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We develop a systematic approach for constructing symmetry-based indicators of a topological

classification for superconducting systems.

The topological invariants constructed in this work

form a complete set of symmetry-based indicators that can be computed from knowledge of the
Bogoliubov-de Gennes Hamiltonian on high-symmetry points in Brillouin zone. After excluding
topological invariants corresponding to the phases without boundary signatures, we arrive at natural
generalization of symmetry-based indicators [H. C. Po, A. Vishwanath, and H. Watanabe, Nature
Comm. 8, 50 (2017)] to Hamiltonians of Bogoliubov-de Gennes type.

I. INTRODUCTION

Although topological phases of matter have been
known for four decades now, starting with the discov-
ery of the quantized Hall effect,! the study of topological
phases and phase transitions became central to quan-
tum condensed matter physics only in the early 2000s,
after the theoretical proposals for topological supercon-
ducting phases®3 and the quantum spin Hall effect
and the subsequent experimental observation of these
phases of matter.®7 These theoretical and experimental
developments paved the way for the complete classifica-
tion of all possible topological phases of single-particle
systems, protected by either time-reversal, particle-hole
or sublattice symmetries — the so-called “tenfold way
classification”® —, which, reflecting its periodicity as a
function of dimensionality and honoring its fundamen-
tal importance to the field, was coined “periodic table of

topological phases”.?10

In addition to the presence or absence of the funda-
mental non-spatial symmetries that define the tenfold-
way classes, real materials have crystalline symmetries.
The combination of topology and crystalline symmetries
leads to an exceedingly rich set of “topological crystalline
phases”.!! Unlike non-crystalline tenfold-way topological
phases, for which a nontrivial topology of the bulk is al-
ways associated with a unique anomalous boundary sig-
nature, topological crystalline phases may come with a
variety of possible boundary signatures. These include
the protected existence of anomalous boundary states
on all boundaries — a “first-order” topological phase,
for which the crystalline symmetry is not essential for
the protection of the nontrivial topology —, the appear-
ance of higher-order boundary states on hinges or cor-
ners of a crystal,'? 26 or even the complete absence of
protected boundary states. The latter scenario applies
to “atomic-limit phases”, in which the electronic states
can be continuously deformed to a collection of local-
ized orbitals, while preserving all relevant symmetries as
discussed by Po et al.?” and Bradlyn et al.?®. In such
cases, the presence of the crystalline symmetry may form

an “obstruction” that prevents from different arrange-
ments of localized orbitals to be continuously connected
to each other,? allowing for the existence of multiple
topologically-distinct atomic-limit phases.?0-36
Although the classification of topological crystalline
phases can be considered largely under control®” 44 (for
initial partial classifications results, see Refs. 45-57)
the explicit computation of topological invariants for a
given band structure is often computationally expen-
sive. Explicit expressions for the invariants need not al-
ways be readily available, since a full classification does
not always come with explicit expressions for topolog-
ical invariants. A practical — but partial — solution
to this problem is the use of a set of easy-to-compute
“symmetry-based indicators”, which, when nonzero, are
a sufficient indicator of a nontrivial topology of the bulk
band structure.?” The Fu-Kane criterion, which links the
existence of a strong®® topological insulator phase in an
inversion-symmetric crystal to the parity of the number
of occupied bands with odd-inversion-parity at the high-
symmetry momenta, is an example of such a symmetry-
based indicator.’® For normal-state insulating phases,
symmetry-based indicators were constructed for the com-
plete set of point group symmetries in two and three di-
mensions,?”28:60.61 taking into account the order of the
boundary states.?*52 Like the classifying groups of topo-
logical phases, symmetry-based indicators of topological
phases have a group structure, the group operation being
the direct sum “@” of representative Hamiltonians.®3
The general strategy underlying the construction of
symmetry-based indicators for a Hamiltonian h(k) is to
replace the topological classification of the matrix-valued
function h(k) by the simpler problem of the topological
characterization of the hermitian matrices h(ky) at a se-
lected set of “high-symmetry” points {ks} in the Bril-
louin zone.?” The topological characterization of the her-
mitian matrices h(ks) may be considered a set of “topo-
logical band labels”, the calculation of which is consid-
erably easier to obtain than the topological classification
of the full functions h(k). The group SI of symmetry-
based indicators then follows by “dividing out” all com-
binations of topological band labels that correspond to



atomic phases and imposing a set of compatibility con-
straints derived from the topological classification of the
matrices h(k) at lower-symmetry points in the Brillouin
zone.?”?8 This procedure ensures that only topological
phases with a nontrivial boundary signature have non-
trivial symmetry-based indicators.

Despite their enormous computational advantage,?®
symmetry-based indicators are not guaranteed to give
complete classification information: There exist topolog-
ically nontrivial phases with protected anomalous bound-
ary signatures, but trivial symmetry-based indicators.
An example is the quantized Hall effect in the absence
of any crystalline symmetries, for which no symmetry-
based indicators exist (i.e., the group SI is trivial), in
spite of the existence of topological phases with nonzero
Chern number.

In the present article, we extend the construction of
symmetry-based indicators to superconductors, which,
on the mean-field level, are described by Hamiltonians
H (k) of Bogoliubov-de Gennes (BdG) type.45° We ex-
plicitly construct the topological band labels and the
symmetry-based indicators for selected point groups us-
ing the complete topological classification of the BdG
Hamiltonian H(ks) at high-symmetry momenta kg and
compare the symmetry-based indicators with a full clas-
sification of topological phases with nontrivial boundary
signature. Such a comparison gives information to what
extent the symmetry-based indicators can be used as a
proxy for a complete classification. Depending on the
crystalline symmetries considered, we find that certain
aspects of the wealth of boundary signatures available to
superconducting phases — Majorana modes at surfaces
or hinges, zero-energy Majorana bound states at corners
— are reflected in the symmetry-based indicators, but
not all.

Recently, a number of articles appeared in the liter-
ature that also consider the construction of symmetry-
based indicators for superconducting phases. Based on a
general analysis of the principles underlying the construc-
tion of symmetry-based indicators, Ono and Watanabe®®
arrive at the conclusion that the sets of symmetry-based
indicators that describe superconducting phases and the
underlying normal-state phases are essentially the same.
Our construction of symmetry-based indicators, which
is based on the full classification of “zero-dimensional”
Hamiltonians at high-symmetry momenta,%” shows that
this statement needs to be corrected to the extent that
we successfully put to use a topological band label based
on the Pfaffian of a BdG-type Hamiltonian H (ks) at
high-symmetry momenta kg, which has no counterpart
in the normal state. A different approach to the prob-
lem of symmetry-based indicators in superconductors
was taken in a later article by these authors, together
with Yanase,® as well as by Skurativska, Neupert, and
Fischer,% who consider the “weak-pairing limit” (super-
conducting order parameter A much smaller than energy
scales typical for the normal-state band structure) and
derive a classification of superconducting phases that is

based on the topological classification of the normal state
and the symmetry of the superconducting order param-
eter. An approach that uses the normal-state Hamilto-
nian as its sole input has the practical advantage that
the symmetry-based indicators can be calculated from
the vast body of band-structure knowledge available for
normal phases. Furthermore, Skurativska et al. argue
that there is no alternative to such an approach, be-
cause an atomic limit can not be defined on the level
of the BAG Hamiltonian.%® We arrive at a different con-
clusion, showing that there exists a consistent definition
of an “atomic-limit superconductor” as an “array” of
zero-dimensional superconductors.?? In the weak-pairing
limit, the symmetry-based indicators derived here can be
expressed in terms of the normal part of the Hamiltonian
only, so that in that limit our approach offers the same
computational advantages as the approaches that rely
on the weak-pairing limit at the outset. Very recently,
an article by Ono, Po, and Watanabe appeared,”® which
bases its symmetry indicators on the full BAG Hamilto-
nian, be it without the Pfaffian band labels, and has a
definition of an atomic limit that is consistent with ours.
A recent article by Shiozaki also reports the construction
of symmetry-based indicators for Hamiltonians of BdG-
type and which has results very similar to ours.”

The remaining part of this article is organized as fol-
lows: In Sec. II we discuss the symmetry of the super-
conducting order parameter and the set of data that
needs to be specified in order to define a “topologi-
cal class” for a crystalline superconductor. In Sec. IIT
we discuss the classification and topological invariants
of zero-dimensional Hamiltonians. This discussion is
the cornerstone for defining topological invariants at
high-symmetry momenta in Brillouin zone. We present
our main result, a method to construct and calcu-
late symmetry-based indicators for superconductors, in
Sec. IV. Sections V-VII contain examples for various
crystalline symmetries compatible with a square or cu-
bic lattice structure, for which we present a detailed
calculation of symmetry-based indicators and relate this
to higher-order boundary phenomenology. We conclude
in Sec. VIII. The appendices contain additional exam-
ples as well as fully worked-out classifications of anoma-
lous boundary states for crystalline symmetry groups not
readily available in the literature.

II. SUPERCONDUCTORS WITH
CRYSTALLINE SYMMETRIES

The mean-field theory of superconductors uses an ef-
fective non-interacting description with a Hamiltonian of
the Bogoliubov-de Gennes (BdG) form%4:6°

hk) Ak
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where the normal-state Hamiltonian h(k) is hermi-
tian and the superconducting order parameter A(k) =



—A(=k)T is antisymmetric. The 2 x 2 block structure
describes particle and hole degrees of freedom. The spe-
cial choice of the blocks in Eq. (1) is equivalent to im-
posing that H(k) is antisymmetric under particle-hole
conjugation P =1 K,

H(k)=—-nH(-k)"n, (2)

where 7 is a Pauli matrix acting within particle-hole
space and K is complex conjugation. (Note that k — —k
under complex conjugation.) In addition to the BdG
structure, we assume that the system obeys translation
invariance — which is what allows us to use the Fourier
language in Egs. (1) and (2) in the first place — and that
it has additional symmetries described by the point group
G. We restrict ourselves to symmorphic symmetries, for
which the unit cell can be chosen in such a way that
it is left invariant under G. For the initial discussion
we focus on systems without time-reversal symmetry or
other antiunitary symmetries.

Requiring that the normal part h(k) be symmetric un-
der G implies that there exists a projective representation
u(g) for g € G such that

h(k) = u(g)h(gk)u'(g). (3)

Note that the unitary matrix u(g) does not depend on
k, as the symmetry group G acts within the unit cell.
The representation u(g) is projective, because the trans-
formation rule (3) determines u(g) up to a phase factor
only. In general, a consistent choice of these phase fac-
tors is possible up to a sign only, the sign ambiguities
being captured by the “factor system”

{zg.n = u(gh) tu(g)u(h) = £1forg, h € G}  (4)

of the projective representation. Two realizations u1(g)
and us(g) that have the same factor system may still
differ by a one-dimensional representation ©(g) of G
with trivial factor system. Although the mathematical
structure of the theory allows many non-equivalent fac-
tor groups for the representation u(g), for physical sys-
tems only two factor groups are relevant: The trivial one,
which applies to spinless particles, and the nontrivial fac-
tor system associated with the spinful particles. The rep-
resentation ©(g), which describes the difference between
two representations with the same factor system, always
has the trivial factor group.
The canonical form for the representation u(g) is

u(g) = diag[ri(g) ® In,,...,m(9) @ In,],  (5)

where the r,(g) are irreducible representations (”irreps”)
of G (with the appropriate factor system) and 1, the
N, X N4 unit matrix. The dimension of h(k), corre-
sponding to the total number of orbitals in the unit cell,
is >, doNq, where d,, is the dimension of the irreducible
presentation «. For notational simplicity, we choose to
set Ny =Ny=...= N, =N.

The general symmetry constraint for the full BdG
Hamiltonian H (k) is obtained by allowing different re-
alizations uq 2(g) of the transformation matrices for the
particle and hole degrees of freedom. Such a symmetry
constraint is compatible with the group operation of G
if uy(g) and us(g) have the same factor system, i.e., if
there exists a one-dimensional representation ©(g) of the
symmetry group G with trivial factor system such that

u1(g) = u(g) = u2(g)0(9)- (6)

For the BAG Hamiltonian H (k) one then finds the gen-
eral symmetry constraint

H(k) =U(g)H(gk)U(g)", (7)

with

_ (ule) O
v = (" o) a

For the superconducting order parameter A(k), Egs. (7)
and (8) imply that

A(k) = u(g)A(gk)u(g)"O(g)*, (9)

i.e., A(k) transforms under a one-dimensional represen-
tation of the group G.”?> Whereas the projective repre-
sentation u(g) is a property of the normal phase, the
additional phase factor ©(g) exists by virtue of the su-
perconducting order only. Together, the representation
u and the one-dimensional representation © fully deter-
mine the symmetry class of the Bogoliubov-de Gennes
Hamiltonian (1).

Alternatively, Eqgs. (7) and (8) may be recast in the
form of an algebraic relation between the elements g of
the symmetry group G and the particle-hole conjugation
operation P,

gP = O(g)Py. (10)

This is the formulation used in Refs. 37, 39, 40, 47, 49,
and 73, which considered the full classification of BdG
Hamiltonians in the presence of a single order-two spa-
tial symmetry S and discriminated between the cases in
which § commutes or anticommutes with the Fermi con-
straint P.

The presence of time-reversal symmetry and/or spin-
rotation symmetry does not change the above considera-
tions, provided these commute with the crystalline sym-
metries. Time-reversal symmetry imposes the additional
constraints®

h(k) = oah(—K)* 0, A(K) = 0o A(—K)*oa, (11

where o9 is a Pauli matrix that acts in spin space. With
time-reversal symmetry, the one-dimensional representa-
tion O©(g) of G that characterizes the superconducting
state must be real. In the presence of spin rotation sym-
metry, one arrives at an effective description in terms
of a BdG-type Hamiltonian of the form (1), but with



T 1 . r 1 R /2 RZ, RE ,
T+ Ag 1 1 T0 A 1 1 1 1
T Ay 1 -1 Tr/2 ’E 1 i —1 —i
T B 1 -1 1 -1
TABLE I. Irreducible representations of the point group Cj. T37/2 'E 1 —1 -1 i
The second column lists the standard crystallographic nota- T4 YE, 1 ei™/4 i e37mi/4
tion for the representations, the first column gives the nota- T3 /4 2F, 1 e3mi/4 i, eim/4
tion used in the text. Tsm/4 17, 1 eB7i/4 i emi/4
Pra/s °F, 1 oTmi/4 i 5mil/4

a symmetric order parameter A(k) = A(=k)T, so that
H (k) is antisymmetric under the antiunitary operation
oK, which plays the role of an effective particle-hole
symmetry. If time-reversal symmetry is present addi-
tionally, H(k) is symmetric under complex conjugation
K, which plays the role of an effective time-reversal op-
eration. Note that while P and 7 square to 1 and —1,
respectively, in the spinful case, the effective particle-hole
conjugation and time-reversal operations square to —1
and 1, respectively, if spin-rotation symmetry is present.
Similarly, in the presence of spin-rotation symmetry, the
effective representation of crystalline symmetry opera-
tions is changed into the corresponding “spinless” type.

The general framework described here is best illus-
trated using examples. As a first example, we consider a
system with inversion symmetry. In this case the group
G = C; = {1,Z}, where 1 is the identity and Z is the
inversion operation. Choosing a basis that has a well-
defined parity under inversion, one finds that one may
represent G by

u(g) = diag[ry(g),7-(9)]; (12)

where r4(g) are the two irreducible representations of G,
see Table I, which are both one-dimensional. Specifically,
Eq. (12) reads

u(1) = po, u(Z) = ps, (13)

where ps is a Pauli matrix that acts in the space of
even/odd-parity states and pg is the 2 x 2 unit matrix.
From the two one-dimensional representations of G' we
also find two possibilities for the representation U(g) for
the BAG Hamiltonian H (k). Choosing the trivial one-
dimensional representation ©(g) = r4(g) in Eq. (7) (the
A, representation, see Table I), we find that the BdG
Hamiltonian H (k) obeys the symmetry constraint

H (k) = (p3m0)H(—k)(p370), (14)

where g is the identity matrix in particle-hole space and
p3 is a Pauli matrix that acts in the space of even/odd-
parity states. For the blocks h(k) and A(k) this implies

h(k) = psh(—k)ps, A(k) = psA(=k)ps, (15)

i.e., the order parameter is even under inversion. Alter-
natively, choosing the nontrivial one-dimensional repre-
sentation O(g) = u_(g) in Eq. (7) (the A, representa-
tion), we find that the BAG Hamiltonian H (k) satisfies

TABLE II. Spinless representations (top four rows) and one-
dimensional spinful representations (bottom four rows) of the
point group C4. The second column lists the standard crys-
tallographic notation for the representations, the first column
gives the notation used in the text.

H(k) = (p373)H(—k)(p373). (16)

In this case the blocks h(k) and A(k) satisfy the con-
straint

h(k) = psh(=k)ps, A(k) = —psA(=k)ps,  (17)

so that the order parameter is odd under inversion. The
two different transformation rules of the order parameter
A(k) under inversion imply two different algebraic re-
lations between the inversion operation Z and the Fermi
constraint P: If A(k) is even under Z, Z and P commute,
whereas Z and P anticommute if A(k) is odd under in-
version.

As a second example, we consider a fourfold rotation
around a fixed axis for a system of spinful particles. We
write G = Cy = {l,Rﬂ/nyr/g,Rfr/Q}, where the gen-
erator R/ = R denotes a clockwise rotation by /2.
In this case one has R* = —1, which corresponds to the
factor system

1 o<k +1I<4, (18)
FRERUT U 1 if4<k41<8.
Choosing basis states with well-defined angular momen-
tum j = %, %, g, and % (defined modulo 4), we find the
spinful representation

u(g) = diag [Tn/4(9)a7'37r/4(9)a7’57r/4(9)77’77r/4(9)]a (19)

see Table II.

The transformation rule for the BdG Hamiltonian
H (k) requires the choice of a a one-dimensional spinless
representation © of G. There are four of those, and we
denote these as rg with § = 0, /2, 7, and 37/2, see Table
II. Proceeding as before, we find four possible transfor-
mation rules for the BAG Hamiltonian H (k) under a /2
rotation R,

H(k) = Us(R)H(Rk)Us(R)", (20)



with
R = ("5 ) (21)

Alternatively, the transformation rules for the blocks
h(k) and A(k) are

h(k) = u(R)h(RKk)u(R)T,
A(k) =eu(R)A(Rk)u(R)T, (22)

which corresponds to a superconducting order parameter
with finite angular momentum.

The time-reversal symmetry operation is represented
by U(T)K, where the definition of U(T) in the angular

momentum basis is

O_ —1
U(T) = o (23)
0

. O OO
O = OO

0
0
0

Time-reversal commutes with P and satisfies the prop-
erty 72 = —1. Time-reversal symmetry imposes the ad-
ditional conditions (11) on the blocks h(k) and A(k).
One easily verifies that these additional conditions allow
for a nonzero superconducting order parameter A(k) for
the real one-dimensional representations corresponding
to # =0 or 6 = 7 only.

As a third example, we consider spinful fermions in
a system with two perpendicular mirror symmetries,
G = Cs,. We write the point group elements as G =
{1, Mz, M,, R}, where M, and M, are mirror reflec-
tions in planes perpendicular to the z and y axis, re-
spectively, and R, = MyM, is a rotation around the
z axis by w. For spinful particles the factor system is
nontrivial with M2 = M7 = R2 = —1. In that case
there is only one (projective) representation u of G (up to
unitary transformations), which is two dimensional, see
Table III. Superconducting phases are characterized by
one-dimensional representations of G with a trivial factor
system. There are four of these, denoted 7, »,(g), with
0z = E1, see Table III. Each of the one-dimensional
representations of G corresponds to a distinct symmetry
of the superconducting order parameter A. For example,
for the one-dimensional representation »__, the order pa-
rameter is odd under mirror reflections in the yz and xz
planes and even under a twofold rotation around the z
axis.

III. CLASSIFICATION OF
ZERO-DIMENSIONAL HAMILTONIANS

The cornerstone of the construction of symmetry-based
indicators is the classification of zero-dimensional Hamil-
tonians with additional unitary symmetries. Concretely,
the classification problem is that of a Hamiltonian H
with or without time-reversal symmetry, particle-hole an-
tisymmetry, or chiral antisymmetry, and with additional

T 1 Rar My M,y
T++ Al 1 1 1 1
r__ As 1 1 -1 -1
- B 1 -1 1 1
o B 1 1 1 1
u E oo 103 101 102

TABLE III. Spinful representation (bottom row) and one-
dimensional spinless representations (top four rows) of the
point group Cb,. The representation u is unique up to uni-
tary transformations. The second column lists the standard
crystallographic notation for the representations, the first col-
umn gives the notation used in the text.

n=(nr,np,nC) Cartan R[0] v
(0,0,0) A Z n
(0,0,1) ATII 0 -
(1,0,0) Al Z N
(1,1,1) BDI Y P
(0,1,0) D Z, p

(—1,1,1) DIII 0 -
(—1,0,0) AT z n
(—1,-1,1) I 0 -
(0, -1,0) C 0 -
(1,-1,1) CI 0 -

TABLE IV. The tenfold-way symmetry classes are defined
by the absence or presence time-reversal symmetry, particle-
hole antisymmetry, or chiral antisymmetry. The triple n =
(n1,mp,nc) (left column) indicates the presence or absence of
these symmetries as well as the square of the symmetry opera-
tion if it is present. The second column gives the Cartan label
for the symmetry class; the third column lists the correspond-
ing classifying group £,[0] for zero-dimensional Hamiltonians.
The rightmost column lists the topological invariant v, where
I is the number of eigenstates (Kramers pairs in class AII)
with negative energy and p is the Pfaffian invariant as defined
in Eq. (40).

unitary symmetries specified by the group G. The pres-
ence or absence of time-reversal symmetry, particle-hole
antisymmetry, and chiral antisymmetry determines the
tenfold-way (Altland-Zirnbauer) class and is indicated by
the triple®

n= (777’,77797776)- (24)

Here nr = 7?2 = +1 if time-reversal symmetry is present
and nr = 0 if time-reversal symmetry is absent. Simi-
larly, np = P? = %1 or 0 if particle-hole antisymmetry
is present or absent and n¢ = C% = 1 or 0 in the presence
or absence of chiral antisymmetry, respectively. Table IV
summarizes the tenfold way classification and lists both
the notation using the triple (97, np,nc) and the Cartan
labeling. If the context allows, we will use the Cartan
label instead of the triple n = (97, 7p, nc).

For physically relevant systems, the crystalline symme-
try group G commutes with the time-reversal operation
T, which is what we assume throughout. The algebraic
relation between GG and the particle-hole conjugation op-



eration P or the chiral operation C = PT is character-
ized by a one-dimensional representation ©(g) of G, as
discussed in Sec. II.

With a suitable choice of basis, the (projective) repre-
sentation U(g) for a Bogoliubov-de Gennes Hamiltonian
H can be brought into a canonical form analogous to

Eq. (5),

U(.g) = dla’g [Tl (g) ® ]12N1 yee ,rn(g) ® ]12]\/'"]7 (25)

where the r,(g) are irreducible representations of G. To
keep the notation simple, we make the choice Ny = Ny =
... = N, = N. The Bogoliubov-de Gennes Hamiltonian
H is then brought into a block-diagonal form,

H:diag(ﬂdl®H1,...,ﬂdn®Hn), (26)

where d, is the dimension of the irreducible represen-
tation r,. The diagonal blocks H, have dimension 2N
and are no longer subject to additional unitary symme-
tries. However, because of the basis change involved in
representing U in the canonical form (25), the action of
the fundamental symmetry operations 7, P, and/or C on
these blocks need not be the same as their action on the
original Hamiltonian H and different blocks may be re-
lated to each other by 7, P and/or C. Hence, additional
considerations are needed to determine which blocks are
independent and to what tenfold-way class they belong,
which we now discuss.

Time-reversal operation T.— If the irreducible repre-
sentations r,, and r, are the same (up to a unitary trans-
formation), the time-reversal operation T acts within the
diagonal block corresponding to r, and takes the form of
an effective time-reversal operation for H,, but with a
square Wr(a) that may differ from ny. If the irreducible
representations r, and r}, are different, 7 interchanges
the diagonal blocks corresponding to r, and r%. In most
examples, which of these cases applies can easily be found
by inspection, although one may also obtain the answer
from the “Wigner test” by calculating the quantity?7-67:74

WT(a) =nNT <Zg,gXoc(92)>G > (27)

where (...) denotes an average over all g € G, z4 4 is an
element of the factor system, see Eq. (4), and x.(g9) =
trrq(g) is the character of the irreducible representation.
The quantity Wr(a) can take the values Wr(a) = +1
or 0, corresponding to the two cases discussed above.

