443E - 3 

.1671 E - 3 

.1769E - 3 

. ld44E - 3 
,187314: - 3 
.1894E - 3 
.1910E - 3 
.1922E - 3 
.1932E - 3 

I % n ( y  
.2763E - 1 
.1755E - 1 
.1317E - 1 
.1059E - 1 
.8856E - 2 
.6666E - 2 
.5333E - 2 
.3527E - 2 
.2610E - 2 
.1684E - 2 
.1217E - 2 
.9350E - 3 
.6120E - 3 
.3689E - 3 
.8431E - 4 

-.1080E - 4 
-.8701E - 4 
-.1197E - 3 
-.1443E - 3 
-.1539E - 3 
-.1607E - 3 
-.1659E - 3 
-.1699E - 3 
-.1731E - 3 

k;; n ( 5 ) 
.4751E - 2 
.2006E - 2 
.1174E - 2 
.7990E - 3 
.5957E - 3 
.3915E - 3 
,29538 - 3 
.1982E - 3 
,16353 - 3 
.1384E - 3 
.1296E - 3 
.1255E - 3 
.1221E - 3 
.1204E - 3 
.1194E - 3 
.1193E - 3 
.1193E - 3 
.1193E - 3 
.1194E - 3 
.1194E - 3 
.1195E - 3 
,11953 - 3 
.1195E - 3 
.1196E - 3 

equilibrium for each n if interpolation on a sparser table 
could give accurate dislocation Love numbers. A naive 
interpolation method, however, will bring large error 
because dislocation Love numbers vary rapidly with n (e.g. 
Table 3). For example, the 1:; in Table 3 varies from 10' to 
1 0 ~ "  over 2 5 n 5 2000. 

It is known from Okubo's asymptotic solutions that all 
Love numbers are appropriately scaled by a factor (air,)". 
Hence, we multiply the dislocation Love numbers by (a /r ,)" 

to make them vary gently with n as 

where rn = 2 corresponds to the strike-slip, rn = 1 to the 
dip-slip, and rn = 0 to the horizontal and vertical tensile 
fracturings. Table 4 shows that even a linear interpolation of 
the transformed Love numbers gives accurate results. 

4.5 Asymptotic solutions 

We saw in Section 4.1 that the truncation degree N becomes 
too large for the infinite series to be accurately evaluated 
when d, < 1 km. We introduce here the asymptotic solution 
technique to overcome the difficulty. 

Okubo (1988) presented six independent sets of the 
asymptoic solutions for the spheroidal deformations of the 
earth. Recently he (Okubo 1993) also derived the 
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Surface potential and gravity changes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA579 

expressions of dislocation solutions, expressed simply by 
that of the tide, load and shear solutions. For convenience in 
our present study, we transform the asymptotic solutions 
into asymptotic dislocation Love numbers, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAK:*, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApL,n and E:,,, 
defined by (39)-(41). Using the Okubo's asymptotic 
solutions (or asymptotic dislocation Love numbers), we may 
speed up the convergence of the series. 

For example, let us consider the radial displacement 
caused by a vertical strike-slip dislocation (from 64) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a2Cf2(a, e )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 2 C ~~,;P:(cos e) 

n = 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I z 

= 2 C G~P:(COS e)  + 2 C (h:; - L:;)P~,(cos e). 

(153) 

n = 2  n = 2  

Since 

(Appendix zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB), we have 

The first series on the right-hand side is evaluated 
analytically by substituting t = ( r s /u )  into the formulae in 
Appendix C. It follows 

Notice that the infinite series on the right-hand side now 
converges quickly because the summand is O(l/n) - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( r , / ~ ) ~ .  

Similarly, we may obtain the expressions of other 
dislocations by referring to Appendices B and C. 

5 COMPUTATIONAL RESULTS 

We compute the gravity and potential changes due to 
dislocations in a homogeneous and a radially heterogeneous 
earth models. 

5.1 

We present results for a homogeneous earth model defined 

p o  = 2.183 x lo3 kg rnp3 

= 1.45 x 10"'N mP2 

A = 1.90 X 10'" N rn-' 

Results for a homogeneous earth model 

by 

g,, = 9.82 m sP2 

a = 6.371 X 1O'km. 

These parameters are taken from the top layer of the 1066A 
earth model (Gilbert & Dziewonski 1975). 

