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Abstract

We give a complete classification of intertwining operators (sym-
metry breaking operators) between spherical principal series represen-
tations of G = O(n+1,1) and G’ = O(n, 1). We construct three mero-
morphic families of the symmetry breaking operators, and find their
distribution kernels and their residues at all poles explicitly. Symme-
try breaking operators at exceptional discrete parameters are thor-
oughly studied.

We obtain closed formulae for the functional equations which the
composition of the the symmetry breaking operators with the Knapp—
Stein intertwining operators of G' and G’ satisfy, and use them to
determine the symmetry breaking operators between irreducible com-
position factors of the spherical principal series representations of G
and G’. Some applications are included.
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1 Introduction

A representation 7 of a group G defines a representation of a subgroup G’ by
restriction. In general irreducibility is not preserved by the restriction. If G is
compact then the restriction 7|s is isomorphic to a direct sum of irreducible
representations 7’ of G’ with multiplicities m(m, 7’). These multiplicities are
studied by using combinatorial techniques. If G’ is not compact and the
representation 7 is infinite-dimensional, then generically the restriction 7|q
is not a direct sum of irreducible representations [I6] and we have to consider
another notion of multiplicity.

For a continuous representation m of G on a complete, locally convex
topological vector space H,, the space H>° of C'*-vectors of H, is natu-
rally endowed with a Fréchet topology, and (7, H,) gives rise to a continuous
representation 7 of G on H:°. If H, is a Banach space, then the Fréchet rep-
resentation (7°°, H2°) depends only on the underlying (g, K')-module (H,)x-
Given another continuous representation 7’ of the subgroup G’, we consider
the space of continuous G'-intertwining operators (symmetry breaking oper-
ators)

HomG/ (7TOO|G/, (7'(',)00).

The dimension m(m,7") of this space yields important information of the
restriction of 7 to G’ and is called the multiplicity of ' occurring in the
restriction 7|es. Notice that the multiplicity m(m, 7’) makes sense for non-
unitary representations m and 7', too. In general, m(w, 7’) may be infinite.
For detailed analysis on symmetry breaking operators, we are interested in
the case where m(m, 7’) is finite. The criterion in [25] asserts that the mul-
tiplicity m(m,7") is finite for all irreducible representations 7 of G and all



irreducible representations 7’ of G’ if and only if the minimal parabolic sub-
group P’ of G’ has an open orbit on the real flag variety G/P, and that the
multiplicity is uniformly bounded with respect to = and #’ if and only if a
Borel subgroup of G¢: has an open orbit on the complex flag variety of Gc.

The classification of reductive symmetric pairs (g, g’) satisfying the for-
mer condition was recently accomplished in [20]. On the other hand, the
latter condition depends only on the complexified pairs (gc, g¢), for which
the classification is much simpler and was already known in 1970s by Kréamer
8. In particular, the multiplicity m(m,7’) is uniformly bounded if the
Lie algebras (g,¢’) of (G,G’) are real forms of (sl(N + 1,C), gl(N,C)) or
(o(N +1,C),0(N,C)).

In this article we confine ourselves to the case
(G, G’) =(0O(n+1,1),0(n,1)), (1.1)

and study thoroughly symmetry breaking operators between spherical prin-
cipal series representations for the groups G and G’. In particular, we deter-
mine the multiplicities for their composition factors. Furthermore, we give a
classification of symmetry breaking operators I(\)* — J(v)> for any spher-
ical principal series representations I(A) and J(v), and find explicit formulae
of distribution kernels of its basis for every (\,v) € C2.

The techniques of this article are actually directed at the more general
problems of determining symmetry breaking operators between (degenerate)
principal series representations induced from parabolic subgroups P of G and
P’ of G' under the geometric assumption that the double coset P'\G/P is a
finite set. In the setting (L)), there are three (nonempty) closed P'-invariant
subsets in G/P. Correspondingly, we construct a family of (generically) regu-
lar symmetry breaking operators ,&,\,V and two families of singular symmetry
ones ]E,\,l, and @,\,V.

The classification of symmetry breaking operators 7' is carried out through
an analysis of their distribution kernels K. We consider the system of par-
tial differential equations that K satisfies, and determine when an (obvious)
local solution along a P’-orbit extends to a global solution on the whole real
flag variety G/P. The important properties of these symmetry breaking op-
erators are the existence of the meromorphic continuation, and the functional
equations that they satisfy with the Knapp—Stein intertwining operators of
G and G'. The residue calculus of A, provides a third method to obtain
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Juhl’s conformally covariant operators (Nj)v,, for the embedding S"~! — S™
(see [I3], [ for the two earlier proofs, and [I8] for a heuristic argument for
the method of this article).

To state our results more precisely, we realize G = O(n + 1,1) as the
automorphism group of a quadratic form

2 2 2 2
1’0+$1+"'+$n—$n+1

and the subgroup G’ = O(n,1) as the stabilizer of the basis vector e, =
“0,---,0,1,0).

A spherical principal series representation I(\) of G is an (unnormal-
ized) induced representation from a character y, of a minimal parabolic
subgroup P for A € C. In what follows, we take the representation space
of I(\) to be the space of C*-sections of the G-equivariant line bundle
G xp (x»,C) = G/P, so that I(\)* =~ I(\) is the Fréchet globalization
having moderate growth in the sense of Casselman—Wallach [39]. See Sec-
tion 3.4l The parametrization is chosen so that /() is reducible if and only
if —A € Nor A—n €N, and that I(—i) (i € N) contains a finite-dimensional
representation F(7) as the unique subrepresentation, which is isomorphic to
the representation on the space H!(R""1) of spherical harmonics of degree
i as a representation of the identity component Gy of G, see [ZI4). The
irreducible Fréchet representation I(—i)/F (i) of G is denoted by T'(i). The
underlying (g, K')-module T'(7) x is isomorphic to a Zuckerman Ay(\)-modules
where q is a certain maximal #-stable parabolic subalgebra of gc (see Sec-
tion IG3). In this parametrization, I(\) is unitarizable if A € % + /—1R
(unitary principal series representation) or 0 < A < n (complementary series
representations, see Chapter [[H]).

Similarly, spherical principal series representations of the subgroup G’
are denoted by J(v) and are parametrized so that the finite-dimensional
representations F'(j) is a subrepresentation of J(—j). The irreducible Fréchet
representation J(—j)/F(j) of G' is denoted by T'(j).

Consider pairs of nonpositive integers and define
Leven :={(—i,—j):j<iandi=j mod 2},
Loqa :={(—i,—j):j<iandi=j+1 mod 2}.

The discrete set Leyen in C? plays a special role throughout the article.
We prove:



Theorem 1.1 (multiplicities for spherical principal series, Theorem [[T.4]).
We have

1 Zf <)‘7 V) S (CQ - Leven;

2 if (A, V) € Leven-

This theorem is new even for G = O(3,1) ~ PGL(2,C) and G' =
0(2,1) =~ PGL(2,R).

From the viewpoint of differential geometry, G is the conformal group of
the standard sphere S™, and conformally equivariant line bundles L, over
S™ are parametrized by A € C (we normalize £, such that Ly is the trivial
line bundle and £, is the bundle of volume densities). The subgroup G’
is the conformal group of the ‘great circle’ S™~! in S", and conformally
equivariant line bundles £, over S~ ! are parametrized by v € C. Then
Theorem [[LT] determines the dimension of conformally covariant linear maps
(i.e., G’-equivariant operators) from C*°(S", L) to C=(S" 1, L,).

From the representation theoretic viewpoint, it was proved recently in Sun
and Zhu B8] that m(m,7’) <1 for all irreducible admissible representations
m of G and «’ of G'. However, it is much more involved to tell whether
m(m,7") = 0 or 1 for given irreducible representations 7w and 7’.

The following theorem determines m(mw,n’) for irreducible subquotients
at reducible points.

Theorem 1.2 (multiplicities for composition factors, Theorem 5. Let
1,7 € N.

(1) Suppose that i > j.
(1I-a) Assume i =j mod 2, namely, (—i,—j) € Leyen- Then

m(T(@),T(;) =1,  m(TG),F3H) =0, m(F®E),F() =1
(1-b) Assume i =j+1 mod 2, namely, (—i,—j) € Loaa. Then
m(T(i),T(j)) =0,  m(T@G),F() =1, m(F(),F(j))=0.
(2) Suppose that i < j. Then



Similar results were obtained by Loke [29] for the (g, K')-modules of rep-
resentations of G = GL(2,C) and G’ = GL(2,R).

We also determine the multiplicity of (possibly, reducible) spherical prin-
cipal series representations /(\) of G and irreducible finite-dimensional repre-

sentations F'(j), respectively infinite-dimensional ones T'(j) of the subgroup
G’ in Theorem 2.6

Theorem 1.3. Suppose j € N.
1) m(I(N),F(j)) =1 forall A e C.

1 if A+je—2N,

2) m(I(A),T(j)) = {0 if \4+j & —2N.

In the special case v = 0, our results on symmetry breaking operators are
closely related to the analysis on the indefinite hyperbolic space

Xn+1L,1)={eR™: &+ -+ -, =1} ~G/G.
As a hypersurface of the Minkowski space
RnJrLl = (RnJrZ’ dfg +eeet dfﬁ - défz—i—l)a

X(n + 1,1) carries a Lorentz metric for which the sectional curvature is
constant —1, and thus is a model space of anti-de Sitter manifolds. The
Laplacian A of the Lorentz manifold X (n + 1,1) is a hyperbolic operator,
and for A € C, we consider its eigenspace:

Sol(G/G'; \) == {f € C*(G/G") : Af = —\(\ —n)f}.

The underlying (g, K)-module Sol(G/G’; \) k is isomorphic to the underlying
(g, K)-module of a principal series representation [32]. For A = —i € —N
there are two inequivalent reducible principal series representations I(—1)g
and I(n + i)k, and our results on the symmetry breaking operators ;&,\70 for
(A, 0) € Leyen give another proof of the following (g, K')-isomorphism:

I(—i)x if A= —i€ —2N,

Sol(G/G'; \) i ~
UG/ N {I(n+i)K if \=—ie —2N— 1.
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More generally, we apply our results on symmetry breaking operators for
v € —N to the analysis on vector bundles. We note that harmonic analysis
on (general) semisimple symmetric spaces has been studied actively by many
people during the last fifty years, however, not much has been known for
vector bundle sections. We construct in Theorem some irreducible sub-
representations in the space of sections of the G-equivariant vector bundles
G x¢ F(j) = G/G' by using symmetry breaking operators A, ,.

We also obtain branching laws for unitary complementary series repre-
sentations of I(A) (0 < A < n), which by abuse of notation we also denote
by I(\). For A € R, we set

—1
D()\)::{I/EA—1+ZZ:nT<V§)\—1}.

Then D()) is a finite set, and D(A) is non-empty if and only if A > 2. As
an application of differential symmetry breaking operators C, ,, we have

Theorem 1.4 (branching law of complementary series, Theorem [I51]). Sup-
pose that ”TH <A <n. Then J(v) is a complementary series representation
of the subgroup G’ for any v € D(X). Moreover, the restriction of I(\) to G’
contains the finite sum €,cp ) J(v) as discrete summands.

About 20 years ago Gross and Prasad [1] formulated a conjecture about
the restriction of an irreducible admissible tempered representation of an
inner form G of the group O(n) over a local field to a subgroup G” which
is an inner form G’ = O(n — 1). The conjecture in [7] relates the existence
of nontrivial homomorphisms to the value of an L-function at 1/2 and the
value of the epsilon factor. We expect to come back to this in a later paper.

Let us enter the proof of Theorem [[LT] and its refinement (Theorem
below) in a little more details. We first construct an analytic family of
(generically) regular symmetry breaking operators and show

Theorem 1.5 (regular symmetry breaking operators, Theorem B1I). There
ezists a family of symmetry breaking operators A, € Home (I(X), J(v)) that
depends holomorphically for entire (\,v) € C? with the distribution kernel

1

D70 (3)

KL (x,3,) = (] A 22)

Further, A,\,,, is nonzero if and only if (\,v) € C? — Leyen-
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We recall that there exist nonzero Knapp—Stein intertwining operators
T,:J(v) = Jn—1—v) and Ty:I(\) — I(n—\),

with holomorphic parameters v € C and X\ € C, respectively. In our normal-
ization

- - ﬂ_nfl

Tn— —v TV — id ’
1_, O I‘(n—l—y)F(u)l on J(v)

and

~ ~ 7"'” .
Tn—)\OTA —mld on _[(/\)

The following functional identities are crucial in the proof of Theorems

3 and [C110

Theorem 1.6 (functional identities, Theorem BH). For all (\,v) € C?,

_ - Tt ~
T,—1-,0 A)\,nflfu :mA)\,m (1-2>
Ay o= ™ & 13
n—\v © 1) _F(n _ )\) Ave ( : )

Here T,_1_, and Ty are the Knapp-Stein intertwining operators of G’
and G, respectively. If v —n+1 € N or A —n € N, then the left-hand side

of (L2) or [L3) is zero, respectively.

