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Summary. The symmetry relations between the reflection and transmission
coefficients for plane elastic waves incident upon an arbitrary horizontally
stratified medium are derived by a novel approach. Previous results, particu-
larly for a single interface, are obtained as special cases of this treatment.

In addition, for perfectly elastic media, projection operators for travelling
and evanescent waves are introduced and used to derive a number of new
relationships between the reflection and transmission coefficients.

1 Introduction

The reflection and transmission of elastic waves at a plane interface is a problem which has
attracted considerable attention for a long time. Green (1838) formulated the correct
boundary conditions for the reflection and refraction of plane waves at an interface of two
elastic media in a study of light propagation. It was however left to Knott (1899) to derive
the reflection and transmission coefficients using energy arguments and an alternative
formulation due to Zoeppritz (1919) obtained the coefficients in terms of amplitudes. Since
that time these coefficients have been presented by a number of authors, but the results have
in many cases been marred by minor errors and misprints.

Some symmetry relations between the reflection and transmission coefficients for a single
interface have been presented by Frazier (1970) and a more restricted set is given by
Cerveny & Ravindra (1971) who also present accurate expressions for the coefficients. The
generalization of the symmetry properties to multilayered media was made by Lapwood &
Hudson (1975) and derived by an alternative approach by Woodhouse (1974a).

The purpose of this paper is to present a unified treatment of the symmetry properties
of the reflection and transmission coefficients for elastic waves in multilayered media. This
will allow us to obtain all the previous results as special cases.

An alternative development exploiting the unitarity properties of the matrix of reflection
and transmission coefficients leads to the introduction of projection operators for travelling
and evanescent waves and a number of new relations between the reflection and transmission
coefficients.
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2 Elastic wave propagation in a layered medium

We will consider plane harmonic elastic waves with displacements of the form

u(x, z, t) =k, w, z) exp [itkx — w1, 1)

propagating in a horizontally stratified medium composed of isotropic elastic layers within
which the elastic wave speed for P waves («), for S waves () and the density p depend only
on the depth coordinate z.

We will restrict our attention to coupled P—SV wave propagation. For each plane wave
component the evolution of the horizontal and vertical components of displacement (&, w)
and the associated stresses (7,,, ¥,,) are described by the differential equations (see, e.g.
Gilbert & Backus 1966; Kennett 1972),

aB(k, w,2)/0z = Ak, w, 2) Bk, w, 2), 2)
where the stress—displacement vector B is defined as
B(ka “)’ Z) = [a1 W’ fo’ fZZ]T’ (3)

where T denotes a transpose, and the matrix A takes the form

0 —ik (Pﬁz)_l 0
—ik(1 —26%a® O 0 Gy
Ak = ’ *
( s w’z) vk? _pw2 0 0 —lk(l - 2ﬁ2/012) ( )
0 —puw? —ik 0

with » = 4p8%(1 — f%/a?). The stress—displacement vector B has the convenient property of
remaining continuous across planes or interfaces z = constant.

In order to relate the stress—displacement vector B more directly to the elastic wave field
we follow Dunkin (1965) and make a transformation

B=TV, ®)
where T is the eigenvector matrix for A, i.e. such that

T'AT=A, )
where A is diagonal. The new column vector V satisfies the equation

dV/az = [T'AT — T™'9T/dz] V. (7)
If the elastic properties are locally uniform then T is there independent of z so that we have
aV/az =AV ®

with the solution V(2) = exp [A(z — zo)] V(20). The diagonal entries of A are just the eigen-
values of the matrix A and thus

A= diag[—iv,, —ivg, vy, ivgl,
where
Vo = ((.02/(12 _ k2)l/2’

vg = (wZ/B2 . k2)1/2.

€))

Imvy,,vg= 0.
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Figure 1. Structure considered for reflection and transmission problems, a layer sequence sandwiched
between two uniform half spaces in z < z, and z > z,,. Also illustrated is the convention for up and down-
going waves.