Particle-hole conjugation P.— Similarly, if the irre-
ducible representations r, and Or}, are the same, P acts
as an effective particle-hole conjugation operator for H,
with square Wp(a) = +1, whereas if r, and Or} are
different irreducible representations of G, P interchanges
the corresponding diagonal blocks. Again, one may find
out which of the three cases applies by calculating

Wp(a) =1p (0(9) 2g.0Xa(97)) o (28)

which takes the values 1 or 0, respectively, for the two
cases described above.

Chiral operation C.— Finally, for the chiral operation
C = PT one only needs to distinguish two cases: If r,
and Or, are the same irreducible representation of G, C
acts as an effective antisymmetry of H,, whereas C inter-
changes the diagonal blocks corresponding to r,, and ©Or,
if they are different. This defines the quantity We(a),
which takes the values 0 or 1.

We denote the full classifying group for zero-
dimensional Hamiltonians with the additional symme-
try group G as &[G, ©], where the multiindex »n indi-
cates the tenfold-way class, see Table IV, and © is the
one-dimensional representation of G that characterizes
the superconducting order parameter. The classifying
group also depends on the factor system of G, but we
do not write this dependence explicitly. The argument
O is omitted for non-superconducting phases. The above
considerations then lead to the result

fGel= [ fwwll (29)

rqo irrep of G

where the multiindex W(a) = (Wr(a), Wp(a), We(a))
and the product is over the irreducible representations
ro of G, where only one representative appears in the
product if multiple irreps are linked by the fundamental
symmetries 7, P, or C. The classifying groups £;[0],
which apply to tenfold-way classes without additional
crystalline symmetries,””™ can be found in Table IV.
We remark that the classification approach described
here also works for d-dimensional Hamiltonians H (k),
as long as G contains only onsite (i.e. non-spatial, k-
independent) crystalline symmetries.

Examples.— We illustrate this general procedure using
the three examples already discussed in the previous Sec-
tion. The classification results for these three examples
as well as for other relevant point groups are summarized
in Tables V-VIIL.

We first consider a zero-dimensional superconductor
with inversion symmetry. The symmetry group G =
C; = {1,Z} and the two one-dimensional representations
O of G that characterize the superconducting phase are
the two irreducible representations 1 of G, see Table I. If
the superconducting order is even under inversion, corre-
sponding to © = ry (the “A,” representation), Egs. (5)
and (8) give

U(1) = poro, U(ZI) = p370,

where p3 is the Pauli matrix in parity space. Correspond-
ingly, the BAG Hamiltonian H = diag (H;,H_) is the
diagonal sum of blocks with even and odd parity un-
der inversion. Since U is real and does not involve the
particle-hole degree of freedom, the particle-hole conjuga-
tion operation P commutes with G, so that it acts within
each parity subblock. Its square is Wp = np, i.e., the
same as for the full Hamiltonian H. We conclude that

Ry [Cia Ag} =Ry [0]2 (30)

for all tenfold-way symmetry classes 7. The groups £&,[0]
are listed in Table IV. This conclusion is consistent with



G © (rea)Woo, Ap[G, O]
G A L (A Z,
Gi Ag T+ (Aq)Wva (Au)np Zg
Au r— (AEH Au)o z
Cs A’ T4 (1E72 E)O 7
A" r— (CE)up, CE)np 73
Co A Ty ("EZE), 7
B r- (IE)nw (QE)"’P 73
Cs A To Ean (1E72 E)O 7 X 2
’E Tor/3 QE',”,, (E',1 E)O 7 x7s
'E T4r/3 ' _7777’ (E72 E)O VYA
Ca A ro ("E1,” Er)o, ("E2,” E2)o 7?
B T'r (*E1,2 E2)o, (*E2,2 Ev)o 72
’E Tr /2 (CEV)np, (E2)np, (CE1? Ea)o 7 x 73
'E T3m/2 CE)np, CE2)yp, ("E1," E2)o Zx 73
Cs A 70 T'E1,> E1)o, (" E2,7 Ea)o, ((E3,2 E3)o 73
B T (1 npP> (2E1)7I7>7 (1E372 _2)07 (2E371 _2)0 7* x Z%
2E‘l Tar/3 E1,2 E3)0, (2E1,1 EQ)O, (2E2,1 E3)0 ZB
2E» T'x/3 (1 3)np> (2E2)n7>7 (QEI,2 _3)07 (1E1,1 _2)0 7% x Z%
LB T2n/3 (1E1,2 EQ)O,(2E1,1E3)0,(2E3,1E2)0 73
"By r—m/3 (‘E nps (2E3)n7>7 (‘Er,' Es)o, CE1” E»)o 7? x 7%
C2v Al T4t (E)*WP 0
Az T—— (E)np 7y
By -+ ( _)"’P 7
B T+-— ( )777:' Zo
Csy Ar (_IE:Q E)Qa (El)inp z
Az (IE)an (QE)’MN (El)’r]p Zg
Cav Ay (E{)—ﬂpv (E:Q)—WP 0
4z (EVnp, (E2)np 73
By (E1, E2)o z
B (E1, E2)o VA
Csv Ay (Ellfnm (Eg)fnp, (7E3)7n7: 0
Az (El)"?JD7 ( QZWP L(E?))’HP Z%
By (E3)1, (E1, Ea)o 7 x 72
B (E3)1, (E1, E2)o 7 x 7,

TABLE V. Classification of zero-dimensional BAG Hamiltonians with point group G and one-dimensional representation ©
describing the symmetry of the superconducting order parameter in the absence of time-reversal symmetry and spin-rotation
symmetry, corresponding to tenfold-way class D, np = 1. The second and third columns list the one-dimensional representation
© using the standard crystallographic notation and the notation used in the examples in the main text, respectively. The fourth
column lists the set (7a)w, (a) of irreps ro together with the result of the Wigner test Wp(a). In case irreps 7o and Or}, are
paired by particle-hole antisymmetry (Wp(a) = 0), the paired representations are appear in brackets. From this information
one can read off the classification, invariants, generators and representations using Table X. For convenience we list the result

for the classifying group &p|[G, O] in the last column.

the Wigner test, which gives Wp(rL) = 1. If, on the
other hand, A is odd under inversion, which corresponds
to the one-dimensional representation ©® = r_ for the su-
perconducting phase (the “A, representation, see Table
I), the representation of G for the full BAG Hamiltonian
is

U(1) = poro, U(ZI) = p33,

see Eq. (14). The block-diagonal structure of H now in-
volves one block with even-parity particle-like states and
odd-parity hole-like states and one block with odd-parity
particle-like states and even-parity hole-like states. The
two blocks are interchanged by particle-hole conjugation.
One arrives at the same conclusion by observing that r

and ©r, = r_ are different irreducible representations of
G. For the classifying group £,[G, A,] we thus find

ﬁ(n%npﬂlc)[ci’ A = R(WT;(LO) [0]. (31)

Again, this conclusion is compatible with the Wigner
test, which gives Wp(ry) = 0.

The second example deals with a spinful system with
a fourfold rotation symmetry, G = Cj. The one-
dimensional representation © = ry of G that character-
izes the superconducting phase is labeled by an angle 6
which can take the values 0, /2, 7, or 37/2, see Table II.
The representation (21) of the rotation generator Ry /s
implies that H has a block-diagonal structure iIi V\ghic5h

particle-like states with angular momentum j = 35, 3, 3,



G S (ra)Wp(a) RclG, O]

Cy A 1 (A)np 0

C; Ay T+ (Ag)np, (Au)np 0

Ay r_ (Ag, Au)o VA

s A Ty (AN (A ) 0

A" r_ (A", Ao Z

Cs A T4 (A)np s (B)np .

B r_ (A, B)o VA

Cs Ax o (Allnpa (IEvQ E)O z

’E Tox/3 (“E)yp, (A1, E)o z

'E Tan/3 CE)up, (A1,° E)o Z

04 A To A7]7)7B777)7 (1E,2 E)O Z

B T (1E)717>7(2E)717>’(A7B)0 VA

°E Tr/2 (A E)o, (B, E)o z?

'E T3 /2 (A,' E)o, (B, E)o z?

Ce A To 177:7B777>7(1E1 2E1)07( E272E2)0 ZQ

B T ,B)o, (*E1 2 Ez)o,( E>,” E1) z°

2Ejl Tar/3 (1 1)?77:7(1E2)777?7(A E1)0,(B,2 E2)0 ZQ

>Es Tr/3 A2 2)0 (B> E1)o,( E1,'Es)o 73

1Ell T2r/3 (2 1)?77:7( EQ)mvv(Aa El)Ov(Bvl E2)0 ZQ

1B, T /3 AL Es)o, (B, Ev)o, (PE1,%E>) z3

Cy Ay T++ (Al)m: (A2)777>7 (Bl)"’P7 (A2)777> 0

Ao r__ (A1, A2)o, (B1, B2)o z?

B r_4 (A1, B1)o, (A2, B2)o z?

Bo Ty (A1, B2)o, (B1, Az2)o z

Csy Ay (A1)np s (A2)np, (E)yp Z;

Ao (A17A2)01( ) np A

Clv Ax (Al)npv (A2)n7>a (Bl)npv (32)7777 ) Em: 0
Az (A1, A2)o, (B1, B2)o, E_np 7% x 7»

By (A1, B1)o, (A2, B1)o, Enp 72

By (A1, B2)o, (B1, A2)0, Enp z?

Csv Aq (Al)m:w(A2)777?7(Bl)’fmvv(BQ)npv(El)ﬂP7(E2)7I7D 0
As (A1, A2)o, (B1, B2)o, (E1)—np, (E2)—np 7° x 73

Bl (A1,Bl)0,(AQ,B1)0,(E1,E2)0 25

BQ (A1,Bl)0,(AQ,B1)0,(E1,E2)0 25

TABLE VI. Same as Table V, but in the presence of spin-rotation symmetry, i.e. for spinless representations of the crystalline
symmetry group. BdG Hamiltonians with spin-rotation symmetry and without time-reversal symmetry correspond to tenfold-

way class C, np = —1.

or % are combined with hole-like states of angular mo-
mentum —j + 20/7 mod 4. In the following discussion,
we use the angular momentum j of the particle-like states
to label the blocks. If # = 0 (the “A” representation),
particle-hole conjugation ‘P interchanges the blocks with

Jj=3 and 7 5, as well as the blocks with j = % and %

If0=m/2 (the “2E” representation), P interchanges the
blocks with j = 3 3 and 7 , but acts within the blocks with

j = 5 or 5, squaring to one. If 6 = 7 (the “A” repre—
sentation), P interchanges the blocks with j = 5 and
as well as the blocks with j = 2 and j= % Fmally, 1f

0 = 3m/2 (the “1E” representamon) P interchanges the
blocks with ] =3z and 5 , but acts within the blocks with

j=3 and agaln squarlng to one. We conclude that

fplCy, A] = £p[Cy, B]
= ﬁA[O]27
= 7?

and

Ap[Cys,"2E] = 84[0] x &p[0)?

=Zx175. (33)
The same conclusions can be obtained by performing the
Wigner test.

In the presence of time-reversal symmetry only the real
one-dimensional representations A and B are relevant
(corresponding to 6 = 0, , respectively). In both cases
the time-reversal operation 7T interchanges the blocks
with angular momentum j and angular momentum —j
mod 4. For the A representation, P and 7 give the same
pairing of diagonal blocks of H and the combined oper-
ation C = PT leaves the diagonal blocks invariant. It
follows that

Rpmi[Cy, A] = 84 [0
(34)



G © (Ta)Wp () R (G, O] fepI[G, O]
1 A 1 (A) (nr mp.1) 0 L2
Ci Ag T+ (Ag)(m—,mv,l)v (Au)(m—mp,l) 0 3
Ay r_ Ag, Au) (n7,0,0) YA z
CS A/ T+ (1E,2 E)(O,O,l) 0 0
A" r— (1E72 E)(Oﬂlwao) 2o 2y
C A T4 ("EZE)0,01) 0 0
B - (E B) .0 Ly Z>
Cs A 0 By mp.1), OB E)o.1) 0 Z,
Cy A 0 ("Er> E1)(0,01), ("E2,° E2) (0,01 0 0
B T (*Er,?E1? E2,' E3)(0,0,0) Z Z
Cs A To ("E1,>E1)0,01), ("E2,” E2)(0,01), ( E3,° E3)0,0,1) 0 0
B T (Ev,2En)0np.0); (VE2,” B, *Es,' Es)0,0,0) I X 22 Z X 2
Cav Ay T++ E,)(—n'ry—npvl) 0 0
Az r—— (E:’)(—nrm:,l) 2y 0
By r—+ E)—nrnp.1) Z3 0
Bo T+- E)(—nrmp.1) Z2 0
U3y Aq (1]11’2 @)(0,0,1): (El_)(fnrﬁnp»l) 0 0
As (E,2E) 0.p.0)s (B (—ng mp.1) 3 Zy
Cuo Ay (El)(—m'a—ﬁp«l)’ (EQ)(—W%—TIPJ) 0 0
As (El)(—nz,nml)v (EQ)(—WTJI”PJ) Z% 0
B Er, E2) (—nr,0,0) z z
B> (B1, B2)(—nr00) z z
Cev Ay (Elz(—nT,—WP’1)7 (EE)(—VI%—WPJ)’ (E3)(—UT7—WP71> 0 0
Az (El)(—ntﬂhﬂ,l)’ (EQ)(—WIJIPJ)’ (E3)(—777‘77I7771) Zg 0
By (£§3)(—n7'm7>71)7 (E_Ch E_"Q)(—WT,U,O) L x Ly Z
B> (£3) (—ng.mp.1) (E1, E2) (—n700 L x 12> z

TABLE VII. Classification of zero-dimensional BAG Hamiltonians with point group G and one-dimensional representation ©
describing the symmetry of the superconducting order parameter with time-reversal symmetry without spin-rotation symmetry,
corresponding to tenfold-way classes DIII, n = (—1,1,1). We also include systems with emergent time-reversal symmetry,
corresponding to class BDI, n = (1,1,1). The second and third columns list the one-dimensional representation using the
standard crystallographic notation and in the notation used in the examples in the main text, respectively. The fourth column
lists the set (Ta)wp (o) Of irreps 74, together with the result of the Wigner tests W (a). Irreps that are connected by application
of the fundamental symmetry operations 7, P, or C are shown together, using brackets. If two of the three Wigner tests
Wr(a), We(a), and We(a) are zero, the irreps form a pair and the single symmetry operation that leave the irrep invariant
is the one with the nonzero Wigner label W («). If all three Wigner tests are zero, Wr(a) = Wp(a) = We(a) = 0, the irreps
form a quartet. In that case the order of the four irreps between brackets is such, that the first two and last two irreps are
interchanged by 7 and the first and third, and second and fourth irreps are interchanged by P. From this information one can
read off the classification, invariants, generators and representations using Table IX. For convenience we list the result for the
classifying group &[G, O] in the last two columns.

On the other hand, for the B representation, P, T, and
their product C = P7T map all four diagonal blocks of H
to each other and one has

ducible representation © = ;4 (the A; representation)
in detail and summarize results for the remaining three
one-dimensional representations r4_, r_y, and r__ (the
By, By, and A, representations, respectively).

For © =r;4 (“Ay” representation, see Table III), and
choosing the representation of Table III for the represen-
tation of the generators M, and M, for the normal-state
block h, we find that their representation for the full BdG
Hamiltonian H are U(My) = io17m3 and U(M,) = ioaTp.
To bring the representation matrices to the canonical
form (25) we have to perform the basis transformation

10 10
H= (0 i02>H<O —i02>'

fpi[Cy, B] = 8a[0]
-7 (35)

The third example is that of spinful particles with sym-
metry group G = Cy,. We refer to Table III for the ir-
reducible representations with nontrivial and trivial fac-
tor system. Since there is only one (two-dimensional)
irreducible representation u — the “E” representation,
see Table IIT —, it follows automatically that u* and
To,0,u" are the same representations of G. Indeed, one
easily verifies that v* and r,, ,, u* are equal to u up to

a unitary transformation. To find the square of the ef-
fective time-reversal and particle-hole conjugation oper-
ations, we consider the case of the one-dimensional irre-

After this basis transformation, M, and M, are repre-
sented as i0179 and ‘07, respectively, consistent with
Eq. (25). The particle-hole conjugation operation P,
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G _© (ra)Wp (o) Ral[G,0] Ron|G, 0]
cC: A 1 (A)(TITJIPJ) 0 0
Ci Ay 14 (Ag) rrmp,1)s (Au) (7 mp 1) 0 0
Au r— (Ag, A )(777’ 0,0) 7z YA
cs A T+ (A )("7T ne 1) (A )(WT np,1) 0 0
A// T— A (,77_?0,0) Z Z
Ca A T+ (A)(WTJI’PJ)’ (B)(nrsnp 1) 0 0
B T_— 7B (”77’70»0> Z Z
Cs Ao (A rimp.) CEZ E)00.1) 0 0
Ca A 1o Aoy np1)s B w1, (7 E)0,0,1) 0 0
B rx (E E)©.p.0), (A B) 70,0 z z
Ce A 1o Atrap1) Bar e (B B0, ( B2,7 E2)0,0,.1) 0 0
B Tr (A, B)(WT’Oyo), (1E1,2 El, 2E2,1 EQ)(O,O,O) ZQ ZQ
Ca A1 744 (Al)(TIT»"?Pwl)’ (AQ)(WT,WPJ% (Bl)(n%m:,l)’ (A2)(777'ﬂ77>71) 0 0
A2 T — (Al, A2)(7]7-,0,0)7 (Bl, Bz)(’lT»U,O) ZQ ZQ
By r—4 (A1, B1)(n1,0,0), (A2, B2) (n7,0,0) 7’ z?
By 71— (Ah BQ)(TIT,07U)7 (Bh AQ)(WT,O,O) Vs 72
Csy Ay (Al)(nTmp,l)v (AQ)(nTmpJ% (E)(nTmpJ) 0 0
Az (A17A2)(,77—,0,0), (£ (ng,—np,1) L X 2y A
Ca Ay (Al)(nTﬂm:,l)v (AQ)(TITJmJ% (Bl)(nrnv,l% (A2)(n7m7>,1)’ E(nmnp,l) 0 0
Az A, A2) (70,005 (B1, B2) (070,00, E(nr . —np.1) 7° X 7> 7’
By (A1, B1)(57,0,0)> (A2, B1) (070,00, E(ny np 1) 7’ 7’
By (A1, B2) (570,00, (B1, A2) (7,0,0), By inp,1) 7’ z’
Cev A1 (Al)("Ta"’P»l) (A2)(777,n79,1) (Bl)(w,nvv,l) (A2)(nTm7>71) (El)(nTﬂn:,l) (E2)(777,n79,1) 0 0
Az A2) (70,05 (B1; B2) (n7,0,0), (B1) (7, =np. 1)1 (B2) (. —np.1) 7 x 73 z’
B, (Al?Bl)("ITOO) (A2vBl)(nT00) (E E, )(717,0 0) z° z?
Bs (A1, B1) (n7.0.0), (A2, B1) (4y7.0.0): (£1, E2) (47.0,0) z? 7’
TABLE VIII. Same as Table VII, but in the presence of spin-rotation symmetry, i.e. for spinless representations of the

crystalline symmetry group. Time-reversal symmetric BAG Hamiltonians with spin-rotation symmetry correspond to tenfold-

way class CI, n = (1,—1,1).

We also include systems with emergent time-reversal symmetry, corresponding to class CII,

n= (_]-a _17 1)
Wp(a) Cartan R(O,WP(Q),O) [O} v Hgen H ot P U
1 D 72 Pa —m3® 14 T3 ® g K Ta @ To
-1 C 0 — - T3 ® 14 T2 K Ta ® 7o
Na o 0
0 A 7 {m(_)a* —T3® 1g T3 ® 1g T2 K <TO or: )T

TABLE IX. Classifying groups Ry, ()[0] and topological invariants v for the tenfold-way classes D and C, = (0, %1, 0) (third

and fourth columns).

These depend on the irrep 7o through the outcome of the Wigner test Wp(«) only, which is listed in

the first column. The second column lists the effective tenfold-way class corresponding to Wp (). The fifth and sixth columns
list a generating Hamiltonian Hgen and a reference Hamiltonian Hief, respectively. The seventh and eighth columns give the
representations of particle-hole conjugation P and the representation U of the elements of the crystalline symmetry group G.
The dimension of the irreducible representation r, is denoted ds.

which was represented by o¢7 K before the basis change,
now reads o972 K. Since the Cs, symmetry enforces that
H is of the form ooH7, compare with Eq. (26), the fac-
tor oo must be dropped from the representation of P,
since it does not affect Hy;, and one arrives at the effec-
tive particle-hole conjugation operator 7 K: The effec-
tive particle-hole conjugation operator squares to minus
one. The time-reversal operation 7, which was given by
o979 K in the original basis, is unchanged by the basis
transformation. Again omitting the factor os, one finds
that the effective time-reversal operation is 7o K. It fol-

lows that
ﬁ(nT,l,nc)[O?v’Al] = ﬁ(*nTanc)[O]' (36)

The same result is found if one performs the Wigner test,
see Egs. (27) and (28).

For © = r,_ (the “By” representation) one finds that
the representation u of Table III for the normal-state
block h gives the representations U(M,) = io1m9 and
U(My) = ioamg for the full BAG Hamiltonian H, which
is already in the canonical form (25). It then immedi-
ately follows that the effective particle-hole conjugation
operation is 71K and the effective time-reversal opera-
tion is 79K. For the remaining two cases r_,, and r__



(the “B;” and “As” representations), one may proceed
as described above for the A; representation, by per-
forming a suitable basis transformation, or use an alter-
native normal-state representation with u(M,) = ios,
u(My) = iog for By and u(M,) = ios, u(M,) = io; for
As, to which the canonical form (25) applies without the
need for a basis transformation. Either way, we find that
both the effective time-reversal operation and the effec-
tive particle-hole conjugation operation square to unity,
Wr =—ny=1and Wp =np = 1. As a result, we have

ﬁ(nTvlan) [CQU’ BLQ} = ﬁ(WTyLWC) [C27“ A2]
= R(=nr.1me) [0]. (37)

A remark on classifying groups.— We close this sec-
tion by making a few remarks regarding the group struc-
ture of topological classification within K-theory. For-
mally, the group structure within K-theory is given by
the Grothendieck construction,??7% where the group ele-
ments are represented by ordered pairs (Hj, Hz) of her-
mitian matrix-valued functions Hj 2(k) of equal dimen-
sion. The two pairs (Hy, Hs) and (H{, H}) are topolog-
ically equivalent if Hy @& HJ is continuously deformable
to Hj & H,. Loosely speaking the ordered pair (Hy, Hs)
represents the “difference” of the two Hamiltonians H;
and Hs.

For gapped phases with dimension d > 0, a meaningful
concept of “topologically nontrivial” Hamiltonians can be
obtained by defining a reference atomic-limit Hamitonian
H,t(k) as a “topologically trivial phase”. (A precise def-
inition of “atomic-limit Hamiltonians” will be given in
the next Section.) Such a strategy results in a unique
and well-defined topological classification that is inde-
pendent of the choice of the precise reference Hamilto-
nian H,er(k) if one considers Hamiltonians that differ by
an atomic-limit Hamiltonian to be in the same topolog-
ical class. It is this classification principle that under-
lies the classifying groups K,)[G, ©] used throughout the
remainder of this article for Hamiltonians of dimension
d > 1. On other hand, for zero-dimensional Hamiltoni-
ans, there is no natural choice for the trivial phase and
it is important to adhere to the notion that a topologi-
cal classification classifies pairs of Hamiltonians only. It
is this stricter notion of topological classification that is
used for the definition of the classifying groups £,[G, ©)]
of zero-dimensional Hamiltonians, which play a key role
in the construction of symmetry-based indicators in the
next Section.

Generators and invariants for the classifying groups
£,[G,0].— The classifying groups £,[G,0] of zero-
dimensional Hamiltonians with additional point group
G and with one-dimensional representation © govern-
ing the pairing term © are determined by the effective
Cartan class of diagonal blocks corresponding to the irre-
ducible representation « or by pairs or quadruples of such
blocks, as discussed above. We tabulate the classification
£,[0], the invariants v, generators H and representations
U(g) of all symmetry elements g, 7 and P for all cases
in Tables IX, X. The zero-dimensional invariants can be
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given as the number 9, of negative energy eigenstates
(Kramers pairs in case the block H, is invariant under
an antiunitary symmetry UK with (UK)? = —1, i. e. in
Cartan class AIIl) with representation « or the Pfaffian
invariant p,, of the block H, belonging to the irreducible
representation r,. In case there are multiple blocks re-
lated by T or P we present all equivalent invariants.