The functional identities in Theorem are extended to other families
of singular breaking symmetry operators (see Theorem [[2.6] Corollary [2.7],

and Corollary [2.§).

We construct other families of symmetry breaking operators as follows:

We define

/) ={(\v)eEC: N—v=0,-2,—4,...},
\\i={(\,v)eC*: A+v=n—-1n—-3n-5...},
X:=\\n/J.
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We note

X if n i
Lo © e (14)
//—\\ if nis even.

For v € —N, the renormalized operator AA,V = F(’\;”)AA,V extends to a
non-zero G'-intertwining map, that depends holomorphically on A € C.

For (A, v) € \\, we define a family of singular G’-intertwining operators
B, : 1(\) = J(v) that depends holomorphically on A € C (or on v € C) by

the distribution kernel

~ 1
RE (o 20) = paay (ol + 22070 o).
2

For (\,v) € //, we set | := (v — \) and define a differential operator

! DY A
~ 22=2j Adv—n—1 N 0 \2-2
C,\,y = rest OZ j!(2l — 2j)! 11( 5 + z) ARn_l <(9_mn> .

Jj=0

Here rest denotes the restriction to the hyperplane x, = 0. It gives a dif-
ferential symmetry breaking operator C,, : I(\) — J(v) of order 2[, and
coincides with the conformally covariant differential operator for the embed-
ding S"~1 < S™, which was discovered recently by A. Juhl in [I3].

Using the support of the operators, we prove the following refinement of
Theorem [T We show:

Proposition 1.7. Every operator in Home/ (1(\), J(v)) is in the C-span of

the operators 1&)\7,,, 2&,\,,,, IE%)M,, and @,\W.

Examining the linear independence of symmetry breaking operators con-
structed above we prove

Theorem 1.8 (residue formulae, Theorem [I2.2]).

(1) For (\,v) € \\ =X, we define k :=3(n—1—X—v) € N. Then



(2) For (v,\) € //, we define | := (v — X). Then

~ (—D)iir s ~
Ay, =~——C,,.

)\,l/ F(U)22l C}\,I/
(3) Suppose (A, v) € X. We define k,l € N as above. Then

(—1)ik2k=2lr "5 1 (2% — 1)1
Ch.
I'(v) ’

B/\,V =

Theorem implies that singular symmetry breaking operators B A and
((Af/\w can be obtained as the residues of the meromorphic family of (generi-
cally) regular symmetry breaking operators in most cases. An exception hap-
pens for the differential symmetry breaking operator @)\7” for (A\,v) € Leyen
(see also Remark I274]). In fact the dimension of Home: (I(N), J(v)) jumps
at (A, V) € Leven as we have seen in Theorem [[T]

We prove a stronger form of Theorem [[LT] by giving an explicit basis of
symmetry breaking operators:

Theorem 1.9 (explicit basis, Theorem [T3). For (\,v) € C?, we have

C.&)\’y D (C@)\,y Zf (/\7 V) S Levena

Home (1(A), J(v)) = {C& if \v)eC2—1L
Ay s — Ideven-

Denote by 1, and 1, the normalized spherical vectors in I(\) and J(v),
respectively. The image of spherical vector 1, under the symmetry break-
ing operators A, , and B, is nonzero if and only if A # 0,—1,—-2, -3 ...,
whereas it is always nonzero under C Av- More precisely we prove in Propo-
sitions [[.4], 0.0 and [[0.1 the following:

Theorem 1.10 (transformations of spherical vectors).

(1) For (\,v) € C?,
- N
Ay (1)) = =—=1,.
)\,l/( )\) F(A) v

12



(2) For (\,v) € \\, we set k:=3(n—1—X—v). Then

(=1)k2kx"3" (2k — 1)
I'(A)

By, (1,) = 1,.

(3) For (\,v) € //, we set | := 5(v—X) € N. Then

(=122 (N

@,\,u(lx) = 7

1,.

We also determine the image of the underlying (g, K)-module I(\)x of
I(\) by the symmetry breaking operators for all the parameters (\,v) € C2.
Using the basis in Theorem [[L9] we have:

Theorem 1.11 (image of breaking symmetry operator, see Theorems [3.]]

and [[3.2).
(1) Suppose that (A, ) € Leyen and set j := —v € N. Then

Image&)\ﬂ, = F(j)

and B
ImageC,, = J(v)k.

(2) Suppose that (A\,v) € Leven- Then

(2-a) Image A,W = F(-v) if v e —N,
(2-b)  ImageAy, =T(w+1—n)x if (\v)e\\ andv+1—neN,
(2-c) Image 1&,\7,, = J(V)k otherwise.

The outline of the article is as follows:

Before we start with the construction of the intertwining operators between
spherical principal series representations of G = O(n+1,1) and G’ = O(n, 1)
we prove in Chapter 2 our main results about G’-intertwining operators be-
tween irreducible composition factors of spherical principal series represen-
tations (Theorem [[2). In this proof we use the results about symmetry
breaking operators for spherical principal series representations of G and G’

13



(Theorem [[9)) and their functional equations (Theorem [LL6]) proved later in
the article.

Chapter B gives a general method to study symmetry breaking operators
for (smooth) induced representations by means of their distribution kernels.
Analyzing their supports we obtain a natural filtration of the space of symme-
try breaking operators induced from the closure relation on the double coset
P'\G/P in Section B3 which will be used later to estimate the dimension
of Home/ (1(N), J(v)).

In Chapter ll we give preliminary results on spherical principal series rep-
resentations such as explicit formulae for the realization in the noncompact
picture C*°(R™) using the open Bruhat cell. Then we recall the Knapp—Stein
intertwining operator T), define a normalized operator ’]TA, and show some
of its properties. Notice that our normalization arises from analytic consid-
erations and is not the same as the normalization introduced by Knapp and
Stein.

Chapter[lis a discussion of the double coset decompositions G'\G/P and
P'\G/P. We prove in particular that G = P'"N_P.

In Chapter [l we derive a system of differential equations on R"™ and show
in Proposition [0 that its distribution solutions Sol(R™; A, ) are isomorphic
to Homer (I(A), J(v)). An analysis of the solutions shows that generically
the multiplicity m(ZI(\), J(v)) of principal series representations is 1 (see
Theorem [LT]).

In Chapter [0 we use the distribution K3, € Sol(R";\,v) to define for
(A, v) in an open region 2y a (g', K')-homomorphism A/A’V TNk = J(V) k.
Normalizing the distribution kernel by a Gamma factor we obtain an operator
A, , and prove that A, ,(¢) is holomorphic in (\,v) € C? for every ¢ €
I(Nk, and that A, (@) = 0 for all ¢ € I(A)g if and only if (A, ) € Leyen.

In Chapter 8 we prove the existence of the meromorphic continuation of
A, ,, initially defined holomorphically on the parameter (A, v) in the open
region p, to (), v) in the entire C2. Besides, we determine all the poles of
the symmetry breaking operator Ay, with meromorphic parameter A and v
and show that the normalized symmetry breaking operators J&,W I\ —
J(v) depend holomorphically on A, v. Here we use and prove the functional
equations (Theorem [[6]) of the symmetry breaking operators.

An analysis on the exceptional discrete set Leyen is particularly impor-
tant. We introduce for v € —N a different normalization to obtain nonzero

operators &/\,v for (A, ) € Leven-
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In Chapter [@ we start the discussion of the singular symmetry breaking
operators for (A,v) € \\, their analytic continuation and find a necessary
and sufficient condition which determines if they are not zero.

Chapter[IQis a discussion of the differential symmetry breaking operators,
which were first found by Juhl.

Building on these preparations, we complete in Chapter [[1] the classifica-
tion of symmetry breaking operators from the spherical principal series repre-
sentation I(\) of G = O(n+1, 1) to the representations J(v) of G’ = O(n, 1)
and prove Theorems [[LT] and Here again the analysis of Sol(R™; A\, v) for
the parameter in \\ and // plays a crucial role.

In Chapter [[2] we show the relationships among the (generically) regular
symmetry breaking operators 1&,\,,,, the singular symmetry breaking opera-
tors IE%,\,V and the differential symmetry breaking operators (E,\W by proving
explicitly the residue formulae (Theorem [[I0). Furthermore we also extend
the functional equations to these singular symmetry breaking operators.

Finally, Theorem (1), (2), and (3) are proved by explicit computa-
tions in Chapters [0 @ and [T, respectively, and Theorem [[.1]] is proved by
using Theorem in Chapter

The last two chapters are applications of our results. In Chapter [4] we
apply our results about symmetry breaking operators A , to the analysis on
vector bundles over the semisimple symmetric space O(n +1,1)/O(n,1). In
Chapter [[8 we construct explicitly complementary series representations of
the group G’ = O(n, 1) as discrete summands in the restriction of the unitary
complementary series representations of O(n + 1,1) by using the adjoint of
the differential symmetry breaking operators @A’V

Notation. N={0,1,2,---}, N, ={1,2,3,---}, R* = R—{0}. For two

subsets A and B of a set, we write

A—B:={acA:a¢ B}
rather than the usual notation A\B.
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2 Symmetry breaking for the spherical prin-
cipal series representations

Before we start with the construction of the G’-intertwining operators be-
tween spherical principal series representations of G = O(n + 1,1) and
G’ = O(n,1) we want to prove the main results (Theorems and [L3]
see Theorems and below) about G’-intertwining operators between
irreducible composition factors of spherical principal series representations.
This is intended for the convenience of the readers who are more interested in
representation theoretic results rather than geometric analysis arising from
branching problems in representation theory. In the proof we use the results
about symmetry breaking operators for spherical principal series representa-
tions of G and G’ that will be proved later in the article.

2.1 Notation and review of previous results

Consider the quadratic form
R R (2.1)

of signature (n + 1,1). We define G to be the indefinite orthogonal group
O(n + 1,1) that preserves the quadratic form (2.1]). Let G’ be the stabilizer
of the vector e, =0,0,---,0,1,0). Then G’ ~ O(n,1). We set

K :=0(n+1) x O(1), (2.2)
A

K =KnG ={ 1 : A€ O(n),e =41} ~0(n) x O(1). (2.3)
£

Then K and K’ are maximal compact subgroups of G and G’, respectively.
Let g =o0(n+1,1) and ¢’ = o(n, 1) be the Lie algebras of G = O(n+1,1)
and G’ = O(n, 1), respectively. We take a hyperbolic element H as

H = EO,n—i—l + En+170 S g/. (24)

Then H is also a hyperbolic element in g, and the eigenvalues of ad(H) €
End(g) are =1 and 0. For 1 < j < n, we define nilpotent elements in g by

Nj" == Eo; + Ejo = Ejnt1 = Eng g, (2.5)
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Nj_ = EOJ + Ej70 + Ej,n-i—l + En+1,j~ (26)

Then we have maximal nilpotent subalgebras of g:
ng =Ker(ad(H) — 1) = Y RN, n_:=Ker(ad(H)+1)=» RN;.
j=1 j=1

Since H is contained in the Lie algebra g’ of split rank one, we can define
two maximal nilpotent subalgebras of g’ by

n—1
W =n.Ng' =) RN, (2.7)
=1
n—1
n =n_nNg = ZRN;.
=1
Let Ni= exp(n;), N_ =exp(n_) and N| := N, NG" = exp(n), N_ =
N_NG" =exp(n’). We define

€

M = Zk(a) = A :AeO(n), e==£1p ~0(n) x Zs,

€
€
/ B
M= Zyi(a) = 1 :BeOn—1):e ==+l
3
~0(n — 1) X Zs. (2.8)

We set

a:=RH and A :=expa.

Then P = M AN, is a Langlands decomposition of a minimal parabolic
subgroup P of G. Likewise, P' = M'AN!_is a Langlands decomposition of a
minimal parabolic subgroup P’ of G'. We note that we have chosen H € ¢’
so that we can take a common maximally split abelian subgroup A in P’ and
P. The Langlands decompositions of the Lie algebras of P and P’ are given
in a compatible way as

p=m+tatn,, p=m'tatn=mng)+@ng)+m+g) (29
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We assume from now on that the principal series representations I(\) are
realized on the Fréchet space of smooth sections of the line bundle G x, C —
G/P. See Section B4 a short discussion of the Casselman—Wallach theory on
Fréchet representations having moderate growth and the underlying (g, K)-
module.