Thus the phase factor appearing in the solution of (8) has the form

exp [A(z — zo)] = diagflexp [—ive(z — 2zo)], exp [—ivg(z — 2], exp [iva(z - 20)},
exp [ivg(z — zo)]] (10)

and since z increases with increasing depth we see that the exponentials correspond to the
phase differences to be expected for up and downgoing P and S waves. We may therefore
identify the elements of V

V = [¢y, Yu, ¢p, ¥plT = [vu, vpI" an

where ¢, ¥ are the amplitudes of P and S waves respectively and the suffices U, D represent
upgoing and downgoing waves (as in Kennett (1974a) — see Fig. 1). The columns of the
matrix T are the eigenvectors of the matrix A, and from our identification of the elements
of V these correspond to ‘elementary’ stress—displacement vectors for the different wave
types. We write

T= [bp,bg, bR, bS] (12)
and the vectors b take the form

bp P = el P [k, Fvy, F2ipkvy, inl]T,

bYD = YD [tivg, ik, uT, +2ukvg]", (13)

with ul’ = pw? — 2uk?, u = pB*. We have a free choice of the scaling parameters €, and €g
and therefore arrange to normalize the b vectors with respect to the energy flux in the z
direction, i.e. across planes z = constant,

iw
9’(3)=(X) [a7h, + Wik, — a*7,, — Wy, (14)
We take
2 172 2 1/2
eg=eg=( : ) ,e}jJ:eg:( —) . (15)
pw vy pw’vg

so that for propagating waves

Fhps)=—1, Fbpg=1, (16)
whilst for evanescent waves

F(bp5)=0, FbR ) =0, a”n
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confirming that an evanescent wave carries no energy in the z direction.

3 Basic propagation invariants

For convenience in subsequent notation we will introduce the 2 x 2 matrices *

1 0 1 0
al = ( )s G, = ( ), (18)
0 1 0 -1
and the 4 x 4 composite matrices
0 o 0
M= ( 2), N =( '“). (19)
-0, 0 -0, 0

The propagation characteristics of the stress—displacement vector B are governed by the
coefficient matrix A (4) through the differential equation (2). The propagation invariants
are thus determined by the properties of the matrix A.

3.1 DISSIPATIVE MEDIA

Dissipation may be introduced into the seismic wave equations by allowing the seismic wave
velocities to take on complex values. However, even in the presence of dissipation the coeffi-
cient matrix A satisfies

MA +ATM =0 (20)

a relation which depends only on the nature of the equations of motion and the stress—
strain equations. Thus if we introduce a composition & of two wavefields B and B’, which
both satisfy the differential equation (2),

iw
g(B,B')=—4—BTMB’ (1)
we have
4
— 3%(B,B')/0z = (0B"/3z) MB' + BTM(9B'/3z) (22)
1w

=BT(ATM +MA)B' =0,

using (21). Since both B and B’ will be continuous across planes z = constant, including planes
of discontinuity in material properties, so also will be @ (B, B'). Thus if we consider any two
levels z; and z,, in the horizontally stratified medium, the constancy of % implies that

#(B,B);, = 94(B,B);, . (23)

Further the eigenvector matrix T has the property for a uniform medium

4
TTMT=- —N (24)
1w

as may be verified directly from the definition of T in terms of the elementary wave vectors
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b. Thus if the levels z; and z,, lie within regions of uniform material properties so that we
may write

B(z)) =ToVo, B'(z)=ToVe

' , 25
B(zo) =TV, B'zn)=T,Vs @5
in terms of the decomposition of the wavefields into up and downgoing parts, then
VANVl = VANV, .. (26)

3.2 PERFECTLY ELASTIC MEDIA

If all velocities are required to be real, we have an additional property for the coefficient
matrix A, that

NA+ATN=0 27

where the dagger (1) indicates the Hermitian adjoint, i.e. the complex conjugate of the
transpose. This relation is a consequence of the derivation of A from a real Hamiltonian for
perfectly elastic media (Kennett 1974b; Woodhouse 1974b). We introduce a second compo-
sition I of the wavefields B and B’

iw ,
J(B,B')= " B'NB (28)

which for B =B’ reduces to the energy flux # in the z direction, and we may show by
analogous reasoning to (22) that 3% is a constant for all levels in the medium and thus

(B, B'),, = H(B,B);,. (29)

The corresponding property of the eigenvector matrix T is more involved, and reflects as we
might expect from (16), (17) the distinction between travelling and evanescent waves. We
find that for a uniform medium

4
TINT=-—E (30)
iw
where if both P and S waves are travelling, i.e. v, and vy are real
-0, 0
E= ) (31a)
0 o

but if the P wave becomes evanescent whilst the S wave still propagates, i.e. v, imaginary
and vg real