We have considered following source depths: 0, 2, 5, 10, 
20, 32, 64, 100, 200, 300, 400 and 637km. Numerical 
integrations were carried out to obtain the dislocation Love 
numbers by using the Runge-Kutta scheme. 

Once we obtain the dislocation Love numbers, it is 
straightforward to calculate u,, @, Ag and 6g as described in 
Section 3. Figs 5(a) and 5(b) show the global gravity change 
on the free surface caused by a vertical strike-slip 
dislocation on the polar axis at depth of 32 km. 

In these figures, the upper hemisphere is mapped onto a 
tangent plane at the epicentre. Each point on the 
hemisphere is moved to the tangent plane in such a way that 
the epicentre distance is preserved. The lower hemisphere is 
mapped similarly on the same plane. Note that the angle 9 
runs in a counter-clockwise direction on both upper and 
lower hemisphere maps. This means that in both cases we 
are looking at the sphere from a point above the upper 
hemisphere. 

We see in Fig. 5(a) that the gravity change shows a 
quadrant pattern. Since the earth's surface in the quadrants 
1 and 3 rises, the gravity should decrease, and vice versa. 

It is of special interest to compare our results with 
solution for the half-space given by Okubo (1991). The 
distance x on the free surface of the half-space is related to 
its image on the sphere through the relation x = ae. The two 
results agree very well with each other within the epicentral 
distance 0<1"  or 111 km (Figs 5c and 6a). It verifies 
simultaneously that our theory is consistent with Okubo's 
flat-earth theory. 

The discrepancy between the two results is no larger than 
10 per cent within the epicentral distance 8 = 10" (Figs 6b 
and 5a). The difference becomes evident when @>lo "  
because of the curvature of the earth. It is reasonable to use 
the spherical theory for global calculation. 

In Fig. 7, we present the gravity change caused by a 
dip-slip dislocation buried at d, =32km. It shows a 
different pattern from that of the strike-slip. The outer 
circle in Fig. 7 is the line of epicentral distance 10". The 
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580 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW. Sun zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS. Okubo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 = 270" 

&l = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA90" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4 = 270" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

23 = l l l k m  

Figure 6. Gravity changes obtained from Okubo's (1991) theory 
due to  a strike-slip dislocation in a flat-earth model. The depth of 
the dislocation is 32 km. The dislocation is UdS = 2.49 X 10" m3. 
The units are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA' p  gal'. (a) x < 1 I1 km. (b) x <an km. 

~ ~~~ 

Figure 5. Gravity changes due to a strike-slip dislocation in a 
homogeneous earth model. The epicentral distance is proportional 
to the radial distance. The depth of the dislocation is 32 km. The 
seismic moment is M , :  = 3.61 X 10" N m, or UdS = 2.40 X 1013 m3. 
The units are 'pgal'. (a) The upper hemisphere (0" < 0 <Yo") .  We 
find the positive gravity change in 00"< 4 < 180" and 
270" < 6, < 360". A negative gravity change arises in 0" < 6, < 90" 
and 180" < &I < 270". (b) The lower hemisphere (90" < 0 < 180") 
with positive gravity change in 0" < 4 < 90" and 180" < 6, < 270", 
and negdtive gravity change in 90" < 4 < 180" and 270"< 6, < 360". 
(c) The near field (0" < 0 < I"). It shows positive gravity change in 
0" < 4 < 90" and 180" < 4 < 270". A negative gravity change arises 
in 90" < 4 < 180" and 270" < 6, < 360". 
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4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA270" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure 7. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAGravity changes caused by a dip-slip dislocation in a 
homogeneous earth model. The epicentral distance is proportional 
to the radial distance. The solid line (with point shadow) denotes 
the positive gravity change, and the broken line (with line shadow) 
denotes the negative gravity change. The seismic moment is 
MI, = 3.61 X lo2' N . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArn, or zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAUdS = 2.49 X m3. The units are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
' p  gal'. 0"< 0 < lo". The depth of the dislocation is 637 km. 

4 = 90" 
. . . . .  . . . . . . . . .  . . . . . . . . . . . . . .  . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . .  

4 = 270" 
Figure 8. Gravity changes caused by a 45" dip-slip dislocation in a 
homogeneous earth model. The epicentral distance is proportional 
to the radial distance. The solid line (with point shadow) denotes 
the positive gravity change, and the broken line (with line shadow) 
denotes the negative gravity change. The seismic moment is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
M , ,  = 3.61 X N m, or UdS = 2.49 X 1013 m3. The units are 
' p  gal'. W <  B < 90". The depth of the dislocation is 32 km. 

