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Abstract: A new version of the Kudryashov’s method for solving non-integrable problems in mathematical physics is presented in this
paper. New exact solutions of the heat conduction equation andK(m,n) equation with generalized evolution are obtained by using this
method. The solutions gained from the proposed method have been verified with obtained by the(G′/G)-expansion method.
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1 Introduction

The study of nonlinear physical problems has been
become very important in recent years. These problems
have been solved by using different mathematical
approaches. So, soliton solutions, compactons, singular
solitons and the other solutions have been found for these
physical problems. These types of solutions appear in
various areas of physics and engineering. A powerful
method for obtaining exact solutions to nonlinear
differential equations was proposed in. On the other hand,
Kudryashov defined a new method, called as Kudryashov
method, in [2]. High order nonlinear evolution equations
can be more effectively constructed by using this method.
In this research, we give the modified Kudryashov’s
method combined with symmetrical hyperbolic Fibonacci
and Lucas functions for seeking new exact solutions to
the non-integrable physical models. We demonstrate
applications of the proposed method for two generalized
physical problems. One of these equations is the
generalized form of heat conduction equation [3,4]

ut −b(un)xx −b(un)yy −u+un = 0, (1)

whereb> 0, n> 1, and another equation is the generalized
K(m,n) equation [5,6]

(un)t + γumux +β (un)xxx = 0, (2)

In literature, there are also a lot of methods that are used
to solve the nonlinear partial differential equations such

as the ansatz method [7–11], the exp-function
method [12, 13], the trial equation method [14, 15], the
(G′/G)-expansion method [16], the Hirota’s method
[17,18], the three wave method [19], extended Jacobi
elliptic function expansion method [20], Kudyrashov
method [21], semi-inverse variational principle [22], the
multiplier method using the Lie symmetry [23] and many
more. Key idea of this paper is that traditional basee of
the exponential function is replaced by an arbitrary base
a 6= 1. So, new exact solutions of non-integrable evolution
equations may be obtained by this simple modification.

2 The modified Kudryashov method

Suppose that a nonlinear PDE for a functionu say in three
independent variablesx, y andt is given by

P(t,x,y,u,ut ,ux,uy,utt ,utx,uxx,uyy, ...) = 0. (3)

It is useful to summarize the main steps of modified
Kudryashov method as follows:

Step 1.Seeking the travelling wave solution of Eq. (3)
by the using of the transformations

u(x,y, t) =U(ξ ), ξ = k(x+ y− ct), (4)

wherek and c are free constants. Eq. (3) reduce to the
following nonlinear ordinary differential equation:

N(U,U ′,U ′′, ...) = 0, (5)
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where the prime denotes differentiation with respect toξ .
Also, it is assumed that the highest order nonlinear terms
in Eq. (5) areU l(ξ )U (s)(ξ ) and(U (p))r.

Step 2.We assume that the exact solutions of Eq. (5)
have the following form:

U(ξ ) =
N

∑
j=−N

a jQ
j, (6)

whereQ = 1
1±aξ . We know that the functionQ is solution

of equation
Qξ = lna(Q2−Q). (7)

Step 3.According to the proposed method, Eq. (6) can
be expanded as follows:

U(ξ ) = a−NQ−N + · · ·+a−1Q−1+a0+a1Q+ · · ·+aNQN .
(8)

We proceed analogously as in the classical Kudryashov
method on balancing the highest order nonlinear terms in
Eq. (5) in order to determine the value ofN . More
precisely, by straightforward calculations we get

U ′(ξ ) = · · ·+aNN lnaQN+1, (9)

U ′′(ξ ) = · · ·+aNN(N +1)(lna)2QN+2, (10)

U (s)(ξ ) = · · ·+aNN(N +1) . . .(N + s−1)(lna)sQN+s,
(11)

U lU (s)(ξ )= · · ·+aNN(N+1) . . .(N+s−1)(lna)sQ(l+1)N+s,
(12)

(U (p))r(ξ ) = · · ·+(aNN(N +1) . . .(N + p−1)(lna)p)r Qr(N+p),

(13)
whereaN andaN are the unknown coefficients. Balancing
the highest order nonlinear terms of Eq. (12) and Eq. (13),
we obtain

(l +1)N + s = r(N + p), (14)

so
N =

s− rp
r− l −1

. (15)

Step 4. Substituting Eq. (6) into Eq. (5) yields a
polynomialR(Q) of Q. Equating the coefficients ofR(Q)
to zero, we get a system of algebraic equations. Solving
this system, we shall determinec, k and the arbitary
coefficients ofa−N , . . . ,a−1,a0,a1, . . . ,aN . Thus, we can
find the new exact solutions to Eq. (3).

