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Abstract

We prove the global existence of weak solutions of the Navier-Stokes equations
of compressible, nonbarotropic flow in three space dimensions with initial data and
external forces which are large, discontinuous, and spherically or cylindrically sym-
metric. The analysis allows for the possibility that a vacuum state emerges at the
origin or axis of symmetry, and the equations hold in the sense of distributions in
the set where the density is positive. In addition, the mass and momentum equations
hold weakly in the entire space-time domain, but with a nonstandard interpretation
of the viscosity terms as distributions. Solutions are obtained as limits of solutions
in annular regions between two balls or cylinders, and the analysis allows for the
possibility that energy is absorbed into the origin or axis, and is lost in the limit as
the inner radius goes to zero.

1. Introduction

We prove the global existence of weak solutions of the Navier-Stokes equa-
tions of compressible, nonbarotropic flow in three space dimensions with initial
data and external forces which are large, discontinuous, and spherically or cylin-
drically symmetric. In the latter case the spatial region is an infinite cylinder, and in
the former a ball. In both cases the velocity and temperature gradient vanish at the
boundary. The analysis allows for the possibility that a vacuum state emerges at the
origin or axis of symmetry, and the equations hold in the sense of distributions in
the set where the density is positive. In addition, the mass and momentum equations
hold weakly in the entire space-time domain, but with a nonstandard interpretation
of the viscosity terms as distributions. The energy equation is shown only to hold
weakly on the support of the density. Solutions are obtained as limits of solutions
in annular regions between two balls or cylinders, and the analysis allows for the
possibility that energy is absorbed into the origin or axis, and is lost in the limit as
the inner radius goes to zero.
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The Navier-Stokes equations of compressible, nonbarotropic flow express the
conservation of mass and the balance of momentum and energy as follows:

ρt + div(ρU) = 0 (1)

(ρUi )t + div(ρUiU)+ P(ρ, θ)xi = µ�Ui + (λ+ µ)div Uxi + ρFi (2)

(ρE)t + div ((ρE + P(ρ, θ))U) = �
(
κθ + 1

2µ|U|2
)

+ µdiv((∇U)U)

+λdiv ((divU)U )+ ρU · F. (3)

Here x ∈ R
3 is the spatial coordinate, t > 0 is time, ρ,U = (U1,U2,U3),

θ, E = 1
2 |U|2 + θ , and P = Kρθ are respectively the density, velocity, tempera-

ture, energy density, and pressure of an ideal fluid (with unit specific heat); µ and
λ are positive viscosity constants, and κ is a positive heat-conduction coefficient;
F = (F1,F2,F3) is the external force, and ∇U denotes the Jacobian of the velocity
vector with respect to the space variables.

We pose the system (1)–(3) in either a ball � of radius b centered at the origin
in R3, or in an infinite cylinder of radius b parallel to and centered along the x3
axis in R3, also denoted by �. In both cases we impose the boundary conditions

U = 0, θr = 0 on ∂�, (4)

and we denote the initial conditions by

(ρ,U, θ)
∣∣
t=0 = (ρ0,U0, θ0). (5)

For the symmetric cases under consideration here, (1)–(3) take the form

ρt + (ρu)ξ = 0, (6)

(ρu)t + (ρu2)ξ − ρv2

r
+ P(ρ, θ)r − νuξr = ρf1 , (7)

(ρv)t + (ρuv)ξ + ρuv

r
− µvξr = ρf2 , (8)

(ρw)t + (ρuw)ξ − µwrξ = ρf3 , (9)

(ρθ)t + (ρuθ)ξ − κθrξ + P(ρ, θ)uξ −Q = 0, (10)

where

ν := λ+ 2µ,
∂

∂ξ
= ∂

∂r
+ m

r
,

m = 1 or 2, and Q is the homogeneous quadratic

Q = ν(uξ )
2 + µ(vξ )

2 + µ(wr)
2 − 2µm

r
(v2)r − 2µm

rm
(rm−1u2)r . (11)

Although not immediately apparent, it is straightforward to check thatQ is positive
definite in uξ , u/r, vr − mv/r , and wr . In the spherically symmetric case, m =
2, r(x) = |x|,

U(x, t) = u(r, t)
x

r
, F(x, t) = f1(r, t)

x

r
,
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and v = w ≡ 0. In the cylindrically symmetric case, m = 1, r(x) =
√
x2

1 + x2
2 ,

and

U(x, t) = u(r, t)
(x1, x2, 0)

r
+ v(r, t)

(−x2, x1, 0)

r
+ w(r, t)(0, 0, 1),

F being constructed from (f1, f2, f3) in a similar way. Thus Fi are the compo-
nents of the vector F in Cartesian coordinates, and (f1, f2, f3) the components
in spherical or cylindrical coordinates, with f2 = f3 = 0 in the spherical case.
Similarly, Ui are the components of the vector U in Cartesian coordinates, and
(u, v,w) the components in spherical or cylindrical coordinates, with v = w = 0
in the spherical case. Abusing notation slightly, we write ρ(x, t) = ρ(r(x), t) and
θ(x, t) = θ(r(x), t).

We now give precise statements of our assumptions and results. The external
force F is assumed to satisfy

F ∈ L1 ([0, T ];L∞(�)
) ∩ L∞ ([0, T ];Lq(�)) (12)

for each T > 0 and for some q > 2, which will be fixed throughout. The initial
data (ρ0,U0, θ0) is assumed to satisfy

C−1
0 � ρ0 � C0, C−1

0 � θ0 a.e., (13)

∫

�

ρ0S(ρ0,U0, θ0)dx � C0 ,

∫ b

0
ρ0(r)

[|rv0(r)|q + |w0(r)|q
]
rmdr � C0 , (14)

for a constant C0. Here S is the entropy density

S(ρ,U, θ) = K
(ρ−1)+
(θ)+ 1
2 |U|2, (15)

where 
(s) = s − log s − 1. Observe that there are no smallness or regularity
conditions imposed on F or on (ρ0,U0, θ0).

We obtain a global weak solution as the limit as j → ∞ of approximate
smooth solutions (ρj ,Uj , θj ) in annular regions �j = {x | aj < r(x) < b},
where aj is a sequence of positive inner radii tending to zero, with mollified initial

data (ρj0 ,Uj0, θ
j
0 ). In describing the limits of these approximate solutions we fix an

increasing C1 function χ : [0,∞) → [0, 1] with χ ≡ 0 on [0, 1] and χ ≡ 1 on
[2,∞), and for R > 0 we define χR(r) = χ(r/R).

The following theorem contains the main results of this paper:

Theorem 1.1. Assume that the system parameters λ,µ, and κ are positive, that
P(ρ, θ) = Kρθ , where K is a constant, and that the external force F and the
initial data (ρ0,U0, θ0) satisfy the conditions (12)–(14). Then the initial-boundary
problem (1)–(5) has a global weak solution (ρ,U, θ) for which the support of ρ is
bounded on the left by a curve r(t), satisfying the following:
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(a) The function r : [0,∞) → [0,∞) is a semicontinuous curve, so that, if F is
the set

F := {(x, t) : t � 0 and r(t) < r(x) � b},

then F ∩ {t > 0} ∩ {r < b} is open.
(b) The density ρ ∈ L∞

loc (F), U and θ are locally Hölder continuous in F∩{t > 0},
and the Navier-Stokes equations (1)–(3) hold in D′(F ∩ {t > 0} ∩ {r < b}).

(c) The density ρ ∈ C
([0,∞);W 1,∞(�)∗

)
in the spherically symmetric case,

and is in C
(
[0,∞);W 1,∞

L (�)∗
)

in the cylindrically symmetric case, where

functions in W 1,∞
L vanish for |x3| > L, with ρ(·, 0) = ρ0. Also, ρ(·, t) ≡ 0 in

� \ F̄ , and if ρU is taken to be zero in � \ F̄ , then the weak form of the mass
equation (1) holds for test functions ψ ∈ C1

(
�̄× [t1, t2]) which are assumed

to vanish for |x3| � L for some L > 0 in the cylindrically symmetric case:

∫

�

ρψ dx

∣∣∣
t2

t1
=
∫ t2

t1

∫

�

(ρψt + ρU · ∇ψ) dxdt. (16)

(d) For t1 < t2 fixed there are distributions Ui ∈ C2(�̄ × [t1, t2])∗ in the spheri-
cally symmetric case, and in C2

L(�̄ × [t1, t2])∗ in the cylindrically symmetric
case, where functions in C2

L vanish for |x3| > L, such that the weak form of the
momentum equation (2) holds in the following sense: if ψ ∈ C2

(
�̄× [t1, t2]

)
vanishes on ∂�, and vanishes for |x3| > L for some L in the cylindrically
symmetric case, then

∫

�

ρUiψ dx
∣∣∣
t2

t1
−
∫ t2

t1

∫

�

(
ρUiψt + ρUiU · ∇ψ + Pψxi

)
dxdt

=
∫ t2

t1

∫

�

ρFiψ dxdt + Ui (ψ) . (17)

The distribution Ui is given by

Ui (ψ) = lim
R→0

lim
j→∞

∫ t2

t1

∫

�

[
(λ+ µ)Uj · ∇ψRxi + µ(Uj )i�ψR

]
dxdt,

where

ψR(x, t) := χR(|x|)ψ(x, t)

for i = 1, 2, 3 in the spherically symmetric case and for i = 1, 2 in the cylin-
drically symmetric case, and

ψR(x, t) := ψ(0, x3, t)+ χR(|x|)[ψ(x, t)− ψ(0, x3, t)]

for i = 3 in the cylindrically symmetric case.
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(e) The gradients ∇U,∇θ ∈ L1
loc(F), and the weak form of the energy equation

(3) holds for test functions ψ ∈ C2(�̄ × [t1, t2]) for which there is an η > 0
such that suppψ(·, t) ⊂ {x : r(t) + η � r(x)} for each t ∈ [t1, t2] (and such
that ψ = 0 for |x3| � L, for some L > 0 in the cylindrically symmetric case):

∫

�

ρEψ dx

∣∣∣
t2

t1
−
∫ t2

t1

∫

�

(ρEψt + (ρE + P)U · ∇ψ) dxdt

=
∫ t2

t1

∫

�

ρF · Uψ dxdt (18)

−
∫ t2

t1

∫

�

(
κ∇θ + 1

2µ∇|U|2 + µ(div U)U + λ(∇U)U
)

· ∇ψ dxdt.

(f) The total energy, minus the mechanical work done by the external force, is
weakly nonincreasing in time. That is, if

E(t) :=
∫

�

ρ(x, t)
[
θ(x, t)+ 1

2 |U|2
]
dx

in the spherically symmetric case, then

E(T ) = E(0)+
∫ T

0

∫

�

ρU · F dxdt − lim
R→0

lim
j→∞

∫

aj�r(x)�R
(ρjEj )(x, T ) dx

as a function of T in D′(0,∞), whereEj = 1
2 |Uj |2 +θj . A similar result holds

in the cylindrically symmetric case, but with all spatial integrations over the
set {x : r(x) < b and x3 = 0}.

We now give a brief description of the analysis and we make a number of com-
ments concerning the interpretation of the above results. As indicated earlier, the
solution (ρ,U, θ) is obtained as the limit as j → ∞ of solutions (ρj ,Uj , θj ) in
the annular region {x : aj < r(x) < b}. These approximate solutions have been
studied extensively by Frid & Shelukhin [2], who derive a number of a priori
bounds, including bounds for the mass, energy, and entropy,

∫
ρjdx,

∫
ρjEjdx,

∫
ρjS(ρj ,Uj , θj )dx � C, (19)

where C is independent of aj , as well as a number of pointwise and higher order
regularity bounds which do depend on aj . Among the latter are pointwise bounds
C−1
aj

� ρj � Caj , established in a rather clever and elegant version of an argument
given earlier by Kazhikhov & Shelukhin [5]. In the present work we modify this
argument in a nontrivial way to establish pointwise bounds for ρj , independent of
aj , but only away from the origin of Lagrangean space. Specifically, we define the

particle position rjh (t) by

h =
∫ r

j
h (t)

aj

ρj (r, t)rmdr
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for given h � 0, and we show that, for h > 0 and T > 0, there is a constant
C = C(h, T ) such that

C(h, T )−1 � ρj (x, t) � C(h, T ) (20)

for t � T and r(x) � r
j
h (t). These pointwise bounds then serve as the starting

point for the derivation of higher-order regularity estimates for Uj and θj away
from t = 0. The bounding constants in these estimates are independent of aj , as

in (20), but the estimates hold in regions {x : r(x) � r
j
h (t)} which do depend on

aj . On the other hand,
∂r
j
h

∂t
= uj (r

j
h , t), so that uniform estimates for Uj imply

the convergence as aj → 0 (ignoring subsequences) of rjh (·) to Hölder-continuous
curves rh(·), for h > 0. Since rh(t) is increasing in h, the limit

r(t) = lim
h→0

rh(t)

exists, and we can then define the “fluid region” F as in (a) of Theorem 1.1. As
asserted in the theorem, r is semicontinuous, so that F∩{t > 0}∩{r < b} is an open
set. The sequences {Uj } and {θj } are then uniformly Hölder continuous on compact
subsets of F ∩ {t > 0}, and so have subsequences converging strongly, locally in
F ∩ {t > 0}. The pointwise bounds (20) yield weak limits ρj (·, t) ⇀ ρ(·, t) on
{x : r(t)+ η � r(x) � b} for η > 0, and it can be shown as well that ρj (·, t) → 0
in L1({x : r(x) � r(t)}). These limiting arguments, together with the fact that the
approximations (ρj ,Uj , θj ) are weak solutions, then enable us to conclude that
(ρ,U, θ) is a weak solution as described in (b)–(f) of Theorem 1.1.

