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Abstract

A general Nitsche method, which encompasses symmetric and non-symmetric variants, is
proposed for frictionless unilateral contact problems in elasticity. The optimal convergence of
the method is established both for two and three-dimensional problems and Lagrange affine
and quadratic finite element methods. Two and three-dimensional numerical experiments
illustrate the theory.
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1 Introduction

In solid mechanics, the numerical implementation of contact and impact problems generally uses
the Finite Element Method (FEM) (see [28, 18, 21, 19, 31, 41, 39]). The non-linear contact
conditions involved on a part of the boundary lead naturally to a variational inequality (see, e.g.,
15)).

We consider in this paper a special FEM inspired from Nitsche’s method [34] (see also [3] for an
early extension to the Discontinuous Galerkin framework) in which the coercivity condition for
the domain bilinear form Ag, (see (9)) is the same as in the standard formulation (see, e.g., [4]).
This method aims at treating the boundary or interface conditions in a weak sense, thanks to a
consistent penalty term. So it differs from standard penalization techniques which are typically
non-consistent [28]. Moreover, unlike mixed methods (see, e.g., [21]), no additional unknown
(Lagrange multiplier) is needed. Nitsche’s method has been widely applied during these last years
to problems involving linear conditions on the boundary of a domain or in the interface between
sub-domains: see, e.g,. [37] for the Dirichlet problem or [4] for domain decomposition with non-
matching meshes. More recently, in [20, 22] it has been adapted for bilateral (persistent) contact,
which still involves linear boundary conditions on the contact zone (note that an algorithm for
unilateral contact which involves Nitsche’s method in its original form is given and implemented
in [20]). An extension to large strain bilateral contact has been performed in [42].
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In a previous work a symmetric Nitsche-based method has been proposed for (non-linear) uni-
lateral contact conditions (see [9]). We established its optimal convergence in the H'(£2)-norm
of order O(h%""’) for a solution of regularity [ 2 (©) (0 < v < 3). Furthermore, no additional
assumption on the contact zone is needed for the proof, such as an increased regularity of the
contact stress or a finite number of transitions between contact and non-contact. Besides, the
standard FEM for contact consists in a direct conforming approximation of the variational in-
equality, with the elastic displacement as the only unknown. For this standard FEM and also
for all the other approaches such as mixed/hybrid methods (e.g., [23, 6, 30]), stabilized mixed
methods (e.g., [25]), penalty methods (e.g., [10]), no such proof of optimal convergence has been
established to the best of our knowledge in the case the solution u is in H%“’(Q) 0<v<i)
We refer e.g. to [27, 26] for recent reviews on a priori error estimates for contact problems.

In the present paper we introduce an extension of the symmetric method of [9], which allows
nonsymmetric variants, depending upon a new parameter called §. The symmetric case is recov-
ered when 6 = 1. In this new method the advantage of the symmetric formulation consisting in
the positivity of the Nitsche penalty term is generally lost. Nevertheless this extension presents
some other advantages, mostly from the numerical viewpoint. In particular, one of its variants
(# = 0) involves a reduced quantity of terms, which makes it easier to implement and to extend
to contact problems involving non-linear elasticity. Also, for § = —1, the well-posedness of the
discrete formulation and the optimal convergence are preserved irrespectively of the value of the
Nitsche parameter. For all the values of 6, the optimal convergence rates can still be obtained.
We prove this optimal convergence property and illustrate it on several numerical experiments.
Note that the behavior of the generalized Newton algorithm when applied to this method has
already been studied in [36], in the frictionless and frictional cases and for two values of § (0 and
1). This study illustrated the better numerical performances of the nonsymmetric variant 6 = 0,
which requires less Newton iterations to converge, for a wider range of the Nitsche parameter.
Values of § different from 0 and 1 have not been studied previously.

Our paper is outlined as follows. In Section 2, we recall the continuous (strong and weak)
formulations for unilateral contact problems and introduce our Nitsche-based FEM. In Section
3, we carry out the numerical analysis of this method: we prove its consistency, the existence
and uniqueness of solutions, and at last its optimal convergence. Numerical experiments in 2D
and 3D are described in Section 4, which illustrate the convergence properties for different values
of the numerical parameters, and in particular . In Section 5 conclusions are drawn and some
perspectives are given.

Let us introduce some useful notations. In what follows, bold letters like u, v, indicate vector or
tensor valued quantities, while the capital ones (e.g., V, K. ..) represent functional sets involving
vector fields. As usual, we denote by (H*(.))¢, s € R,d = 1,2, 3, the Sobolev spaces in one, two or
three space dimensions (see [1]). The usual norm of (H*(D))? is denoted by || - ||s.p and we keep
the same notation when d =1 or d > 1. The letter C stands for a generic constant, independent
of the discretization parameters.

2 Setting

2.1 The unilateral contact problem

We consider an elastic body whose reference configuration is represented by the domain 2 in
R? with d = 2 or d = 3. Small strain assumptions are made, as well as plane strain when
d = 2. The boundary 9 of 2 is polygonal or polyhedral and we suppose that 02 consists



in three nonoverlapping parts I'p, I'y and the contact boundary I'c, with meas(I'p) > 0 and
meas(I'c) > 0. The contact boundary is supposed to be a straight line segment when d = 2 or
a polygon when d = 3 to simplify. The unit outward normal vector on 02 is denoted n. In its
initial stage, the body is in contact on I'c with a rigid foundation (the extension to two elastic
bodies in contact can be easily made, at least for small strain models) and we suppose that the
unknown final contact zone after deformation will be included into I'c. The body is clamped on
I'p for the sake of simplicity. It is subjected to volume forces f € (L?(92))% and to surface loads
g € (L*(In))".

