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Abstract
Switching VARMA Term Structure Models
Extended Version

The purpose of the paper is to propose a global discrete-time modeling of the term structure of interest rates
able to capture simultaneously the following important features : (i) an historical dynamics of the factor driving
term structure shapes involving several lagged values, and switching regimes; (ii) a specification of the stochastic
discount factor (SDF) with time-varying and regime-dependent risk-premia; (iii) explicit or quasi explicit formulas
for zero-coupon bond and interest rate derivative prices; (iv) the positivity of the yields at each maturity. The first
family of models we develop is given by the Switching Autoregressive Normal (SARN) and the Switching Vector
Autoregressive Normal (SVARN) Factor-Based Term Structure Models of order p. The second family of models we
study is given by the Switching Autoregressive Gamma (SARG) and the Switching Vector Autoregressive Gamma
(SVARG) Factor-Based Term Structure Models of order p. Regime shifts are described by a Markov chain with
(historical) non-homogeneous transition probabilities.

Keywords : Affine Term Structure Models, Stochastic Discount Factor, Car processes, Switching Regimes, VARMA
processes, Lags, Positivity, Derivative Pricing.

Résumé
Switching VARMA Term Structure Models
Extended Version

Le but de ce papier est de proposer une modélisation globale en temps discret de la courbe de taux d’intérét capable de
capturer simultanément les aspect suivants : (i) une dynamique historique du facteur déterminant la courbe de taux
caractérisée par des retards et des changements de régimes; (ii) une spécification du facteur d’escompte stochastique
avec des coeflicients d’ajustement pour le risque stochastiques et dépendant de régimes; (iii) des formules de prix
de zero-coupons et de dérivés sur taux sous une forme explicite ou quasi explicite; (iv) des taux positifs pour
toute maturité. La premieére famille de modeles est constituée des Switching Autoregressive Normal (SARN) et
des Switching Vector Autoregressive Normal (SVARN) modeles a facteurs pour la structure par terme des taux
d’intérét. La deuxiéme famille de modeles contient les Switching Autoregressive Gamma (SARG) et les Switching
Vector Autoregressive Gamma (SVARG) modeles a facteurs pour la structure par terme des taux d’intérét. Les
changements de régimes sont décrits par une chaine de Markov non-homogeéne.
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1 Introduction

In this paper we propose a global discrete-time modeling of the term structure of interest rates,
which captures simultaneously the following important features :

- an historical dynamics of the factor driving term structure shapes involving several lagged
values, and switching regimes;

- aspecification of the stochastic discount factor (SDF) with time-varying and regime-dependent
risk-premia;

- explicit or quasi explicit formulas for zero-coupon bond and interest rate derivative prices;
- the positivity of the yields at each maturity.

It is well known in the literature that interest rates show an historical dynamics involving lagged
values and switching regimes [see, among the others, Hamilton (1988), Cai (1994), Driffill and Sola
(1994), Garcia and Perron (1996), Gray (1996), Boudoukh, Richardson, Smith, and Whitelaw
(1999), Ang and Bekaert (2002a, 2002b), Christiansen (2004), Christiansen and Lund (2005),
Cochrane and Piazzesi (2005)]; indeed, changes in the business cycle conditions or monetary policy
may affect real rates and expected inflation and cause interest rates to behave quite differently in
different time periods, both in terms of level and volatility. In addition, there is a large empirical
literature on bond yields, based in general on the class of Affine Term Structure Models (ATSMs)?,
suggesting that regime switching models describe the term structure of interest rates better than
single-regime models [see, for example, Bansal and Zhou (2002), Driffill, Kenc and Sola (2003),
Evans (2003), Ang and Bekaert (2005), Dai Singleton and Yang (2006)].

These results lead us to propose dynamic term structure models (DTSMs) where the yield
curve is driven by a univariate or multivariate factor (z;) which depends on its p most recent
lagged values [X}, say] and for which all the coefficients depend on the present and past values of
a latent J-state non homogeneous Markov Chain (z;) [Z;, say] describing different regimes in the
economy. Consequently, the joint dynamics of (zy,2;) is not a Compound Autoregressive (Car)
process* under the historical probability, and thus allows for nonlinearities already documented by
the literature [see Ait-Sahalia (1996), Stanton (1997), Ang and Bekaert (2002b)]. The factor ()
is considered as a latent variable or an observable variable: in the second case the factor is a vector
of several yields.

We consider an exponential-affine SDF with time-varying and regime-dependent risk correction
coefficients which are defined as functions of the present and past values of the factor (z;) and of
the regime indicator function (z;). In our models, both factor risk and regime-shift risk are priced,
and this is done by taking into account not just the information at date ¢, that is (x¢,z), but a
larger information given by (X;, Z;). This specification leads to stochastic and regime-dependent

3The Affine family of dynamic term structure models (DTSMs) is characterized by the fact that the zero-coupon
bond yields are affine functions of Markovian state variables, and it gives closed-form expressions for zero-coupon
bond prices which greatly facilitates pricing and econometric implementation [see Vasicek (1977), Duffie and Kan
(1996), Dai and Singleton (2000, 2003) and Piazzesi (2003)]. The Affine Term Structure family is much larger that
it has been considered in the literature : indeed, it has been observed recently that the family of Quadratic Term
Structure Models (QTSMs) [see Beaglehole and Tenney (1991), Ahn, Dittmar and Gallant (2002), and Leippold
and Wu (2002)] is a special case of the Affine class obtained by stacking the factor values and their squares [see
Gourieroux and Sufana (2003), Cheng and Scaillet (2005)].

1A Car (discrete-time affine) process is a Markovian process with an exponential-affine conditional Laplace trans-
form [see Darolles, Gourieroux, Jasiak (2006) for details].



risk premia and is coherent with recent empirical literature suggesting to define risk correction
coefficients as functions of both factors and their volatilities. Such a specification is helpful in
order to replicate correctly the observed temporal variation of one-period expected excess returns
on zero-coupon bonds [see Ahn, Dittmar and Gallant (2002), Dai and Singleton (2002), Duffee
(2002), Duarte (2004), Cheridito, Filipovic and Kimmel (2005), Dai, Singleton and Yang (2006)].

At the same time, we want to exploit the tractability of Car models, and obtain explicit or
quasi explicit formula for zero-coupon bond and interest rate derivative prices. This result is
achieved by matching the historical distribution and the SDF in order to get a Car risk-neutral
joint dynamics for (z¢, z¢), and by using the property of the Car family of being able to incorporate
lags and switching regimes. It is now well known [see Gourieroux, Monfort and Polimenis (2006),
and Darolles, Gourieroux, Jasiak (2006)] that the class of discrete-time affine (Car) models is much
larger than the discrete-time counterparts of the continuous-time affine processes [see Duffie and
Kan (1996), Dai and Singleton (2000), and Duffie, Filipovic and Schachermayer (2003)].

We develop the Switching Autoregressive Normal (SARN) and the Switching Vector Autore-
gressive Normal (SVARN) Factor-Based Term Structure Models of order p. Ang and Bekaert
(2005) also propose a discrete time regime-switching Gaussian term structure model (to identify
the real and expected inflation components of nominal interest rates). In their model, the historical
dynamics of the tridimensional factor (x;) driving term structure shapes is described by a regime-
switching VAR(1) process with a constant autoregressive matrix. The regime indicator function
(z¢) is driven, under the historical probability, by a homogeneous Markov chain and regime-shift
risk is not priced. Bansal and Zhou (2002) propose a bivariate (approximate) discrete-time Cox-
Ingersoll-Ross term structure model with regime shifts. In their modeling, (2;) is a homogeneous
Markov chain under the historical probability; the associated risk correction coefficient is assumed
equal to zero, and the provided term structure formula is based on a log-linear approximation
applied on the fundamental asset pricing equation. Our SVARN(p) Factor-Based Term Structure
Model relax all these assumptions.

Dai, Singleton and Yang (2006) propose a Gaussian discrete time model where the histori-
cal dynamics of the latent factor (z;) is described by a trivariate SVARN(1) process with non-
homogeneous regime-switching. They price regime-shift risk, and their factor risk correction coeffi-
cient generalizes to the case of multiple regimes the essentially affine specification of Duffee (2002).
In our approach, the historical dynamics of (x;) depends on several lagged values and on several
past non-homogeneous regime-indicators (z;) [the SVARN(p) process], we price regime-shift risk
and our specification of the factor risk correction coefficient extends to the case of multiple lags
that of Dai, Singleton and Yang (2006). Moreover, in the empirical analysis of SVARN(p) Factor-
Based Term Structure Models, we overcome their identification problems given that the factor (z;)
will be observable (yields at different maturities). In this general setting, we are able to derive
formulas, as well as for the yield curve and for the price of derivatives, with simple analytical or
quasi explicit representations.

The second famity of models we study in the paper, based on the (scalar and vector) Switch-
ing Autoregressive Gamma process® of order p, implies the positivity of the yields for each time
to maturity, and regardless the latent or observable nature of the factor (z;). The Switching
Autoregressive Gamma (SARG) and the the Switching Vector Autoregressive Gamma (SVARG)
Factor-Based Term Structure Models of order p give the possibility to replicate complex nonlin-
ear (historical and risk-neutral) factor dynamics and provide explicit or tractable formulas for
zero-coupon bond and derivative prices. In a related study, Bansal and Zhou (2002) propose an

5The Autoregressive Gamma (ARG) process is a Car process, and the ARG(1) specification is the discrete-time
counterpart of the Cox-Ingersoll-Ross process [see Gourieroux and Jasiak (2006), Cox, Ingersoll, and Ross (1985)].



(approximate, scalar and bivariate) discrete-time Cox-Ingersoll-Ross term structure model with
regime shifts. We extend the Bansal and Zhou (2002) framework in several directions; we use
the exact discrete-time equivalent of the CIR process (with switching regimes) generalized to an
autoregressive order p larger than one; we allow for a non-homogeneous historical transition matrix
for (z;); we price the regime-shift risk, and we provide an exact yield-to-maturity formula [in Bansal
and Zhou (2002), (z;) is an homogeneous Markov chain, the associated risk correction coefficient
is assumed equal to zero, and the term structure formula they provide is based on a log-linear
approximation applied on the fundamental asset pricing equation].

In a recent paper Dai, Le and Singleton (2006) propose a (discrete-time multivariate) condition-
ally Gaussian term structure model with stochastic volatility. Under the risk-neutral probability,
the (multivariate) stochastic volatility factor is described by a particular VARG(1) process with
conditionally independent components. The switching vector Autoregressive Gamma process we
use to describe the risk-neutral dynamics of the factor (z;), in the SVARG(p) Factor-Based Term
Structure Model, presents three generalizations with respect to their specification: a) we consider
an autoregressive order p in general larger than one; b) conditionally to the present and past values
of x; and z;, there is dependence between the components of the factor z441; ¢) the historical and
risk-neutral dynamics of x;,1 is affected by switching regimes.

The plan of the paper is as follows. In Section 2, we present the Index-Car(p) processes. This
family of processes is developed in a univariate and multivariate setting, with and without Switch-
ing Regimes. In particular, we study the (scalar and vector) Autoregressive Gaussian of order p
models and the (scalar and vector) Autoregressive Gamma of order p models, under single-regime
and regime-switching specifications. Then, this class of processes is used, following the SDF mod-
eling principle, to the derive the SARN(p) and the SARG(p) Factor-Based Term Structure Models,
and their multivariate generalizations. In Section 3 we study the SARN(p) and the SVARN(p)
specifications, we derive the Generalized Linear Term Structure formulas and we specify the his-
torical and risk-neutral dynamics of the yield curve processes. These results are given for a latent
or an observable factor. We discuss the propagation of shocks on the interest rate surface, and we
present a two-step estimation procedure for a SVARN(p) Factor-Based Term Structure Model with
observable factor. The second step of this estimation methodology is based on a generalization
of the Kim’s smoothing algorithm. Section 4 deal with the SARG(p) and the SVARG(p) Factor-
Based Term Structure Models. Here, regardless the observable or latent nature of the factor (z;),
we derive the Generalized Linear Term Structure formulas and the yield curve processes, and we
guarantee the positivity of the yields for each time to maturity. Then, the pricing methodology
proposed in Sections 3 and 4, for zero-coupon bonds, is generalized in Section 5 to the case of
interest rate derivatives. Section 6 concludes and appendices gather the proofs.

