
For Review
 O

nly

 

 

 

 

 

 

Symmetry breaking and tunneling dynamics of a dipolar 

Bose-Einstein condensate in a double-well potential 
 

 

Journal: Canadian Journal of Physics 

Manuscript ID cjp-2017-0565.R1 

Manuscript Type: Article 

Date Submitted by the Author: 16-Oct-2017 

Complete List of Authors: Wang, Yuansheng; Guizhou Education University 
Long, Ping; Guizhou Education University 
Zhang, Bo; Guizhou Education University 
Zhang, Hong; Guizhou Education University 

Keyword: 
Bose-Einstein condensate, symmetry breaking, tunneling dynamics, 
double-well potential, two-mode model 

Is the invited manuscript for 
consideration in a Special 

Issue? : 
N/A 

  

 

 

https://mc06.manuscriptcentral.com/cjp-pubs

Canadian Journal of Physics



For Review
 O

nly

Symmetry Breaking and Tunneling Dynamics of a Dipolar

Bose-Einstein Condensate in a Double-Well Potential

Yuan Sheng Wang,∗ Ping Long, Bo Zhang, and Hong Zhang

School of Physics and Electronic Sciences,

Guizhou Education University, Guiyang 550018, China

Abstract

We investigate the properties of a three-dimensional (3D) dipolar Bose-Einstein condensate

(BEC) in a double-well potential (DWP). Symmetry breaking and tunneling dynamics phenomena

are demonstrated for 164Dy atoms in the 3D DWP using an effective two-mode model. The results

show that the symmetry properties of the dynamics are affected markedly by the long-range nature

and anisotropy of the dipolar interaction and the isotropic contact interaction.
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I. INTRODUCTION

The Bose-Einstein condensate (BEC) of atoms such as 52Cr, 164Dy and 168Er atoms and

recent progress on trapping and cooling of polar molecules opens up the study of gases that

interact via long-range, anisotropic dipole-dipole interactions (DDIs) [1-10]. In contrast to

the isotropic contact interaction present in condensates of alkali atoms, the DDI is long-range

and anisotropic, being attractive in certain directions and repulsive in others. As a result, a

number of novel phenomena have been predicted to occur in low-density quantum degenerate

dipolar atomic system, such as solitons [11,12], droplet formation [13-16], symmetry breaking

and vortices in different trapping geometries etc [17-22].

The subject of this paper is to investigate the symmetry breaking and tunneling dynamics

of a dipolar BEC in a double-well potential (DWP). Macroscopic dynamical Josephson os-

cillation and self-trapping in nondipolar BECs have been studied theoretically and partially

observed experimentally [23-35]. About spinor dipolar condensates and dipolar condensates

Josephson dynamics have also been studied in the literature [17,36-38]. In Ref. 17, Xiong et

al. considered a purely dipolar BEC of 52Cr atoms in a DWP and studied the mechanism

of the magnetization direction affecting the transition between self-trapping and Josephson

oscillation in dynamics. In Ref. 38, Adhikari studied the dynamical self trapping and Joseph-

son oscillation of a repulsive cigar-shaped dipolar 52Cr BEC trapped in an axially-symmetric

DWP aligned along the polarization direction using the numerical solution of a mean-field

model. The present paper further addresses the Josephson oscillation and self-trapping of

164Dy atoms in a DWP system. Compared to 52Cr atom, 164Dy has a large magnetic moment

µ = 10µB (µB is the Bohr magneton), the dipolar interaction is more strong. It is a good

system for us to study the long-range nature and anisotropy of the dipolar interaction affect

the symmetry properties of the tunneling dynamics. We derived Josephson type equations in

the DWP from Gross-Pitaevskii (GP) equation with the effective two-mode approximations

which is proposed by Xiong et al. [17]. The mechanisms of the symmetry properties of the

dynamics influenced by the dipolar interaction and the contact interaction are studied in

this article, respectively.
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II. MODEL EQUATIONS

We consider a dipolar BEC of 164Dy atoms confined by a cylindrically symmetric trap in

the x− y plane and a double-well structure along the z direction. This kind of geometry is

the ideal setup to study the Josephson effect. The trapping potential reads

V (x, y, z) =
mω2

ρ

2

(
ρ2 + λ2z2

)
+ A exp

(
−z2/2σ2

0

)
, (1)

where ρ2 = x2 + y2, m is the atomic mass, λ = ωz/ωρ is the aspect ratio of the trapping

potential, ωρ and ωz are the radial and axial angular trap frequencies, respectively. A and