The unilateral contact problem in linear elasticity consists in finding the displacement field u :
Q — RY verifying the equations and conditions (1)—(2):

divo(u)+f=0 in €,
o(u)=Ae(u) in ©, )

u=20 on I'p,

oclun=g on 'y,

where o = (045), 1 <i,j < d, stands for the stress tensor field and div denotes the divergence
operator of tensor valued functions. The notation e(v) = (Vv+ Vv )/2 represents the linearized
strain tensor field and A is the fourth order symmetric elasticity tensor having the usual uniform
ellipticity and boundedness property. For any displacement field v and for any density of surface
forces o(v)n defined on 02 we adopt the following notation

v=uv,n+v and o(v)n=o,(v)n+ og(v),

where vy (resp. o¢(v)) are the tangential components of v (resp. o(v)n). The conditions
describing unilateral contact without friction on I'c are:

un <0, (7)
on(u) < 0, (i)
on(u)uy, = 0, (i) @
og(u) = 0. (iv)

We introduce the Hilbert space V and the convex cone K of admissible displacements which
satisfy the noninterpenetration on the contact zone I'¢:

V= {VE (Hl(Q))d :V:OODI‘D}, K:={veV:vy,=v-n<0onT¢}.
We define also
a(u,v) ::/U(u):s(v) s, L(v) ::/f-vdﬂ+/ g-vdl,
Q Q 'n

for any u and v in V. From the previous assumptions, we deduce that a(-, -) is bilinear, symmetric,
V-elliptic and continuous on V x V. We see also that L(-) is a continuous linear form on V. The
weak formulation of Problem (1)-(2), as a variational inequality (see [15, 21, 28]), reads as:

Find u € K such that: (3)
a(u,v—u) > L(v —u), Vv e K.

Stampacchia’s Theorem ensures that Problem (3) admits a unique solution.



2.2 A general Nitsche-based finite element method

Let VP C V be a family of finite dimensional vector spaces (see [11, 14, 7]) indexed by h
coming from a family 7" of triangulations of the domain Q (h = maxpcn hy where hr is the
diameter of T'). The family of triangulations is supposed regular (i.e., there exists o > 0 such that
VT e T" hp /pr < o where pr denotes the radius of the inscribed ball in 7T") and conformal to the
subdivision of the boundary into I'p, I'y and I'¢ (i.e., a face of an element T' € T" is not allowed
to have simultaneous non-empty intersection with more than one part of the subdivision). To fix
ideas, we choose a standard Lagrange finite element method of degree k with k =1 or k = 2, i.e.:

vh.— {Vh € (€°@)" V") € (PU(T)" VT € T",v" =0 on FD} . (4)

However, the analysis would be similar for any ¢°-conforming finite element method.
Let us introduce the notation [-]4 for the positive part of a scalar quantity a € R:

la], = a if a >0,

otherwise,
The positive part satisfying
a<lds, alas =2, VacR, (5)
we can deduce the following monotonicity property:

(lal+ = [bl+)(a — b) = ala]+ + b[b]+ — bla]+ — a[b]+
> [a)% + [0 — 2[a)+[0)+ (6)
= ([a)+ = [b]+)* > 0.

Note that conditions (5) and (6) can be straightforwardly extended to real valued functions.
The derivation of a Nitsche-based method comes from a classical reformulation (see for instance
[2]) of the contact conditions (2) (i)-(iii), for a given v > 0:
1
on(u) = _;[un — Yo ()4 (7)
Remark 2.1. Note that condition (7) is still equivalent to (2) (i)-(iii) on I'c when v is a positive
function defined on I'c instead of a positive constant.

Let now 6 € R be a fixed parameter, and let u be the solution of the unilateral contact problem
in its strong form (1)—(2). We assume that u is sufficiently regular so that all the following
calculations make sense. From the Green formula, equations (1) and (2)-(iv), we get for every
vev:

a(u,v) — /an(u) v dl' = L(v).

|Ne]

With the splitting v, = (v, — Oyon(v)) + Oy, (v), we obtain

a(u,v) — [ Oy on(u) oy (v)dl — /on(u) (vp, — Oyop(v)) dl' = L(v).
T'c Fe
Finally, using condition (7), we still have for every v € V:

a(u,v) — [ 6y op(u) on(v)dl' + / 1[un — yop ()] (v, — Oyo,(v)) dT' = L(v). (8)
T'c re”



Formula (8) is the starting point of our Nitsche-based formulation. We remark that it may have no
sense at the continuous level if u lacks of regularity (the only assumption u € V is not sufficient to
justify the above calculations). Nevertheless, and as in the stabilized Lagrange multiplier method
[25], we consider in what follows that -y is a positive piecewise constant function on the contact
interface I defined for any x € ' lying on the relative interior of 'c N'T for a (closed) element
T having a nonempty intersection of dimension d — 1 with I'c by

y(x) = yohr,

where 7 is a positive given constant (the value of v on element intersections has no influence).
This allows to define a discrete counterpart of (8). Let us introduce for this purpose the discrete

linear operator
Iy vho L*(T¢)
Tk st~y (vh)

and also the bilinear form:

Ag, (", vh) = a(u”, vh) — FG'y on(u) o, (v dr. 9)

Remark 2.2. With the previous notations, we see that problem (3) could be formally written as
follows:

Find o sufficiently reqular u € V such that:

1

Agy(u,v) + / — [Py(w)]4+Pyy(v) dI' = L(v), for all sufficiently reqular v € V,
re”

with Ppy(v) 1= v, — 0y 0,(v). Note in particular that Py(u) and Ppy(u) are well-defined and

belong to L*(T'¢) provided that u € (H%+”(Q))d (v>0).