2 Laplace Transforms, Car(p) Processes and Switching Regimes

It is now well documented [see e.g. Darolles, Gourieroux and Jasiak (2006), Gourieroux and
Jasiak (2006), Gourieroux, Jasiak and Sufana (2004), Gourieroux and Monfort (2006a), Gourieroux,
Monfort and Polimenis (2003, 2006), Pegoraro (2006), Polimenis (2001)] that the Laplace transform
(or moment generating function) is a very convenient mathematical tool in many financial domains.
It is, in particular, a crucial notion in the theory of Car(p) processes [see Darolles, Gourieroux and
Jasiak (2006) for details].



2.1 Definition of a Car(p) process

Definition 1 [Car(p) process]: A n-dimensional process & = (Z;, ¢ > 0) is a compound autore-
gressive process of order p [Car(p)] if the distribution of ;11 given the past values &; = (Z¢, Z4—1,. . .)
admits a real Laplace transform of the following type:

E [exp(W/Tey1) | @] = FEilexp(u/Teq1)]

N (1)
= exp [dl(u)'aﬁt b (u) Fe1—p + b(u)] , ueR",

where a;(u), i € {1,...,p}, and b(u) are nonlinear functions, and where a,(u) # 0, Vu € R™. The
existence of this Laplace transform in a neighborhood of u = 0, implies that all the conditional
moments exist, and that the conditional expectations and variance-covariance matrices (and all
conditional cumulants) are affine functions of (&}, &} _1,..., %11 _)-

2.2 Univariate Index-Car(p) process

An important class of Car(p) processes are the Index-Car(p) processes, which are built from a
Car(1) process. In this section we consider a univariate process x; and the multivariate case will
be considered in Sections 2.6 and 2.7.

Definition 2 [Univariate Index-Car(p) process]: Let expla(u)y; + b(u)] be the conditional
Laplace transform of a univariate Car(1) process y;, the process x; admitting a conditional Laplace
transform defined by:

E [exp(uzrss) | 21] = exp la(u)(Brs + .. + Bpeg1—p) +b(w)] , u € R, (2)

is called an Univariate Index-Car(p) process.

Note that, if y; is a positive process and if the parameters f1,..., 3, are positive, the process x;
will be positive.
Using the notation 8 = (61,...,0,)" and Xy = (x4, 24—1,...,%44+1-p), the Laplace transform

(2) can be written as:
E [exp(uzii1) | z¢] = exp [a(u)B' Xy + b(u)] . (3)

2.3 Examples of Univariate Index-Car(p) processes

a. Gaussian model

If y; is a Gaussian AR(1) process defined by:

Yt+1 =V + pYt + €141

where ¢;,1 is a gaussian white noise distributed as N'(0,0?), the conditional Laplace transform of
Ye+1 glven yy is:

2
E [exp(uyss1) | y] = exp {Upyt +uv + %uz] .

The process is Car(1) with a(u) = up and b(u) = uv + ”—;uQ. The associated Index-Car(p) process
has a conditional Laplace transform defined by:

2
E [exp(uath) \ﬁ] = exp [up(ﬂlxt + .+ BpTiqp1—p) Fur + %uz} :

4



so, using the notation ¢; = p3;, we see that x;y; is the Gaussian AR(p) process defined by:
Top1 =V 4+ 10 + oo OpTip1p + Erg1 (4)
and its conditional Laplace transform becomes:
E [exp(uztt1) | 3] = exp [ugo’Xt + uv + ”—;uQ , (5)

where ¢ = (p1,...,¢p)".

b. Gamma model

Let us now consider an autoregressive gamma of order one [ARG(1)] process ;. The conditional
Laplace transform is [see Gourieroux and Jasiak (2005) for details]|:

B [expluyerr) ] = exp |12 3 — viog(1 —upn)| , p>0,4>0,0 >0,

and it is well known that, given y;, y;+1 can be obtained by first drawing a latent variable U;4
in the Poisson distribution P(p—ff) and, then, drawing YL in the gamma distribution (v + Up41).
The process y;+1 is positive and the associated Index-Car(p) process ;41 is also positive. The
conditional Laplace transform of this process is:

E [exp(uzian) |z1] = exp |12 Bz + .+ Bpirp) — vlog(l - up)| |

with 3; >0, for i € {1,...,p}, or using the same notation as above:

B [exp(utian) | 21] = exp |20/ X, — vlog(1 — up)] . (6)
Similarly, given Xy, 2411 can be obtained by drawing Uy, 1 in P(“D/ft) and mt—;l in y(v+ Ug1).
It easily seen that the conditional mean and variance of z;,1, given x4, are respectively given by
v+ @' Xy and vp? + 2u¢’ Xy; so, the process x4, 1 has the weak AR(p) representation:

Ty =vp+ @' Xp + e, (7)

where €41 is a conditionally heteroscedastic martingale difference, whose conditional variance is
vu? + 2u¢’ Xy; the process is stationary if and only if ¢’e < 1 [where e = (1,...,1) € RP] and,

. . . .. . . 2 2 ‘e
in this case, the process ;11 has finite unconditional variance given by vu® + 2vp* = e - The
v

1—p'e:

unconditional mean of x;y1 is given by

2.4 Univariate Switching regimes Car(p) process

Let us first consider a J-state homogeneous Markov Chain z;,1, which can take the values e; € R/,
j €{1,...,J}, where e; is the " column of the (J x J) identity matrix. The transition probability,
from state e; to state e; is w(e;, ej) = Pr(zi41 = e; | 2 = ;). It is first worth noting that 2.1 is a
Car(1) process.

Proposition 1 : The Markov chain process 241 is a Car(1) process with a conditional Laplace
transform given by:

Elexp(v'zi41)] 2] = exp(az (v, 7)'z) (8)



where

/

J J
a,(v,m) = |log Zexp(v'ej)ﬂ(el, e)|,...,log Zexp(v'ej)ﬂ(ej, e;) ,
j=1 j=1
[Proof : straightforward].
Let us now consider a univariate Index-Car(p) process with a conditional Laplace transform
given by exp [a(u)' X; + b(u)], and let us assume that b(u) can be written:
b(u) = blu)\ where
i (9)
bu) = (b1(u),...,bp(u)) and X = (Aq,..., A\p) .

We can generalize this model by assuming that the parameters \; are stochastic and linear
functions of Z; = (z,... ,z{_p)’ . More precisely, we assume that the conditional distribution of
T¢y1 given x; and 2441 has a Laplace transform given by:

Elexp(umiy1)| o, ze41] = exp [a(u)ﬁ’Xt + Z;(u)’AZt] , (10)

where A is a [m, (p + 1)J] matrix. Note that we assume no instantaneous causality between ;41
and z;y1 and we admit one more lag in Z; that in X; [examples given in Section 2.5 show that
this assumption may be convenient]; if the process z; is not observed by the econometrician the no
instantaneous causality assumption is not really important at the estimation stage since we could
rename z; as zyy1, however it will be useful at the pricing level in order to obtain simple pricing
procedures [Dai, Singleton and Yang (2006) also make this kind of assumption]. The joint process
(%441,2,,,) is easily seen to be a Car(p + 1) process.

Proposition 2 : The conditional Laplace transform of (z¢y1,2;,,)" given x;, z has the following
form:

B [exp(uzpir +v'z) |z w1] = exp {a(w)8'X; + | @ ax(o.m) +b(uVA| Zi ), (1)

where e; is the first component of the canonical basis in RP*!, and where ® denotes the Kronecker
product [Proof : straightforward].

2.5 Examples of Univariate Switching regimes Car(p) processes
a. Gaussian case

Let us start from the AR(p) model (4). Its conditional Laplace transform is given by (5):
E [exp(uzii1) | 2] = exp [ugo’Xt +uv + U—;uz} ,
and the function b(u) has the form (9) with b(u) = (u, “72) and \ = (v,0?).
If X is replaced by AZ;, the joint process (z441,2;,,)" is Car(p + 1) with a conditional Laplace

transform given by:

E [exp(uzii1 + v'ze41) | 26, 2 | = exp [uga’Xt + (u, “2—2) AZy+a,(v, 7))z - (12)

6



. . . . N
More precisely, the dynamics is given by [using the notation A = ( )\’;>]:

Tip1 = Ny Ze + @' Xt + (Mo Ze)Y2ei41 (13)

where g4, is a gaussian white noise distributed as N'(0,0?), Z; = (2},...,2_,) and z is a Markov
chain such that Pr(z11 =e;j |2z = €;) = mw(e;, €;).
In particular, let us consider the case:

A= (1’_901""’_30,”)@”* (14)
el ® o*?
and v* = (i, ...,vy), o = (032, .. ,af’}z), the conditional distribution of x;11 given z; and 24

is the one corresponding to the switching AR(p) model defined by:

T — v =01 (@ — v se1) o o (T — VY 2p) + (0% 2)Ers - (15)
b. Gamma case

Let us now start from the ARG(p) process associated with the conditional Laplace transform

(6):

E [exp(uzts1) | z¢] = exp [1_Wg0’Xt —vlog(l —up)| .

Here we have b(u) = —log(1 — ug) and A = v. If v is replaced by AZ;, where AZ; > 0, the process
x4 has, conditionally to the process z;, a weak AR(p) representation given by:

Tip1 = pAZy + o120 + oo+ OpTepi—p + Gt s (16)

where (11 is a conditionally heteroscedastic martingale difference. For instance, we can take :

/

A=¢e®—, (17)

=

where 0/ = (91,...,05), 7; > 0. We have AZ; = %/zt and, conditionally to the process z;, the
process x; has a weak AR(p) representation given by:

T =0'ze+ 1@ + .0+ OpTepi—p + G- (18)

It is also possible to consider a A of the form (1, —¢1,..., —¢,) ® %/ if min(7;) > max(7;) Z;le O,
since in this case AZ; = % (15’ 2 — Z;‘le ;i v’ zt_z-) > 0. The weak conditional AR(p) representa-

tion is then given by:

Ti41 — D/Zt = ¥Y1 (a;t — ﬂ’zt_l) 4+ ... + QDP (IL’H_l_p — ﬂ’zt_p) + Ct—i-l . (19)

2.6 Specification of multivariate Car(1) processes

In order to have simple notations we will consider the bivariate case, but all the results are easily
extended to the general case. A bivariate Car(1l) process y+ = (yi+,y2+)" will be defined in a
recursive way. We consider two univariate exponential affine Laplace transforms :

exp [a1 (u1)wi ¢ + b1 (u1)] ,
(20)
and  exp [az(u2)wat + ba(u2)] .

7



Then, we assume that the conditional distribution of y; ;41 given (y2,4+1, Y1+, Y2,) has a Laplace
transform given by :

Eilexp(uiyr,i41) | Y2,041, Y1, y2i) = exp [a1(u1)(Boy,e+1 + Briyre + Brayee) +bi(ur)]  (21)

and the conditional distribution of y;4+1, given (y1,4,y2+¢), has a Laplace transform given by

Eifexp(uayz,i1) | y1,e: y2,e] = exp [az(u2)(Ba1y1,e + Baayae) + ba(u2)] - (22)

Note that, if the Laplace transforms (20) correspond to positive variables and if the parameters
0o, B11, P12, P21, P22 are positive the bivariate process y; has positive components. Moreover, we
have the following result :

Proposition 3 : The bivariate process y; defined by the conditional dynamics (21), (22) is a
bivariate Car(1) process with a conditional Laplace transform given by :

Elexp(u1yi 41 + vay21+1)| Y16, Y2,e) = exp{[ai(w1)Bi1 + az(ug + ai(u1)8o)B21]y14

+[a1 (u1)Biz2 + az(ug + a1 (u1)Bs) Ba2)y2r  (23)

+b1(u1) + ba(ug + a1(u1)B,)}

[Proof : see Appendix 1].