(31v)

E=y (—(6, —6;) (o + 02))

~i(e; +a;) (o) —@)))

If however both P and S waves are evanescent (¥, and vg are imaginary) only off diagonal
terms are present

E =( 0 i°‘). Gic)

—icl 0
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If as in (25) we assume that the levels z; and z, lie in uniform regions and again make a
decomposition in terms of the amplitude vectors V for the up and downgoing wave compon-
ents we find

V{EoVal,, = ViE,Vals,,. (32)

4 Symmetry relations for reflection and transmission

We consider a sequence of isotropic elastic layers bounded by isotropic half spaces above the
plane z =z, and below the plane z =z,. For our single plane wave component the stress-
displacement fields at the top and bottom of the sequence are related by (Gilbert & Backus
1966; Kennett 1972)

B(ks zl)=P(k, Z1, zn) B(ks zn) (33)
where P is the resultant propagator which may be decomposed into layer contributions
P(ky Zy, zn) = Pl(k’ 2y, 22) PZ(ka Za, Z3) v Pn — l(k9zn—1a zn)- (34)

For uniform layers these layer propagators may be found from equation (8) and are identical
to the Haskell layer matrices.

The stress—displacement vectors at the top and bottom of the sequence may each be
expressed in terms of upgoing and downgoing waves so that

To(k) Vo(k, 21 =) = P(k, 21, 2,,) T, (k) Vi (K, 2 ) (35)

and thus from (11)

[Vu(k,h-)]=[_Ql_1_i__Q_12_][VU(k,Zn +)] 36)
vpk,zi-)) LQu | Q@nilvp(k,z,¥)

in terms of the 2 x 2 partitions of the matrix

Q =Tg' (k) P(k, 21, 24) Ta(k). (36a)

As in Kennett (1974a) we introduce matrices of reflection and transmission coefficients,
e.g.

n, L 2, D

Ry, =( PP PS), T, =( PP PS) 37)
S 1S5 t% %

and in terms of the subpartitions of Q

Tp = Qmn,

Rp = 01207,

Ty = Qu — 01207021, (38)

Ry =-0%02.

Alternatively we may look at the reflection and transmission properties more directly in
terms of the stress—displacement field by making use of the conservation relation (23),
applied at the top and bottom of the sequence. In terms of the amplitude vectors V from
(26) we have

VaNVl, = VANV, (39)
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for even dissipative media. This relation is sufficient to enable us to determine the sym-
metries in reflection and transmission coefficients by taking specific choices for the ampli-
tude vectors V. If we consider a plane wave incident on the interface z = z, from above, then
corresponding to incident P and S waves we may construct

VIP(ZI) = [r?P’ r.lS?P’ 1’ O]T (40&)
VSI')(ZI) = [’?S,".ls?s, 0’ 1]T

and at the bottom of the sequence

VP (zn) = [0, 0, Pp, t 2T (40b)
Vsp(zn) = [0’ O’t}]?S' tSDS]T'

A similar set of vectors can be constructed for incidence from below z,,, e.g.

VH (21) = [tPp. t8p, 0 0] @1
V})J(zn)= [150arIPJP’ r}S‘JP]T' )

We now choose Vo, V¢ to be any pair of vectors from the set [V (z,), VR (zy), VA (z1), V§ (z1))
and V,,V, to be the corresponding pair from [VP(z,), V& (z,), V¥ (zn), V§ (zn)] and
employ the relation (39). Thus for example if we take V‘sl? and V3 at each of the interfaces
we obtain

[rPs — r3ellz, = 0. (42)

Similarly using the other pairs of vectors we obtain the symmetry relations for reflection and
transmission through an arbitrary velocity structure between the planes z =z, and z = z,

rPs = rSp

rBs =rSp

and

the =tpp 43)
t8p =tps

ths =tSp

t8=t3s-

The complete symmetry of these relations arises from the choice of elementary b vectors to
correspond to the propagation directions of upgoing and downgoing P and S waves and the
normalization employed to refer all these solutions to a common energy flux in the z direc-
tion.

These relations may be shown to be equivalent to those presented by Lapwood & Hudson
(1975), but their choice of up and downgoing P- and S-wave solutions was less convenient.