Figure 9. Gravity changes caused by a strike-slip dislocation in the 
1066A earth model. The depth of the dislocation is 32 km. The solid 
line (with dotted shadow) denotes the positive gravity change, and 
the broken line (with line shadow) the negative gravity change. The 
dislocation in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu,n,dS = 2.49 x 10" m3. The units are 'p gal'. (a) The 
upper hemisphere (0" < 0 < 90"). (b) The lower hemisphere 
(90" < 0 < 180"). (c) The near field (0" < 6 < 1"). 
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582 

gravity increases in the upper half part of the figure and 
decreases in the lower half. 

We show the gravity change raised by a 4.5" dip-slip 
dislocation buried at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 32 km in Fig. 8, where the outer 
circle is the line of epicentral distance 90". zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIt shows a 
quadrant pattern similar to that of the strike-slip 
dislocation, apart from a 45" phase difference in longitude. 

W. Sun zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand S. Okubo 

5.2 Results for a radially heterogeneous earth model 

Let us now turn to a more realistic problem: spheroidal 
deformation excited by a point dislocation in a radially 
heterogeneous earth. Using the formulation and techniques 
in Sections 3 and 4, we calculate zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu,, $, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAg and 6g caused by 
dislocations buried in the 1066A SNREI model (Gilbert & 
Dziewonski 197.5). 

Table zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5. Dislocation Love numbers of a vertical strike-slip 
faulting at depth of 2 km. Earth model is the 1066A. 

n 

2 
3 
4 
5 
6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
8 

10 
15 
20 
30 
40 
50 
70 

100 
200 
300 
500 
800 

1000 
1200 
1400 
1600 
1800 
2000 
2 200 
2400 
2 600 
2 800 
3000 
3500 
4000 
4 500 
5 000 
7000 

10000 
15000 
20000 
25000 
30000 
35 000 

.3071E - 3 
-.2822E - 3 
-.2489E - 3 
-.1942E - 3 
-.1642E - 3 
-.1408E - 3 
-.1323E - 3 
-.1242E - 3 
-.1204E - 3 
-.1106E - 3 
-.9828E - 4 
-.8642E - 4 
-.6741E - 4 
-.4879E - 4 
-.2196E - 4 
-.1142E - 4 
-.2867E - 5 

.6922E - 6 

.1478E - 5 

.2033E - 5 

.2586E - 5 

.318OE - 5 
,37943 - 5 
.4397E - 5 
.4968E - 5 
.5494E - 5 
,59713 - 5 
.6400E - 5 
.6784E - 5 
.7577E - 5 
.8186E - 5 
.8663E - 5 
.9046E - 5 
.1003E - 4 
.1077E - 4 
.1134E - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 
.1163E - 4 
.1180E - 4 
.1192E - 4 
.1201E - 4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

G 
.3228E - 2 
.2555E - 2 
.2157E - 2 
. l857E - 2 
.1636E - 2 
.1335E - 2 
.1135E - 2 
.83dOE - 3 
.6766E - 3 
.5071E - 3 
.4176E - 3 
.3612E - 3 
.2931E - 3 
.2378E - 3 
.1613E - 3 
.1254E - 3 
.8372E - 4 
,51978 - 4 
.4028E - 4 
.3231E - 4 
.2652E - 4 
.2207E - 4 
. l852E - 4 
.1561E - 4 
.1317E - 4 
.1111E - 4 
.9345E - 5 
.7814E - 5 
.6478E - 5 
.3786E - 5 
.1756E - 5 
.1737E - 6 

-.1093E - 5 
-.4351E - 5 
-.6795E - 5 
-.8696E - 5 
-.9647E - 5 
-.1021E - 4 
-.1059E - 4 
-.1088E - 4 

G 
.8550E - 3 
.2283E - 3 
.2107E - 3 
.2182E - 3 
.2102E - 3 
.1785E - 3 
.1486E - 3 
.9494E - 4 
.6087E - 4 
.2541E - 4 
.1106E - 4 
.5206E - 5 
.2278E - 5 
.3329E - 5 
.8800E - 5 
. l ldOE - 4 
.1334E - 4 
.1177E - 4 
.1046E - 4 
.9429E - 5 
.8693E - 5 
.8205E - 5 
.7893E - 5 
.7700E - 5 
,75833 - 5 
.7512E - 5 
.7470E - 5 
.7445E - 5 
.7430E - 5 
.7414E - 5 
.7410E - 5 
.7410E - 5 
.7410E - 5 
-7411E - 5 
.7412E - 5 
.7413E - 5 
.7414E - 5 
.7414E - 5 
.7414E - 5 
.7420E - 5 

We first calculate dislocation Love numbers (see, as 
examples, Tables 5-8). Final results on displacement u,, 
potential $ and gravity changes Ag and 6g are tabulated in 
Appendix A. 

