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port Vector Machines, a state-of-the-art technique within the machine learning community for regression

estimation. We show how this new method, that we call M-SVR, can be efficiently solved. The pro-

posed regression method is evaluated in a MIMO system under a channel estimation scenario, showing

its benefits in comparison to previous proposals when non linearities are present in either the transmitter

or the receiver sides of the MIMO system.
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I. INTRODUCTION

The aim for increasing capacity and quality of service in wireless systems is drawing considerable at-

tention towards Multiple-Input Multiple-Output (MIMO) systems that exploit the spatial dimension and

the scattering properties of most radio channels. Though non-coherent MIMO techniques have been ad-

dressed [1], channel estimation and coherent techniques are the way to achieve the capacity gain claimed.

Thus, channel compensation issues, including ISI (Intersymbol Interference) and fading, have been ad-

dressed through different approaches in several recent publications [2], [3], [4], [5], [6], either assuming

perfect channel estimation, data-aided or blind solutions.

Support Vector Machines (SVMs) are state-of-the-art tools for linear and non linear input-output

knowledge discovery [7], [8]. SVMs were first devised for binary classification problems [9] and they

were later extended for regression estimation problems [10], [11], among others. Although the first

schemes to solve SVMs used quadratic programming, Iterative Re-Weighted Least Square (IRWLS) so-

lutions are generally faster [12], allow the introduction of arbitrary cost functions in the SVM functional

[13], and are straightforward extensible to adaptive schemes [14].

Non linear channel compensation techniques [15], [16], [17], [18] and, particularly, SVM-based meth-

ods [19], [20], [21], [22], have been undertaken in previous works, in most cases addressing the channel

estimation problem within a SISO (Single-Input Single-Output) perspective.

Previous data-aided solutions for channel estimation issues in MIMO systems are mainly developed for

flat fading channels and are based either on Maximum Likelihood (ML) [5] or Minimum Mean Square

Error (MMSE) [4] channel estimation. In this paper, we propose a new data-aided solution that takes

advantage of the MIMO channel multidimensionality by means of a regression tool, which has its roots

in Support Vector Machines (SVMs) [7]. In the proposed solution several assumptions are made: no ISI

is present in the channel model and fading is slow enough in order to both: to consider it constant in the

time estimation interval and to be applied to a long enough detection interval. Any other consideration

regarding the channel variability would lead to an adaptive extension of the method, similar to the one

described for classification problems in [14]. Additionally to the previous assumptions, channel non

linearities [21], [23] might be considered either in transmission or reception in order to exploit the SVM

benefits for non linear problems.

Thus, we propose an IRWLS based approach for the regression of multiple variables (SVM Multire-

gressor, M-SVR) which is then applied to the data-aided MIMO channel estimation problem. We show

that the proposed technique gives some advantages in non linear channels, regarding Bit Error Rate (BER)
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and complexity in comparison with a RBFN (Radial Basis Function Networks) based approach and an

unidimensional Support Vector Regressor (SVR) respectively. Still, when applied to linear channels with

white Gaussian noise, M-SVR converges to the MMSE solution which is optimal in this case.

The rest of the paper is organized as follows: Section II addresses separately a general model for a

MIMO system with channel non linearities and non linear channel estimation issues. Section III intro-

duces the multidimensional regression approach based on SVM. Section IV is devoted to some computer

experiments where MIMO channels with non linearities in transmission or reception will be the studied

scenarios in order to provide a fair environment for comparison of non linear methods. A linear channel

model will also be considered to compare M-SVR to the optimal MMSE solution. Finally, in Section V

we conclude the paper with some discussion about the obtained results and proposed further work. In the

appendix we give a proof of convergence for the proposed algorithm.

II. NON LINEAR CHANNEL ESTIMATION FOR MIMO SYSTEMS

A. Non Linear Channel Models

Non linearities might be present at the transmission-reception chain at two points: in the front-end

transmitter and receiver, leading to an equivalent non linear channel model even if the channel propagation

model is linear. In previous works [21], [23] channel non linearities have been considered in the study

of non linear channel estimation for SISO (Single Input Single Output) systems. This non linear SISO

model will be generalized to a MIMO model as detailed next.