For the calculation the zero-dimensional invariants
Vo = My OF Vg = P, it may be helpful to use the projec-
tor”” onto a subspace spanned by irreducible representa-
tion a

Po=do(xa(9)U(9))c, (38)

where (...)q denotes the average over all elements g € G
and x,(g) is the character. Choosing a basis in which
the projector P, is block diagonal — which can be done
for all irreps 7, simultaneously, although this is not nec-
essary for the calculation to succeed —, the projected
Hamiltonian P,HP, takes the form diag(Ha,,O0n—_n. ),
and the topological invariant can be computed as

Vo(H) = v(Hy). (39)

The Pfaffian invariant p,, of a subblock H,, invariant un-
der an (effective) antiunitary antisymmetry with repre-
sentation U with (UK)? = 1 is defined as

(—1)P> = signPf (H,U). (40)

IV. SYMMETRY-BASED INDICATORS OF
BAND TOPOLOGY

Whereas a full topological classification of a gapped
Hamiltonians in d dimensions — as described by the clas-
sifying group K, [G, ©] — requires the analysis of matrix-
valued functions H (k) with the momentum k taken on
the full Brillouin zone, partial information on the topo-
logical phase can be already obtained by inspection of
the topological class of matrices H (ks) at a discrete set
of high-symmetry momenta ks. Such an approach has
been developed by Po et al. for non-superconducting
insulators?” (see also Refs. 28 and 61.) We here present
this approach in such a way that it can immediately
be generalized to Hamiltonians of Bogoliubov-de Gennes
type.

We consider a band structure defined by the Hamilto-
nian H (k), with k an element of the Brillouin zone of a d-
dimensional crystal with (discrete) translation invariance
and with symmorphic crystalline symmetry described by
the point group G. In addition, there may be nonspatial
symmetries such as time-reversal symmetry, particle-hole
antisymmetry, or chiral antisymmetry, which determine
the tenfold-way symmetry class. These nonspatial sym-
metries are characterized by the triple n = (97, np,0¢),
as explained in the previous Section. For superconduc-
tors, i.e. for Hamiltonians of BAG type, one further needs
to specify a one-dimensional representation © of G, which
characterizes the superconducting phase, see the discus-
sion in Sec. II.
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TABLE X. Classifying groups Rw., ()[0] and topological invariants v for the tenfold-way classes with time-reversal symmetry
(third and fourth columns). These depend on the irrep ro through the outcome of the Wigner test Wp(«) only, which is
listed in the first column. The second column lists the effective tenfold-way class corresponding to Wp(a). The fifth and sixth
columns list a generating Hamiltonian Hgen and a reference Hamiltonian H,.t, respectively. The seventh, eighth, and ninth

columns give the representations of time-reversal 7, particle-hole conjugation P, and the representation U of the elements of
the crystalline symmetry group G. The dimension of the irreducible representation 7, is denoted dq.

A. Construction of a reference set of
high-symmetry momenta

To define a representative set of high-symmetry mo-
menta, we consider the group G of automorphisms of the
Brillouin zone that are induced by elements of G and by
the operations 7 and P, if present. (The element g € G
induces an automorphism of the Brillouin zone by send-
ing k — gk, whereas 7 and P send k to —k, in both cases
identifying wavevectors that differ by a reciprocal lat-
tice vector.) For each momentum k we define the “little
group” Gy as the subgroup of elements § € G such that
gk = k. Two momenta k; and k, are considered equiva-
lent for classification purposes if there exists an element
g € G and a continuous path between k; and gks along
which the little group Gy does not change. (In particular,
this implies that k; and ko are equivalent if k; = gks and
that equivalent momenta have the same little group.) A
set of equivalent momenta is called of “high-symmetry” if
it does not border to another set of equivalent momenta
with a strictly larger little group. The representative
set {ks} of high-symmetry momenta is then constructed
by arbitrarily selecting one momentum from each set of
equivalent high-symmetry momenta.

B. Definition of the groups “BS” and “SI”

To each high-symmetry momentum ks we may as-
sociate a subgroup Gk, C G of crystalline symmetry
operations that leave kg invariant and a triple nx, =
(M7 x.» P ke, Mc) that indicate whether kg is invariant
under the operations 7 and P, if present. The group
Gy,, the symmetry indices ny,, and the one-dimensional
representation © of G (suitably restricted to Gi_) de-
termine the symmetry of the Hamiltonian H (k) at the
high-symmetry momentum ks. The group of “band la-
bels” BL is defined as the combined set of topological
invariants that can be obtained from the topological in-
formation at these high-symmetry momenta alone,5”

BL,[G, 0] = [ [ &) [Cx.. ©)- (41)
ks

The classifying group 8, [Gk,©] describes zero-
dimensional topological phases protected by the onsite
symmetry group Gy and can be calculated from Eq. (29).

Although this procedure associates a well-defined topo-
logical invariant with each Hamiltonian H (k), there are
three reasons why BL,[G, ©)] is different from the classi-
tying group K, [G, ©] of topological phases with tenfold-
way symmetries 7, point group GG, and a superconducting
phase with symmetry described by ©: (i) Not every ele-
ment in BL represents the band labels of a gapped Hamil-
tonian H (k), (i) there may exist d-dimensional Hamil-
tonians H (k) without topologically protected anomalous



boundary states for which the band labels are nontrivial
nevertheless, and (iii) there may be Hamiltonians H (k)
with topologically protected anomalous boundary states
for which the band labels are trivial.

Problem (i) is addressed by the introduction of “com-
patibility relations”, constraints on the band labels,
which follow from the fact that H (k) is not only gapped
at the high-symmetry momenta kg — which is what al-
lows the band labels to be defined in the first place —,
but also in the remainder of the Brillouin zone.?7-28:57
These constraints appear, in the first place, because for
a gapped Hamiltonian H (k) any band labels that can
be defined for lower-symmetry momenta k ¢ {ks} re-
main well-defined and continuous if k approaches a high-
symmetry momentum kg. Since band labels are essen-
tially zero-dimensional topological invariants, see the dis-
cussion above, we call these compatibility relations of
“zero-dimensional” (“0d”) type. Po et al. use these “0d
compatibility relations” to define the subgroup BS C BL
of “topological band labels”,

BS = (42)

BL'(]d compatibility relations *
We use B[H (k)] to denote the element of BS associated
with the gapped Hamiltonian H (k).

Whereas the group BL of band labels in principle de-
pends on the choice of the set of high-symmetry momenta
{ks}, the group BS is independent of this choice, as long
as sufficiently many momenta included. To see this, we
note that the inclusion of additional momenta beyond
those appearing in the set {ks} of high-symmetry mo-
menta of Sec. IV A adds band labels to BL, but not to
BS, as band labels at lower-symmetry-momenta are fully
determined by the 0d compatibility relations.

Additional constraints on topological band labels of
gapped Hamiltonians — compatibility relations of “one-
dimensional” (“1d”) or “two-dimensional” (“2d”) type
— may also appear because of the existence of topo-
logical invariants on families of higher-dimensional sub-
spaces of the Brillouin zone,3%50 as we discuss below in
more detail. Elements in BL or BS that violate the com-
patibility constraints describe “representation-enforced”
gapless phases.?"60:66 Depending on the dimension of the
lower-symmetry region in reciprocal space and the type
of constraint imposed on it, these representation-enforced
gapless phases may have nodal points, nodal lines, or
nodal planes.

Problem (ii) can be remedied by passing to the quo-
tient group?”

SI = BS/AI, (43)

the group of “symmetry-based indicators”. Here Al C
BS is the subgroup generated by the image under B of all
Hamiltonians H (k) without boundary signature. A gen-
erating set of Hamiltonians without boundary states con-
sists of the “atomic-limit” Hamiltonians, d-dimensional
Hamiltonians that correspond to the arrangement of
zero-dimensional Hamiltonians on a suitably defined lat-
tice. After dividing out Al, a gapped Hamiltonian H (k)
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is associated with a nontrivial element of SI only if it
has topologically protected anomalous boundary states.
Po et al. use the notation Xpg to refer to the group of
symmetry-based indicators.

There is no general solution to address problem (iii),
however. This is why the group SI is said to contain
“indicators” of the topology, not a full classification.?”

Although the topological invariants of zero-
dimensional Hamiltonians are only defined for pairs
of Hamiltonians, the symmetry-based indicators are
expressed in terms of the band labels of a general

Hamiltonian H(k) with k-independent symmetry
representation, without comparing to a reference
Hamiltonian.

C. Construction of the subgroup AI C BS

Following Po et al.?” and Bradlyn et al®, the con-

struction of the subgroup Al proceeds in three steps: (1)
One first selects a representative collection W of high-
symmetry Wyckoff positions in the unit cell. Hereto, one
defines the site symmetry group Gy for a position x in
the unit cell as the subgroup of G that leaves x invari-
ant, possibly up to lattice translations, and arranges lat-
tice positions with the same site symmetry group which
are related by a continuous path and/or by an element
of G into equivalence classes (“Wyckoff positions”). A
representative collection of positions W in the unit cell
is then obtained by choosing a position from each equiv-
alence class that does not border on an equivalence class
with a larger site symmetry group. (2) For each po-
sition x € W the “orbit” of x is defined as the set
{gx + t|g € G} for t in Bravais lattice. The orbit de-
fines a G-symmetric Bravais lattice. We label the lat-
tice sites within the unit cell by Ox = {Xs }o=1,2,..., With
the convention x; = x. (3) For each Wyckoff position
x and each pair (a,©) of an irreducible representation
of the site symmetry group Gx and the associated one-
dimensional representation © describing the symmetry
of the superconducting order parameter, we construct

a pair of atomic-limit Hamiltonians H,(carff)) and H,ﬁ‘f‘g*SR
by placing the zero-dimensional reference and generating
Hamiltonians H,ef and Hgen of £,[Gx,©] on the posi-
tions x, of the orbit of x. One verifies that invariance
of the zero-dimensional Hamiltonians H,(co;’c(?) and H,(c?ggl)
under the site symmetry group Gy ensures that such a

procedure yields well-defined G-symmetric, translation-
ally invariant, Hamiltonians H. (O"@)(k) and H,(c?‘g’gl)(k) on

x,ref

a d-dimensional lattice. The subgroup Al C BS is gen-
erated by the differences B[H,(fée@g (k)] — B[H(a’@)(k)] of

the images of the Hamiltonians obtained in tﬁ(i’;einanner.

The procedure of taking differences of images under
B is necessary for the construction of Al, because, al-
though the reference Hamiltonians H,.r in Tables IX and
X have been chosen such that they map to the trivial

element under B, the band labels need not be trivial



for atomic-limit Hamiltonian obtained by placing copies
of Hiet on nontrivial Wyckoff positions. The nontriv-
ial band labels for the reference Hamiltonian have their
origin in the k-dependence of the representation of the
point group G, which is unavoidable if minimal 0d su-
perconductors are placed at nontrivial Wyckoff positions.
Such a k dependence of the representation is not compat-
ible with our construction of the topological band labels
B[H (k)], which assume a k-independent representation
of G. (The simplest example where this is the case is a
one-dimensional superconductor with inversion symme-
try and odd-parity superconducting order, see Sec. V B).

One can resolve this issue either by adding multiple
copies of the “trivial” Od Hamiltonian H..f at the same
Wyckoff position, which eventually allows one to con-
struct a k-independent representation of G. We here
prefer to take an equivalent, but computationally more
efficiently approach, in which we remedy this situation
by comparing atomic-limit Hamiltonians with the same
number of orbitals (per representation pair (a,©)) at
each Wyckoff position only. We construct a “trivial”
reference atomic-limit Hamiltonian for this case, and de-
fine the band labels of each other atomic-limit Hamil-
tonian as the difference of the band labels with the ref-
erence atomic-limit Hamiltonian. The trivial reference
atomic-limit Hamiltonian is chosen such that all Wyckoff
positions and all representation pairs («, ©) are repre-
sented: It is the direct sum of 0d reference Hamiltonians
H,et from Tables IX and X for all pairs (o, ©), placed at
all Wyckoff positions. Generator atomic-limit Hamilto-
nians H,E?‘g’SR(k) are obtained by replacing a 0d reference
Hamiltonian in this direct sum by a generator from Ta-
bles IX and X for the orbit Oy and representation pair
(o, ©) only. Since the map B is additive under the taking
of direct sums, taking the difference of the band labels
of this generator Hamiltonian and the reference atomic-
limit Hamiltonian is the same as taking the difference

B[H,(cf"g’gl)(k)] - B[Hiar’c(?) (k)] for atomic-limit Hamilto-
nians involving a single Wyckoff position x and repre-
sentation pair (a, ©) only, which justifies the procedure
outlined step (iii) above.

Each reference Hamiltonian or generator Hamiltonian

is compactly expressed as?”2874
H}({a,@) (k) — l\ox\xloxl ® ];I)(ca,@)7 (44)

where |Ox| is the number of sites in the orbit of x. The
representation of g € G is

[Ux,a(g7 k)]g,j’m» = 5;0/’gxge—ik~(9xa—xg/) (45)
zZ _
X gt [Ug (gglltxa/—xagga)]jh
Zgg/,g;,lgga

where the indices o and ¢’ label the positions x, in the
orbit of x and the indices ¢ and j the degree of free-
dom of H,((a’g). Further, a choice {g,}o—1,..., |0, from G
was made in such a way that g,—i is the identity and
JoX = X, for 0 = 2,...,]|Ox|. Each group element is
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decomposed as g = trgoh with h € Gy, tr € T and
R = gx, — X,. The Kronecker symbol 4§, ., is non-
zero and equal to one only when x; = x5 + R for some
R in Bravais lattice. The representation u, is given in
Tables IX and X.

In this construction it is important that time-reversal
T and particle-hole conjugation P are local operations.
If P is not a local operation, an arrangement of discon-
nected onsite Hamiltonians can acquire a spurious non-
locality, in spite of the absence of inter-site matrix el-
ements. The suggestion of Ref. 69 that no atomic limit
can be defined for Hamiltonians of Bogoliubov-de Gennes
type can be traced back to the use of a non-local particle-
hole conjugation in that reference.

D. Compatibility relations

In the examples that we consider in the next Sections,
we find that it is sufficient to use compatibility relations
for gapped hermitian matrices H (k) based on local-in-
k symmetries only. These compatibility relations may
be applied to the entire matrix H(k) or to a diagonal
block, if H(k) has a block structure that is preserved
throughout a part of the Brillouin zone. The compati-
bility relations involve topological invariants of H (k) de-
fined using information about H (k) away from the high-
symmetry points ks. Depending on the dimensionality of
the subspace required to define these topological invari-
ants, we distinguish between compatibility relations of 0d
type (which are used to define the group BS of topologi-
cal band labels) and of 1d or 2d type.5” We now discuss
the construction of 0d, 1d, and 2d compatibility relations
in detail.

Oa.— The number of negative eigenvalues of a her-
mitian matrix H (k) with a gapped spectrum does not
change if k is changed continuously. This gives a com-
patibility constraint if k can be changed continuously be-
tween high-symmetry points kg ; and ks 2, while preserv-
ing Hermiticity of (a subblock of) the Hamiltonian, and
if the number of negative eigenvalues can be related to
the band labels at ks ; and kg o.

0b.— The sign of the Pfaffian of a gapped, antisym-
metric matrix UH (k), with U an appropriately chosen
unitary operator, does not change if k is changed con-
tinuously. This results in a compatibility constraint for
topological band labels if k can be changed continuously
between high-symmetry points ks ; and kg o, while pre-
serving the antisymmetry of (a subblock of) the matrix
UH (k), and if the sign of the Pfaffian can be related to
the band labels at ks ; and ks o.

1.— The topological invariant of a one-dimensional
Hamiltonian H (k), obtained by restricting H (k) to a one-
dimensional closed contour in reciprocal space, does not
change if this contour is continuously deformed. Such a
topological invariant can be a winding number, if H (k)
has a chiral antisymmetry, but it may also be a Z, in-
variant (the first Stiefel- Whitney number™ ) if H (k) or



a diagonal block of it satisfy local-in-k symmetries that
place it effectively in tenfold-way classes Al or BDI. This
gives an additional compatibility relation if the topologi-
cal invariant can be related to the topological band labels
of H(ks) at high-symmetry points kg on the contour and
if the contour can be deformed so that it can be made to
pass through different sets of high-symmetry momenta,
while preserving local-in-k symmetries of H(k). An ex-
ample of such a 1d compatibility relation is given in the
example discussed in Sec. VIID (tenfold-way class CI
with inversion symmetry).

2.— The topological invariant of a gapped hermitian
matrix H(ky, k2), which is defined on a two-dimensional
plane cutting through the Brillouin zone, does not change
if the position of the plane is shifted continuously. The
topological invariant is a Chern number if the local-in-k
crystalline symmetries are such that H(k1, k) or a di-
agonal block of it are effectively in tenfold-way classes
A, D, or C, or it may be a Z invariant (the second
Stiefel- Whitney number™ ™), if H(kq, ko) is effectively
in tenfold-way classes CI or AI. This yields an additional
compatibility relation if the topological invariant can be
related to the band labels of H(ks) at high-symmetry
points kg on the plane and if the plane can be shifted con-
tinuously, such that it can be made to pass through dif-
ferent sets of high-symmetry momenta while preserving
the hermiticity of (the relevant subblock of) H (k). This
“2d compatibility relation” is used in Ref. 27 to iden-
tify representation-enforced nodal semimetals (see also
Ref. 30 and 60). It also appears, e.g., in the example dis-
cussed in Sec. VIT A (tenfold-way class D with inversion
symmetry).

Unlike the construction of the groups BS and Al, we
are not aware of a method that allows one to implement
the compatibility relations based on higher-dimensional
topological invariants in an algorithmic way. The “bot-
tleneck” is the relation between the n-dimensional topo-
logical invariant used to construct the compatibility re-
lation and the topological band labels of H (k) at high-
symmetry momenta kg, which requires knowledge of
the full classification of n-dimensional crystalline phases.
This is not a problem if the symmetry-based indicators
are used to determine the topological phase of a given
BdG Hamiltonian with a gapped spectrum, but it does
affect the use of SI as a proxy for the full boundary clas-
sification group K.

Generalizing the definition of BS, see Eq. (42), we may
define the subgroup series

BS® ¢ BS®W c BS® = BS, (46)

where BS(™ is the subgroup of BL obtained by imposing
all compatibility constraints involving topological invari-
ants of dimension < n. Correspondingly, we may define
the group SI™ < ST of symmetry-based indicators as

SI® ST ¢ S1) = g1, (47)
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with
SI™ = BS™ /AT (48)

and SI®) = SI. For the examples we consider, we find
that SI“~Y contains no gapless phases, implying that
the compatibility relations based on local-in-k symme-
tries are sufficient for these cases.

E. Weak-pairing limit

In the weak-pairing limit — superconducting order pa-
rameter A much smaller than energy scales typical for
the normal-state band structure — the band labels 9tk
and pXs of the BAG Hamiltonian H (k) at the high-
symmetry momentum kg can be expressed in terms of
zero-dimensional topological invariants of the normal-

state Hamiltonians h(ks) and h(—ks). For 9% one
hagb8:70,71

kg k. -k
‘)’taﬁ = nas|occ + n@ai

unocc (49)

—k,
occ T Ngys

= ngs|occ - ”(5];*
where nlo‘f, nlgf loce and nl(jf lunoce are the total number, the
number of occupied, and the number of unoccupied bands
of the subblock h (ks) of the normal-state Hamiltonian,
respectively. Similarly, the Pfaffian invariant pXs can be
expressed as’!

pks = nke| .. mod 2. (50)

V. EXAMPLES: ONE DIMENSION

We now discuss symmetry-based indicators for
Bogoliubov-de Gennes-type Hamiltonians for a selected
set of point groups G and tenfold-way classes.

A. Trivial point group G = (1, class D

Without crystalline symmetries, the Hamiltonian H (k)
is particle-hole antisymmetric at both high-symmetry
momenta k£ = 0 and £ = 7. In the absence of time-
reversal symmetry and spin-rotation symmetry (class D),
this gives a Zy-classification for H(0) and H(7), so that
BL = Z3. There are no compatibility relations, hence

BS = 73. (51)

The corresponding topological invariants are (—1)”(0> =

sign Pf[H (0)r] and (—1)?"” = sign Pf[H (7)), giving
B[H (k)] = {p©,p'™}. (52)

Without crystalline symmetries there is only one Wyck-
off position in a one-dimensional crystal. Placing zero-
dimensional Hamiltonians on the generic Wyckoff posi-
tion, one obtains two topologically different classes of



atomic-limit Hamiltonians,
Al =7,.

As a subgroup of BS, AI corresponds to the pairs
(p©, p™) with p(© = p(™). The group SI = BS/AI = 7,
is identical to the full classification group

SIp[C1] = Kp[Cy] = Z,, (53)

the nontrivial element of which describes one-dimensional
topological superconductors (the “Kitaev chain”). The
symmetry-based indicator for the topological supercon-
ductor phase is

z1 = Zp(ks) mod 2. (54)

ks

In the weak pairing limit, the indicator (54) gives the
parity of the number of Fermi level crossings between
k =0 and k = 7.898! The same expression for the full
BdG Hamiltonian was obtained in Ref. 71.

B. Inversion symmetry C;, class D

Representation © = A,.— For a superconducting or-
der parameter that transforms according to the repre-
sentation A, inversion may be represented as ps37g, the
Pauli matrices ps and 7y acting in parity and particle-
hole space, respectively, see Sec. II. At the high sym-
metry momenta ks = (0), (), the Hamiltonian H (ks) =
diag (H4 (ks), H-(ks)) is the diagonal sum of blocks act-
ing within the even and odd parity subspaces, where
the blocks correspond to the irreducible representations
Ay and A, of C;. The preceding discussion of a one-
dimensional Hamiltonian H (k) without crystalline sym-
metries applies to the two blocks separately. In particu-
lar, it follows that BL = Z3.

To find the compatibility constraints for gapped
Hamiltonians, we note that the combination of inversion
and particle-hole conjugation gives an antiunitary anti-
symmetry local in momentum space,

H(k) = —pngH(kJ)*png.

As a result, H(k)psm is antisymmetric for all k, so that
sign P{[H (k)p37i] is well-defined and k-independent if
H(k) is gapped. Considering that at the high-symmetry
momenta k = 0 and k = 7 one has sign P{[H (k)ps71] =

(k) 4 (k) . .
(—1)P+ *P=" one finds the compatibility constraint

IJSP) n p(f)) — pg:r) 4 p(f) mod 2 (55)

for gapped Hamiltonians, where we use the subscripts +
and — for the representations A, and A,, respectively.
Using the compatibility relation (55) to eliminate p(_ﬂ) as
an independent band label, we find

BS =73 BIHK) = {p",p, 0"},  (56)
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With inversion symmetry there are two inequivalent
Wyckoff positions, labeled x = 0 and = = % A gen-
erating set of atomic-limit Hamiltonians is obtained by
placing zero-dimensional inversion-symmetric Hamiltoni-
ans at each of the Wyckoff positions. Placing a generator
of 8p[0] with topological invariant p = 1 and irreducible
representation A, or A, at position x = 0 we obtain a
k-independent Hamiltonian for which inversion is repre-
sented as by 79 or —7g, respectively, and particle-hole
conjugation by 7 K. Under the map B, these Hamilto-
nians are mapped to {1,0, 1} and {0, 1,0} for the A, and
A, representations, respectively. Placing a generator of
£p[0] with topological invariant p = 1 and irreducible
representation Ay or A, at the Wyckoff position © = %,
one obtains a k-independent Hamiltonian for which in-
version is represented by et or —rpe'* for Ay and A,
respectively. At k = 7 the irreducible representations
are interchanged, so that under B such a Hamiltonian is
mapped to {1,0,0} and {0, 1,1} for the irreducible repre-
sentations A, and A,, respectively. The images of these
four generating atomic-limit Hamiltonians under B span
the whole group AI = BS. The quotient group

SIp[C;, Ag] = 0. (57)

The conclusion that SI contains no nontrivial gapped
phases is consistent with the triviality of the classifying
group

KplCi, Ay =0 (58)

for this symmetry class.*0

Representation A,.— For the representation A, the
inversion operation for the BdG Hamiltonian is repre-
sented as ps73, see Sec. II. The Hamiltonian H (k) =
diag (H4(k), H_(k)) is block diagonal with respect to
the eigenvalues + of p373, corresponding to the funda-
mental representations Ay, of C;. At k=0and k ==
the two blocks are minus the particle-hole conjugate of
each other. The topological invariants of H(0) and H ()

are ‘ﬁf) and ‘ﬁ(f)7 where ‘ﬁf ) is the number of posi-
tive eigenvalues of Hy (k). (Note that the topological
invariants involve the numbers ‘Itf) for k = 0,7 only;

Particle-hole antisymmetry implies that ‘ﬁf) = —q®

at k = 0,7.) Accordingly, BL = Z2.

The combination of inversion and particle-hole conju-
gation gives an antiunitary antisymmetry of H (k) that
is local in momentum space and squares to —1, thus
H (k) belongs to class C with trivial classification in zero-
dimension. We conclude that there are no compatibility

constraints for ‘ﬁ(f) and ‘ﬁf), so that

BS = 72, B[H (k)] = (M, (). (59)

To construct the subgroup Al C BS we place zero-
dimensional generator Hamiltonians at the Wyckoff po-
sitions # = 0 or = %, which gives the k-independent
Hamiltonian H = diag(—1,1) = —73, with representa-
tion 71 K for particle-hole conjugation. For the Wyckoff
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FIG. 1. Topological band labels associated with an atomic-
limit superconductor are calculated as the difference of band
labels of arrays with the 0d generator Hamiltonian Hgen and
with the 0d reference Hamiltonian H,.r at Wyckoff position x.