We do not have sufficient information to infer that r(t) ≡ 0, nor do we know
whether solutions exist for which r 
≡ 0. The analysis simply shows that r(t) may
be positive, and that, if it is, a vacuum state of radius r(t) centered at the origin
or axis of symmetry has emerged. In any case, the total mass is conserved in the
spherical case, as is clear from (c) of Theorem 1.1, as is the total mass in any finite
cylinder in the cylindrical case. The total momentum is zero, of course, because of
the symmetry.

We show in (e) only that the energy equation holds on the support of ρ, rather
than in the entire space-time domain � × (0,∞). This is partly due to the non-
standard characterization of the viscosity terms as distributions in the weak form
(17) of the momentum equation, making an interpretation of the |∇U|2 mechanical
work terms in the energy equation (3) problematic. We may regard the restriction
in (e) that the test function be supported in F as reasonable, since there is no fluid
outside F , and the model is not really valid there. On the other hand, this failure
to establish the weak form of the energy equation in the entire space-time domain
suggests that significant difficulty can be anticipated in extending these results to
more general, nonsymmetric flows, in which vacuum states may presumably arise
spontaneously at unpredictable points of space-time. Additionally, the failure of
the analysis to detect whether or not energy is lost ((f) of Theorem 1.1) calls into
question the adequacy of the mass, energy, and entropy bounds (19), which are the
only noncontingent a priori bounds known to hold in the multidimensional case
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with energy-class initial data, to yield a satisfactory understanding of the solution
operator for these equations.

The theorem of the present paper extends the results of Hoff [3] for the baro-
tropic case, in which P = P(ρ) and the energy equation is omitted, in that more
general initial data and completely general velocity directions may occur, and most
important, that heat-conduction and temperature-dependent equations of state are
allowed. In the simpler barotropic case, the curve r is known to be Hölder contin-
uous, and when vacuum states do occur, they occupy open sets in space-time, in
which the velocity satisfies a simple homogeneous elliptic equation. As indicated in
the discussion above, the situation is considerably more complicated in the nonbaro-
tropic case considered here. Other global existence results for the system (1)–(3)
are given in Hoff [4] for two- and three-dimensional flows with nonsymmetric but
small initial data, and by Lions (see Lions [6], Feireisl [1], and the references in
these papers) for the corresponding barotropic system with P(ρ) = Kργ for cer-
tain γ , and for large data. As far as we are aware, there are no large-data existence
results, other than those of the present paper, for the full nonbarotropic system
(1)–(3) in a truly multidimensional setting.

The plan of this paper is as follows. First, in Section 2 we derive the pointwise
bounds (20) as consequences of the energy and entropy estimates (19) by modifying
in a nontrivial way the argument given in Frid & Shelukhin [2]. Then in Section
3 we apply these pointwise bounds to derive a number of higher-order energy esti-
mates for U and θ away from t = 0 and away from the origin of Lagrangean space.
These bounds are then applied to establish certain uniform integrability properties
of the approximate solutions (it is here that the Lq conditions in (12) and (14) play
a role). Finally in Section 4 we give the details of the convergence arguments out-
lined above, showing as well that the limiting functions are indeed weak solutions
in the required sense. We note that the final steps of this argument provide a sort of
a posteriori validation that the equations (6)–(10) are indeed the correct forms of
the general system (1)–(3) in the symmetric cases considered here.

2. Entropy and pointwise bounds

In this section we derive a priori pointwise bounds for smooth solutions (ρa, ua,
va, wa, θa) of (6)–(10) in the truncated region 0 < a < r(x) < b, together with
the additional boundary conditions ua = θar = 0 at r = a in the spherically sym-
metric case (for which va = wa ≡ 0), and ua = va = war = θar = 0 at r = a

in the cylindrically symmetric case. We assume that the initial data and force are
smooth and satisfy the bounds (12)–(14) with constants which are independent of
a. See the introduction to Section 4 for a brief discussion of the existence of these
solutions. As discussed in Section 1, we shall eventually take a sequence of inner
radii aj → 0. Since a > 0 is fixed for the time being, we suppress the dependence
on j .

In Lemma 1 below we state the standard energy and entropy estimates for these
approximate solutions and in Lemma 2 we derive pointwise bounds for ρa and
θa .
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Lemma 1. Let (ρa, ua, va, wa, θa) be a smooth solution of (6)–(10) defined on
[a, b] × [0, T ] with boundary conditions at r = a as described above. Then there
are constants C0 and C(T ) such that

∫ b

a

ρa(r, t) rmdr � C0, (21)

∫ b

a

(ρaEa)(r, t) rmdr � C(T ), (22)

∫ b

a

(ρaSa)(r, t) rmdr +
∫ t

0

∫ b

a

[
κ

(
θar

2

θa2

)
+ Q

θa

]
rmdrdt � C(T ) (23)

for all t ∈ [0, T ]. Here Ea = 1
2ρ[ua2 + va2 +wa2] + θa , S is the entropy density

defined in (15), and Q is as in (11).

Proof. These bounds are standard and follow directly from the equations (6)–(10),
the boundary conditions, and the assumptions (12) on the external force.

In order to obtain limiting solutions as a → 0, we will need further higher-
order bounds which are uniform in a. These will be obtained away from the ori-
gin of Lagrangean space in the following sense. Define curves rah (t) for h � 0
by

h =
∫ rah (t)

a

ρa(r, t)rmdr, (24)

so that, by (6),

∂rah
∂t

= ua(rah , t). (25)

Thus rah (t) is the position at time t of a fixed fluid particle. Furthermore, an easy

estimate based on Jensen’s inequality and the bound in (23) for
∫ b
a
ρa
(1/ρa)rmdr

(see (15)) shows that h → 0 at a uniform rate as rah (t) → 0. That is, given h > 0
there is a positive constant C = C(h) such that

rah (t) � C(h)−1

independently of a and T .
In the following lemma we derive pointwise bounds for ρa and θa . The idea

of the proof is essentially that of a similar result of Frid & Shelukhin [2], but with
a fairly nontrivial modification required to obtain bounds which are independent
of a.

Lemma 2. Given h > 0 and T > 0, there is a constant C = C(h, T ), which is
independent of a, such that, if rah (t)is as in (24), then

C−1 � ρa(r, t) � C (26)
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for r ∈ [rah (t), b] and t ∈ [0, T ] , and
∫ t

0
‖θa(·, τ )‖h,∞dτ � C, (27)

where ‖ · ‖h,∞ denotes the sup-norm over [rah (t), b].
We first establish the following technical result.

Lemma 3. Fix h > 0 and T > 0 and define

F := νuaξ − Pa,

g(r, t) :=
∫ r

rah (t)

(
ρa

y

(
mua

2 − va
2
)

− ρaf1

)
(y, t) dy,

� := ρaua
2 − F + g,

�(r, t) :=
∫ r

rah (0)
ρa0 (s)u

a
0(s) ds −

∫ t

0
�(r, τ ) dτ.

Then there exists a constant C = C(h, T ), which is independent of a, such that

|�(r, t)| � C(h, T ) for r ∈ [rah (t), b], t ∈ [0, T ].
Proof. We drop the superscript a and observe that

(ρu)t +�r = 0 (28)

and

�r = ρu, �t = −� = −ρu2 + F − g.

It follows that

�t + u�r = F − g.

Next let r(t) denote another particle path, defined by

dr(t)

dt
= u(r(t), t),

to the right of rh(t). Then

�(r(t), t) = �(r(0), 0)+
∫ t

0
F(r(τ ), τ ) dτ −

∫ t

0
g(r(τ ), τ ) dτ. (29)

The first term on the right is clearly bounded by C(h, T ), and for the last term we
have

|g(r, τ )| =
∣∣∣∣
∫ r

rh(τ )

(
ρ

y
(mu2 − v2)− ρf1

)
(y, τ ) dy

∣∣∣∣

� C(h, T )

∣∣∣∣
∫ r

rh(τ )

ρ(u2 + v2 + |F|)ymdy
∣∣∣∣ � C(h, T ) (30)
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for any (r, τ ) with r ∈ [rh(τ ), b], by the energy estimate (22) and the assumption
(12) on the force term. The last term in (29) is thus bounded by C(h, T ).

The boundedness of the remaining term in (29) requires more work. First ob-
serve that we can add an arbitrary function of t to F without changing (28). We
consider the function

F(r, t)− F̄ (t),

where F̄ (t) is the spatial average of F(·, t),

F̄ (t) := n

bn − an

∫ b

a

F (r, t)rm dr.

This average is a bounded quantity at each time:

|F̄ (t)| = n

bn − an

∣∣∣∣
∫ b

a

(νuξ − P)rm dr

∣∣∣∣ =
n

bn − an

∫ b

a

P rm dr � C(T )

by the boundary condition for u and the energy estimate (22). Next we estimate the
time integral of F − F̄ along a particle path r(t) to the right of rh(t):

bn − an

n

∫ t

0
[F(r(τ ), τ )− F̄ (τ )] dτ =

∫ t

0

∫ b

a

[F(r(τ ), τ )− F(r, τ )] rm dr dτ

=
∫ t

0

∫ b

a

rm

{∫ r(τ )

r

Fy(y, τ ) dy

}
dr dτ

=
∫ t

0

∫ b

a

rm

{∫ r(τ )

r

[
(ρu)t + (ρu2)y

+mρu
2

y
− ρv2

y
− ρf1

]
(y, τ ) dy

}
dr dτ

=
∫ b

a

rm
∫ t

0

{∫ r(τ )

r

(ρu)t dy + [ρu2]r(τ )
r

+
∫ r(τ )

r

(
mρu2

y
− ρv2

y
− ρf1

)
(y, τ ) dy

}
dτ dr

=
∫ b

a

rm
∫ t

0

{
d

dτ

(∫ r(τ )

r

(ρu)(y, τ ) dy

)
− (ρu2)(r, τ )

+
∫ r(τ )

r

(
mρu2

y
− ρv2

y
− ρf1

)
(y, τ ) dy

}
dτ dr. (31)

We consider each term in turn. For the first term on the right-hand side of (31) we
have ∣∣∣∣∣

∫ b

a

rm
∫ t

0

{
d

dτ

∫ r(τ )

r

(ρu)(y, τ ) dy

}
dτ dr

∣∣∣∣∣

�
∫ b

a

rm

∣∣∣∣∣
∫ r(t)

r

(ρu)(y, t) dy

∣∣∣∣∣ dr +
∫ b

a

rm

∣∣∣∣∣
∫ r(0)

r

(ρ0u0)(y) dy

∣∣∣∣∣ dr.
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The second term here is bounded by C(h, T ) by the assumptions (13)–(14) on the
initial data. The same bound holds for the first term: for r < r(t) we replace rm by
ym, while for r(t) < r we use the fact that y−m < C(h, T ). This takes care of the
first term on the right-hand side of (31), and the energy estimate (22) shows that the
second term is bounded by C(h, T ) as well. For the third term, on the other hand,
the bound (30) does not apply because r now varies over all of [a, b]. Instead we
split the y-integration and interchange the order of r and y integrations to obtain

∣∣∣∣∣
∫ b

a

rm
∫ t

0

∫ r(τ )

r

m(ρu2)(y, τ )

y
dy dτ dr

∣∣∣∣∣

�
∣∣∣∣∣
∫ t

0

∫ r(τ )

a

∫ r(τ )

r

mrm
(ρu2)(y, τ )

y
dy dr dτ

∣∣∣∣∣

+
∣∣∣∣
∫ t

0

∫ b

r(τ )

∫ r

r(τ )

mrm
(ρu2)(y, τ )

y
dy dr dτ

∣∣∣∣

=
∫ t

0

∫ r(τ )

a

∫ y

a

mrm
(ρu2)(y, τ )

y
dr dy dτ

+
∫ t

0

∫ b

r(τ )

∫ b

y

mrm
(ρu2)(y, τ )

y
dr dy dτ

� m

n

∫ t

0

∫ b

a

(
yn − an

y

)
(ρu2)(y, τ ) dy dτ

+m
n

∫ t

0

∫ b

r(τ )

(
bn − yn

y

)
(ρu2)(y, τ ) dy dτ

� m

n

∫ t

0

∫ b

a

(ρu2)(y, τ )ym + C(h, T )

∫ t

0

∫ b

r(τ )

(ρu2)(y, τ )ym dy dτ

� C(h, T ),

where we have used the energy estimate (22) and the fact that r(t) � rh(t). The
fourth term on the right-hand side of (31) is treated in the same way, and the last
term is bounded by the assumptions (12) on the external force. It follows that

∣∣∣∣
∫ t

0
F(r(τ ), τ )− F̄ (τ ) dτ

∣∣∣∣ � C(h, T ).