The propagation channel model we focus in this paper is based on a linear Multiple-Input Multiple-

Output system with ��� transmitting antennas and ��� receiving antennas. We use a matrix of independent

complex Gaussian coefficients
�

to model the frequency non-selective Rayleigh channel in a baseband

equivalent model (see Figure 1). The general hypothesis for channel coefficients is a set of i.i.d. variables

[24]. Complex white Gaussian noise is assumed in the channel, being modeled through a noise vector �
of dimension � � .

Within this propagation model, and without loss of generality, non linearities will be considered iden-

tically affecting either to each transmitter or to each receiver module from the MIMO system. Thus, both

cases will be treated separately leading to two different channel models.

Assuming that �	��
 ��������������������
�

is the information signal in each time sample modeled by a QPSK

baseband equivalent, non linearities in transmission lead to a system equation where transmitted symbols

follow the non linear rules in [21]:
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The received symbols
�� are linear mixtures of the transmitted symbols by means of the linear channel

propagation model of the following system equation:

�� � �� � � �� 
 � (2)

Within this first channel model with non linearities in transmission, the reception procedure is consid-

ered all linear and this implies that � � �� .

The second channel proposed, with non linearities in reception, leads to a different channel model.

Information symbols are transmitted now
�� � � , and linearly mixed by means of the following equation:

�� � �� � � � 
 � (3)

In each receiver non linearities modify the received symbols as follows:

� �
�������
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� � �
� �� ���

��������
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�������
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��  �� � 
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�� � �� ��
� ��� ����
��  �� ���� 
�� � �� ����

��������
	 (4)

The two channel models proposed address two different problems in complexity. In the first channel

model, at the receiver end, there is a lineal mixture of the transmitted symbols even though each of them

is a non linear function of the information symbol; noise considered here is Gaussian and white. On the

other hand, the second channel model leads to non linear mixtures of all the transmitted symbols at the

receiver and the noise can not be considered Gaussian anymore.

B. Non Linear Techniques for Channel Estimation

MIMO pilot based channel estimation that we consider in this paper, can be faced with many tools

for data regression. In general, the regression problem consists on estimating an unknown function, � ���� ��� , from some given occurrences � �  ������� ��� ��� , � �"!$#&% and their corresponding targets � �  ������� � � �'� ,� �(!)# . This way, a MIMO channel, for � � transmitting and � � receiving antennas can be simply
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estimated from the regression of the � � received symbols corresponding to each transmitted word in the

pilot sequence. Usually, some parametric form is assumed for the estimation ( ���� ��� ), and these parameters

are adjusted according to some selected criteria or cost function (for instance, the mean square error).

The most widely used method for data aided channel estimation simply estimates � � using a linear

combination of the components in ��� , selecting the weight of each component in order to minimize the

quadratic error: � �
��
���  � ��"� � � ��� � �	� � (5)

Although the Minimum Mean Square Error (MMSE) method is optimal (and also quite efficient if short

pilot sequences are used) for estimating linear channels with additive Gaussian noise, its performance can

be very poor when these two hypothesis are not satisfied.

Some non linear techniques can also be found in the communications literature. In [15] an adaptive

version of Radial Basis Function Networks (RBFN) is used for estimating the time variant channel of

an Orthogonal Frequency-Division Multiplexing (OFDM) system. RBFN implements a function of the

form: � � 
�� � � ����� ��� ����� � � � � (6)

where � is the number of nodes in the network and ��� � � � are radial functions, i.e. their values only

depend on the distance between � and a centroid or prototype � � .

Different forms of the radial basis function ��� � � � can be used, but we will only consider the Gaussian

function: ��� � � � ������� �!� � �"$# ��&% (7)

which can approximate any functional relation [25].