The figure shows this schematically for the Wyckoff position

_1
2872.

position = 0 inversion is represented by 73, so that
the corresponding atomic-limit Hamiltonian maps to the
element {1,1} of BS. For the Wyckoff position z = 1
inversion is represented by t3e?*. The A, and A, blocks
are interchanged at k£ = 7 and the corresponding atomic-
limit Hamiltonian maps to {1,—1}, where the —1 origi-
nates from the difference with an atomic-limit supercon-
ductor obtained by placing the reference Hamiltonian at
the same Wyckoff position, see Fig. 1 for a schematic
picture. The subgroup Al = Z x 27 thus consists of all
elements {‘ﬁf), ‘ﬁf)} for which ‘ﬁf) - ‘ﬁf) is even. The
quotient SI = BS/AI = Z5 contains the symmetry-based
indicator

=) N mod2. (60)
ks

The conclusion that

SIp[Cs, Ay] = Z2 (61)
is consistent with the classifying group

Kp[Ci, Ay] =74 (62)

for this symmetry class,*® which describes a topological
superconductor phase with a single zero-energy Majorana
bound state at each end. An example of a nontrivial
Hamiltonian in this symmetry class is

H(k) = diag (13(1 —m — cosk) + 71 sink, 73)
with 0 < m < 2.
The weak-pairing limit (49) of the symmetry-based in-
dicator z; agrees Refs. 69-71. The symmetry-based in-

dicator z; for the full BAG Hamiltonian agrees with the
forms defined in Refs. 70 and 71.

VI. EXAMPLES: TWO DIMENSIONS
A. Two mirror symmetries Cs,, class D

The four high-symmetry momenta are ks = (0,0),
(0,7), (m,0), and (m,7). Each of these four momenta
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is invariant under the full group Cs, and under particle-
hole conjugation, so that the Hamiltonian H (k) has the
symmetries corresponding to a zero-dimensional Hamil-
tonian of tenfold-way class D and with symmetry group
C5,. Asdiscussed in Sec. ITI, such Hamiltonians are topo-
logically trivial if the superconducting phase transforms
according to the A; representation of Cy,, whereas there
is a Z, invariant p for the representations Ay, B, and
B>. Hence, we find that

BL — 0 for ®= A4,
T | Z3 for © = Ay, By, or Bs.

Representation © = Ay.— For the case © = A; the
group of symmetry-based indicators is

SID[C2U7 Al] = Oa (63)
consistent with the triviality
Kp[Cay, A1l =0 (64)

of the full classifying group, see App. B4.

Representation ©® = By.— For this representation we
have M, P = —PM,, M,P =PM, and M2 = M =
—1. For k, = 0 one has the effective “particle-hole anti-
symmetry” PM, with (PM,)? = 1, which is local in
momentum space. The mirror operation iM, is also
local in momentum space if k, = 0, squares to one,
and commutes with the effective particle-hole symmetry,
(PMg)(iMy) = (iMy)(PM,). We conclude that for
each 0 < k; < 7 the Hamiltonian H(k,,0) satisfies an
onsite “inversion symmetry” with © = Ay, so that it has
a nontrivial topological classification given by the clas-
sifying group &p(C;, A;) = Z3. Upon taking the limits
k, — 0, 7, the classification of H(k,,0) for generic k, can
be related to the classification at the high-symmetry mo-
menta k, = 0, 7, which is given by the topological band
labels p(®9 and p(™9  Explicit calculation gives that
only the diagonal elements (p, p) of &p(C;, 4,) = Z3 are
allowed, with p = p(©9) = p(™0 Tt follows that one has
the compatibility constraint

p(0,0) — p(ﬂ70)' (65)
In the same way one finds
p(0,7r) _ p(ﬂ',ﬂ'). (66)

One may obtain the same compatibility relations using
the explicit representations P = pom1 K, U(M) = ip170,
U(My) =ipa7o used in Sec. ITI, so that H (k) satisfies

H(ky, ky) = p11oH(=Fkz, ky)p17o
= patoH (ky, —ky)paTo
= _pOTlH(_kxa_ky)*p()Tl-

For k, = 0 these constraints imply that H(k;,0) =
—p1m1H(ky,0)*p171 = paroH (ky, 0)pato, so that we may



write H(km,O) = poho + p2h2 with h()Tl and hQTl anti-
symmetric. Further, hg+hs is gapped for all 0 < &k, < 7,
so that the Pfaffian of 71 (ho £ h2) is nonzero and cannot
change sign for 0 < k, < 7. Since hy = 0 for k, = 0, T,
the compatibility relations (65) and (66) follow immedi-
ately. It follows that

BS = Z%, B[H(k)] = {p(ﬂ', 0),]3(71’, W)} (67)

To construct Al, we place generators at one of the four
Wyckoff positions. The Wyckoff positions are (x,y) =
(0,0), (0, é), (%,0), and (%, %) From the onsite repre-
sentations U(My) = ipi1m, U(M,) = ipary we derive
the k-dependent representations

U*(Mg, k) = ipimoe?=®,
U*(M,y, k) = iparoe”v?

for a zero-dimensional Hamiltonian placed at Wyckoff
position x = (z,y). The k-dependent factors appear,
because for the Wyckoff positions other than (0,0) the
operations M, and/or M, correspond to an onsite op-
eration followed by a translation by a lattice vector. As
these induced representations differ from the onsite repre-
sentations by a sign for half of the elements of the symme-
try group, which is a change that can be accommodated
by a basis transformation, the induced representation is
the same at all high-symmetry momenta. After verifying
that placing the trivial reference Hamiltonian Hes at the
same Wyckoff positions produces the trivial element in
BS, we conclude that the subgroup AI C BS consists of
the elements with p(®-%) = p(®™)  We conclude that

SIp[Cay, Ba] = Z3, (68)
corresponding to the symmetry-based indicator
i = Z p*  mod 2. (69)
ko|ks,o=7

This symmetry-based indicator describes a weak phase
of one-dimensional Cy,-symmetric topological supercon-
ductors in the y direction, stacked in the x direction,

Kp[Coy, Ba] = 73, (70)
see App. B4. An example of a generator Hamiltonian is
H1;2) = pom3(1 —m — cos ky) + p1masink,,

with 0 < m < 2.
Representation ©® = By.— The discussion for the By
representation is similar to the discussion above. One

finds

SIp[Cay, B1] =25, (71)
Kp[Cay, Bi] =7Z5. (72)

The only topologically nontrivial gapped phase is a weak
phase of one-dimensional Cs,-symmetric topological su-
perconductors in the z direction, stacked in the y direc-
tion, for which 21,y = p(©0) 4+ p(™0) mod 2 is the associ-
ated symmetry-based indicator.
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Representation © = Ay.— The discussion of this rep-
resentation is easiest if we choose the representation
U(Myg) = ipsmo, U(My) = ipi1, see the discussion
in Sec. III. With this choice of representation, one finds
that H(kg,ky) = hopo at the high-symmetry momenta
(kz,ky) = (0,0), (0,m), (m,0), and (7, 7). The matrix
T1ho is antisymmetric and the sign (—1)* of its Pfaffian
is used as the topological invariant of H (ks,ky). In con-
trast to the By and By representations, there are no com-
patibility constraints for the As representation, hence

BS = 73,
B[H (k)] = {p(0,0),p(r,0),p(0,7),p(m,m)}.  (73)

The subgroup Al for the A, representation consists of the
elements with p(®0) = p(0.™) = p(m.0) = p(m7) 5o that

SIp[Cyy, As] = Z3. (74)

The classifying group K for the Ay representation is

Kp[Cay, As] = 73, (75)

see App. B4. Two factors Z5 correspond to weak phases
stacked in the x and y directions, with labels “1;x” and
“1l;y”, symmetry-based indicators

ag= >, P mod2, j=mzy  (76)
ks‘ks,j:ﬂ'

The corresponding generating Hamiltonians are
H,py = por3(1 —m — cosky) + ps7isinky,
and
H1,y) = po73(1 —m — cosky) + p171 sin kg,

with 0 < m < 2, respectively. The remaining two factors
Z5 in the classifying group K and the single remaining
factor Z5 in SI correspond to strong second-order phases.
These have generator Hamiltonians

H(IQ,i) =poT3(2 —m — cosky — cosky)

£ p17isink, + paTisinky,

with 0 < m < 2, but only a single associated symmetry-
based indicator

2= p mod2. (77)
ks

As discussed in App. B4, the generator Hamiltonians
H3.+) describe a second-order phase with a single Ma-
jorana corner state at each mirror-symmetric corner,
whereas the direct sum H o, ) ® H(2,_), which is mapped
to the trivial element in SI, has pairs of even and odd par-
ity Majorana corner states at the corners bisected by one
mirror axis, but no corner states at the corners bisected
by the other mirror axis.



BS ST

K. CK; Phase | p@® p@E0 pO0m m=m| 73
x = (0,0) 1 1 1 1 0
x=(3,0) 1 1 1 1 0
x=(0,1) 1 1 1 1 0

x = (3, %) 1 1 1 1 0

Z, (1;z) 1 1 0 0 | e
Z> (1;y) 1 0 1 0 | e?
Z5CZy  (2;4) 1 0 0 0 eéQg
Z,CZy (2;-) 1 0 0 0 | e

z
o——o0
| + o——e
¢ - o—0
’
(1;2) (Liy) (2,-)
210 =1 21y =1 20 =1

TABLE XI. Band labels and symmetry-based indicators for
atomic-limit Hamiltonians obtained by placing 0d generators
at Wyckoff position x (upper four rows) and for the genera-
tors H.a), He1y), His 1y, H{s_y of the weak and second-
order phases for the symmetry group Cb, and representa-
tion ©® = Az in two dimensions, class D. The weak phases
(1;z) and (1;y) can be constructed from one dimensional
topological superconductors with Majorana bound states, as
schematically indicated below (red dots with indicated mir-
ror parity +), stacked in the z or y direction, respectively. A
possible boundary signature of the generators of second-order
phases consists of Majorana bound states at mirror symmetric
corners with indicated mirror parity. The first column con-
tains the boundary-signature-resolved subgroup sequence for
each of the factor groups contributing to the full classification
group K = [T, K:.

The results are summarized in Table XI. Following the
notation of Ref. 40, we list a full boundary-signature-
resolved subgroup series for each singly-generated group
K; contributing to the full classification group K =
[, K; that admits topological phases with a higher-order
boundary signature. The subgroup K} C K; is the sub-
set of all topological phases with boundary signature of
order larger than one. Weak topological phases in two di-
mensions, which are essentially stacks of one-dimensional
phases, do not have a higher-order boundary signature,
so that we do not give a subgroup sequence for factors
K; representing a weak phase.

Table XI also lists the topological band labels for the
four Hamiltonians generating the classifying group K, as
well as their image in the quotient group SI. Here we use
the symbol ej(”) to denote the jth generator of SI. The
superscript n indicates its order, i.e., nej(”) =0.

B. Fourfold rotation symmetry Ci, class D

There are three non-
momenta,  {kg} =

considerations. —
high-symmetry

General
equivalent
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{(0,0),(0,7), (m,m)}.  All three non-equivalent high
symmetry momenta are invariant under particle-hole
conjugation. In addition, the momenta (0,0) and (7, )
are invariant under fourfold rotation, while (0,7) is
invariant under twofold rotation only.

On a square lattice we can choose the set
W of representative Wyckoff positions as W =
{(0,0),(%,2),(3,0)}. The two Wyckoff positions x =
(0,0) and x = (4, 3) are invariant under fourfold rota-
tions; the Wyckoff position x = (3,0) is invariant under
twofold rotations only. This Wyckoff position has a non-
trivial orbit consisting of the positions (1,0) and (0, 3),
generated by fourfold rotation. The induced representa-
tions U**(g, k) of orbitals located at x can be written
in terms of the onsite (i.e., zero-dimensional) representa-

tions U%(g) using

UODA(R e, k) = U (Ry o),
UED(Ry 3, ) = U (Ry o)™, (78)

1

U Ry = U (R & 1, )
where R, /3 is a rotation by /2 and the matrices for
the Wyckoff position (%,0) act in the space of orbitals
contained in its orbit. As in Sec. II we use the half-
integer angular momentum j to denote the irreps « of the
rotation symmetry. The angular momentum j is defined
modulo 4 for fourfold rotation and modulo 2 for twofold
rotation.

The computation of the band labels can be performed
with the help of the projector P;(ks) of Eq. (38), which
projects the Hamiltonian H(ks) at the high-symmetry
momentum kg onto its diagonal block with irreducible
representation & = j. In addition to using Eq. (38) to
project on the angular momentum j subspace, a unitary
basis transformation V; must be implemented to ensure

that V; P; (kS)VjJr is block diagonal. (The unitary matrix
V; depends on kg, but we suppress this dependence to
keep the notation simple.) In the present case, all irreps
are one-dimensional and the characters x; of Eq. (38) are

given by
Xi(Ry ) = 15 (R ya) = ™72,

We may then choose the unitary matrix V' = V; in-
dependent of j by requiring that VU(g,ks)VT be di-
agonal as in Eq. (19), with U(g) = diag,[U%(g,ks)]
and U%(g,ks) given in Eq. (78). Indeed, one ver-
ifies that with this choice VP;(ks)VT is a diago-
nal matrix with unit entries for each band n with
(VU(R7 1)V )nn = 1;(Ry/4) and zeroes otherwise. The
transformed Hamiltonian V H(ks)V' is block diagonal
and all zero-dimensional invariants can be computed
from the block V P;(ks)H (ks) P;(ks)VT. In case the block
is characterized by a Pfaffian invariant p;(ks), the trans-
formed representation of the corresponding antiunitary
antisymmetry VU (P)VT acts within the block such that



(—1)?(ks) = sign PH(V P, (ko) H(ko)U(P)VTV P, (ko) V')
is well defined.

Representations © = A and © = B.— These two rep-
resentations have the same algebraic structure, so that
it is sufficient to discuss the case © = A only. (To see
this, one considers /R /o as the generator of Cy for the
B representation and verifies that iR,/ commutes with
particle-hole conjugation P.)

The Hamiltonian has fourfold rotation symmetry at
the high-symmetry momenta (0,0) and (7, 7). As dis-
cussed in Sec. III, for zero-dimensional BdG Hamiltoni-
ans with additional symmetry group Cy and representa-
tion ©® = A, particle-hole conjugation pairs the eigen-
sectors corresponding to the irreducible representations
j:%andj = % (mod 4), as well as j :%and
j = 5 (mod 4). The classifying group &p[Cy, A] = 72
and the topological invariants are ‘II% and ‘ﬁ% . At the
high-symmetry momentum (0, ) there is twofold rota-
tion symmetry only. In this case, particle-hole conjuga-
tion pairs the angular momenta j = 2 and j = 2 (mod
2) and one has the classification group Rp[Ca, A] = Z

and topological invariant 91 1. A general momentum Kk is

invariant under R,P with (R.P)? = —1 such that the
corresponding zero-dimensional Hamiltonians are in class
C with trivial classification. Hence, there are no compat-
ibility relations in this symmetry class. We conclude that
BS = 7°, (79)

BlH (k)] = (N, 0P\ ;™

2 2 2 2 2

The reference and generating Hamiltonians for all
Wyckoff positions and (paired) irreducible representa-
tions labeled by the angular momentum j, as well as
the onsite representations of the symmetry group, can

be taken directly from Table IX. In particular, we note
that

UM=I(R, o) = diag (e77/2, e/ 4=07/2) (80)

for j = % and %, where we recall that particle-hole con-
jugation pairs j = % with j = % and j = % with j = %
From the induced representation (78) one can then di-
rectly compute the band labels of the reference Hamilto-
nian as well as all generators, see Table S-I in the sup-
plementary material for details. Upon computing the
quotient BS/AI, one finds that the group of symmetry
indicators is

SID[C4, A] = SID [04, B] = ZQ X Zg. (81)

To interpret the symmetry-based indicators for this
representation, we note that this symmetry class has a
classifying group®%:>!

ICD[C4, A] = ICD[C4, B} =7 Z% (82)

The factor Z in the above group corresponds to a Chern
superconductor phase, for which the generating Hamil-
tonian is

H (k) = 13(2—m—cos k, —cos k) 471 sin k, + 12 sin ky,
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FIG. 2. Topological phases of a two-dimensional supercon-
ductor in tenfold-way class D and with additional Cy sym-
metry with one-dimensional representation ® = A, B. For
each boundary signature, the boundary subgroup sequence
(top row) and the nonzero symmetry-based indicators for a
generator of that phase are given (middle row).

with 0 < m < 2 and with (standard) representations
U(P) =1, U(R,2) = e~""™/%. Chern superconductors
with even Chern numbers Ch can be deformed such that
they have a BAG Hamiltonian with zero pairing-potential
A and normal part h corresponding to a Chern insulator
with Chern number Ch/2.

Next, one of the factors Zs of the group (82) corre-
spond to a weak phase, consisting of two “layers” of Cs-
symmetric Kitaev chains related by a fourfold rotation.
(Note that Kp[Cq, A] = Z5 in one dimension, see Refs. 37
and 40.) The generator Hamiltonian is

H1,54) (k) =[r3(1 — m — cos k) + 71 sin k]

@y [13(1 —m — cosky) — mpsink,] (83)
with 0 < m < 2, where @, denotes that the direct sum
acts in “layer space” with Pauli matrices yio. The repre-
sentations are U(P) = po71, U(Ry/2) = p1e'™™/%. The
second factor Z, corresponds to a second-order phase
with four Majorana corner states. The generating Hamil-
tonian is the direct sum of a twofold symmetric second-

order topological superconductor” and a copy related by
a fourfold rotation,

Hi{y) (k) = [po73(2 — m — cos k, — cosky)
+ paTisin kg + poro sink,|
@, [poT3(2 — m — cos kg — cos ky)

+ poTi sinky + p3Tosink,| (84)
with 0 < m < 2, and representations U(P) = popoTr,
U(Rrj2) = ppoe’™ /4.

One verifies that the weak phase generates the factor
Z4 of SI and has the symmetry-based indicator

Alzy = m(;o) + ‘ﬁgr’ﬂ) + ‘)’Ig’ﬂ) mod 2. (85)
The factor Zg, with the symmetry-based indicator
2= — NP 43P0 2,0
3 2 3
+307 =0 mod 8, (86)

is generated by the band labels of the Chern supercon-
ductor. The element “zo = 4” of the factor Zg of SI is



FIG. 3. The only topological phase with nontrivial boundary
signature for a two-dimensional superconductor in tenfold-
way class D and with additional C4 symmetry with one-
dimensional representation ©® = @ = “2E is a Chern super-
conductor with an even number of chiral Majorana boundary
modes. The boundary subgroup sequence for this phase is
given in the top row; the symmetry-based indicator for a gen-
erator of the phase is given in the middle row.

ambiguous, as it corresponds to the second-order phase
or the Chern superconductor with four Majorana modes,
see Fig. 2. These classification results and symmetry-
based indicators agree with the results from Refs. 50 and
51.

Representations © = 'E and © = 2E.— Here we con-
sider the case © = ' E only and note that the case © = 2
is analogous. In Sec. III we found that the particle-hole
conjugation P with © = 1E relates the eigensectors with
angular momentum j=s and j = L, while P acts within
thej =3 Landj = 3 elgensectors. The eigensectors j = %
and j = % of twofold rotation symmetry are left invari-
ant by particle-hole conjugation. From Table V we con-
clude that at each of the high-symmetry momenta (0, 0)
and (7, 7) with fourfold rotation symmetry we obtain a
Ap[Cy, E] = Z x 7% classification of the band labels,
with invariants 91 3, 0L, and p 5, whereas for the momen-
tum (0, ) with twofold rotation symmetry the classifying
group is Rp[Cs, B] = 73, with invariants p 1 and pa. It
follows that BL = 72 x Z§.

The combination of twofold rotation and particle-
hole conjugation provides an antiunitary antisymme-
try operation that is local in momentum space and
squares to one. For gapped Hamiltonians, the quantity
(—1)P(R=P) = sign Pf{H (k)U(R,P)] is well-defined and
constant throughout the Brillouin zone, from which one
derives the (0d) compatibility constraints

Py ey (87)
p(l 0) +p(0 0) 4 ;ﬁ(O :0)
3
]J(;’ ™ 4 IJ(:T 4 9’1(77 ™ mod 2.
We therefore conclude that
BS = 7% x 73, (88)

B[H(k)] _ {]J(%(),O)7 p(%O,O)7 me 0)7 P(f 0)7 p(ﬂ',ﬂ')7 m(%ﬂ',ﬂ')}.

3
As before, we take the onsite reference Hamiltonian
and generating Hamiltonians as well as the onsite repre-

sentations from Table IX. For the angular momenta j = %
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and j = <, which are paired by particle-hole conjugation,
one has the representation

U?%(Rnya) = diag (e¥™/4,e™/4) . (89)

With the help of the induced representation Eq. (78) the
band labels of the atomic-limit Hamiltonians then easily
follow, see Table S-II in the Supplementary Material. By
taking the quotient group, one arrives at
SIp[C4,'E] = SIp[C4,°E] = Z4. (90)
The group is generated by a Chern superconductor with
Chern number 2,
Hs)(k)

=po73(2 —m — cosky — cosky)

+ p17esink, + p17i sinky, (91)
with 0 < m < 2, and representations

U(P) = por1, U(Rr2) = T3e /4 Dp T0e’™/4,

The symmetry-based indicator is

— _ m(goi)) _ ;)ft(g‘“'ﬂf) + 2p(§0,0)
2

+ 2p3 m0 4 29 (™™ mod 4. (92)

A Hamiltonian with Chern number 1 is not compatible
with the constrains given by the algebraic relations be-
tween the representations in this symmetry class.
For comparison, we note that the classifying group is
KplCs,'E] = Kp[C4,’E] = Z, (93)
which is generated by the even-Chern-number supercon-
ductors, see Fig. 3. There are no weak or second-order
phases in this symmetry class. This observation is com-
patible with the absence of weak or second-order phases
for a twofold rotation symmetry with B pairing symme-
try.374%73 We note that the Chern superconductor with
even Chern number Ch is topologically equivalent to a
BdG Hamiltonian (1) with zero pairing-potential, corre-

sponding to a non-superconducting Chern insulator with
the Chern number Ch/2.

VII. EXAMPLES: THREE DIMENSIONS
A. Inversion symmetry, class D

There are eight high-symmetry momenta kg with
ks, ksy, ks € {0,7}. With the classifying group
8(Cis Ag) = 8,02 = 23 and 8,[C, Au] = R(0.0,0[0) =
Z the group of the band labels is

B — {z;ﬁ for © = A,
ZS

4
for © = A,. (94)



The band labels are given by the sets of topological in-
variants {p1 (ks)} or {9 (ks)} for all high-symmetry mo-
menta kg for © = A, and © = A, respectively.

In an inversion-symmetric cubic lattice the set of rep-
resentative Wyckoff positions W consists of elements
(x,y,2) with z,y,z € {0, %} The induced represensta-
tion U**(Z, k) can be written in terms of the onsite rep-
resentations U*(Z) as

U**(T,k) = UY(T)e?™ >, (95)

Representation © = A,.— The Hamiltonian H (k) sat-
isfies the antiunitary antisymmetry ZP with (ZP)? =
which is local in momentum space. As a result, the quan-
tity (—1)PZP) = sign Pf{H (k)U (ZP)] is well-defined and
constant throughout the Brillouin zone, which gives the
compatibility relations

pie +p =p% +p°
for the high-symmetry momenta kg. It follows that

mod 2 (96)

BS =79 (97)
B[H(k)]:{p(ooo 7p_000) pTK'OO ’pS_OTrO),p—:rﬂ'O

(m,0,7) . (0,m,7) (w77
7p+ 7p+ }

9 p+

Further, for a gapped Hamiltonian H (k) a Chern num-
ber Ch; can be defined on planes with fixed k; with i = z,
y, or z. For the representation © = A, the combination
of particle-hole and inversion symmetry allows for even
Chern numbers Ch; only. At high-symmetry planes with
k; = 0 or 7, the Chern number Ch; is related to the band
labels as

)

(0,0,7)

by

Ch;=2( Y  p| mod4
Ks|k, ;=0
=2| Y pf | mod4, (98)
k ‘k

5, =T

where we used Eq. (96) to arbitrarily select the invari-
ant plj_s in the even inversion parity subspace. Imposing
this 2d compatibility relation further reduces the group
of band labels to BS®) = 8, the independent band la-

bels (97) with the exception of p(7T ™),
The band labels of atomic insulators, which span the
subgroup Al C BS, are listed in the supplementary ma-

terial. Computing the quotient, we find that
SIn[Ci, A,) = 23, SI[Ci, 4g] = 73, (99)

where the four generators of SI are related to the
symmetry-based indicators

§ kg .
22;i = p-‘,— mod 27 L=X,Y, %,
ke ks i=m

z3= Y _p5§ mod 2. (100)
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FIG. 4. Topological phases of a three-dimensional supercon-
ductor in tenfold-way class D and with additional C; symme-
try with one-dimensional representation © = A,. For each
boundary signature, the boundary subgroup sequence (top
row) and the nonzero symmetry-based indicators for a gener-
ator of that phase are given (middle row).