Combining this with the fact that |F̄ (τ )| � C(T ), we then obtain

∣∣∣∣
∫ t

0
F(r(τ ), τ ) dτ

∣∣∣∣ � C(h, T ). (32)

This shows that the the second term on the right-hand side of (29) is bounded by
C(h, T ), so that

|�(r, t)| � C(h, T ), for r � rh(t), 0 � t � T . �




308 David Hoff & Helge Kristian Jenssen

Proof of Lemma 2. First we establish the upper bound for ρ. Defining L = log ρ,
we find from (6) that

L̇ = −uξ � −F
ν
,

where F is defined as in the statement of Lemma 3. It follows from (32) that

L(r(t), t) � L(r(0), 0)− 1

ν

∫ t

0
F(r(τ ), τ ) dτ � C(h, T ),

where again r(t) is a particle path to the right of rh(t), and rh(t) is as in (25). This
proves that ρ(r, t) is bounded above for r � rh(t).

Next we prove the bound (27) for θ and the lower bound for ρ. DefineH(�) =
exp
(
ν−1�

)
, so that

Dt [ρH(�)] = (−uξ + ν−1(F − g)) [ρH(�)] = −ν−1(P + g) [ρH(�)] .

Note that, since � is bounded below, H(�) > 0 is bounded away from zero, and
we can differentiate its reciprocal,

Dt

[
1

ρH(�)

]
= ν−1(P + g)

ρH(�)
.

We substitute P = Kρθ and apply (30) and the fact that H(�)−1 � C(h, T ) to
obtain

Dt

[
1

ρH(�)

]
� C(h, T )

(
‖θ(·, t)‖h,∞ + 1

ρH(�)

)
.

Integrating, we get

1

ρH(�)

∣∣∣∣
(r,t)

� C(h, T ) [1 + I (t)] ,

where

I (t) :=
∫ t

0
‖θ(·, τ )‖h,∞ dτ.

Since � is bounded above, so is H(�), and we conclude that

‖ρ−1(·, t)‖h,∞ � C(h, T ) [1 + I (t)] . (33)

Now, in general, for any two points x, y with rh(t) � y < x � b we have

θ(x, t)1/2 � θ(y, t)1/2

+C(h, T )
∥∥∥∥

1

ρ(·, t)
∥∥∥∥

1/2

h,∞

(∫ b

a

θ2
r

θ2 r
m dr

)1/2(∫ b

a

ρθrm dr

)1/2

.
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Defining

B(t) :=
∫ b

a

θ2
r

θ2 r
m dr,

squaring the above inequality and applying the energy estimate (22), we thus obtain

θ(x, t) � C(h, T )
[
θ(y, t)+ B(t)‖ρ−1(·, t)‖h,∞

]
.

Multiplying through by ymρ(y, t), integrating with respect to y, and using the mass
and energy estimates (21) and (22), we get

I ′(t) = ‖θ(·, t)‖h,∞ � C(h, T )
[
1 + B(t)‖ρ−1(·, t)‖h,∞

]
.

It then follows from (33) that

I ′(t) � C(h, T ) [1 + B(t)(1 + I (t))] .

Finally, applying Grönwall’s inequality and the fact that
∫ t

0
B(τ) dτ � C(T ),

which follows from the entropy estimate (23), we conclude that I (t) � C(h, T ).
This proves (27) and together with (33) implies that ρ(r, t) � C(µ, T )−1 for
r ∈ [rh(t), b]. �


3. Energy estimates and uniform integrability

Throughout this section a > 0 will be fixed, and the approximate solutions
(ρa, ua, va, wa, θa) described at the beginning of Section 2 will be denoted simply
by (ρ, u, v,w, θ).

We shall make repeated use of a cut-off function which is convected with the
flow and which vanishes near the origin. To construct such a function we first
observe from (32) and (26) that, for h > 0,

∣∣∣∣
∫ t2

t1

ur(rh(t), t) dt

∣∣∣∣ � C(h, T ), 0 � t1, t2 � T .

Thus for given a and h, we can fix a smooth, increasing functionφ0(r)withφ0(r) ≡
0 on [0, rh(0)] and φ0(r) ≡ 1 on [2rh(0), b], and then define φ(r, t) to be the solu-
tion of

φt + uφr = 0 (34)

with data φ(r, 0) = φ0(r). We choose φ0 so that

φ′
0(r) � C(h)φ

(p−1)/p
0 (35)
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for some p > 2. We shall show that this bound persists for all time. First, for any
β 
= 0 we have

(φβφr)t + u(φβφr)r = −φβφrur .
Integrating along a particle path r(t) to the right of rh(t) (recall the definition (24))
and applying (32), we get

|(φβφr)(r(t), t)| � C(h, T )|(φβ0 φ′
0)(r(0))|.

Letting β = (1 − p)/p and applying (35), we then conclude that

|φr(r(t), t)| � C(h, T )φ(r(t), t)(p−1)/p. (36)

We shall take p large so that the exponent on the right here is close to one. Notice
that we have suppressed here the dependence of φ on a and h.

Next we introduce three higher-order functionals for a given solution: let σ(t) =
min(1, t) and define

A(T ) := sup
0�t�T

σ (t)

∫ b

rh(t)

φ(r, t)
(
u2
ξ + v2

ξ + w2
r

)
(r, t)rm dr

+
∫ T

0

∫ b

rh(t)

σ (t)φ(r, t)
[
u̇2 + v̇2 + ẇ2

]
rm dr dt, (37)

B(T ) := sup
0�t�T

σ (t)

∫ b

rh(t)

φ(r, t)θ(r, t)2rm dr

+
∫ T

0

∫ b

rh(t)

σ (t)φ(r, t)θr (r, t)
2rm dr dt, (38)

D(T ) := sup
0�t�T

σ (t)2
∫ b

rh(t)

φ(r, t)2θr(r, t)
2rm dr

+
∫ T

0

∫ b

rh(t)

σ (t)2φ(r, t)2θ̇ (r, t)2rm dr dt, (39)

where we have again suppressed the dependence on a and h, and where the dot
denotes the convective derivative ∂t + u∂r .

The next lemma is the first step in deriving bounds for A, B, and D:

Lemma 4. Let h > 0 and T > 0 be given. Then there is a constant C = C(h, T )

such that
∫ T

0

∫ b

r2h(t)

(
ρθ2 + u2

ξ + v2
ξ + w2

r

)
(r, t)rm dr dt � C(h, T ).

Proof. For the first integral we have
∫ T

0

∫ b

r2h(t)

ρθ2(r, t)rm dr dt �
∫ T

0
‖θ(t)‖∞,h

∫ b

r2h(t)

ρθrm dr dt � C(h, T )

(40)
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by (27) and the energy bound (22). Next, multiplying (7) by φu and integrating,
we obtain

∫ b

rh(t)

1
2ρφu

2rm dr

∣∣∣
t

0
+ ν

∫ t

0

∫ b

rh(t)

φu2
ξ r
m dr dt

=
∫ t

0

∫ b

rh(t)

[
φρuv2

r
− φuPr + ρφuf1 − νφruuξ

]
rm dr dt. (41)

Taking p > 2 in (36), we can bound the pressure term as follows:

−
∫ t

0

∫ b

rh(t)

φuPrr
m dr dt = K

∫ t

0

∫ b

rh(t)

ρθ
(
φru+ φuξ

)
rm dr dt

� C(h, T )

∫ t

0

∫ b

rh(t)

(
φ1/2ρuθ + ρφθ |uξ |

)
rm dr dt

� C(h, T )
[∫ T

0

∫ b

rh(t)

(ρu2 + ρθ2)(r, t)rm dr dt

+ δ
2

∫ t

0

∫ b

rh(t)

φu2
ξ r
m dr dt + 1

2δ

∫ T

0

∫ b

rh(t)

ρθ2(r, t)rm dr dt
]

� C(h, T , δ)+ C(h, T )δ

∫ t

0

∫ b

rh(t)

φu2
ξ r
m dr dt,

where we have applied (26) and (40). The last term on the right-hand side of (41) is
treated in a similar way, and the force term is easily seen to be bounded byC(h, T ).
Applying the same analysis to v andw, summing the results, and choosing δ small,
we obtain
∫ b

rh(t)

1
2ρφ(u

2 + v2 + w2)rm dr +
∫ t

0

∫ b

rh(t)

φ(u2
ξ + v2

ξ + w2
r )r

m dr dt � C(h, T ),

which proves the result, since φ ≡ 1 on [r2h(t), b]. �


3.1. Bound for A
In this and the following two subsections, h > 0 and T > 0 will be fixed, and

unless otherwise stated, all integrations in r will be over [rh(t), b] and will be with
respect to dr , and all integrations in t will be over [0, T ].

To derive a bound for A we recall (7):

ρu̇− ρv2

r
+ Pr = νuξr + ρf1.

Multiplying by σφu̇rm and integrating, where again σ(t) = min(1, t), we obtain
∫ ∫ [

σφ
(
ρu̇2 − ρu̇v2

r

)
+ σφu̇Pr

]
rm

=
∫ ∫ [

νσφuξr u̇r
m + σφρf1u̇r

m
]
. (42)
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Integrating by parts in the first term on the right, we get

∫ ∫
σφuξr u̇r

m = −
∫ ∫

σuξ (φu̇r
m)r

= −
∫ ∫

σuξ

(
φr u̇+ φ(u̇)r + mφu̇

r

)
rm

= −
∫ ∫

σφuξ (u̇)ξ r
m +Oh

(∫ ∫
σφ(p−1)/p|u̇||uξ |rm

)

= −
∫ ∫

σφ
[(

1
2u

2
ξ

)
t
+ uξ (uur)ξ

]
rm

+Oh
(∫ ∫

σφ(p−1)/p|u̇||uξ |rm
)
, (43)

where Oh(I) denotes a term which is bounded by C(h, T )|I |. The second
summand in the first integral in (43) requires some work. We have

∫ ∫
σφuξ (uur)ξ r

m

=
∫ ∫

σφuuξurr r
m +

∫ ∫
σφuru

2
ξ r
m

=
∫ ∫

σφ
(
u
( 1

2u
2
r

)
r
+ mu2urr

r

)
rm +

∫ ∫
σφur

(
ur + mu

r

)2
rm

= −
∫ ∫

σ
[

1
2u

2
r

(
φurm

)
r
+m

(
φu2rm−1)

r
ur

]

+Oh
(∫ ∫

σφ
(
|ur |3 + |u|3

)
rm
)

= −
∫ ∫

σφr

(
1
2uu

2
r r
m +mu2rm−1ur

)

+Oh
(∫ ∫

σφ
(
|ur |3 + |u|3

)
rm
)

= Oh

(∫ ∫
σφ(p−1)/p(|u|2|ur | + |u||ur |2

)
rm
)

+Oh
(∫ ∫

σφ
(
|ur |3 + |u|3

)
rm
)
.

We thus obtain, from (43),

ν

∫ ∫
σφuξr u̇r

m

= −ν
∫ ∫

σφ
(

1
2u

2
ξ

)
t
rm +Oh

(∫ ∫
σφ
(
|ur |3 + |u|3

)
rm
)

+Oh
(∫ ∫

σφ(p−1)/p(|u|2|ur | + |u||ur |2 + |u̇||uξ |
)
rm
)
. (44)
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Next consider the first term on the right-hand side of (44). Integrating first with
respect to t and applying the equation satisfied by φ, we obtain

−ν
∫ ∫

σφ
(

1
2u

2
ξ

)
t
rm

= − 1
2νσ(T )

∫
φu2

ξ r
m

∣∣∣∣
t=T

+ 1
2ν

∫ ∫
(σtφ − σuφr)u

2
ξ r
m

= − 1
2νσ(T )

∫
φu2

ξ r
m
∣∣∣
t=T +Oh

(
1 +
∫ ∫

σφ(p−1)/p|u||uξ |2rm
)
,

where we have used Lemma 4 to bound the term containing σt . For the first term
on the right-hand side of (42) we thus have

ν

∫ ∫
σφuξr u̇r

m

= − 1
2νσ(T )

∫
φu2

ξ r
m
∣∣∣
t=T +Oh

(
1 +
∫ ∫

σφ
(|ur |3 + |u|3)rm

+
∫ ∫

σφ(p−1)/p(|u|2|uξ | + |u||uξ |2 + |u|3 + |u̇||uξ |
)
rm
)
, (45)

since ur = uξ + (mu)/r .
Next we estimate the Pr term on the left-hand side of (42):∫ ∫

σφu̇Prr
m

= −
∫ ∫

σ
(
φ(u̇)r + φ

mu̇

r
+ φr u̇

)
Prm

� −
∫ ∫

σφ
(
urt + (uur)r

)
rm +Oh

(∫ ∫
σ
(
φr |u̇P | + φ|u̇P |)rm

)

= −
∫
σφurP r

m
∣∣∣
t=T +

∫ ∫
(σφP )turr

m +
∫ ∫

σuur(φP r
m)r

+Oh
(∫ ∫

σφ(p−1)/p|u̇|Prm
)
. (46)

The second and third terms on the right-hand side of (46) are bounded as follows:∫ ∫
(σφP )turr

m +
∫ ∫

σuur(φP r
m)r

=
∫ ∫

σtφPurr
m + σ(φt + uφr)urP r

m

+m
∫ ∫

σφuurP r
m−1 +

∫ ∫
σφ(Pt + uPr)urr

m

=
∫ ∫

σtφPurr
m +m

∫ ∫
σφuurP r

m−1

−K
∫ ∫

σφurρuξ θr
m +K

∫ ∫
σφurρθ̇r

m

= Oh

(
1 +
∫ ∫

σφ
(
θ(u2 + u2

ξ )+ |ur ||θ̇ |
)
rm
)
,
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where we have used the equation for φ, Lemma 4, and the pointwise upper bound
on the density. Substituting back into (46), we thus obtain

∫ ∫
σφu̇Prr

m = −
∫
σφurP r

m
∣∣∣
t=T

+Oh
(

1 +
∫ ∫

σφ
(
θ(u2 + u2

r )+ |ur ||θ̇ |
)
rm
)

+Oh
(∫ ∫

σφ(p−1)/p|u̇|θrm
)
. (47)

Substituting (45) and (47) into (42) we obtain finally

∫ ∫
σφ
(
ρu̇2 − ρu̇v2

r

)
rm + 1

2νσ(T )

∫
φu2

ξ r
m
∣∣∣
t=T

= σ(T )

∫
φPurr

m
∣∣∣
t=T +

∫ ∫
σφρf1u̇r

m

+Oh
(

1 +
∫ ∫

σφ(p−1)/p(|u|2uξ + |u||uξ |2 + |u|3 + |u̇||uξ | + |u̇|θ)rm

+
∫ ∫

σφ
(
θ(u2 + u2

ξ )+ |ur ||θ̇ | + |uξ |3 + |u|3)rm
)
.