Once � is selected, � � ,
# � and � � are free parameters, that must be estimated from the training

set. This phase usually includes a minimization of the quadratic error using a gradient scheme. In [15]

an stochastic algorithm is used to provide the network with adaption capabilities. It is also possible to

include a regularization term to the cost function:� �
��
�'�  � ��"� � � ��� � � � � 
)(� 
�� �  � �� (8)

with ( being a parameter that controls the tradeoff between error and smoothness of the solution.

RBFN are powerful architectures that can approximate to an arbitrary precision any function [26].

Thus, we have chosen them as a reference to compare the performance of our proposal in this paper. We

have used the excellent implementation of RBFN by Gunnar Raetsch (see for instance [27]).
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As we have previously stated, the MIMO channel estimation problem can be solved with a collection

of � � unidimensional regressors. So, as a second method to perform non linear channel estimation, we

will consider the case in which each of these regressors is implemented using a Support Vector Regressor

(SVR) [28], that we briefly describe in the next section.

Next, we will propose a new method for non linear channel estimation relying on SVM technology.

Instead of building a different regressor for each variable in the receiver, it considers all of them at the

same time, what leads to simpler solutions (whose complexity does not increase with the number of

receiving antennas), while keeping the high performance of SVM methods.

III. MULTIREGRESSION SUPPORT VECTOR MACHINE

In this paper, we introduce a generalization of Support Vector Regressors (SVR) to solve the problem

of regression estimation for multiple variables. Thus, we refer to our proposal, which is based on a

previous contribution [29], as SVR Multiregressor (M-SVR). Here, M-SVR is considered for discovering

the dependencies between transmitted and received signals in a MIMO system.

Although, under a pure Gaussian perspective the estimation of each component can be individually

addressed without loss, the use of a multidimensional regression tool will help to exploit the dependencies

in the channel and will make each estimate less vulnerable to the added noise. Treating all the channel

paths together will allow to accurately estimate each of them when only scarce data is available, and the

� -insensitive cost function, which will be introduced in short, will improve the scheme robustness when

different kind of noise and non linearities appears in the system.

The regression estimation problem is regarded as finding the mapping between an incoming vector � !#&% and an observable output � ! # , from a given set of i.i.d. samples, � � �"� � � � � � ��'��� . The standard SVM

[28], [8] solves this problem by finding the regressor � and
�

that minimizes
� � � ��� " 
���	 ��'� �
� � � ����� � � � � ��� 
 � � � , where

� ��� � is a nonlinear transformation to a higher dimensional space, also known

as the feature space (
� � ��� !)#� and � ��� ). The SVM can be solved using only inner products

between
� ��� � , not needing to know the non linear mapping, so we only need to specify a kernel function

� � � � ����� � � � � � � � � � � ��� � that has to fulfill Mercer Theorem [8]. 
 � ��� � is known as the Vapnik � -
insensitive loss-function, which is equal to 0 for � � � � ��� � � � � ��� 
 � ����� � and equal to � � � � ��� � � � � ��� 

� ��� � � for � � � � ��� � � � � ��� 
 � ����� � . The solution ( � and

�
) is formed by a linear combination of the

training samples in the transformed space with an absolute error equal or greater than � .
In the case the observable output is a vector, � ! # � , we need to solve a multidimensional regression

estimation problem, in which we have to find a regressor � � and
� � (! � � ������� �#" ) for every output.
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We can directly generalize the one-dimensional SVM to solve the multidimensional case, leading to the

minimization of:


�� ��� ����� � �" ��
� �  � � � � � 
 �

��
���  
 ��� � � (9)

where
�

, � and
� � will be defined shortly.

The Vapnik � -insensitive loss-function can be extended to multiple dimensions, but being based on an


  norm, it will need to account for each dimension independently, which will make the solution com-

plexity grow linearly with the number of dimensions. If instead, we use a 
 � -based norm, all dimensions

can be considered into a unique restriction yielding a single Support Vector for all dimensions. Therefore,

we propose to use:


 ��� � �
��	 �
�� � � � �� � � " � � 
 � � � � � � (10)

which is a differentiable version of the loss function proposed in [29]. In the above expression
� � ��� � � ���  � �  � ,  � � � � �� � � � � � � � � ��� � ,

� � 
 �  ������� � � � � , � � 
 �  ������� � � � � � , and
� ��� � is a

nonlinear transformation to the feature space.