(The three generators of SI® have symmetry-based indi-
cators zg,i, i = x,y,2.) The Z; indicator z3 corresponds
to a representation-enforced nodal superconductor with
different Chern numbers at parallel planes in the Bril-
louin zone, see Eq. (98), and a nodal point at a generic po-
sition in the Brillouin zone. The three Z, indicators za,
i = x,y, 2, correspond to weak Chern superconductors
with even Chern number in stacking planes, see Fig. 4.
Generator Hamiltonians are

H;)(k) = po73(2 — m — cos k; — cos k;)

-+ P1T1 sin kl + P172 sin kj, (101)
with (k;, k;) = (ky, k2), (k2. kz), or (kg ky) for | =z, vy,
or z, respectively. For all three cases, the representations
are

U(P) = P0T1, U(I) = pP370- (102)

For comparison, we note that this symmetry class has

a classifying group

Kp[Ci, Ay] = 77, (103)
which contains the weak phases with even Chern num-
bers in the three stacking planes. Generators for these
weak phases are shown schematically in Fig. 4. Since
each factor Z in K describes a weak topological phase,
which is obtained by stacking two-dimensional supercon-
ductors, only second-order boundary signatures are al-
lowed in principle, which is why the subgroup sequences
listed in Fig. 4 contains one subgroup only. The three
weak Chern superconductors with even Chern numbers
Ch per layer can be continuously deformed to normal-
state weak Chern insulators with vanishing supercon-
ducting correlations and Chern number Ch/2 per layer.

For comparison, we note that Ref. 70 found no
symmetry-based indicators due to the absence of Pfaf-
fian band labels in their construction.

Representation © = A,,.— For the case of the A, rep-
resentation, there are no compatibility relations of 0d
type, so that

BSp[C;, Ay

= BLp[C;, 4] = (104)



There is a compatibility relation of 2d type, however,
which follows from the existence of Chern numbers Ch;

along planes at constant k;, i = x, vy, 2,50
ks
Ch = » 9k
kslksﬁi=0
= > 9 mod2 (105)
kslk

5,8 =T

with ¢ = z,y,z. Computing the quotient SI = BS/AI,
we find that the group of symmetry-based indicators is

SIp[C;, Au] = 73 x 73 x Zs. (106)
Here the three factors Zo with symmetry-based indicators

Y o

ks‘ks,i:ks,j:ﬂ'

mod 2, (107)

i =

for (i,j) = (z,y), (z,z), and (y, z) correspond to weak
phases consisting of stacks of one-dimensional topological
superconductors, see Fig. 5. Generator Hamiltonians are

H,2.4)(k) = 73(1=m —cosk.)+ 1 sink,, cycl, (108)

with the representations

U(P):Tl, U(I):Tg (109)
The three factors Z4, which have indicators
Zo = — Z ‘ﬂlf(—1)(k“""“S*?*'*"“SYZ)/7r mod 4,
ks‘ksyl:ﬂ'
(110)

for | = z,y, 2z, correspond to weak Chern superconduc-
tors, see Fig. 5. Generator Hamiltonians are

H 2y (k) =73(2 —m —cosk, — cosk.)

+ T sinky + mpsink,, cycl. (111)

with 0 < m < 2, and the same representations as
above. Similar to previous examples, we find that the
weak even-Chern-number superconductors are continu-
ously deformable to weak normal-state Chern insulators.
The symmetry-based indicators zp; = 2 are ambiguous
as they may also correspond to a weak second-order topo-
logical superconductor,

H(lz,z) (k) = por3(2 —m — cosk, — cosk.)

+ psmisinky + poTesink,, cycl.  (112)
with 0 < m < 2, and the representations
U(P) = por1, U(I) = poTs. (113)
Finally, the factor Zg with indicator
(114)

23 = Zg’t]—(:(71)(ks,z+ks,y+ks,2)/ﬂ— mod 8
ks

23

is generated by a representation-enforced nodal supercon-
ductor with different Chern number at parallel planes.
The direct sum of two representation enforced-nodal su-
perconductors may produce a strong second-order topo-
logical superconductor with chiral Majorana hinge states
and generator Hamiltonian

H{3 (k) = p33(3 — m — cos k; — cosk, — cosk.)

+ poT18ink, + pore sinky, + pa73sink,
(115)

with 0 < m < 2, and with representations

U(P) = pot1, U(Z) = ps7s. (116)

The direct sum of two strong second-order topological su-
perconductors in this symmetry class, corresponding to
z3 = 4, generates a third-order topological superconduc-
tor.2540 This identifies z3 = 2 and 23 = 6 as indicators
of strong second-order phases, whereas z3 = 4 indicates
a third-order phase, see Fig. 5.

For comparison, we note that the classifying group for
this case is

KplC;, Ay] = 78 x 74 x 73, 117
2

where three factors Z5 correspond to weak phases con-
sisting of stacks of one-dimensional topological super-
conductors, the other three factors Z; correspond to
stacks of second-order two-dimensional topological su-
perconductors, the three factors Z correspond to weak
phases consisting of stacks of two-dimensional Chern su-
perconductors, whereas the factor Z4 consists of (strong)
second- and third-order topological superconductors, as
described above. Following the notation of Ref. 40,
Fig 5 lists the appropriate boundary-resolved subgroup
sequence K C K; C K for each of the factors K; con-
tained in the full classification group K =[], K;, where
K, and K} are the subgroups of K containing topologi-
cal phases with boundary signature of order larger than
one or two, respectively. Weak phases have a shorter
subgroup sequence, because they do not admit boundary
states of order larger than one or two for stacks of one-
dimensional topological phases or two-dimensional topo-
logical phases, respectively.

Symmetry-based indicators corresponding to the class
considered in this example were previously considered in
Refs. 68-70. The explicit expression for z3 in Ref. 69 in
the weak pairing limit differs from our Egs. (110) and
(114) by the absence of the sign factors in these refer-
ences. (Reference 70 contains no explicit expression for
the symmetry-based indicators; Reference 68 defines a 75
invariant only, for which the sign factors are not impor-
tant.) This difference affects the assignment of a strong
(higher-order) topological index z3 to weak phases, such
as those described by the Hamiltonian H(s ,(k) of Eq.
(111). The assignment of a strong index to these weak
phases is ambiguous, as the presence of gapless surfaces
in the weak phases makes it impossible to uniquely asso-
ciate a boundary signature with a nonzero value of the
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FIG. 5. Topological phases of a three-dimensional supercon-
ductor in tenfold-way class D, with additional C; symmetry
and one-dimensional representation © = A,,. For each bound-
ary signature, the subgroup sequence and the symmetry-
based indicators of the generators of that phase are given.
The third-order topological superconductor with z3 = 4 can
be constructed as the direct sum of two second-order topo-
logical superconductors with zz = 2.

strong indicator in a weak phase. We here follow the
convention of Refs. 30 and 82, according to which weak
phases are constructed as stack of layers containing the
unit cell center, i.e. with momentum independent repre-
sentations.

B. Inversion symmetry, class DIII

Representation © = A;. — Bogoliubov-de Gennes-
type Hamiltonians in tenfold-way class DIII with in-
version symmetry and with a superconducting order
parameter transforming according to the A, represen-
tation have a trivial classifying group Rpmi[C;, A4] =
fpmi[0]? = 0 at the high-symmetry momenta, so that no
topological band labels can be defined. Also, the bound-
ary classifying group of topological phases K = 0 is trivial
in this symmetry class in three dimensions.*°

Representation © = A,,. — For the A, representation
we have the classifying group of inversion symmetric mo-
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menta and Wyckoff positions &pii[Ci, Au] = Kan[0] =
Z. The results for class DIII can be constructed from the
class D results by taking the direct sum

Hpmi(k) = Hk) &, H(-k)*, (118)

where H (k) is a class-D Hamiltonian satisfying particle-
hole antisymmetry and inversion symmetry with rep-
resentation ® = A,. Time-reversal is represented as
T = 02 K; Particle-hole conjugation and inversion are di-
agonal with respect to the o degree of freedom, where it is
important that the representation for inversion be real.
With the relation (118) the construction of symmetry-
based indicators is the same as in class D, with the ex-
ception of the 2d compabitility relation (105), which does
not apply to class DIII since no Chern numbers can be
defined at two-dimensional planes in the Brillouin zone.
The boundary classifying group for class DIII is

Kpii[Ci, Au] = Zg X Zi X Z. (119)

With the exception of the one factor Z, the interpreta-
tion of these factors and their relation to the topolog-
ical band labels is the same as for class D. In particu-
lar, the construction (118) takes an inversion-symmetric
Kitaev chain to its time-reversed couterpart and each
Chern superconductor with odd Chern number to a
two-dimensional topological superconductor with heli-
cal Majorana edge states. Both the even-Chern num-
ber superconductor and the two-dimensional second-
order topological superconductor in class D map to the
two-dimensional second-order topological superconduc-
tor in class DIII. Upon adding weak odd-parity super-
conducting correlation to an inversion-symmetric quan-
tum spin Hall insulator or three-dimensional strong topo-
logical insulator in class AII, the edge states gap and
create a second-order topological superconductor with
a Kramers pair of Majorana corner states or helical
Majorana hinge states, respectively. Correspondingly,
the inversion-symmetry-protected second-order topolog-
ical insulator in class AII turns into an odd-parity third-
order topological superconductor. For the remaining fac-
tor Z, we observe that the construction (118) maps the
representation-induced nodal superconductor in class D,
which has difference in Chern numbers for parallel planes
cutting through the Brillouin zone, to the generator of
the three-dimensional (gapped) time-reversal symmetric
topological superconductors, which has indicator z3 = 1.
The classification results together with the subgroup se-
quences are illustrated in Figure 6.

The generator of the first-order time-reversal symmet-
ric topological superconductor is

H(%H(k) =0972(3 — m — cosk, — cosk, — cosk;)

+ o017 sin kg + oaT3 sinky

+ o371 sink,,
with 0 < m < 2 where we used the representations

U(P) = 0071, U(I) = 0272, U(T) = 09270-



Direct summation of this phase generates the free (Z)
group of first-order topological superconducting phases.
Direct summation of the two generators as H (D3§H & s,
with inversion represented as U(Z) ® ps, constructs the
generator of the factor Z, in Eq. (119), a second-order
TSC that becomes a third-order topological supercon-
ductor upon taking the direct sum with itself. Conse-
quently, all “even” symmetry-based indicators belonging
to the factor Zg are ambiguous: The elements z3 = 2
or 6 and z3 = 4 may correspond to two or four copies
of the strong three dimensional first-order TSC or to the
strong second or third-order topological superconductor,
respectively.

The group of symmetry indicators SI = 73 x 73 x Zg
that we obtain agrees with results from Refs. 70 and 71.
Reference 68 finds a subgroup Z3 ® Z4 C SI consisting
of the “even” elements only. The explicit expressions for
the symmetry-based indicators differ from those in Refs.
68—70 by the presence of the sign factors, see the dis-
cussion at the end of Sec. VIIA.®3 The expression for
the symmetry-based indicator for strong phases z3 in
Eq. (114) agrees with the corresponding expression in
Ref. 71. However, in Ref. 71 the symmetry-based indi-
cators for the weak phases are defined on planes or lines
with k; = k,, = 0, while our symmetry-based indica-
tors 21, and za; are defined on planes or lines with
ki = k,, = m. This definition ensures that no spuri-
ous weak indices are assigned to other weak phases or
to strong phases. In the weak-pairing limit, the criterion
z3 =1 mod 2 for the three-dimensional first-order topo-
logical superconductor agrees with the well-known con-
dition that there must be an odd number of Fermi level
crossings between high-symmetry momenta, see Refs. 80
and 81.

Very recently, the possibility of hybrid higher-order
topology was discussed in the literature.®* We note that
for such “hybrid” of first- and second-order topology, it
is sufficient to consider inversion symmetric superconduc-
tor as the current example shows: A “hybrid” phase can
be identified as a direct sum of a first-order phase (last
row, first column in Fig. 6) and one of the weak phases
from the third row of Fig. 6.

C. Inversion symmetry, class C

General considerations. With spin-rotation symmetry,
the Hamiltonian is of the form H (k) = He (k) ®0¢ where
He (k) satisfies an effective particle-hole antisymmetry
P = 1K squaring to —1. This is the tenfold-way class
C.

Representation © = A,. — With the A, representa-
tion for the transformation behavior of the superconduct-
ing order parameter, the classifying group of the Hamil-
tonian at each of the high-symmetry momenta is trivial,
RclCi, Ayl = Rcl0]? = 0, so that no topological band

25

o
N
o
N
N

FIG. 6. Topological phases of a three-dimensional supercon-
ductor in tenfold-way class DIII, with additional C; symmetry
and one-dimensional representation © = A,,. For each bound-
ary signature, the subgroup sequence and the symmetry-
based indicators of the generators of that phase are given.
The two-dimensional second-order topological superconduc-
tor with z2;; = 2 can be constructed as the direct sum of two
two-dimensional first-order topological superconductors with
zog = 1, Il = z,y,2. Similarly, the three dimensional third-
order topological superconductor with z3 = 4 can be con-
structed as the direct sum of two three dimensional second-
order topological superconductors with z3 = 2.

labels can be defined. The classifying group is

Kc[Ci, Ay] = 73 x Zs, (120)
see Ref. 40. It contains a factor Z corresponding to weak
Chern superconductors in all three stacking directions
and a factor Z5 corresponding to a strong second-order
TSC with chiral hinge states. None of those phases can
be detected by symmetry-based indicators. The bound-
ary signatures of all topological phases in this class are
pairs of chiral Majorana modes. In the limit of vanishing
superconducting correlations, they can be adiabatically
deformed to corresponding normal-state topological insu-
lators with chiral fermionic modes on their boundaries.
Our results for the © = A, representation are consistent
with the results of Ref. 70.
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FIG. 7. Topological phases of a three-dimensional supercon-
ductor in tenfold-way class C, with additional C; symmetry
and one-dimensional representation © = A,,. For each bound-
ary signature, the subgroup sequence and the symmetry-
based indicators of the generators of that phase are given.

Representation ©® = A,. — The discussion in class C
with the one-dimensional representation © = A, of in-
version symmetry is analogous to the discussion in class
D. Each of the high-symmetry momenta and each of the
Wyckoff positions comes with the classification group
RclCi, Ay] = Ral0] = Z. Compatibility relations of 0d
type follow from the observation that the product ZP
acts as an effective particle-hole symmetry that is local
in reciprocal space and squares to one. As a result, one
may define a Pfaffian invariant p(ZP) for H (k) at generic
k. Relating p(ZP) to the integer invariants ‘)“({‘: at the
eight high-symmetry momenta kg, we obtain the seven
compatibility relations

N = N mod 2 (121)
for kg # (m, 7, 7). Defining the integer band labels
nl = (0 -T2, (122)
we arrive at
BS = 78, (123)
BIH ()] = {n{ 0, n{r00, n{0m0) gm0,
00, {p0m) 0mm) s,
The group SI of symmetry-based indicators is
SIc[Ci, Ay = 75 x Z4. (124)

An additional compatibility relation of 2d type follows
by noting that or a gapped Hamiltonian a Chern number
can be defined for on planes with fixed k; with | = x, vy,
or z and that this Chern number is always even. At high-
symmetry planes with k; = 0 or 7 the Chern number Ch;
is related to the topological band labels as

kg
Z n}* mod 2
kS|kw

s

_ k.
= Z ny

k:ﬁ‘é("rvﬂaﬂ')‘ksyz:ﬂ'

1

—Ch; =
.
1=0

mod 2. (125)
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One verifies that the generator of the factor 74 in
Eq. (124), which has symmetry-based indicator

S

Ko (mm,m)

ks (1) (Feothey ke /™ mod 4, (126)

is a representation-enforced nodal superconductor, which
violates the compatibility relation (125). The three fac-
tors Z, with indicators

Z ks
224 = n,

k57é(7"777577)‘k57i=7f

mod 2, i=uxz,y,2, (127)

correspond to weak Chern superconductor phases, see
Fig. 7.
For comparison, we note that the boundary classifica-
tion group is*°
KclCi, Ay = 73 x Zs. (128)

Here the three factors Z correspond to weak Chern su-
perconductors with generator Hamiltonians

H(%,x)(k) = po73(2 —m — cos ky — cos k)
+ i sinky + pimesink,, cycl.

with 0 < m < 2. The corresponding representations are

U(P) = psm2, U(Z) = pots.

The Hamiltonians H (%,l) have Chern number Ch; = 2 and
generate the elements “1” in the three factors Zy of SI,
see Eq. (124). The remaining factor Z of SI is generated
by a second-order topological superconductor with chiral
hinge states

Hfgc)(k) = p1op373(3 —m — cosk, — cosk, — cos k)
(129)
+ p1poT1 Sin kg + p1poTe sinky + p1p173sink,

with 0 < m < 2, where we used the representations

U(P) = pzpora, U(I) = popsts.

The above phase has symmetry-based indicator z3 = 2,
see Fig. 7. As for the A, representation, the boundary
signatures of all topological phases in this class are pairs
of chiral Majorana modes. They can be adiabatically
deformed to corresponding normal-state topological in-
sulators with chiral fermionic boundary modes.

Our result (124) for the group of symmetry-based indi-
cators is more constrained than the corresponding result
from Ref. 70, which finds SI = Z3 x Z3 x Zg. The origin
of the difference is that we include the 0d compatibility
constraint arising from the conservation of the Pfaffian
invariant.
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FIG. 8. In tenfold-way class CI with additional C; symme-
try and one-dimensional representation © = A,, there is a
single topological phase with first order boundary signature
consisting of pairs of Majorana Dirac cones. The subgroup

sequence and the symmetry-based indicator of the generator
of this phase is given.

D. Inversion symmetry, class CI

Representation © = A;. — Here the discussion is the
same as for class C. Both the group SI of symmetry-based
indicators and the classifying group K = 0 are trivial.*%

Representation © = A,. — In the presence of spin-
rotation symmetry, time-reversal symmetry can be rep-
resented as 7 = K. Class CI has the same topological
band labels as class C, and the generators of atomic lim-
its in classes C and CI have the same band labels, too.
The 0d compatibility relations (121) continue to be valid.
Thus, it follows that the group SI of symmetry-based in-
dicators is again given by Eq. (124).

The higher-dimensional compatibility relations differ
from those in class C. On the one hand, there is no Chern
number for two-dimensional cuts of the Brillouin zone.
On the other hand, H (k) is subject to the chiral antisym-
metry PT and a local-in-k antiunitary symmetry Z7 for
generic k, which effectively places it in tenfold-way class
BDI. For a one-parameter family of gapped Hamiltonian
that are (effectively) in class BDI for each k, there ex-
ists a Z, topological invariant, the first Stiefel-Whitney
number’®7 85 Considering this Z, invariant along one-
dimensional cuts through the Brillouin zone and using
its relation to the band labels at high-symmetry mo-
menta, one finds four compatibility relations of 1d type
(see App. C),

k, kstme; _

s (m,m,m)—mey
nye —ny n

mod 2, (130)
for ks; = 0, kg + me; # (m,w,m) where €; is the unit
vector in the [-direction, [ = x, y, z. These 1d compati-
bility relations impose the conditions z2,; = 0 and z3 =0
mod 2 for gapped phases. Phases violating these con-
ditions, corresponding to the elements “1” in the three
factors Zo and the elements “1” and “3” in the factor
Z4 are representation-enforced nodal-line superconduc-
tors. The group of symmetry-based indicators for phases
satifying all compatibility relations is, hence,

SIX[C;, Ay] = Zs. (131)

For comparison, we note that the boundary classifica-
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tion group is

KcilCi, Ay = Z. (132)

It is generated by a strong first-order phase in three di-
mensions, which has the generator

H(Cg,l) (k) =popor3(3 — m — cos ky, — cosk, — cosk,)
(133)
+ p2p171sinky + popeTi sinky + popsTi sink,

with 0 < m < 2. Here we used the representations
U(P) = popot2, U(Z) = popots, U(T) = popoTo.

It has band labels ng = 2, ‘ﬁg’ﬂ’ﬂ) = 0, and nf =0
for kg # (0,0,0), (m, 7, 7). Its band labels generate the
element “2” in the factor Z4 of SI and the element “1”
in the factor Zy of SI®, see Eq. (131).

Similar to the previous section, our group (124) of
symmetry-based indicators is more constrained than the
corresponding result from Ref. 70, as we include the com-
patibility relation due to the conservation of the Pfaffian
invariant. As discussed above, one finds an even smaller
group of symmetry-based indicators if 1d compatibility
relations based on the Stiefel-Whitney number are in-
cluded as well.

VIII. CONCLUSION

Symmetry-based indicators have proven to be a prag-
matic substitute for a full classification of topological in-
sulator phases using a complete set of topological invari-
ants.2728:57.60.61 Their main advantage is that symmetry-
based indicators are easier to calculate than other types
of topological invariants, since they require local infor-
mation in reciprocal space only. On the other hand, a
nonzero value of a symmetry-based indicators is suffi-
cient to establish that a phase has nontrivial topology
and may, in addition, contain information of the type of
anomalous boundary states.?4:62

In this work, we extend the concept of symmetry-based
indicators to Hamiltonians of Bogoliubov-de Gennes
(BdG) type, which appear in the mean-field theory su-
perconducting phases. Hamiltonians of BdG type are
antisymmetric with respect to particle-hole conjugation.
Additionally, for Hamiltonians of BAG type, a crystalline
symmetry class is defined by the presence or absence of
time-reversal and spin-rotation symmetry, by the point
group GG, and by a one-dimensional representation © of G
that describes how the superconducting order parameter
A transforms under the crystalline symmetry.”

Like the symmetry-based indicators for non-
superconducting  insulating  phases,?”28:6961  the
symmetry-based indicators for BdG Hamiltonians
can be constructed in a fully algorithmic manner.
Input for our construction are “band labels”, which
are the complete set of “zero-dimensional” topological



invariants of the BAG Hamiltonian H(ks) evaluated at
high-symmetry points kg in Brillouin zone. Such band
labels were first considered by Shiozaki, Sato, and Gomi
in Ref. 67. Unlike previous works on the symmetry-based
indicators for topological superconductors,66:6870 the
set of zero-dimensional topological invariants considered
by us (and by Ref. 67) is provably complete — it
is not possible to resolve more boundary signatures
through the prism of zero-dimensional bulk topological
invariants. In particular, the set of topological invariants
considered in this work includes not only integer topo-
logical invariants of the type used in the construction
of symmetry-based indicators for non-superconducting
Hamiltonians — counting the number of occupied bands
corresponding to a certain symmetry representation of
the crystalline symmetry —, but also Z5 topological
invariants constructed using Pfaffians, which do not
appear in Refs. 66, 68-70. Pfaffians play a role not only
as useful topological band labels, but they also give rise
to additional compatibility relations,®” even in cases in
which there are symmetry-based indicators of integer
type only. The latter point is well illustrated by the
example of tenfold-way classes C and CI with inversion
symmetry and © = A,, discussed in Secs. VIIC and
VIID.

In the weak-pairing limit (superconducting gap A
small in comparison to characteristic energy scales of the
normal-state band structure), the band labels of the BdG
Hamiltonian can be expressed in terms of conventional in-
teger band labels of the normal-state Hamiltonian, pro-
vided the symmetry of the superconducting order pa-
rameter is known.”®”! This applies both to the integer
invariant and to the Z, Pfaffian invariant. This means
that in the weak-pairing the symmetry-based indicators
constructed here can be calculated using the vast amount
of known band structure data in the normal state.

The main difference between zero-dimensional band la-
bels and symmetry-based indicators?” is that the lat-
ter are designed to “see” only the topological phases
with non-trivial boundary signatures. Topologically non-
trivial superconductors without gapless boundary states
are deformable to atomic-limit phases. In this work we
combine the complete set of zero-dimensional band la-
bels®” and the definition of atomic-limit superconductors
as an “array” of zero-dimensional superconductors,*® to
arrive at an extension of symmetry-based indicators®” to
Hamiltonians of Bogoliubov-de Gennes type. Our defini-
tion of atomic-limit superconductors agrees with the def-
initions of Refs. 70 and 71. Since Pfaffian invariants do
not appear in Refs. 68-70, the symmetry-based indicators
we obtain may be expected to be consistent with these
references once all topological band labels and all com-
patibility relations associated with Pfaffian invariants are
omitted from our construction. (For inversion-symmetric
superconductors, however, our concrete expressions for
the symmetry-based indicators differ from those of Refs.
68-70. This is discussed in detail in Sec. VII.) Refer-
ence 71 contains results closely related to and consistent
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with ours.