2.7 Specification of multivariate Index-Car(p) processes

We consider a bivariate process Z; = (x1, xg,t)’ and we introduce the notations : X1t = (x14,...,
Z141-p) s Xot = (T24, ..., T2¢41-p) . Given the univariate Laplace transforms like (20), a bivariate
Index-Car(p) is defined in the following way.

Definition 3 : A bivariate Index-Car(p) dynamics is defined by the conditional Laplace transforms:

Eylexp(uimyisn) | w2001, P10, T2.] = exp a1 (un) (Bom,e41 + B11 X1t + B2 Xoe) + b1 (u)]

Eylexp(uawa 1) | 21,6, 224] = exp [az(u2) (85 X1e + £ Xot) + ba(u2)]

(24)
where the 3;; are p-vectors. It is easily seen that the process 7 is a Car(p) process with a conditional
Laplace transform given by (23) in which y1,¢ is replaced by Xi; and y2 ¢ by X9 and the 3;; by the

" ie.
2]7
E[exp(w/Zi41) | 2] = exp{a1(u1)Bi1 + az(uz + a1(u1)Bo) B8] X1

+la1(u1)Biz + az(uz + a1(u1)B,)Ba2] Xot (25)

+b1(u1) + ba(uz + a1 (u1)Bo)} -

From the properties of Car(p) processes we get a representation of the form:

/ /
T4l = Q1+ aoT241 + X + @ Xop + €1041
(26)
/ /
Totr1 = Qo+ a21X1t + Oz22X2t + 2,441



where the errors terms satisfy :

Ele1 441 | w2441,2] = 0
(27)
Eleg 11 | 7] = 0;
in particular, we get
Ele1q1 |24 ] =0
Elea 11| 2] =0
Cov(erii1,€21+1) = Ele11180,641 | Tt) (28)

= Elesir1B(e141 | w2041, %1) | 4]

= 0.

So, the error terms are non correlated, conditionally heteroscedastic, martingale differences. In
particular, in the stationary case, €1+ and €2 are uncorrelated weak white noises and (26) is a
weak recursive VAR (p) representation of the process ;.

In the rest of the paper we will consider two important particular cases.

a) Normal VAR(p) or VARN(p) processes

In this case the conditional distributions defined by (20) are gaussian, with affine expectations and
fixed variances. In other words:

2,2
agiu

ar(ui) = pruy, bi(uy) = viug + —52

(29)
2,,2
a2(U2) = pauz, b2(u2) = Uolis + 022u2

Using the notations ¢, = p18,, ¥11 = p1B11, Y12 = p1Bi2, Y21 = p221, P22 = p222, we have the
following strong VAR (p) recursive representation for the process @y = (z1,4, 22¢)":

Tigpr = Y1+ Potoi+1 + 011 X1 + @19 Xor + 011041
(30)
o1 = Vo + @h X+ 0hXor + 02241,

where 7 = (n1,4,7m2+)" is a bivariate gaussian white noise distributed as N(0, Iz), where I denotes
the (2 x 2) identity matrix.

b) Gamma VAR(p) or VARG (p) processes

In this case we have:

ar(ur) = {5 bi(ur) = —vilog(1l — uypn)
(31)
az(uz) = {52, by(uz) = —vzlog(1l — ugps),

and the process ©; = (14, 22+)" has the following weak VAR(p) representation (using the same
notation as above, and where all the parameters are positive):

Tigpr = Vi + PoT241 + @1 X + @19 Xor + &1e11
(32)
Topr1 = Vopt2 + @y Xu + P Xor + o641

9



where &1 ; and & are non correlated, conditionally heteroscedastic, martingale differences. The
conditional variances of {1441 and &2;41 are given by:

Vigi |8] = vipd +2u[po(vaps + Oy X + ©ha Xor) + ©h1 X1t + 012 Xod]
(33)
Vg | T = vopd + 2p2(0h Xue + ©ho Xor) -

It is important to stress that the components of this VARG(p) process are positive®.

2.8 Switching Multivariate Index-Car processes

Switching regimes can be introduced in a multivariate Index-Car(p) model using a method ex-
tending the one retained in the univariate case. If we assume that the functions by (u1), ba(us2)
appearing in definition 3 can be written, respectively, as by (u1)’A; and ba(uz)’ A2, and if we replace
A1 and Ao, respectively by A1 Z; and AyZ;, we obtain the following conditional Laplace transform
for the distribution of (21 ¢41, %2141, 2e+1) given (14, Tay, 2¢):

Elexp(u11, 41 + oo 41 + v ze41)| T1,ts T2t 2]
= exp {[a1(u1)B11 + az(u2 + a1(w1)B,) B21] X1t
+[a1(u1)Br2 + az(uz + a1(u1) Bo) Baz] Xo
+e} ® az(v, ) + by (ur) Ay + ba(us + a1(U1)ﬁo)’A2]Zt} :

where a, (v, ) is given in Proposition 1. So we obtain a multivariate Car(p 4+ 1) process.

Proposition 4 : The Laplace transform of (x1¢11, 2241, 2¢41), conditionally to (x1,, %2, 2¢), has
the form given in (34) and the process (14, %2y, 2¢) is Car(p + 1).
2.9 Examples of Switching Multivariate Index-Car processes

a. Gaussian case

Taking

N |>—t§m

).
).

0_2 ~
ai(u1) = pru, bi(ur) = riug + %u%, b (uy) = (u1,

N |m§m

o2 ~
ag(ug) = paug, ba(uz) = voug + Fu3, ba(ug) = (U%

/ !/
() ()
12 22

and using the notations ¢, = p15,, Y11 = p1511, P12 = P1512, P21 = P21, Y22 = p222, We obtain
the Switching VARN(p) model:

T = NiZi+ oot + O Xu + 0o Xor + (Mo Ze) Y1441
(35)
Tour1 = NpZi+ O X+ ehy Xor + (Mo Z0) Y 241

5In a recent paper Dai, Le and Singleton (2006) propose a multivariate conditionally Gaussian term structure
model where nonlinearities are introduced in the (latent) state-factor (historical and risk-neutral) dynamics by means
of stochastic volatility factors; the joint risk-neutral dynamics of these volatility factors is described by a particular
VARG(1) process with conditionally independent components [¢, = 0 in our system (32) notation].
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where 7, = (11,4,72,¢)’ is a gaussian white noise distributed as N'(0,I2), Z; = (z;,...,2_,)", and
where z; is a homogeneous J-state Markov chain with transition probability m(e;,e;). Note that
(35) can also be written as:

Ti1 = NaZi+ G Xa+ FlaXon + oMy Z) Y0 1 + (Mo Zo) Y201 041
(36)
Toti1 = Ny Zi+ ohi Xt + ¢ho Xor + (Moo Ze) V202441,
with A1 = A1 + @odat, P11 = @11 + o1, P12 = P12 + Pop22 or, with obvious notations
~ 5 o / Z)1/2 90()\, Z)1/2
—\NZ X ( 124t 0 N2241 .
Tt4+1 ¢+ ¢t 0 Ny Zy) 1/ Ni+1 (37)
b. Gamma case
If we take
ar(ur) = {2, bi(ur) = —vilog(l — uypm), bi(ur) = log(1 — uy ),
ag(ug) = 7222, by(ug) = —valog(1 — ugpa), ba(uz) = log(l — uzpa),
we obtain the positive Switching VARG(p) model
Tiep1 = N Ze+ @or2pi1 + @11 X + @1 Xor + 141
(38)
Topr1 = HaNSZy + o Xup + o Xor + o041

where &1; and £»; are non correlated, conditionally heteroscedastic, martingale differences, the
conditional variances being respectively given by:

Vg | 2] = A Zuyd + 20 [@o(Ay Zepg + oy X1t + 0y Xor) + 041 X1t + 15 Xof]
(39)
Vigosr | 2] = AMyZyp3 4 2ua(9h X1t + ©hy Xor) -

3 Switching Autoregressive Normal (SARN) Factor-Based Term
Structure Model of order p

We first consider the case of univariate latent factor; the observable factor case and the multivariate
case will be discussed, respectively, in Sections 3.7 and 3.8.

3.1 The historical dynamics

The first set of assumptions of a SARN(p) Term Structure model deals with the historical dynamics.
We assume that the historical dynamics of the latent factor z; is given by

Tp1 = V() +oi(Z)re+ .o+ op(Ze)xipi—p + 0(Z)ertr (40)

where ;11 is a gaussian white noise with N(0,1) distribution, Z; = (zf,..., 2z_,)", and 2 is a
J-state non-homogeneous Markov chain such that P(zi41 = €|z = ej;2) = m(es,ej; Xy) (e is

11



the " column of the identity matrix I;) and X; = (24,...,2441-p). Equation (40) will be also
written
Tier = v(Z) +o(Z) Xe + 0(Ze)ersa, (41)

where ¢(Z;) = (p1(Z¢), ..., ¢p(Z;))'. This model can also be rewritten in the following vectorial
form:

Xt+1 = @(Zt)Xt + [I/(Zt) + U(Zt)EH_l] eq (42)
where -~ -
©1(Ze) ... op(Zt)
1 0 0
o(z)=| O 1 !
0 o1 0

is a (p x p)-matrix, and where e; is the first column of the identity matrix I,,. Note that, since the
coefficients ¢; are allowed to depend on Z; and since the Markov chain z; may not be homogeneous,
the dynamics of (x4, 2¢) is not Car in general.

3.2 The Stochastic Discount Factor

The second element of a SARN(p) modeling is the SDF. We denote by M; ;1 the stochastic
discount factor (SDF) between the date t and ¢t + 1 and in order to get time-varying risk-premia
we specify it as an exponential affine function of the variables (x4y1, 2¢+1) but with coefficients
depending on the information at time t. More precisely we assume that:

Mt,t+l = exp [—C/Xt — d/Zt + F(Zt, Xt) Et+1 — %F(Zt, Xt)2 — (5(Zt, Xt)/zt-i-l] s (43)

where I'(Zy, Xi) = v(Zy) + 7' (Z) Xy and 6(Zy, Xy) = [61(Z4, X4), ..., 05(Zs, Xt))'. Our specification
of the factor risk correction coefficient I'(Z;, X;) extends to the multi-lag case the regime-switching
essentially affine specification proposed by Dai, Singleton and Yang (2006). Bansal and Zhou
(2002) assume a market price of factor risk proportional to factor volatilities (completely affine
specification)”. Duffee (2002) and Dai and Singleton (2002) show that, among single-regime con-
tinuous time term structure models, essentially affine specifications for the market price of factor
risk explain dynamic properties of yield curves better than the completely affine specifications of
multifactor CIR models. In Sections 6.6 and 6.7 we will find confirmation of this result and, in
Section 6.8, we will see how pricing the risk associated to the second lagged factor value is cru-
cial in explaining the long horizon Expectation Hypothesis Puzzle. Naik and Lee (1997), Bansal
and Zhou (2002) and Ang and Bekaert (2005) consider the j!-regime risk correction coefficient
0;(Z, X¢) = 0 for each j € {1,...,J}, while, pricing regime-shift risk, gives to our approach the
possibility to better fit interest rates dynamics [see Section 6.8].

It is well known that the existence of a positive stochastic discount factor is equivalent to the
absence of arbitrage opportunity condition and that the price p; at t of a payoff Wiy,1 at ¢t + 1 is
given by:

pt = E[M i i Wi | 1) = Ey[Myy 1 Wiga]

" A market price of factor risk is said to be essentially affine when it is proportional to both factor volatilities and
state-factors [see Duffee (2002), Dai and Singleton (2003)].
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where the information I;, available for the investors at the date ¢, is given by (x,2). More
generally, the price p; ) at t of an asset paying Wy, at ¢t + h is:

pen = Ei[Mygpr oo Mygph—1040Wign]

Using the absence of arbitrage assumption for the short-term interest rate between ¢ and ¢ + 1,
denoted by r;y1 and known at ¢, we get:

exp(—rit1) = Ep (M)
= exp[-dXy —dZ] x Z}]:1 7 (e, ej 3 X¢)exp [—0(Zy, Xi)'e;]
and assuming the normalization condition:
Sl m(eie; s Xo)exp[—0(Z, Xy)ej] =1 VZy, Xy, (44)

we obtain:

Tt4+1 = C/Xt + d/Zt . (45)

3.3 Risk premia
In this paper we will use the following definition of a risk premium.

Definition 4 : Let p; the price of a given asset at time ¢. The risk premium of this asset between
tand t 4+ 1 is wy = log(Eipr+1) — logpy — 141

Using this definition we obtain interpretations of the I' and § functions appearing in the SDF
which generalize that obtained by Dai, Singleton and Yang (2006).