For � � � this problem reduces to an independent regularized kernel least square regression for each

component, but for a nonzero � the solution will take into account all outputs to construct each individual

regressor and will be able to obtain more robust predictions. The price to pay is that the resolution of

the proposed problem cannot be done straightforward and we will have to rely on an iterative procedure

to obtain the desired solution. We have devised a quasi-Newton approach in which each iteration has

at most the same computational complexity as a least square procedure for each component. It is a

weighted least square problem, and the number of iterations needed to obtain the final result is small,

making the procedure only slightly more computationally demanding than least square regression for

each component. Therefore, we refer to it as an Iterative Re-Weighted Least Square (IRWLS) procedure

[12], [30].

Resolution of M-SVR

Optimization problems are solved using iterative procedures that rely in each iteration on the previous

solution (
���

and � � , in our case) to obtain the following one, until the optimal solution is reached. To

construct the IRWLS procedure, we modify (9) using a first order Taylor expansion of 
 ��� � over the
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previous solution, leading to:


�� � ��� ����� � �" ��
� �  � � � � � 
 �

� ��
���  
 ��� �� � 
 � 
 ��� �

� � ���������
�  �� � �� �� 
  ���  �� �
	 (11)

where
� �� � �� �� � � � �  �� � �  �� , �  �� � � � � �� � � � � � � � � � � � � � � � , which presents the same

value and gradient as 
 � ��� ����� for
� � � �

and � � � � (i.e., 
 � � ��� � ��� � � � 
�� ��� � ��� � � and� 
 � � ��� � ��� � � � � 
 � ��� � ��� � � ). 
 � � ��� � ��� � � is a lower bound of 
 � ��� ���"� (i.e., 
�� ��� ����� �

 � � ��� ����� , � � ! # ��$# � ) and � ��! # � , because 
 � � ��� ���"� is a first order Taylor expansion of a

convex function.

Now we are going to construct a quadratic approximation from (11)


�� �� ��� ����� � �" ��
� �  � � � � � 
 �

� ��
���  
 ��� �� � 
 � 
 ��� �

� � ���� ����
� �� � ��� �� � �" � �� 	 �

� �" ��
� �  � � � � � 
 �" ��

��� �� � � �� 
 ��� (12)

where

� ��� �� �� � 

��� �
� � ���� ���� �

���	 ��
 � � � �� � �" � ��� �� � � �� �� � � �� � � (13)

and ��� is a sum of constant terms that do not depend either on
�

or � , which also presents the same

value and gradient as 
 � ��� ����� for
� � � �

and � � � � . It can be seen that (12) is a weighted least

square problem in which the weights depend on the previous solution, incorporating the knowledge of all

the components of each � � . To optimize (9), we will construct a descending direction using the optimal

solution of (12) and then we will compute the next step solution using a line search algorithm [31]. The

IRWLS procedure can be summarized in the following steps:

1) Initialization: Set � � � , � � ��� , � � ��� , compute
� �� and � � .

2) Compute the solution to (12), and label it as
���

and � � . Define a descending direction for (9) as� � � �� � � � � �� � � � � � � �
�	 .

3) Obtain the next step solution

�� � ��� � � ���  � �
�	 �

�� � �� � � � �
�	 
�� � � � , computing the step size � �

using a backtracking algorithm.

4) Compute
� ��� � and � � , set � ��� 
 � , and go back to step 2 until convergence.

December 1, 2003 DRAFT



IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. XX, NO. Y, MONTH 2004 108

Before actually computing
� �

and � � , we would like to explicitly say that
� �

is not a vector but a

matrix. Each column of
� �

is a descending direction for each regressor, therefore one should see it as

an aggregate of descending directions for each component to be estimated. The value of � � is computed

using a backtracking algorithm [31], in which we initially set � � � � (the initial choice for � � will

become apparent in the proof of convergence given in the appendix), and check if 
 � ��� ���  ��� ���  � �

 � ��� � ��� � � . If not, we multiply � � by a positive constant less than one and repeat the procedure until a

decrease is achieved in the minimizing functional.