If the symmetry-based indicators are used as a substi-
tute for a full classification, ideally, one wants symmetry-
based indicators to detect gapped phases only. The
algorithmic construction defined in this work partially
meets this goal: It only guarantees that no indicator cor-
responds to gapless topological superconductor phases
with its gapless points on high-symmetry lines in Bril-
louin zone that connect the high-symmetry points. Nev-
ertheless, for the examples considered in this work, we
were able to explicitly relate all gapless phases, includ-
ing gapless phases with gapless points occurring on high-
symmetry planes and in the bulk of the Brillouin zone, to
symmetry-based indicators by invoking additional com-
patibility relations that involve winding numbers, Chern
numbers, as well as first and second Stiefel-Whitney num-
bers. These compatibility relations are defined on one-
dimensional and two-dimensional cuts through the Bril-
louin zone, respectively, involve local-in-k properties of
H (k) only, and generalize the compatibility relations that
make use of the continuity of zero-dimensional invari-
ants in the Brillouin zone.?”:?8:57 Formally, the inclu-
sion of higher (up to n)-dimensional compatibility re-
lations allows one to define a smaller group SI™ < SI
of symmetry-based indicators. The relevant (smallest)

groups SI4=Y are listed in Table XII for the examples
considered. For the examples we considered, we find
that all phases indexed by S1¢=Y are gapped. It would
be interesting to find out, whether this feature holds in
general, i.e., whether the inclusion of these two “higher
dimensional” compatibility relations involving local-in-
k symmetries of H(k) only is sufficient to identify all
symmetry-based indicators that correspond to enforced
gapless phases.

To see to what extent symmetry-based indicators of-
fer a faithful representation of all (crystalline) topological
phases we compared the symmetry-based indicators with
the complete classification information for selected exam-
ples. To this end, we used the classifying group X, which
classifies all topological phases with protected boundary
states. (This excludes atomic-limit phases with nontriv-
ial topology from the topological classification, which is
consistent with the fact that symmetry-based indicators
of atomic-limit phases are defined to be zero.2™2%) A sum-
mary of this comparison is shown in Table XII. Only
for a small number of the examples we consider — such
as tenfold-way class D in three dimensions with sym-
metry groups C, or Cs, and representations © = A’
and © = By, respectively —, entire classes of topologi-
cal phases are missed by the symmetry-based indicators,
whereas for some crystalline symmetry classes the full
classifying group K and the group SI of symmetry-based
indicators are identical. In most cases, all generators of
topological phases are detectable by symmetry-based in-
dicators, although there may be ambiguities preventing
a unique identification of the precise nature of the topo-
logical phase. Although these examples clearly show that
symmetry-based indicators are not equivalent to a com-



d G Cartan © SI S1@-1 K
1 Cl D A ZQ Zz ZQ
DIII A 0 0 Zs
cC A 0 0 0
CI A 0 0 0
1C; D A4, 0 0 0
Au ZQ ZQ ZQ
2C;, D A 73 73 72 x7
DIII A 0 0 73
c A 0 0 VA
CI A 0 0 0
2C; D A, Z, Z, Vi
Ay 73 x 74 7% x 74 73 x7
2C, D A 7, 75 7
A" 73 73 73
2C; D A 73 X 74 73 X 74 73 x 7
B Z, Z, z
2C3%, D A 0 0 0
Ao 73 73 z;5
Bl Z2 Z2 Z2
BQ ZQ ZQ ZZ
2C, D ,14513 Zo x Zs Zo x Zs 72 x7
“E Z4 Z4 Z
3C; D A 73 75 73 x 7°
DIII A 0 0 VAR WA
C A 0 0 73
CI A 0 0 VA
3C; D A, V&) 73 73
A, Z3x73x2s 73x7%7 ZSx7yx7?
DIII A, 0 0 0
Ay Z3XZ3x72s 73 x73x2Zs 75 x75%x7Z
C A 0 0 73 x 7,
A, 73 X 74 75 73 x 7
Cl A, 0 0 0
Ay 73 x 74 Z, Vi
3 Cs D Al ZQ Zz ZQ A
A" Z3 Z$5 75 x 7*
3C, D A Z3 x6z4 73 ><524 Z% x Z
B Z$ Z5 75 x7
3C% D A 0 0 0
As z5 yAS 75 x 7*
By 73 VA 73 x 7?2
B, zZ; 73 73 x 7°
3Cy D AB 7yxZs 7o X 73 73 x 7
L2p 74274 73 x 74 73 x7

TABLE XII. The group of symmetry-based indicators SI ob-
tained by including compatiblity relations of 0d type only, the
group S1(4=Y obtained by including compatibility relations of
n-dimensional type, with n < d, and the full boundary classi-
fication group K for the combinations of tenfold-way classes,
dimension d, and point group G considered in this work.

plete classification, it remains an interesting observation
that zero-dimensional invariants alone perform so well at
this task.
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Appendix A: More examples in three dimensions

We discuss the classifying group K, [G, ©], band labels,
compatibility relations and symmetry-based indicators of
the topological phases with nontrivial boundary signa-
tures for a selection of point groups not covered in the
main text.

1. The trivial point group Ci, classes D, DIII, C,
CI

In the absence of crystalline symmetries (other than
translation), for classes DIII, C and CI there are no
topological band labels, as the classification of the in-
version symmetric momenta £,[C1, A] is trivial for those
classes. The classifying groups are Kp[C1, A] = Z5 x Z,
with three factors Z, for weak phases corresponding to
stacks of one-dimensional time-reversal symmetric topo-
logical superconductors, three factors Z, for stacks of
two-dimensional time-reversal symmetric topological su-
perconductors, and one factor Z for a three-dimensional
strong first-order superconductor phase , K¢[Cy, A] =
73, the three factors Z describing weak phases corre-
sponding to stacks of two-dimensional Chern supercon-
ductors with even Chern number, which can be adiabat-
ically deformed to normal-state Chern insulators, and
Kci[C1, 4] = Z, corresponding to a three-dimensional
strong phase. None of these phases can be detected using
symmetry-based indicators. The symmetry-based indica-
tors for tenfold-way class D are nontrivial, as we discuss
below.

Classifying group. The boundary classifying group for
tenfold-way class D is

Kp[C1, Al = 73 x 73.

The factor Z3 corresponds to Kitaev chains stacked in the
y and z, x and z or z and y directions (labels (1;y, z),
(1;m, 2), and (1;2,y)) and the factor Z* corresponds to
Chern superconductors stacked in the z, y, or x direc-
tion (labels (2;z), (2;y), and (2;z)). The even-Chern-
number superconductors can be deformed to Chern in-
sulators with vanishing superconducting order parame-
ter. The topological phases generate a Z$ subgroup of
SIp[Cy, A] = Z3. The boundary signatures of the topo-
logical phases together with their symmetry-based indi-
cators are shown in Fig. 9.



Band labels. There are BL ~ 7§ topological band
labels given by the Pfaffian invariant p*s at all high-
symmetry momenta k.

Compatibility relations. There are no 0d compatibility
relations. Hence BL ~ BS and

B[H (k)] = {p"}.

There is a 2d compability relation required by the con-
servation of the Chern number between parallel planes,

Z pke = Z p mod 2, i=uxuy,z.

k|ks,i=0 ko|ks,i=m

The violation of this compatibility relation signals a gap-
less phase with nodal points.

Symmetry-based indicators. The group of symmetry-
based indicators

SIp[Ch, A] = BS/Al ~ 7}

contains a factor Z§ corresponding to stacks of one and
two dimensional topological superconductors,

210§ = > P mod2,

ks|ks,i=ks, j=m

2235 = Z pks mod 2,

ks|ks j=m

with ¢ # j = z, y, z. The remaining factor Z, corre-
sponds to a nodal superconductor detected by the vio-
lation of the 2d compatibility relation with symmetry-
based indicator

Z3 = Zpks mod 2.
ks

2. Point group C;, class D
a. Representation © = A’

Classifying group:
KplCs, A =75 x 7.

The factor Z, corresponds to a stack of mirror sym-
metric Kitaev chains in the y and z directions (label
(1;y,2)) and the factor Z corresponds to a stack of
two-dimensional Chern superconductors with even Chern
number within the mirror plane (label (2;x)). The latter
phase can not be detected by symmetry-based indicators.
It can be adiabatically deformed to a Chern insulator
that is robust to the introduction of odd-parity super-
conducting correlations. The boundary signatures of the
topological phases together with their symmetry-based
indicators are displayed in Fig. 10.
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FIG. 9. Topological phases of a three-dimensional super-
conductor in tenfold-way class D and with translation sym-
metry only (point group Ci). For each boundary signature,
the boundary subgroup sequence (top row) and the nonzero
symmetry-based indicators for a generator of that phase are
given (middle row).

Band labels. There are BL = 78 topological band la-
bels given by the invariants ‘)’I{(F at all high-symmetry
momenta Kkg.

Compatibility relations. Within a mirror plane
k, = 0,7 the invariant ‘ﬁi is preserved for a gapped
phase, which leads to the 0d compatibility relations

mg(_),0,0) :mSE),ﬂ',O) _ ms:),()ﬂr) _ gtg(_),w,‘/r)7
mg:r,0,0) :mgr,ﬂ',O) _ mE:',OJr) _ mE:',ﬂ',Tr)

which identifies a factor Z% of the group of topological
band labels BL as representation enforced gapless nodal-
line superconductors such that we have BS ~ Z2 and

BIH (k)] = {07 om

Symmetry-based indicators. The group of symmetry-
based indicators
SIp[Cs, A'] ~ 7, (A1)

contains a single factor corresponding to the stack of Ki-
taev chains with indicator

2y = N 0O mod 2.

Our result (Al) for the group of symmetry-based indica-
tors agrees with the corresponding result from 70.

b. Representation © = A"
Classifying group:
KplCs, A"] = 75 x 7°.

A factor Z5 corresponds to one-dimensional supercon-
ductors in the y or z directions, stacked in the z and z



FIG. 10. Topological phases of a three-dimensional super-
conductor in tenfold-way class D with point group Cs and
representation © = A’.

or z and y directions, respectively, and with M, pari-
ties & (labels (1,4;x,2) and (1,=+;2,y)). The factor 72
corresponds to two-dimensional Chern superconductors
in the yz plane with even or odd M, parity, stacked
in the z direction (labels (2,4;x)). Systems with an
even Chern number in either mirror plane can be adi-
abatically deformed to Chern insulator with vanishing
superconducting order parameter. A factor Z% corre-
sponds to two-dimensional second-order topological su-
perconductors stacked in the z or y direction (labels (2; 2)
and (2;y)). The remaining factor Zy corresponds to a
three dimensional second-order topological superconduc-
tor (label (3)). The boundary signatures of the topologi-
cal phases together with their symmetry-based indicators
are displayed in Fig. 11.

Band labels. There are BL ~ 716 topologlcal band
labels given by the Pfaffian invariants pi' in both even
and odd mirror parity subspaces at all high-symmetry
momenta Kkg.

Compatibility relations. From the fact that PM is a
local antisymmetry along lines in reciprocal space one
deduces the compatibility relations

Z ng,ky,kz) _ Z pgﬂ’kl”k'z), for k;;: klz =0, .
s==+ s==%

The compatibility relations identify a factor Z3 of BL
as representation enforced gapless superconductors with
nodal points on high-symmetry lines in the Brillouin zone
such that we have BS ~ Z}? and

BIH(K)] = {p®0) p00m) y(0m0) 07

,0,0 0,7 ,m,0 T,
p( )Pg. )pS_ ) ( )
p(_‘erO)’p(_ﬂ’Oﬂ') p_7r71'0’p(_ﬂ'7r7r)}

Symmetry-based indicators. The group of symmetry-

based indicators is

SID [Csa A”} = Zga (A2)
where each factor corresponds to a different topological
phase. For the stacks of Kitaev chains we have

(,0,7)

zlimz*p(WT”r)+p mod 2,

Zlim7y_p(7r7r7r)+p7r770 m0d2,
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FIG. 11. Topological phases of a three-dimensional super-

conductor in tenfold-way class D with point group Cs and
representation © = A”.

for the Chern superconductors within the mirror plane
with even or odd mirror parity

E kg
2 4w = P mod 2,
Ko lkg p=n

for two-dimensional second-order topological supercon-
ductors stacked in the [ = z or y direction,

221 = Z Plf = Z plig

Kslbg == K|k, j=n

mod 2,

where the equality follows from the compatibility con-
straint, and for the three dimensional second-order topo-
logical superconductor we have

z3 = Zplfr = ZPE
ks ks

The group (A2) of symmetry-based indicators differs
from the result obtained in Ref. 70, where no symmetry-
based indicators are found due to the absence of Pfaffian
band labels.

mod 2.

3. Point group Cs2, class D

a. Representation © = A

Classifying group:

ICD[CQ7A] = Zg X Z.

A factor Z2% corresponds to Kitaev chains perpendic-
ular to the rotation axis (z) and stacked in the in
the z and z or y and z directions (labels (1;y,z) and
(1;2,2)). The remaining factors Zy and Z correspond
to two-dimensional topological superconductors stacked
perpendicular to the rotation axis (labels (2,z)’ and



(2, 2), respectively), where the factor Z, describes a two-
dimensional second-order phase and the factor Z a Chern
superconductor. Even-Chern number superconductors
can be adiabatically deformed to normal-state Chern in-
sulators. The weak second-order phase and the stack
of Chern superconductors with Chern number two have
identical band labels. The boundary signatures of the
topological phases together with their symmetry-based
indicators are displayed in Fig. 12.

Band labels. There are BL ~ 78 topological band la-
bels given by the invariants ‘)’t]_f_s at all high-symmetry
momenta Kkg.

Compatibility relations. For gapped phases, the in-
variant 91, (k) is preserved along high-symmetry lines in
reciprocal space parallel to the rotation axis, which gives
the compatibility relation

(kg okyy,0)

m+ (k! k! )

=N, for ki, ky =0, .

This compatibility relation identifies a factor Z* of BL
as representation-enforced gapless superconductors with
nodal points such that we have BS ~ Z* and

BlH(Q) = (007 ), 07 7).

Symmetry-based indicators. The group of symmetry-

based indicators is
SID [027 A] ~ Z% X Z4. (A?))

The factor Z3 correspond to stacks of Kitaev chains with
indicators

Py = ‘)?(f’ﬂ”r) + ‘ﬁf’w’w) mod 2,
g,y = ‘ﬁf’o’”) + ‘ﬂf’”’ﬂ) mod 2

and the factor Z, corresponds to stacks of two dimen-
sional topological superconductors in the z direction with

indicator
>, apEn®

ks ‘ks,z:ﬂ'

s thsn)/T mod 4.

The value z,, = 2 is ambiguous, since it may either corre-
spond to a stack of first-order two-dimensional supercon-
ductors with Chern number two or to a stack of second-
order two-dimensional superconductors, see Fig. 12. Our
result (A3) for the group of symmetry-based indicators
agrees with the corresponding result from 70.

b. Representation © = B

Classifying group:
Kp|Cy, Bl = 73 x Z.

A factor Z2 corresponds to one-dimensional supercon-
ductors parallel to the rotation (z) axis, stacked in the
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FIG. 12. Topological phases of a three-dimensional super-
conductor in tenfold-way class D with point group C2 and
representation © = A.

z and y directions, and with rotation parities + (labels
(1,%+;2,9)). A factor Z% corresponds to two-dimensional
second-order topological superconductors stacked in the
z or y directions (labels (2;x)” and (2;y)’). The remain-
ing factor Z describes a two-dimensional even-Chern-
number superconductor stacked in the z direction with
label (2;z). They can be adiabatically deformed to
normal-state Chern insulators. The boundary signatures
of the topological phases together with their symmetry-
based indicators are displayed in Fig. 13.

Band labels. There are BL ~ 715 topological band
labels given by the Pfaffian invariants plf in both even
and odd rotation parity subspaces at all high-symmetry
momenta Kkg.

Compatibility relations. From the fact that R,P is
a local symmetry in reciprocal space in high-symmetry
planes, we derive the compatibility relation

Zp(OOk Zp(ﬂok
_Zp(Oﬂ'k)

= Z pgﬁ’"’kz) for k, =0, 7.
s==+

The compatibility relations identify a factor Z§ of BL as
representation-enforced gapless nodal-line superconduc-
tors such that BS ~ Z3° and

(mw,m,0) , (m,7,0)
)

}J,
(7r7'r7'r’p(:r7'r7r)}

{pl000) p(m00) O™ i

O p

B[H (k)] =
(0,0,7w) . (mw,0,m)

IL 7137

A second compatibility relation for gapped phases, iden-
tical to Eq. (98) in the main text, follows by considering
Chern numbers at two-dimensional cuts through the Bril-
louin zone.

Symmetry-based indicators.
based indicators is

The group of symmetry-

SIp[Cs, B] ~ 75, (A4)

out of which a factor Z5 corresponds to gapped topologi-
cal phases. For phases corresponding to stacks of Kitaev
chains we have

(m,m,m)

_ (m,m,0)
21, +w,y = Px

+py mod 2
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FIG. 13. Topological phases of a three-dimensional super-
conductor in tenfold-way class D with point group C> and
representation © = B.

and for phases corresponding to stacks of two dimensional
superconductors in the [ = x,y, z direction we have

2(250) = Z ple = Z ple

ks|k ks|k

mod 2,

s, I=T s, L=

where the equality follows from the 0d compatibility
relation. The remaining factor Zy corresponds to a
symmetry-based indicator for a nodal superconductor
with different Chern number parity detected by the band
labels,

z3 = Zp‘i = Zplis mod 2.
k. k.

The group (A4) of symmetry-based indicators differs
from the result obtained in Ref. 70, where no symmetry-
based indicators are found due to the absence of Pfaffian
band labels.

4. Point group Ci, class D
a. Representation © = A or © = B

Classifying group:

ICD[C4, A] = ICD[C4, B} = Z% X Z.

A factor Z5 corresponds to Kitaev chains aligned per-
pendicular to the rotation axis and to each other and
stacked in all three spatial directions (label (1;z,y, 2)).
The remaining factor Z, x Z corresponds to topologi-
cal superconductors stacked perpendicular to the rota-
tion axis (label (2,z)), where the factor Zs describes a
second-order phase and the factor Z a Chern supercon-
ductor. Even-Chern number superconductors can be adi-
abatically deformed to Chern insulators with vanishing
superconducting correlations. The boundary signatures
of the topological phases together with their symmetry-
based indicators are displayed in Fig. 14.

Band labels. There are BL ~ 710 topological band
labels given by the invariants 9?;‘ with j = 2, 2 at high-
symmetry momenta kg with fourfold rotation symmetry
and j = % at high-symmetry momenta kg with twofold
rotation symmetry.
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FIG. 14. Topological phases of a three-dimensional super-
conductor in tenfold-way class D with point group Cj and
representation © = A or © = B.

Compatibility relations. For high-symmetry lines par-
allel to the rotation axis the invariant ‘ﬁ;‘ is preserved for
gapped phases, which gives the compatibility relation

(k7 kg, ,0)

!kl )
n u
J

_ ek A WA

—‘ﬁj , fork:w,ky—()ﬂ'

This identifies a factor Z° of BL as representation-
enforced gapless superconductors with nodal points on
high-symmetry lines in the Brillouin zone. We find that

BS ~ 7% and choose the independent band labels as
B[H(k)] _ {m(l0,0,Tr)’ m(§0’077r), ;It(lﬂ',O,‘n')7 m(lﬂ',ﬂ',ﬂ')7 m(;rnr,ﬂ') }
2 2 2 2 2

Symmetry-based indicators.
based indicators is

The group of symmetry-

SID [047/1] = SID [04, B] >~ ZQ X Zs, (A5)
isomorphic to the result of the two dimensional plane
discussed in Sec. VIB. The symmetry-based indicators
for the stack of Kitaev chains 21,4,,,., two dimensional
second-order and Chern superconductors z,, are identi-
cal to the symmetry-based indicators of the two dimen-
sional plane, Egs. (85) and (86), respectively. As in the
two-dimensional case, the weak second-order phase and
the weak phase with Chern number 4 have identical band
labels. In three dimensions, the symmetry-based indica-
tors are expressed as

_ m(lo,o,w) + m(so,o,w) + m(l‘/r,o,‘rr)

2 2 2

lia,y,2 mod 2,

oy = — m(lo,o,w) + Sm(éo,o,w) .
3 2

Qm(ﬁr,o,w)
2

— ‘ﬁ(;r’ﬂ’ﬂ) mod 8.

+ 3m(%7r,7r,77)

M

The group of symmetry-based indicators (A5) is identical
with the result from 70.

b. Representation © ='E or © =2E
Classifying group:
Kp[C4,%E] = Kp[Cy,'E] =73 x Z.

A factor Z3 corresponds to one-dimensional topolog-
ical superconductors parallel to the rotation axis (z)
in the angular momentum subspaces j = %7% (labels



(1,4;2,y)). A factor Z corresponds to Chern supercon-
ductors with even Chern number stacked perpendicular
to the rotation axis (label (2,z)). These phases can be
adiabatically deformed to Chern insulators with vanish-
ing superconducting correlations. The remaining factor
Z corresponds to a pair of two-dimensional second-order
topological superconductors parallel to the rotation axis,
exchanged by fourfold rotation and stacked in both x and
y directions (label (2;x,y)). The boundary signatures
of the topological phases together with their symmetry-
based indicators are displayed in Fig. 15.

Band labels. There are BL ~ 712 x 7* topologi-
cal band labels given by the invariants 9’11;;2, plf;Q, plg;Q

at fourfold rotation-symmetric high-symmetry momenta
ks = (0,0,0), (0,0,7), (m,7,0), and (m,,7), and p{7,,
plgjz at twofold rotation symmetric high-symmetry mo-
menta kg = (0,7,0) and (0,7, 7).

Compatibility relations. From the fact that R, P is a
local symmetry for high-symmetry planes in the Brillouin
zone one derives the compatibility relation (87) of the
main text. From the fact that 91; is conserved along the
fourfold symmetric lines in the Brillouin zone parallel to
the rotation axis for j = %,% one derives the further
compatibility relations

,0) !k )

R ),
2

for (k,k,) = (0,0), The above compatibil-
ity relations associate factors Z3 and Z? in BL with
as representation-enforced gapless superconductors with

nodal-line and nodal points, respectively. Hence we have
BS ~ 7§ x 7? with

B[H (k)] =

(m, 7).

P R

p(O ,0,7) ’ﬁ(o 0,7) p(%ﬂ',o,ﬂ')’ p(%ﬂ',ﬂ,ﬂ')’ m(%ﬂ,ﬂ',‘ﬂ')}.

{p(o 0 0) (0,0,0) (m,m,0) . (0,0 71')

A third compatibility relation for gapped phases follows
by considering Chern numbers at two-dimensional cuts
through the Brillouin zone.

- m(go,m) _ m(;rm,o)

+2p(000)+2p(7r00)+2p7r7r0)

_ m(goyovﬂ') _ g)«t(;"vﬂ'aﬂ)

+2p(00‘n')+2p(7r07r +2p(71'7T7l') mod 4.

Symmetry-based indicators. The group of symmetry-
based indicators is

SIp[Cy, 'E] = SIp[Cy,?E] ~ 73 x 74,  (A6)
out of which two factors Z correspond to stacks of Kitaev
chains with indicator

(m,m,m)

21wy = P]Tr ™,0) +p; mod 2
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FIG. 15. Topological phases of a three-dimensional super-
conductor in tenfold-way class D with point group C4 and
representation © = 'E or © = 2E.

Zy C 7o

ngy—l

forj = 2, 2, the factor Z4 corresponds to a stack of Chern
superconductors perpendicular to the rotation axis zs..
with indicator given by

m(0 0,7) (0,0,m)

22z = ‘ﬁ(ﬂ m7) —+ 2p
2

p(71'0‘11')_i_2p'7r71'7r) mod4,

and a factor Z5 corresponds to a stack of second-order
Chern superconductors parallel to the rotation axis with
symmetry-based indicator

(m,0,0)

(m,0,m)
223y —p3

+ p mod 2.

The remaining factor Z, corresponds to a nodal super-
conductor the Chern number of which changes by 4n + 2
between parallel planes, with the difference detected by
the band labels as

25 = Z 2p00k)+2p(7r0k —|—2p(7”rk) mod 4.
k.=0,7

Note that a change of the Chern number by an odd num-
ber is prohibited by the zero dimensional compatibility
constraint along rotation lines.

Reference 70 finds the group SI = Z5. Upon omitting
band labels corresponding to Pfaffians in our discussion,
this single factor Z5 is identified as the parity of 2., the
Chern number of a stack of two dimensional topological
superconductors in parallel to the rotation axis.