Our generalized Nitsche-based method then reads:

Find u” € V" such that:
R o h 1 h h R h h (10)
Ag (", v") + [ = [Py(u")]4 Py (v") dl' = L(v"), Vv"'eV"

re”
Remark 2.3. The introduction of an additional numerical parameter 0 allows us to introduce
some new interesting variants acting on the symmetry / skew-symmetry / non-symmetry of the
discrete formulation. Moreover, a unified analysis of all these variants can be performed. Note
that some values of 8 may be of special interest:

e for 6 =1 we recover the symmetric method proposed and analyzed in [9],

o for = 0 we recover a very simple non-symmetric version close to the classical penalty

method,

e for 0 = —1 we obtain a skew-symmetric version which has the remarkable property to be well-
posed and convergent irrespectively of the value of vo > 0 (see Theorem 3.4 and Theorem
3.8).



Remark 2.4. As in the symmetric case [9], we can rewrite the formulation (10) in a mized form
as follows:

Find (u”, \") € V" x L% (I'¢) such that:

a(u®, v — / Mt dr —l—/ v\ — o, (u)) 0, (V) dl = L(v"), Vv eV,
T'o T'o

[ = Nyhdr+ [ (a0 - o) ez 0. Yue I )
I'c le

where L2 (T¢) = {pu € L*(T¢) | p < 0 ae. onT¢} and with \' = —%[Py(uh)h. Note that
formally, in the case 8 # 1, this mized form is somehow different from the stabilized method
applied to unilateral contact (see [25]). In particular the stabilization term in the first equation
vanishes when 6 = 0.

3 Analysis of the Nitsche-based method

In this section, we carry out the mathematical analysis of the method (10). A difference between
Nitsche’s method and classical penalty methods [28, 10] is the property of consistency, which
we first show in §3.1. The proof of the well-posedness of the (non-linear) discrete problem (10)
is carried out in §3.2. The error analysis is finally detailed in §3.3. We show that the method
converges in an optimal way when the mesh size h vanishes.

3.1 Consistency

Like Nitsche’s method for second order elliptic problems with Dirichlet boundary conditions or
domain decomposition [4], our Nitsche-based formulation (10) for unilateral contact is consistent:

Lemma 3.1. The3 Nitsche-based method for contact is consistent: suppose that the solution u of
(1)~(2) lies in (H27(Q))? with v > 0 and d = 2,3. Then u is also solution of
1
Ag,(u,v") +/ S [Py (w)]4 Py (V") dT = L(v"), Vv eV
|ie]

Proof: Let u be the solution of (1)(2) and set v € V*. Since u € (H%J“’(Q))d and v > 0, we
have o,(u) € H”(T¢) C L?(T¢). As a result, Agp,(u,v") makes sense and P, (u) € L?(I'¢). On
the one hand, we use the definition of P,, of Ag,(-,-) and the reformulation (7) of the contact
conditions to obtain:

A"+ [ 2 (P ()} P () T
~afuv) - [ 7 (o) i+ / i (—y0u(W) (v — 67 0 (v)) dT

=a(u,v") — [ o,(u)v"drl.
— a(u,v") / (u)ut dT

c
On the other hand, with equations (1)—(2) and an integration by parts, we get:
a(u,v?) — [ on(u)o! dl' = L(v"),
e

which ends the proof. O



3.2 Well-posedness

To prove well-posedness of our Nitsche-based formulation, we first need the following classical
property.

Lemma 3.2. There exists C' > 0, independent of the parameter o and of the mesh size h, such
that:

1 h h
2o (v IB re < Crollv" I} 0, (11)
for all vh € VI,

Proof: It follows from the definition of o, (v") and the boundedness of A that:

1
V2 on(v)II3 re < 0hllon(V™)§re < CrbIVVH G,

Then estimation (11) is obtained using a scaling argument: see [38, Lemma 2.1, p.24] for a
detailed proof in the general case (for an arbitrary degree k and any dimension d). O
Remark 3.3. Note that contrary to the penalty case or to the symmetric case of Nitsche’s method
(i.e., 0 = 1), the integral term on T'c:

1

/F PP ()

is not necessarily non-negative when v® = u” and 6 # 1.

We then show that Problem (10) is well-posed using an argument by Brezis for M-type and
pseudo-monotone operators [8] (see also [32] and [29]).

Theorem 3.4. Suppose that one of the two following assumptions hold:
1. 8 # —1 and v > 0 is sufficiently small,

2. 0=—1 and vy > 0.
Then Problem (10) admits one unique solution u” in V.
Proof: Using the Riesz representation theorem, we define a (non-linear) operator B? : V# — vV,
by means of the formula:
1
(B"v", W) 0 = Ag, (v, w") +/ — [Py (v")]1 Py (w") dr,
re”

for all vh, wh € V" and where (-,-); o stands for the scalar product in (H'(£2))¢. Note that
Problem (10) is well-posed if and only if B" is a one-to-one operator.
Let v?, w" € V. We have:

1
(Bhvh — Biwh, v — Wh)LQ = a(vh —wh vl — wh) —0||v2 an(vh — Wh)H(Q),Fc

+ / L (B4 — [Py (WM)]) (0 — wh — Byon(vP — wh)) dT
T

e
= a(v" — W v = W) — Oy (v — w3,
1 h h h h
+ /F P~ [P ()P (v — o) T
+a-0f ,1Y (1P (v")]4 = [Py (")) yora(v — wh) I

(12)