Fig. 9 shows the gravity changes raised by a strike-slip 
dislocation at a depth of 32km. We observe a slight 
difference between this result and that for the homogeneous 
earth model (Fig. Sa), although the distribution patterns and 
numerical order remain essentially the same. 

Fig. 9(c) shows the gravity changes in the near field raised 
by the same dislocation. The result for the 1066A model is 
as a whole similar to that for a homogeneous sphere (Figs 9c 
and Sc). At some places, however, the difference between 
the two becomes very large. For example, the locations of 
the nodal lines of the gravity change differ significantly 
between the two models. For more detailed comparison, we 
show results of the homogeneous and 1066A models in Fig. 
10. Fig. 10 clearly indicates that the vertical layering can 
cause considerable effects on the deformation fields. The 
distribution pattern and numerical order are, however, 
basically the same within 0" < 8 < 0.5". Since the top 11 km 
of the earth model 1066A is homogeneous adopted as our 
homogeneous model (previous section), there should be no 
large difference between the two models when epicentral 

Table 6. Dislocation Love numbers of a vertical dip-slip 
faulting at depth of 20 km. Earth model is the 1066A. 

n 
1 
2 
3 
4 
5 
6 
8 

10 
15 
20 
30 
40 
50 
70 

100 
200 
300 
400 
500 
800 

1000 
1200 
1400 
1600 
1800 
2000 
2200 
2400 
2600 
2800 
3000 
3500 

G 
-.5345E - 4 

.1097E - 3 

.1224E - 3 

.1186E - 3 

.1146E - 3 

.1131E - 3 

.1146E - 3 

.1182E - 3 

.1295E - 3 

.1417E - 3 

.1626E - 3 

.1772E - 3 

. l871E - 3 

.1992E - 3 

.2087E - 3 

.2257E - 3 

.2387E - 3 

.2510E - 3 
,26366 - 3 
.3036E - 3 
.3295E - 3 
.3522E - 3 
,37053 - 3 
.3843E - 3 
.3943E - 3 
.4013E - 3 
,40633 - 3 
.4098E - 3 
.4124E - 3 
.4143E - 3 
.4159E - 3 
.4198E - 3 

72 
.6014E - 1 
.3350E - 1 
.2344E - 1 
.1807E - 1 
.1472E - 1 
.1242E - 1 
.9470E - 2 
.7649E - 2 
.5161E - 2 
.3887E - 2 
.2588E - 2 
.1926E - 2 
,15236 - 2 
.1055E - 2 
.6942E - 3 
.2395E - 3 
,64093 - 4 

-.3349E - 4 
- .9637E - 4 
-.2017E - 3 
-.2440E - 3 
-.2762E - 3 
-.3014E - 3 
-.3210E - 3 
- ,33613 - 3 
-.3477E - 3 
- .3568E - 3 
-.3640E - 3 
-.3698E - 3 
-.3746E - 3 
- .3787E - 3 
- .3877E - 3 

5: 
.0000E + 0 
.1621E - 3 
.1695E - 3 
.1617E - 3 
.1547E - 3 
.1505E - 3 
.1469E - 3 
.1460E - 3 
.1486E - 3 
.1542E - 3 
.1661E - 3 
.1750E - 3 
.1809E - 3 
.1873E - 3 
.1910E - 3 
.1924E - 3 
.1911E - 3 
.1903E - 3 
.1909E - 3 
.2006E - 3 
.2106E - 3 
,22063 - 3 
,22923 - 3 
.2358E - 3 
,24073 - 3 
.2441E - 3 
.2464E - 3 
.2481E - 3 
.2492E - 3 
.2500E - 3 
.2507E - 3 
,25256 - 3 
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Table 7. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBADislocatIon Love numbers of a horizontal tensile at 
depth of 200 km. Earth model is the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1066A. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASurface potential and gravity changes 583 

Table 8. Dislocation Love numbers of an opening tensile 
crack at depth of 400km. Earth model is the 1066A. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