Treating the variables v and w in a similar way and applying the pointwise bounds
(26) for the density, we then obtain

∫ ∫
σφρ|U̇ |2rm + 1

2σ(T )

∫
φ|∇U |2rm

∣∣∣
t=T

� C(h, T )

{
1 +
∫ ∫

σφρ|uvv̇ − v2u̇|rm + σ(T )

∫
φP |ur |rm

∣∣∣
t=T

+
∫ ∫

σφ
(
θ(u2 + u2

ξ )+ |ur ||θ̇ | + |U |3 + |∇U |3)rm

+
∫ ∫

σφ(p−1)/p(|u̇|θ + |U |3 + |U ||∇U |2 + U̇ · ∇U)rm
}
, (48)

where

U = (u, v,w), |U̇ | ≡ |u̇| + |v̇| + |ẇ|,
|∇U |2 ≡ |uξ |2 + |vξ |2 + |wr |2,
F = (f1, f2, f3), |F | = |f1| + |f2| + |f3|.

A fairly lengthy analysis is required to bound each of the terms on the right-hand
side here. For example the uvv̇ term is

∫ ∫
σφρ|uvv̇|rm � 1

2δ

∫ ∫
σφρ|v̇|2rm + C(δ)

∫ ∫
σφρ(|u|4 + |v|4)rm.
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Choosing δ small, we absorb the first term here into the left-hand side of (48). Also,
∫ ∫

σφ|u|4rm �
∫ (

‖u(·, t)‖2∞,h

∫
ρ|u|2rm

)

� C(h, T )

∫ ∫
(|uξ |2 + ρ|u|2)rm � C(h, T ). (49)

We have used here the pointwise bound (26) for ρ, the energy estimate (22), and
Lemma 4. Applying similar estimates to the other terms in (48), we finally obtain

∫ ∫
σφ|U̇ |2rm + σ(T )

∫
φ|∇U |2rm

∣∣∣
t=T

� C(h, T )
{

1 + D(T )1/2 + A(T )1/2

+
∫

‖θ(·, t)‖∞,hA(t) dt +
∫ ∫

σφ|∇U |3rm
}
.

For the |∇U |3 term on the right here we apply the following Sobolev estimate,
which is standard, and whose proof we omit:

Lemma 5. Let J (r, t) be a smooth function defined on {(r, t) | rh(t) � r � b, t ∈
[0, T ]}. Then
∫ ∫

σφ|J |3rm dr dt

� C(h, T ) sup
0�t�T

(
σ(t)

∫
φJ 2rm dr

)1/2

×
[∫ ∫

J 2rm dr dt +
(∫ ∫

σφJ 2
r r
m dr dt

)1/4
∫ ∫ (

J 2rm dr dt
)3/4

]
.

Taking J = vξ , for example, we have
∫ ∫

σφ|vξ |3rm � C(h, T )A(T )1/2
[
1 +
(∫ ∫

σφv2
ξr r

m
)1/4]

,

by the definition (37) of A and Lemma 4. To bound the last integral here we square
(8), multiply by σφrm, and perform routine estimates. The result is that

∫ ∫
σφv2

ξr r
m � C(h, T )

∫ ∫
σφ
(
v̇2 + |U |4 + |F |2)rm

� C(h, T )

(
1 + A(T )+

∫ ∫
σφ|U |4rm

)

� C(h, T )(1 + A(T )),
where we have used the hypothesis (12) on the external force and the bound in (49).
We thus have
∫ ∫

σφ|vξ |3rm � C(h, T )A(T )1/2(1 + A(T )1/4) � C(h, T )(1 + A(T )3/4).
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Similar estimates apply to uξ and wr , so that

A(T ) � C(h, T )
(

1 + A(T )3/4 + B(T )+ D(T )1/2 +
∫ T

0
‖θ(·, t)‖∞,hA(t) dt

)
.

Applying Grönwall’s inequality we finally obtain

A(T ) � C(h, T )
(

1 + B(T )+ D(T )1/2
)
. (50)

3.2. Bound for B

From (10), (6), and (34) we get

1
2σ
[(
φρθ2

)
t
+
(
φρuθ2

)
ξ

]
= σφθ

(
κθrξ − Puξ +Q

)
.

Integrating and using Lemma 4 we obtain

1
2σ(T )

∫
φρθ2rm

∣∣∣
t=T � C(h, T )+

∫ ∫
σφθ

(
κθrξ − Puξ +Q

)
rm.

The terms on the right are treated as above in the estimates leading to (50). The
result is that

B(T ) � C(h, T )
(
1 + D(T )1/2),

so that, from (50),

A(T )+ B(T ) � C(h, T )
(
1 + D(T )1/2). (51)

3.3. Bound for D

Recall the temperature equation (10):

ρθ̇ = κθrξ − Puξ +Q.

Multiplying by σ 2φ2θ̇ rm and integrating, we obtain
∫ ∫

σ 2φ2ρθ̇2rm = κ

∫ ∫
σ 2φ2θrξ θ̇r

m +
∫ ∫

σ 2φ2θ̇
(−Puξ +Q

)
rm,

so that
∫ ∫

σ 2φ2θ̇2rm + 1
2σ(T )

2
∫
φ2θ2

r r
m
∣∣∣
t=T

� C(h, T , δ)

∫ ∫ [
σφ2θ2

r + σ 2φ2
(
|u|θ2

r + |uξ |θ2
r + u2

ξ θ
2 +Q2

)

+σ 2φφr |θ̇ θr |
]
rm,
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for suitably small δ. We shall estimate the Q2 term in some detail. Recalling the
definition F = νuξ − P , we get

∫ ∫
σ 2φ2Q2rm � C(h, T )

∫ ∫
σ 2φ2(u4

ξ + v4
ξ + w4

r + |U |4)rm

� C(h, T )

∫ ∫
σ 2φ2(F 4 + θ4 + v4

ξ + w4
r + |U |4)rm. (52)

For the first term on the right-hand side we note that

Fr = ρu̇− ρv2

r
− ρf1

by (7), so that, for p � 2,

‖φ3/4F(·, t)‖2∞,h

�
∫ ∣∣∣∣ 32φ1/2φrF

2 + 2φ3/2F

(
ρu̇− ρv2

r
− ρf1

)∣∣∣∣

� C(h, T )

∫ [
φ3/2−1/p(u2

ξ + θ2)+ φ3/2(|uξ | + θ)(|u̇| + v2 + |F |)
]
rm

� C(h, T )

∫ [
φ(u2

ξ + θ2 + v4 + |F |2)+ φ3/2(|uξ | + θ)|u̇|
]
rm.

Thus
∫ ∫

σ 2φ2F 4rm

�
∫
σ 2‖φ3/4F(·, t)‖2∞,h

(∫
φ1/2F 2rm

)

� C(h, T )

∫
σ 2
(∫ [

φ(u2
ξ + θ2 + v4 + |F |2)+ φ3/2(|uξ | + θ)|u̇|

]
rm
)

×
(∫

φ1/2(u2
ξ + θ2)rm

)
dt

� C(h, T )
{[

1 + sup
0�t�T

∫
σφ(u2

ξ + θ2 + v4)rm
](∫ ∫

φ1/2(u2
ξ + θ2)rm

)

+
∫
σ 2
(∫

φ2(u2
ξ + θ2)rm

)1/2(∫
φu̇2rm

)1/2

×
(∫

φ(u2
ξ + θ2)rm

)1/2(∫
(u2
ξ + θ2)rm

)1/2
dt
}

� C(h, T )
{

1 +
(

sup
0�t�T

σ

∫
φ(u2

ξ + θ2 + v4)rm
)

+
∫ (

σ

∫
φ(u2

ξ + θ2)rm
)(∫

σφu̇2rm
)1/2(∫

(u2
ξ + θ2)rm

)1/2
dt
}
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� C(h, T )
{

1 +
(

sup
0�t�T

σ

∫
φ(u2

ξ + θ2 + v4)rm
)

×
(

1 +
(∫ ∫

σφu̇2rm
)1/2)}

� C(h, T )
{

1 + (1 + A(T )1/2)
(

sup
0�t�T

σ

∫
φ(u2

ξ + θ2 + v4)rm
)}
.

We have used here the assumption (12) on the force term and the result of Lemma 4.
To bound the v4 term we argue as follows: from the energy estimate (22) we have

σ

∫
φv4rm � σ‖φv(·, t)2‖∞,h

(∫
v2rm

)

� C(h, T )σ

∫ (
φrv

2 + φvvr
)

� C(h, T )
(

1 + σ

∫
φv2

ξ r
m
)

� C(h, T )A(T ).

It then follows from the definitions of A and B that
∫ ∫

σ 2φ2F 4rm � C(h, T )
(
1 + A(T )1/2)(1 + A(T )+ B(T )).

Applying similar arguments to the other terms in (52) and recalling (51), we con-
clude that

D(T ) � C(T , h)
(

1 + D(T )3/4 +
∫

D(t)‖θ(·, t)‖∞,h

)
.

Applying Grönwall’s inequality together with (27) we get

D(T ) � C(h, T ),

and hence, by (51),

A(T ), B(T ) � C(h, T ).

We have proved:

Lemma 6. Let h > 0 and T > 0 be given. Then there is a constant C = C(h, T )

such that, if A,B, and D are as defined above in (37)–(39), then

A(T ),B(T ),D(T ) � C(h, T ).

Next we derive two auxiliary bounds: in Lemma 7 below we prove anLq bound
for the approximate velocities, and in Lemma 8 we prove a bound for the time inte-
gral of their sup-norms. These auxiliary results will then be applied in Lemma 9
to prove the uniform integrability of the approximate densities and energies. This
uniform integrability will be crucial later in Section 4 in showing that limits of
these approximate solutions are indeed weak solutions of the original system.
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Lemma 7. There is a constant C = C(T ), independent of a, such that, for the
cylindrically symmetric case,

∫ b

a

ρ(r, t)
(|rv(r, t)|q + |w(r, t)|q) r dr � C(T )C0 for t � T ,

where q > 2 and C0 are as in (14).

Proof. Recall that m = 1 in the cylindrically symmetric case. Denoting sign(v)
by s we have, upon multiplying (8) by rs,

ρ (|rv|t + u|rv|r ) = rs
(µ
r
(rv)r

)
r
+ sρf2r.

Multiplying by qr|rv|q−1 and adding |rv|q [(rρ)t + (rρu)r ] = 0, we then get

(rρ|rv|q)t + (rρu|rv|q)r = qr2s|rv|q−1
(µ
r
(rv)r

)
r
+ qsρf2|rv|q−1r2,

so that

∫
ρ|rv|qr dr

∣∣∣∣
t

0
+ µq

∫ ∫ [
2s|rv|q−1 + (q − 1)rs2|rv|q−2(rv)r

]
(rv)r drdt

= q

∫ ∫
sρf2|rv|q−1r2 drdt.

Observe that the first summand in the double integral on the left integrates to zero,
while the second summand is positive. For the term on the right, we have from (12)
that

∫ ∫
sρf2|rv|q−1r2 drdt � C

∫ ∫
(|f2|qρr + ρ|rv|qr) drdt

� C

(
1 +
∫ ∫

ρ|rv|q drdt
)
.

The result then follows from Grönwall’s inequality and the assumption on v0. A
similar argument applies to w. �


The following bounds are consequences of the entropy estimate (23):

Lemma 8. Given R > 0 and T > 0, there is a constant C = C(R, T ) such that

∫ t2

t1

(∥∥∥ u

θ1/2

∥∥∥∞,R
+ ‖ log(θ ∨ 1)‖∞,R

)
dt � C(R, T )

for t1, t2 ∈ [0, T ]. Here θ ∨ 1 = max(θ, 1).
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Proof. Applying the boundary condition u(b, t) ≡ 0, we get, for r ∈ [R, b],
∣∣∣ u
θ1/2 (r, t)

∣∣∣ � C

∫ b

r

( |ur |
θ1/2 + |u||θr |

θ3/2

)
dr,

� C(R)

∫ b

R

(
1 + θ2

r

θ2 + u2
r + u2/r2

θ

)
rmdr,

so that, by (23),
∫ t2

t1

∥∥∥ u

θ1/2

∥∥∥∞,R
dt � C(R)

∫ T

0

∫ b

R

(
1 + |θr |2

θ2 + Q

θ

)
rmdr � C(R, T ).