Using (6) in (12) and Cauchy-Schwarz inequality, we get

(Bhwh — Bhwh v — Wh)LQ
>a(v! = wh v —wh) — Olyon (v = W
+ 72 (P (V)] = [P0 pe
— 1= 0] |y 2 ([P (VM4 = [Py (W) ) lore vz on(v" = wh)lor.
If & = 1, we use the coercivity of a(-,-) and the property (11) in the previous expression (13).
Therefore:

h
(13)

1
(Bhvh — B'wh, v — Wh)LQ > a(vh —wh vl — Wh) — H’y20n(vh — Wh)”%,rc

(14)
> C”Vh - Wh”iQ?

when g is chosen sufficiently small. This corresponds to the symmetric version already studied
in [9].
We now suppose that § # 1. Let 8 > 0. Applying Young inequality in (13) yields:

(B'vI — Bhw" vh —wh)i

> a(v h Wh,Vh h)—9||7%0'n(vh—wh)||(2),rc
FI RO~ B
- b o - 0B - ES P e - wh B, 19

1-06|p 1
—a(v" —w’zvh —w) = (04 B2 Into, (o8 - wh B

T ( L ‘) I (P (M) — [Py (W) R e
Choosing = |1 —6|/2 in (15), we get:

1
(B"v' — B'w" v —w) g > a(vh — wh v —wh) - 1 (1+0)° ||7%Un("h - Wh)”%,rc (16)
> C|v" = w"|3 q.

when 6 # —1 and vy sufficiently small, or when # = —1. Note that in the latter case we do not
need the smallness assumption on ~p.
Next, let us show that B is also hemicontinuous. Since V" is a vector space, it is sufficient to
show that

0,1] 3t @(t) :== (B"(v" —tw"),w")1 g € R

is a continuous real function, for all v, w" € V", Let s,t € [0, 1], we have:

lo(t) — ¢(s)]
= |(BM(vh —tw") — Bh(v" — swh), w")1 o
= A, ((s —t)w", w") + /F i ([Py(vh —twh)] — [P, (v" — swh)]+> Py (wh) dF‘
< s —t] Ag, (wh, wh) +/F }Y [P, (v — 1w — [Py (v" — swh)].| [Py (") d



With help of the bound |[a]+ — [b]4]| < |a —b| , for all a,b € R, and using the linearity of Py, we
deduce that:

[ 1P = w2 (67 = s Py ()] T
re”

IN

1
/ = ‘Pv(vh—twh) —P,Y(vh—swh)‘ | Py (W) dT
I'e

- / L |(s — £)Py (w") || Py (w") I
re”

It results that:

() — o(s)] < s — 1 (Awwh,wh) -/

e

1P (o) Py () dr) ,

which means that ¢ is Lipschitz, so that B" is hemicontinuous. Since properties (14), (16) also
hold, we finally apply the Corollary 15 (p.126) of [8] to conclude that B” is a one-to-one operator.
This ends the proof. O

Remark 3.5. When g is large and 0 # —1 we can neither conclude to uniqueness, nor to
existence of a solution. In Appendix B, we show some simple explicit examples of noneristence
and nonuniqueness of solutions.

3.3 A priori error analysis

Our Nitsche-based method (10) converges in a optimal way as the mesh parameter h vanishes.
This is proved in the following theorems. First, we establish an abstract error estimate.

Theorem 3.6. Suppose that the solution u of Problem (3) belongs to (H%+”(Q))d with v > 0
andd =2 ord=3.

1. Let § € R. Suppose that the parameter vo > 0 is sufficiently small. Then, the solution u" of
Problem (10) satisfies the following abstract error estimate:

1

1
= w0+ [ () + ~ P (")) o

(17)
. _1 1

< ¢ inf (Il=v"la+ 3 — o ore + Iy 2ont—v"ore)
vhevh

where C' is a positive constant, independent of h, u and ~g.

2. Set @ = —1. Then for all values of vo > 0, the solution u" of Problem (10) satisfies the
abstract error estimate (17) where C' is a positive constant, dependent of o but still independent

of h and u.

Proof: Let v € V. We first use the V-ellipticity and the continuity of a(-, -), as well as Young’s
inequality, to obtain:

h

ofu— vl < a(u— vt u—u)

=a(u—u" (u—v") + (vh —uh)

< Cllu =" alu = v"|l0 + a(u - u*,v* —u")

« C?
< 5”11 - uhHiQ + %Hu - Vh”%,ﬂ +a(u,v" —u") —a(u",v" —u),



where o > 0 is the ellipticity constant of a(.,.)

h h

. We can transform the term a(u,v" —u”) —
a(u”, v —u

") since u solves (3), u” solves (10) and using Lemma 3.1, which yields:

a
—lu—u
2

- Vh||%,9 - Q/F’Y on(u —u)o, (vh —uh) dr
C

+ /Fci ([Pv(uh)h - [P’Y(u)]+) Py, (vl — ") dr. (18)

The first integral term in (18) is bounded as follows:

- 9/7 on(u —u)o, (vh —ul) dr
o]

= 9/7 on(v — Mo, (vh —uh) dr — 9/7 on(vl —u)o, (v —uh) dr
T'e Te

<O|yzon(v"

ﬁe

h 1 h 1 h h
— ") re +10lv2on(v" —w)llore vz on(v" —u")llor.