5. Point group Csa,, class D

The classification and symmetry labels are trivial for
representation © = A;. The B; representation is analo-
gous to the Bs representation by exchanging the labels
T, Y.

For the Ay representation, our results agree with those
of Ref. 70. For the other representations As, By, By, the
band labels are defined exclusively in terms of Pfaffians.
Correspondingly, in Ref. 70, no symmetry-based indica-
tors are found due to the absence of Pfaffian band labels
in their construction.



a. Representation © = As

Classifying group:
Kp[Cay, As] = 75 x 7*,

see App. B6 for a derivation and for the definition of
the labels. The boundary signatures of the topological
phases together with their symmetry-based indicators are
displayed in Fig. 16.

Band labels. There are BL ~ Z§ topological band
labels given by the Pfaffian invariant p*s at all high-
symmetry momenta k.

Compatibility relations. There are no compatibility
relations restricting the symmetry-based indicators for
gapped phases. Thus BS = BL and

B[H (k)] = {p"}.

Symmetry-based indicators. The group of symmetry-
based indicators is

SIp[Cay, Ag] =~ Z5.

The symmetry-based indicators of the stacks of one di-
mensional topological superconductors with stacking di-
rections (i,7) = (y, 2), (z, 2), (x,y) are

k.
21,5 = E p

ks‘ks,i=ks,]’="r

mod 2,

and for the stacks of two dimensional topological super-
conductors with stacking directions | = x,y, z they are

220 = Z pks mod 2

kslksyl:w

and for the three dimensional second-order topological
superconductors the symmetry-based indicator is

z3 = Zpks mod 2.
ks

b. Representation © = B

Classifying group:
Kp[Coy, Bo] = 73 x 72,

see App. B6 for a derivation and for the definition of
the labels. The boundary signatures of the topological
phases together with their symmetry-based indicators are
displayed in Fig. 17.

Band labels. There are BL =~ 7§ topological band
labels given by the Pfaffian invariant p*s at all high-
symmetry momenta k.
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FIG. 16. Topological phases of a three-dimensional super-
conductor in tenfold-way class D with point group Cb, and
representation © = As. The parity of the gapless states under
corresponding mirror symmetry are denoted by =+.

Compatibility relations. From the fact that PM,, acts
locally on high-symmetry lines in reciprocal space we de-
rive the compatibility relation

p(o’k’/u’k;) = p(”’k;’k;), for k;, k. =0, .
The compatibility relations identify a factor Z3 of BL

as representation-enforced gapless superconductors with
nodal points such that BS ~ Z2 and

B[H (k)] = {p!elr=}.

Symmetry-based indicators. The group of symmetry-
based indicators is

SIp[Cay, Bo] ~ 73.

The symmetry-based indicators of the stacks of one di-
mensional topological superconductors with stacking di-
rections (¢,7) = (z,2), (x,y) are

Zl;i,j = Z pks mOd 2,

ko|ks,i=ks, ;=7

and for the stacks of two dimensional topological super-
conductors with stacking direction x it is

220 = Z p*  mod 2.

kslksvz:ﬂ

The two dimensional second-order topological supercon-
ductor stacked in the y direction and the three dimen-
sional second-order topological superconductor can not
be detected from symmetry-based indicators.
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FIG. 17. Topological phases of a three-dimensional super-
conductor in tenfold-way class D with point group Cs, and
representation © = By. The parity of the gapless states under
corresponding mirror symmetry are denoted by +.

Appendix B: Boundary classification groups K

For tenfold-way classes in d dimensions the classifica-
tion groups K follow from the “periodic table of topolog-
ical phases”.?'? They are the direct product of groups
classifying strong phases and groups classifying weak
phases obtained by stacking topological phases in dimen-
siond—n,n=1,...,d—1.

In the presence of an additional order-two crystalline
symmetry, such as inversion, mirror, or twofold rotation,
the classifying group K can be obtained using the known
classifications of strong phases given in Ref. 37 and 40
(see also Refs. 47, 49, and 82), again accounting for weak
phases by taking direct products of the appropriate clas-
sification groups in lower dimensions.?” It is important
to point out that the classification group K we consider
in this article classifies topological phases with nontrivial
boundary signature only — see the discussion at the end
of Sec. III. These “boundary classification groups” I are
obtained from the groups K classifying the bulk band
structure by dividing out the classifying group K@ of
atomic-limit phases.*°

Classifications of strong tenfold-way phases with other
additional crystalline symmetry groups can be found in
the literature.**2 We here give classification results for
the examples discussed in the main text and in App. A.
These classifications are derived from the enumeration of
the possible anomalous boundary states compatible with
the symmetries defining the topological class. Boundary
states that can be removed by a change of lattice termi-
nation are removed from the classification, because they
are not a consequence of the topology of the bulk band
structure. (Such boundary states are called “extrinsic”
in Refs. 40 and 73.)

Below we compute the classifying groups
K,G|Gp,0,d] of d dimensional topological phases
with point group G, where its normal subgroup G is
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assumed to act as onsite symmetry. For each factor of
K,[G|Go,©,d] we present an interpretation in terms of
higher order topological phases or stacks of lower dimen-
sional topological (weak) phases and generators from
which the band labels can be computed. We not only
consider the dimensions d corresponding to the examples
used in the main text, but also lower dimensions, since
the classification results for lower dimensions d provides
information on weak and higher-order phases.

1. One dimension, class D, C5,|C;

We consider a one dimensional system extended in the
x direction, such that it lies within the mirror plane of
M,. Hence M, is an onsite symmetry, wheres M, acts
non-locally. For spinful fermions there is a single irre-
ducible representation a = E with dimension dj = 2.

Representation © = A;.— For the representation © =
A1, M, and M, commute with particle-hole conjuga-
tion P. The parallel mirror plane M, with MZ = -1
forbids a topological superconducting phase, as it effec-
tively turns the one-dimensional system into class A7~ M
with trivial classification, see the notation of Ref. 40. We
conclude that

Kp[C2y|Cs, A1,d = 1] = 0. (B1)

Representation © = Ap.— In this case M, and M,
anticommute with P. The parallel mirror plane allows to
block diagonalize the system into two blocks according to
M -parity . Particle-hole conjugation acts within the
blocks, whereas the perpendicular mirror plane M, in-
terchanges the two blocks. The system is thus completely
specified by a single block in tenfold-way class D, which
allows a Kitaev-chain topological phase. A generator of
the nontrivial phase is

Hy(kz) = por3(1 —m — cos k,) + p171sin kg,

with 0 < m < 2 and representations P = pom K,
U(Rﬂ') = ’ipgTo, U(Mz) = ipg’]'o, U(My) = iplTo.
Representation © = By.— In this case M, commutes
with P, whereas M, anticommutes with P. The discus-
sion can be mapped to that of the case © = A, by noting
that R, anticommutes with P, so that the arguments put
forward for ® = A; can be applied to the case © = By
by exchanging the roles of M, and R,. It follows that
Kp[Coy|Cs, B1,d = 1] = Zs. (B2)
Representation © = Bg.— The parallel mirror plane
M, with MZ = —1 forbids a topological superconduct-
ing phase, as it effectively turns the one-dimensional sys-
tem into class AP M with trivial classification,*® so that

Kp[Cay|Cy, Bayd = 1] = 0. (B3)



2. One dimension, class D, C,|C2,

This case applies to a one-dimensional system along
the z direction, such that it lies in the intersection of the
mirror planes M, M, and the full crystalline symmetry
group Co, acts onsite. Asshown in Table V and discussed
in Sec. III, for spinful fermions there is a single irreducible
representation o = E with dimension dz = 2, which ef-
fectively changes the tenfold-way symmetries from those
of class D to those of class C for the case © = Ay, but
leaves them unchanged for ©® = As, By, and By. It fol-
lows for d = 1 that

ICD [CQU|CQU’ Ala d = 1] :O (B4)
Kb [Cou|Cav,©,d = 1] =73, © = Ay, By, Bs.  (B5)

A generator for the nontrivial phases is
Hy(k2) = pot3(1 —m —cosk.) 4 py71sink,

with 0 < m < 2 and accordingly chosen representations.

3. Two dimensions, class D, C5,|Cs

This case applies to a two-dimensional system in the
xz plane, such that M, acts as an onsite symmetry. A
system with boundaries parallel to the coordinate axes
has two M, -symmetric boundaries and two boundaries
that are mapped to each other by M.

Representation © = A;.— From an analysis of the
reflection symmetric boundary, we find that there is no
first-order topological superconducting phase. (The non-
trivial first-order phase in class D has a chiral edge mode,
which is not compatible with a mirror symmetry.) There
are also no second-order or weak phases in this represen-
tation,

’CD [021)|CS7 Ala d= 2] =0. (BG)

This follows from the triviality of the classifying groups
ICD [021,|C‘;,A17d] and ,CD [021}|02U, Al, d] for d = 17 into
which an eventual higher-order phase can be deformed
or which could be stacked to form a weak phase, see the
discussions in Apps. B1 and B 2.

Representation © = Ay.— A M -symmetric bound-
ary allows counter-propagating chiral Majorana modes in
opposite M,-parity subspaces. They are the first-order
boundary signature of a pair of Chern superconductors
related to each other by M. Superconductors with even
Chern number in a mirror plane can be adiabatically de-
formed to Chern insulators with vanishing superconduct-
ing correlations. From the nontriviality of the classifying
groups Kp|[Coy|Cs, Az, d] = Kp[C2y|Cay, Az, d] = Z5 for
d = 1 we conclude that two types of weak phases are pos-
sible, obtained by stacking one-dimensional superconduc-
tors in the x and z direction. There is no second-order
phase, despite the fact that pairs of even and odd-M,-
parity Majorana zero-energy bound states are allowed at
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corners. Such states are protected against local perturba-
tions at corners, but they can be removed by a change of
termination along the crystal edges. (Formally, this fol-
lows because the group Kp[Ca,/Cay, As] classifying M.~
symmetric corner states is “separable” in the language of
Ref. 40.) We thus conclude that

Kp[C20|Cs, Az, d = 2] = 73 x 7. (B7)

The same result can be obtained by arguing that the
onsite symmetry M, commutes with P, so that the
Hamiltonian can be written as the diagonal sum of M,-
even and My-odd blocks that each satisfy particle-hole
symmetry. The mirror symmetry M, interchanges the
two blocks. Hence, the topological classification is the
same as of a two-dimensional Hamiltonian in tenfold-way
class D without crystalline symmetries, which also gives
Eq. (B7).

Representation ©® = By.— This case can be mapped to
© = As by interchanging the roles of M, and R,. One
thus finds

’CD[CQU|CS,Bl,d = 2] = Z% X Z. (BS)

Representation © = By.— In this case no first-order
boundary signatures are allowed on a M-symmetric
boundary, because they are incompatible with the M,
symmetry. To check for the existence of second-order or
weak phases, we note that one-dimensional superconduc-
tors in the z direction (i.e., perpendicular to the mirror
plane of M) have classifying group Kp[C2,|Cs, Ba,d =
1], which is trivial, see App. B1. Also, one-dimensional
superconductors in the z direction, i.e., in the inter-
section of both mirror planes, have classifying group
Kp[C2y|Cay, Ba,d = 1] = Z3, as shown in App. B2.
This has two consequences: (i) A second-order bound-
ary signature corresponding to a pair of Majorana bound
states at the M,-symmetric corner is possible. The in-
plane mirror symmetry M, with M,P = PM, forbids
one-dimensional topological phases within the mirror M,
plane that do not satisfy M, mirror symmetry. Hence
the boundary signature can not be removed by a decora-
tion of the crystal boundary and there is a second-order
topological superconducting phase. A generator for this
phase is

H(k) = popors(cos ky + cosk, +m)
+ p1poTy sin kg + popoty sink,,

with 0 < m < 2 and representations P = pgpo71 K,
U(Rx) = ipopats, U(My,) = ipspsto, U(My) = iuspoTs.
Alternatively, the parallel mirror plane allows to block
diagonalize the system into two blocks according to M-
parity +. Particle-hole conjugation interchanges the two
blocks, and each block belongs to class AP M with
0 C Zy C 75 bulk subgroup sequence for d = 2.40 (ii)
There is a weak phase corresponding to one-dimensional
topological superconductors in the z direction, which are
stacked in the x direction. We thus conclude that

Kp[C20|Cs, Ba,d = 2] = 73. (B9)
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FIG. 18. a) A Cj,-symmetric two-dimensional crystal with
two perpendicular mirror symmetries with gapped edges may
be deformed into a four one-dimensional chains in a cross-
like arrangement. Corner states of the two-dimensional crys-
tal are in one-to-one correspondence with end states of the
one-dimensional structure. b) A Ca,-symmetric crystal may
be decorated symmetrically with Kitaev chains, resulting in
the appearance of extrinsic pairs of corner states at all four
mirror-symmetric corners.
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4. Two dimensions, class D, Cs,

We now derive the boundary classification for the ex-
ample discussed in Sec. VI A of the main text. The two
mirror symmetries forbid a phase with a nonzero Chern
number. Hence, there are no first-order phases for all
representations of the pairing term ©.

Representation © = A;.— For this representation,
both M, and M, with M2 = M? = —1 commute
with P, ruling out the existence of zero-energy Majorana
bound states at mirror-symmetric corners. There are no
weak phases as the classifying group Kp[C2,|Cs, A1, d =
1] = 0 is trivial. We conclude that

Kp[Cay, A1, d = 2] = 0.

Representation © = Ay.— In this case, both M, and M,
anticommute with P. We first investigate the possibility
of second-order phases with non-degenerate zero-energy
Majorana corner states at mirror-symmetric corners of a
Cy,-symmetric crystal. Since the edges of such a crystal
are gapped, it may be deformed into a “cross” shape con-
sisting of four one-dimensional chains, see Fig. 18a. Each
chain has a parallel mirror plane, which effectively acts as
a local symmetry. Perpendicular mirror planes connect
chains on opposite sides of the cross, but no longer act in-
side a chain. The parallel mirror planes allow the Hamil-
tonian to be block-diagonalized into blocks with odd and
even mirror parity. Each of these blocks is in tenfold-way
class D, thus in principle allowing for the existence of up
to two zero-energy Majorana end states, which turn into
corner states if the system is deformed back to a Co,-
symmetric two-dimensional crystal. The presence of the
perpendicular mirror planes and the condition that the
center of the cross be gapped restrict the possible con-
figurations of corner states: Opposite corners must have
Majorana states of opposite mirror parities, since the two
mirror operations anticommute, and the total number of

(B10)
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Majorana modes must be a multiple of four. This leaves
a Z3 extrinsic classification of allowed Majorana corner
modes. To obtain the classification of intrinsic second-
order phases, we must divide out configurations of corner
states that differ by a change of termination. Hereto we
note that the four edges of a Cs,-symmetric crystal allow
a “decoration” with Kitaev chains, which yield opposite-
parity pairs of Majorana states at all four corners of the
crystal, see Fig. 18b, so that a 72 classifying group of
second-order phases remains. The generators of the two
distinct Z5 second-order phases can be given as config-
urations with single zero-energy Majorana bound states
at all corners of a Cy, symmetric sample with mirror
parities as indicated in Table XI.

Furthermore there are two weak phases as the classi-
fying group Kp[Cay|Cs, Az, d = 1] = Z5 (see App. B1)
allows stacking of one dimensional topological supercon-
ductors both in  and y directions. Combining every-
thing, we have the classifying group

Kp[Cay, Ag,d = 2] =75. (B11)
Generators of the second-order phases are
Hj (k) = po73(2 — m — cos k, — cos k)
+ p17isinkg + p37i sink, (B12)

with 0 < m < 2 and representations P = 1 K, U(R,) =
in’T(), U(Mx) = ’ipg,’]'()7 U(My) = ’iplT(). To verify that
these are indeed second-order phases with the desired
properties, one may either count the number crystalline
symmetry breaking mass terms,*° or simply verify that
these model Hamiltonians have the correct corner-state
structure. Results of such a calculation, using the kwant
software,®6 are shown in Fig. 19a. As shown in Fig. 19b,
taking the direct sum of and hybridizing the two generat-
ing Hamiltonians Héyi yields a pair of Majorana bound
states with opposite mirror parity at a single pair corners
within a single mirror plane only.

Representations © = Bj 2.— The discussions for the
cases © = By and © = B, are analogous, as they are
related by a 7/2 rotation of the system. In the following
we focus on the Bs case, for which M, anticommutes
with P and M, commutes with P. As before, we first
consider the possibility of second-order phases with zero-
energy Majorana corner states. Only corners bisected by
the mirror plane M, can host Majorana bound states, as
corners bisected by M, are effectively in class A. Hence,
the system can be deformed to a one dimensional system
within the mirror plane M, . This one-dimensional sys-
tem has classifying group is Kp[C2,|Cs, B1,d = 1] = Za,
as discussed in App. B1. However, the corresponding
configuration of boundary states, a pair of Majorana
bound states in both mirror parity sectors at both cor-
ners bisected by the mirror M, plane, can be removed
by a decoration with Kitaev chains on each surface of a
symmetric sample. We thus conclude that there are no
intrinsic second-order phases for © = By or © = By

Weak phases can be obtained by stacking one-
dimensional chains in the y direction. Since M, is
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FIG. 19. a) Support of Majorana bound states for the Hamil-
tonians Hj 4 of Eq. (B12). A symmetry-preserving next-
nearest neighbor term mjp27i sink, sink, with m; = 0.4
is added to remove a spurious gapless edge mode. b) Sup-
port of Majorana bound states for Hs , @ Hj _, after adding
an additional weak symmetry-preserving hybridization term
mapoTi 2 with strength mo = 0.1. The corner modes may
appear at the other pair of corners if a different hybridization
term is chosen.

an onsite symmetry for such chains, their classifica-
tion is given by the one-dimensional classifying group
Kp[C2y|Cs, B1,d = 1] = Z5, see App. B1. (Note that
for this stacking direction M, and M, are exchanged in
comparison to the discussion in App. B 1.) Superconduc-
tors in the perpendicular stacking direction x are trivial
since Kp[Cq,|Cs, Ba,d = 1] = 0, as shown in Sec. B1.
We conclude that

’CD[OQU7 Bl,g, d= 2] =17s. (B13)

5. Two dimensions, class D, Cy

Representations © = A, B. The representations © = A
and © = B have the same algebraic structure, so that
we may limit the discussion to the case © = A. This
case allows a strong first-order phase with a single chiral
Majorana mode, corresponding to a Z topological clas-
sification. To check for higher-order phases with four
Majorana bound states, we smoothly deform the two-
dimensional system to four one-dimensional chains ar-
ranged in a Cy-symmetric cross-like shape, as in Fig. 20.
Each chain may harbor a zero-energy Majorana bound
state at its end. The end states at the four chains are re-
lated to each other by Cy symmetry. Since classification
of zero-energy Majorana modes protected by Cy is triv-
ial for A and B superconducting pairing, see discussion
in Sec. III, the four Majorana states that would appear
at the center of the cross can gap out, so that one ob-
tains a true second-order phase with a Z, classification.
Finally, a weak phase may be obtained by stacking one-
dimensional Cy-symmetric « lines (with representation
© = A) in the y direction and superimposing the same
stack, rotated by 7/2. The one-dimensional supercon-
ductors that are the building blocks of this phase have
zero-energy Majorana states at their ends and a 75 clas-
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FIG. 20. A Cy-symmetric two-dimensional crystal may be
deformed into a four one-dimensional chains in a cross-like
arrangement. Corner states of the two-dimensional crystal

are in one-to-one correspondence with end states of the one-
dimensional structure.

sification. We conclude that

KplCy, A,d = 2] =Kp|Cy, B,d = 2]

=72 x 7. (B14)

Representations © = 12 E.— The representations © =
!E and © = 2F allow a strong first-order phase with
an even number of chiral Majorana modes. One veri-
fies that a single Majorana mode is not allowed for this
representation, since there is no one-dimensional repre-
sentation of R, and P meeting the conditions that (i)
iR, squares to one and (ii) iR, anticommutes with P.
An even number of Majorana modes is allowed, since
there are two-dimensional representations meeting these
requirements. One also verifies that the constructions of
a second-order phase and a weak phase used for the repre-
sentations © = A, B discussed above do not work for the
case © = 1'2E. For the second-order phase, the reason is
that at the center cross, where Cy is a local symmetry,
one now ends up with states at all four allowed angular
momenta j = %, %, %, and %, which can not gap out
because particle-hole conjugation acts within two of the
angular momentum sectors, see the discussion in Sec. III.
For the weak phases, this follows because the underlying
Cs-symmetric one-dimensional building blocks have the
representation © = B, which does not allow for a topo-
logical phase. We thus conclude that

Kp[Cy, " E,d=2]=7. (B15)

6. Three dimensions, class D, Cs,

In class D, there are no three dimensional strong first-
order topological phases without crystalline symmetries,
so that no first-order phase is possible. To determine
whether a strong phase is possible, with protected gap-
less Majorana modes along mirror-symmetric hinges, we
deform the three-dimensional crystal into a “cross” of
four two-dimensional planes, as shown schematically in
Fig. 21a and determine below for each representation O,
whether a phase with chiral hinge states is possible and
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FIG. 21. a) A Cs,-symmetric three-dimensional crystal with
two perpendicular mirror symmetries may be deformed into
a four two-dimensional planes in a cross-like arrangement.
Hinge states of the two-dimensional crystal are in one-to-one
correspondence with edge states of the two-dimensional struc-
ture. b) A Ca,-symmetric crystal may be decorated symmet-
rically with quantum Hall planes, resulting in the appearance
of extrinsic configurations of chiral hinge modes at all four
mirror-symmetric hinges.

whether it is intrinsic or extrinsic (i.e., whether it can
be removed with a decoration of the surface). Intrinisic
second-order boundary signatures are possible in repre-
sentations © = As, By, By as we show below. To de-
termine whether a third-order TSC is possible, we note
that a protected corner state can exist only for a corner
on the intersection of the two mirror planes. We find that
pairs of corner states are allowed for the representations
© = A,, By, and B, but not for © = A;. However, the
corner state for © = As, Bj, or Bs is extrinsic, as they
can be removed by the decoration of a pair of hinges in a
mirror plane with one-dimensional topological supercon-
ductors.

Representation © = A;.— For the representation A;
there are no intrinsic second-order boundary signatures:
Although the edges of the planes in the deformed struc-
ture of Fig. 21a not allow for pairs of co-propagating
chiral Majorana modes, one for each mirror parity, such
configurations of hinge modes can be removed by dec-
orating the four symmetry-related crystal faces by two-
dimensional quantum Hall phases, as shown schemati-
cally in Fig. 21b. Further, all lower-dimensional building
blocks that can be used for stacking are trivial, which
rules out the existence of weak phases. We conclude that

Kp[Cay, A1,d = 3] = 0. (B16)

Representation © = Ay.— We note that for each of the
planes in the deformed structure of Fig. 21a one of the
mirror symmetries acts as an onsite symmetry, whereas
the other mirror symmetry maps planes on opposite sides
of the central “cross” onto each other. For representa-
tion As, each of the planes in the deformed structure of
Fig. 21a allows for chiral Majorana modes in both parity
sectors of the onsite mirror symmetry. These Majorana
modes turn into hinge modes upon deforming back to the
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full three-dimensional structure. The perpendicular mir-
ror symmetry imposes the condition that opposite hinges
have Majorana modes with the same propagation direc-
tion, but with opposite mirror parity. The condition that
the center of the cross be gapped imposes the require-
ment that the net number of chiral modes, weighed with
propagation direction, is zero. Hence, there is an ex-
trinsic Z2 classification of Cs,-compatible hinge modes.
To obtain the intrinsic second-order phases, configura-
tions of hinge modes that differ by a change of surface
termination must be divided out. Noting that the four
surfaces of a Cag,-symmetric crystal admits a “decora-
tion” with quantum Hall phases, which gives a pair of co-
propagating opposite-parity hinge modes at each mirror-
symmetric hinge, see Fig. 21b, we find that a classifying
group Z2 of intrinsic second-order phases remains. Gen-
erator Hamiltonians for these second-order phases are

H(ls,i)zpom(?)—m— Z cos k;)

1=x,Y,2

+ p1misinkg + pamisinky + poresink,

with 0 < m < 2 and representations U(M,) = ip37o,
U(./\/ly) = ip1To, P = poTlK.