To obtain
� �

and � � , we need to solve the weighted least square problem in (12), in which each

component is decoupled. Therefore, we can solve independently for each component by equating to zero

its gradient:����� 
�� �� � � � � � � � � � � � � � � � � � � � � � � � ��� � � � � � � � ! � � ���������#" (14)����� 
�� �� � � � � � � � � � � � � � � � � ��� � � � � � � � ! � � ������� �#" (15)

which can be expressed as a linear system of equations:�� � ���
	 � 
�� � ��
 � � � � 

�	 �� � �� �
�	 �

�� � ���
	 � � � � �
�	 ! � � ���������#" (16)

where
� � 
 � � �  � ��������� � � � � � � � ,


� 
 �  ��������� � � � � ,

� � 	 � � � � � ��� ��� � ! � and � � � 
 �  � ������� � � � � � � . It

can be seen that the matrix in the previous linear system does not depend on ! , therefore it will be identical

for all components and the difference on the linear systems associated to each pair
� � � � � � � will be due

to the independent term in (16). Each column of
���

and � � will be constructed with the " solutions of

(16).

It is usual to work with the feature space kernel (inner product of the transformed vectors, ( � � � ����� � � �
� � � � � � � � � � � ), instead of the whole non linear mapping [7]. We are going to make use of the Representer

Theorem [32], [7], which states that the best solution, under fairly general conditions, to a learning

problem can be expressed as a linear combination of the training samples in the feature space, i.e. � � �
	 � � � � � ��� � � � ��� � . If we replace this expression into (14) and (15), the linear system in (16) can be

expressed as follows:�� � 
 �
	��  �
 � � � � 

�	 �� � �� �
�	 �

�� � �
 � � �

�	 ! � � ������� �#" (17)

where
� � � � � � � � � � ��� � � is known as the kernel matrix. The line search algorithm can be readily ex-

pressed in terms of
� � , as it was presented for � � .
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We can now argue why a nonzero � will take into account all the outputs to construct each individual

regressor. If � � � , � � � " � for every sample and (17) only depends on each particular output through� � . But if ���� � , � � is a function of
� �� , that is the square error between every dimension of � � and all

the regressors. Consequently, M-SVR bounds together all the outputs when constructing each individual

regressor. A proof of convergence of the proposed algorithm is given in an appendix.

IV. COMPUTER EXPERIMENTS

In this section we present a number of computer experiments to show the benefits of our M-SVR

algorithm when used in MIMO non linear channel estimation. We compare the performance of the several

non linear and linear regression algorithms presented in Section II-B for different channels, signal-to-

noise ratios (SNRs) measured at the receiver inputs, and training sequence lengths.

The goal in the channel estimation problem is to obtain a good approximation to the actual channel,

modeling the dependence between transmitted and received signals. With the MMSE method, this relation

is restricted to be linear, and the channel estimate, �� , can be explicitly given. This holds for the M-SVR

and SVR methods with linear kernel, but it is no longer possible when using a non linear transformation

to a higher dimensional space (i.e., when applying other kernel, different from the linear one), because in

this case we are only able to compute the kernels, that allow a better approximation when dealing with

non linear channels. RBFN method operates analogously to kernel regressors.

In pilot aided channel estimation it is necessary to use a training sequence known a priori by both the

transmitter and receiver. Once the channel has been modeled, the expected received vector � without

noise, corresponding to each possible transmitted QPSK codeword � , is calculated. During operation,

each received signal is decoded using the nearest neighbor criterion.

We have used a Gaussian kernel for both SVR based methods:

� � � ����� � � exp � � � ��� � � � �"$# � %
where

#
is a tunable hyperparameter. The other hyperparameter, � , which controls the tradeoff between

the regularization term and the error reduction term, has been set to � � � � � which is a good compromise

value in most cases. The last parameter, � , that sets the wide of the insensitivity zone of the regressor cost

function, and which is also tuned in the training phase.

