Journal of Science and Arts Year 21, No. 2(55), pp. 461-478, 2021

ORIGINAL PAPER

SYMMETRIC FUNCTIONS OF BINARY PRODUCTS OF TRIBONACCI
LUCAS NUMBERS AND ORTHOGONAL POLYNOMIALS

HIND MERZOUK®, ALI BOUSSAYOUD'!, MOURAD CHELGHAM",

Manuscript received: 09.01.2021; Accepted paper: 19.05.2021;
Published online: 30.06.2021.

Abstract. In this paper, we will recover the new generating functions of some products
of Tribonacci Lucas numbers and orthogonal polynomials. The technic used her is based on
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1. INTRODUCTION

Recently, Fibonacci and Lucas numbers have investigated very largely and authors
tried to developed and give some directions to mathematical calculations using these types of
special numbers [1-4]. One of these directions goes through to the Tribonacci and the
Tribonacci Lucas numbers. In factTribonacci numbers have been firstly defined by M.
Feinberg in 1963 and then some important properties over this numbers have been created by
[5-9]. On the other hand, Tribonacci Lucas numbers have been introduced and investigated by
author in [10].

For n> 3, it is known that while the Tribonacci Lucas sequence {K,}._ is defined by

{Kn = Kn—l + anz + Kn—B (1 1)

K,=3K, =1K,=3"

Consider the characteristic polynomial x*—x*—-x—-1=0 associated to recursive
relation (1.1) with having the roots

a:1+$/19+3\/?§+€/19—3\/3§
3 1

s
. 1+ w2319 +34/33 + wil19 - 3433
3 1

1+wi19+3433 +w?319-3433
3 1

where w= =8
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The Binet formula for Tribonacci Lucas numbers is:
K,=a"+p"+7"

In this paper, we will recover the new generating functions of some products of
Tribonacci Lucas numbers and orthogonal polynomials.

The further contents of this paper are as follows: Section 1 gives introduction, in
section 2, we introduce symmetric functions and some of its properties. We also give some
more useful definitions which are used in the following sections. In Section 3 we prove our
main result which relates the generating functions of binary products of Tribonacci Lucas
numbers and orthogonal polynomials.

2. PRELIMINARIES AND SOME PROPERTIES

Definition 2.1. [11] Let {R,(x)} . polynomials sequence of second ordre defined by

R, (x)= ( Py + plx) Pn—1(x) +(qo + Q1X) P (), n>2
R(X) =a,R(X) =4+ px ’

where p,, p;,0,. 0,2, B, and f,are real numbers.
In fact, the well-known sequences below are special cases of the generalized

polynomials sequence {PR,(x)} .

e Puttingp,=0,=4,=0andp, =q,=a =/, =1 reduces to Fibonacci polynomials.

e Substitutingp, =g, =4, =0anda =2 p,=d, =B =1 yields Lucas polynomials.

o Takingp,=¢,=a=p8=0,p, =2 andq, = B, =1 gives Pell polynomials.

e Takingp,=¢, =4=0 q,=1anda = = p, =2 gives Pell Lucas polynomials.

e Takingp =q,=a=4=0 B =p,=1andq, =2 gives Jacobsthal polynomials.

e In the case whenp, =q,=4=0 B =p,=1anda=q =2 it reduces to Jacobsthal
Lucas polynomials.

e Inthe case whenp,=¢,=4,=0 a=/4=1 p,=2 andq, =-1 it reduces to Chebyshev
polynomials of first kind.

e Inthecasewhenp,=0,=4,=0, a=1 B =p =2 and ¢, =-1 it reduces to Chebyshev
polynomials of second kind.

e Puttingp,=9,=0, =1 g =p,=2andf,=0,=-1 we obtain Chebyshev
polynomials of third kind.

e Substitutingp, =0, =0, a=4,=1 f=p,=2 and q,=-1 yield Chebyshev
polynomials of fourth kind.
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Corollary 2.1. [12] Forn e N, Tribonacci Lucas numbers, can be defined by
Ka :3Sn (el +€, +e3)_28n—1(e1 +6€, +e3)_8n—2(e1 +€, +83),

where e1, e, and ez are the roots of characteristic polynomial associated to recursive relation
(1.2).

Proposition 2.1. [11] ForneN, the generating function of generalized polynomials of
second ordre is given by

20 0 n_a+[(ﬂo—apo)+(ﬂl_ap1)]t
gp( = 1= (py + PX)t = (0 + 0 x)t’

with P, (x)=aS,(a,+[-&])+[ (B —ap,)+(B-ap,)x]S, (& +[-2]).