- 
n 
0 
1 
2 
3 
4 
5 
6 
8 

10 
15 
20 
25 
30 
35 
40 
45 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
200 
300 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAGI 

.5592E - 01 

.1675E + 00 

.1041E -+ 00 

.5916E - 01 

.3811E - 01 

.2757E - 01 

.2163E - 01 

.1524E - 01 
,1178E - 01 
.7360E - 02 
.5152E - 02 
.3774E - 02 
.2805E - 02 
.2075E - 02 
.1503E - 02 
.1043E - 02 
.6647E - 03 
.d140E - 04 

-.3449E - 03 
-.6689E - 03 
-.9231E - 03 
-.1128E - 02 
-.1296E - 02 
-.1438E - 02 
-.1560E - 02 
-.1665E - 02 
-.1758E - 02 
-.1841E - 02 
-.1915E - 02 
-.19d2E - 02 
-.2100E - 02 
-.2513E - 02 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1: 
.0000E + 0 

-.1550E + 0 
-.7161E - 1 
- .5626E - 1 
-.4349E - 1 
- ,3502 E - 1 
-.2941E - 1 
-.2245E - 1 
-.1817E - 1 
-.1210E - 1 
- ,8865 E - 2 
-.6823E - 2 
-.5401E - 2 
-.4344E - 2 
-.3521E - 2 
-.2860E - 2 
-.2315E - 2 
-.1468E - 2 
-.8365E - 3 
- ,34376 - 3 

.5360E - 4 

.3827E - 3 

.6613E - 3 

.9014E - 3 

.1111E - 2 
,12973 - 2 
.1464E - 2 
.1614E - 2 
.1751E - 2 
.1876E - 2 
.2097E - 2 
.2851E - 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

G 
.0000E + 0 
.0000E -+ 0 
.3139E - 1 
.1225E - 1 
.3653E - 2 
.3573E - 3 

-.9092E - 3 
-.1648E - 2 
-.1802E - 2 
-.l819E - 2 
-.1784E - 2 
-.1782E - 2 
-.1809E - 2 
-.1850E - 2 
-.l897E - 2 
-.1942E - 2 
-.1984E - 2 
-.2053E - 2 
-.2105E - 2 
-.2142E - 2 
-.2169E - 2 
-.218dE - 2 
- ,2202 E - 2 
-.2211E - 2 
-.2217E - 2 
-.2221E - 2 
- .2224E - 2 
- .2225E - 2 
-.2225E - 2 
-.2225E - 2 
- .2222E - 2 
-.2206E - 2 

distance is less than 1 km. The effect of the vertical layering 
becomes more evident when 8 > 0.1". 

We give some results for inclined dislocations in Figs 
11-14. They show more complicated patterns, which 
strongly depend on the dip angle 6 and slip angle A. (See 
Sun (1992) for more complete results for u,, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI) and Ag). 

6 CONCLUSIONS 

We showed how to compute the potential and gravity 
changes caused by point dislocations in spherically 
symmetric earth. 

Although our formulation is rather simple, we had to 
overcome several difficulties to obtain numerical results: (1) 
truncation of an infinite series, (2) accelerating the 
convergence of the series, (3) the Euler transformation, (4) 
interpolation on transformed Love numbers, and (5) 
incorporation of Okubo's (1988, 1991~)  asymptotic 
solutions. 

We made calculations for both homogeneous and radially 
heterogeneous earth models. Numerical integrations were 
carried out by using Runge-Kutta method. For depths of 0, 
2, 5, 10, 20, 32, 64, 100, 200, 300, 400, 637 km, we obtained 
the dislocation Love numbers, which enable us to calculate 
radial displacement, potential and gravity changes. Calcu- 

- 
n 
0 
1 
2 
3 
4 
5 
6 
8 

10 
15 
20 
25 
30 
35 
40 
45 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 

- 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

GI 
.8791E - 1 
.2689E + 0 
.1235E + 0 
.8104E - 1 
.6190E - 1 
.5115E - 1 
.4430E - 1 
.3611E - 1 
.3145E - 1 
.2569E - 1 
.2307E - 1 
.2158E - 1 
.2059E - 1 
.1987E - 1 
.1931E - 1 
.1886E - 1 
.1850E - 1 
.1793E - 1 
.1752E - 1 
.1721E - 1 
.1697E - 1 
.1679E - 1 
.1665E - 1 
.1655E - 1 
.1648E - 1 
.1645E - 1 
.1643E - 1 
.1598E - 1 