σ0 are the height and the width of a Gaussian profile modeling a barrier between the two

potential wells along the z direction. Without loss of generality, we assume that the dipole

moments are polarized by the external magnetic field and are constrained to point in the

x− z plane. The two-body dipolar interaction potential is then given by

Udd (r) = µ0µ
2
[
r2 − 3 (zcosφ+ xsinφ)2

]
/4πr5, (2)

where φ is the angle between the polarized dipole orientation and the z axis, and µ0 is

the magnetic permeability of the vacuum. For convenience we define a dimensionless dipo-

lar interaction parameter D = (N − 1)mµ0µ
2/(4πℏ2ah0), where ah0 =

√
ℏ/(mωz) is the

axial harmonic oscillator length and N is the total number of atoms, then a unit system

is adopted where the units for length, time, and energy are given by ah0, 1/ωz and ℏωz,

respectively. Unless specified otherwise, for the numerical results presented below we set

λ = 1/11 (ωρ = 2π × 92.5Hz and ωz = 2π × 8.4Hz), σ0 = 0.2ah0 and N = 200. In the

mean field approximation, a dipolar BEC at sufficiently low temperature is described by a

GP equation with nonlocal nonlinearity:

i
∂ψ (r, t)

∂t
=

[
−1

2
∇2 + V (r) + 4πaN |ψ (r, t)|2

+

∫
Udd (r− r′) |ψ (r′, t)|2 d3r′

]
ψ (r, t) , (3)

where ψ(r, t) is the wave function at time t with normalization
∫
|ψ(r, t)|2dr = 1, a is

the atomic scattering length, which can be tuned to a large extent via Feshbach resonance

technique.
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In order to investigate the Josephson effect for transitions between the two potential

wells, we use two-mode model in the weakly linked limit, which is widely used in the study

of BEC and Fermi superfluid in a DWP [17,23-37,39]. We decompose ψ(r, t) as

ψ (r, t) = ψ1 (t) Φ1 (r) + ψ2 (t) Φ2 (r) , (4)

where ψ1,2(t) =
√
N1,2(t)e

iθ1,2(t), N1,2 and θ1,2 are the numbers of atoms and the phases in

each of the two wells. The total number of atoms is NT = |ψ1(t)|2 + |ψ2(t)|2 = N1 + N2.

The spatial modes Φ1,2(r) in Eq.(4) are localized in each of the two wells and are assumed

to be real, satisfy the orthonormal condition∫
Φi (r) Φj (r) ≈ δi,j, i, j = 1, 2. (5)

By inserting Eq.(4) into the GP equation, using the orthogonality and integrating out

the spatial degrees of freedom, we obtain the following two-mode equations:

θ̇ (t) = ∆E + ΛS (t) +
S (t)√

1− S2 (t)
cos θ (t), (6)

Ṡ (t) = −
√

1− S2 (t) sin θ (t), (7)

where S(t) = [|ψ1(t)|2 − |ψ2(t)|2]/NT denotes the population imbalance between the two

wells and θ(t) = θ2(t) − θ1(t) is the phase difference. The parameters ∆E and Λ in Eq.(6)

are given by

∆E =
E0

1 − E0
2

2κ
+

(U1 − U2 + A11 − A22)NT

4κ
, (8)

Λ =
(U1 + U2 + A11 + A22 − 2B12)NT

4κ
, (9)

where

E0
i =

∫ [
1

2
|∇Φi (r)|2 + V |Φi (r)|2

]
d3r, (10)

Ui = g

∫
|Φi (r)|4 d3r, (11)

Aii =

∫
Udd (r− r′) |Φi (r)|2 |Φi (r

′)|2 d3rd3r′, (12)

B12 = B21 =

∫
Udd (r− r′) |Φ1 (r)|2 |Φ2 (r

′)|2 d3rd3r′, (13)

κ = −
∫ [

1

2
(∇Φ1 (r)∇Φ2 (r)) + Φ1 (r)V (r) Φ2 (r)

]
d3r. (14)
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Here we have neglected integrals involving spatial overlaps of Φ1(r) and Φ2(r). For two

symmetric traps, E10 = E20, U1 = U2 = U and A11 = A22. The Hamiltonian of the system

is

H (S (t) , θ (t)) =
ΛS2 (t)