Proposition 5 : The risk premium between ¢ and ¢+ 1 of an asset providing the payoff exp(—60x41)
att+1is:
wt(Q) = QF(Zt, Xt)O'(Zt) . (46)

Therefore, 0, I'(Z;, X;) and o(Z;) can be seen respectively as a risk sensitivity of the asset, a risk
price and a risk measure. [Proof : see Appendix 2.]

Proposition 6 : If we consider a digital asset providing one money unit at ¢t + 1 if 2,11 = e;, its
risk premium between ¢ and ¢t + 1 is given by :

wi(0) = 6;(Z¢, X) (47)

and the j"* component of § can be seen as the risk premium associated with the digital asset [Proof:
see Appendix 2].

We observe that, in general, the magnitude of the risk premium w;(6) is not just depending on
the currently observed values x; and z;, but it includes the present and past values of both factors,
that is, it is a function of the larger information represented by X; and Z;.

3.4 Risk-Neutral dynamics

The assumptions on the historical dynamics and on the SDF imply a risk-neutral dynamics. The
probability density function of the one-period conditional risk-neutral probability with respect to

the corresponding historical probability is % = exp(r¢+1) My ¢41. Note that using E;@ as the

My t41
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conditional expectation with respect to this risk-neutral distribution, the risk-premium w; can be
written log(Eipi+1) — log(E;@le).

Proposition 7 : The risk-neutral dynamics of the process (z, z;) is given by:
riv1 = v(Z) +9(Z)o(Zy) + [o(Ze) + 1(Ze)o(Ze)] X + 0(Ze)6rvr (48)

where {;11 is (under Q) a gaussian white noise with AV/(0, 1) distribution, and where Z; = (z,...,2_,)’,
z+ being a Markov chain such that:

Q(zt11 = €j | ze521) = 7 (21,5 3 Xy) exp [(—0(Ze, X)) ey] -
Note that, from (44), these probabilities add to one [Proof : see Appendix 3].

In order to get a generalized linear term structure we impose that the risk-neutral dynamics
is switching regime gaussian Car(p). Using (13), this impose that the dynamics has to satisfy the
following specification:

T = V24" X+ (07 Zy)6a (49)
where Z; = (2,...,2_,)', with z; a J-state Markov chain such that®
Q241 =ej |z =€) = 7" (e4,€5) . (50)

From Proposition 7, this implies the following restrictions on the historical dynamics and on
the SDF:

i) 0(Z;) = 0* Z, : the historical stochastic volatility must be linear in Zi;

it)
V*th — I/(Zt) .

7)) —
’Y( t) O_*/Zt

for a given historical stochastic drift v(Z;) and stochastic volatility o* Z;, the coefficient ~(Z;)
belongs to the previous family indexed by the free parameter vector v*.

iii)

vt —o(Zi)

:Y(Zt) - o' 7,

for a given historical stochastic slope parameter ¢(Z;) and stochastic volatility o' Z, the
coefficient vector 4(Z;) belongs to the previous family indexed by the free parameter vector

i)
™ (Zt7 ej X Xt)
0;(Zy, Xy) = log | ——————=:
3 %) ® [ (21, €5)
for a given historical transition matrix 7 (z,e;; X¢), the coefficient §;(Z;, X;) depends on
z only and belongs to the previous family indexed by the entries 7*(2,e;) of a transition

matrix.

8Ang and Bekaert (2005) also assume their counterpart to ¢* to be constant over time, and a homogeneous
(risk-neutral) transition matrix for (z:). Bansal and Zhou (2002) consider Q(zi4+1 = €; |2z = e;) = 7" (es,€;), but
they allow the risk-neutral autoregressive matrix to switch over time [¢*(z¢+1), in our notation] : this feature leads
their approach to use a log-linear approximation in order to find an explicit (approximate) pricing formula. This
kind of log-linear approximation, in a general equilibrium square-root term structure model, is also used by Wu and
Zeng (2005).

14



Note that condition 4v) implies that the risk premia coefficients 6;, j € {1,...,J}, cannot be all
positive [or all negative] since this would imply 7 (24, e; ; Xt) > (24, €5), V7 [or 7 (2, €55 X¢) <
7 (2¢,€5), Vj], which is impossible since Z;-]:1 (2,653 X)) = 25:1 (2, e;5) = 1. Also note that
condition iv) implies the normalization condition (44).

3.5 The Generalised Linear Term Structure

We have seen in the previous section that the risk-neutral dynamics is defined by relations (49),
(50); relation (49) can be rewritten:

Xip1 = Xy + [V*th + (0¥ Z1) &1 | @1 (51)
where ~ _
7 ©p
1 0 0
e = 0 1 0 |isa(pxp)— matrix,
0 1 0 |
X = (l’t, . 7xt+1—p),7

and where e is the first column of the identity matrix I,,.
Denoting by B(t,h) the price at ¢ of a zero-coupon with residual maturity h, we have the
following result.

Proposition 8 : In the univariate SARN(p) Factor-Based Term Structure Model the price at date
t of the zero-coupon bond with residual maturity A is :

B(t,h) =exp (C}, X¢ + D) Z) , for h > 1, (52)
where the vectors Cj, and Dy, satisfy the following recursive equations :

Cp=d¥Chq —c
) (53)
Dy =—-d+ Cl,h—l v* + %Clz,h—l o*? + Dy_1+ F(Dl,h—1)7

where (' ;1 denotes the first component of the p-dimensional vector Cj,_1, Dy ,—1 and Dy}, are,
respectively, the first J-dimensional component and the remaining (pJ)-dimensional component of
Dy_q,ie. Dy_q = (Dll,h—lvDé,h—l)/v Dy = (Dé’h_l,O)’, and where F'(Dy 1) = e1 ® a(Dy p—1,
), e1 being the vector (1,0,...,0) of size (p + 1) and a, is the J-vector given in Proposition 1;
o*2 is the vector whose components are the squares of the entries of o*. The initial conditions are
Co=0, Dy =0 (or C; = —¢, D1 = —d) [Proof : see Appendix 4].

For clarity we give again the expression of a,(Dj p—1,7) :

az(Dyp—1,7")

J J
= |log Zexp(DLh_lej)w*(el, e)|,...,log Zexp(DLh_lej)ﬂ*(eJ, e;)
j=1 j=1
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From Proposition 8 we see that the yields to maturity are:

1
R(t,h) = —ElogB(t,h)
(54)
c! D
= —#Xt—Tth, h>1.

So, they are linear functions of the p-dimensional vector X; and of the (p+ 1).J-dimensional vector
Z;. This means that, the term structure at date ¢t depends on the present and past values of x; and
2, and not just on their values in t. Moreover, we observe that there is, in general, instantaneous
causality between z; and z;.

3.6 The Switching VARMA yield curve process

The result presented in Proposition 8 describes, conditionally to X; and Z;, the yields as a de-
terministic function of the time to maturity h, for a fixed date . Nevertheless, in many financial
and economic contexts one needs to study the effects, of a shock in the state variables, on the
yield curve at different future times and for several maturities (e.g.: a Central Bank that needs
to set a monetary policy). This means that we are interested in the dynamics of the process
Ry =[R(t,h), 0<t<T, heH] for a given set of residual time to maturities H = (1,..., H).

If we consider a fixed h, the process R = [R(t,h), 0 <t < T'] can be described by the following
proposition.

Proposition 9 : For a fixed time to maturity h, the process R = [R(t,h), 0 < t < T'] is, under
the historical probability, a Switching ARMA (p, p — 1) process of the following type :

(L, Z)R(t+1,h) = Dp(L)U(L,Z) 241 + Ch(L) U(Z) + Ch(L)[(0% Z) ersn] . (55)
where
Cn(L) = —% (Cip+ CopL+ ...+ CppLP™h)
Di(L) = —% (Dyp+ DL+ ...+ Dyoy nIP)
V(I,Z) = 1—i(Z)L —...— op(Z)LP,

are lag polynomials in the lag operator L, and where the AR polynomial W(L,Z;) applies to ¢
[Proof : see Appendix 5.

Proposition 10 : For a given set of residual time to maturities H = (1,..., H), the stochastic
evolution of the yield curve process Ry = [R(t,h), 0 <t < T, h € H| takes the following particular
Switching H-variate VARMA (p, p — 1) representation:

R(t+1,1) C1(L) Di(L) Ci(L)
\I/(L, Zt) R(t + 17 2) = OQ(L) (U*th)Et—i—l + D2(L) \I’(L, Zt) Zt+1 + OQ(L) I/(Zt) .
R(t+1,H) Cu(L) Dy (L) Cu(L)

Similar results are easily obtained in the risk-neutral world.
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3.7 Endogenous case

In the previous sections the factor x; was latent. It is often assumed, in term structure models,
that the factor z; is the short rate process r;y1. In this case the previous results remain valid,
the only modification comes from the absence of arbitrage opportunity condition for ry11, which
imposes:

c=e,d=0, (57)

with e; the first column of the identity matrix I,,; consequently, the initial conditions in the recursive
equations of Proposition 8 become:

C’lz—el,Dle. (58)

Moreover, the Switching ARMA(p, p — 1) representation (55), or its analogous in the risk-neutral
world, could be used to analyse how a shock on &, i.e. on r41 = R(t,1), is propagated on the
surface [R(t+7,h), 7€ T, h€ H], where 7 ={0,...,T—t—1} and H = (1,..., H) (for instance
when the process z; is latent).

3.8 Multi-Factor generalization : the SVARN(p) Factor-Based Term Structure
Model

For sake of notational simplicity we consider the two factor case but an extension to more that
two factors is straightforward. The historical dynamics of @4 = (214, z2,)" is a bivariate SVARN(p)
model given by:

Tip1 = Vi(Ze) 4+ po(Zi)xa i1 + p11(Ze)' Xue + v12(Z1) Xor + 01(Zi)en 141
(59)
o1 = 12(Zi) 4+ pa1(Ze) Xt + po2(Ze)' Xoy + 02(Z1)ea 141
where €1 and e, are independent standard normal white noises, X1; = (14,...,%1441-p)
Xot = (w24, Tapr1-p)'s Zt = (24,---,2_p) , with 2, a J-state non-homogeneous Markov chain

such that P(z41 = € | 2 = e;;d4) = m(ei, ej; Xy), and where X; = (X},, X4,)’. The recursive form
(59) is equivalent to the canonical form :

T = (Zy) + o1 Ze) Xue + ¢12(2) Xow + 01(Ze)er i1 + @o(Ze)oa(Zy)e2 141
(60)
o1 = o Zy) + pa1(Z) Xue + p22(Z4) Xow + 02(Zy)e2 41,
where U1 = v1 + @ol2, P11 = @11 + Pop21, P12 = P12 T Pop2e Or, with obvious notations:
G1 = U(Z) +(Z0) Xy + S(Z)ersa (61)

where

S(Z) = [Ul(()Zt) %(itg;i)(Zt)}

Using the notation

N2 %) = [T1(2 X0, TalZ %))
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where T'i(Zy, X¢) = 7i(Zy) + 9:(Ze)' Xe, i € {1,2} and T(Zy, X;) = v(Z4) + T(Z0) Xy, with 7(Zy) =
1(Z4), 72(Z)], T(Zy) = [V1(Z1)',72(Z4)'], the SDF is defined as :

Myyyr = exp|—c¢ Xy —d'Zy+T(Z, Xy) er1 — 31(Z0, Xo)'T(Z4, X)) — 5(Zt7Xt),Zt+l] . (62)

Assuming the normalization condition (44) and the absence of arbitrage opportunity for r.y; we
get:
Tt41 = C/Xt + d/Zt . (63)

It is also easily seen that the risk premium for an asset providing the payoff exp(—0'Z11) at t + 1
is w(0) = 0'S(Z)T'(Zy, X;) and that the risk premium associated with the digital payoff I(;(z+1)
is unchanged.