Definition 2.2. [17] Let A and B be any two alphabets, then we give S (A—-B) by the

following form:

My e (-0t S myen
m—gsnm B)t", (2.1)

with the condition S (A-B)=0 for n<O0.

Remark 2.2. Taking A=0 in (2.1) gives
I, ;(1-bt) = iosn (-B)t".
n=0
Further, in the case A=0 or B =0 ,we have
isn(A— B)t" = (isn(A)t"](isn (—B)t”),
n-0 n-0 y

thus,
5,(A-B)=YS, ,(A)S, (-B).

Definition 2.3. Let g be any function on R", then we consider the divided difference operator
as the following form

Xx (g)_ (Xl’ ’X" i1 X) g(X1 —1’ |+1X|’X|+2 “Xn)

" X —x , (see [13])

Definition 2.4. [14] Given an alphabet E = {el,ez}, the symmetrizing operator &;, is
defined by

k+n _ qk+n
S (€)=2—""2—s_ (e +e,), forallkeN,=Nu{0}.

2
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3. MAIN RESULTS AND LEMMAS

The following Theorem is one of the key tools of the proof of our main result. It has been
proved in [18 ].

Theorem 3.1. Given two alphabets A={a,,a,} andE ={e, e, e,}, we have

> S, (-E)s, (a)t"
zs (E) alaz(af)t“:(m o (%) KeN,

5.0 | 55,
Proof : Applying the operator 5; , to the series f (alt) = Z_%)SH(E)al”t", we have

s, | (at)= O, (iosn(E)a;th

ZS (E) n+k —fSn(E)a;*kt”
n=0

a—a,
a{1+k n+k +o0
=D S.(E)=———t"=) S (E)d,, (@)t"
DS L
On the other part, since ZS (B)a't" ——) we have

1 [Jeeo ] Joee
! (8)=% H(l—eait) T aa
ainel ea,t)—a; [ [(1-eat)
<a1f§2>g<1—ea1t>ﬂa—eazt>

Using the fact that : ZS( E)a't" =] [(1-eat), then

eckE
af s, (-E)ajt' -af %5, (-E)at’
n=0 n=0

é‘5:3‘2 f (ait) = +o0 +00
@ -2)( E5, 00 | £5, e

= a‘a) —asa ., 1o
XS,(-E)= =t %Sn(—E)@laz(a;)t”

2

(Sscoae | Zs,comr) (Es,cemr)Sscomr)
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This completes the proof.
If k=0,k=1,k=2andk =3in Theorem 3.1 we deduce the following lemmas

Lemma3.1. Let A={a,a,}and E ={e e, e,} two alphabets, we have

Sl(_E)t _(ai +a2)82 (_E)tz —((31 +a2)2 _a1a2)53 (_E)t3 .

+wsn(E)sm (A" =— 3.2
nzz(; : [Ja-ean] J-eay) (3:2)
ecE ecE
Lemma 3.2. Let A={a,a,}and E = {e,,e,,e,} two alphabets, we have
= . 1-aa,S,(-E)t*-aa,(a +a,)S;(-E)t°
S.(E)S, (A" = , 3.3
HZ:(; [ [@-eat)] J-eant) (3:3)
ecE ecE
from (3.3) we deduce
& . t-aaS,(-E)t’-aa,(a +a,)S,(-E)t*
S (E)S (A" = . .
; n—l( ) n—l( ) H(l_ealt)H(l_eazt) (3 4)
ecE ecE
Lemma 3.3. Given two alphabets E ={e,,e,,e;} and A={a,,a,}, we have
i . (a+a,)+S,(-E)aat-S,(-E)a’at’
S (E)S,..,(At" = : 3.5
; n( ) n+l( ) H(l—eait)H(l—eazt) ( )
ecE ecE
from (3.5) we deduce
= » (& +a,)t+S,(-E)aat’-S,(-E)aast’
S, (E)S. (A" = , 3.6
25 [Ta-ean] Ja—ca &9
ecE ecE
from (3.6) we deduce
= . (a+a)t?+S,(-E)aat’ -S,(-E)aat’
S (E)S, (A" = . :
; n—Z( ) n—l( ) H(l—eait)l_[(l—eazt) (3 7)
ecE ecE
Lemma 3.4. Given two alphabets E ={e e, e;} and A={a,a,}, we have
iSH,Z(E)Sn(A)t” _ ((a,+a,)* a3, )t +a,a,(3 +a,)S, (-E)t* +S, (-E)afajt’ | 9
o [Ja-eat)] Ja-eay)

ecE ecE
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In this part, we now derive the new generating functions of the products of Tribonacci
Lucas numbers with Fibonacci, Lucas, Pell, Pell Lucas, Jacobsthal and Jacobsthal Lucas
polynomials.