Let Gop = SOp(n + 1,1) be the identity component of G = O(n + 1,1).
Then the quotient group is of order four:

G /Gy~ {£} x {£}.

Irreducible representations of the disconnected group G are not necessarily
irreducible as representations of GGo. We have

Proposition 2.1. 1) Suppose n > 2. Then any irreducible G-subquotient Z
of I(\) remains irreducible as a Go-module.
2) Suppose n = 1.

2-a) Fori e N, T(i) splits into a direct sum of two irreducible Go-modules.

2-b) Any irreducible G-subquotient Z of I(\) other than T'(i) remains irre-
ducible as a Gy-modules.

For the proof, we begin with the following observation:

Lemma 2.2. 1) A (g, K)-module Zk is irreducible as a g-module if every
wrreducible K-module occurring in Zx is irreducible as a Ky-module.
2) For G =0O(n+ 1,1), let By := PN Gy. Then Py is connected, and is a
minimal parabolic subgroup of G. Then we have a natural bijection:

Go/Py =5 G/P(~ S™).

Proof of Proposition[21]. Let Zx be the underlying (g, K)-module of Z. It
is sufficient to discuss the irreducibility of Zk as a (g, Ky)-module.

1) Any irreducible representation of K ~ O(n + 1) x O(1) occurring in the
spherical principal series representation I(\) is of the form H*(S™) X 1 for
some i € N, which is still irreducible as a representation of Ky = SO(n + 1)
if n > 2. Here 1 denotes the trivial one-dimensional representation of O(1).
Hence the assumption of Lemma 2] (1) is fulfilled, and the first statement
follows.
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2) By Lemma[2.2](2), the restriction of 1(\) to Gy is isomorphic to a spherical
principal series representation of Gy = SOy(2,1). Comparing the aforemen-
tioned composition series of representation I(A) of O(2, 1) with a well-known
result for Gy = SOy(2,1) ~ SL(2,R)/{£1}, we see that T'(i) is a direct
sum of a holomorphic discrete series representation and an anti-holomorphic
discrete series representation of Gy and that other irreducible subquotients
of GG remain irreducible as Gp-modules. See also Remark for geometric

interpretations of this decomposition.
O

Proposition 2] and [I2] imply that the representation I(\) is reducible
if and only if
A=n+1 or A=—1 forieN
A reducible spherical principal series representation has two irreducible com-
position factors. The Langlands subquotient of I(n+-) is a finite-dimensional

representation F'(i). We have for i € N non-splitting exact sequences as
Fréchet G-modules:

0— F(i) = I(—i) > T(i) — 0, (2.10)
0—=T() = I(n+1i)— F@i) = 0. (2.11)

Inducing from the minimal parabolic subgroup P’ of G', we define the in-
duced representation J(r) and the irreducible representations F(j) = F¢(5)
and T(j) = T (j) of G" as we did for G. We shall simply write F(j) for
F%(4) and T'(5) for T (), respectively, if there is no confusion.

2.2 Finite-dimensional subquotients of disconnected groups

Since the group G = O(n + 1, 1) has four connected components, we need
to be careful to identify the finite-dimensional subquotient F'(7) with some
other (better-understood) representations.

First, we consider the space of harmonic polynomials of degree i € N by

H(R"™Y) = {4 € Clxg, -+ ,p11] : O = 0, 9 is homogeneous of degree i},

where O = 88—; + - o O . Then G = O(n +1,1) acts irreducibly
0

T o T B
i n n+1
on H'(R"*1) for any i € N. The indefinite signature is not the main issue
here, because this representation extends to a holomorphic representation of

19



the complexified Lie group O(n + 2,C). Similarly, the group G’ = O(n, 1)
acts irreducibly on H7(R™!) for j € N. By the classical branching law, we
have a G’-irreducible decomposition:

H(R" )| or ~ P H/(R™). (2.12)
j=0

Second, we notice that there are three non-trivial one-dimensional rep-
resentations of the disconnected group GG. For our purpose, we consider the
following one-dimensional representation

x:0Mnm+1,1) — {£1} (2.13)
by the composition of the following maps
G — G/Gy~O0(n+1)xO(1)/SO(n+1) x SO(1) =~ {£1} x {1} =3 {1},

where Gy = SOy(n + 1,1) is the identity component of GG, and pr, denotes
the second projection. Similarly, we define x’ : O(n,1) — {£1}. Then by
inspecting the action of the four disconnected components of GG, we have the
following isomorphisms as representations of G and G’, respectively:

F(i) ~x' @ H (R™H1), (2.14)
F(j) =(X'Y @ H/(R™). (2.15)

Combining (Z12) with ([2I4) and ([ZI5), we get the following branching
law for the restriction G | G":

F(i)le =~ EPN) 7 @ F(j).
=0
Thus we have shown the following proposition.
Proposition 2.3 (branching law of F'(i) for G | G'). Suppose i,j € N.
1) Home (F(i), F'(5)) # 0 if and only if 0 < j <i and i =j mod 2.

2) Homgy (F(5), F'(i)) # 0 if and only if 0 < j <.
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2.3 Symmetry breaking operators and spherical prin-
cipal series representations.

We refer to nontrivial homomorphisms in
H(\,v) := Homg (I(N), J(v))

as fntertwining restriction maps or symmetric breaking operators. In the next
chapter general properties of symmetry breaking operators for principal series
representations are discussed. In this section we will illustrate the functional
equations satisfied by the continuous symmetry breaking operators (Theorem
B3 see also Theorem [[2.6]) by analyzing their behavior on I(\) x J(v) where
both representations /() and J(v) are reducible, i.e., (A, v) are in

L=A{(j):i,j€Zand (i,j) € (0,n) x (0,n —1)}

The Weyl group G5 x G5 of G x G" acts on L. The action is generated by
the action of the generators (A, v) — (—=A+n,v) and (A, v) — (A, —v+n—1).
We write Leyen, C L for the orbit of

L ={(i,7) : i,j nonpositive integers, i = j mod 2}

under the Weyl group and L,44 its complement in £. We consider case by case
the symmetry breaking operators parametrized by (A, v) in the intersection
of Leyen, respectively (A, v) € Loqq, with the sets

LA XSO0, v<A,
I.BA<0,A<v <0,

ILA A0, - A+n—1<v,

II.LB A <0, - A+n—-1>v>n-—1,
IIILA A >n, A —1 < v,

III.B A>n,n—-1<v<\—1,
IVAAX>n v<—-\A+n,

IV.B A>n, - A+n<rv<0.
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IV.B 111.B
IV.A III.A
n
0 n—1 v
1A II.A
1.B II.B

Figure 2.1: Octants of the parameter space

The results are graphically represented in Figures 2.1-241 The large and
the small rectangles stands for the reducible principal series representations
I(7),J(j) of the large group G and the small group G’ respectively. The
rectangles are located in the octants of the parameter space (A, v) determined
by the conditions on (3, 7).

The subrectangles at the bottom represents the irreducible subrepresen-
tation; a small rectangle represents a finite-dimensional subquotient module,
a large rectangle an infinite-dimensional subquotient.

A colored green subrectangle is the subrepresentation which is contained
in the kernel of the operator of the symmetry breaking operator A, ;, and a
white upper rectangle implies the image of the symmetry breaking operator
A; ; is contained in the irreducible subrepresentation.

Suppose first that (i,j) € £ is contained in I.A. Both representations
I(i) and J(j) have finite-dimensional subrepresentations F'(—i) and F(—j)
respectively. Since —j > —i the representation F'(—j) is not a summand
F(—i)|er by Proposition 23] and therefore the finite-dimensional subrepre-

sentation F'(—i) is in the kernel of the symmetry breaking operator ,&” On
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the other hand, by Theorem [[L0] we have

n—1

~ ~ 2 ~
Trno1-johin-1-j = 7———= A,
S (T R R
which implies that the image of the nontrivial symmetry breaking operator
A, ; is the finite-dimensional subrepresentation F'(—j) or zero. Since A; ; # 0
by Theorem [[H the image is in fact F'(—7).

Suppose now that (i,j) € L is contained in II.A. The representa-
tion /(i) has a finite-dimensional subrepresentation F(—i), and J(j) has a
finite-dimensional quotient F'(j —n+1). The image of F'(—i) under the sym-
metry breaking operator 1&” is finite-dimensional or zero. Since J(j) has
no finite-dimensional subrepresentation, the finite-dimensional subrepresen-
tation F'(—i) must be in the kernel of the symmetry breaking operator A, ;.
By Theorems and [L6] we have

- Tt~
Tj ©) Ai,j = WAi’n_l_j 7é 0.

Thus the image of &ijn_l_j is finite-dimensional, and therefore 1&” defines a
surjective (g, K)-homomorphism 7'(i)x — J(j) k'

Suppose that (i,j) € L is contained in IV.A. The representation ()
has a finite-dimensional quotient F'(i —n), and J(j) has a finite-dimensional
subrepresentation F'(—j). The functional equation in Theorem and the
non-zero condition in Theorem imply

n

T2

Kol = 1o
) © F(Z)

A, ;#0

Further, since (n —1, j) is contained in [.A, the image of T'(7) under the sym-
metry breaking operator ,&” is the finite-dimensional representation F'(—j).
Since T'(i) has a finite-codimension in (i), the image of I(i) under the sym-
metry breaking operator Au is still finite-dimensional, hence is equal to the
unique subrepresentation F'(—j) of J(j).

Suppose that (i,j) € L is contained in ITI.A. The representation ()
and J(j) both have finite-dimensional quotients F(i —n) and F(j —n + 1).
Furthermore the multiplicity m(/(i), J(j))) = 1 by Theorem [[T] Again the
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spherical vector is not in the kernel of Aid, but its image is a spherical vector
for J(j) by Theorem [[.T0l which in turn generates the underlying (g’, K')-
module of J(j)x. Hence the symmetry breaking operator A/” is a surjective
map from I(i)x to J(j) k'

Figure represents the results for the operator 1&” with (i,j) € £ in
the four octants I.A, IT.A, III.A, and IV.A discussed so far.

M N

IV.A n III.A
0 n—1
14
LA IL.A

~ N

Figure 2.2: Image of ,&” with (,7) € £

Suppose now that (i, j) € £ is contained in I1.B. The representation (1)
has a finite-dimensional subrepresentation and J(j) has a finite-dimensional
quotient. Furthermore we have m(I(i),J(j)) = 1 by Theorem Il The
image of a finite-dimensional G’-invariant space of I(:) under 1&” is finite-
dimensional or zero. Since J(j) has no finite-dimensional subrepresentation,
the finite-dimensional subrepresentation F'(i) lies in the kernel of the symme-
try breaking operator &j Consider the functional equation from Theorem
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1.0}
~ ~ T2 ~
T;o Ai,' = —.Ai,nflf j -
j T T() j
If (4,7) € Loqq then the right-hand side is non-zero by Theorem [L8 and thus
'Tf‘j o 1&” # 0. In particular the image of ﬁ‘j o 1&” is finite-dimensional. Thus

the symmetry breaking operator A/” must have a dense image, and therefore,
induces a surjective (g, K)-homomorphism I(i)x — J(j)x
If (,7) € Leven then the symmetry breaking operator A;,_;_; = 0 by The-

orem [[LAl Hence the image of ,&” is contained in the subrepresentation
T(j—n~+1) and thus induces a non-zero element in Home (7°(7), T(j —n+1)).

Suppose now that (i,7) € £ is contained in IV.B. The representation
I(7) has a finite-dimensional quotient and J(j) has a finite-dimensional sub-
representation. Furthermore the multiplicity m(1(:), J(j)) = 1. Consider
the functional equation from Theorem

~ ~ m2 ~

Ai,j o Tn—i - —A —

If (4,7) € Logq then {=A,_;; # 0 by Theorem [l Hence the image T'(i—n)

of the Knapp—Stein 1ntertw1n131g operator Tn ; is not in the kernel of the
symmetry breaking operator A;;. By the same argument as in IV.A, the
image of the symmetry breaking operator is finite-dimensional, and thus it
induces a nontrivial element in Homg/ (T'(i — n) g, F'(7)).