- 
19 

.0000E -+ 0 
-.2612E - 1 
-.1438E - 1 
-.1373E - 1 
-.1344E - 1 
-.1335B - 1 
-.1333E - 1 
-.1336E - 1 
-.1343E - 1 
-.1374E - 1 
-.1410E - 1 
-.1443E - 1 
-.1472E - 1 
-.1495E - 1 
-.15QE - 1 
-.1535E - 1 
-.1552E - 1 
-.1584E - 1 
-.1614E - 1 
-.1641E - 1 
-.1668E - 1 
-.1694E - 1 
-.1719E - 1 
-.1745E - 1 
-.1772E - 1 
-.1806E - 1 
-.1852E - 1 
-.1791E - 1 - 

.0000E + 0 

.0000E + 0 

.1045E - 1 

.9993E - 2 

.9975E - 2 

.1006E - 1 

.1015E - 1 

.1032E - 1 

.1049E - 1 

.1093E - 1 

.1129E - 1 

.1153E - 1 

.116dE - 1 

.1176E - 1 

.1179E - 1 

.1180E - 1 

.1179E - 1 

.1174E - 1 

.1167E - 1 

.1160E - 1 

.1152E - 1 

.1146E - 1 

.1139E - 1 

.1133E - 1 

.1128E - 1 

.1124E - 1 

.1119E - 1 

.1087E - 1 

lated gravity changes for a homogeneous sphere agree well 
with previous results derived from the assumption of a 
homogeneous flat earth, in particular in the near field within 
1" or 111 km. The agreement confirms that our theory is 
consistent with the flat-earth theory (Okubo 1991). 
Discrepancy between the two theories was found to be no 
larger than 10 per cent within epicentral distance 8 -- 10". 
The difference becomes larger in the area 8 > lo", where the 
effect of the curvature appears evident. 

We proceeded to calculations for the radially heteroge- 
neous 1066A earth model. The results are as a whole similar 
to those for a homogeneous sphere. In some cases, however, 
the difference between the two becomes very large. For 
example, the locations of the nodal lines of the gravity 
change differ significantly between the two models. It 
indicates that the vertical layering has considerable effects 
on the deformation fields. 

The most important results of this study are the radial 
displacement, potential and gravity changes tabulated in 
Appendix A, These results enable us to compute potential 
and gravity changes at any place on the surface due to an 
arbitrary point dislocation in a SNREI earth. 

If we integrate the contribution from point dislocations 
distributed over a finite plane, we may estimate gravity 
change caused by an earthquake more accurately. We will 
show how this is achieved in the subsequent paper (Okubo 
& Sun 1993). 
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584 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASun and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS. Okubo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-1-2 

+ I  I 1 0 6  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

- 1  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA* 106 

+2 I 106 

Vertical zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdip-slip 
Azimuth = 90' 

1' 

69, 1 Homogeneous sphere 

6g, : 1066A Earth model 
Unit 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApgai 

45" dip-slip 

= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA270" 

Azimuth = 90" 

0 

69, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI Homogeneous sphere 

69, : 1066A Earth model 
Unit : pgai 

-2 I 1 0 6  

Figure 11. Gravity changes Sg (with the free air correction) caused by a shear dislocation (6 = 60", A = 30", d, = 32 km) in the 1066A earth 
model. The dislocation is located at the centre of the map. The epicentral distance ;s proportional to the radial distance. The dislocation is 
Lids = 2.49 X m3. The units are ' p  gal'. (a) The near field (0" < 0 < 1'). (b) The upper hemisphere (0" < 0 < 90"). (c) The lower hemisphere 
(900 < e < 180"). 
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Surface zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApotential and gravity changes 585 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA90" 

q5 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA270" 

Figure 11. (Continued.) 