e Forthecase A={a,—a,} and E={e,e,e,} withreplacing a, by (-a,)in (3.2), (3.3),
(3.4), (3.6), (3.7) and (3.8), we have

S,(-E)t-(=a,)S, (-E)t" (& -3, +aa,)S,(-E)t" 54,
[ Ja-eat)] J@+eant) .

ecE ecE

S, (E)S, . (2 +[-a,])t" ==

gsn E)% (=) - = alazszl(_i(El)—tze;ta)iﬁ((i_eZz)ss — ' (3.10)
:zj;sn_l(E)sn (2, +[a, )t = %) 1‘:[;11(‘5&)1;1131‘:11 9; (Zt—)E)afaSt“ | 612)
NCENCRT RIS _az)tzﬁfi(__e?t?raf(;z;f)afazztS , 6.13)
L = T
with

[Ta-ean)[J@+eat) =1+ (a -a,)S, (-E)t+[ (8 —a,)S, (-E)-aa, (S} (~E)-2S,(-E)) |t*

+[ (8, ~8,)*S;(-E)-a3,(a, —3,)(S,(-E)S, (~E)-3S, (-E)) |t°
[ aa,(a,—a,)*S,(-E)S, (-E)—afa; (S; (—E)-2S, (-E)S, (-E)) |t*
+a;a; (a,—a,)S,(—E)S, (-E)t° —a’a;S; (—E)t’.

This case consists of three related parts.

o S,(-E)=-1
First, the substitutions{al ? " and {S,(-E)=-1, in (3.10), (3.12) and (3.14)
aa, =1
S;(-E)=-1

give
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+00 1_t2_xt3

E - "= . A
nz:;‘sn( )S”(ai+[ az])t 1-xt—(X* +3)t* = (0 +4x)t° — (x> + Dt* + xt°> —t° (3.15)
& xt+t? +t*

E - "= . A
;S”’l( )S”(a1+[ az])t 1-xt—(x* +3)t> — (x> +4x)t° — (X* +t* + xt®> —t° (3.16)

X2 +1)t% +xt® -t

an L(E)S, (a,+[-a,])t" = ( ) (3.17)

C1-xt— (43— (6 + A — (P + Dt xt® -t

Multiplying the equation (3.15) by 3 and substracting it from (3.16) multiplying by 2
and substracting it from (3.17), we have

i . 3—2xt — (6 + x*)t* —4xt® —t*
3S.(E)-2S, ,(E)-S. ,(E)|S —a,|)t" =
nzz;‘[ (B)=25,4(8) =S, ()] "(a1+[ az]) 1—xt —(x* +3)t° — (X + 4x)t° — (x> + Dt* + xt® —t°
:iKnFn(x)t”, (3.18)
n=0

which represents the new generating function for the combined Tribonacci Lucas numbers
and Fibonacci polynomials, with K, F, (x) =[3S (E)-2S, ,(E)-S, ,(E)]S, (a, +[-a,]).
We have the following theorem.

Theorem 3.2. Forne N, the new generating function for the combined Tribonacci Lucas
numbers and Lucas polynomials is given by

iK L ()t = 6 —5xt — (12+ 4x*)t” — (12X +3x°)t° — (2 + 2x°)t* + xt°
o 1T-Xt— (¢ +3)" = (¢ + 4 — ( + D"+ xC—1°

Proof: Recall that, we have [11]

L,(x) =28, (a +[-a,])-xS,,(a,+[-a,]).

we see that

ZK ot —ZO [35,(E)-2S,,(E)-S, 2(E)][zs (a,+[-a,])-x H(a1+[—a2])]t”
=2;[3Sn(E)—ZSM(E)—Snfz(E)]Sn(a1+[—a2])t”
—SXi‘Sn(E)Sn_l(ai +[-a,])t"+ 2xi;sn_l(lz)sn_l(a1 +[-a,|)t"
+x§;sn_2(E)Sn_l(a1+[—a2])t”
= 22KnFn(x)t" —e,xf;sn(lz)sn_l(a1 +[-a,])t" + 2x25n_1(E)Sn_l(a1 +[-a,)t"

