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Surface waves in fibre-reinforced anisotropic elastic media
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Abstract. The aim of this paper is to investigate surface waves in anisotropic
fibre-reinforced solid elastic media. First, the theory of general surface waves
has been derived and applied to study the particular cases of surface waves —
Rayleigh, Love and Stoneley types. The wave velocity equations are found to
be in agreement with the corresponding classical result when the anisotropic
elastic parameters tends to zero. It is important to note that the Rayleigh
type of wave velocity in the fibre-reinforced elastic medium increases to a
considerable amount in comparison with the Rayleigh wave velocity in isotropic
materials.
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1. Introduction

Surface waves have been well recognized in the study of earthquake waves, seismology,
geophysics and geodynamics. A good amount of literature is to be found in the standard
books of Bullen (1965), Ewinget al (1957), Rayleigh (1885), Love (1911), Stoneley
(1924) and Jeffreys (1959), regarding surface waves in classical elasticity. Sengupta and
his research collaborators have also studied surface waves (Acharya & Sengupta 1978;
Pal & Sengupta 1987; Mukherjee & Sengupta 1991; Das & Sengupta 1992etDals
1994).

In most previous investigations, the effect of reinforcement has been neglected. The
idea of continuous self-reinforcement at every point of an elastic solid was introduced
by Belfield et al (1983). The characteristic property of a reinforced concrete member
is that its components, namely concrete and steel, act together as a single anisotropic
unit as long as they remain in the elastic condition, i.e. the two components are bound
together so that there can be no relative displacement between them.

In this paper the authors study the propagation of surface waves in fibre-reinforced aniso-
tropic elastic solid media leading to particular cases such as Rayleigh waves, Love waves
and Stoneley waves along with numerical results. The results reduce to corresponding
classical results when the reinforced elastic parameters tend to zero and the medium
becomes isotropic.
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2. Formulation of the problem

The constitutive equations for a fibre-reinforced linearly elastic anisotropic medium with
respect to a preferred directian are (Belfieldet al 1983)
o= XekkS + ZMTe + a(akamekmSij + ekkaiaj) +2(u; — MT)(aiakekj + ajakeki)
—%ﬂ(akamehnaﬂh), (N
wherez;; are components of stress; = 2(u ;+u; ;) are components of strain;, .,
are elastic parameters;, g, (1, — MT) are reinforced anisotropic elastic parametetrs
are the displacement vectors components and (a;, a,, az), Wherea? + a3 + a2 = 1.
If a has components that are (1, 0, 0) so that the preferred direction is, tlais,
(1) simplifies, as given below
T =A+204+4u; —2u; + Blegg + (A +a)eyy + (A + a)ess,
‘[22 = ()\, + ot)ell + (}\. + ZMT)ezz + )\.333,
Tag = (A + a)eqq + hegy + (A + 21 p)ess,
Toz = 2iir €3,
Ty3 = 2/ireys,
Typ = 2[p€qs. (2)
The equations of motion in absence of body forces are

dty, 9Ty, 0T 3%u
11 + 12 13 =p 21’ (3)
0x;  0x,  Oxg ot
0Ty, 0Ty, 0T,y 0%u,
= , 4
o, | ox, axg o @
9ty 0Ty, 0T 3%u
31 + 32 33 _ 0 23’ (5)
ox;  0x,  Oxg ot

wherep is the density of the elastic medium. Using (2)—(5) and assuming all derivatives
with respect tox,; vanish, the equations of motion become

(A + 20+ 4uy — 2 +ﬂ) il > @A+ py) Ptp P T (6)
o — o = s
Mo = <hr X2 M oxox, 02 T P

3%u, 0%u 0%u 0%u
—2 A At 2up)—2 = p—23, 7
nr o 2+ (0 + +ML)8 a + (A +2u7) o p=s 7
3%us 92 92 92u,
— ) —2 —t — | ug = p—2. 8
(o = ir) gz +hir (axf + ax§>”3 Poor ®)

To examine dilatational and rotational disturbances, we introduce two displacement
potentials¢ and ¢ by the relations
ap oY dp oY
ulza———, Ug = —7—7— —. (9)
Xy 0x, 0x,  0xq
The componentu, is associated with purely distortional movement. We note that

¢, ¥ andug are respectively associated with P waves, SV waves and SH waves. The
symbols have their usual significances.
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3. General theory and boundary conditions

The propagation of general surface waves is examined here for a fibre-reinforced elastic
solid semi-infinite medium M covered by another fibre-reinforced elastic mediym M
(M, above M and mechanical properties different from M and which is welded in contact
with M to prevent any relative motion or sliding during the disturbance). We consider
an orthogonal Cartesian co-ordinate systemux,x, with the origin o at the common
plane boundary surface ang, directed normally into M.