,$ = 90" 

I p  = 270" 

Figure 12. 

m =z 90" 

Figure 12. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAGravity changes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6g (with the free air correction) caused by a shear dislocation (6 = 50", h = 20", d,  = 400 km) in the 1066A earth 
model. The dislocation is located at the centre of the map. The epicentral distance is proportional to the radial distance. The dislocation is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
UdS = 2.49 x m3. The units are 'p gal'. (a) The near field (0"< 8 < 10"). (b) The upper hemisphere (O"< 0 < 90"). (c) The lower 
hemisphere (90" < 8 < 180"). 
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586 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAW. Sun zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAand zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS. Okubo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 90" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAdJ = 90" 

4 = 270" q5 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA270" 

Figure 13. Gravity changes 6g (with the free air correction) caused by a shear dislocation (6 = 75", A = 15". d, = 5 km) in the 1066A earth 
model. The dislocation is located at the centrc of the map. The epicentral distance is proportional to the radial distance. The dislocation is 
U d S  = 2.49 X 10'' m'. The units are 'w  gal'. (a) The near field (0" < 8 < 1"). (b) The upper hemisphere (0" < 8 < YOo). 

q5 = 270" '$I = 270" 

Figure 14. Gravity changes Sg (with the free air correction) caused by a Tensile dislocation ( 6  = 90", d, = 100 krn) in the 1066A earth model. 
The dislocation is located at the centre of the map. The epicentral distance is proportional to the radial distance. The dislocation is 
Lids =2.49X 1013rn3. The units are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA' p  gal'. (a) The near field (0"<8< 10"). (b) The upper hemisphere (0"<8<90").  (c) The lower 
hemisphere (90" < 8 < 180"). 
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Surface potential and gravity changes 587 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA270" 

Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA14. (Continued.) 
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APPENDICES 

A Tables of deformations caused by dislocations 

In this Appendix we give the numerical results of the radial 
displacement zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu^:(u, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO), the potential change SV(u ,  e), the 
gravity changes Ag'I(u, 0) and @"(a, 0) for practical 
applications. (On microfiche GJI 114/1.) 

B Asymptotic solutions 

Okubo (1988) proposed the asymptotic solutions for the 
whole six sets of independent solutions of the spheroidal 
deformations of the earth. Recently he (Okubo 1993) found 
that the deformation on the surface r = a  raised by 
dislocations is expressed simply by that of the tide, load and 
shear solutions at the source depth d,. For convenience in 
our present study, we transform the asymptotic solutions 
into asymptotic dislocation Love numbers: h:,, lim, and 
k:m. The superscripts 'Tide', 'Load', and 'Shear' indicate the 
tide, the load, and the shear asymptotic solutions at the 
point source. 

Vertical strike-slip 

Vertical dip-slip 

h:; = - ~ [ y p d ( r , ;  n )  - yTd'(r,; n) ]  
3 

8XPO5 

3 
1;; = ~ ypcar( r , ;  n )  

8ZP05 
n-2 

C u  k23 = - Ttde 
nl ~4 (\in) 

n - 2  

Horizontal tensile fracturing with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArn = 0 

h::) = - __ [' [ y p d ( r S ;  n )  - yFde(r,; n) ]  
3 

4WoS ffs 

3KS C L ,  +- - [2 [ ypad( rs ;n )  - y p d c ( r s ; n ) ]  
"5 's 

n-1 n - I  

= n (;) ( y &  + y&) + (;) 
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n - 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0312) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA33 k:: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= G a y y e ( r s ;  n )  = n( :) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy,,, 
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1 
y:;l zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= - - [ - 2 + ~ ( 5 - 2 ~ ) ]  1 d 

411 a 

I 

4n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= - 

where 

a = P -wave velocity zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P = S-wave velocity 

p o  = density a t  the surface 

A , ,  p, = LamC's constants at the source zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
d, = source depth 

G = Newton's gravitational constant 

Pt 1 +-  
a 

T = -  
P' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 - 7  
a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

C INFINITE SUMS OF LEGENDRE 
FUNCTIONS 

We begin with the generating function of Legendre's 
polynomials, 

x 

Integrating (Cl) with respect to r gives the desired 
formulae. 

dr  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAji,' F(r ,  p' - 1 

" 1  

,,=In 
= C -tnp,,(cos e) 

= -In (I - t cos e + VI - 2r cos e + t 2 )  + In 2 ((2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
JO J O  r 

= -t In (1 - t cos e + VI - 2t cos e + t 2 )  

- In ( t  - cos e + VI - 2t cos e + t2)  

+ In (1 - cos 0) + r In 2 

iqdri; F(r ,  0) - r cos 0 - 1 dr  
r2 

1 =i- tn+lP,z(CoS e) 

= (I  - i t  cos e ) t  In (1  - t cos e + VI - 2t cos e + t') 
- t + + In ( t  - cos e + VI - 2t cos e + t2) 

- t In (1 - cos e) + t ( 1 -  In 2) + i t 2  cos e In 2 

- ;tVi - 2t cos e + t2 + at2 cos e. 