If (i,7) € Leyen then An_m = 0. Hence the image T'(i—n) of the Knapp—Stein

intertwining operator T,_; for G is in the kernel of the symmetry breaking
operator A;; and therefore it induces a non-zero operator in Home (F'(i —

n), F(j)).
Suppose now that (i,7) € £ is contained in ITI.B. The representation
I(i) and J(j) have both finite-dimensional quotients. Furthermore we have

m(I(i),J(j)) = 1 by Theorem [Tl Consider the functional equation from
Theorem [LG]

LjoT.= Tk
ij © Ln—i = Hw N An—ij-
SR O M
It implies that the image T'(i — ) of the Knapp—Stein intertwining operator
Tn ; of G is not in the kernel of A; ;. Furthermore Az j acts nontrivially on
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the spherical vector by Theorem [[LT0, and its image is a cyclic vector in J(j).
Hence the symmetry breaking operator 1&” induces a surjective map from
I(i)k to J(j) k-

Remark 2.4. If (i,7) € Leyen, then the functional equation also implies that
the image of T(i —n)g is T'(j —n+ 1)k.

Suppose now that (i,j) € L is contained in I.B. The representations
I(i) and J(j) have finite-dimensional subrepresentations F'(—i) and F'(—j),
respectively. N

If (4,7) € Loga, then m(1(i), J(j)) = 1. The image of A, ; is finite-dimensional
because

n—1
~ ~ 2~
TjoA;; = —.Ai,n— =0
J »J F(]) 1—j
Another functional equation
~ ~ T3 ~
Ai j Tn—i - _.An—i =0
»J © F(Z) »J

implies that the finite-dimensional representation F'(—i) is contained in the
kernel of A/m and so it induces a non-zero symmetry breaking operator in
Home/ (T'(—i), F(_])>~

If (i,5) € Leven, then A; ; = 0 by Theorem

Figure represents the results for ;&” in the 4 octants I.B, I1.B, II1.B,
and IV.B for (Z,j) € Lodd

Similarly, Figure 24 represents the results for &J in the 4 octants for
(i’j) E 'Ce'uen

If (i,j) € Leyen, namely, if (i,j) € Lepen with i@ < j < 0, then the
multiplicity m(1(i), J(j)) = 2 and H(i,j) is spanned by ,&” and C;; by
Theorem [L9l The image of 1&” is finite-dimensional and since the restriction
to the finite-dimensional subrepresentation is nontrivial it induces an G-
equivariant operator between the finite-dimensional representations F (—1)
and F'(—j). By Theorem 31 the image of I(i)x under C;; is equal to

J(—7)k and the finite-dimensional representation is not in the kernel by

Theorem (5).

Figure represents the results for the operators A,] and (EH with
(Zaj) € Leven
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IV.B III.B
n
0 n—1
v
1.B II.B

NI N
Figure 2.3: Image of A” with (7,7) € Loga

2.4 Multiplicities for composition factors

The following theorem generalizes the results by 29 for G = GL(2,C) and
G' = GL(2,R).

Theorem 2.5 (multiplicities for composition factors). Leti,j € N.

(1) Suppose thati > j.
(1-a) Assumei=j mod 2, namely, (—i,—j) € Leyen- Then

m(T@),T(G) =1, m(TG),FQ) =0, m(F@),F(j)) =1
(1-b) Assumei=j+1 mod 2, namely, (—i,—j) € Loaa. Then

m(T (i), T(j)) =0,  m(T@),F() =1 m(F@),F()) =0
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0 n—1
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1.B II.B

| N
Figure 2.4: Image of 1&” with (7,7) € Leven

(2) Suppose that i < j. Then

m(T (i), T(5)) =0, m(T(), F(j)) =1, m(F(i), F(j)) = 0.

Proof. The discussion in Section [Z3] (see Figures 23 and [24]) shows that our
symmetry breaking operators induce

m(T(1),T(j)) #0 and m(F(i), F(j)) =1 for (=i, —j) € Leven,

m(T (i), F(j)) #0 for (—i,—j) € Load,
and
m(T(i), F(j)) #0 fori < j.

Hence by [BH the multiplicities are one and it suffices to show that the
multiplicities are zero in the remaining cases.

If (—i,—j) € Leven and m(T'(i), F'(j)) # 0, then there would exist a
nontrivial symmetry breaking operator I(—i) — J(—j) with image in the
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N ~l

@)\V 1&)\1/
Figure 2.5: Images of A” and @Z] with (7,7) € Leyen

subrepresentation F'(—j) for which the finite-dimensional representation F'(7)

is in the kernel. Since F'(4) is not in the kernel of 1&” or C
that m(1(i), J(j)) > 2, contradicting Theorem L9

We have already shown in Proposition that m(F(:), F(j)) = 0 if
(—i,—j) € Loga or i < j. Alternatively, this can be proved as follows:
Suppose that (—i,—j) € Loaq or i < j. If m(F(i), F'(5)) # 0, then we would
obtain an additional symmetry breaking operator for (n+i, —j) in the octant
IV.A or IV.B, contradicting Theorem

Now suppose that (—i, —j) € Logq or ¢ < j. Similarly, if m(7'(2),T(j)) #
0, then we would obtain an additional symmetry breaking operator for (A, v) =
(—i,n — 1+ j) in the octant II.A or II.B, contradicting Theorem [L.O O

this would imply

2,79

The following theorem determines the multiplicity from principal series
representations /(\) of G (not necessarily irreducible) to the irreducible rep-
resentations F'(j) and T'(j) of G":

Theorem 2.6. Suppose j € N.
1) m(I(N\),F(j)) =1 forall A e C.

1 if A +je—2N,

2) m(I(A),T(j)) = {0 if \+j ¢ —2N.
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It is noteworthy that there exist non-trivial symmetry breaking operators
to the finite-dimensional representations F'(j), whereas there do not exist to
the infinite-dimensional irreducible representations 7'(j) for generic parame-
ter A.

Proof of Theorem[24. 1) For any A € C and v = —j € N, we have
0 # Ay, € Home (I(N), J(1))

by Proposition B and Image 1:%,\,1, = F(j) by Theorem [I3.1] (2) (see also
Theorem [[LTT)). Hence m(I(\), F(j5)) > 1.
On the other hand, in view of the inclusion relation for v = —j € N

Home (I(N), F(j)) € Home (I(N), J(v)),

we have m(I(\), F(j)) < 1if (A\,—j) € Leyen by Theorem [T

Suppose now that (A, —j) € Leven. Then Homg(I(A), J(v)) is spanned
by A)w and @)\vy with v = —j by Theorem [L9, but Image @)\W 2 F(j) by
Theorem [LI1] (1). Hence m(I(N), F(j)) < 1if (A, —j) € Leyen, too. Thus

the first statement is proved.
2) For v = m + j, we have from Theorem [T and (Z1T]),

m(I(A), T(5)) < m(I(A), J(v)) =1

for any A € C. B

On the other hand, if A +j € —2N, then A,, # 0 by Theorem
and Image A, C T(j) by Theorem (2). Hence m(I(\),T(j)) =1 for
A+ j e —2N. N N

Finally suppose A + j ¢ —2N. Then A, , is nonzero but Image A, , is
not contained in 7'(j) by Theorem (2). If m(I(X\),T(5)) # 0, then we
would obtain an additional symmetry breaking operator from I(\) to J(v)
for v = m + j, contradicting Theorem [[LT Thus Theorem .0 is proved. []

3 Symmetry breaking operators
Although our main object is the pair of groups (G, G’) = (O(n+1,1),0(n, 1)),

the techniques of this article are actually directed at the more general prob-
lems of determining symmetry breaking operators. In this chapter we study
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the distribution kernels of symmetry breaking operators between induced
representations of a Lie group G and its subgroup G’ from their subgroups
H and H’, respectively, in the general setting, and introduce the notion of
reqular (singular, or differential) symmetry breaking operators in terms of
the double coset H'\G/H. When these representations are (possibly, de-
generate) principal series representations of reductive groups, we discuss a
reduction to the analysis on an open Bruhat cell under some mild condition.

3.1 Restriction of representations and symmetry break-
ing operators

Let H be a closed subgroup of GG. Given a finite-dimensional representation
A: H — GLc(V), we define the homogeneous vector bundle

VXEVI:GXHV

over the homogeneous space X := G/H. The group G acts continuously on
the space C*°(X,V) of smooth sections endowed with the natural Fréchet
topology.

Suppose that G’ is a subgroup of G, and H’ is a closed subgroup of G'.
Similarly, given a finite-dimensional representation v : H — GLc(W), we
have a continuous representation of G’ on the Fréchet space C*°(Y, W), where
W = G’ x g W is the homogeneous vector bundle over Y := G'/H’.

We denote by

H(\,v) := Homg (C®(X,V),C*(Y,W))

the space of continuous G’-homomorphisms, i.e., symmetry breaking opera-
tors.

3.2 Distribution kernels of symmetry breaking opera-
tors

By the Schwartz kernel theorem a continuous linear operator 7' : C*°(X,V) —
C*(Y, W) is given by a distribution kernel. In this section, we analyze the
kernels of the symmetry breaking operators.

Let C,, be the one-dimensional representation of H defined by

h = [det(Adg/u(h) - g/b — g/b)| "
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The bundle of volume densities Qx of X = G//H is given as a G-homogeneous
line bundle Q2x ~ G x gz Cy,. Then the dualizing bundle of V is given, as a
homogeneous vector bundle, by

V= (GxpgVY)@0Qx ~G xg (VY ®Cyp),

where V'V denotes the contragredient representation of V.
In what follows D’'(X, V*) denotes the space of V*-valued distributions.

Remark 3.1. We shall regard distributions as generalized functions a la Gelfand
[B] (or a special case of hyperfunctions & la Sato) rather than continuous
linear forms on C2°(X,V). The advantage of this convention is that the for-
mula of the G-action (and of the infinitesimal action of the Lie algebra g) on
D'(X,V*) is the same with that of C*°(X, V*).

Proposition 3.2. Suppose that G' and H are closed subgroups of G and that
H' is a closed subgroup of G'.

1) There is a natural injective map:
Home (C=(X, V), C®(Y,W)) = (D'(X, V)W)2H) T K;. (3.1)
Here H' acts diagonally via the action of G x H' on D'(X,V*) @ W.

2) If H is cocompact in G (e.g. a parabolic subgroup of G ), then BJ) is a
bijection.

Proof. 1) Any continuous operator 7' : C*(X,V) — C>®(Y,W) is given

uniquely by a distribution kernel Kt € D'(X x Y, V* K W) owing to the

Schwartz kernel theorem. If T intertwines with the G’-action, then the distri-

bution K7 is invariant under the diagonal action of G’, namely, Kr(¢'-,¢’-) =
Kr(-,-) for any ¢’ € G'. In turn, the multiplication map

m:GxG =G, (9.9)= (9) "y
induces a natural bijection
m* DX x Y, V' RW)AE) & (D/(X, V") @ W)AH), (3.2)

Thus we have proved the first statement.
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2) Conversely, any distribution K € D'(X x Y, V*KW) induces a linear map
T:C*X,V) =D ((Y,W)

if X is compact. Further, if K is G’-invariant via the diagonal action, then
it follows from ([B.2) that T'f is a smooth section of the bundle W — Y
for any f € C®(X,V) and T : C*(X,V) — C>®(Y, W) is a continuous G'-
homomorphism. Therefore the injective morphism ([B1]) is also surjective. [

In Proposition B2 the support of K7 is an H'—invariant closed subset
in G/H. Thus the closed H'-invariant sets define a coarse invariant of a
symmetry breaking operator:

Homg (C*(X, V), C>*(Y,W)) — { H'-invariant closed subsets in G/H},

(3.3)
T — Supp K.
In rest of the chapter we assume that:
H' has an open orbit on G/H. (3.4)

Definition 3.3. Let U; (i = 1,2,---) be the totality of H'-open orbits on
X =G/H. A non-zero G'-intertwining operator T': C*°(X, V) — C>(Y, W)
is reqular if Supp K7 contains at least one open orbit U;. We say T is singular
if T' is not regular, namely, if Supp K C X — U,;U;.

We write H (A, V)ging for the space of singular symmetry breaking opera-
tors.

Example 3.4. 1) (Knapp—Stein intertwining operators). Here G = G’
and H = H' is a minimal parabolic subgroup P of G and W and V
are irreducible representations of P. The Bruhat decomposition deter-
mines the orbits of P on G/P. Hence we have exactly one open orbit
corresponding to the longest element in the Weyl group. Thus the in-
tertwining operator corresponding to the longest element of the Weyl
group is regular for generic parameter. See [IJ].

2) (Poisson transforms for symmetric spaces). Here G = G', H is a min-
imal parabolic subgroup P of G, H' is a maximal compact subgroup K
of G,V is a one-dimensional representations of P and W is the trivial
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one-dimensional representation, see [I0]. Since KP = G, the assump-
tion B4 is satisfied and the Poisson transform is a regular symmetry
breaking operator. More generally, if (G, H') is a reductive symmetric
pair, then H' has finitely many open orbits on G/P and a similar in-
tegral transform (Poisson transform for the reductive symmetric space
G/H') can be defined and has a meromorphic continuation with respect

to the parameter of the one-dimensional representations of P for each
H'-open orbit, see [30).