A Inton — Wl + (55 +0) Inbon(s” ~ o)l (19)
with 81 > 0. The second integral term in (18) is considered next:

= (1Pl = Py w)) o ) ar

-
_ /F ) i (1P, ()] = [Py (W) ) Py (v = w) T + /F i (17, )]~ [P ()] ) Py — u?) dr
i /rci (1P, ()] = [P (W) ) (1 = ) (v — u") T 20)

Using the bound ([a]y — [6]+)(b — a) < —([a]+ — [b]+)? (see (6)) and two times Cauchy-Schwarz
and Young’s inequalities in (20) we obtain

/rc’ly ([Pv(uh)h - [P’y(u)]+> Py (v —ul) dT

<o () + 2P IR + 22 P = Wl ~ o) + 2P
L b o) + 2P B + P v — )l v, (21)

with B2 > 0 and B3 > 0. Noting that
_1 h —1 h L h
Iy 2Py (v" = w)lf5 e < 2072 (un — vl pe + 202 on(u = V)G p,
and putting together estimates (19) and (21) in (18) gives
Cc? B16* 1 1
h h 1 1 h -1 h
Sl —wa < 5= vMiEa -+ (255 + 62 ) Inbontu = v B + Bl an DB,

1 =0\ .1 1
. ( R L - l) I (o () + (P (")) e

1 |1 —0|8s 1 h k)2
+<251+9+ 5 >||'y2an(v —u")|[g,

(22)

10



The norm term on the discrete normal constraints in (22) is bounded as follows by using (11):

(23)

1 1 1
Iv2on(v" —u")ore < CrglIv" —uflie < Oy (]
For a fixed # € R we then choose 82 and B3 large enough such that
|1 — 0 1

-1+ —+ < —c.
Qﬂz 203 2
Choosing then 7o small enough in (23) and putting the estimate in (22) establishes the first
statement of theorem.
We now consider separately the case § = —1 for which (22) becomes:

— hy2 C? hp2 b1 1 hy 12 -1 hy 2
Su—utEe < ollu =M+ (5 + 82 ) IvFonta— VP, + BallyH (wn — of)

+ < 1+ 2; + ﬁl ) H’y%(an(u) + i[Pw(uh)]+)"g,Fc

(%—4+&yﬁ%wMMW&d (24)

Let be given nn > 0. Set 1 =1/(27n), f2 =1+ (1/n) and 53 = 1 + 7. Therefore (24) becomes:

1+mn

C? 5 1 -1
Uu g < S nu—WmQ+<M+4)mﬂ%m—vmﬁ%+ Iy (i — o) 2,

1 1 1
1 Y~z 1P (u? 2 o2n|l~2 h _ .
2(1+n)||72(0n(u) + 7[ (WM. re + 20l72on (v — a5

Let 79 > 0. Set n = a/(16C?yy) where C is the constant in (23) to conclude the proof of the
theorem. 0

Remark 3.7. In the case 8 = —1, note that the convergence result holds for any value of vy > 0.
However, in that case, the abstract estimate takes the form

C 2 1 1
o) e + P L)

1, _1 1
< e+t it (lu=vHa+ Iy 5 = vl + Ivioata = v")ore)
VL 1

uu—wmn+(

where C' is a positive constant, independent of h, u and ~y. As a result, the estimation is
deteriorated when g increases, in particular the estimation of the contact stress on I'c.

The optimal convergence of the method is stated below.

Theorem 3.8. Suppose that the solution u to Problem (3) belongs to (H%JFV(Q))d with 0 < v <
k—% (k = 1,2 is the degree of the finite element method, given in (4)) andd = 2,3. When 0 # —1,
suppose in addition that the parameter v is sufficiently small. The solution u” of Problem (10)
satisfies the following error estimate:

1 1 v
lu = w"lia+ 7% (on (@) + 1P (0] lore < CR2*ully., o (25)

where C' is a positive constant, dependent of o but independent of h and u.
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Proof: We need to bound the right terms in estimate (17) and we choose v* = Z"u where Z"
stands for the Lagrange interpolation operator mapping onto V”. The estimation of the Lagrange
interpolation error in the H'-norm on a domain € is classical (see, e.g., [7, 13, 14]):

1
||u—IhllH1,Q < Ch§+y‘|u”‘§+u,ﬂ7 (26)

1 1
fOI'—§<V§k—§.

The estimation of the term ny_% (un, — (Z")p)||o.re can be done in a very similar manner to [25].
Indeed, let E be an edge (resp. a face) of a triangle (resp. tetrahedron) 7' € T" on T'¢c:

_1 -1 1
Iy "2 (un — (Z"Wa)llo,p < Chy g™ |[unlli4w,p = CR2 Y |Junl |40k,

(see [13] for instance). By summation on all the edges (resp. faces) and the trace theorem, it
results: ) ) )
1772 (un = (Z"w)n)lore < CR2™ unlli4vre < ChZ|ully

2

a (27)
From Lemma A.1 in appendix, (see also [16, 17]), the following estimate also holds:
1 1
H3ou(u - T'wlore < Ol 0 (28)
We conclude by inserting the three estimates (26)—(28) into (17). O
Remark 3.9. Note that for the theoretical estimation of Theorem 3.8, in the case 8 # —1, and
1

for vo small, the constant C in the estimate (25) behaves in O(v, 2) (due to the term ||7_%(un -
vM|lore), so that taking o too small theoretically deteriorates the convergence. In the case
0 = —1, the same observation can be made, with the additional fact that the convergence is also
deteriorated in O(7yo) if Yo is too large (see Remark 3.7). However, numerical experiments of
Section 4 reveal that in practice the method is quite robust relatively to the value of g, provided
it is sufficiently small when 6 # —1.

Actually we are not able to obtain estimates for the displacements in the L2norm (|ju — u”||o o

and also ||[u — u”*|or.) by using the Aubin-Nitsche argument as it is achieved in the linear
case (see [17]). Note also that the L?(2)-norm estimates for contact problems are not easy
to prove and there are to our knowledge only few estimates (see [12]). Nevertheless, we can

easily obtain the following error estimate on the weighted L?(I'¢)-norm on the normal constraint

I = wllor (note that o, (u") £ 2

[P,(uM)]; on T¢ contrary to the continuous case).