The symmetry relations (43) can also be represented in terms of the reflection and trans-
mission coefficient matrices introduced in (37), so that

RD =RB
Ry =RJ] (44)

Tp =T}
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and these relations will hold for both travelling and evanescent waves in a dissipative medium.
The effects of change of normalization of the elementary stress—displacement vectors b
on these reflection and transmission coefficients is discussed in the Appendix.

5 Reflection and transmission at a single interface

We now specialize the preceding results to the case of a single interface separating two elastic
media with properties o, Bo, 0o and oy, By, p;. In this case equation (31) reduces to

Vo(k, 21 —) = Tg' (k) Tu(k) Vi(k, z;+) = QVy(k, 2, 1) 45)

and as we have seen the reflection and transmission coefficient matrices may be related to
the 2 x 2 subpartitions of Q by equation (36). For simplicity we will write

To'=U, T,=T (46)
and then in terms of the partitions of the matrices, Q, T, U we have

0u=UuTu+UnT, Q2=UnTn+t+UnTy, @n
01:=UnuTu+tUnTyn, Qn=UnTn+UnTy.

However from the properties of the ‘elementary’ b vectors (13)

Tu=0,T1;, Ti2=0;T1

Tn==0,Tn, In=—0,Ty (48)
U =Uno;, Up=—Use,

where @, is the matrix introduced in (18). On substituting these relations into (47) we find

022= U072+ Upa(—063) Tro = Uy Thy + Upp Ty

49)
Q21 = U071y + Uia(—03) Ty = Uy Tz + Uy Ta,
i.e. we have
01=02, 0n=0au (50)

Thus using the relations (34) we have for a single interface
Ry=—0%0:=-Tp0n=—ToRpT

and (51)
TyTp = 0u0% — 01207102102 =1 — RpRp

where I =0, is the 2 x 2 unit matrix. For a single interface we therefore have the usual
symmetries

Rp =R}, Ry =Ry, Tp =T
and in addition (52)
RU = TDRDTBI; TUTD =] _RDRD'

These relations were first derived by Frazier (1970) by a rather different and less general
treatment.
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The interface matrix Q which may in general be written as (cf. Kennett 1974a)

Ty —RpT5'Ry | RpTp'
Q= (_—___-T _____ : —‘_——1') ¢3)
—Tp Ry . Ip
reduces by virtue of the symmetry relations (52) to
! i —Tp'Ry
- (T TE) o9
~TpRy | Tp

with our choice of energy normalized reflection and transmission coefficients.

6 Unitary relations for reflection and transmission

We will consider again the model of a sequence of layers bounded by uniform half spaces
above the plane z =z, and below the plane z =z,, used in our discussion of symmetry
relations.

For a perfectly elastic medium we use the conservation relation (29) for the form (B, B’)
for any two stress—displacement vectors B and B. We will apply the conservation relation at
the top and bottom of the sequence of layers. In terms of the amplitude vectors V from (32)
we have

VJIEoVils, = VIE.Vals, (55)

where the matrix E is defined as in (31). By analogy with the treatment for the symmetry
relation we choose for V, V' pairs of vectors from the amplitude vectors appropriate to
incident down or upgoing P and S waves vp, VP, ...(40).

We will define matrices whose columns are the vectors (40)

®,= [VP (), VB@), V@), V§())
P, = [VI[’)(Zn), V.S[')(zn)’ V}s’(z,,), Vg(zn)]

and also a matrix # composed of the complete set of reflection and transmission coefficients
for the layer sequence

ez %)

which will be symmetric, i.e. AT = R by virtue of the symmetry relations (44). We will
introduce the factorization matrices

; _(a, 0) ; _(0 el)
11 0 0 s 12 0 0 ’

7 _(0 0) P _(0 0)
21 o 0 ’ 22 0 o s

and then from the definition of the V5, V2 ... vectors (40) we may write the matrix @, as

(56)

(58)

D, =J; At )y
and (59)
D, =InRt+Jy,.
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The process of selecting pairs of vectors from the set of vectors (40) can be written in the
form

& E,®,= ®E, ®, (60)
so that using the representations (59) we have

(R34 +J1) EoUyi R+ Jay) = @ Ty + 1) By (Un R J). (61)
We may rearrange this equation into the following form

R (U3Endys — J1Eo1) R+ (21 Endyz — J12BoJ1) R + R (12 EnJyz — J11Eo 1)