(Fourier transform for symmetric spaces). If we switch the role of H
and H' in 2), the integral transforms can be defined as the adjoint of the
Poisson transforms, and are said to be the Fourier transforms for the
Riemannian symmetric space G/K [I0] and the reductive symmetric
space G/H'.

(invariant trilinear form). Let P; be a parabolic subgroup of a reductive
group Gi, G = G; x Gy, H = P, x P, G' = diag(G,), and H' =
diag(G’). The study of symmetry breaking operators is equivalent to
that of invariant trilinear forms on my, @7y, @y, where Ty, = Indgl1 ()
(1 =1,2,3). See [Q for the construction of invariant trilinear forms and
explicit formula of generalized Bernstein—Reznikov integrals in some
examples where [BA) is satisfied.

(Jantzen—Zuckerman translation functor). Here G = G' x G' and G
1s a diagonally embedded subgroup of G. We start with a brief review of
(abstract) translation functors. Let Z(g) be the center of the enveloping
algebra U(g). Given a smooth admissible, irreducible representation
7w and a finite-dimensional representation F of G', we consider the
restriction of the outer tensor product representation of G to G':

7T®F:<7TX|F)’G/.

Since m @ F' is an admissible representation of finite length, the pro-
jection pr, to the component of a generalized infinitesimal character x
is well-defined. The functor m ~ pr, (7 ® F) is called a translation
functor. Geometrically if w is an induced representation C*°(G/P,V)
from a finite-dimensional representation V' of P, then the translation
functor is a symmetry breaking operator

C*(G/P,V)® F — C>*(G/P,W),
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where W = G xp W and W is a certain P-subquotient (determined by
X) of the finite-dimensional representation (V @ F)|p.

If T is a symmetry breaking operator, the restriction of the distribution
kernel K7 to open H’-orbits U; is a regular function. By using this, we
obtain an upper bound of linearly independent, regular symmetry breaking
operators as follows: We take x; € U;, and denote by M/ the stabilizer of H’
at x;, and thus we have H'/M] ~ U,.

Proposition 3.5. Assume [B4]). Then

dim H\, v)/H (A, V)sing < Z dim Hom s (A|az, v|ar)-

Proof. Since the distribution kernel K7 is H'-invariant, the restriction of Ky
to each open H'-orbit Uj is a regular function which is determined uniquely by
its value at a single point, e.g., Kr(z;) at z;. Further, Kr(z;) € Homc(V, W)
inherits the M/-invariance from the H’-invariance of Kr, namely, we have
Kr(z;) € Hompy (M|, var)- O

Corollary 3.6. If Homyy (Alar, v|arr) = 0 for alli, then any G'-intertwining
operator T € H(\,v) is singular.

Remark 3.7. Even if Hompy (A|a, v|ar) = 0, there may exist a nonzero sin-
gular symmetry breaking operator I(\) — J(v) for specific parameters A and
V.

Corollary 3.8. Assume both V and W are one-dimensional. If there are N
open H'-orbits on G/H, then

dim H(\, v)/H (X, V)sing < N.
In particular, if there ezists a unique H'-orbit on G/H, then
dim H(A\, v)/H (A, V)sing < 1.

Remark 3.9. If H is a minimal parabolic subgroup of G then N does not
exceed the cardinality of the little Weyl group of G for any subgroup H’ of
G (B3 Corollary EJ).

The role of the assumption (B8] is illuminated by the following:
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Proposition 3.10. Suppose G is an algebraic group, and the subgroups H
and H' are defined algebraically. If B4) is not fulfilled, then for any algebraic
finite-dimensional representation V' of H, there exists a finite-dimensional
representation W of H' such that

dim H(\,v) = 0.

Proof. The argument is similar to that of 28 Theorem 3.1], and we omit the
proof. O

In the case (G, G’) is a reductive symmetric pair, and H, H' are minimal
parabolic subgroups of G, G', respectively, the pairs (G, G') satisfying (34
were classified recently 0.

3.3 Differential intertwining operators

Suppose further that
H cHNG (3.5)

Then we have a natural homomorphism ¢ : Y — X, which is G’-equivariant.
Using the morphism ¢, we can define the notion of differential operators in a
wider sense than the usual:

Definition 3.11. We say a continuous linear operator 7' : C*(X,V) —
C>*(Y, W) is a differential operator if

t(Supp(T'f)) C Suppf for any f € C*(X,V).

In the case H' = H N G’, the morphism ¢ is injective, and a differential
operator T' in the sense of Definition B.11]is locally of the form

olal+18
T= ) gaﬁ(y)W

(a76) eNdim X

where go5(y) are Hom(V, W)-valued smooth functions on Y, and the local
coordinates {(y;, z;)} on X are chosen in such a way that {y;} form an atlas
onY.
We denote by
H(}\, V)dif—f = Diffg/(VX, Wy),
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a subspace of H(\,v) = Homg (C®(X,V),C>(Y,W)) consisting of G'-
intertwining differential operators.

It is widely known that, when G = G’ and X = Y, holomorphic G-
equivariant differential operators between holomorphic homogeneous bundles
over the complex flag variety of a complex reductive Lie group G are dual to
g-homomorphisms between generalized Verma modules (e.g., [@]). The du-
ality can be extended to our more general situation where two homogeneous
bundles are defined over two different base spaces ¢ : Y — X. In order to give
a precise statement, we need to take the disconnectedness of H into account
(see Remark BI3). For this, we regard the generalized Verma module

indgS (V) = Ulge) @uye) V

as a (g, H)-module where V' is an H-module. Here the H-action on indg’ (V')

is induced from the diagonal action of H on U(gc)®c V. Likewise, indi?ﬁ (WV)
is a (g’, H')-module if W is an H’-module. We then have:

Fact 3.12 (see [28, Theorem 2.7]). Suppose H C HNG'.

1) T € Homg (C=(X,V),C®(Y,W)) is a differential operator if and only
if Supp Kr = {eH} in G/H.

2) There is a natural bijection:

Honl(g,7H/)(indgz (W), indg (VY)) = Differ(Vx, Wy ).

Remark 3.13. The disconnectedness of H' affects the dimension of the space
of covariant differential operators. We will give an example of this in the
case of Juhl’s operators in Section [0.21

When (B4) and [B1) are satisfied, we have the following inclusion rela-
tion:

H(\v) D HO\ V)ing D HO\L V) air. (3.6)

This filtration will be used in the classification of the symmetry breaking
operators in the later chapters (see Section [[T.2] for instance).
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3.4 Smooth representations and intertwining opera-
tors

Suppose that G is a real reductive linear Lie group. In this section we
review quickly the notion of Harish-Chandra modules and the Casselman-
Wallach theory of Fréchet globalization, and show a closed range property of
intertwining operators (Proposition below).

We fix a maximal compact subgroup K of G. We may and do realize GG
as a closed subgroup of GL(n,R) for some n such that g € G if and only if
tfg7' e Gand K =0(n)NG. For g € G we define amap || - || : G — R by

gl =llg & g™ llop

where || [|op is the operator norm of M (2n,R).

Let HC denote the category of Harish-Chandra modules where the ob-
jects are (g, K)-modules of finite length, and the morphisms are (g, K)-
homomorphisms.

A continuous representation 7™ of G on a Fréchet space U is said to be
of moderate growth if for each continuous semi-norm |- | on U there exist a
continuous semi-norm | - |" on U and d € R such that

m(g)ul < lgll*lul” for g € Guel.

Suppose (7, H) is a continuous representation of G on a Banach space H.
A vector v € H is said to be smooth if the map G — H, g — w(g)v is of
C*-class. Let H*> denote the space of smooth vectors of the representation
(m,H). Then H>™ carries a Fréchet topology with a family of semi-norms
W0lliyoiy, = ldm(X;,) - - - dm (X5, )v||. Here {Xy,---,X,} is a basis of g. Then
H> is a G-invariant subspace of H, and (m, H*>) is a continuous Fréchet
representation of G.

We collect some basic properties ([B9, Lemma 11.5.1, Theorem 11.6.7]):

Fact 3.14. 1) If (m,’H) is a Banach representation, then (w, H™) has mod-
erate growth.

2) Let Uy, Uy be continuous representations of G having moderate growth
such that the underlying (g, K)-modules (Uy)k, (Us)x € HC. If T : (Uy)x —
(U)K is a (g, K)-homomorphism, then T extends to a continuous G-intertwining

operator T : Uy — U,y, with closed image that is a topological summand of
Us.
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Let P, P’ be parabolic subgroups of G, and V, W the G-equivariant
vector bundles over the real flag varieties X = G/P, Y = G/P’ associated
to finite-dimensional representations of V', W of P, P’ respectively. (In the
setting here, G’ = GG in the notation of the previous sections.)

Proposition 3.15 (closed range property). If T : C*(X,V)x — C*(Y, W)k
is a (g, K)-homomorphism, then T lifts uniquely to a continuous G-intertwining
operator T from C=(X,V) to C®(Y, W), and the image of T is closed in the
Fréchet topology of C=(Y, W).

Proof of Proposition[313. We fix a Hermitian inner product on every fiber
V, that depends smoothly on z € X, and denote by L?(X,V) the Hilbert
space of square integrable sections to the Hermitian vector bundle V — X.
Then we have a continuous representation of G on the Hilbert space L*(X, V),
and the space (L?(X,V))*> of smooth vectors is isomorphic to C®(X,V) as
Fréchet spaces because X is compact and V' is finite-dimensional. Therefore
C*°(X,V) has moderate growth by Fact BI4] (1). Furthermore, the underly-
ing (g, K)-module C*(X, V) is admissible and finitely generated because P
is parabolic subgroup of G and V is of finite length as a P-module. Likewise
C*(Y, W) has moderate growth with C*°(Y,W)x € HC. Now Proposition
follows from Fact B.I4 (2). O

3.5 Symmetry breaking operators for principal series
representations

From now on we assume that X and Y are real flag varieties of real reduc-
tive groups G and G'. Let P = MAN and P’ = M'A’N’ be Langlands
decompositions of parabolic subgroups G and G’, respectively, satisfying

M =MNG, A =ANG, NN=NnG, PP=PnG. (3.7

This condition is fulfilled, for example, if the two parabolic subgroups P and
P’ are defined by the same hyperbolic element of G’, as in the setting of
Section 2] that we shall work with in this article.

Let P. = M AN_ by the opposite parabolic subgroup, and n_ the Lie al-
gebra of N_. The composition n_ — G — G/P, Z — exp Z + (exp Z)P/P
gives a parametrization of the open Bruhat cell of the real flag variety
X = G/P. We shall regard n_ simply as an open subset of X = G/P.
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We trivialize the dualizing vector bundle V* — X on the open Bruhat cell,
and consider the restriction map

D'(X,V*) = D'(n_) @ (VY ®Cy)). (3.8)

The natural G-action on D’'(X, V*) defines an infinitesimal action of the Lie
algebra g on D'(U, V*|i) for any open subset U of X. This induces a g-action
on D'(n_) ® (VY ® Cy,) so that (BJ) is a g-homomorphism. Likewise we let
MA act on D'(n_) ® (VY ® Cy,) so that (B8] is a (g, M')-map.