3 Applications

Example 1. Application to the generalized form of heat
conduction equation

In this section the modified Kudryashov method will
be applied to solve heat conduction equation. Using the

transformation (4), we can reduce Eq. (1) to the ordinary
differential equation which can be written as

−kcU ′−bk2n(n−1)Un−2U ′2−bk2Un−1U ′′−U+Un = 0.
(16)

Then we use the transformation

U(ξ ) =V
−1
n−1 (ξ ), (17)

which converts Eq (16) into

kc(n−1)V ′V 2+2bk2n(1−2n)V ′2+2bk2n(n−1)VV ′′− (n−1)2V 3+(n−1)2V 2 = 0.

(18)
We take

V (ξ ) =
N

∑
j=−N

a jQ
j, (19)

where Q = 1
1±aξ and Qξ = lna(Q2 − Q). Using the

generalized balance formula (15) for the nonlinear terms
VV ′′ andV ′V 2 in Eq. (18), we find

N = 1. (20)

Therefore we have

V (ξ ) =
1

∑
j=−1

a jQ
j =

a−1

Q
+a0+a1Q, (21)

and we compute derivatives of the functiony(ξ ) with
respect toξ . The required derivatives in Eq (18) are
obtained

Vξ = lna

(

a−1

Q
−a−1+a1Q+a1Q2

)

, (22)

Vξ ξ = ln2 a

(

a−1

Q
−a−1+a1Q−3a1Q2+2a1Q3

)

.

(23)
As result of this, we get the system of algebraic equations
can be solved by using Mathematica. Solving this system,
we obtain coefficientsa−1, a0 anda1 as follows:

Case 1

a0 =−a−1, a1 = 0, c =±n
√

2b, k =∓ 1−n

n
√

2b lna
,

(24)
wherea−1 is arbitrary constant. By the using Eq. (24), Eq.
(21) can be written as

V (ξ ) = a−1aξ , (25)

whereξ =∓ 1−n
n
√

2b lna
(x+y±n

√
2bt). Therefore, we obtain

the following solution of Eq (1)

u1(x,y, t) = A

(

±a
± 1

n
√

2b lna
(x+y±n

√
2bt)
) 1

1−n

, (26)

whereA = (a−1)
1

1−n .
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Case 2

a−1 = a0 = 0, a1 = 1, c =±
√

2b, k =∓ (1−n)

n
√

2b lna
.

(27)
Using Eq. (27), we obtain the following solution forξ =
∓ 1−n

n
√

2b lna
(x+ y±

√
2bt)

V (ξ ) =
1

1±aξ . (28)

Substituting Eq. (28) into (17) and (4), respectively, we
have

u2(x,y, t) =

(

1

1+a
∓ 1−n

n
√

2b lna
(x+y±

√
2bt)

) 1
1−n

, (29)

u3(x,y, t) =

(

1

1−a
∓ 1−n

n
√

2b lna
(x+y±

√
2bt)

) 1
1−n

. (30)

Applying several simple transformations to these
solutions, we obtain new exact solutions to Eq. (1),
respectively:

u2(x,y, t) =

(

1
2
− 1

2
tFs[B(x+ y− ct)]

) 1
1−n

, (31)

u3(x,y, t) =

(

1
2
− 1

2
ctFs[B(x+ y− ct)]

) 1
1−n

, (32)

whereB =∓ 1−n
2n

√
2b lna

, c =±
√

2b.
Case 3

a−1 = 0, a0 = 1, a1 =−1, c =±
√

2b, k =∓ 1−n
n
√

2b lna
.

(33)
Using Eq. (33), we obtain the following solution forξ =
∓ 1−n

n
√

2b lna
(x+ y±

√
2bt)

V (ξ ) =
aξ

1+aξ . (34)

Then we get the exact solutions of generalized heat
conduction equation as

u4(x,y, t) =





a
∓ 1−n

n
√

2b lna
(x+y±

√
2bt)

1+a
∓ 1−n

n
√

2b lna
(x+y±

√
2bt)





1
1−n

. (35)

Remark 1. The solutions (3.11), (3.16), (3.17) and (3.20)
are new and more general solutions for the generalized
forms of the nonlinear heat conduction equation. These
solutions have been obtained by the(G′/G)-expansion
method in [3] and [4], but our results are more general
than it.