+ (21 EpJiz — J12EoJ2) = 0. (62)
Each of the expressions in brackets may be represented in terms of a single matrix J
JnEpdyn —J11EgJy =)
J21EnJyy — JuEoJyy =i
(63a)

J2EnJia — Iy Egdyy = — i3
JuEpJia —JpEg =1

where Jis a diagonal matrix with entries which are either 1 or 0, determined by the conditions
Juu=1 iff vyq is real,

Ja2=1 iff pgg is real,

Jaz=1 iff v, isreal, (63b)
jaa=1 iff vg, isreal,

where iff indicates a necessary and sufficient condition and

J=1-J (63¢)

with I the 4 x 4 unit matrix.
In terms of the matrix J the conservation relation (62) takes the form

RIR+iTR-RT)=1 (64)

which is our basic unitarity relation.

Since the radicals vq, ¥gg, Van» Vgn Will only be real when the corresponding P or § wave
is a travelling wave rather than being evanescent we see that J has the role of a projection
operator onto travelling waves and J that of a projection operator onto evanescent waves.
Thus using these projectors we may isolate particular types of behaviour. We may note that,
as we would expect, the joint operator

JI=JJ=0
whilst (65)
=3, Ji=¥.

On applying the projector J to the basic unitarity relation (64) we obtain
J2nT RN =1 (66)

which shows that the subpartition of the overall reflection and transmission matrix 2 corre-
sponding to travelling waves is unitary and this reflects the conservation of energy amongst
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the travelling waves. Similarly applying the evanescent projector J to the basic relation (64)
we find that

(RTYT 12T)

i{OaNT — ORT)}
2Im (TR

where we have used the symmetry of the matrix #. Additional relations may also be derived
by using both projectors

(67)

g@ntgaN =10 =i(RH*

and (68)
@2 RN = — i JRD).

The set of equations (66—68) then enable us to establish a range of interconnections
between the reflection and transmission coefficients for a sequence of perfectly elastic
layers.

6.1 TRAVELLING WAVES

If both the P and S waves for the horizontal wavenumber k are travelling waves at the top
and base of the stack of layers then vug, Vgo, Van, Vgn Will all be real and so

I=1, J=0,
with the result that (64) becomes 69)
RR=1.

Thus the reflection and transmission coefficient matrix 4 is unitary, a result first obtained
by Woodhouse (1974a).

6.2 EVANESCENT WAVES

If on the other hand for the wavenumber k of the plane wave component under considera-
tion both P waves and S waves are evanescent throughout the layer seqence all the radicals
Vaos Vg0s Yan, Vpn a1€ imaginary so that

J=0, T=1
and from (64) (70)
R-_AT=0.

Since in addition the matrix & is symmetric the whole matrix & is real, i.e. all the reflection
and transmission coefficients are real.

6.3 TURNING POINTS FOR BOTH P AND § WAVES

When for the wavenumber k both P and S waves incident at the top of the layer sequence
are turned back by the velocity structure (Fig. 2a) Vo, Vg, will be imaginary and so

J =J11, .T=Jn.
Thus from equation (64) we have 71)
RLRp =I=6,
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Figure 2. Schematic representation of propagation configurations. (a) Turning point for both P and §
waves. (b) Evanescent P wave, turning point for § wave. (¢) Turning point for P wave, travelling S wave.

using the definition of the matrix & (57), thus the reflection coefficients for downward
propagation form a unitary matrix, and from the symmetry relations (44) the matrix Rp, is
symmetric.

The unitary condition (71) implies that

D |2 2-1,D
\repl +|".I<>?P| ‘I’pslz"'l"gslz:l

and (72)
|rppl = 1785 ).

Alternatively from equations (67) and (68), using the symmetries (44) we find
TATY = 2ImRy

RB TU =1TG

(73)

6.4 EVANESCENT P, TURNING POINT FOR §

If only an S wave can travel at the top of the stack for the particular horizontal wavenumber
k and is turned back by the velocity structure (Fig. 2b).

J=diag {0,1,0,0}, J=diag{1,0,1,1}

and from (66) 74)
IrSs1=1.