+x§SHZ(E)Snl(a1+[—a2])t”,
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according the relations (3.9), (3.11) and (3.13), and reduce to same denominator, we obtain
the following result:

P, ()t + P, OOt + p, OOt + p, OOt* + pg (t°
140, ()t + 0, (Ot + 0, ()t +, ()" + 05 (X)t° + 05 (X)t°

+ZoolKnLn(x)tn = ZiKnFn(x)t" —
n=0 n=0

where
P (%) =X,
pz(x) = 2X(a1 _az)f
ps(x) = (3X(a1 - a2)2 + 4xa1a2)’
pA(X) =2Xa,3, (a1 - az)v
p5(X) = _afag)(’
and

ql(x) = _(a1 - az)'

0, (x) =—((a, —a,)* +3a,3,),

0s(¥) =—((a, —a,)° + 4a,3,(a, —a,)),
0,(x) = -aa,((a, —a,)* +aa,),
0s(x) = a’a, (&, —a,),

0 (X) = —a/a;.

After a simple calculation, of p,(x)and g;(x) we obtain

6—5xt — (12 +4x*)t* — (12X + 3> — (2 + 2x)t* + xt°
1—xt— (x> +3)t? — (0 + 4x)t° — (X +Dt* + xt®> —t°

iKn L,(x)t" =
n=0

This completes the proof.

o [ME)
Second, the substitutions {%a _21_ and Sz(—E):—l, in (3.9), (3.11) and (3.13) give
48, = S,(-E)=-1
is (E)S ( +[-a ])t" ~ t+2xt? + (4x* +Dt° (3.19)
mn e % ? 1—2xt — (4x2 +3)t? — (8X° +8X)t° — (4x? +D)t* +2xt° —t®
& t—t®—2xt*

S, (E)S +|—a, |)t" = .(3.20
ZO i (B)S0(2 -2 1—2xt — (4x2 + 3)t* — (8x° +8x)t° — (4x* + )t* + 2xt° —t° (3.20)
& 2xt? +t° +t°

S. ,(E)S +|-a, [)t" = .(3.21
HZ::; -2(E) "’1(81 [ az]) 1—2xt — (4x% +3)t* — (8x> +8x)t° — (4x* + D)t + 2xt° —t° (3:21)

Multiplying the equation (3.19) by 3 and substracting it from (3.20) multiplying by 2
and substracting it from (3.21) we have
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Z[ssn(E)_ZSn—l(E)_Sn—Z(E)]Sn—l(ai +[_a2])tn =
n=0
3.22
t+4xt2+(4+12x2)t3+4xt4—t5 4 (3.22)
2 2 3 3 2 4 5 6=ZKnPn(X)t”,
1-2xt—(4x° +3)t° —(8x° +8x)t° —(4x" +t" + 2xt° —t° 4=

which represents a new generating function for the combined Tribonacci Lucas numbers and
Pell polynomials, with K, P,(x) =[3S (E)-2S,,(E)-S, ,(E)]S,,(a +[-a,]).
We have the following theorem.

Theorem 3.3. Forn e N, the new generating function for the combined Tribonacci Lucas
numbers and Pell Lucas polynomials is given by

6—10xt—(12+16x2)t2 —(24x+24x3)t3 —(2+8x2)t4 +2xt°
1—2xt — (4x° +3)t* — (8x> +8x)t® — (4x* +t* + 2xt° —t°

D K.Q,(t" =
n=0
Proof: By referred to [11], we have

Q) =28, (& +[-a,])-2xS,, (& +[=,]).
We see that

+Zjo:KnQn (X)tn = Z[sSn (E) - an—l(E) - Sn—Z(E)][ZSn (a1 + [_az]) - 2XSn—1 (a1 + [_az])]tn

= 628”@8” (a,+[-a,])t" —4:25”_1(53” (a,+[-a,])t"
—zgsnz(E)sn (a,+[-a,])t"
—2x2[38n(E)—28n1(E)—Sn2(E)]Snl(a1 +[-a, ])t"

= 6§SH(E)SH (a,+[-a,])t" —428“(E)Sn (a,+[-a,])t"

n=0

—ZESH(E)Sn (a1 +[—a2])t” - 2x§KnPn(x)t”,
n=0 n=0

by using the relationphis (3.10), (3.12) and (3.14) after some calculations we find