Example 2. Application to the generalized form of
K(m,n) equation

Using the transformations

u(x, t) =U(ξ ), ξ = k(x− ct) (36)

and substituting Eq. (36) into Eq. (2), we can obtain

−kc(Un)ξ + γkUmUξ +βk3(Un)ξ ξ ξ = 0. (37)

Integrating Eq. (37) with respect toξ once yields

−kc(Un)+
γkUm+1

m+1
+βk3(Un)ξ ξ +C = 0, (38)

whereC is the integration constant. For simplicity, we take
C = 0 and use the relation

U(ξ ) =V
1

m−n+1 (ξ ), (39)

which will convert Eq (38) into

βk3n(m−n+1)(m+1)VV ′′+βk3n(2n−m−1)(m+1)(V ′)2

−kc(m+1)(m−n+1)2V 2+γk(m−n+1)2V 3 = 0. (40)

According to the solution procsedure, we can compute the
valueN from the balance formula (15) for the nonlinear
termsVV ′′ andV 3 in Eq (40) as follows:

N = 2. (41)

Therefore we have

V (ξ ) =
2

∑
j=−2

a jQ
j =

a−2

Q2 +
a−1

Q
+a0+a1Q+a1Q2, (42)

and we substitute derivatives of the functiony(ξ ) with
respect toξ . The required derivatives in Eq (40) are
obtained

Vξ = lna

(

a−1

Q
−a−1+a1Q+a1Q2

)

, (43)

Vξ ξ = ln2 a

(

a−1

Q
−a−1+a1Q−3a1Q2+2a1Q3

)

.

(44)
As result of this, we have the system of algebraic equations
can be solved with Mathematica. Solving this system, we
obtain the following results:

a−2= a−1= a0= 0, a1=
2βnk2(lna)2(1+m)(m+n+1)

γ(m−n+1)2 ,

a2=
−2βnk2(lna)2(1+m)(m+n+1)

γ(m−n+1)2 , c=
βk2n2(lna)2

(−1−m+n)2 ,

(45)
wherea1, a2 are arbitrary constants. By the using Eq. (45),
Eq. (42) can be writen as

V (ξ ) = 2βnk2(lna)2(1+m)(m+n+1)
γ(m−n+1)2

(

1
1±aξ − 1

(1±aξ )
2

)

,

(46)
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Fig. 1: u1(x, t) is shown ata = b = n = k = m = 1.

Fig. 2: u2(x, t) is shown ata = b = n = k = m = 1.

whereξ = k
(

x− βk2n2(lna)2

(−1−m+n)2
t
)

. Substituting Eq. (46) into

Eq. (39), we have

U(x, t) = A













1

1±a
k

(

x− βk2n2(lna)2

(−1−m+n)2
t

) − 1


1±a
k

(

x− βk2n2(lna)2

(−1−m+n)2
t

)




2













1
m−n+1

,

(47)

where A =
(

2βnk2(lna)2(1+m)(m+n+1)
γ(m−n+1)2

)
1

m−n+1
. Applying

several simple transformations to these solutions, we
obtain new exact solutions to Eq. (2), respectively:

u1(x, t) =
Ã

cFs
2

m−n+1 [B(x− ct)]
, (48)

u2(x, t) =
−Ã

sFs
2

m−n+1 [B(x− ct)]
, (49)

where Ã =
(

2βnk2(lna)2(1+m)(m+n+1)
5γ(m−n+1)2

)
1

m−n+1
, B = k

2 and

c = βk2n2(lna)2

(−1−m+n)2
. Here,A represents the amplitude of the

solitons, while B is the inverse width of the solitons andc
represents the velocity of the solitons. Also, Eq. (49)
represents a singular soliton solution for Eq. (2). If we
take a = e in Eq. (48), then we can find the solution
obtained by the ansatz method in [5].

4 Remarks and Conclusion

In this section is to show that the symmetrical hyperbolic
Fibonacci function and Lucas function solutions can be
obtained by the generalExpa-function with Kudryashov
method. We highlight briefly the definitions of
symmetrical hyperbolic Fibonacci and Lucas functions.
Stakhov and Rozin gave all details of symmetrical
hyperbolic Fibonacci and Lucas functions in [24]. We

only examine several formulas with respect to these
functions here. Symmetrical Fibonacci sin, cosine,
tangent and cotangent functions are respectively defined
as follows:

sFs(x) =
ax −a−x

√
5

, cFs(x) =
ax +a−x

√
5

,

tFs(x) =
ax −a−x

ax +a−x , ctFs(x) =
ax +a−x

ax −a−x . (50)

Analogously, symmetrical Lucas sin and cosine are
respectively defined as

sLs(x) = ax −a−x, cLs(x) = ax +a−x, (51)

where a = 1+
√

5
2 , which is known in the literature as

Golden Mean [1]. So, we can find more general (or more
larger classes of) solutions in applying the modified
method with Symmetrical Fibonacci functions. If we take
a = e, then we can find the previous solutions also.
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