From now on we assume that

P'N_P=G. (3.9)

Theorem 3.16. Suppose B1) and BA) are satisfied. Then we have a nat-
ural bijection:

Home: (C®(G/P,V),C®(G'/P',W)) =~ D'(n_, Home(V @ C_y,, W))M4'm,

Remark 3.17. The right-hand side may be regarded as Hom(V, W)-valued dis-
tributions on n_ satisfying certain (M’A’, n’)-invariance conditions because
dim C_,, = 1. In the main part of this article we treat the case

dimV =dimW =1

and we identify the distribution kernel Kr with a distribution on n_. We
shall see that (89) is fulfilled for (G,G’) = (O(n+1,1),0(n, 1)) in Corollary
(5985

Proof of Theorem[318 Since P’N_P = G, the restriction map (3.8]) induces
an injective morphism on A(P’)-invariant distributions:

(D'(X, V)@ W)2F) — (D'(n )@ (VY @ Cy,) @ W)M AW, (3.10)
Conversely, given a K € D'(n_, V*|,_) ® W we define for each p’ € P’
p-KeD @ n_ Vi)W

Then p’ - K = K on the intersection n_Np’ -n_if T' € (D'(n_) ® Home(V ®
C_y,, W))M' AW This shows the surjectivity of the restriction map (BI0).
Hence Theorem B.16 follows from Proposition ]
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3.6 Meromorphic continuation of symmetry breaking
operators

In order to discuss the meromorphic continuation of symmetry breaking op-
erators for principal series representations, we fix finite-dimensional repre-

sentations
o: M — GLc(V)

and

T M — GLc(W)
For A € af. and v € (ai)*, we define representations Vy of P and W, of P’ by

P=MAN 3men — o(m)e* € GLe(V)
P = M'AN' > m'ef'n — r(m)e’™) € GL(W),

respectively. Here by abuse of notation, we use A and v also as parameters of
representation spaces of P and P’, respectively. (Later, we shall work with
the case where 0 = 1 and 7 = 1.) We then have homogeneous bundles

V,\ Z:GXPV)\

and
W, =G xp W,

over the real flag varieties G/P and G'/P’, respectively. Observe that the
pull-back of the vector bundle V) via the K-diffeomorphism K/M = G/P
is a K-homogeneous vector bundle V = K X, (0,V). Similarly, the pull-
back of the vector bundle W, yields a K’-homogeneous vector bundle W =
K’ xpp (1,W). Thus, even though the G-module C*°(G/P,V,) and the G'-
module C*(G'/P’',W,) have complex parameters A € af and v € (ag)*,
respectively, but the spaces themselves can be defined independently of A
and v as Fréchet spaces via the isomorphisms

C®(G/P, V) = C=(K/M,V), C=(G'/P',W,) ~ C=(K'/M',W). (3.11)

Thus, for a family of continuous G'-homomorphisms T3, : C*(G/P,V\) —
C>®(G'/P';W,), we can define the holomorphic (or meromorphic) depen-
dence on the complex parameter (A, v) via ([BII]), namely, we call a con-
tinuous linear map T), depends holomorphically /meromorphically on (A, v)
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if Ty, () depends holomorphically /meromorphically on (A,v) for any ¢ €
C>®(K/M,V).

For a family of distributions D, , € D'(n_, Hom(V,W)), we say D, , de-
pends holomorphically /meromorphically on the parameter (A, v) € Q if for
every test function F' € C*°(n_, V) the function D, ,(F') depends holomor-
phically /meromorphically on (A, v).

The following proposition asserts that the existence of holomorphic/meromorphic
continuation of symmetry breaking operators is determined only by that of
distribution kernels on the open Bruhat cell under a mild assumption.

Proposition 3.18. Assume B1) and B3) are satisfied. Let Q' C Q be two
open domains in af X (ap)*. Suppose we are given a family of continuous
G'-homomorphisms

Ty, : C(G/P,Vy) — C=(G' /P, W,)

for (\,v) € . Denote by K, the restriction of the distribution kernel
to the open Bruhat cell and suppose that Ky, depends holomorphically on
(A, v) € Q. We assume

K, extends holomorphically to 2 as a Hom(V, W)-valued distribution on n_.

(3.12)
Then the family T\, of symmetry breaking operators also extends to a family
of continuous G'-homomorphisms Ty, : C*(G/P,Vy) — C*(G'/P''W,)
which depends holomorphically on (A, v) € §).

Proof. By Theorem B.16] it is sufficient to prove that if
Ky, € D'(n_, Hom(Vy_,, W,)) M4 (3.13)

for all (A\,v) € @ then [BI3) holds for all (A\,v) € Q. This statement
holds because the equation for the (M'A’ n)-invariance in ([BI3]) depends
holomorphically on (A, v) € af x (az)* and because K, is a Hom(V,W)-
valued distribution on n_ which depends holomorphically on (\,v) € Q. O

We can strengthen Proposition B8 by relaxing the assumption ([3.12) as
in the following proposition, which we will use in later chapters.

Proposition 3.19. Retain the setting of Proposition [318 Then the same
conclusion still holds if we replace the assumption [BI2) by the following two
assumptions:
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o K, extends meromorphically to Q as a Hom(V, W)-valued distribution
on n_.

o There exists a dense subspace Z of C*(K/M,V) such that T\ ,¢ is
holomorphic on € for any ¢ € Z.

Proof. This can be shown similarly to Proposition B.I8 Thus we omit the
proof. n

4 More about principal series representations

This chapter collects some basic facts on the principal series representation
of G = O(n+1,1) in a way that we shall use them later. Most of the material
here is well-known.

4.1 Models of principal series representations

To obtain a formula for the symmetry breaking operator and to obtain its
analytic continuation we work on models of the representations I(\) and

J(N).
The isotropic cone
E=ZRYY) = {(&, - ,Eup1) ER™2 24 42 -2 =0} —{0}.

is a homogeneous G-space.
For A € C, let

CX(2) = {h € C®(2) : h(t€) = 'h(E), forany £ € Z,t € R¥},  (4.1)

be the space of smooth functions on = homogeneous of degree A. Likewise
we define

ANE) C O (E) € DA(E) C BA(E)
for the sheaves A (analytic functions), D (distributions), and B (hyperfunc-
tions).
We endow C{°(Z) with the Fréchet topology of uniform convergence of
derivatives of finite order on compact sets. The group G acts on C5°(Z) by
left translations I(g) and thus we obtain a representation (lz, C3°(Z)). Then

I(A) ~ (Iz, C%(2)). (4.2)
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and we will from now on identify /() and its homogeneous model (Iz, C* (Z)).
Let denote by (X))~ the space of distribution vectors. Then as the dual
of the isomorphism ([2]), we have a natural isomorphism

I0)™= =D ,(3), (43)
see Remark [B.1] for our convention.

The isotropic cone = covers the sphere S = G/P

G/O(n)N ~ = gO(n)N — gp,
R* | VRS T T
G/P ~ 85" gP = gpy

where p, :=%1,0,---,0,1) € Z(R"11).

For b = '(by, - ,b,) € R", we define unipotent matrices in O(n + 1,1)
by
n —5Q(0) —b 3Q(b)
n(b) ::exp(z biNS) = Lo + b 0 -b |,
j=1 —3Q(b) = 3Q(b)
n —5Q(0) b —3Q(b)
n_(b) :==exp(d _bN;) =L+ b 0 b . (44)
=1 3Q0) b 3Q(0)

where N ]+ and Nj_ (1 < 7 < n) are the basis elements of the nilpotent Lie
algebras ny and n_ defined in () and [20) respectively. We collect some
basic formulae:

1 1 1 1
nd) 0] =0, n(b)l 0 ]={(0 (4.5)
1 1 —1 —1
1 1
n_(Ab) = A n_(b) At for A € O(n),
1 1
n_(=b) =m_n_(b)ym_",
n_(e7'b) =en_(b)e (4.6)
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where we set

We note that m_ does not belong to the identity component of G’ (cf. Lemma

E1).

The N, -action on the isotropic cone = is given in the coordinates as

§ o — (b,€) _ Q(b)
n(b) ;—9 (7 ¢ + 5"“2—50 —2b | . (4.8)
gn—i-l €n+1 - (bv f) Q(b)

where b € R", £ € R" and &y, &,41 € R.

The intersections of the isotropic cone = with the hyper planes ,+&,411 =
2 or &,41 = 1 can be identified with R™ or S™, respectively. We write down
the embeddings ¢y : R” < = and tx : S < Z in the coordinates as follows:

2

1—|$’2—In

2x

iy R = =, Y, 2,) = n_(z,2,)py = o ) (4.9)
1+ |z]? + 22
tg :S" = Zn— (n,1). (4.10)
The composition of ¢y and the projection
~ 1
=EoZ/RC= 85" & £ (&oy- -5 &n) (4.11)
n+1

yields the conformal compactification of R":

1—7r%2 2r )
—_ —w].
147271+ 12

R™ — S™, rwn—>n:(s,\/1—s2w):<

Here w € S" ! and the inverse map is given by r = 4/ }—jr‘; for s # —1.

The composition of tx and the projection ([LII)) is clearly the identity
map on S™.
We thus obtain two models of I(\):

Definition 4.1. 1) (compact model of I()\), K-picture) The restriction
v CX%(2) — C®°(S™),h — h|gn induces for A € C an isomorphism of
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G-modules between C'* (Z) and a representation my x on C*(S™)) .

2) (noncompact model of I(\), N-picture) The restriction ¢t} : C(2) —
C*®(R™), h — h|g~ induces for A € C an isomorphism of G-modules between
C>,(Z) and a representation 7, on ¢ (C™(E))).

In order to connect the two models directly, we define a linear map for
each A € C:
Ky C®(S") —» C°([R"), f—F

by
1—r%2 2r
— 2\—A
Then the inverse of ¢} is given by
_ 1+ Up —A u 1
* 1
Pl = || (5 150)
(ex)™ F(uo, u) 5 T 17 ae

We note that the parity condition f(—n) = £f(n) (n € S™) holds if and only
if
w

F(—?) = +r? F(rw). (4.13)

Since } is bijective and ¢} is injective, we have the commutative diagram

CH(E)
U N v (4.14)
C=(sm) By B(Ce(SM) € CF(RY)
of representations of G.

We shall use ([£I4]), in particular, for the description of the regular sym-
metry breaking operators A, , in (ZH) and (Z6]), and the singular symmetry

breaking operators B, , in (@.4) and ([@.1).
We define a natural bilinear form (, ) : C(2) x C2,(E) — C by

(i ho) = /S (e (0) (e (5) b (4.15)
= /]R" hi(en(2))ho(tn(2)) dz.
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Here, db is the Riemannian measure on S™. The bilinear form is G-invariant,
namely,

(hi(g7'), ha(g7)) = (hy, hy) for g € G, (4.16)

and extends to the space of distributions:
I(\) xDy_,(E)—C. (4.17)

For later purpose, we write down explicit formulae for the action of ele-
ments in the Lie algebras ny and n_ in the noncompact model.

Lemma 4.2. Let N;r and N;  be the basis elements for ny and n_ defined
in Z3) and @), respectively. For (z1,--+ ,x,) € R"

0

dﬂ')\(Nji)
dmy\(N) = —2X\z; — 2xzn:xi + zn:in
A J J J — Zaxi — zaxj
for1 <j<n.

Proof. In light of the formulae ([L.8) and ([@9), the action of the unipotent
groups Ny on = is given as follows:

x — |z]*b

n<b)[’N(x) = C(b)[’N( C(b)

)
n,(b)aN(:c) = LN<SC + b),
where c¢(b) := 1 — 2(b, ) + Q(b)|x|>. Hence for F' € C>(Z) we have
(ma(n— (b)) F)(2) = F(z - b).

Now the results follow by differentiation. O]

4.2 Explicit K-finite functions in the noncompact model

We give explicit formulae for K-finite functions in (my, ¢5(C*(S™))) in a way
that we can take a control of the M-action as well.
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The eigenvalues of the Laplacian Agn on the standard sphere S™ are of
the form —L(L +n — 1) for some L € N, and we denote

HE(S™) = {p € C®(S™) : Agnp = —L(L +n — 1)¢}.

Then the orthogonal group O(n + 1) acts irreducibly on H*(S™) for every
L € N, and the direct sum @7, H*(S™) is a dense subspace in C>(S™).
The branching law with respect to the restriction O(n + 1) | O(n)

L
HE(S™) ~ P HY (S
N=0
is explicitly constructed by using the Gegenbauer polynomial (see 23] Ap-
pendix])
IN—>L : HN(Sn_l) — /HL(SH),
N\ A5 +N
(D)o, n) =l (70 CL2™ () (4.18)

Here é']’f,(t) is the renormalized Gegenbauer polynomial (see ([I6.4]) for the
definition). Then

9 N Zn-1 1—r?
B-n0) = () N (1)o@ (7).

In particular, (1 +72)~* is a spherical vector in the noncompact model. We
note that Iy, is (1 x O(n))-equivariant but not K’-equivariant.

For ¢p € HY(S™™1) and h € C[s], we set

1—1r2
1472

2r
()

The following proposition describes all K-finite functions in the noncompact

model of I(A).

Fxli, B (rw) = (1 +1%)7(

). (4.19)

Proposition 4.3.
U (C®(S™) k) = C-span{F\[t,h] : N € N,yp € HV(S" ), h € C[s]}.

Remark 4.4. As abstract groups, K’ and M are isomorphic to the group
O(n) x O(1). Proposition respects the restrictions of the chain of sub-
groups G O K D M, but not the chains G D K D K.
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Proof of Proposition[-3 Since C*®(S™)x ~ @7, H*(S™), we have

A(C=(S")x) =D A (H"(S™))

P

T
=)

A(Inon(HY(S"))

D

Ao (MY (")

D1
D 1D

2
L
)
=

The formula ([AI8]) relates the values at the north/south poles of the spherical
harmonics to the initial data of a differential equation on the equator. Since

the Gegenbauer polynomials C” (s) are polynomials of degree m and since
their highest order term does not vanish if v ¢ —N, | we have

C—span{C:'Z_N(s) :L >N} =Cls]

if v ¢ —N,. This completes the proof. O

4.3 Normalized Knapp—Stein intertwining operator

We now review the Knapp—Stein intertwining operators in the noncompact
picture for the group G’ = O(n, 1).