< . 6+ f ()t + f,(0t% + £,00t% + f, ()t N n
L 0 = e (Or + 0P + (O R (E TGO 22Ot

where
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fi(x) =-4(a -a,),
f,(x)=-(12a,a, +2(a, —a,)),
f3(X) =-8aa, (ai - az)v
f4(X) = —2afa§,
and
hl(X) = _(a1 - az)v
hz (x) = —((81 - a2)2 + 38132),
h3(X) = _((31 - az)3 + 43132 (31 - 3-2)),
h4(X) =-aa, ((a1 - a2)2 + aiaz)v
hy(x) =ara; (a, —a,),
hs(X) = _afag-

After a simple calculation, of f.(x) and h (x) we obtain

6—10xt—(12+16x2)t2 —(24x+24x3)t3 —(2+8x2)t4 +2xt°
1-2xt — (4x° +3)t* — (8x> +8x)t® — (4x* +t* + 2xt° —t°

iKnQn(x)tn =

This completes the proof.

S (-E)=-1
—a, =
Third, the substitutions {aia —22x and SZ(—E)=—1, in (3.9), (3.11) and (3.13) give
%% S,(-E)=-1
= t+t2+ (2x+ Dt
S (E)S +|—a, |)t" = .(3.23
nzz(; (E) ”’l(a1 [ 2]) 1-t—(1+6X)t* — (1+8xX)t> — (2x + 4x*)t* + 4x°t° —8x°*t° (3.23)
5, 4(E)S, 4 (8 +[-a,])t" = t—2xt’—axt” (3.24)
iR " 1-t—(1+6X)t° — (1+8x)t° — (2x + 4x°)t* + 4x°t> —8x°t°
2 3 245
t°+2xt° +4x7t (3.25)

S _,(E)S +|-a, |)t" = :
HZ:;‘ r-2(E) ”’1(31 [ az]) 1-t—(1+6X)t° — (1+8x)t° — (2x + 4x*)t* + 4x°t> —8x°t°

Multiplying the equation (3.23) by 3 and substracting it from (3.24) multiplying by 2
and substracting it from (3.25) we have

+00

>[3S,(E)-2S,,(E)-S, ,(E)]S,, (a +[-a,])t"
t+2t7 +(3+8x)t° +4xt* —4x°t° s n (3.26)
=>K,3,00t",

T 1-t— (146X — (L+8X)E° — (2x + M)t +4X° —8xt° &

which represents the new generating function for the combined Tribonacci Lucas numbers
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and Jacobsthal polynomials, with K, J, (x) =[3S,(E)-2S,,(E)-S, ,(E)]S,,(a +[-a,]).
We have the following theorem.

Theorem 3.4. Forne N, the new generating function for the combined Tribonacci Lucas
numbers and Jacobsthal Lucas polynomials is given by

6X -+ (1—6X)t +(2—6X — 24X°)t* +(3+ 2x— 32" )t° + (4x —8X* —8X°)t" — (4x* —8X°)t°
1—-t—(1+6xX)t% — (L+8X)t° — (2x + 4x*)t* + 4x°t® —8x’t® '

> K, jn (" =
n=0

Proof: By [11], we have j,(x) =2xS, (&, +[-a,])—(2x-1)S,_, (& +[-a,]). Then, we can see
that

+00

iKnjn(x)t” = >[38,(E)- 25, 4(E) S, ,(E)][ 2xS, (& +[-3,]) - (2x-1)S, , (3 +[-a,]) ]t"

n=0

= 6x§SH(E)Sn (a,+[-a,])t" —4x§sn_1(|5)sn (a,+[-a,])t"

—2x28n2(E)Sn(a1+[—a2])t” 7
—(2x—1)§;[38n(E)—28nl(E)—SnZ(E)]Snl(a1 +[-a, ])t"
= 6xiSH(E)Sn (a,+[-a,])t" —4x28n1(E)Sn (a,+[-a,])t"
—ZXE;S“(E)Sn (a,+[-a,])t"- (2x—1)§;Kan(x)t“,

by using the relations (3.10), (3.12), (3.14) and make some calculations, we get

= . 6x + 1, (X)t +1, 0)t* + 1, 0)t° +1, ()t e ]
Z;K” (08 = 1+m, (X)t+m, (x)'f2 )+ m3(§<)'23 + m4((x))t4 + m(5 ()x)t5 +m, (X)t° ~(2x _1)nZ=;K”J” (ot
with