Regarding the RBFN technique, we have used a Gaussian function for � � � � � . In this method all � �
and
# � parameters are optimized during the training phase. We have trained networks with a number of

centroids � that is a 5%, 10% and 20% of the training sequence length, keeping for each case the best
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setting. We have checked that the performance degrades if we increase the number of centroids above

20%, requiring in addition a much heavier computational load. Regarding the number of gradient descent

algorithm iterations, 40 rounds are enough for the algorithm to converge. Finally, we have also explored

different values for the regularization constant ( . However, we found that no regularization is needed

except in the case the estimated channel is linear, for which we have used ( � � � � � . We think that the

values of � used in the simulations guarantee that the solution is not over-fitted, except for the linear

channel, where the regressor needs to provide a linear solution and extra regularization is required.

In the following subsections, we present the simulation results for MIMO systems ( � � ��� , � � ��� )
with the channels proposed in section II-A. The number of test words has been chosen to assure that at

most one erroneous bit occurs for each 100 bits received, and all results have been averaged over 100

trials.

A. MIMO System with Non Linearities in the Transmitter

We first present results when the non linearities between input and output signals of the channel are

introduced by the transmitter equipment, due to, for example, amplifiers driven near its saturation zone.

The channel is the one described by Equations (1) and (2), with coefficients �  � � � " and � � � � [21].

M-SVR is able to parameterize non linearities effectively, as it is seen in Figures 2(a) and (b), and

obtains lower BER than the RBFN for variable SNR. The improvement of our method is specially repre-

sentative for short training lengths, although the difference is only slightly reduced for the longest training

sets. The saturation point of the curves, for which the BER is no longer improved, increases as the SNR

grows. In any case, this point is reached in first place by the M-SVR. For the sake of clearness in the

reading of the figure, we have splitted the results in two plots, grouping in each one alternatives SNRs.

We have also included the results for the SVR method, that uses a 
  cost function, instead of the 
 �
used by the M-SVR. These results are in general slightly worst than the M-SVR solution. In spite of

SVR algorithm performance is similar to the M-SVR method, its computational burden is much more

intensive. While M-SVR requires just a few iterations of the IRWLS to converge (about 5 steps), SVR

needs approximately two orders of magnitude more iterations. Besides, the complexity of SVR increases

both with � � and the length of the training sequence, while that of M-SVR does not depend on � � .

B. MIMO System with Non Linearities in the Receiver

For the test of channels with non linearities in the receiver, which are in general harder to tackle with,

we have run simulations for two scenarios.
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First, coefficients of Equations (3) and (4) are set to �  � � and � � � � � ��� . In Figure 3, we give

BER curves versus pilot sequence lengths. The estimate given by the RBFN is clearly and consistently

worst than the M-SVR solution, which seems to model the problem more accurately. The plotted curves

correspond to a SNR of 10.5 dB; experiments with other noise levels present a similar performance.

The second channel uses �  � � � " and � � � � . As shown in Figures 4(a) and (b), results in this case

are similar to those obtained in Section IV-A. However, they present a slightly higher BER, due to with

this setting the problem presents a higher grade of non linearity as discussed in Section II-A.

C. Linear MIMO System

Finally, we have carried out experiments for a linear channel with added Gaussian noise, in order to

check how M-SVR performs in comparison with MMSE that is known to be optimal in this case (see

Figure 5). Analytical expression for the linear channel can be obtained by setting �  � � � � � in any of

the previous non linear models. Results for both methods are practically identical, the slight advantage

of MMSE being due to the fact that M-SVR makes no a priori assumption about the linearity of the

channel. If we made use of this information, we could employ a linear kernel instead. We have carried

out experiments (not included in the figures) which show that results obtained by M-SVR with a linear

kernel are identical to those of MMSE. Again, RBFN exhibits an increase in BER with respect to M-SVR

performance.