Next let θ̃ = θ ∨ 1 so that, for r ∈ [R, b],

log θ̃ (r, t) � log θ̃ (b, t)+
∫ b

r

∣∣∣ θ̃r
θ̃

∣∣∣ dr � log θ̃ (b, t)+
∫ b

r

∣∣∣θr
θ

∣∣∣ dr

� log θ̃ (b, t)+ C(R)
(∫ b

R

∣∣∣θr
θ

∣∣∣
2
rm dr

)1/2
.

Integrating in time and using the h-dependent bound (27) with h = M0/2 for the
first term on the right (M0 is the total mass), we conclude from (23) that

∫ T

0
‖ log θ̃‖∞,R dt � C(R, T ). �


We now apply the above two lemmas to prove certain uniform integrability
estimates. To describe these, we define the strictly increasing, convex function

G : [1,∞) → [0,∞), G(y) := y log y. (53)

Then G−1 : [0,∞) → [1,∞), and we can define for r > 0, c > 0 the function

ω(r; c) := r + rG−1
(c
r

)
. (54)

It is easily checked that for each fixed c the function r �→ ω(r; c) is continuous
and increasing on (0,∞), and that

lim
r↓0

ω(r; c) = 0.

Finally, if E ⊂ [0, b], we define |E| := ∫
E
rmdr .

Lemma 9. Let ω be as described above.

(a) If a � 0 and ρ : [a, b] → R is strictly positive and satisfies
∣∣∣∣
∫ b

a

ρ log ρ rmdr

∣∣∣∣ � C, (55)

then for any measurable set E ⊂ [a, b],
∫

E

ρ rmdr � ω(|E|;C).
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(b) Let R > 0 and T > 0. Then there is a constant C = C(R, T ) such that, if E(t)
is a measurable subset of [R, b] for each t ∈ [0, T ], and if (ρ, u, v,w, θ) =
(ρa, ua, va, wa, θa) is the approximate solution described at the beginning of
Section 2, then

∫ T

0

∫

E(t)

ρθrm dr dt � ω
(∫ T

0

∫

E(t)

ρrm dr dt ;C(R, T )
)
,

∫ T

0

∫

E(t)

ρu2rm dr dt � C(R, T )ω
(∫ T

0

∫

E(t)

ρrm dr dt ;C(R, T )
)1/4

.

(c) Let R, T , E(T ), C(R, T ), and (ρ, u, v,w, θ) be as in (b) for the cylindrically
symmetric case. Then

∫ T

0
E(t)

∫
ρ(r, t)

(
v2 + w2

)
r drdt � C(R, T )

(∫ T

0
E(t)

∫
ρr drdt

)(q−2)/q

,

where q > 2 is as in (14).

Proof. To prove (a) we define E1 := {r ∈ E : ρ(r) � 1} and E2 := {r ∈ E :
ρ(r) > 1}. Then

∫

E1

ρ rmdr �
∫

E1

rmdr � |E|.

If |E2| 
= 0, then

1

|E2|
∫

E2

ρ rmdr � 1.

Applying Jensen’s inequality to the convex function G, we find from (55) that

G

(
1

|E2|
∫

E2

ρ rmdr

)
� 1

|E2|
∫

E2

G(ρ) rmdr � C

|E2| .

Thus by (54),

∫

E2

ρ rmdr � |E2|G−1
(
C

|E2|
)

� |E|G−1
(
C

|E|
)
,

and we conclude that
∫

E

ρ rmdr =
∫

E1

ρ rmdr +
∫

E2

ρ rmdr � |E| + |E|G−1
(
C

|E|
)

= ω(|E|;C).

To prove (b) we let θ̃ = max{θ, 1} and define the mass measure dm := ρrm dr .
Set

E1(t) := { r ∈ (E(t) : θ(r, t) � 1 }, E2(t) := { r ∈ (E(t) : θ(r, t) > 1 }.
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Then
∫ T

0

∫

E1(t)

θ dm �
∫ T

0

∫

E(t)

dm. (56)

Next, if
∫ T

0

∫

E2(t)

dm > 0,

then with G as in (53),

G




∫ T

0

∫

E2(t)

θ dmdt

∫ T

0

∫

E2(t)

dmdt


 �

∫ T

0

∫

E2(t)

G(θ) dmdt

∫ T

0

∫

E2(t)

dmdt

=

∫ T

0

∫

E2(t)

ρθ log θ rm drdt

∫ T

0

∫

E2(t)

dmdt

�

∫ T

0
‖ log θ̃‖∞,R

(∫

E2(t)

ρθ rmdr

)
dt

∫ T

0

∫

E2(t)

dmdt

� C(R, T )∫ T

0

∫

E2(t)

dmdt

,

where we have used the energy estimate (22) and the previous lemma. Thus

∫ T

0

∫

E2(t)

ρθ rmdrdt �
(∫ T

0

∫

E2(t)

dmdt

)
·G−1




C(R, T )∫ T

0

∫

E2(t)

dmdt




�
(∫ T

0

∫

E(t)

dmdt

)
·G−1




C(R, T )∫ T

0

∫

E(t)

dmdt


 .

We have used here the fact that s �→ sG−1(C/s) is increasing. Adding this to (56),
we obtain the first estimate in part (b) of the lemma. For the second estimate in (b)
we argue as follows:
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∫ T

0

∫

E(t)

ρu2rm dr dt

�
∫ T

0

∥∥∥ u

θ1/2

∥∥∥
1/2

∞,R

(∫

E(t)

ρu2 rmdr
)3/4(∫

E(t)

ρθ rmdr
)1/4

dt

� C(T )
(∫ T

0

∥∥∥ u

θ1/2

∥∥∥∞,R
dt
)1/2(∫ T

0

∫

E(t)

ρθrm dr dt
)1/4

,

� C(R, T )ω

(∫ T

0

∫

E(t)

ρrm dr dt ; C(R, T )
)1/4

by the bound (22) for the energy, the previous lemma, and the first part of the present
argument.

To prove (c) we estimate as follows:

∫ T

0

∫

E(t)

ρ(r, t)v(r, t)2r drdt

�
∫ T

0

(∫

E(t)

ρ|v|qr dr
)2/q (∫

E(t)

ρr dr

)(q−2)/q

dt

� C(R)

(∫ T

0

∫

E(t)

ρ|rv|qr drdt
)2/q (∫ T

0

∫

E(t)

ρr drdt

)(q−2)/q

� C(R, T )

(∫ T

0

∫

E(t)

ρr drdt

)(q−2)/q

,

where we used Lemma 7 in the last step. The argument for w is the same. �


4. Proof of Theorem 1.1

In this section we complete the proof of Theorem 1.1 by constructing smooth,
approximate solutions, applying the a priori bounds of Sections 2 and 3, and taking
appropriate limits.

To begin, we let (ρ0,U0, θ0) be initial data satisfying the hypotheses of
Theorem 1.1, and we take (ρ0, u0, v0, w0, θ0) = (ρ0, U0, θ0) to be the corre-
sponding component functions defined for r ∈ [0, b]. We let Hδ be a standard
mollifier (in r) of width δ, and for a > δ we define smooth, approximate initial
data (ρ0

a,δ, U
a,δ
0 , θ0

a,δ) as follows:

– Extend ρ0 by its average value outside [a, b], mollify with Hδ , restrict to
[a, b], and then multiply by a constant to normalize the total mass to be M0 =∫ b

0 ρ0r
m dr . The resulting density function is denoted ρa,δ0 (r).

– Redefine w0 to be its average value and u0 and v0 to be zero on [0, 2δ], and
redefine all three to be zero on [b − 2δ, b], then mollify with Hδ to get ua,δ0 ,
v
a,δ
0 , wa,δ0 . Note that these velocities are identically zero on a neighborhood of
r = b, and ua,δ0 , v

a,δ
0 and (wa,δ0 )r are zero on a neighborhood of r = a.
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– Redefine θ0 to be its average value on [0, 2δ] and [b− 2δ, b], then mollify with
Hδ to get θa,δ0 . Note that θa,δ0 is then constant on neighborhoods of r = a and
r = b.

The resulting data (ρa,δ0 , U
a,δ
0 , θ

a,δ
0 ) then satisfies the hypotheses (13)–(14) with

constants which are independent of (a, δ). There is then a global-in-time smooth
solution (ρa,δ, Ua,δ, θa,δ) of the system (1.4)–(1.8) with boundary conditions as
described at the beginning of Section 2. This is a consequence of the results of Frid
& Shelukhin [2] in the spherically symmetric case, and would follow from [2] in
the cylindrically symmetric case as well, except that we have imposed the boundary
condition wr = 0 at a = 0 in place of w = 0. We instead obtain a global solution
for this case as in Hoff [3], by solving first an appropriate system of semidiscrete
difference equations, then passing to the limit as the discretization tends to zero.
The details are straightforward but rather tedious and technical. Note, however, that
a is fixed and positive at this stage of the argument, so that the apparent 1/r sin-
gularities in the equations play no role, and the construction of these approximate
solutions is essentially a one-space dimensional problem.

For h, a, δ > 0 we define the particle paths ra,δh (t) associated with this approx-
imate solution by

h =
∫ r

a,δ
h (t)

a

ρa,δ(r, t)rm dr, (57)

just as in (24).

4.1. Convergence of Approximate Solutions

In the following three propositions we show that there is a subsequence (aj , δj )
→ (0, 0) for which the approximate solutions and their associated particle paths
converge.

Proposition 1. Let (ρa,δ, Ua,δ, θa,δ) and ra,δh (t) be as described above.

(a) There is a subsequence (aj , δj ) → (0, 0) such that r
aj ,δj
h (t) converges uni-

formly for (h, t) in compact subsets of (0,M0] × [0,∞), and the limit rh(t) is
Hölder continuous in (h, t) on these compact sets.

(b) If

r(t) := lim
h↓0

rh(t)

then

lim
t↓0

r(t) = 0.

(c) If the “fluid region” F is defined by

F := {(r, t) : r(t) < r � b, 0 � t < ∞,

then F ∩ {t > 0} ∩ {r < b} is an open set.
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Proof. We have from the definition (57) of ra,δh

∂r
a,δ
h

∂t
= ua,δ,

∂r
a,δ
h

∂h
= n

ρa,δ
.

Uniform Hölder continuity of {ra,δh } then follows from the bounds in (26) and
Lemma 6, which show in particular that, for 0 � t � T , h > 0, and r � r

a,δ
h ,

ρa,δ � C(h, T )−1 and |ua,δ(r, t)| � C(h, T )t−1/4. The assertions in (a) then
follow from the Ascoli-Arzela theorem.

To prove (b), we take limits in (57) to obtain

h =
∫ rh(0)

0
ρ0(r)r

m dr � C−1rh(0) ,

and apply the result of (a) that rh(·) is continuous at t = 0. The assertion in (c)
follows directly from the continuity of the curves rh(t) in t for h > 0. �

Proposition 2. Let the hypotheses and notation of Proposition 1 be in force. Then
there is a further subsequence, still denoted by aj , δj , and limiting functionsU and
θ such that

Uaj ,δj → U, θaj ,δj → θ

uniformly on compact subsets of F ∩ {t > 0}. The functions U and θ are Hölder
continuous on these compact sets.

Proof. We first prove the uniform Hölder continuity of the approximate tempera-
tures. Thus for 0 < τ � t � T and ra,δh0

(t) � r1 � r2 � b,

|θa,δ(r2, t)− θa,δ(r1, t)| �
∫ r2

r1

|θa,δr (r, t)| dr

�
√
r2 − r1

(∫ r2

r1

θa,δr (r, t)2 dr
)1/2

� C(h0, T , τ )
√
r2 − r1,

by (6); and by (21) and (22),

∫ b

r
a,δ
h0
(t)

θa,δ(r, t) dr � C(h0, T )

∫ b

r
a,δ
h0
(t)

ρa,δθa,δrm dr � C(h0, T ).