I1(X) = _4X(a1 - az),

|2 (X) = —(2x(a1 - a2)2 +12)(a1a2),

|3(X) = _8xa1a2 (ai - az),

|4(X) = —Zxafa§,
and
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ml(x) = —(31 - az),

m,(x) = —((a, - a,)* +3a,3,),

m,(x) = ~((&, - &,)* +4a,a, (3, - a,)),
m, (x) =-2,3,((3, - a,)* +a,a,),
mg(X) = ara, (&, —a,),

mg(X) = _3133-2-

Therefore
Bx+ (1—6X)t + (26X — 24x°)t° +(3+2x —32x* )t°
iK OOt = +H(4x —8X% —8X3)t* — (4x% —8X)t°
=" 1—t—(1+6X)t% —(1+8xX)t — (2x +4x*)t* + 4x°t° —8x%t°

This completes proof.

4. GENERATRING FUNCTIONS OF BINARY PRODUCTS OF TRIBONACCI
LUCAS NUMBERS AND CHEBYSHEV POLYNOMIALS

In this section, we now derive the new generating functions of the products of
Tribonacci Lucas numbers with Chebyshev polynomials of first, second, third and fourth
kind.

e Forthe case A={2a,-2a,} withreplacing a, by 2a, and a, by (-2a,) in (3.2),
(3.3), (3.4), (3.6), (3.7) and (3.8) we have

S,(-E)t-2(a,—a,)S, (-E)t* —4((a, - a,)* +a,3,)S,; (-E )t° (4.1)
[Ja—2eat)] J(1+2eayt) '

ecE ecE

isn(E)sM(zai +[-2a,])t" =—

Ak ~ . 1+4aaS,(-E)t* +8aa,(a, —a,)S,(-E)t°
nZ:(;SH(E)Sn (28, +[-2a,)t" = [T 2580 [+ 2680 . (4.2)

= . t+4aaS,(-E)t’+8aa,(a —a,)S,(-E)t*
S, ,(E)S, (2 —2a, |)t" = : .
HZ:(; i (B)S, (22 +[-22.]) [T@-2eat)[ J@+2ea,t) “3)
ecE ecE
& . 2(a,—a,)t-4s,(-E)aa,t’ -16S,(-E)a’at*
S L (E)S, (2 —2a, [t = . .
; ()8, (22, +[-22, ] [ T@—2eat)] @1+ 2ea,t) (4.4)
ecE ecE

_ 2(a, - az)t2 —4s, (_E)a1a2t3 168, (_E)aizazzts
- [T@—2eat)[ J(1+2ea,t) '

ecE ecE

iSH_Z(E)Sn_l (28, +[-2a,])t" (4.5)
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o . 4((a-a) +a, )t -8aa, (3, -a,)S, (-E)t° +16a7a;S, (-E)t* 46
;sn,z(E)sn(zaﬁ[—zaz])t = [T 2ea0] [ 2500 , (4.6)

ecE ecE
with
[Ta-2eat)[ T+ 2ea,t) =1+ 2(a, -a,)S, (~E)t+4[ (& -3,)’S, (~E) -a,a, (S} (-E) - 2S, (-E)) |t*
ecE ecE
+8|:(a1 - 32)353 (_E) —aa, (a1 - az)(sl (_E) Sz (_E)_?’Ss (_E)):It3
~16[ a,3,(a, -a,)*S;(~E)S, (-E)—afa; (S; (~E) - 28, (-E)S, (-E)) Jt*
+32a’a}(a, —a,)S; (—E)S, (—-E)t° —64a’aS] (-E)t°.
Theorem 4.1. Forne N, the new generating function for the combined Tribonacci Lucas
numbers and Chebyshev polynomials of second kind is given by
3—4xt+(6-4x" )t* +8xt° —t*
1—2xt — (4x2 —3)t? — (8% —8xX)t* + (4x* —Dt* + 2xt° +t°

iKnUn (x)t" =
n=0

Proof: Recall that, we have [13]

U, (x)=S,(2a, +[-2a,]).
We see that

SK,U, ()t = 3 [35,(E) - 25, ,(E) S, ,(E)]S, (2, +[-2a,t"

n=0

= 3?‘48n (E)S, (2a, +[-2a,])t" — 2§‘§n_l(E)Sn (2a, +[-2a,])t"

S, L (E)S, (28, + [-28,])".

n=0

according the relations (4.2), (4.4), (4.6) and reduce to same denominator, we obtain the
following result