Corollary 3.10. Suppose that the solution u to Problem (3) belongs to (H%J”’(Q))d with 0 <
v < k— % (k = 1,2 is the degree of the finite element method, given in (4)) and d = 2,3.
When 6 # —1, suppose in addition that the parameter o is sufficiently small. The solution u” of
Problem (10) satisfies the following error estimate:

1 1
172 on(u—u")llore < Chz*"|luls

= S

where C' is a positive constant, independent of h and u.
Proof: We use (28), (11), (26) and (25) to establish the bound:

1 1 1
720 (u—u")|ore < 720 (u—T"0)|ore + 7200 (T — u™) o,

1 1
< Ch2*||ulls 0 + Crg (1770 — ullie + u— u|10)

< Chz*|luls

PR
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Remark 3.11. Although contact problems are known to be limited in regularity (the regularity
HS/Q(Q) can not generally be passed beyond for such inequality problems), the use of quadratic
finite element methods can be of interest in particular for the most reqular solutions lying in
H?(Q), 2 <s<5/2 (as it is considered in e.qg., [5, 24, 35, 40]).

4 Numerical experiments

In this section, the numerical results of two and three-dimensional Hertz’s contact problems of a
disk/sphere with a plane rigid foundation are presented. This slightly exceeds the scope defined
in Section 2 since a non-zero initial gap between the elastic solid and the rigid foundation is
considered in the computations. Moreover, the tests are performed with P; and isoparametric P
Lagrange finite elements on meshes which are approximations of the real domain.

The finite element library Getfem++' is used. The discrete contact problem is solved by using
a generalized Newton method, which means that Problem (10) is derived with respect to u” to
obtain the tangent system. The term “generalized Newton’s method” comes from the fact that
the positive part [z]; is non-differentiable at x = 0. However, no special treatment is considered.
If a point of non-differentiability is encountered, the tangent system corresponding to one of the
two alternatives (x < 0 or > 0) is chosen arbitrarily. Integrals of the non-linear term on I'¢
are computed with standard quadrature formulas. Note that the situation where the solution is
non-differentiable at an integration point is very rare and corresponds to what is called a “grazing
contact” (both u, = 0 and o,(u) = 0). Further details on generalized Newton’s method applied
to contact problems can be found for instance in [36] and the references therein.

4.1 Two-dimensional numerical tests

The numerical situation is represented in Fig. 1. A disc of radius 20 cm is considered with a
contact boundary I'c which is restricted to the lower part (y < 20 cm) of the boundary. A homo-
geneous Neumann condition is applied on the remaining part of the boundary. Since no Dirichlet
condition is considered, the problem is not fully coercive. To overcome the non-definiteness com-
ing from the free rigid motions, the horizontal displacement is prescribed to be zero on the two
points of coordinates (0 cm, 10cm) and (0 cm, 30 cm) which blocks the horizontal translation and
the rigid rotation. Homogeneous isotropic linear elasticity in plane strain approximation is con-
sidered with a Young modulus fixed at £ = 25 MPa and a Poisson ratio P = 0.25. A vertical
density of volume forces of 20 MN/ m® is applied.

'see http://download.gna.org/getfem/html/homepage/
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10 20

Figure 1: Ezxample of two-dimensional mesh and reference solution (with color plot of the Von-
Mises stress).

The error curves when using a P; Lagrange finite element method are shown in Figs. 2, 3 and
4. The solution for mesh sizes h = 0.5cm, 1 cm, 3 cm, 4.5cm and h = 10 cm are compared with a
reference solution on a very fine mesh (h = 0.15 cm) using quadratic isoparametric finite elements.
Moreover, the reference solution is computed with a different discretization of the contact problem
(Lagrange multipliers and Alart-Curnier augmented Lagrangian, see [36]). On all the figures, the
graph on the left represents the relative H'(2)-norm of the error between the computed solution
and the reference one and the graph on the right represents the following relative L?(I'¢)-norm:

Iy2 (v Py ()]s = P (ul )] ) lore
Iy Py (ul )]+

where u” is the discrete solution and uffef the reference solution. The slopes shown in the
figures give an approximation of the convergence rate. They correspond to the slopes of the
regression lines on a logarithmic scale for the different experiments. Note that —Aly[PAY(uh)]Jr is
an approximation of the contact stress with a convergence of order 1 (see Theorem 3.8).

Let us recall that the formulation is symmetric if and only if & = 1. The results corresponding
to this symmetric case are shown in Fig. 2. Optimal convergence is obtained for both H'(Q)
and weighted L?(I'¢)-norms of the error, but only for the smallest value of the parameter o
(v = 1/(100E)). For higher values of g, at least the convergence of the contact stress is non-
optimal. This corroborates the theoretical result of Theorem 3.8 for which the optimal rate of
convergence is obtained for a sufficiently small v9. We also noted that for the largest value of
70 (i.e., 70 = 100/E) the convergence of Newton’s method is not always achieved (in this case,
Newton’s method is stopped after 100 iterations). In some experiments, the residual of Newton’s
method diminishes to a value which is greatly higher than the one we considered for the tests
achieving the convergence. Our interpretation is that for large values of 7, when coercivity is
lost, there might be no solution to the discrete problem.

Now, when 8 = 0, the error curves are plotted in Fig. 3. For this version, which is in a
sense simpler to implement than the other ones (since the number of additional terms is lower),

)

0,I'c
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Newton’s method always converges even for the largest value of ~y. For this latter value of ~q
the convergence remains sub-optimal. However, for the intermediate value of vy (70 = 1/FE) the
optimal convergence is reached.