The Riesz distribution
= (2t 4 b))
is a locally integrable function on R™ if Re v > —m, and satisfies the following
identity:
Agn (1"1?) = (v 4 2) (v + m)r”, (4.20)

from which we see that r”, initially holomorphic in Rev > —m, extends to a
tempered distribution with meromorphic parameter v in Rev > —m —2. By
an iterated argument, we see that r extends meromorphically in the entire
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complex plane. The poles are located at v € {—m,—m — 2,—m —4,---},
and all the poles are simple. Therefore, if we normalize it by

T (4.21)

then 7 is a tempered distribution on R™ with holomorphic parameter v € C
The residue of ¥ at v € —m — 2N is given by

(—=1)*vol(S™H AL, 5(x)

=t T 2k —2) (4.22)
(D%

= (g 4 R0

see [@ Ch. I, §3.9]. Here, 6(z) is the Dirac delta function in R™ and vol

(5™
is the volume of the standard sphere S™! in R™, which is equal to 7(T
particular,

ME CQ

. In

M\S

wf3

~ s
=

ey = F(%>(5(:v)

We define the Fourier transform Fgm on the space S'(R™) of tempered
distributions by

For : S(R™) — S'(R™),  f(x) o> (Fam f)(€ / F@)e 0 da.

Lemma 4.5. Let p := (&

o)
have

With the normalization [E21), we

Fian (P27 = 22 g (4.23)
~2(v—m) , ~—2v " 4.94
T * 7 —F(m—y)F(V)(S(x)' (4.24)

Proof. The first formula follows from
(v
Fan(r)(p) = 2 2 v

P (4.25)
[(=%)
and its analytic continuation [@ Ch.2, §3.3].
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The second formula is the inverse Fourier transform of the following iden-
tity:

Fam (P07 5 F2) =F(FE) F(F)

:(22V—mﬂ_%ﬁm—2u) (2m—21/7_{_%ﬁ’2u—m)
T
= 1.
['(m—v)['(v)

O

We review now the Knapp—Stein intertwining operators for G’ = O(n, 1)
in the noncompact model. We set n = m+1 as before. The finite-dimensional
representation F'(k) (k= 0,1,2,---) of G’ occurs as the unique submodule
of J(—k) and as the unique quotient of J(k +n — 1).

In the noncompact model of J(v), the normalized Knapp—Stein intertwin-
ing operator _

T,: J(v) = J(—v+m),

—~2(v—m)
is the convolution operator with |z| , i€,
~ 1

FD) = por [ o= sPe s (a20)

By [#24)), we recover a well-known formula:
T,o T ™ i (4.27)

yo T, = ———id. .
T'(m —v)[(v)

The following formula is more informative, and also it gives an alternative

proof of ([L21T).

Proposition 4.6. The Knapp—Stein intertwining operator

T,: J(v) = J(—v+m)

acts on spherical vectors as follows:

Tu(L) = oy lvem
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Proof. Since K'-fixed vectors in the principal series representation are unique
up to scalar, there exists a constant ¢ depending on v such that

T,(1,) = c1_pym. (4.28)

Let us find the constant c. We recall from Section .2l that the normalized
spherical vector in the noncompact model of J(v) is given by (1 + |z|?)™".
Therefore, the identity ([L28)) amounts to

[FPC7™ s (14 [af?) ™ = (1 + Jaf)™

Taking the Fourier transform, we get

v—m,__ ~m—zz'ﬁmm — —271-% K m
g Ry e = e o ()

by the integrat'ion formulae (23] and (I]E:D]) Here Km_, is a renormalized
K-Bessel function, see ([[6.9) for the normalization.

By definition ¢~ = l—¢["? and by the duality K, = (|¢]) =
(@)m‘z”K_w%(m) (see (I6I0), we get ¢ = g(—?) O

Remark 4.7. By the residue formula ([L.22)) of the Riesz distribution, we see
that the normalized Knapp-Stein intertwining operator Tm _; : J(§ —j) —
J (g +7) reduces to a differential operator of order 25 if j € N, which amounts

to ( ) .
~ _]_ .77"'7 .
Tm_ = ——t Al... 4.2

2 —J 229F(% +]> R ( 9)

Combining with Proposition that for v = 3 — j (j € N), we get

(17297 (5 + )
I'(% —J)

This formula ([@30) is also derived from the computation in (I3]).
Conversely, any differential G’-intertwining operator between spherical

principal series representations J(v) and J(v') of G’ is are of the form A7 :
J(%g —j) — J(F+j) for some j € N up to scalar multiple (see Lemma [I0.T]).

A1, =

L. (4.30)
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Remark 4.8. Forv=m+j (j=0,1,--)
Tty o J(m+34) = J(—=j)
is given by the convolution of a polynomial of degree at most 2j. In particular,

the image of T,,; is the finite-dimensional representation F(j).

Remark 4.9. Our normalization arises from analytic considerations and is not
the same as the normalization introduced by Knapp and Stein in [I5].

5 Double coset decomposition P'\G/P

We have shown in Section B.2] that the double coset P'\G/P plays a funda-
mental role in the analysis of symmetry breaking operators from the principal
series representation I(\) of G to J(v) of the subgroup G'. In general if a sub-
group H of a reductive Lie group G has an open orbit on the real flag variety
G/ P then the number of H-orbits on G/P is finite (23 Remark 2.5 (4)]). If
(G, H) is a symmetric pair, then H has an open orbit on G/ P and the combi-
natorial description of the double coset space H\G/P was studied in details
by T. Matsuki. For the symmetric pair (G,G’) = (O(n + 1,1),0(n, 1)), we
shall see that not only G’ but also a minimal parabolic subgroup P’ of G’
has an open orbit on G/P, and thus both G'\G/P and P'"\G/P are finite
sets. In this chapter, we give an explicit description of the double coset

decomposition G'\G/P and P'\G/P.

We recall from Section E] that the isotropic cone Z = Z(R"H) is a
G-homogeneous space. We shall consider the G’-action (or the action of
subgroups of G’) on Z, and then transfer the orbit decomposition on = to
that on G/P by the natural projection:

E5Z/R*~ 8" ~G/P.
We rewrite the defining equation of = as
G+t —&n =&

Since G’ leaves the (n+ 1)-th coordinate &, invariant, the G'-orbit decompo-
sition of Z(R"*1) is given as

ERY = ] G 0,-,0,6, 6 TER™). (5.1)

&, eR—{0}
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We set

pe = (£1,0,---,0,1) € Z(R"H1),
qt = t(07 T 707 il? 1) S E(Rn+171)'

Let [p4] and [g+] denote the image of the points py and g+ by the projec-
tion Z — Z/R* ~ S" ~ G/P. We begin with the following double coset
decompositions G'\G/P and G{\G/P:

Lemma 5.1.

1) G/P is a union of two disjoint G'-orbits. We have

G/P =G ¢ ]UG py] ~G'JO(n)UG' /P (5.2)

2) Let GY, K|, and P; denote the identity components of G', K', and P’,
respectively. (Thus Gy ~ SOqg(n, 1), K ~ SO(n), and P is a minimal
parabolic subgroup of G'.) Then G/P is a union of three disjoint orbits
of Giy. We have

G/P = Golg+] U Golg-] U Golpy] ~ Go/ K U Go/ K U G/ By,

Proof. 1) The first statement is immediate from (GI). Indeed, the isotropy
subgroup of G’ at [¢+] € Z/R* ~ G/P is O(n) x 1. (We note that this
subgroup is of index two in K’.) The other orbit Z(R™!)/R* ~ S"! is
closed and passes through [p,]. In view of ([{I), the isotropy subgroup at
[py] is P’. Thus the first statement is proved.

2) By ([B2), it suffices to consider the G{-orbit decomposition on G'[q] ~
G'/O(n) and G'[p;]| ~ G'/P".

We begin with the open G’-orbit G'l¢y] ~ G'/O(n) = O(n,1)/0(n),
which has two connected components. The connected group Gj has two
orbits containing [¢,]| and [¢_] = [m_q.], respectively where m_ € G' — G|,
was defined in ([@1). On the other hand, G, acts transitively on the closed
G'-orbit:

Golp+] = Go/ Py = G'/P' = G'[py] =~ S".

Thus the second claim is shown. O

Remark 5.2. For n = 2, the action of SOy(2,1) on S? is identified with the
action of SL(2,C) on P'C ~ CU {oo}. Then p,, p_, q. and g_ correspond
to 0, oo, 7, and —i, respectively.
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If we set

w, = € K fore=+41,
1

then we have
4+ = WP+ = WxP-—.

We define subgroups of M by
MY:={geM:guw_=w_g}={g€ M:guw, =w,g}
€

_ B |iBeOm-1), c=%1}) ~0(m—1)x 2,

M, =M"NM ~ :BeOn—-1),. (5.3)

1

Remark 5.3. We recall from ([Z.8) that M’ = Zg(a) is isomorphic to O(n—1) x
Zs. The group M™ is also isomorphic to O(n — 1) X Zy, however, M™ # M’.
In fact, M\ = M* N M’ is a subgroup of M" of index two, and also is of
index two in M.

Now the following proposition and corollary are derived directly from the
description in Lemma .11

Proposition 5.4.
1) G/P is a union of three disjoint P’'-orbits. We have

G/P = P'lqs] U P'[p_] U P'[p,] (5-4)

2) The isotropy subgroups at [q.], [p—], and [py] are given by

51§ = Ple) = P,
St —Alps]} = P'lp-] =~ P/M'A
{lp+]} = P'lps]=P'/P".
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Thus the assumption ([B9) of Theorem is fulfilled for (G,G") =
(O(n+1,1),0(n,1)):

Corollary 5.5. We have PN_P = G.

6 Differential equations satisfied by the dis-
tribution kernels of symmetry breaking op-
erators

In this chapter we characterize the distribution kernel K7 of symmetry
breaking operators for (G,G') = (O(n + 1,1),0(n,1)). We derive a sys-
tems of differential equations on R™ and prove that its distribution solutions
Sol(R™; A\, v) are isomorphic to H (A, v) = Home/ (I(A), J(v)). An analysis of
the solutions shows that generically the multiplicity m(Z()), J(v)) of princi-
pal series representations is 1.

6.1 A system of differential equations for symmetry
breaking operators

For future reference, we begin with a formulation in the vector-bundle case.

We have seen in (B3] that the support of the distribution kernel Kr of
a symmetry breaking operator 7' : C*(X,V) — C>*(Y, W) is a P'-invariant
closed subset of G/P if V is a G-equivariant vector bundle over X = G/P
and W is a G’-equivariant vector bundle over Y = G’/ P’. By the description
of the double coset space P'\G/P for (G,G') = (O(n + 1,1),0(n,1)) in
Proposition 5.4, we get

Lemma 6.1. If T : C>*(X,V) — C®(Y,W) is a nonzero continuous G'-
homomorphism, then the support of the distribution kernel Kr is one of

{lp+]}, P'lp—] = P'[p_] U {[ps]}H (= S"1), or G/P ~ S™.

We recall from (44]) that the open Bruhat cell of G/P is given in the
coordinates by R* — G/P, (z,x,) — n_(z,z,)P.
Then we have:
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Lemma 6.2. There is a natural bijection:

Hommg (C*(G/P,V), C*(G' [P/, W) 5 D/(R", Hom(V ® C_y, )",

(6.1)
Proof. The assumption P’N_P = G of Theorem B.I6]is satisfied by Corollary
B3 Thus Lemma follows. 0

Remark 6.3. Recall from Definition that a non-zero symmetry breaking
operator T is singular if Supp K1 # G/ P, equivalently, Supp K7 C S"~! by
Lemma 611 Further, T is a differential operator if and only if Supp Ky =
{[p+]}. By Lemma [62] we do not lose any information if we restrict Ky
to R™. Therefore, T is singular if and only if Supp(Kr|rs) C R*™! T is a
differential operator if and only if Supp(Kr|r:) = {0}.

In (&), the invariance under M'A for F' € D'(R", Hom(V ® C_5,, W))

1s written as

7(m) oF(m ™) oo(m™ ) =F for m € M, ~O(n — 1), (6.2)
7(m-)o F((=1))oo(m>') = F,
et F(e') eVt — for any ¢t € R.