We consider the possibility of a wave travelling in the direction in such a manner
that (a) the disturbance is largely confined to the neigbourhood of the boundary and
(b) at any instant all particles in any line paralleldo, have equal displacements. On
account of (a) the wave is a surface wave and on account of (b) all the partial derivatives
with respect tox, vanish.

Now using (9) in (6) we obtain the following wave equation in M satisfied ¢by
and ¢ as

3¢ 3%¢ 3¢
(k+2a+4pLL—ZMT-I-ﬂ)a—x%-i-(a—i-)»—f—ZML)a—x%=PW, (10)

%y %y %y
3 _2 == 9
(o + 153 + B MT) 8x]2_ + 8x§ P 372

(11)

and similar relations in Mwith p, A, o, u; , B replaced by,, A,, @, 1,1, ;. The general
solutions for¢ and ¢ must satisfy (7).

3.1 Boundary conditions

The boundary conditions for the titled problem are:

(i) the component of displacement at the boundary surface between the media M and
M; must be continuous at all times and places,

(i) The stress components,;, ,, and 7, must be continuous across the interface of
M and M; at all times and places,

where 7,4, 7,, and 7,5 can be written in terms o and ¢ in the medium M with the
help of (2) and (9) as

92 92 92
Q12H1<2 0] n v w>’

dx,0x,  9xZ  9x3

2 2 2 2
r22=AV2¢+a(a—¢ il )—I—Z,uT(ad)-i- v ),

8xf B 0x,0x, 8_x§ 0x,0x,

ou
T3 = Mra_;’ (12)
2

where V2 is the two dimensional Laplacian operator given by
V2= 8_2 8_2
ax2  9x2

Similar relations in M with u,, A, o, u, are replaced by, ,, Ay, @y, tyq.
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4. Solution of the problem

We seek harmonic solutions for (8), (10) and (11) in the form (Bullen 1965),
o, Y, Uz = {a(xz), E(xz), ﬁ3(x2)} eXp{ia)(xl - Ct)} s (13)

in M and similar relations in Mwith the functionsp, v, u, being replaced by,, v, u3.
This leads us to a particular solution corresponding to a group of simple harmonic waves
of wavelength?7/,, travelling forward with speed.

It is convenient to introducé, r, s where

2
h— (pcz_ML)}l/
Hr
L [pcz—(/\+2a+4uL—2uT+ﬂ)]}l/2
B o+ A+2u; ’
2 3 ) 1/2
o |lee (a+zL+ﬁ MT)]} ’ (14)
L

and similar expressions,, r, and s, for the medium M. The positive value of the
square root being taken in each case.
Now substituting from (13) into (8), (10) and (11) we obtain for the medium M

ug = C explio(—hx, + x; — ct)],
¢ =Aexplio(—rx,+ x; —ct)],
Y =B expliow(—sx,+x; —ct)], (15)

and for the medium W

us = C; explio(hyx, +x, — ct],

In the above, for the effect to be essentially a surface one, each expression must diminish
indefinitely with increasing distance from the boundary. This will be the case if each
expression contains an exponential factor in which the exponent is real and negative.
Henceh,r,s and similarly ., r,, s, are taken to be imaginary.

Using (15) and (16) in the boundary conditions (i) and (ii) given in §(3.1) we obtain,

A+sB=A,—s B, 17)
—Ar+ B = A;r + By, (18)
C=Cy (19)
i [2rA+ (s* = DBl = pq[—2r Ay + (sf — DBy, (20)

[+ a) + 720+ 2u)]A — Cuy — a)sB = [(A + a1) + r2(hy + 2upq] Ay
+(2MT1 - al)slBl, (21)
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—Chpy = Cyhyjip,. (22)

It follows from (19) and (22) that botld’ and C; vanish, thus there is no propagation of
displacement:,. Finally we get the wave velocity equation in the common boundary of
the media M and M by eliminating the constantd, B, A; and B, from the equations
(17), (18), (20) and (21) as

1 s -1 59
—r 1 —ry -1
2 » =0.
2u,r n(s°—1) 2r i, —(s71 —Dpyy
[(A+a)+r2(h+2up)] —Qup—a)s —[(y+oa) +r20q +2up] —QRupy —ay)s;
(23)

5. Particular cases
5.1 Rayleigh waves

The particular case of Mreplaced by vacuum was first examined by Rayleigh (1885).
The absence of stress over the free surface enables us to replace the right-hand side
of (20) and (21) by zero, giving

2rA + (s> - 1)B =0, (24)
[+ @) +r20.+ 200)A = uy — a)s =0, (25)

Eliminating A and B from (24) and (25) we obtain the Rayleigh type of waves in the
fibre-reinforced elastic medium as

(L= 5D + @) +r20 4 2up)] = 2rs(2uy — @), (26)

wherer and s have been defined in (14).
Now writing u, = u, —pny + 1y and makinge, g and |o, — | all tend to zero,
(26) reduces to the following form,

2\ 2 2 1/2 2\ 1/2
(2—”L) =4(1_ pe ) (1—pi> , 27)
Kt At 2y Kt

which is the Rayleigh surface wave in isotropic materials.