We thus conclude that

θa,δ(r, t) � C(h0, τ, T ) for r � r
a,δ
h0
(t), 0 < τ � t � T ,

so that {θa,δ(r, t)} is uniformly bounded and Hölder continuous in r on compact
subsets of F ∩ {t > 0}. To prove Hölder continuity in time, we let 0 < τ � t1 �
t2 � T and ra,δh0

(t) < r1 for t ∈ [t1, t2]. Then for k = √
t2 − t1,
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|θa,δ(r1, t2)− θa,δ(r1, t1)|
� k−1

∫ r1+k

r1

|θa,δ(r, t2)− θa,δ(r, t1)| dr + C(h0, T , τ )
√
k

� k−1
∫ r1+k

r1

∫ t2

t1

|θ̇ a,δ| + |ua,δθa,δr | dr dt + C(h0, T , τ )
√
k

�
√
t2 − t1

k

(∫ r1+k

r1

∫ t2

t1

|θ̇ a,δ|2 + |ua,δθa,δr |2
)1/2 + C(h0, T , τ )

√
k

� C(h0, T , τ )
(√ t2 − t1

k
+ √

k
)

� C(h0, T , τ )|t2 − t1|1/4,
again by (6). We conclude that {θa,δ(r, t)} is uniformly bounded and Hölder con-
tinuous, jointly in r, t , on compact subsets of the fluid region F ∩{t > 0}. A similar
argument applies to the velocities Ua,δ . �

Proposition 3. Assume that the hypotheses and notation of Proposition 2 are in
force. Then there is a further subsequence (aj , δj ) → (0, 0) and a function
ρ(r, t)such that

ρaj ,δj (·, t) → ρ(·, t) in H−1
([r(t)+ η, b], rmdr),

and

ρaj ,δj (·, t) ⇀ ρ(·, t) in L2
([r(t)+ η, b], rmdr) (58)

for all t ∈ [0, T ] and all η > 0. In addition, if ρaj ,δj (r, t) is taken to be zero for
r � aj , then

ρaj ,δj (·, t) → 0 in L1
([0, r(t)], rmdr) (59)

when r(t) > 0. Also, for h > 0 and T > 0, there is a constant C = C(h, T ) such
that

C(h, T )−1 � ρ � C(h, T )

for 0 � t � T and rh(t) � r � b. Finally, for h > 0 and t � 0,

h =
∫ rh(t)

r(t)

ρ(r, t) rmdr. (60)

Proof. Fix a small rectangle

R = [r0, b] × [s1, s2] ⊂ {(r, t) | r � rh(t) for t ∈ [0, T ]}
for some h > 0. Then C−1(h, T ) � ρa(r, t) � C(h, T ) for all (r, t) ∈ R, so
that for each time t ∈ [s1, s2] the family {ρaj ,δj (·, t)}j is bounded in L2

([r0, b]
)
,
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uniformly in j . Thus if {tk} is a countable, dense set of times, we may pass to a
further subsequence, still denoted by (aj , δj ), such that

ρaj ,δj (·, tk) ⇀ ρ(·, tk) in L2
([r0, b]

)

for tk in [s1, s2]. To extend this convergence to all times, we prove strong conver-
gence in H−1. Thus define

Mj(r, t) :=
∫ r

r0

ρaj ,δj (s, t) ds.

The weak convergence implies that, for each tk ,

Mj(r, tk) → M(r, tk) :=
∫ r

r0

ρ(s, tk) ds

pointwise in [r0, b], and hence in L2
([r0, b]

)
. It follows that if ψ ∈ H 1

0

([r0, b]
)

then

∣∣∣
∫ r

r0

(ρaj ,δj − ρ)ψ rmdr

∣∣∣ =
∣∣∣
∫ r

r0

(Mj −M)ψξ r
mdr

∣∣∣ � C‖Mj −M‖L2‖ψ‖H 1 ,

so that

‖ρaj ,δj − ρ‖H−1 � ‖Mj −M‖L2 → 0.

To extend this convergence to all times, we show that the family {ρaj ,δj (·, t)} is
equicontinuous with respect to t in H−1

([r0, b]
)
. Thus for τ1, τ2 ∈ [0, T ] and

ψ ∈ H 1
0

([r0, b]
)
,

∣∣∣
∫ b

r0

[
ρaj ,δj (r, τ2)− ρaj ,δj (r, τ1)

]
ψrm dr

∣∣∣

=
∣∣∣
∫ b

r0

∫ τ2

τ1

ρaj ,δj uaj ,δj ψξ r
m drdt

∣∣∣

� ‖ψξ‖L2C(h, T )

∫ τ2

τ1

(∫ b

r0

ρaj ,δj (uaj ,δj )2rm dr
)1/2

dt

� C(h, T )‖ψ‖H 1 |τ2 − τ1|.

Therefore

‖ρaj ,δj (·, τ2)− ρaj ,δj (·, τ1)‖H−1 � C(h, T )|τ2 − τ1|.

It follows that ρaj ,δj (·, t) converges strongly in H−1 and weakly in L2 to ρ(·, t)
for all times t ∈ [s1, s2]. Since F is a countable union of such rectangles R, there
is a further subsequence (aj , δj ) → (0, 0) such that the same convergences hold
on [r(t)+ η, b] for each time t ∈ [0, T ] and for all η > 0.



328 David Hoff & Helge Kristian Jenssen

To prove (59) we fix t and suppose that r(t) > 0. Setting ρaj ,δj = 0 on [0, aj ],
we then have, for aj < rh(t),

∫ r(t)

0
ρaj ,δj rm dr =

(∫ r
aj ,δj
h (t)

0
+
∫ rh(t)

r
aj ,δj
h (t)

+
∫ r(t)

rh(t)

)
ρaj ,δj rm dr

� h+ ω(|[raj ,δjh (t), rh(t)]|;C0)+ ω(|[rh(t), r(t)]|;C0),

by Lemma 9. Thus given δ > 0, we first choose h < δ/3 so that the last term
is smaller than δ/3 (which is possible since, by definition, rh(t) → r(t)), then j
sufficiently large that the middle term is less than δ/3 (which is possible since, by

definition, r
aj ,δj
h (t) → rh(t)). This shows that ρaj ,δj tends to zero inL1

([0, r(t)]).
Finally, to prove (60), we fix t ∈ [0, T ] and h > 0 and choose l ∈ (0, h). Then

taking ρaj ,δj to be zero for r < aj , we have, for each j (suppressing t),

h =
∫ r

aj ,δj
h

0
ρaj ,δj rmdr

=
(∫ r

0
+
∫ rl

r

+
∫ rh

rl

+
∫ r

aj ,δj
h

rh

)
ρaj ,δj rmdr

=
∫ r

0
ρaj ,δj rmdr +O(ω(|[r, rl]|;C(h, T )))

+
∫ rh

rl

ρaj ,δj rmdr +O(ω(|[rh, raj ,δjh ]|;C(h, T ))).

We first let j → ∞ with l fixed. The first term on the right then goes to zero by the
argument above, the last term goes to zero by (1), and the weak L2 convergence
(58) shows that

∫ rh

rl

ρaj ,δj rmdr →
∫ rh

rl

ρ rmdr.

Letting l → 0 and applying the definition of r , we then conclude that

h =
∫ rh(t)

r(t)

ρ rmdr. �


Remark. We defined the approximate initial data ρ
aj ,δj
0 so that for each time t ,

M0 =
∫ b

0
ρ0 r

mdr =
∫ b

0
ρ
aj ,δj
0 rmdr =

∫ b

0
ρaj ,δj (r, t) rmdr.

It follows that r
aj ,δj
M0(t)

≡ b for all j and t , so that rM0(t) ≡ b. Thus (60) shows in
particular that mass is conserved for the limiting solution:

∫ b

r(t)

ρ(r, t) rmdr ≡
∫ b

0
ρ0(r) r

mdr.
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4.2. Weak forms of the Navier-Stokes equations

We next turn to the task of proving that the limiting functions are indeed weak
solutions of the Navier-Stokes equations in �× [0,∞).

First, the limiting functionsρ, u, v,w and θ have been defined in the fluid region
F but not elsewhere. We therefore define ρ, ρu, ρv, ρw and ρθ to be identically
zero in the vacuum region Fc. As in Section 1 we let r(x) = |x| in the spheri-
cally symmetric case and r(x) = |x̃|, where x̃ = (x1, x2, 0), in the cylindrically
symmetric case, so that � = {x | r(x) � b } in either case. The velocity vector
U : �̄× [0,∞) is then defined by

U(x, t) = u(r(x), t)
x

r(x)

in the spherically symmetric case, and by

U(x, t) = Urad(x, t)+ Utan(x, t)+ Uvert(x, t)

= u(r(x), t)
x̃

r(x)
+ v(r(x), t)

x̃⊥

r(x)
+ w(x, t)(0, 0, 1)

in the cylindrically symmetric case, where x̃⊥ = (−x2, x1, 0). Abusing notation
slightly, we also write ρ(x, t) and θ(x, t) in place of ρ(r(x), t) and θ(r(x), t).
Similar notation applies to the approximate solutions, for which we now write ρj

in place of ρaj ,δj , etc.
In the following proposition we show that (ρ,U, θ) satisfies the weak form (16)

of the mass equation.

Proposition 4. Let (ρ,U, θ) be the limit described above in Propositions 1–3.

(a) The weak form (16) of the mass equation holds for C1 test functions φ : �̄ ×
[t1, t2] → R, which in the cylindrically symmetric case are assumed to vanish
for |x3| � L for some L;

(b) ρ ∈ C
([0,∞);W 1,∞(�)∗

)
in the spherically symmetric case, and ρ ∈

C
(
[0,∞);W 1,∞

L (�)∗
)

in the cylindrically symmetric case, where

W
1,∞
L (�) = { φ ∈ W 1,∞(�) : φ ≡ 0 for |x3| � L};

(c) ρ1/2u ∈ L∞ ([0,∞);L2(�)
)
.

Proof. We first derive the weak form of the one-dimensional equation (6). Thus let
φ(r, t) be a smooth function on [0, b] × [t1, t2], so that

∫ b

0
ρjφ rmdr

∣∣∣
t2

t1
=
∫ t2

t1

∫ b

0

(
ρjφt + ρjujφr

)
rmdrdt. (61)

We consider the difference between each of the above terms and the corresponding
terms with ρj , uj replaced by the limits ρ, u. First, at time t = t1 or t2, we have,
by Lemma 9,
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∣∣∣
∫ b

0
ρjφ rmdr −

∫ b

0
ρφ rmdr

∣∣∣

�
∣∣∣
∫ b

rh

(ρj − ρ)φ rmdr

∣∣∣

+‖φ‖∞

(∫ r
j
h

0
ρj rmdr +

∫ rh

r
j
h

ρj rmdr +
∫ rh

r

ρ rmdr

)

�
∣∣∣
∫ b

rh

(ρj − ρ)φ rmdr

∣∣∣+ ‖φ‖∞
(
h+ ω([rh, rjh ];C0)+ ω([r, rh];C0)

)
.

Letting first j → ∞, then h → 0, and using the definitions of the curves rjh , rh,
and r , together with (58), we obtain

∫ b

0
ρjφ rmdr

∣∣∣
t2

t1
→
∫ b

0
ρφ rmdr

∣∣∣
t2

t1
.

The same argument applies to the first term on the right-hand side of (61), and for
the last term in (61) we have

∣∣∣
∫ t2

t1

∫ b

0
ρjujφr r

mdrdt −
∫ t2

t1

∫ b

0
ρuφr r

mdrdt

∣∣∣

� ‖φ‖∞

[∫ t2

t1

∫ r
j
h

0
|ρjuj | rmdrdt +

∫ t2

t1

∫ rh

r
j
h

|ρjuj | rmdrdt

+
∫ t2

t1

∫ rh

r

|ρu| rmdrdt
]

+
∣∣∣
∫ t2

t1

∫ b

rh

(ρjuj − ρu)φr r
mdrdt

∣∣∣. (62)

For the first term on the right here we have

∫ t2

t1

∫ r
j
h

0
|ρjuj | rmdrdt

�
(∫ t2

t1

∫ b

0
ρjuj

2
rmdrdt

)1/2
(∫ t2

t1

∫ r
j
h

0
ρj rmdrdt

)1/2

� C(T )
√
h(t2 − t1) → 0 as h → 0.

The second term on the right in (62) is

∫ t2

t1

∫ rh

r
j
h

|ρjuj | rmdrdt

�
(∫ t2

t1

∫ b

r
j
h

ρjuj
2
rmdrdt

)1/2(∫ t2

t1

∫ rh

r
j
h

ρj rmdrdt

)1/2

� C(T )

(∫ t2

t1

ω
(
[rh, rjh ];C0

)
dt

)1/2

,
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which goes to 0 as j → ∞ (with h > 0 fixed) since rjh → rh uniformly on [t1, t2].
For the third term on the right-hand side of (62) we have

∫ t2

t1

∫ rh

r

|ρu| rmdrdt �
(∫ t2

t1

∫ rh

r

ρu2 rmdrdt

)1/2(∫ t2

t1

∫ rh

r

ρ rmdrdt

)1/2

,

which goes to zero as h → 0 by Lemma 3.6(a) and by (c) of the present proposition
(which is proved independently below). Finally, the last term in (62) goes to zero
by the uniform convergence of uj to u and the weak convergence of ρj to ρ. We
have thus proved that, for functions φ which are C1 on [0, b] × [t1, t2],

∫ b

0
ρφ rmdr

∣∣∣
t2

t1
=
∫ t2

t1

∫ b

0
(ρφt + ρuφr) r

mdrdt. (63)

Now let ψ : �̄× [t1, t2] → R be C1, and in the spherically symmetric case define

φ(r, t) :=
∫

S

ψ(ry, t) dSy,

where the integral is over the unit sphere S = S2 in R2; in the cylindrically sym-
metric case define

φ(r, x3, t) :=
∫

S

ψ(ry, x3, t) dSy,

where the integral is over the unit circle S = S1 in R2. Equation (63) then holds
for φ, and it is easy to see that, for t = t1 or t2,

∫ b
0 ρ(r, t)φ(r, t) r

mdr equals∫
�
ρ(x, t)ψ(x, t) dx in the spherical case and

∫
�̃
ρ(x, t)ψ(x, t) dx1dx2 in the

cylindrical case, where �̃ = {(x1, x2) | x2
1 + x2

2 < b2}. The first term on the
right-hand side of (63) is treated in a similar way, and the second term on the right
may be rewritten in the spherically symmetric case as follows:

∫ t2

t1

∫ b

0
ρ(r, t)u(r, t)φr(r, t) r

mdrdt

=
∫ t2

t1

∫ b

0

∫

S

ρ(r, t)u(r, t)∇ψ(ry, t) · yrm dSydrdt

=
∫ t2

t1

∫

�

ρ(x, t)u(x, t)
x

r
· ∇ψ(x, t) dxdt

=
∫ t2

t1

∫

�

ρ(x, t)U(x, t) · ∇ψ(x, t) dxdt.