Proposition 11 : The risk-neutral dynamics of the process (Z, z;) is given by:
B = 0(Z) + S(Z0V(Z) + [(2Zy) + S(Z)T(Ze, X)) Xt + S(Z1)érsn (64)

where &1 is (under Q) a bivariate gaussian white noise with N (0, I3) distribution, and where
Zy = (2,---,%_,)'s 2t being a Markov chain such that:

Qa1 = 5 26:80) = w21, 53 Ko exp (=02, K))'es]

[Proof : see Appendix 6.]

If we want to obtain a Switching bivariate Car process in the risk-neutral world, we must have
using (37) :

i)
O'l(Zt) = O'T Zt
oo(Zy) = b Z

0o(Zt) = ¥,

and, therefore,

ii)
Y(Z) = [S(Z)| v 2 — 0(Z)],

where v* is a (2 x (p + 1)J)-matrix.
iii)
[(Z) = [8@)7 e -0z,
where ®* is a (2 x 2p)-matrix.
i)

5j(Zt7Xt) = log liﬂ(thej;Xt)] .

(2, €5)
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The risk-neutral dynamics can be written:
Tip1 = ViZi+ OiXy + SH(Z)E
Tour1 = VZ+O5X,+ S3(Zy)6s
where v}, ®F, SF are the i row of v*, ®* S*, with i € {1,2}, or
Xt L X+ V2 + S](Zo)e) er + [ Z + S5(Z)€1) e

where e (respectively, epy1) is of size 2p, with entries equal to zero except the first (respectively,
the (p 4+ 1)) one which is equal to one, and

(@5, D]
R
d* =

T B

[0 ]

where @} = (%, %), @3 = (3, 3,), and where 0 is a [(p — 1) x p]|-matrix of zeros and I is a
[(p — 1) x pl-matrix equal to (I,—1,0), where 0 is a vector of size (p — 1).
The term structure is given by the following proposition:

Proposition 12 : In the bivariate SVARN(p) Factor-Based Term Structure Model the price at
date ¢ of the zero-coupon bond with residual maturity h is :

B(t,h) = exp (C;L X, + D) Zt) ,forh>1 (66)
where the vectors C}, and Dy, satisfy the following recursive equations :

Ch = ‘i)*lch—l —-C
Dy =—d + Cip1vi + Cpprnavs +5Cp_y (01 + @3203?) (67)

+ (Cra-1)(Cpr1n-1)@205% + $C2 1 103> + Dy + F(Dy 1),
where Dh—l and F(D; p—1) have the same meaning as in Proposition 8, and the initial conditions
are Cyp =0, Dp =0 (or Cy = —¢, D; = —d) [Proof : see Appendix 7].
So, Proposition 12 shows that the yields to maturity are:

Cr - Dj
R(t,h) = —=hXx,——"hz, h>1. (68)
h h
In the endogenous case we can take x1; = 1141, and x9; = R(t, H) for a given time to maturity H.

In this case the absence of arbitrage conditions for r.y; and R(t, H) imply:

(i)C1 = —e1, D1=0,0r c=e, d=0
(69)
(ZZ) CH = —H€p+1, DH =0.

19



Using the notations Cy, = (Cy 4, C5 1,s Cpt+1,0:Ca 1) C~'1,h = ( f;l,O)’, C~‘27h = ( 5;1,0)’ (where the
zeros are scalars), and Cp, = ( ~{ > C’é ,), it easily seen that the recursive equation Cj, = & C_1—c
can be written :

Ch =@} Crp1 + @3 Cpyrp-1+ Choy —c.

Conditions (¢) are used as initial values in the recursive procedure of Proposition 10, and condi-
tions (i7) implies restrictions on the parameters é*,yf,yi‘ which must be taken into account at
the estimation stage. Note that, the number of constrains is less than the number of additional
parameters appearing in the SDF and, therefore, the historical dynamics is not further constrained.

3.9 Estimating SVARN(p) Factor-Based Term Structure Models
3.9.1 Observable Factor Approach

The purpose of this section is to propose an estimation methodology for the Gaussian term structure
models presented above, in the case where the factor is a vector of yields at different maturities. The
observable nature of the factor has several important advantages. First, thanks to data, we are able
to detect stylized facts on interest rates which give us the possibility to justify the autoregressive
model with switching regimes we propose for the historical dynamics of (z;): indeed, a large
empirical literature on bond yields show that interest rates have an historical multi-lag dynamics
characterized by switching of regimes [see, among the others, Hamilton (1988), Garcia and Perron
(1996), Christiansen and Lund (2005), Cochrane and Piazzesi (2005)]. Second, observations on
the Gaussian-distributed factor lead to a maximum likelihood estimation of historical parameters
and, therefore, we are able to rank the models in terms of various information criteria. Finally, the
difference between directly observed and estimated factor values determine model residuals that
can be used to derive various diagnostic criteria.

Compared with this (multi-lag regime-switching) observable factor approach, the classical
continuous-time affine term structure approach a la Duffie and Kan (1996) and Dai and Singleton
(2000) has some different features [see also Dai, Singleton and Yang (2006)]. First, the factors are
in general assumed not observable and therefore justifications for the (historical) factors dynamics,
along with a precise econometric analysis of model residuals, are not possible. Second, in order to
reconstruct a time series of the latent factors, for an exact maximum likelihood estimation, prices of
some zero-coupon bonds are assumed to be perfectly observed in order to inverse the pricing equa-
tions [see Chen and Scott (1993) and Pearson and Sun (1994)]; this inversion technique depends
on the selected zero-coupon bonds and on their parameter values, which are not initially available,
and therefore the reconstructed time series are model-sensitive [see also Collin-Dufresne, Goldstein
and Jones (2005)]. Third, the class of Compound Autoregressive (Car) processes is much larger
than the discrete-time counterpart of the continuous-time affine class? [see Gourieroux, Monfort
and Polimenis (2006), and Darolles, Gourieroux and Jasiak (2006)].

3.9.2 Two-Step Estimation Procedure

The methodology we follow to estimate the parameters of our (observable factor) Gaussian switch-
ing regime term structure models is based on a consistent two-step procedure. In the first step, using
the observations on the endogenous factor (x;), the vector of historical parameters fp is estimated

9For instance, the discrete-time Gaussian VAR(1) process has a continuous-time equivalent if and only if there
exists a matrix ¢ such that ¢ = exp(—9).
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by the maximization of the likelihood function calculated by means of the Kitagawa-Hamilton filter
[see Hamilton (1994)]. In the second step, using observations on yields with maturities different
from those used in the first step, and for a given estimates of the conditional historical (regime-
dependent) variance-covariance matrix, we estimate the vector of risk-neutral parameters fg by
minimizing the sum of squared fitting errors between the observed and theoretical yields. The
latent variable Z; = (z,...,2—p)’, in the yield-to-maturity formula of the SVARN(p) model, is
extracted using smoothed probabilities, for each regime and each date, calculated with a general-
ization of the Kim’s smoothing algorithm [see Appendix 8 for the proof, and Billio and Monfort
(1998) for an equivalent result in a Kalman filtering setting]. Thus, we estimate g by nonlin-
ear least squares (NLLS) constrained by restrictions (69)-(ii) implied by the absence of arbitrage
opportunity on the long rate.

We denote by H* the set of maturities (except the short rate) used to estimate fp, and by H**
the set of remaining maturities used to estimate the vector of risk-neutral parameters g (different
from the historical parameters). The constrained NLLS estimator is given by :

é@ = Argming, S*(0g)

T
52(9(@) = Z Z [R(t7 h) - R(t7 h)]27

t=p heH** (70)

T
s.t. > Y [R(t,h) — R(t,h)]* =0,

t=p he H*

where R(t, h) and R(t,h) denote, respectively, the observed and model-implied yields in which 6p
has been replaced the maximum likelihood estimator and Z; by smoothed values. The constraints
in the minimization program (70) guarantees the absence of arbitrage opportunity on the yields
determining the factor (x;), with the exception of the short rate for which the arbitrage restriction
is automatically satisfied.

4 Switching Autoregressive Gamma (SARG) Factor-Based Term
Structure Model of order p

Like for SARN(p) models, we start the description of the SARG(p) modeling by the case of one
latent factor.

4.1 The historical dynamics

We assume that the Laplace transform of the conditional distribution of 1, given (x, z;), is:

E [exp(uzit1) |24, 2] = exp {m [p1(Ze)we + ... + pp(Ze)Te—pt1]
(71)
—v(Zy) log(1 — up(Zy, Xy))]
where Z; = (z;,...,21_,)", with 2; a J-state non-homogeneous Markov chain such that P(z41 =
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ej |z = eis ) = (e, e ;f(t), and where X; = (z¢,...,%44+1-p). Using the notation:
Alw; 0(Z1), (2, Xo)] = =tz e1(Ze), - 00 (Z0)] = ity o (Zh)
blu;v(Zy), w(Zy, Xe)] = —v(Zy)log(l — up(Zy, Xy)),
relation (71) can be written:
E [exp(umtﬂ) | x4, ,ﬁ] = exp{Alu;o(Z4), u(Zy, X1)|' Xt + blusv(Zy), u(Zy, X4)]} - (72)

The process (z;) can also be written:

ey = v(Z)(Ze, Xe) + p1(Z)we + oo+ op(Ze)Tep1—p + €01 -
= v(Z)(Z, Xo) + o(Ze)' Xi + €r41, ()
where €;11 is a martingale difference sequence with conditional Laplace transform given by:
E [exp(ueri1) |z, , 2] = exp{—ul[v(Z)u(Z, Xi) + o(Z:) X
+ Alu; p(Zt), 1(Ze, X)) Xt + blusv(Ze), p(Ze, Xi)]}
(74)
= exp {[A[u; o(Zt), (2, X3)] — up(Zy)]' X
+0[us v(Ze), 1(Ze, Xo)] — wv(Ze) p(Ze, Xp) }
Note that the dynamics of (x¢, z;) is in general not Car.
4.2 The Stochastic Discount Factor
In the SARG(p) model the SDF is specified in the following way:
M1 = exp{—dXy —d'Z + T(Zy, Xy)er1 + T(Ze, Xy) [V(Z0)1(Zs, X)) + o(Z1)' X4
— A[D(Zy, Xe);0(Z1), p(Ze, Xo)]' Xe (75)
—b[[(Ze, Xe);v(Z1), 1 Z, Xo)] = 6(Ze, Xo)' 204 }
where I'(Z;, X¢) = v(Z:) + 7' (Z) Xy, or, equivalently
My = exp{—dXy —d'Z +T(Z, Xy)xi01 — A[L(Z, X1);0(Z1), 1( 2y, X)) X -y
—b[[(Ze, Xe);v(Z4), 1 Zy, Xo)] = 6(Z1, Xi) 2441 } ()
Assuming the normalisation condition (44), we get that:
r1 =Xy +d 7. (77)
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4.3 Useful Lemmas

In the subsequent sections we will use several times the following lemmas. Let us consider the
functions:

a(us p,p) = T—— and b(u;v, ) = —vlog(l —up);
we have:
Lemma 1 :

a(u + a; p, p) — ala; p, p) = alu; p*, p*)
b(u+ o v, 1) — b(es v, p) = b(u; v, p1*)

_r
(1 —au)?’

I
1—ap’

with p* = w =

[Proof : see Appendix 9.
Lemma 1 immediately implies Lemma 2.