Concerning the version with § = —1, which corresponds to an unconditionally coercive problem,
one can see in Fig. 4 that optimal convergence is reached for all values of 7y. Moreover, the
smallest error on the contact stress corresponds to the intermediate value of .

Globally, it is remarkable that the error curves for the smallest value of v are rather the same for
the three values of 6. A strategy to guarantee an optimal convergence is of course to consider a
sufficiently small ~y. However, the price to pay is an ill-conditioned discrete problem. The study
presented in [36] for the versions § = 1 and 6 = 0 shows that Newton’s method has important
difficulties to converge when g is small. When symmetry is not required, a better strategy seems
to consider the version with § = —1 or an intermediate value of # = 0 which ensure both a optimal
convergence rate and few iterations of Newton’s method to converge.

We have no interpretation of the slight super-convergence noted on most of the error curves.
Theoretically, the convergence rates should be close to 1, since, if we assume that there are only
two transition points between effective contact and non-contact, the solution to the continuous
problem should be in (H*(£2))? for all s < 5/2 (see [33]).

————————— ———————
_e_'yo=1/100E (slope=1.1952) _e_yo=1/100E (slope=1.4331)|
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® 2
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Figure 2: Error curves in the 2D case with P; elements and 6 = 1. Left: relative H'(2)-norm on
the displacements. Right: relative weighted L?(I'¢)-norm on the contact pressure.
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Figure 3: Error curves in the 2D case with Pj elements and 6 = 0. Left: relative H'(£2)-norm on
the displacements. Right: relative weighted L?(T'¢)-norm on the contact pressure.

) —
_e_'yo=1/100E (slope=1.2101) _e_yo=1/100E (slope=1.4338)
100% ‘-X-"Y():l/E (slope=1.3189) § ‘-X-‘Y():l/E (slope=1.3214)
-4-Y,=100/E (slope=1.6323) & —+-7,=100/E (slope=1.4662)
@
5 R : 2 100%[ T T T T '
£ =
b 2
2 2
g 1% E
2 -
a g q
S L 5 C R
0.01% == o
1 10 1 10
h h
Figure 4: Error curves in the 2D case with P; elements and § = —1. Left: relative H'({2)-norm

on the displacements. Right: relative weighted L?(I'¢)-norm on the contact pressure.

The same numerical experiment has been extended to the P, Lagrange isoparametric finite ele-
ment method. The corresponding error curves are presented in Figs. 5, 6 and 7. The results are
quite similar compared with the P, Lagrange method. The convergence is even poorer for large
values of 79 and # = 1. The error levels are smaller compared with the P; method. However,
the convergence rates are only slightly better. This comes probably from the regularity of the
solution to the continuous problem.
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Figure 5: Error curves in the 2D case with P, elements and 6 = 1. Left: relative H'(£2)-norm on
the displacements. Right: relative weighted L?(T'¢)-norm on the contact pressure.
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Figure 6: Error curves in the 2D case with P, elements and 6 = 0. Left: relative H'(2)-norm on
the displacements. Right: relative weighted L?(I'¢)-norm on the contact pressure.
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Figure 7: Error curves in the 2D case with P, elements and 6 = —1. Left: relative H'(£2)-norm

on the displacements. Right: relative weighted L?(I'c)-norm on the contact pressure.

4.2 Three-dimensional numerical tests

The three-dimensional tests are similar to the two-dimensional ones. We consider a sphere of
radius 20cm with mesh sizes h = 3.6cm,6cm, 11 cm,23cm and a P; Lagrange finite element
method (an example of a mesh and a reference solution are presented in Fig. 8). Homogeneous
isotropic linear elasticity is considered with still a Young modulus £ = 25 MPa and a Poisson ratio
P = 0.25. A vertical density of volume forces of 20 MN/ m® is also still considered. Similarly to the
two-dimensional case, the horizontal rigid motions and the rotations are blocked by prescribing
the displacement on specific chosen points. The reference solution is still computed with quadratic
isoparametric finite elements on a fine mesh (h = 1c¢m) using Lagrange multipliers. The error
curves are presented in Fig. 9, 10 and 11. Very similar conclusions can be drawn compared with
the two-dimensional case. In particular, the method for 8 = —1 allows us to obtain an optimal
convergence rate for any value of vy. However, note that the convergence for large values of 7
for 8 =1 and 0 = 0 is even worse compared to the two-dimensional case.
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Figure 8: Three-dimensional mesh example and reference solution (sectional view, with color plot
of the Von-Mises stress).
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Figure 9: Error curves in the 3D case with P; elements and 6 = 1. Left: relative H'(2)-norm on
the displacements. Right: relative weighted L?(TI'¢)-norm on the contact pressure.
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Figure 10: Error curves in the 3D case with P; elements and 6 = 0. Left: relative H'(£2)-norm
on the displacements. Right: relative weighted L?(I'c)-norm on the contact pressure.
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Figure 11: Error curves in the 3D case with P; elements and 6§ = —1. Left: relative H'(2)-norm

on the displacements. Right: relative weighted L?(T'c)-norm on the contact pressure.

5 Conclusion and perspectives

In comparison with the other existing methods for unilateral contact, Nitsche’s method has the
great advantage that no other unknown than the displacement field is introduced. Indeed, most
of the methods are based on a mixed formulation which introduces Lagrange multipliers: see e.g.
[39] for a recent review and [36] for a recent numerical comparison of existing methods. From this
point of view, Nitsche’s method is close to the well-known penalty method in its simplicity, with
the advantage of remaining consistent. Moreover, it admits some variants that have interesting
properties from the theoretical and/or computational point of view: the variant § = 1 preserves
symmetry and has a positive penalty term, the variant # = 0 involves less terms and the variant
f# = —1 preserves well-posedness and the convergence irrespectively of the parameter ~y. For all
the variants, i.e., all the values of 0, the discrete problem is well-posed and optimal convergence
is achieved if 7y is sufficiently small when 8 # —1. Numerical experiments point out the good
convergence properties of Nitsche’s formulation when solved with a generalized Newton’s method.
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In particular, the variant § = —1 presents very good convergence properties, for both small and
large values of ~q.