The weak phases in this symmetry class can be con-
structed as stacks of one or two-dimensional topological
phases. We find the following possibilities:

e Stack of two-dimensional Cs,-symmetric zy planes
in the z direction with second-order topology. Such
planes have a 73 classification, see App. B 4. These
phases are labeled “(2;z)” in Fig. 16.

e Stack of two-dimensional “Cy,|Cs”-symmetric yz
or xz planes in the x or y direction, respectively.
These planes have a Z classification, correspond-
ing to a first-order two-dimensional topological su-
perconductor with counterpropagating Majorana
modes in opposite in-plane mirror eigensectors, as
shown in App. B3. These phases are labeled
“(2;2)” and “(2;y)” in Fig. 16. Superconductors
with even Chern number in a mirror plane can
be adiabatically deformed to Chern insulators with
vanishing superconducting correlations.

e Stacks of one-dimensional “Co,|C2,”-symmetric z
lines in the x and y directions. These have a Z5
classification, corresponding to a one-dimensional
topological superconductor with a pair of Majorana
bound states at each end as shown in App. B1.
These phases are labeled “(1;z;y)” in Fig. 16.

e Stacks of one-dimensional “Cy, |C,”-symmetric y or
x lines in the x and z and in the y and z directions,
respectively. These, too, have a 7, classification,
corresponding to a one-dimensional topological su-
perconductor with a pair of Majorana bound states
at each end as shown in App. B 1. These phases are
labeled “(1;x;2)” and “(1;y;2)" in Fig. 16.



The complete classifying group is hence

Kp[Cay, A, d = 3] = 75 x 7*. (B17)

Representations © = B;5.— The representations By
and By are related by a rotation. For concreteness, we
discuss the By case in the following. In this phase, only
one pair of mirror-symmetric hinges allows for intrinsic
chiral Majorana modes, whereas any hinge modes ap-
pearing at the other pair of mirror-symmetric hinges can
always be removed by adding a suitable decoration to
the four mirror-related surfaces, as shown schematically
in Fig. 21b. As a result, for the discussion of second-order
phases, the three-dimensional crystal may be deformed to
a two-dimensional one with Ca,|Cs symmetry. As shown
in App. B3, there exists a strong two-dimensional phase
with counterpropagating Majorana edge modes with op-
posite mirror parity. This phase corresponds to a second-
order phase of the three-dimensional crystal. One veri-
fies that this second-order phase is intrinsic, since a sur-
face decoration with quantum Hall planes is forbidden by
the perpendicular mirror symmetry. A generator for the
strong second-order phase is

HEB) (k) = popor3(3 — m — cos k, — cosk, — cosk.)
+ p3poTi sinky + popoTe sink, + popa7i sink,

with 0 < m < 2 and the representations U(M,) =
tpspoto, U(My) =ipspoto, P = popori K. Second order
topological superconductors with a pairs of counterprop-
agating Majorana modes within in a mirror plane can
be adiabatically deformed to normal-state second-order
topological insulators with chiral hinge mode.

The weak phases in this symmetry class can be con-
structed as stacks of one- or two-dimensional topological
phases:

e A stack of two-dimensional xy planes with Co,
symmetry in the z direction is not possible, since
there are no strong phases with C5, symmetry and
© = B in two dimensions, see App. B4.

e A stack of two-dimensional xz planes with
“Coy|Cs” symmetry in the y direction. These
planes have a Zs classification, corresponding to
a second-order topological superconducting phase
with a pair of Majorana bound states at a cor-
ner bisected by the mirror M, plane, as shown
in App. B3. These phases are labeled “(2;y)” in
Fig. 17.

e A stack of two-dimensional yz planes with
“Cap|Cs” symmetry in the z directions. These
planes have a Z classification, corresponding to a
first-order topological superconducting phase with
counterpropagating Majorana modes in opposite
in-plane mirror eigensectors, as shown in Sec. B 3.
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These phases are labeled “(2;2)” in Fig. 17. Su-
perconductors with even Chern number in a mir-
ror plane can be adiabatically deformed to normal-
state Chern insulators.

e A stack of one-dimensional z lines with “Co,|Ca,”
symmetry in the x and y directions. These lines
have a Zs classification, corresponding to a one-
dimensional topological superconductor with a pair
of Majorana bound states at each end, as shown in
Sec. B2. These phases are labeled “(1;z,y)” in
Fig. 17.

e A stack of one-dimensional z lines with “Cy,|Cs”
symmetry in the y and z directions does not give a
weak phase, since there are no appropriate strong
phases in one dimension, see App. B1.

e A stack of one-dimensional y lines with “Cy,|Cy”
symmetry in the z and z directions. These lines
have a Z, classification, corresponding to a one di-
mensional topological superconducting phase with
a pair of Majorana bound states at each end, as
shown in App. B1. These phases are labeled
“(1;x,2)” in Fig. 17.

The complete classifying group is hence

Kp[Cay, Bia,d = 3] = Z3 x 7°. (B18)

7. Three dimensions, class D, Cy

Three dimensional, fourfold rotation-symmetric topo-
logical superconductors can not have a first-order bound-
ary signatures, as there are no first-order topologi-
cal phases in three dimensions for class D. A strong
second-order boundary signature is also forbidden as i)
a rotation-symmetric chiral Majorana mode in a plane
perpendicular to the rotation axis can be shrunk to a
point and ii) planes parallel to the rotation axis satisfy a
(z,z) = (—=z, z) symmetry, which forbids a chiral mode.

In the following we determine whether a third-order
boundary signature may exist at the rotation axis.

Representations © = A and © = B.— For © = A or
© = B the irreducible representations of fourfold rotation
are exchanged under particle-hole conjugation as shown
in Table V. Each pair is effectively in class A, forbidding a
one dimensional topological phase with boundary signa-
ture along rotation axis. Hence there are no third-order
boundary signatures in these representations. Account-
ing for weak phases stacked in the z direction (parallel
to the rotation axis), we thus find that

Kp[Cy, A, d = 3] =Kp[Cy, B,d = 3]

=72x17, (B19)

where we used the -classification results for two-
dimensional phases obtained in App. B 5.
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FIG. 22. a) Decoration consisting of four copies of one-
dimensional Kitaev chain. This decoration results in two Ma-
jorana fermions with angular momentum j = % and j = g
b) Decoration consisting of four copies of two-dimensional p-
wave superconductors, resulting in single Majorana fermion

with angular momentum either j = % or j = 3.

Representations © = 'E and © = 2E.— As in the
main text, the discussion for the two representations © =
LE or © = 2E are analogous. We focus on the © = 'F
representation in the following. As shown in Table V| the
] = % and j = g rotation eigenspaces are invariant under
particle-hole conjugation while the j = %,%
are exchanged in this symmetry class. The j = % and
j= % eigenspaces belong to class D allowing stable zero-
dimensional gapless Majorana states. However, below
we show that a three-dimensional superconductor with a
single Majorana fermion on the fourfold rotation axis is
an extrinsic (non-anomalous) third-order phase.

eigenspaces

We consider two kinds of decorations,*” see Fig. 22.
The first kind consists of four copies of one-dimensional
Kitaev chains placed on the crystal surface and begin-
ning and ending on the rotation axis. The four Kitaev
chains are related to each other by a fourfold rotation,
which results in four Majorana end states, all with dif-
ferent angular momentum j. Majorana end states with

j = % and j = % are not stable and can be gapped out,
while Majorana stats with j = % and j = % remain. The

second type of decoration consists of covering the crystal
surface by four copies of a two-dimensional topological
superconductor, such that the four two-dimensional su-
perconductors are mapped onto each other by C4 sym-
metry. Majorana modes running along the surface can
be gapped out, Fig. 22b. Since © = 'F or © = 2F repre-
sentations correspond to an odd-parity superconductor,
the resulting Cy-symmetric spinful superconductor needs
to have a vortex at the rotation axis.*® We therefore con-
clude that this type of decoration gives rise to a single
Majorana bound state at the rotation axis, which needs
to have angular momentum either j = % or j = g The

2
combination of the two types of decorations described
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here can account for all configurations of Majorana cor-
ner states compatible with the Cy rotation symmetry. We
conclude that there are no intrinsic third-order anoma-
lous boundary states in this class.

We conclude that the only possible topological phases
in three dimensions are weak phases:

e A stack of zy planes with Cy symmetry in the z
direction allows for a Chern superconductor with
even Chern number, see App. B5. This phase is
labeled “(2;z)” in Fig. 15.

e A stack of zz and yz planes related by fourfold
rotation symmetry stacked in both x and y di-
rection. As the rotation axis lies in the intersec-
tion of the two planes, their classifying group is
K(0,1,0)[Cs, A", d = 2] = 75 allowing a second-order
topological superconductor. The configuration has
pairs of Majorana bound states at the rotation axis.
This phase is labeled “(2;z,y)” in Fig. 15.

e There is no stack of one dimensional superconduc-
tors pointing in the x and y direction, related by
fourfold rotation symmetry, as the corresponding
classifying group Kg,1,0)[Cs, A”,d = 1] = 0 is triv-
ial.

e A stack of one dimensional z lines within the ro-
tation axis in the  and y direction. These lines
have a classifying group K,1,0)[Cs, ' E,d = 1] = Z3
corresponding to one dimensional TSC with Majo-
rana bound states in the class D rotation subspaces
j= %,% The phases are labeled “(1,j;z,y)” in
Fig. 15.

The complete classifying group is hence

KplCy, "?E,d =3] =73 x Z. (B20)

Appendix C: 1d compatibility relation for class CI
with inversion symmetry

We here discuss how to obtain the compatibility rela-
tion (130) of Sec. VIID. For definiteness, we choose the
representations

T:poToK, 'P:pngK, Izpng. (Cl)

The following combinations of symmetries are local in k:

IT = pngK, IP = poTlK, (02)

as well as their product, which is a chiral antisymme-
try. To construct the compatibility relation (130) we con-
sider the one-parameter family of one-dimensinal Hamil-
tonians Hi(k), defined by restricting H (k) to the line
ky =0,k =t k. =k Fort=0andt=m, the
one-dimensional Hamiltonian H;(k) is a one-dimensional
Hamiltonian in class CI with inversion symmetry and the



A, representation. The topological invariants at high-
symmetry momenta for this one-dimensional Hamilto-
nian coincide with the corresponding band labels defined
for the full three-dimensional Hamiltonian H (k) and sat-
isfy the same 0d compatibility relations, see Secs. VIIC
and VIID. For generic 0 < ¢t < m, Hy(k) is a one-
dimensional Hamiltonian that has the local-in-k symme-
tries ZT7 and Z'P only. Such a one-parameter family has a
strong Z5 invariant,3® which we call &. We can construct
a compatibility relation by relating & to the topological
band labels of Hy(k) at ¢ = 0 and ¢t = 7. We find that
this can be accomplished without knowledge of a general
expression for the strong invariant &.

Before we can construct such a compatibility rela-
tion, it is necessary to obtain the full classification of
the inversion-symmetric Hamiltonians Hy(k) at t = 0
and t = 7, including topologically nontrivial atomic-limit
states. We recall that the topological band labels for this
case are {n(f’t’o),‘ﬂf’t’ﬂ)}, where

(0,£,0) _ on(0,£,0) Otm) ,
2n} =Ny - Ny t=0,m,

(C3)
see the discussion in Sec. VII C. It follows that the group
of topological band labels is Z x 27, where we use 27
to indicate the integers spanned by the label nf’t’ﬂ).
Interpreting the topological band labels in terms of a
topological classification, we note that the factor Z cor-
responds to weak phases, whereas the factor 27 describes
strong one-dimensional atomic-limit phases.*® We use
Kt|t:o,7r ~ 27, to denote the strong phases of the model
at t = 0 and t = 7 and note that the topological band la-

bel ZnS:)’t’O) can be used as the corresponding topological
invariant.
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To obtain the compatibility relation, we have to deter-
mine, what values of nf’t’o) are compatible with a given
value of &. Such a problem requires understanding the

homomorphism

Kt't:(),ﬂ' - Kt‘0<t<7r’

where Kilg .. =~ Z5 is the group classifying strong
phases of H;(k) for generic t. To construct this homo-
morphism, we notice that

H(k) = por3(1 — m — cosk) + pe7isink (C4)
with 0 < m < 2 is an example of a Hamiltonian that
satisfies T, P, and Z symmetries and that is nontrivial if
only the local-in-k symmetries Z7 and ZP are kept, i.e.,
it has invariant & = 1. (Although no general expression
for & is available, & can be calculated as the parity of a
winding number if H (k) is a 4 x 4 matrix.) It follows that
the mapping Kt|t:0,7_r - Ki|yyer must be surjective.
One verifies that the Hamiltonian (C4) has topological
band label nf) = 1. Since the trivial phase has nf) =0
and since G has a Zs group structure, it directly follows
that

S :nEB’O’O) mod 2
:n(f’ﬂ’o) mod 2. (C5)

This is one of the compatibility relations of Eq. (130).
The other relations follow in analogous manner by
considering other appropriately chosen families of one-
dimensional Hamiltonians H; (k).
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SUPPLEMENTARY MATERIAL

BL SI
Gek e 900 @l qfd meo o |z oz
x=(0,0), =1 T 0 1 1 0 0
- X = (07 O)a Jj= 51 0 1 1 0 0 0
- X:(%v%)ajzg 1 0 -1 0 0 0
- XZ(gﬁ):iZ? 0 1 -1 1 0 0
- X:(E,O), j:§ 1 1 0 -1 -1 0
Z: (L2,y) 1 1 1 0 0 | 7,
0cz (2) 0 0 1 1 0 o®
L C Z> @2y 2 2 0 0 0 | 4ef®
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TABLE S-1. Band labels and symmetry-based indicators for atomic-limit Hamiltonians obtained by placing 0d generators for
representation j at Wyckoff position x for the symmetry group C4 in two dimensions, class D with representation © = A or
© = B (upper five rows) and band labels for the generators of the weak, Chern and second-order phases (lower three rows).

BL SI

IC; g ’C’L Phase p(f’O) p(§0,O) m(éo,o) p(lﬂ,()) p(éﬂ,()) p(lﬂ,rr) p(éﬂ,ﬂ') m(@ﬂ',ﬂ') Z4
2 2 2 2 2 2 2 2

x=(0,0), j=2] 1 0 0 1 0 1 0 0 0

- x = (0,0), j _2 0 1 0 1 0 0 1 0 |0

- x = (0,0), j ~3l 0 o 1 0 1 0 0 1 |0

- x= (%,%), j _3 0 0 0 1 0 1 0 |0

- ox=(3,1), 3 _% o 1 0 0 1 1 0 0 |0

- x:(%,é),j:% 0 0 1 1 0 0 0 10

- x=(5,0),i=35| 1 1 0 1 1 0 0 0 0

- x= (%,0), j :% 0 0 0 1 1 1 1 0 |0

0CZ (2) 0O 0 0 11 10 1 [el¥

TABLE S-II. Band labels and symmetry-based indicators for atomic-limit Hamiltonians obtained by placing 0d generators for
representation j at Wyckoff position x for the symmetry group C4 in two dimensions, class D with representation © = 'E or
© = 2E (upper eight rows) and band labels for the generator of the Chern phase (lowest row).

K/ CK,CK; Phase |p@00 p(m0.0) y©7.0) p<w,w,o>B§(o,o,w> p(m0m) p(Omm) () 2
- x=(0,0,0)] 1 1 1 1 1 1 1 1 0
Z, (1;y,2) 1 0 1 0 1 0 1 0 e,
Z5 (1,2, 2) 1 1 0 0 1 1 0 0 efzz
Z> (1;2,y) 1 1 1 1 0 0 0 0 [e),
0Ccz (2;2) 1 0 0 0 1 0 0 0 | e
0CZ (2;) 1 0 1 0 0 0 0 0 |[ef
0CZ (2;2) 1 1 0 0 0 0 0 0 eg?i

TABLE S-III. Topological band labels of three-dimensional superconductors in tenfold-way class D with translation symmetry

only (point group C1).
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TABLE S-1V. Topological band labels of three-dimensional superconductors in tenfold-way class D with point group C; and

representation ©
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TABLE S-V. Topological band labels of three-dimensional superconductors in tenfold-way class D with point group C; and

= A,.

representation ©



BS ST
K/ CK,CK; Phase |N00 gm0 ql0m0) q(mm0) qn0.0.m) qalm0.m) g0mm) splmmm) | 78 @ 73 @ 7
- x=(0,0,0) | 1 1 1 1 1 1 1 1 0
- x = (%,0,0) 1 -1 1 -1 1 -1 1 -1 0
- x=(0,2,0)| 1 1 -1 -1 1 1 -1 -1 0
- x:(%é,o) 1 -1 -1 1 1 -1 -1 1 0
- x=(0,0,2)| 1 1 1 1 -1 -1 -1 -1 0
- x:(%,O,i) 1 -1 1 -1 -1 1 -1 1 0
- x= (0,1, i) 1 1 -1 -1 -1 -1 1 1 0
- x:(%éé) 1 -1 -1 1 -1 1 1 -1 0
Z, (1;y,2) 1 0 1 0 1 0 1 0 e
Z, (1;2,2) 1 1 0 0 1 1 0 0 efzz
Z, (1;2,9) 1 1 1 1 0 0 0 0 e,
7,C 7,4 (2;2) 1 0 0 0 1 0 0 0 eg}j
7,C 7,4 (2:y) 1 0 1 0 0 0 0 0 el
Z, C 74 (2;z) 1 1 0 0 0 0 0 0 egi
0Cco0Cz (3) 1 0 0 0 0 0 0 0 el®
7, C74C 74 (3)’ 2 0 0 0 0 0 0 0 2e(®)
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TABLE S-VI. Topological band labels of three-dimensional superconductors in tenfold-way class DIII with point group C; and

representation © = A,.

BS SI
K{ CK;CKi Phase %% q{r00 ;@m0 qimm® q@0m qr0m qgmm qlrmm |78 @ 7,

- x=(0,0,0) | 1 1 1 1 1 1 1 1 0

- x = (%,0,0) 1 -1 1 -1 1 -1 1 -1 0

- x=(0,%,0) 1 1 -1 -1 1 1 -1 -1 0

- x = (3, %,0) 1 -1 -1 1 1 -1 -1 1 0

- x = (0,0, 1) 1 1 1 1 -1 -1 -1 -1 0

- x = (%,0%) 1 -1 1 -1 -1 1 -1 1 0

- x=(0,4,2)] 1 1 -1 -1 -1 -1 1 1 0

- x = (%éé) 1 -1 -1 1 -1 1 1 -1 0
0Cz (2; 2) 2 0 0 0 2 0 0 0 o)
0CZ (2:y) 2 0 2 0 0 0 0 0 e
0CZ (2;2) 2 2 0 0 0 0 0 0 eg?i
0C 7, CZ, (3) 4 0 0 0 0 0 0 0 2¢Y

TABLE S-VII. Topological band labels of three-dimensional superconductors in tenfold-way class C with point group C; and

representation © = A,.

BS SI
K{ CKiCKi Phase |m%0 q{m00 ;@m0 qimm0) qnl0.0m) gn(m0m) qOmm) qlmmm) 178 @ 74
- x = (0,0,0) 1 1 1 1 1 1 1 1 0
- x=(3,0,00] 1 -1 1 -1 1 -1 1 -1 0
- x=(0,%,0) 1 1 -1 -1 1 1 -1 -1 0
- X = (%é,o) 1 -1 -1 1 1 -1 -1 1 0
- x = (0,0, %) 1 1 1 1 -1 -1 -1 -1 0
. x = (3,0, %) 1 -1 1 -1 -1 1 -1 1 0
- x=(0,%,1) 1 1 -1 -1 -1 -1 1 1 0
- x = (%éé) 1 -1 -1 1 -1 1 1 -1 0
0C0CZ (3) 4 0 0 0 0 0 0 0 2e(V

TABLE S-VIII. Topological band labels of three-dimensional superconductors in tenfold-way class CI with point group C; and

representation © = A,.



BL SI
K! CK,CK; Phase |MQ%Y ;(m00 q0m0 qlmm0) qn(0.0m qim0m q0mm qlmmm | 7,
N x=(0,0,0)] 1 1 1 1 1 1 1 1 0
- x=(3,0,00] 1 -1 1 -1 1 -1 1 -1 0
Z, (1;y,2) 1 0 1 0 1 0 1 0 e,
0cz (2 0 0 0 0 0 0 0 0
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TABLE S-IX. Topological band labels of three-dimensional superconductors in tenfold-way class D with point group Cs and

representation © = A’.

BL SI

KicKicki Phase pod 22D oY Y e Y by w78
_ )+ | @10 (1,00 (1,00 (1,0) (1,0) (1,0) (1,0) (1,0) 0

- X_(O’O’O)’a_{ 0,1) (0,1) (0,1) (0,1) (0,1) (0,1) (0,1) (0,1) | 0

_ )+ | @0 (0,1) (1,0) (0,1) (1,0) (0,1) (1,0) (0,1) 0

- x—(2,0,0),a—{_ 0,1) (1,0) (0,1) (1,0) (0,1) (1,0) (0,1) (1,0)| 0

2 (1,+2,2) (1,0) (1,0) (0,0) (0,0) (1,00 (1,0) (0,0) (0,0) [ef}, .
2 (1,2, 2) (0,1) (0,1) (0,0) (0,0) (0,1) (0,1) (0,0) (0,0) |ef”,
Zs (1, +;2,y) (1,0) (1,00 (1,0) (1,00 (0,0) (0,0) (0,0) (0,0) |e{”,,
2 (1,=2,9) (0,1) (0,1) (0,1) (0,1) (0,0) (0,0) (0,0) (0,0) |ef” ,,
0Cz (2, +;2) (1,0) (1,00 (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) | e,
0Cz (2, —;2) (0,1) (0,1) (0,00 (0,0) (0,0) (0,0) (0,0) (0,0) | e,
7:C 2, (2;2) (1,1) (0,00 (0,00 (0,0) (1,1) (0,0) (0,0) (0,0) | e5
7, C 75 2y (1,1) (0,00 (1,1) (0,0) (0,0) (0,0) (0,0) (0,0) | e
0CZ5C7s (3)' (1L1) (0,0) (0,0) (0,00 (0,0) (0,0) (0,0) (0,0) | ef

TABLE S-X. Topological band labels of three-dimensional superconductors in tenfold-way class D with point group Cs and

representation © = A",

K CKiCKi  Phase [9%Y ;{9 qdm® mfv”’O)Bgth*”) nOm e plmm | 72 ilz4
- x=(0,0,0)] 1 1 1 1 1 1 1 i 0
- x=(3,00] 1 -1 1 -1 1 -1 1 -1 0
- x=(0,%,0) 1 1 -1 -1 1 1 -1 -1 0
- x:(%,%,(}) 1 -1 -1 1 1 -1 -1 1 0
Zs (1;y,2) 1 0 1 0 1 0 1 0 e .
S (1,2, 2) 1 1 0 0 1 1 0 0 fz,z
Z, C 7, (2; 2)’ 2 0 0 0 2 0 0 0 2e{?)
0cz (2:2) 1 0 0 0 1 0 0 0 et

TABLE S-XI. Topological band labels of three-dimensional superconductors in tenfold-way class D with point group C3 and

representation © = A.
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TABLE S-XIV. Topological band labels of three-dimensional superconductors in tenfold-way class D with point group C4 and

representation ©



K/ CK,CK; Phase |p@00 p(m0.0) o©0.7.0) p<w,w,o>]3§<o,o,w> p(m0.m) pOmm) () 2

x =(0,0,0)| 1 1 i 1 i i 1 1 0

x=(%,0,00| 1 1 1 1 1 1 1 1 0

x=(0,1,00| 1 1 1 1 1 1 1 1 0

x = (3, % 0 1 1 1 1 1 1 1 1 0
Z, (Ly, 2) 1 0 1 0 1 0 1 0 [e
Z, (132, 2) 1 1 0 0 1 1 0 0 egsz
Z> (L;z,y) 1 1 1 1 0 0 0 0 e,
Z>C 7 (2,4;2) 1 0 0 0 1 0 0 0 | e
7, C 7, (2,—;2) 1 0 0 0 1 0 0 0 | e
0Ccz (2;y) 1 0 1 0 0 0 0 0 |e)
0Cz (2;2) 1 1 0 0 0 0 0 0 egfi
0CzCzZ (3,+) 1 0 0 0 0 0 0 0 |e
0CZCZ (3,-) 1 0 0 0 0 0 0 0 |e?

o1

TABLE S-XV. Topological band labels and symmetry-based indicators for three-dimensional superconductors in tenfold-way

class D with point group C2, and representation © = As,.

BL SI
Ky C K C K Phase p(O,U,O) p(ﬁ,070) p(U,mO) p(7r,7r,0) p(O,UJF) p(mOJr) p(OﬂrﬂT) p(ﬂﬂfﬂr) Z%
x=(0,0,0)| 1 1 1 1 1 1 1 1 0
x=(3,0,0)| 1 1 1 1 1 1 1 1 0
x= (0,100 1 1 1 1 1 1 1 1 0
x = (3, % 0 1 1 1 1 1 1 1 1 0
Z5 (L, 2) 1 1 0 0 1 1 0 0 [e) .
2 (1;2,y) 1 1 1 1 0 0 0 0 e,
75 C 7 (2;y) 0 0 0 0 0 0 0 0 0
0Cz (2;2) 1 1 0 0 0 0 0 0 |ef)
0czcz (3) 0 0 0 0 0 0 0 0 0

TABLE S-XVI. Topological band labels of three-dimensional superconductors in tenfold-way class D with point group C2, and

representation © = Bs.
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