+00 ) , \
TKU, (01" = SO OO U U, 00
n-0 1+ v, ()t +V, () + v, () + v, ()" + V5 )t + Vg (X)t
where
ul(x) = _4(31 - az),
u,(x) =—(24a,a, +4(a, —a,)?),
u,(x) =-32aa,(a —a,),
ul(x) = —168128.22,
and
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vi(X) =-2(a, - a,),

v, (X) = _(12313-2 + 4(31 - az)),

v, (x) = —(8(a, —a,) +32a,3,(3, —a,)),
v,(x) =—(16a,3,(a, - a,)" +16a/a; ),
V5 (x) = 32a7a; (8, ~ ),

Vs (X) = —64a’a’.

Therefore
s i 3—4xt+(6—4x2)t2+8xt3—t4
ZKnUn(X)t = 2 2 3 3 2 2 5 6"
p—ry 1-2xt—(4x° =3)t° —(8x” —8x)t” + (4x" —1t" + 2xt° +t

This completes proof.

Theorem 4.2. Forne N, the new generating function for the combined Tribonacci Lucas
numbers and Chebyshev polynomials of first kind is given by

3-5xt +(6—8x2)t2 +(12x—12x2)t3 —(1—4x2)t4 +xt®
1—2xt — (4x2 —3)t? —8x(x* —Dt® + (4x* —Dt* + 2xt° +t*

+ZOOZKHTn Ot" =
n=0

Proof: By referred to [13], we have T, (x)=S,(2a, +[-2a,])—xS, (23, +[-2a,]). Then,
we see that

iKnTn (X)t" = §[3SH(E)—ZSH_1(E) —Sn_z(E)][Sn (28, +[-2a,])-xS, , (2a, +[—2a2])]t“

0

>
Il

+
8

[3S,(E)-2S, ,(E)-S,,(E)]S, (28, +[-2a,])t"

>
o

—3X§SH(E)SH(2a1 +[-2a,])t" +2x§“sn,1(E)sn,l(2a1 +[-2a,])t"
n=0 n=0

+X+§Sn72(E)Snfl (2a, +[-2a,])t"

n=0
= iKnUn(x)t“ —SXiSn (E)S,..(2a, +[-2a,])t"
n=0 n=0
+2X3°S, 4 (E)S, (28, +[-2a,)t" +xDS, ,(E)S, (23, +[-2a,])t",
n=0 n=0
using the relations (4.1), (4.3) and (4.5), we obtain

u, (X)t +u, O)t* +u, (X)t% +u, (X)t* +u, ()t°
14V, (Ot +V, OO 4+ v, ()2 v, ()t + v (O + v, (Ot°

iKnTn (x)t" = +iKnUn ()" —
n=0 n=0

where
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u, (X) = X,
u,(x) =4(a, —a,)x,
US(X) = (16a1a2 +12(a1 - az)z)xv
u, (X) = 16xa1a2 (a1 - az)a
uy(x) = —16a’a’x,
and
Vl(X) = _2(a1 - az),
Vv, (X) = _(12313-2 + 4(31 - az)),
Vo(X) =—(8(a, ~a,)° +322,3, (8, ~ ,)),
v, (x) = (1623, (3, ~a,) +16aa; ),
Vs (x) =32a7a; (a, - a,),
Vs (X) = —64a’a’.
Therefore
too _ _ 2\42 _ 2\43 _ 2\4+4 5
KT 0t = 3-5xt+(6 ; 8x )2t +(122< 122< )t 2(1 44x )t ngt 6.
s 1-2xt —(4x° —=3)t° —8x(X" —t° + (4x" =Dt" + 2xt” +t

This completes proof.

Theorem 4.3. Forne N, the new generating function for the combined Tribonacci Lucas
numbers and Chebyshev polynomials of third kind is given by

*“"K V()" 3—(4x+1)t+(6—4x—4x"-)t2+(4+8X_12X2)t3_(1_4)()t4+t5
X =
nz:(; 0 1-2xt - (4x* = 3)t* —8x(x* Dt + (4x* —Dt* + 2xt° +t°

Proof: We have [15]

Vi (X) =3, (2a1 + [_232 ]) —Sns (231 + [_Zaz])'
We see that

DK, (1" = 3[35,(E)-25,.(E) -5, ,©)[5, (28, +[-22,]) -5, (28, + [ 28, ]
_ 2[3Sn(E)—28nl(E)—SnZ(E)]Sn (22, +[-2a, )t"
—32345)%—1(231 +[-23 )t +223n-1(5)5n—1(231 -2,
+isn_2(E)Sn_1(2% +[-23,])t