V. DISCUSSION AND FURTHER WORK

In this work we have tackled the channel estimation for MIMO systems. We have presented a new

multivariate regression algorithm based in the machine learning state-of-the-art Support Vector Machines

to solve this problem. The M-SVR algorithm takes advantage of the MIMO spatial diversity and it is

capable of discovering the dependencies between the transmitted and received signals. M-SVR can be

used with non linear kernels, such as the Gaussian kernel, in order to effectively address non linear

channel estimation.

The theoretical aspects of M-SVR are fully developed, and a proof of its convergence is given. M-SVR

requires a computational load that is comparable to that of other well-known methods such as the MMSE

estimator. Moreover, M-SVR resolution lays in the IRWLS algorithm, which can be easily modified to

use different cost functions or to confer it adaptive properties.

Simulation examples have been used to test our method and to favorably compare it to the standard

SVR and to a RBFN method, applied independently over each dimension, employing non linear channel
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models. We have also compared it with the optimal MMSE strategy for linear channel models, yielding

almost equivalent results.

Channels with ISI and the inclusion of decoding stages are logical further research lines, as well as

simulations with different kind of noises or the implementation of specific kernels suitable for MIMO

communications. As mentioned before, the introduction of other cost functions in the learning algorithm

and its modification into adaptive schemes for time variant channels are also interesting possibilities.

Finally, we believe it is relevant to mention that the proposed M-SVR algorithm can be extended to other

signal processing problems such as: Sample Imputation [33], Device Modeling [34] or Chaotic Systems

[35], among others.
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APPENDIX

I. M-SVR Proof of Convergence

To prove the convergence of the above algorithm, we can rely on the Wolfe Conditions [31] that state

the necessary and sufficient conditions for a line search algorithm to find a stationary point. As the

proposed problem in (9) is convex, the unique stationary point is the global optimum. Therefore, the

Wolfe conditions that ensure the convergence of the algorithm are:


 � ��� � 
 � ��� � � � 
 � ��� � � 
��  � 
 � ��� � � � � � (18)� 
 � ��� � 
 � ��� � � � � ��� � � � 
 � ��� � � � � � (19)

for � 	 �  � � � 	 � , where, in our case,
��� � � � � 
 � � �  � � � � � �  � � ����� � � � � � � � � � � �&� � � and

� �
is a vector

formed by all the columns of
� �

written one after another in a column vector. The first condition is also

known as the strictly decreasing property and the second as the sufficient decreasing property. As their

names show, they guarantee that in each step we advance towards the solution and that the taken step is

sufficiently large to reach the optimal solution with any required precision in a finite number of steps. We

will now prove that the proposed procedure fulfills both conditions.

The first condition can be easily proved. We will set �  � � and we need to show that 
 � ��� � 
� � � � � � 
 � ��� � � . We will first show that 
 � �� ��� � 
 � � � � � � 
 � �� ��� � � , which can be readily seen because
� ���  � � � 
 � � � � is constructed as a convex combination of

� �
and � � and the optimal solution for

(12),
� �

and � � . Therefore, being the problem in (12) convex, for any � � ! � � � � � , we will know that


 � �� ��� � 
 � � � � � � 
 � �� ��� � � . By construction 
 � �� ��� � � � 
 � ��� � � and we made the gradient of both equal;

therefore, for sufficiently small � � , the value of the function in
� � 
 � � � � can be expressed by the first

order Taylor expansion around
� �

, consequently 
 � �� ��� � 
 � � � � ��
 
 � ��� � 
 � � � � � and the first condition

will hold. There exists an � � � � for which 
 � ��� � 
 � � � � � is less than 
 � ��� � � and the backtracking

algorithm is devised for finding it.
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Let us rewrite the second condition as follows, so the proof can be more clearly explained:

��
� �  ��� � 
 � � ��� � � � 
 � � � � � � � �

� � � � � ��� � � ��� �  ��� � 
 � � ��� � � � � � � � � � � (20)

where
� � �

�� � �� �
�	 and

� � � � � is the ! ��� column of
� �

,
� � � � � � �� � � � � � � � � � � �� � � � � � � � � � �

�	 . After some

algebraic manipulations
� � � � � � �� �

�� � � � � ���  � � � � � �� � � � ���  � � � � � �
�	 . We can now manipulate the left side of