This establishes the weak form of the mass equation in the spherically symmetric
case,

∫

�

(ρψ) (x, ·) dx
∣∣∣
t2

t1
=
∫ t2

t1

∫

�

[
(ρψt ) (x, t)+ (ρU · ∇ψ) (x, t)

]
dxdt,

for C1 functions ψ : �̄× [t1, t2] → R.
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For the cylindrically symmetric case the above computation shows that for each
x3 fixed,

∫

�̃

ρψ dx1dx2

∣∣∣
t2

t1
=
∫ t2

t1

∫

�̃

[
(ρψt )+ Urad · ∇ψ

]
dx1dx2dt.

Thus if ψ(x1, x2, x3) = 0 for |x3| � L for some L, then
∫

�

ρψ dx

∣∣∣
t2

t1
=
∫ t2

t1

∫

�

[
ρψt + Urad · ∇ψ

]
dxdt.

Observe that, for such ψ ,

∫ t2

t1

∫

�

ρUvert · ∇ψ dxdt =
∫ t2

t1

∫

�

ρw

(∫ h

h

ψx3 dx3

)
rdrdt = 0,

and
∫ t2

t1

∫

�

ρUtan · ∇ψ dxdt

=
∫ t2

t1

∫ b

0
ρv

(∫ L

−L

∫ 2π

0

[− r sin(α)ψx(r cos(α), r sin(α), x3)

+ r cos(α)ψy(r cos(α), r sin(α), x3)
]
dαdx3

)
drdt

=
∫ t2

t1

∫ b

0
ρv

(∫ L

−L

∫ 2π

0

∂

∂α
ψ(r cos(α), r sin(α), x3)dαdx3

)
drdt = 0.

Adding the last three results and recalling that U = Urad + Utan + Uvert, we then
obtain the weak form of the mass equation in the cylindrically symmetric case,

∫

�

(ρψ) (x, ·) dx
∣∣∣
t2

t1
=
∫ t2

t1

∫

�

[
(ρψt ) (x, t)+ (ρU · ∇ψ) (x, t)

]
dxdt,

for C1 functions ψ : �̄× [t1, t2] → R having compact support in the x3 direction.
This proves (a).

Proof of (b): First, if φ is a C1 function of x, then by the result of (a) for the
spherical case,

∣∣∣
∫

�

ρφ dx

∣∣∣
t2

t1

∣∣∣ =
∣∣∣
∫ t2

t1

∫

�

ρU · ∇φ dxdt
∣∣∣

� ‖∇φ‖∞
∫ t2

t1

(∫

�

ρ dx

)1/2(∫
ρ|U|2 dx

)1/2

dt

� C(T )‖∇φ‖∞|t2 − t1|.
A straightforward argument enables us to extend this to functions φ ∈ W 1,∞(�),
so that

‖ρ(·, t2)− ρ(·, t1)‖W 1,∞(�)∗ � C(T )|t2 − t1|,
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for t1, t2 ∈ [0, T ]. This proves (b) for the spherical case, and the proof for the
cylindrical case is similar.

Proof of (c): By (22), there is a constant C(T ) such that, for t � T , η > 0, and
j sufficiently large,

∫ b

r(t)+η
ρj |Uj |2 rmdrdt � C(T ).

We first let j → ∞, then η → 0 to obtain
∫ b

r(t)

ρ|U|2 rmdrdt =
∫

�

ρ|U|2 dx � C(T ),

which proves (c). �

We now turn to the formulation and proof of the weak form of the momentum
equation. Since we cannot determine whether or not a vacuum state {ρ = 0} occurs
at the origin, that is, whether or not r ≡ 0, we will be able to identify the viscous
terms in the momentum equation only as certain limiting distributions. To begin,
we define, for given times t1 � t2 and test functions φ,

U(j, φ) = U(j, φ, t1, t2) := ν

∫ t2

t1

∫ b

aj

ujφξr r
m drdt,

V(j, φ) = V(j, φ, t1, t2) := µ

∫ t2

t1

∫ b

aj

vjφξr r
m drdt,

W(j, φ) = W(j, φ, t1, t2) := µ

∫ t2

t1

∫ b

aj

wjφrξ r
m drdt.

As a first step we treat the simpler case in which φ (or φr in the case of the w
equation) vanishes in a neighborhood of the inner boundary.

Lemma 10. Let ρ, θ, u, v,w be the functions defined above in Propositions 1–3.
Let t1 < t2 and let φ be a C2 function on [0, b] × [t1, t2] with φ(b, t) = 0 for
t ∈ [t1, t2].
(a) Assume in addition that φ(·, t) ≡ 0 on [0, R] for some R > 0 and for all

t ∈ [t1, t2]. Then the limits of U(j, φ) and V(j, φ) as j → ∞ exist, and the
weak forms of the first two momentum equations (7) and (8) hold in the sense
that∫ b

0
ρuφrm dr

∣∣∣
t2

t1
−
∫ t2

t1

∫ b

0

(
ρuφt + ρu2φr + Pφξ + ρv2φ

r

)
rm drdt

=
∫ t2

t1

∫ b

0
ρf1φr

m drdt + lim
j→∞ U(j, φ) (64)

and ∫ b

0
ρvφrm dr

∣∣∣
t2

t1
−
∫ t2

t1

∫ b

0

(
ρvφt + ρuvφr − ρuvφ

r

)
rm drdt

=
∫ t2

t1

∫ b

0
ρf2φr

m drdt + lim
j→∞ V(j, φ).
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(b) Assume in addition that φr(·, t) ≡ 0 on [0, R] for some R > 0 and for all
t ∈ [t1, t2] (rather than φ(·, t) ≡ 0). Then the limit of W(j, φ) as j → ∞
exists, and the weak form of the third momentum equation (9) holds in the sense
that

∫ b

0
ρwφrm dr

∣∣∣
t2

t1
−
∫ t2

t1

∫ b

0
(ρwφt + ρuwφr) r

m drdt

=
∫ t2

t1

∫ b

0
ρf3φr

m drdt + lim
j→∞ W(j, φ).

Proof. We outline the proof of (a). If j is large enough that aj < R, the weak form
of the momentum equation (7) holds for the approximate solutions:

∫ b

0
ρjujφrm dr

∣∣∣
t2

t1

−
∫ t2

t1

∫ b

0

(
ρjujφt + ρjuj

2
φr + P jφξ + ρjvj

2
φ

r

)
rm drdt

=
∫ t2

t1

∫ b

0
ρjf1φr

m drdt + U(j, φ) (65)

(recall that we have extended ρj , uj , vj , wj , θj to be zero outside [aj , b]). We
proceed by showing that each term in (65) converges to the corresponding term in
(64). The convergence of the terms ρjujφ and ρjujφt is established just as for the

term ρjujφr in the proof of Proposition 4. For the ρjuj
2
φr term we have

∣∣∣
∫ t2

t1

∫ b

0
ρjuj

2
φrr

m drdt −
∫ t2

t1

∫ b

0
ρu2φrr

m drdt

∣∣∣

� ‖φr‖∞

(∫ t2

t1

∫ r
j
h (t)

R

ρjuj
2
rm drdt +

∫ t2

t1

∫

E
j
h(t)

ρjuj
2
rm drdt

+
∫ t2

t1

∫

Eh(t)

ρu2rm drdt

)
+
∣∣∣
∫ t2

t1

∫ b

rh(t)

(
ρjuj

2 − ρu2
)
φrr

m drdt

∣∣∣, (66)

where Ejh(t) = [rjh (t), rh(t)] ∩ [R, b] (or [rh(t), rjh (t)] ∩ [R, b]) and Eh(t) =
[r(t), rh(t)]∩[R, b] (or [rh(t), r(t)]∩[R, b]). We first let j → ∞ and then h → 0.
The last term in (66) tends to zero because ρj ⇀ ρ weakly and uj → u strongly
in the given region. Next, by Lemma 9 and the definition of the curves rjh (t),
the first term on the right-hand side of (66) is bounded by C(R, T )ω(h(t2 − t1);
C(R, T ))1/4, which goes to zero as h → 0. Applying both parts of Lemma 9, we
can bound the second term by
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∫ t2

t1

∫

E
j
h(t)

ρjuj
2
rm drdt

� C(R, T )ω

(∫ t2

t1

∫

E
j
h(t)

ρj rm drdt;C(R, T )
)1/4

� C(R, T )ω

(∫ t2

t1

ω
(
|Ejh(t)|;C0

)
dt;C(R, T )

)1/4

,

which goes to zero as j → ∞ because rjh (t) → rh(t) as j → ∞ with h fixed.
Finally, for the third term on the right-hand side of (66) we can use the fact that√
ρjuj ⇀

√
ρu in L2 ([0, b] × [t1, t2]), so that by Lemma 9 again,

∫ t2

t1

∫

Eh(t)

ρu2rm drdt � lim inf
j→∞

∫ t2

t1

∫

Eh(t)

ρjuj
2
rm drdt

� lim inf
j→∞ C(R, T )ω

(∫ t2

t1

∫

Eh(t)

ρj rm drdt;C(R, T )
)1/4

� C(R, T )ω

(∫ t2

t1

ω (|Eh(t)|;C0) dt;C(R, T )
)1/4

,

which tends to zero as h → 0. This shows that the ρjuj
2
φr term in (65) converges

to the corresponding term in (64). The other terms in (65) are handled in a similar
way. �

We now extend the above result to the case that the test function is supported in
all of [0, b].
Lemma 11. Fix an increasing C1 function χ : [0,∞) → [0, 1] with χ ≡ 0 on
[0, 1] and χ ≡ 1 on [2,∞), and define χR(r) := χ(r/R) for R > 0. Let φ be a
C2 function on [0, b] × [t1, t2].
(a) Assume that φ(0, t) = φ(b, t) = 0 for t ∈ [t1, t2], and define φR := χRφ.

Then the limits

lim
R→0

lim
j→∞ U(j, φR), lim

R→0
lim
j→∞ V(j, φR)

exist, and the weak forms of the first two momentum equations (7) and (8) hold
in the sense that∫ b

0
ρuφrm dr

∣∣∣
t2

t1
−
∫ t2

t1

∫ b

0

(
ρuφt + ρu2φr + Pφξ + ρv2φ

r

)
rm drdt

=
∫ t2

t1

∫ b

0
ρf1φr

m drdt + lim
R→0

lim
j→∞ U(j, φR) (67)

and ∫ b

0
ρvφrm dr

∣∣∣
t2

t1
−
∫ t2

t1

∫ b

0

(
ρvφt + ρuvφr − ρuvφ

r

)
rm drdt

=
∫ t2

t1

∫ b

0
ρf2φr

m drdt + lim
R→0

lim
j→∞ V(j, φR). (68)
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(b) Assume now that φr(0, t) = φ(b, t) = 0 for t ∈ [t1, t2], and define

φR(r, t) := φ(0, t)+ χR(r)
[
φ(r, t)− φ(0, t)

]
.

Then the limit

lim
R→0

lim
j→∞ W(j, φR)

exists, and the weak form of the third momentum equation (9) holds in the sense
that

∫ b

0
ρwφrm dr

∣∣∣
t2

t1
−
∫ t2

t1

∫ b

0
(ρwφt + ρuwφr) r

m drdt

=
∫ t2

t1

∫ b

0
ρf3φr

m drdt + lim
R→0

lim
j→∞ W(j, φR). (69)

Proof. We give the proof of (67). The previous lemma applies to the test function
φR = χRφ, so that

∫ b

0
ρuχRφrm dr

∣∣∣
t2

t1

−
∫ t2

t1

∫ b

0

(
ρuχRφt + ρu2(χRφ)r + P(χRφ)ξ + ρv2χRφ

r

)
rm drdt

=
∫ t2

t1

∫ b

0
ρf1χ

Rφrm drdt + lim
j→∞ U(j, φR) . (70)

The first, second, and sixth terms converge to the corresponding terms in (64) as
R → 0 by the Dominated Convergence Theorem. For the third term we have

∫ t2

t1

∫ b

0
ρu2(χRφ)r =

∫ t2

t1

∫ b

0
ρu2(χRr φ + χRφr)r

m drdt, (71)

and the second term on the right here clearly tends to the third term in (64) as
R → 0. Since φ(0, t) = 0 we can write φ(r, t) = rψ(r, t) for a smooth ψ . Then
since |χRr | � C/R we can bound the first term on the right-hand side of (71) by

∣∣∣∣
∫ t2

t1

∫ 2R

R

ρu2C
r

R
ψ(r)rm drdt

∣∣∣∣ � C

∫ t2

t1

∫ 2R

R

ρu2rm drdt,

which tends to zero as R → 0 by the bound on the limiting energy. The same
argument applies to the the fourth and fifth terms in (70). This proves the result for
the u equation. The proofs of (68) and (69) are essentially the same. �

We can now state the momentum equation for the spherically symmetric case.