Lemma 2 :
Alu+ a;0(Z1), 1(Ze, Xo)| = Al p(Zy), i(Ze, X)) = Alw; 0 (Z1), 0 (Ze, Xi)]
blu+ a;v(Zy), p(Ze, Xe)| — bl v(Ze), i(Ze, Xi)] = blus v(Zy), p* (Zy, Xo)]

o(Zt)
(1 — ap(Z, Xt)]

w(Zs, Xy)
1- O‘:U(Ztv Xt) ‘

Wlth QO*(Zt) = 3 /L*(Zt,Xt) =

4.4 Risk-neutral dynamics

The Laplace transform of the risk-neutral conditional distribution of (x411,2¢41) is, using the
notation Ft = F(Xt, Zt)I

EPlexp(uzisr +v'z41)] = Eifexp [(u+ To)ms — AlLso(Ze), n(Ze, Xo))' X
—b[Zi;v(Zy), (2o, Xo)] + (v = (24, X4)) 241}
= exp{[(Alu+T;0(Z1), n(Ze, Xo)] — AlLe; 0(Z1), 1(Ze, X0)])' X
+blu+ T v(Z), 1(Ze, Xo)] = 0T v(Z1), (2, Xo)]]}

X Ejzl (2, €55 Xe) exp [(v — 0(Zs, Xy)) ey
(78)
and, using Lemma 2, (79) can be written:

Ellexp(uzirt +v'ze41)] = exp{Alu; 0" (Z0), 1" (Ze, X)) Xy + blu; v(Z0), 1w (Ze, Xo)]} -
79
x ST (2, ej 3 Xy) exp (v — 6(Ze, Xo))ej]

. ©(Zt) i Xi)
th ©*(Z,) = d p*(Ze, Xi) = :
with ¢*(Z) (1 —Tu(Zy, X1))? and p*(Ze, X2) 1 —Typ(Zy, Xt)
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So, from (72), we see that the risk-neutral conditional distribution of a1, given (x¢, 2), is in
the same class as the historical one and obtained by replacing ¢(Z;) with ¢*(Z;), and u(Zy, Xy)
with M*(Zt, Xt)

In order to get a generalize linear term structure we impose that the risk-neutral dynamics is a
switching regime Gamma Car(p) process. So, using the results in Section 2.5.b, we get that ¢*(Z;)
and p*(Z;, X;) must be constant, v(Z;) = v*' Z; and 7 (2, ¢ ; X¢) = 7 (21, ¢5) exp [(6(Zt, X1))'e; |-
Also note that p* must be positive as well as the components of v* and ¢*. This implies the
following constraint on the historical dynamics and on the SDF:

wW(Zy, Xe) = p[l = D(Ze, Xe)p(Zy, X))
©(Z4) = "1 =D (Z, X)) u(Zy, X4))?
I/(Zt) = I/*th

5;(Zi, X)) = log [M]

w*(zt,ej)

*

We see that p(Z;) = f*g w(Zy, X¢)?, so u(Z;, X;) must depend only on Z;, and therefore the same
is true for I'(Z;, X;). Finally, we have the constraint:

i)

1(Ze) = p*[1 = T(Z) pu(Ze)]
o(Zy) = ¢*[1— P(Zt)H(Zt)]2

I/(Zt) = I/*IZt

X
5j(Zt7Xt) = log [w] ;

(2, €5)
In particular, since p(Z;) = /% w(Z;)?, the random vector must be proportional to a deterministic
vector.
Moreover, it is easily seen that the risk premium corresponding to the payoff exp(—0z:41) at
t+411is:
wi(0) = {A[=0;0(Z), p(Z)] = Al=0; 0%, 1]} X,

+b[=0; 0" Zy, 1(Zy)] — D[—0; 0% Zy, pi¥] .

Like in the gaussian case, we obtain an affine function in X; also depending on Z;. The risk
premium associated with the digital asset providing one money unit at ¢t + 1 if 2,11 = e;, is still
given by (47).
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4.5 The Generalised Linear Term Structure
Let us introduce the notations:

A*(u) = A(u;¢, p)
C~1h = (CQ,hv v 7Cp,h7 0), :

As usual, B(t, h) is the price at ¢ of a zero-coupon bond with residual maturity h.

Proposition 13 : In the univariate SARG(p) Factor-Based Term Structure Model the price at
date ¢ of the zero-coupon bond with residual maturity h is :

B(t,h) =exp (C}, Xt + Dy, Z) , for h > 1, (81)
where the vectors Cj, and D, satisfy the following recursive equations :

C, = —C—i—A*(CLh_l) +C~'h_1
) (82)
D, = —-d-v* log(l — Cl,h—l,u*) + Dp_1+ F(Dl,h—l) ,

where [?h_l and F(D; j—1) have the same meaning as in Proposition 8; the initial conditions are
Co=0, Dy =0 (or C; = —¢, D1 = —d) [Proof : see Appendix 10].

Again, we obtain a generalised linear term structure given by:

! /
R(t,h) = —ﬂXt — &Zt, h>1, (83)
h h
and, in the same spirit of Propositions 9 and 10 for the univariate SARN(p) model [see Section 3.6],
it is easy to verify that the processes R = [R(t,h), 0 <t <T]and Ry = [R(t,h), 0<t<T, h e
H | are, respectively, a weak Switching ARMA(p, p — 1) process and a weak H-variate Switching
VARMA(p, p — 1) process.

In the endogenous case, where x; = 74,1, the previous results remains valid with C; = —e;, D1 = 0.

4.6 Positivity of the yields

Since 1441 = R(t,1) = ¢ Xy + d'Z;, and since the components of X; are positive, the short term
process will be positive as soon as the components of ¢ and d are nonnegative. The positiv-
ity of ry11 implies that of R(t,h), at any date ¢ and time to maturity h, because R(t,h) =
—2log E2lexp(—rip1 — ... —repn)]-

This positivity can also be observed from the recursive equations of Proposition 13. Indeed,
using the fact that p* and the components of ¢* and v* are positive and that 0 < 7;; < 1, it easily
seen that, for any u < 0, the components of A*(u) and —v*log(1 — C ,—11*) are negative and the
result follows.
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4.7 Multi-Factor generalization : the SVARG(p) Factor-Based Term Structure
Model

The bivariate process @ = (x14,22+) is a SVARG(p) model defined by the following conditional
Laplace transforms:

u
Eilexp(uiz1e41) | T2441, 14, 2] = exp {71 [900(Zt)$2,t+1 + o11(Z) X1 + 9012(Zt)/X2t]
— 1 —uip1(Zy)

—v1(Z) log(1 — uipn(Ze))}
(84)

U2 / /
e Zy) X1t + Z1) X
1= wara(Z0) [021(Z) X1t + p22(Z1) Xot] .

—v2(Z;)log(1 — uap2(Zy))} -

Eilexp(ugtaii1) |21, Top, 2] = exp{

We will use the notations:
vo(Zt) = Po,t »
[o11(Ze), p12(Ze)' | = Dy [921(Ze) s p22(Ze)' ] = 5
wi(Zs) = wie, vi(Zy) =vig, i €4{1,2},
and using the functions a, Z~), A, B defined in Lemma 1 and in Section 4.1, we will introduce the
notations: 3
art(ur) = a(ui; o, fi1,t)

bro(ur) = bui;vig, pig), bog(uz) = blug;voy, o)

Al,t(ul) = A(”l?@l,taﬂl,t)a A2,t(u2) = A(U2;902,tal$2,t)-
With these notations, the Laplace transforms (84) and (85) become respectively:

Eyexp(uiz1,i41) | 22,641, X145 2] = exp [al,t(ul)$2,t+1 + Agp(un) X + bl,t(ul)} ; (86)

Eilexp(ugtaiy1) |21, T2, 2] = exp [A2,t(u2)/Xt + bz,t(uz)] ; (87)
where X; = (X!,, X5,)'. Moreover, the joint conditional Laplace transform of (1411, 2,¢+1), given
(@10, T2, 21), I8

Eylexp(u1z1 41 + uazo41) | ¥14, T4, 2t |

(88)
— exp {[Al,t(ul) + Ao (uz + agg(ur))) X + by (ur) + boe(us + al,t(ul))}

The process z; is assumed to be a non-homogeneous Markov chain such that P(z41 = ej |z =
ei;@) = (e, €j i Xi).
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We now introduce the SDF"
M1 = exp{—c Xy —d'Z; + Tyars1 + Do

—[A14(T'1) + Az ¢(Tae + a14(T'1))) X (89)

— [b14(T1e) + by (Tos + a1 4(T1p))] — 0(Ze, Xi) 2611}
where I'yy = T'1(Z;) and 'y = I'9(Zy).

4.8 Risk-neutral dynamics in the multifactor case

We can now present, using the lemmas presented above, the joint conditional Laplace transform
of (21,441, 224+41) in the risk-neutral world in the following proposition.

Proposition 14 : The joint conditional Laplace transform of (x; 441, 22++41) in the risk-neutral
world is given by :

EPlexp(urm e + uaTa 1) | 210, 291,2] = exp {[A“{,t(w + A5 fus + af (w)]]' Xe

+ bg,t[W + a’{’t(ul)] + bit(ul)} )

(90)
where
AT,t(Ul) = Ar(ui; 014, 1) »
A5 plug +ai(u1)] = A [U2 + a(u1; whps 1 4); P51 M;t] )
bé,t[w + ait(ul)] = b [U2 + a(u; sOZt,u’f,t); Viktalizt] )
bik,t(ul) = BI(UH Uit B1e) 5
and with
or = Pot o, = Pt of = P2t
t — o o Pu T o o a3 P
° (1 — Ty pe)? (1= Ty pine)” {1 — [Por + a1,4(T1e) o}
u, = M1t M* _ Hat
1 (1 —Typre)” "2 {1 — [T + a1 (Do) o}

So, (90) has exactly the same form as (88) with different parameters. In other words the risk-neutral
dynamics belongs to the same class as the historical one [Proof : see Appendix 11].

In order to have a Car process in the risk-neutral world, we know from Section 2.9 that we
must have the following constraint between the SDF and the historical dynamics:
i)
M1t g x
1 —Tepae
©1t _ %
(1 = Tygpa1e)? 71
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iii)
Vl(Zt) = Vf Zt

Soot
(1 = Typp1e)?

M2t %
1 —[Por + a1+ (T1e)] peor 2
vi)
Pt _ 90*
(1 — [P + a14(T1e)]par)? 2

vii)
Vg(Zt) = I/ék Zt .

Moreover, the constraint on the dynamics of the Markov chain are the same as in the gaussian
case, namely:

viii)

N X
6;(Z, Xy) = log [M] )

(2, €5)

It is worth noting that, if there is no instantaneous causality between x1 ;41 and z2 41, that is if
wot = 0, function ay; is also equal to zero and constraint v) and vi) are simpler and become similar
to i) and 7).

4.9 The Generalized Linear Term Structure in the multifactor case
Using the notations:

aj(ur) = alus;¥p,pu),

Af(ur) = Alur; el p1),

As(ug) = Aluz; 3, 13),

Ch = (CopysCpny0,Cpiopy- .., Copp, 0),

we have

Proposition 15 : In the bivariate SVARG(p) Factor-Based Term Structure Model the price at
date t of the zero-coupon bond with residual maturity A is :

B(t,h) = exp (O}’l X, + D) Zt) , for h> 1 (91)

28



where the vectors Cj, and D, satisfy the following recursive equations :
Cr = —c+ A5(Cip-1) + A3[Cpy1n—1+ a(Crp—1)] + Chor
D, = —d — vilog(l—Cyp1pf) — vilog(l — (Cpp1p—1 + ai(Crp1))s) (92)
+ D1+ F(Dypo1),

where Dj,_; and F (D1 p—1) have the same meaning as in Proposition 8; the initial conditions are
Co=0, Dy =0 (or C; = —¢, D; = —d) [Proof : see Appendix 12].

So, Proposition 15 shows that, also for the SVARG(p) model, yields to maturity are linear functions
of Xt and Z;.

In the endogenous case, we can consider as factors the short rate r.1 and the long rate R(t, H),
for a given time to maturity H. Now, if we want to define a joint historical and risk-neutral
dynamics for these variables, compatible with the no-arbitrage opportunity condition, we have to
take into account domain restrictions on R(¢, H) : given that the support of r,4; is D1 = (0, + 00),
under A.A.O. the support of R(t,H) has to be Dy = [b,+ c0), for some constant b > 0 [see
Gourieroux, Monfort (2006b) for details]. Consequently, the bivariate SVARG(p) process Z;, being
with support D = Dy x Dy, will be specified for x1; = ry11 and xoy = R(t, H) — b, and the results
presented for the SVARN(p) case [see Section 3.8] will apply also in this case.