=Y KU, ()" =3>'S, (E)S, , (28, +[-2a,])t" +2>S, ,(E)S,, (23, +[-2a, |)t"
n=0 n=0 n=0

+f“sn_2 (E)S,.,(2a, +[-2a,])t",

n=0
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according to relatioshpis (4.1), (4.3) and (4.5) this give the following equality

t+b, 0)t* +b, (x)t* +b, (X)t* +b, ()t°
1V, (Xt 4V, (X 4V, (X 4+ v, ()t v, (Ot + v, (Ot®

iKnVn (x)t" = io:KnUn(x)tn -
n=0 n=0

where
bl(x) = 4(a1 - az)y
b, (x) = (16a,a, +12(a, — &,)°),
b3(X) =16a,a, (81 - 8.2),
b, (x) = -16aa;,
and
V1(X) = _2(31 - az),
vV, (x) = —(12a1a2 + 4(a1 - az)),
v;(x) =—(8(a, —a,)* +32a,3,(a, - a,)),
vy (x) = —(16a1a2 (a1 - az)2 +163123'22 )'
Vs (x) =32a;a, (3, — a,),
v, (x) =-64a’a’.

Therefore

MKV i 3—(4x+1)t+(6—4x—4x"')t2+(4+8x—12x2)t‘°’—(1—4x)t“+t5
X)t" = .
nzz(; Vo (%) 1-2xt — (4x* =3)t? —8x(x* —t® + (4x* —t* + 2xt° +1°

This completes the proof.

Theorem 4.4. Forne N, the new generating function for the combined Tribonacci Lucas
numbers and Chebyshev polynomials of fourth kind is given by

SO 3— (4X—Dt+(6+4x—4x)t* —(4-8x—12X° )t - (1+ 4x)t* —t°
X =
HZ:(; W 1-2xt — (4x* —3)t? —8x(x* —Dt° + (4x* —Dt* + 2xt° +1°

Proof: By [15], we have W, (x)=S, (2a, +[-2a,])+S, (28, +[-2a,]) . Then, we can see
that
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f:ann (x)t" = i[?,sn(E)—2sn,l(E)—sn,2(E)][sn (22, +[-2a,])+S,, (28, +[-23,]) |t"

n=0

= 2[3Sn(E)—ZSnl(E)—Sn2(E)]Sn (2a, +[-2a,])t"
+325n (E)S,.(2a +[-2a,])t" - zi;sn_l(lz)sn_1 (2a, +[-2a,])t"
—fosn_z (E)S, .. (2a, +[-2a,])t"

= io(;Knun ()t" —3?013n (E)S, . (2a, +[-2a,])t"

n=0

_2+Zoosn—l(E)Sn—1 (2a1 + [_Zaz ])tn - isn—Z (E)S, (2a1 + [—2a2])t”,

according to relationshpis (4.1), (4.3) and (4.5) this give the following equality

+00 to0 2 3 4 5
SKV, ()t = SKU, (0t + E+ RO+ 5 Q0L+ 09 +1, 09T )
n=0 =0 1+ v, ()t +V, ()7 + v, () + v, () + v (Xt + v, (X)t

where
rl(x) = 4(a1 - az),
P (x)= (168@2 +12(81 - az)z)a
r,(x) =16a,a,(a, - a,),
r,(x) =-16a/a;,
and

vi(x) =—2(a, - a,),

Va (x)= _(12313'2 + 4(31 - az))a

Vy(x) =—(8(a, — a,)" + 323,38, (3, - a,)),
v,(x) =—(16a,a,(a, —a,)’ +16a/a; ),
Vs (x) =32a7a; (a, - a,),

Vs (X) = —64a’a;,

Therefore

SO 3— (4X—Dt+(6+4x—4x)t* —(4-8x—12xX° )t (1+ 4x)t* —t°
X)t" = :

HZ:(; W ( 1-2xt — (4x* —3)t? —8x(x* —Dt° + (4x* —Dt* + 2xt° +1°

This completes the proof.
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5. CONCLUSION

In this paper, we have derived new theorems in order to determine new generating

functions of product of Tribonnacci Lucas numbers and orthogonal polynomials. The derived
theorems are based on symmetric functions and products of these numbers and polynomials.
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