f l=zn(n2 - 1) 

(C4) 

Differentiations of (C1) gives 
r 

1 2 nt"-'P,,(cos e) = 
,1 = 0 

* 3/2 (cos 8 - t ) .  (CS) (1  - 2t COS e + t ) 

In the same way, we obtain the following formulae after 
some manipulations. 
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Surface potential and gravity changes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA591 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 

7/2 [ - t5  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- t4  cos e - - 

(1 - 2t cos e + t 
+?(lo - 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACOS' e) + t 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcos e(cos2 e - 9 )  

+ t (5  COS' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 - 4) + cos el ( C 7 )  

1 + 
2 sin edi - 2t cos e + t' 

x [I + 2t2 + t cos e(t cos e - 3 - t ' ) ]  + t5(9 C O S ~  e - 36) + t4  cos e(21 -  2 COS' e) 
+ t3(c0s4 e - 42 COS' e + 60) 

+ t2 cos e( 18 C O S ~  e - 45) 

+ ~ ( I ~ c o s ' ~ - ~ ) + c o s ~ ]  (C8)  

+ tt' sin e . In - (1 - t cos e + V'I - 2t cos e + t2)  [ :  
- 1 - '1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
di - 2t cos e + t 2  2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

x 1 - t cos e 
t ( i  - 2t cos e + t2)3/2 

c (n  + l)tn-lp,,(cos e) = ( C 9 )  
n=O 

1 - t cos e - - 
sin edi - 2t cos e + t2 

+ sin e In (1 - t cos e + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd1- 2r cos e + t2)  1 
- - 

(1  - 2t cos e + t2)5/2 

x [2 cos e - t (3 + C O S ~  e - 2t cos e)] (C10)  

COS' e + sin O( 1 - In 2 )  -~ 

sin 0 

x .  
1 2 - tn-'Pn(cos e) 

n = 2 n  - 1 

1 
= ~ di - 2t cos e + t Z  - cos e In ( 1  - t cos e 

t 

+ d 1  - 2t cos e + t 2 )  - cos e(i - In 2 )  (C11) 

1 - I cos e 
- l +  

sin e sin edi - 2t cos e + t' 
r 

3t sin' e c rn-'P;(cos e) = 
n=2  (I - 2t cos e + t2)s/2 
- -  

= In ( t  - cos e + di - 2t cos e + r') - In (1  - cos e) ( ~ 1 2 )  

2 

2 cos e(t - cos e) 

1 - t cos e =A[-- t sin' e 1 -  (1 - 2 cos2 e + t')"' 

1 + 
sin2 eVi - 2 cos' e + t2 

1 

t 
= - -- cos 0[2 - In 2 +In ( I  - t cos e + V 1  - 2t cos e + t')] 

2 + t ( t  - 2 cos e) 
tdi - 2t cos e + t2 

+ 

; - L 1 -  1 1 

t 

-~ (1 - t cos e - di - 2t cos e + t2)  

Vi  - 2r cos e + t2 

2 cos e 1 ((34) 
t sin2 e 

cos e 
( 1  - 2t cos e + t2 )  - zcos e+- 

t' sin2 e 
- I  

1 

sin 8 - - - 

( I  - 2t cos e + t2)7/2 

x [ I  + 5t cos e + t 2 (COS2 e - 10) - t 3  cos e + 4t4] ( ~ 1 6 )  

(C17)  
= I ~ P , C O S ~ )  C O S ~  t - cos e 

- 

sin e sin edi - 2t cos e + t' c - t n  d B  
n = l  n 

- 

t' sin' edi - 2t cos e + t' 
x [COS e + t3( 1 - 2 COS' e) 
+ t ( i  - t cos e ) ( i  - 4 COS' e)] 
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1 2 ---tt”-’P:(cos zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0) 
,,=2n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ 1 

i - t c o s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe 
v1 - 21 cos 8 + tZ 

- I +  
t2 sin2 0 

cos 
( - 

cos 0 - t 
- 

(1 - 2 co? 8 + t2)3’2 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi: -t”-’P:(cos 0) 
,,=2n - 1 

t - cos e 
(1 - 2 C O S ~  e + t2)3”Z 

+ 

2 1 C O S ~  

V i  - ~ C O S ~ ~ + + ~  I sin 8 
- . [ - + .2 (1 - t cos €I)] (C27) 

1 
--+- 

x fcos 8 - t - t2  cos 8 + t3 cos2 0). (C28) 
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