It is also easily seen that the risk premium of the payoff p;41 = exp(—6121141 —0222441) is:
wi(01,02) = {Ags[—02 + ar(=01)] + A1 s(—01) — A5[—02 + ai(=01)] — Aj(—61)} X,

+bo,t[—02 + a1,1(—01)] + b1,t(=01) — b5 [0 + aj(—01)] — b] ,(—01),

with )
bit(ur)) = —vf Zilog(l —uypd)

bre(u2) = —v5 Zilog(l — uzp3),
and the risk premium of the digital asset is still given by relation (47).

5 Derivative Pricing

5.1 Generalization of the recursive pricing formula

In the previous sections, thanks to the feature that the process (%, z¢) is Car in the risk-neutral
world, we have derived explicit recursive formulas for the zero-coupon bond price B(¢,h). In fact,
as noted in Gourieroux, Monfort and Polimenis (2003), the recursive approach can be generalized
to the case of other assets. In particular, given that Car processes have an exponential-affine multi-
horizon (complex) conditional Laplace transform, we are able to determine explicit or quasi explicit
pricing formula for interest rate derivative prices. Let us consider a class of payoffs g(XtJrh, Ziin),
(t,h) varying, for a given g function and let us assume that the price at t of this payoff is of the
form:

Pi(g,h) = exp [Ci(9)' Xi + Dil9)'Z1] - (93)
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It is clear that:

exp [Cilg)' X + Dul) 2]
= E; [Mt,t—i-l exp (Oh—l(g)/XHI + Dh—l(g)'ZtHﬂ

= exp(—c’Xt — d’Zt)E;@ [exp <C’h_1(g)’X}+1 + Dh_l(g)’ZtH)} :

so the sequences Cy(g), Dr(g), h > 1, follow recursive equations which does not depend on g and,
therefore, are identical to the case g = 1, that is to say to the zero-coupon bond pricing formulas
given in the previous sections. The only condition for (93) to be true is to hold for A = 1 and, of
course, this initial condition depends on g.

Formula (93) is valid for h =1 if g(X'tJrh, Zivn) = exp(ﬂ’XHh + ' Zs1 ) for some vector 4 and
v. Indeed, using the notations

~/ Y ! 4 AR
u Xt+l = U141 + 'LL_lXt
~! / /
v Zt+1 = V1Zt+1 + 'U_1Zt s
: / _ / / / _ / / .
with u’ ;= (ug, ..., u},,0), vy = (v),...,v,,0), we get:

Pt(ﬂ, 'l~); ].) = exp(—c’Xt — d,Zt + Ul_lXt + UI_IZt)
(94)
x B [exp (@41 + v 241)]

which, using the Car representation of (Zy41,2:+1) under the probability @Q, has obviously the
exponential linear form (93) and provides the initial conditions of the recursive equations. The
standard recursive equations provide the price P;(@,0;h) at date ¢ for the payoff exp(a’ XHh +
' Zyyp). So we have the following proposition.

Proposition 16 : The price P;(@, 0; h) at time ¢ of the payoff g(X'tJrh, Ziip) = exp(ﬂ’Xt+h+1§’Zt+h)
has the exponential form (93) where Cy(g) and Dp(g) follow the same recursive equations as in
the zero-coupon bond case with initial values Cy(g) and D;(g) given by the coefficients of X; and
Z,; in equation (94).

When @ and v have complex components, Py(u,v;h) provides the complex Laplace transform
E{[M i exp(t' Xoyn + 0 Ziip)).
5.2 Explicit and quasi explicit pricing formulas

The explicit formulas for zero-coupon bond prices also immediately provide explicit formulas for
some derivatives like swaps. Moreover, the result of Section 5.1, where @ and ¥ have complex
components, can be used to price payoffs of the form:

. N +
[exp(ﬂ'lXt+h + 0 Zen) — exp(Uy Xeyn + %Zurh)] )

like caps, floors or options on zero-coupon bonds. Let us consider, for instance, the problem to
price, at date ¢, a European call option on the zero-coupon bond B(t + h, H — h), then the pricing
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relation is :
(K, h) = Ey[Mygsn (Blt+h,H—h)— K)"']
(95)
= B [Mysn (exp[—(H — h)R(t +h, H — h)] = K)*]

and, substituting here the yield to maturity formula (68), for the SVARN(p) model, or formula
(91), for the SVARG(p) model, we can write :

; +
pe(K,h) = Ep | Mg (GXP[O}{_hXHh + Dy Zeyn) — K) }

= By [ Migan (0Ol Ko+ Dy Zeetl = K ) Uy 00ty 20 s K1)

= Et _Mt,t—i-h <eXp[C}{_hXt+h + D}{_th+h]> H[—C}{_hXt+h—D'H_th+h<—IOgKJ

—KFE,; |:Mt,t+h]1[_cgiihXt+h—D}I7hZt+h<— log KJ
= GiCH-n,Da—n,—CH—pn,—Dp—_p,—log K; h)

_KGt( 07 07 _OH—h7 _DH—h7 - lOgK7 h) )
(96)
where I denotes the indicator function, and where

Gy(to, o, 0,01, K3 h) = Ey [Mt,t-l-h (GXP[%XHh + 562t+h]) H[—ﬁ’l)?t+h—6’12t+h<K]]

denotes the truncated real Laplace transform which we can be deduced from the (untruncated)
complex Laplace transform. More precisely, we have the following formula [see Duffie, Pan, Sin-
gleton (2000) for details]:

Pt(a(h ,507 h)

Gt(a07607ﬂ’17617K;h) = 9

(97)
dy

1 /+°° [Im[Pt(ao + ity Yy, U + i01y; h)] exp(—iyK)
0

= J

where I'm(z) denotes the imaginary part of the complex number z. So, formula (96) is quasi explicit
since it only requires a simple (one-dimensional) integration to derive the values of G;.
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6 Conclusions

This paper has developed a general discrete-time modeling of the term structure of interest rates
able to take into account at the same time several important features : a) an historical dynam-
ics of the factor involving several lagged values and switching regimes; b) a specification of the
exponential-affine stochastic discount factor (SDF) with time-varying coefficients implying stochas-
tic risk premia, functions of the present and past values of the factor (z;) and the regime indicator
function (z;); c) explicit or quasi explicit formulas for zero-coupon bond (the Generalized Linear
Term Structure formula) and interest rate derivative prices; d) the positivity of the yields at each
maturity (in the Autoregressive Gamma framework), regardless the observable or latent nature
of the factor (z;). We have studied, in the Gaussian framework, the theory of SARN(p) and the
SVARN(p) Factor-Based Term Structure Models, providing a generalization of the recent modeli-
sation proposed by Dai, Singleton and Yang (2006). In the case of an observable factor (yields at
different maturities), we have presented a two-step estimation procedure based on a generalization
of the Kim’s smoothing algorithm. In the Autoregressive Gamma setting, we have proposed the
SARG(p) and the SVARG(p) Factor-Based Term Structure Models, extending several discrete time
CIR term structure models like Naik and Lee (1997) and Bansal and Zhou (2002).
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Appendix 1 : Proof of Proposition 3

Elexp(u1yi,e4+1 + u2y2,e41)| Y16, Y21
= LI |exp(ugyzi+1)E (eXP(U1y1,t+1)|&v y2,t+1) |&,&]

= explar () (Buyre + Biaya) + bi(un)] By [exp((us + ar (w)Bo)yzi) | e o
= exp [a1(u1)(Br1yre + Br2yas) + bi(ur)

+az(uz + a1(u1)Bo) (Ba1yi,e + Ba2ya,e) + ba(uz + a1(u1)B,)]
= exp {[a1(w1)B11 + az(uz + a1(u1)B,) Ba1]y1 4

Fla1(u1)Pra + az(uz + a1 (u1)Bo) Bazlyz,e + br(ur) + ba(uz + ai(u1)Bo)} -

Appendix 2 : Proof of Propositions 5 and 6

Proof of Proposition 5 : Let us first consider an asset providing the payoff exp(—60z4+1) at t+1;
the price at t of this asset is

bt = Et[Mt,t-l-l exp(—@xt+1)]
= exp [_Tt—i-l — QV(Zt) — OQO(Zt)/Xt — %P(Zt,Xt)2] X

Ey{exp [[['(Zs, X¢) — 00(Zy)] €141]}

= exp [—rm —0(Z)) — 0p(Z) Xy — O0(Z, X1)o (Z4) + %H(zt)] :

and
Eipiy1 = Eilexp(—0z4,1)]

= exp[-0v(Z;) — 0p(Z:)' Xi] %
Ei{exp[[-00(Z))] e11]}
= exp |-00(2) - 0p(Z) X + Go?(Z)|
Finally, from Definition 4, the risk premium is:
Wt(e) = HF(Zt, Xt)O'(Zt) .

Proof of Proposition 6 : Similarly, if we consider a digital asset providing one money unit at
t+ 1if 241 = ej, we get:

pr = EfMpiiilie;)(ze41)]
= exp[—ri1]exp[=0;(Z;, Xo)|m (21, €55 Xy)
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and
Epir = Eiflie;)(2e41)]

= 7T(Zt,6j ;Xt) .

Therefore, applying Definition 4, the risk premium is :

wt(O) = (5]'(Xt, Zt) .

Appendix 3 : Proof of Proposition 7

The Laplace transform of the one-period conditional risk-neutral probability is:
EPlexp(uzisr + v'ze41)]
= Ed{exp[[(Zy, X¢) €141 — %F(Zt,Xt)2 — 8 (Zy, X)) 241
+ulv(Zy) + o(Ze) Xe + 0(Zi)ers] + vz}
= exp{ul¢(Z) X + (2, X4)o(Zy)] + w(Zy) + 3u0(Z,)*} x
S 7 (zes Xo) exp (v — 6(Zy, Xy)'e]
= exp {u[@(Ze) +7(Z1)o(Z0)) X + u[v(Ze) +v(Z)o(Z0)] + guPo(Z,)* ) x

Z}]:l 7 (2, €53 Xe)exp [(v — 0(Z, X)) e;]

Therefore, we get the result of Proposition 7.
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Appendix 4 : Proof of Proposition 8
Assuming that (52) is true for h — 1, we get:

B(t,h) = exp(C,X:+ D} Z;)
= exp(—141) EC [B(t+1,h — 1)]
= exp[—¢X; — d'Z] B [exp (C)_ Xps1 + Dy Zit1)]
= exp[-dX; —dZ x

ER [exp (Chy [0 X+ (v + 07 Ze&oan ) 1| + Dl sz + D1 %)
/ ! ~ /
= exp |:(q>* Ch_1— C) X + (—d + Ol,h—ly* + %Cih_IU*Q + Dh—l) Zt:| X
EtQ [exp <D£7h_1Zt+1):|
B /
= exp { (q)* Cho1— C) X +

~ /
[—d + v+ 5CF 10" + Dy + F(Dl,h_l)] Zt} :

and the result follows by identification.
Appendix 5 : Proof of Proposition 9
Using the lag polynomials:

1 _
Ch(L) = _E (Ol,h+c2,hL+ —I—Cp7th 1)
1
Dh(L) = _E (Dl,h + DQJLL +...+ Dp_;_l’th)
\I/(L, Zt) = 1- gOl(Zt)L — ... gop(Zt)Lp,

we get from (54):
R(t,h) = Chp(L)xy+ Dh(L),Zt ,
and

U(L,Z) R(t+1,h) = Cp(L)Y(L, Z¢) xes1 + Dp(L) U(L, Zt) 241,

= Du(L)W(L, Z;) 211 + Ch(L) v(Zs) + CL(L) (0¥ Zt) €441 -
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Appendix 6 : Proof of Proposition 11