5.1a Numerical calculations for Rayleigh wavdge following values of elastic constants
and density are considered (Chattopadhyay 1998).

A =05.65x%x10° Nm~2, u,; = 5.66x 1° Nm—2,
Hy = 2.46 x 10° Nm—2, a=-128x10° Nm2,
B =22090 x 10° Nm 2, p = 7800 kg m~2.

Using (26) and the expressions given in (14) we obtain the following value of the wave
velocity ¢ as:
pc?/u; (dimensionlessy 40.817316



368 P R Sengupta and Sisir Nath

(0c?/1,)"? = 6.38884

c?(m/s) = 296 x 10°;

¢ (km/s) = 5.4406.

The Rayleigh wave propagates very rapidly in fibre-reinforced elastic media according
to this theory.

5.2 Love waves

For the existence of Love waves we consider a layered semi-infinite medium, in which
M, is obtained by two horizontal plane surfaces, a finite distaAcepart, and the
medium M remains as before.

Now we investigate the displacementin the direction ofx,-axis. For the medium M
the solution for the displacement componegtremains the same but for the medium M
we preserve the full solution, since the displacement compangnb longer diminishes
with increasing distance from the boundary surface of two media. Hence,

uy = Cy expliw(hyx, + x; — ct)] + D1 explio(—hyx, + x; — ct)], (28)
where i, is now not necessarily imaginary. For M we still hakeimaginary. In the
present case the boundary conditions are:

(i) u; and 7,5 are continuous ak, = 0
(i) 7,35=0 atx, = —H.
Now using (12), (15) and (28) in the above boundary conditions we obtain

C—-C1— D=0, (29)
—urhC = ppihy €y + ppihy D1 =0, (30)
expl—iwHh{]C1 — expliwHh1D1 = 0. (32)

Eliminating C, C; and D; from the above equations we obtain
UrhtanwHhq) +ipph = 0. (32)

Substituting forsz and i, from (14) into (32) gives the equation for the velocityof
Love waves, namely

e\ 12 2 12 2 172
[y (M) — M7y (u) tan| wH (M) =0. (33)
Hr Hr1 Hr1

The requirement that should be imaginary and hence that by (32)real is, by (14),
satisfied if

)2 < ¢ < (y/0). (34)

Equation (33) shows that is dependent on the particular value ®fand not a fixed
constant so that in the present boundary conditions there is dispersion of the general

wave form. We see from (33) that & is small,c — (ML/,o)l/Z, while if w is large,
1/2
¢ = (/o)™

(MLl/Pl
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5.2a Numerical calculations for Love wave$he upper limit for the wave velocity
given in the inequality (34) for the existence of propagation of Love waves in different
elastic solid medium is given below.

Fibre reinforced mediUI'T(/,LL/,O)l/Z (km/s) = 0.851;

Lead (u/p)Y? (km/s) = 0.69836;

Copper (1/p)"/? (km/s) = 2.08;

Iron (u/p)¥? (km/s) = 3.10;

Earth crust(km/s) =3.2-3.6.

5.3 Stoneley waves

Stoneley investigated a type of surface waves (Stoneley 1924) which are the generalised
form of Rayleigh waves propagating at the common boundary of M andT¥e Stoneley

waves in fibre-reinforced elastic media along the common boundary of M andr&)

in fact, the same as the general discussion of surface waves presented at the starting
and as such the wave velocity is determined by the root of the frequency equation (23).
This equation of course reduces once more to the classical result when the parameters
for the fibre-reinforced medium tend to zero.

6. Discussion

It is clear from the above investigation that the surface waves in the fibre-reinforced
medium are affected by the reinforced parameters. In particular, the condition for the
existence of propagation of Love waves, given by (34), depends upon the reinforced
parameteq, andu,,. Also all the results reduce to the classical isotropic results when
the anisotropic parameters for the fibre-reinforced medium tend to zero (if necessary
writing u, =, — puy and consideringu, — wy| — 0).

From 85.1a, we conclude that the Rayleigh wave velocity in a fibre-reinforced elastic
medium is considerably higher than the Rayleigh wave velocity in isotropic media. In this
connection, terrestrial Rayleigh wave speedis about 3km/s (Love 1911, p. 160). From 85.2a,
the value of the upper limit of given in (34) for the stable propagation of Love waves
in the fibre-reinforced medium decreases in comparison with the upper limits in other
elastic media except lead.

The authors take this opportunity to express their gratitude to the reviewer for his/her
valuable comments and suggestions for improving this paper.
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