(20) as follows:

��
� �  � � � 
�� � ��� � � � 
 � � � � � � � �

� � � � � � � �� � ��
� �  � � � � � � � �  � � � � � � � � � � � � � � � ���  � �

�� � ��
� � 

�
�

��
���  � 


��� �
� � ���� � � ����

� ��� � �� ��� � 
 � � � � � � � � � � ���  � � � � � � � 
 � � � � � ���  � � � � � � � � 	 (21)

Now we add and subtract � � � for all
�

and ! to (21) and, for simplicity, we will drop the � � � � , leading to:

��
� �  � � � � � � ���  � � � � � � � � � � � � � � � � �  � �
��
� � 

�
�

��
���  � 


��� �
� � ���� � � ����

� � � � �� � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���  
 � � � � ���  � �
	 �

��
� �  � � � � � � ���  � � � � � � � � � � � � � � � � �  � � � ��

���  � 

��� �
� � ���� � � ����

 ��� �� ��� � 
  �� �  ��� � � (22)

We now add and subtract 	 ��'� �
 ��� ��� � � and � 	 �� �  � � � � � � � � to (22), leading to:

��
� �  � �" � � � � � ���  � � � � � � � � � � � � � � � ���  
 �" � � � � � � � � % 
 �" ��

� �  � � � � � ���  � � 

��
���  
 ��� ��� � �

� �" ��
� �  � � � � � � � � �

��
���  
 ��� ��� � ��� � ��

���  � 

��� �
� � ���� � � �	��

 ��� �� � � � 
  �� �  ��� � � �

�" ��
� �  � � � � � � �  � � � � � � � � 
 
 � ��� ���  ��� ���  ��� 
�� � �� ��� � ��� � � (23)

where we have defined:


�� � �� ��� ����� � �" ��
� �  � � � � � 
 �

� ��
���  
 ��� � � � � 
 � 
 ��� �

� � ���� � � �	��
�  ��� � � �� ��� � 
  � �  ��� � � 	 (24)
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as 
 � � ��� ����� in (11), but the first order Taylor expansion is made over the actual solution instead of the

previous one. 
 � � �� ��� ����� is, as well, a lower bound for 
 � ��� ����� for any
�

and � . Therefore

��
� �  � ��� 
�� � ��� � � � 
 � � � � � � � �

� � � � � � �
�� �

��
�" ��
� �  � � � � � ���  � � � � � � � � 
 
�� ��� ���  ��� � �  � � 
�� � �� ��� � ��� � ���� (25)

where we have recovered the � � � � that we suppressed in (22).

We can repeat the same procedure for the right hand side of (20), leading to:

� � ��
� �  � ��� 
�� � ��� � � � � � � � � � � �

� �� �
�� � �" ��

� �  � � � � � ���  � � � � � � � � � 
 � ��� � ��� � � 
 
�� � �� ��� � �  ��� ���  � �� (26)

Now, we set � � � � and we show that (25) minus (26) is greater than zero to proof the sufficient

decreasing property:

�� �
��
�" ��
� �  � � � � � ���  � � � � � � � � 
 
 � ��� � �  ��� ���  ��� 
�� � �� ��� � ��� � � �� �

�� �
�� � �" ��

� �  � � � � � ���  � � � � � � � � � 
 � ��� � ��� � � 
 
 � � �� ��� � �  ��� ���  ���� �

�� � ��
� �  � � � � � ���  � � � � � � � � 
 �� � � 
 � ��� � �  ��� ���  � � 
�� � �� ��� � �  ��� ���  � � 


�� � � 
 � ��� � ��� � ��� 
�� � �� ��� � ��� � � � � � (27)

The second and third terms are greater or equal than zero by construction and the first term is the norm

of a vector, therefore, unless
� ���  � � �

, the condition will hold. If
� ���  � � �

, the algorithm has

converged to the optimal solution. As � � is always greater than zero, it does not play any role in the non

negativity proof.
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