2
−
√

1− S2 (t) cos θ (t). (15)

Given the initial values S(0) and θ(0), if H < −1 (Λ < 0) or H > 1 (Λ > 0), S(t) will

oscillate around a nonzero value. Then we obtain the following two critical values:

Λc1 =
2
(
1 +

√
1− S2 (0) cos θ (0)

)
S2 (0)

, (16)

Λc2 =
2
(
−1 +

√
1− S2 (0) cos θ (0)

)
S2 (0)

. (17)

If Λ > Λc1 or Λ < Λc2, the system is in the self-trapping regime. On the other hand, if

Λc2 < Λ < Λc1, the system corresponds to the symmetry breaking regime. We use the

effective two-mode model which is proposed by Xiong et al. [17]. The basis states Φ1,2(r) in

the two-mode model are used the normalized Gaussian ansatz

Φi (r) =
e[−(x+xi)

2/2a2i−(y+yi)
2/2b2i−(z+zi)

2/2c2i ]

√
aibiciπ3/4

. (18)

The parameters ai, bi, ci, xi, yi, zi, can be obtained by fitting the ground state of the system

in our full three-dimensional (3D) simulations of Eq.(3) [18]. For a given value of φ, the

value of κ can be obtained analytically, and the values of A11, B12, U and Λ can be obtained

numerically.

III. NUMERICAL RESULTS

The fixed point categories of the system are z = ±
√
1− 1

Λ2 , θ(0) = 0 for Λ < −1 in the

self-trapping regime and z = 0, θ(0) = 0, π for Λc2 < Λ < Λc1 in the symmetry breaking

regime. In order to know the symmetry properties of the dynamics better, we chose initial

values S(0) = 0.9, θ(0) = 0. First, we consider a purely dipolar BEC of 164Dy atoms in the

DWP with scattering length a = 0 (U = 0) and A = 9ℏωz. we study the effect of dipolar

strength in the symmetry breaking and tunneling dynamics. Fig. 1(a) gives the values of

A11, B12 and κ vary with the dipole orientation parameter φ. Fig. 1(b) depicts the values of

the parameter Λ change with φ. The system is symmetrical between the two critical values

4
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Λc1 and Λc2. The value of Λ gradually increases and then settles to almost steady value

with the increase of φ. The critical angle from the asymmetric state to the symmetric one is

37.5◦, which matches with our previous numerical simulations of Eq.(3), where we observed

φ = 38◦. It can make sure the results of our calculation are reliable. Using the parameters

showed in Fig. 1, we study the tunneling dynamics of BEC in the DWP. Fig. 2 shows

the averaged population ⟨S⟩ with initial values S(0) = 0.9, θ(0) = 0. With increasing the

value of φ, the system changes from the self-trapping regime into the Josephson-oscillation

regime at a critical angle 37.5◦. The critical angle is in agreement with the result showed

in Fig. 1(b). In order to further understand the effect degrees produced by the dipole

orientation on the tunneling dynamics between the two potential wells, the dynamics from

the self-trapping regime to the Josephson-oscillation regime is illustrated in Fig. 3(a)-(d).

The effective dipolar interaction is attractive for φ = 0◦, the system is corresponding to

the self-trapping state (see inset in Fig. 3(a)). For critical angle φ = 37.5◦, the system is

in the broken-symmetry state by the enhanced repulsion. From φ = 40◦ to φ = 90◦, the

system is in the Josephson-oscillation regime and the oscillation frequency is gradually raised

with the increased repulsive force. The numerical solution of the dynamics for φ = 37.5◦ is

also studied. An initial state with the desired initial population imbalance S(0) is obtained

by using Eq.(4). In the numerical simulation, we set N1 = 0.05, N2 = 0.95. With this

initial state we perform the real-time propagation of the 3D GP equation (3) maintaining

all the parameters are agreement with the imaginary-time propagation[18]. The results for

self-trapping and oscillatory dynamics as obtained from the numerical simulation and the

two-mode model are compared in Fig. 3(e). Compare to the two-mode model, the numerical

result has higher oscillation frequency and self-trapping degree.

Next we study the effect of the contact strength in the symmetry breaking and tunneling

dynamics for a fixed dipole orientation φ = 0◦ and barrier height A = 9ℏωz. Fig. 4(a) gives

the values of A11, B12, κ and U vary with the scattering length a. For a > 0, the interactions

between atoms are repulsive. U rises smoothly with the increase of the scattering length. Fig.