Among future directions of work is extension of the method for friction problems, in particular
Tresca’s friction and then Coulomb’s friction.

Appendix A: interpolation error estimate for the gradient on the
boundary

Lemma A.1. Letu € H%J“’(Q) where Q CR? and 0 < v <k — § (k= 1,2 is the degree of the
finite element method, given in (4)). Set T := 0Q and consider an element T € T" such that
I'NT is a face of T. Then there exists a positive constant C independent of T and h such that:

IV (u~Z")lorrr < Chipluls,,z.

where hr is the diameter of T' and |uls_, p is the usual H%J”’(T) seminorm of u.
S+,

Proof: We will use a classical scaling argument (see for instance [14, Theorem 1.103]). Let us
consider the reference element T (which is independent of 7" and hr) and the jacobian matrix Jr
of the linear geometric transformation from 7' to T. Then, due to the regularity of the family of
meshes 7", we have

T hr -1 hi
[det(Jr)l = = el <—, |Jz' 1<,
|T’ P pT
where ||Jr|| := sup (||Jrz|/||Z||) is the matrix norm associated to the usual euclidean norm in R?
30

and |T|, |T'| stand for the areas of T, T'. Using this and the regularity of the mesh, we deduce
from a basic calculus

=3 A
IV (u — T"u)lo.rer < Chy? V(@ —Z"0)|y p,

where I' is the corresponding face on the reference element, V, I" are the gradient and the
Lagrange interpolation operator in the reference coordinates, respectively, and @(z) = u(Jr(Z)).
Now, we consider the map
FHS(T) — (L(D)
a = V(a—1I"a).
From standard trace theorems (see [1]), we deduce that .# is continuous. Using the property
F(p)=0forall pe Pk(T), we can write

V(@ —2"a)lgp = [F(@+p)lop Vb€ P(T),
< |17 || Hw eyl Plla g 99 € PL(D),
< C 12+ plls 4.,
pEPk(T) T
S C’U,‘ +VT

The last estimate is the application of the extension to fractional order spaces of Deny-Lions
lemma. Such an extension can be found for instance in [13] (Theorem 6.1). Now, proceeding to

21



the reverse change of variable, and still using the regularity of the mesh and the expression of
4], given also for instance in [13] it comes
2 b

d—3
IV —2"w)lornr < Chy® lils,,;
d—3 _ d—3—2v
< Chy? by 7 fula,g
= Wyl s

O
This result can be straightforwardly extended to the vectorial case. The global interpolation

estimate on the whole I'c can be obtained by summation on all the faces of elements lying on
Le.

Appendix B: a simple example of nonexistence and nonuniqueness
of solutions

We consider the triangle © of vertexes A = (0,0), B = (£,0) and C = (0,¢). We define I'p =
[B,C], T'ny = [A,C], T¢ = [A,B] and {X;, X5} denotes the canonical orthonormal basis (see
Figure 12). We suppose that the volume forces f are absent and that the surface forces denoted
g = g1X1 + g2 X9 are such that g; and gy are constant on I'y.

Figure 12: Setting of the problem.

We suppose that  is discretized with a single finite element of degree one. Consequently, the
finite element space becomes:

V= {V = (ol of) € (PL()%, v =0 on Tp .

Clearly, V" is of dimension two. For v/ € V" (resp. u" € V"), we denote by (Vr,Vy) (resp.
(Ur,Uy)) the value of v/*(A) corresponding to the tangential and the normal displacements at
point A respectively (in our example, we have Vi = —vf'(A) and Vy = —v(A)). Then, for any

vh € V" one obtains

e

<

h) _ l 2V Vr+Vn
20\ Vr+Vy 2VN ’
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We denote by E and v the Young modulus and the Poisson ratio or equivalently A = (EP)/((1—
2P)(1+ P)) and p = E/(2(1 + P)) are the corresponding Lamé coefficients. So we get

O'(Vh) _ 1 ()\ + QM)VT + AV M(VT + VN)
l w(Vr + V) A+2)VN + AV )7

We next consider a very simple case:

E=1,P=0(Ge A=0,u=1/2),0=1,0=1,v=1 (e, =1/V2).

Therefore

Al(uh,vh) = 3

1
Z(UTVT + UNVN) + Z(UTVN + UNVT) — UnVn.

Denoting by ¢y the (normal component) basis function of V (¢n(A) = 1, on(B) = 0), we get

SO

Pi(v") = Viygn — Vv and [P (u")]y = (1 = ¢n)(=Un)+,

/ ) P ) dE = = g (~Un) Vv

Besides

1
L(v") = —5(91VT + 92VnN).

The discrete problem (10) consists then of finding (Ur, Uy) € R? such that:

3 1

“Ur+ =Uy = —

5 T+ VN g1,

1 1 2

JUr —5Un — g(_UN)-',- = —g2. (29)

Clearly, a solution of (29) satisfies either Uy > 0 or Uy < 0. We now show that for certain values
of g1 and go, system (29) admits an infinity of solutions or no solution.

e Suppose that g; = 3¢9, then there exists an infinity of solutions (Ur,Un) = (—2¢1/3 — /3, x)
for any = < 0.

e Suppose that g; > 3¢, then (29) admits no solution.
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