The Laplace transform of the one-period conditional risk-neutral distribution is :
Ei@ lexp (W' &1 + V' 2441)]
= E{exp[[(Zy, Xs) eri1 — 30(Ze, Xo)T(Z4, Xo) — &' (Z4, Xi) 2241
+u'[0(Z) + ©(Z) Xy + S(Z)ers1] + v/ z41]}
= exp { W[ 8(Z) X + S(Z)D(Zs, X)] +u'D(Z4) + %u’S(Zt)S(Zt)’u} X
Z}]:l (2, e 5 X¢) exp [(v — 0(Zy, Xt))’ej}
= exp {W[B(Z) + S(Z)T(Z0, X)X + ' [9(Z0) + S(Z)WZ)] + $u'S(20)S(Z)'u}

ijl (2, €5 3 Xt) exp [(v - 5(Zt,)zt))’ej} )

Therefore, we get the result of Proposition 11.
Appendix 7 : Proof of Proposition 12
Assuming that (66) is true for h — 1, we get:

B(t,h) = exp(C}X;+ D} Zy)

= exp(—ri1) E? [B(t+1,h — 1)]

= oxp |- X - dZ)| B [exp (ChoyKevr + Dy Zea )|

= exp [—c’f(t - d’Zt] X

EC [exp (C,g_lé*)i't + CLp (V2 + SE(Z0)E41)
+Cpith1 (V3 Ze + S3(Ze)€r1) + D jy_y 241 + b;_lzt)}

] :

— exp [(@*’ch_l —¢) X+ |~d+ Copa + Cprinavs
+5CF 1 (02 + ¢5%057) 4+ (Crpn1)(Cprrn—1)gs 05

~ !
+5C2, 1 108> + Dy + F(Dl,h—l)] Zt} ;

and the result follows by identification.
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Appendix 8 : A Generalization of the Kim’s Smoothing Algorithm
The proof of the Smoothing algorithm for the general model:
Yt+1 = 19y (&, fo;+1,77t+1)
(A.1)
2e41 = U, (2, Zt75t+1) )

with () and () independent white noise processes, (y;) an observable process, (z;) a non-

homogeneous (latent) Markov chain, where y; = (y, y4-1,--.), szll,ﬂ = (Zt—p+1,---,2t+1), and

where p € N and h € N4, is based on the following three lemmas.

Lemma I : Model (A.1) can be written, for each integer h > 2, in the following way :

S (1)) t+1
Ytrn = Uy Yt 2 pr1sM+1s - -5 Ntthy E6425 - - -5 Et+h
(A.2)
_ qh) t+1
Zt+h = 192’ 27 Zt—p-i—l’ M1y ooy M+h—15Et4+25 - - Et+h )

[Proof : by recursive substitution, starting from (y;+1, 2¢+1)]. In particular, for each h > 1 and
replacing ¢ by t + p, we have:

— t+p+1
Yt+p+h = y Ytt+ps 2441 > M4p+1s -« o T+pt+hs Et+p+25 - -+ Et+p+h
(A.3)
_ ) t+p+1
Zt+p+h = U Ytt4ps Ze41 > M4p+1s -« o Mt+pth—15Et+p+25 - - -5 Etdp+h | »
where, with the notation I.(t + p, h) := (€t4p+2, - - -, Et4p+h), We assume I (t +p,1) = 0.

Lemma II : If I} C I C Iy and P[z|[1] = Plz|l2], then Plz|I1] = P[z|I] = P[zt|l2] [Proof :
straightforward].

Lemma III : Given model (A.1), the following relation holds :
P [zt | zfif“,y_T] =P [zt | szf“, yt+p} ) (A4)

ek _ [ gtt+p+1 _ [ Jttpt1 _ [ Jttp+1 T
Proof : Given the three sets I} = <2t+1 ,yt+p>, I= (zt+1 ,y_T> and I, = (th s Yttps Mitp15

EtT+p +2>, we have that :

(Z) L ClI,
(i) IC I,

... t+p+1
(Z“) (ng:i-p-i-lv 5?+p+2) 1 (zt-{-}f 7yt+p7 zt)‘

The proof of relation (i) is straightforward. Relation (i7) holds given that, from Lemma I, we can
always write, for any s >t +p:

_  q(s—t-p) t+p+1
Ys = ﬁy Yt+pr2t41 > Ttp+ls -5 Mss Ettp+25-- 585 ) (A5)
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and, therefore, (yr) C (pr, zfierl,ntTerJrl,etTerJrQ), that is, I C Is.

With regard to relation (iii), from Lemma I applied to (2441, y:+1), we have:

t+p+1
Zt+p+1 = 192’ totl) <@7 Zl_p+177]17"'77]t+p7527”' 7Et+p+1>
(A.6)
i+
Yt4p = 193(/ 2 (@) Zl_p+1) My M4ps €2, -+ >€t+p) ;
and given that z; = 4, (yt_l, Zt1, Et), we conclude (using the notation P for the p.d.f.) :
T T t+p+1 _ T T
P (77t+p+1v Eirpra |21 s Yerp: Zt) =P (77t+p+1, €t+p+2) ; (A.7)
and relation (éi7) is proved. Now, given property (iii), we have:
P[Zt IQ]
Pz | L] = ——=
t+p+1
_ PlaiT e 2 e Spol
= t+p+1
Plepid™ Yem Meyprns Etapea]
(A.8)
t+p+1
B P[sz ) Yi+ps Zt]]P[WtTerHa E?+p+2]
- t+p+1
P[Zt+]10 ) yt+p]]P)[77tT+p+1v EtT+p+2]
P[Zt, Il]
= —— =Pzn|I
P[Il] [ t | 1] )
and applying Lemma II, we prove (A.4).
If p > 1, the smoothing formula is :
]P)[Zta sy Zt4p | yt-i-p]
]P)[Zta ey Zt-i-p |y_T] - ]P[Zt-i-h o 7Zt+p+l |y_T] . (Ag)
Plzeir, s zeap [ Yern ]
_— +p+1
Proof : Applying Lemma III, we can write
Plzt, ..., Zt4pt1 \y_T]
= Plafze41, - s 2tpt1, Y1) Plotss - - Zepyr | Y]
= Pla| 24155 Ztrpr1s Yerp) Plzests -+ o5 2epr1 | Y1)
(A.10)
]P’[ | ] ]P)[Zta <oy Btbptl yt—i—p]
= RBt+1y -5 Rt+p+1 | YT —
PSPz, o 2 s Ve )
P[ lyr] P[Zt-‘rp-i-l | 2t1p, - - - 7Zt7yt+p]]P[Zt+pa Sy Rt |yt+p]
= RBt+1y -« Rtp+1 | YT — —
P Ple i | Zteps - o0 261 Yerp [PL2ttps -+ - 2641 | Yeap ]
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and, (z;) being (conditionally) a Markov chain, relation (A.10) can be written:

]P[Zta -+ Rttptl ‘y_T]

Plat, - 2ze4p [ Vet | (A-11)

Plzes1s- -5 Ztp | Yitp ]

I

= Platg1,-- -, 2t10pt1 | Y1)

now, if we integrate out 21,11 on the LHS and RHS of (A.11), we obtain (A.9). The smoothing
algorithm start, at ¢t = T — p — 1, from Pler—p, ..., 201 |yr] = >, Pler—p, ..., 27 |yr|, with
Pler—p, ..., 27 |yr] provided by the Kitagawa-Hamilton filter.

If p = 0, the smoothing formula is :

Plzey1 | 26, ye [Plze41 | yT ]

Plz |yr] = Plat | y A.12
RTINS e
Proof : Given that
Plz, 2041 | yr]
= Plz| 241, yr] Plzetr | yr]
= Plz| 241, ye] Pl2ey [ yr]
(A.13)
Plg, 2041 | Yt ]
S ‘y_T] Plz41 |&]
Plze1 | 2e, yi [Pzt | yi]
= IED[Zt+1|y_T] )

Plz41 |&]
if we integrate out z;11 from the LHS and RHS of (A.13) we obtain (A.12).
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Appendix 9 : Proof of Lemma 1

a(u+ s p,p) —alos pop) = -

b(u+ oz v, p) — b(as v, )

Appendix 10 : Proof of Proposition 13
Assuming that (81) is true for h — 1, we get:

p(u+ ) pa

l—(u+a)p 1—oap

u
1 —ap)? —up(l — ap)

p U

(- an? 1- &

pru au; o, 1)
= = alu: M
]_—'U,N* 7p 7/’1’ ?

—vlog(l — (u+ a)u) + —vlog(l — au)

log [1 - (u—i—a),u}
1—au

—vlog [1— uH ]
1—au

—vlog(l — up®)

bus v, ") .

B(t,h) = exp(C;X¢+ D}, Zy)

= oxp[—¢X; — d'Z] B [exp (C)_ Xps1 + Dy Zit1)]

= exp (—C/Xt — d/Zt + é;z—lXt + D;L_lzt)

E? {GXP (Cl,h—lmtﬂ + D/17h_12t+1>}

= exp |:—C/Xt —d'Z; + é;z—lXt + [);l_th + A*(Cl,h—l),Xt

—v* Zylog(1 — Cy p1pt*) + F/(Dl,h—l)Zt] ;

and the result follows by identification.
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Appendix 11 : Proof of Proposition 14

The joint conditional Laplace transform of (21441, Z2,4+1) in the risk-neutral world is:

EP[GXP(UNEMH + U2 441) |@, @,ﬁ]
= exp {Ag,t [ug + Dot + a4 (ur +T1¢)) Xp + bog(us + Top + ar (w1 + T'iy))
+ Ay (ug + Ty) X; + by +(ur +T'1e)
— Ag(Toy + a1,4(T14)) Xy — bot(Tar + a1 4(T'1r))

— Ay (D) Xy — bl,t(Flt)} .
Using Lemma 2 we get:
Aoy [ug + T+ ayp(ur +Tip)] — Aot (Tor + a14(T1e)) = Afug + a1 (w1 +Tie) — a14(Tie); 05, 1653,
with

— P2t ,U* _ Hat
{1 - o+ ars(Cr)lpee 2 {1 — ot + are(Tue)]poe}

and using Lemma 1

sk
Pot

Alug + ar(ur +T1g) — a4 (Tie); 93, i)
= Alfug +a(ur + T ot p1,e) — AT 165 Qots 11,); Pops 1]
= Alug +alus; @y, 17 1); P, 13t

= Agyluz +af(ur)] (say)

with

Pot Mt
Dot = . 3 Pl = (

(1 =Ty pae) 1—Typae)

Similarly, we get:

bat[ug + Lo + a1 e(ur + T1p)] — b2t (Lot + a1,:(T'12))

= b [U2 + a(uy; @i, Mik,t)Q Vi, M;t] = bé,t[UQ + aj;(u1)] (say),
b1e(ur + T1) — by e(Tre) = by (un; vy, pfy) = b 4 (ua) (say)

Arg(ur +Tyy) — A1 (T1e) = Ar(ur; 0y, o) = A7 (ur) (say),

with

ot = 1t
i = T a2
(1 — Tyt p1s)?
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And finally, the joint conditional Laplace transform of (x1 41, 22+41) becomes:

EPlexp(urm e + uaTa 1) | 210, 291, 2] = exp {[A“{,t(w + A5 yfus + af (w)]]' Xy

+ bg,t[W + a’{’t(ul)] + bit(ul)} )

and the result of Proposition 14 is proved.
Appendix 12 : Proof of Proposition 15
Assuming that (91) is true for h — 1, we get:

B(t,h) = exp(C}X;+ D) Zy)
= exp [—c’j(t — d’Zt] EtQ [exp (C]/l_lXt+1 + D;l_thH)]
= exp (—c’j(t —d'Z + C’;L_lfft + D;L_th)
Tond [GXP (O{,h_lxl,tﬂ + Cpi1p1T2t4+1 + Di,h_lztﬁ-l)}
= exp |:—C,Xt —d'Z + CN’;L_lXt + [?;L_th + AT(CLh_l)’X}
—vi Zlog(1 = Cupoaa) + A3[Cparn-1 + af(Crp-1))' Xe

—v3' Zlog[l — (Cprap—1 + af(Cr 1)) ub) + F’(Dl,h—l)Zt] ;

and the result follows by identification.
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