4(b) depicts the values of the parameter Λ change with a. The system is symmetrical between

the two critical values Λc1 and Λc2. The value of Λ gradually increases and then settles to

almost steady value with the increase of a. The critical angle from the asymmetric state to

the symmetric one is a = 60a0, which matches with our previous numerical simulations of

Eq. (3). Using the parameters showed in Fig. 4, we study the tunneling dynamics of BEC in
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FIG. 1: (Color online) (Color online) (a) Values for the two-mode model parameters A11, B12 and

κ as functions of the dipole orientation parameter φ. (b) Value of Λ as function of the dipole

orientation parameter φ. Λc1 = 3.54 and Λc2 = −1.39 are the critical values with initial values

S(0) = 0.9, θ(0) = 0.
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FIG. 2: Averaged population ⟨S⟩ as a function of the dipole orientation parameter φ with initial

values S(0) = 0.9, θ(0) = 0.

the DWP. Fig. 5 shows the averaged population ⟨S⟩ with initial values S(0) = 0.9, θ(0) = 0.

With increasing the value of a, the system changes from the self-trapping regime into the

Josephson-oscillation regime at a critical value 60a0. The critical value is in agreement with

the result showed in Fig. 4(b). In order to further understand the effect degrees produced

by the contact strength on the tunneling dynamics between the two potential wells, the

dynamics from the self-trapping regime to the Josephson-oscillation regime is illustrated in

Fig. 6. The dipolar attractive interaction plays more dominant role for φ = 0◦ and a = 5a0

than the contact interaction. The system is corresponding to the self-trapping state (see

inset in Fig. 6(a)). For critical value a = 60a0, the system is in the broken-symmetry state
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FIG. 3: Population imbalance S(t) versus time for different values of the dipole orientation parame-

ter with initial values S(0) = 0.9, θ(0) = 0. (a) The system is in the self-trapping regime at φ = 0◦.

(b) The system is in the symmetry breaking regime at critical angle φ = 37.5◦. (c) The system

is in the Josephson-oscillation regime at φ = 40◦. (d) The system is in the Josephson-oscillation

regime at φ = 90◦ and the oscillation frequency is more quickly as the increased repulsive force. (e)

The results for self-trapping and oscillatory dynamics as obtained from the numerical simulation

and the two-mode model for φ = 37.5◦.

by the enhanced repulsion. From a = 65a0 to a = 100a0, the contact interactions gradually

play a dominant role. The contact interactions gradually play a dominant role. The system

is in the Josephson-oscillation regime and the oscillation frequency is gradually raised with

the increased repulsive force.
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FIG. 4: (Color online) (a) Values for the two-mode model parameters A11, B12, κ and U as functions

of the scattering length a. (b) Value of Λ as function of the scattering length a. Λc1 = 3.54 and

Λc2 = −1.39 are the critical values with initial values S(0) = 0.9, θ(0) = 0.
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FIG. 5: Averaged population ⟨S⟩ as a function of the scattering length a with initial values S(0) =

0.9, θ(0) = 0.
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FIG. 6: Population imbalance S(t) versus time for different values of the scattering length with

initial values S(0) = 0.9, θ(0) = 0. (a) The system is in the self-trapping regime at a = 5a0. (b)

The system is in the symmetry breaking regime at critical angle a = 60a0. (c) The system is in the

Josephson-oscillation regime at a = 65a0. (d) The system is in the Josephson-oscillation regime at

a = 100a0 and the oscillation frequency is more quickly as the increased repulsive force.

IV. CONCLUSIONS

In summary, using the effective two-mode mode, we have investigated the symmetry

breaking and tunneling dynamics of 164Dy atoms in a DWP system. Using the two-mode

model basis states obtained by fitting the ground state of the GP equation, we calculated

the two-mode equation parameters. Based on these parameters, we studied the symmetry

breaking and tunneling dynamics in two main aspects. First, we consider a purely dipolar

BEC, we find that the long-range nature and anisotropy of the dipolar interaction affect
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the symmetry properties of the tunneling dynamics. Second, we studied the mechanism of

the symmetry properties of the dynamics influenced by the contact interaction for a fixed

dipolar strength. Because the increase in the dipole orientation parameter or the scattering

length is essentially an increase in repulsive force, so the similar conclusions can be obtained

in both ways.
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