Alternatively we find from equation (68) that

78 [r8p, s, 155 = i [r8F, 1Bs", 185°]

and thus 75
arg (rSp) = arg (tPs) = arg (t85) = n/4 + Y% arg (r5s)

where the phase is only determined to within a multiple of 27;and from (67)

|78p 1> = 2TmrBp

| tIl?S *=2 Imr}ajp, | tst|2 =2Im r}gJS
and (76)

| P51 179p1 = 21 ImBp), |t8s1178pi=12Im S|

together with a number of similar relations.
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6.5 TURNING POINT FOR P WAVES
If the only radical which is imaginary is v, (Fig. 2c) the roles of J and Y in (74) are reversed
J =diag{1,1,0,1}, ¥=diag{0,0,1,0}
and now equation (66) yields that the matrix
r?» rBs  tps
U=|rS B 15 an
% 185 rSs
is unitary, and thus
|PBpl* + 1 78p1 + | 18p 17 =1

together with similar results. The J projector now reduces the right-hand side of (67) to a
single element and so

|t3p12 4 1 185 1> + | rBs > = 2 Im (rPp). (78)

We may extend this approach to all the other possible cases and obtain a number of
similar results for relationships between the reflection and transmission coefficients for
perfectly elastic media.
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Appendix: the effect of alternative normalizations on the reflection and transmission
coefficients

The decomposition of the stress—displacement field B into up and downgoing wave com-
ponents (5) is dependent on the eigenvector matrix T (12, 13) and as we have noted we have
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a free choice of scaling parameters eU b U D With the choice of values approprate to

energy normalization we were able to amve at rather simple forms for the symmetry
relations.
Suppose, however, that we choose

2 1/2 2 1/2
€a”'D=( . ) TP, Eg”'D=( - ) P (A1)
pwv,, pwvg

where throughout this section a tilde will indicate that a quantlty is not energy normalized.
The ener&y normallzed results can be recovered by setting 73 ﬁ =1. We define the 2 x 2
matrices HY, HD

~D
~ n 0 ~ e O
AP =( “ ~D), HY = ( ) (A2)
0 g 0

and then any alternative eigenvector matrix T takes the form

f=T(I:U %D) (A3)

Since the propagator matrix P(k, z;,2,) is the solution of the differential equation (2) it
will be independent of the normalization and thus the matrix Q defined in equation (36a)
transforms as

(" ol %)

Thus using the equations (38) which define the reflection and transmission coefficients in
terms of the subpartitions of we find

o=@ R
Rp = (HY)* Rp HY

~ o ~ (AS)
Ty = (H5)™ Ty HY
Ry = (H})" Ry HY
and the individual coefficients can be obtained from similar formulae, e.g.
7o3 = (fioa)™ rBs Tiop-
If we consider the first of the general symmetry relations for layered media (43)

~D ~D
~D _ Nop D _ 08 p

PSTZy TIPS = g Tsp
0a oa (A6)
~D ~U
= 100 0p ~sl1)D
Tioa Tiow

thus the simple results of (43) do not hold in general for arbitrary normalizations. For
example the results of Lapwood & Hudson (1975) can be reproduced by setting

A=A =AY =1, AP =1
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so that
N (A7)

rps = —rsp

U _ _ »U

rps = — Isp

=D - _7U

Ips =~ Ips

*D - _7U

sp =~ Isp-

If we wish to preserve some of the symmetry relations discussed earlier in this paper
there are two classes of normalization. Firstly if we seek to maintain the overall symmetries
(43) for a stack of layers, we require, e.g.

ED = ﬁg

and thus from (A6) since R is symmetric we need

Ry (HY H) = (Y HY) Rp (A82)
since the H matrices are diagonal and therefore commute. From the other two symmetries
in (43) we require

Ry(HY AR) = (HY HD) Ry (A8b)
Tp (HY A7) = (HY AY) Tp. (A8c)
For all three equations (A8) to be compatible

HYHD =AY HD = A(w, k)1 (A9)

where the factor A is independent of the velocity structure. Alternatively if we wish to

preserve the relationships (52) for a single interface we now require
Ry HY (HR)Y" + Tp HY (HS) ' Rp 15! = 0

mrr o~ oy~ PO Al0
TyHy (HY) ' Tp + Rp HY(HG) ' Rp = HE (HY)™ (A10)

where now the indices O and n refer to the two sides of an interface. For equations (A10) to
be compatible

HP(AS)Y™! =2of,  HR(HR)Y' =\ad

with

Aoy =1

and to have the simple symmetries for the interface, from (A9) we need

A=A, =1

and thus

HY = AP. (A11)