Proposition 5. The weak form (17) of the momentum equation holds for the spher-
ically symmetric case, as stated in Theorem 1.1(d).
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Proof. Given ψ as described in the theorem, define

φ(r, t) :=
∫

S2
ψ(ry, t)yi dSy,

for fixed i = 1, 2, 3. Then φ(0, t) = φ(b, t) ≡ 0 so that by Lemma 11,

∫ b

0
ρuφrm dr

∣∣∣
t2

t1
−
∫ t2

t1

∫ b

0

(
ρuφt + ρu2φr + Pφξ

)
rm drdt

=
∫ t2

t1

∫ b

0
ρf1φr

m drdt + lim
R→0

lim
j→∞ U(j, φR). (72)

We convert each of these terms to integrals in Cartesian coordinates involving ψ .
The derivations are very much like those occurring in the proof of Proposition 4,
except for the last term, which we look at in some detail. Recalling the definitions
in Lemma 11, we have

φR(r, t) =
∫

S2
ψR(ry, t)yi dSy,

where ψR(x, t) := χR(|x|)ψ(x, t). Then since φR = 0 at r = aj , b,

∫ b

aj

ujφRξrr
m dr = −

∫ b

aj

u
j
ξφ

R
ξ r

m dr

= −
∫ b

aj

(
ujr + muj

r

)(
φRr + mφR

r

)
rm dr

= −
∫ b

aj

[
ujr φ

R
r + m

r
(ujφR)r + m2ujφR

r2

]
rm dr

= −
∫ b

aj

(
ujr φ

R
r + mujφR

r2

)
rm dr

= −
∫ b

aj

[
r

(
uj

r

)

r

φRr r
m + uj

r
(rmφR)r

]
dr.

Summing over repeated indexes, we then have

∫ b

aj

ujφRξrr
m dr = −

∫ b

aj

r

(
uj

r

)

r

(∫

S2
ψRxk (ry, t)ykyi dSy

)
rm dr

−
∫ b

aj

uj

r

(∫

S2
ψRxi (ry, t) dSy

)
rm dr
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= −
∫ b

aj

∫

S2

[
r

(
uj

r

)

r

ykyi + uj

r
δik

]
ψRyk (ry, t)r

m dSydr

= −
∫

�

[(uj (|x|, t)
|x|

)

r

xkxi

|x| + uj

|x|δik
]
ψRxk (x, t) dx

= −
∫

�

(
uj (|x|, t) xi|x|

)

xk

ψRyk (x, t) dx

=
∫

�

uj (|x|, t) xi|x|�(ψ
R) dx.

Thus

U(j, φR) = ν

∫ t2

t1

∫

�

uj (|x|, t) xi|x|�(ψ
R) dxdt.

The result then follows because
∫

�

uj (|x|, t) xi|x|�(ψ
R) dx =

∫

�

Uj · ∇ψRxi dx

and ν = λ+ 2µ. �

In the following proposition we derive the weak form of the momentum equation
for the cylindrically symmetric case.

Proposition 6. The weak form (17) of the momentum equation holds for the cylin-
drically symmetric case, as stated in Theorem 1.1(d).

Proof. Given ψ as described in the statement of the theorem, define the test func-
tion

φi(r, t) :=
∫ L

−L

∫

S1
ψ(ry, x3, t)yi dSydx3

for i = 1, 2. Then φi(0, x3, t) = φi(b, x3, t) = 0, so that part (a) of Lemma 11
applies to give

∫ b

0
ρuφir dr

∣∣∣
t2

t1
−
∫ t2

t1

∫ b

0

(
ρuφi,t + ρu2φi,r + Pφi,ξ + ρv2φi

r

)
r drdt

=
∫ t2

t1

∫ b

0
ρf1φir drdt + lim

R→0
lim
j→∞ U(j, φRi ) (73)

and
∫ b

0
ρvφir dr

∣∣∣
t2

t1
−
∫ t2

t1

∫ b

0

(
ρvφi,t + ρuvφi,r − ρuvφi

r

)
r drdt

=
∫ t2

t1

∫ b

0
ρf2φir drdt + lim

R→0
lim
j→∞ V(j, φRi ), (74)
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where

φRi (r, x3, t) =
∫ h

−h

∫

S1
ψR(ry, x3, t)yi dSydx3 for i = 1, 2.

We subtract (74) with i = 2 from (73) with i = 1 to obtain

∫ b

0
ρ(uφ1 − vφ2)r dr

∣∣∣∣
t2

t1

−
∫ t2

t1

∫ b

0

[
ρ(uφ1,t − vφ2,t )+ (ρu2φ1,r − ρuvφ2,r )

+Pφ1,ξ +
(
ρv2φ1

r
+ ρuvφ2

r

)]
rdrdt

=
∫ t2

t1

∫ b

0
ρ(f1φ1 − f2φ2)r drdt + lim

R→0
lim
j→∞

[
U(j, φR1 )− V(j, φR2 )

]
. (75)

We compute the first term on the left as follows:

∫ b

0
ρ(uφ1 − vφ2)r dr =

∫ L

−L

∫

S1

∫ b

0
ρ(uy1 − vy2)ψ(ry, x3, t)r drdSydx3

=
∫

�

ρU1ψ dx.

The argument is similar for the other terms in (75) except for the last term on
the right, which is handled as in Proposition 6. This proves (17) for the i = 1
component, and the proof for i = 2 is similar.

For the case i = 3 we define the test function

φ(r, x3, t) :=
∫

S1
ψ(ry, x3, t) dSy.

Then φ(b, x3, t) = φr(0, x3, t) = 0, and part (b) of Lemma 11 applies. Integrating
(69) with respect to x3 over [−L,L] we thus obtain

∫ L

−L

∫ b

0
ρwφr drdx3

∣∣∣
t2

t1
−
∫ t2

t1

∫ L

−L

∫ b

0
(ρwφt + ρuwφr) r drdx3dt

=
∫ t2

t1

∫ L

−L

∫ b

0
ρf3φr drdx3dt + lim

R→0
lim
j→∞

∫ L

−L
W(j, φR(·, x3, ·))dx3. (76)

For the first term on the left-hand side we have (at either t = t1 or t = t2)
∫ L

−L

∫ b

0
ρwφr drdx3 =

∫ L

−L

∫ b

0

∫

S1
(ρU3)(ry, t)ψ(ry, x3, t)r dSydrdx3

=
∫

�

ρU3ψ dx.

Similarly,

∫ t2

t1

∫ L

−L

∫ b

0
ρwφtr drdx3dt =

∫ t2

t1

∫

�

ρU3ψt dxdt,
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and

∫ t2

t1

∫ L

−L

∫ b

0
ρf3φr drdx3dt =

∫ t2

t1

∫

�

ρF3ψ dxdt.

Next we observe that

∫ t2

t1

∫

�

ρU3U · ∇ψ dxdt

=
∫ t2

t1

∫ L

−L

∫ b

0

∫

S1
(ρw)(ry, t)

[
(ux1 − vx2)ψx1

+(ux2 + vx1)ψx2

]
dSydrdx3dt

+
∫ t2

t1

∫ b

0

∫

S1
w(ry, t)

(∫ L

−L
ψx3 dx3

)
r dSydrdt

=
∫ t2

t1

∫ L

−L

∫ b

0

∫

S1
(ρuw)(r, t)∇x̃ψ(ry, x3, t) · yr dSydrdx3dt

+
∫ t2

t1

∫ L

−L

∫ b

0
(ρvw)(r, t)

(∫

S1
−y2ψx1 + y1ψx2 dSy

)
drdx3dt

=
∫ t2

t1

∫ L

−L

∫ b

0
ρuwφrr drdx3dt.

We have used here the facts that

∫ h

−h
ψx3 dx3 = 0, and

∫

S1

(−y2ψx1 + y1ψx2

)
dSy =

∫

S1

dψ

dα
dα = 0.

This takes care of the last term on the left-hand side of (76) and the computation
of the U3 term is carried out as in Proposition 6. �


Concerning the weak form of the energy equation, it is straightforward to
prove (18) for test functions supported in the fluid region, as asserted in (e) of
Theorem 1.1. The proof consists in applying the strong convergence of the approx-
imate velocities and temperatures and the weak convergence of the approximate
densities, and converting to Cartesian coordinates as in the previous two propo-
sitions. We omit the details, but we note that the assertion in (e) that ∇U,∇θ ∈
L1

loc(F) is a consequence of (23), (26), and (4).

Proposition 7. The weak form (18) of the energy equation holds as stated in The-
orem 1.1(e).

Finally, we prove a result concerning the balance of total energy.

Proposition 8. The total energy E of the limiting solution satisfies the balance
relation described in Theorem 1.1(f).
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Proof. We give the proof for the spherically symmetric case, the proof for the cylin-
drically symmetric being nearly identical. Denoting the energy associated with the
approximate solution (ρj ,Uj , θj ) by

Ej =
∫ T

0

∫

�

ρj (x, t)
[

1
2 |Uj (x, t)|2 + θj (x, t)

]
dxdt,

we have, from the energy equation (3),

Ej (t) = Ej (0)+
∫ t

0

∫

aj�r(x)�b
ρjUj · F dxds.

Now let φ ∈ D(0,∞) with support in (0, T ). Then for R � aj > 0,

Ej (0)
∫ T

0
φ(t) dt

=
∫ T

0

[
Ej (t)−

∫ t

0

∫

aj�r(x)�b
ρjUj · F dxds

]
φ(t) dt

=
∫ T

0

(∫ R

aj

+
∫ R∨r(t)

R

+
∫ R∨rh(t)

R∨r(t)
+
∫ b

R∨rh(t)

)
(ρjEj )(r, t)φ(t) r2drdt

−
∫ T

0

∫ t

0

∫

aj�r(x)�b
ρjUj · F dxds φ(t)dt, (77)

where Ej = θj + 1
2 |Uj |2. We first let j → ∞, then h → 0, then finally R → 0.

It is clear that Ej (0) → E(0) as j → ∞, and

∫ T

0

∫ t

0

∫

aj�r(x)�b
ρjUj · F dxds φ(t)dt →

∫ T

0

∫ t

0

∫

�

ρU · F dxds φ(t)dt

by the same argument used to prove the convergence of theρjUjφr term in (61). For
the second-last term on the right-hand side of (77) we apply the strong convergence
of Ej and the weak convergence of ρj in the given region to obtain

∫ T

0

∫ b

R∨rh(t)
φρjEj r2drdt →

∫ T

0

∫ b

R∨rh(t)
φρE r2drdt as j → ∞

→
∫ T

0

∫ b

R∨r(t)
φρE r2drdt as h → 0

→
∫ T

0

∫ b

r(t)

φρE r2drdt as R → 0,

where we have used the Dominated Convergence Theorem and the integrability of
the total energy in the two last limits. For the second integral on the right-hand side
of (77) we apply Lemma 9:



342 David Hoff & Helge Kristian Jenssen

∫ T

0

∫ R∨r(t)

R

φρjEj r2drdt

� ‖φ‖∞C(R, T )
[
ω

(∫ T

0

∫ R∨r(t)

R

ρj r2 drdt;C(R, T )
)

+ ω

(∫ T

0

∫ R∨r(t)

R

ρj r2 drdt;C(R, T )
)1/4




which tends to zero as j → ∞, for fixed R, by (59). For the the third integral in
(77) we apply the first two parts of Lemma 9 to get

∫ T

0

∫ R∨rh(t)

R∨r(t)
φρjEj r2drdt

� ‖φ‖∞C(R, T )
[
ω

(∫ T

0
ω(|[R ∨ r(t), R ∨ rh(t)]|;C0) dt;C(R, T )

)

+ ω

(∫ T

0
ω(|[R ∨ r(t), R ∨ rh(t)]|;C0) dt;C(R, T )

)1/4
]
,

which tends to zero as h → 0, for fixed R, by definition of r(t). We thus conclude
from (77) that

∫ T

0
E(0)φ(t) dt = lim

R→0
lim
j→∞

∫ T

0

(∫ R

aj

ρjEj r2 dr

)
φ(t) dt

+
∫ T

0

(∫ b

r(t)

ρEr2 dr

)
φ(t) dt

−
∫ T

0

(∫ t

0

∫

�

ρU · F dxds
)
φ(t) dt,

as required. �


4.3. Proof of Theorem 1.1

Part (a) of Theorem 1.1 is Proposition 1, the semicontinuity being implicit in the
proof. The existence and regularity of ρ,U, θ asserted in (b) of Theorem 1.1 follow
from Propositions 2 and 3. The weak forms of the mass and momentum equations
are proved in Propositions 4, 5, and 6, from which the regularity assertions in (c)
and (d) of Theorem 1.1 follow immediately. Finally, the results in (e) and (f) of the
Theorem 1.1 are proved in Propositions 7 and 8.
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