Here, the identity (€3] for m_ € M’ (see [@.1)) is derived from ({.0).

Returning to the line bundle setting as before, we obtain:

Proposition 6.4. Let T : I(\) — J(v) be any G'-intertwining operator.
Then the restriction Kr|gn of the distribution kernel satisfies the following
system of differential equations:

(E—(A—v—n))F =0, (6.4)

(= nhay —a,B 4 5P +22) 5 )P =0 (1<j<n—1),  (65)
J

and the M'-invariance condition:

F(mz,z,) =F(z,x,) for anym € O(n — 1),
F(—%) =F(z).
Here & = (z,x,) € R" and E =" i

i=1%i ;-
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Proof. We recall from Lemma[.2that the Lie algebra n acts on B(G/ P, 0y,)
by

Nj = 2(A = n)z; — 22, B + (|z)* + avi)i (1<j<n).

8@- -
Hence (G.3) is the invariance of n/,. The remaining conditions (G.4)), (€4
and (G7) is the invariance of a and m_ € M’ as above. O

For an open subset U of R" which is (O(n — 1) x O(1))-invariant, we
define

Sol(U; \,v) :={F € D'(U) : F satisfies ([64)), [63), [606), and @7)} (6.8)
Then by Lemma [6.2, we have

Proposition 6.5. The correspondence T +— Kr gives a bijection:

Homg (I(N), J(v)) = Sol(R™; X\, v). (6.9)

6.2 The solutions Sol(R" — {0}; A\, v)
For a closed subset S of U, we define a subspace of Sol(U; A\, v) by

Sols(U; A\, v) :={F € Sol(U; \,v) : Supp F C S}.
Then we have an exact sequence
0 — Sols(U; \,v) = Sol(U; N\, v) — Sol(U — S; A\, v). (6.10)
Applying ([GI0) to U = R™ and S = {0}, we get
Proposition 6.6. There is an exact sequence
0 — Diffg/(I(N), J(v)) — Home/ (I(N),U(v)) = Sol(R™ — {0}; A\, v).

Here Diff o (I(X), J(v)) = H(\, v)air denotes the space of differential symme-

try breaking operators.

Proof. As subspaces of (6.9), we have from Fact (1) the following natural
bijection:
Diffr (I(\), J (1)) = Solgoy (R™; A, v).

Hence Proposition is immediate from (GI0I). O
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In order to analyze Sol(R™;\,v), we begin with an explicit structural
result on Sol(R™ — {0}; A\, v):

Lemma 6.7. dim Sol(R"—{0}; \,v) =1 for all (\,v) € C*. More precisely,

Clan 7 (|2f* + 23) ™ if (A v) ¢\,

SOl(Rn - {0}7 )‘7 V) = {(C(S(_)‘_V+n_1)($n)(’x|2 + x%)_u Zf <)\7 V) S \\

Proof. Substituting (6.4]) into (€.3]), we have

0
2 2\_ 7 ) —

or equivalently,

0
(ot +a2)F) =0 (1<j<n—1)
al‘j
For n > 3, the level set {z, = ¢} — {0} is connected for all ¢ € R, and
therefore the restriction F'|gn_go; must be of the form

F(z) = (Jo|* + 27) " g(s)

for some g € D'(R). In turn, (64) and (&.7) force g to be even and homoge-
neous of degree A + v — n.

For n > 2, using in addition that F(—x,—z,) = F(z,x,), we get the
same conclusion.

Since any even and homogeneous distribution on R of degree a is of the

form
| ifa#—-1,-3,-5,---
g(t) = | (‘—a—l) .
J (t) ifa=-1,-3,-5,---
up to a scalar multiple, we obtain the Lemma. O

Lemma [6.7] explains why and how (generically) regular symmetry break-
ing operators &M (Chapter [[) and singular symmetry breaking operators
IE%A,V (Chapter ) appear.

In order to find Home (I(X), J(v)) by using Proposition 6.6, we need to
find Diff o (I(N), J(v)).
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The dimension is known as follows, see Fact 0.4}
dim Diff: (I(\), J () = dim Hom(g pr(indf$ (C_,), indZ5 (C )

_ {1 it (\v) € //,
0 it (\v) ¢ /).

Combining the above mentioned dimension formula with Proposition
and Lemma [6.7] we obtain

Proposition 6.8.
dim Home (I(N), J(v)) <1 for any (\,v) € C* — //.

This proposition will be used in the proof of the meromorphic continu-
ation of the operator A, , and its functional equations. We shall determine
the precise dimension of Homg/(I(\), J(v)) for all (A\,v) € C? in Theorem
or4a

Remark 6.9. In Proposition [6.0] Homeg (I(A), J(v)) — Sol(R™ — {0}; A\, v) is
not necessarily surjective. See Proposition [[1.7

7 K-finite vectors and regular symmetry break-
ing operators A) ,

The goal of this chapter is to introduce a (g¢, K')-homomorphism
.&)\7,, : ](/\)K — J(V)K/.

We see that Ay, (p) is holomorphic in (X, v) € C2 for any ¢ € I())g, and
that A, , vanishes if and only if (X, ) € Leyen. In the next chapter we shall

discuss an analytic continuation of the operator A/,\,V acting on the space I(\)
of smooth vectors.

7.1 Distribution kernel K fy and its normalization
For (z,z,) € R" ! ® R, we define

K3, (2, @0) = |27 (2 + 27) 7 (7.1)

60



We write dw for the volume form on the standard sphere S™~!. Using the
polar coordinates (z,7,) =rw, r > 0, w € S, we see

Kﬁy(x, x,)dx dx, = 7‘)‘_”_”|wn|)‘+”_”r”_1dr dw (7.2)
is locally integrable on R™ if (A, v) belongs to
Qo :={(\,v) €C* :Re(A\—v) >0and Re(A+v)>n—1}. (7.3)

In order to see the P'-covariance of K3, it is convenient to use homogeneous
coordinates. Namely, for £ = (&, ...,&11) € 2, we set

k(€)= 27 M T (Gt — &) TV € DA, (B) = I(n = AT (7.4)

In view of the formula (£9]) of the embedding iy : R™ < = given by

&0y -y &ng1) = (1 — Zm?,le,...,mel +Zw?),
i=1 i=1

we have
L?VkS\A,V = K)Iiu
(ks )(m) = 272 g M7 (1 =)™,
where n = (o, m1, ..., M) € S™. Then
ko, (me™Hng) = ek, (€), (7.7)

for any m € M', t € R and n € N, (see ([LF)), and therefore we have the
following lemma:

Lemma 7.1. For (\,v) € Qy, K}, € Sol(R"; \,v).
Thus we get a continuous G’-homomorphism
Ay, I(N) — J(v)
and a (g’, K')-homomorphism
Ay TNk — J(v)k

for (A, v) € Q.
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For the meromorphic continuation of K ﬁy, we note that the singularities
of Kﬁy arise from the equations z, = 0 and |z|> + 22 = 0. Since the cor-
responding varieties R"~! and {0}, respectively (or S"! and [p,] in G/P,
respectively) are not transversal to each other, the proof of the meromorphic
distribution K /‘\*71,(:75 — Yy, x,)dx dx, is more involved. We shall study K ﬁy al-
gebraically in this chapter, and analytically in the next chapter (see Theorem
BI). Our idea is to look carefully at the two variable case by using special
functions in accordance to a ‘desingularization’ of the (real) algebraic variety.

We normalize the distribution K /‘\%V by

1

F( )\-‘rl/;n-‘rl )F( )\;I/)
1
= o (] ) (7.8)

1‘\( )\—H/;n—&—l )F( )\gu )

l?ﬁy(x,xn) = Kﬁy(x,xn)

and
1

D20 (35%)

A)\,V =

Ay,

Remark 7.2. The denominator of the distribution kernel K j‘iy has poles at
\\ U // as follows:

Av—n+1

I( 5

) has a simple pole < (\,v) € \\,

has a simple pole < (\,v) € //.

We recall from Definition 1] and (£14) the following isomorphism:

Proposition 7.3. 1) For any f € C®(S")g, <[?>1§V,L§f> is holomorphic
in (\,v) € C%

2) ([?ﬁy, F) =0 for any F € I(\) g if and only if (A, 1) € Leyen-

As the proof requires a number of preliminary results, we show the propo-
sition in Section In the course of the proof, we also obtain the following
result (see Lemma [[7] for a more general statement):
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Proposition 7.4. Let 1, :=(}(1), 1, := (1) be the normalized spherical
vectors in I(X), J(v), respectively. Then

n—1

T 2
1

()

A&/\,u(l)\) =

Proof. Applying Lemma [[ 7] with £ = 0 and h = 1, we get
7 T(2)
I'(A)

n

KA T
< )\,117 (2

) =
Here we have used the duplication formula ([I67) of the Gamma function.
Hence we get the proposition. O

Proposition [T4] will be used in finding the constants appearing in vari-
ous functional equations (see Chapter [2)). We shall discuss the meaning of
Proposition [.4lalso in Chapter[I4lin relation with analysis on the semisimple
symmetric space G/G".

7.2 Preliminary results

We prepare two elementary lemmas that will be used in the proof of Propo-
sition [Z.3}

The first lemma illustrates that the zero set of an operator with holo-
morphic parameters is not necessarily of codimension one in the parameter
space, as Proposition states.

For a polynomial g(s) of one variable, we define

1

Pusle) = gz | (=9 0 ) gl (7.9)

1
Our normalization is given as

1

Pay(1) = NCET)

Lemma 7.5. For any g € C|s], P.s(g) is holomorphic as a function of two
variables (a,b) € C*. Further, P, = 0 if and only if (—a,—b) € N x N.
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Proof. For ly,l5 € N, we set
911712(8) = (1 — S)ll(l + S)lz.

Then the polynomials g;, 1,(s) (I1,lo € N) span the vector space C[s]. We
then compute

2a+b+l1+lzle(a + lh b+ l2)
I'(a)l'(b)
ga+btliHz—1 111 l2—1

= [T+ [@+5

P(a+b+h+1) -3 o

Pa,b (gll,l2> =

where B(, ) is the Beta function. Thus P, ;(gi,,) is holomorphic for any /4
and [y, and the first statement is proved.
The zero set of P, (g1, 1,) is given by

Ml,b = {(a> b) € C?*: Pa,b(gll,b) - 0}

= U{a:—@'}u D{b:—j}u{a+b:—2l}.

Taking the intersection of all Ny, ;,, we get

() () Muw ={(a,b) eC*:a€ -N, be -N}.

11=012=0
Thus Lemma is proved. ]

The orthogonal group O(n) acts irreducibly on the space H™(S™!) of
spherical harmonics, and we let O(n — 1) act on R" in the first (n — 1)-
coordinates. We denote by H" (S"~1)°"=1) the subspace consisting of O(n —
1)-invariant spherical harmonics of degree N, and by (HN(S"~1)0(=1))L the
orthogonal complementary subspace with respect the L2-inner product on
S™~1. Then we have a direct sum decomposition:

HN(STL—l) — HN(sn—l)O(n—l) D (HN(Sn—l)O(n—l))L‘

Let C:']’f,(t) be the renormalized Gegenbauer polynomial, see (I6.4]). The
next lemma is classical.

64



Lemma 7.6. 1) We regard C%(w,) as a function on S™~' in the coordi-
nates (w1, .. .,w,) of the ambient space R™. Then we have:

(wn)'

2) Letp € HN(S™Y). If N is odd or 1 L HN (S 1OV then

rHN(Sn—l)O(n—l) = C-span ]%_

1

If N is even, then

/ lwa T CE T (W) dw = do (M 1) 9O\, ),
Snfl

where

ntl

PO T+ N - 1)
D(ZHT(N +1) ’
I‘()\—l—l/—n—i— 1)

g\, v) = p— -~ )
1—\(/\+ g N+2)F(A+2+N)

dn N()\ V)

(7.10)

Proof. 1) The result is well-known. See e.g., 23] Lemma 5.2].

2) For ¢(w,) regarded as an O(n — 1)-invariant function, we have

B (wn)dew = vol(S™2) /_ O )T

Sn—l
Therefore,
~n 1 ne3 T _
[ G e = vol(sm ) [ - ) R E war
gn—1 -1
_J0 for N odd,
N dan(Mv)g(A\,v) for N even.

n—1
The last equality follows from vol(S™"™?) = ?,?Lfl ; and from the inte-
2
gration formula (IG.8]) of the Gegenbauer polynomial.
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7.3 Proof of Proposition

In light of Proposition 3] any element in I(\)g is a linear combination of
functions of the form (LI9), namely,

Rl () = (1472 (2 )Nww)h (%)

1472 1472

for ¢» € HN(S"') and h € C[s] in the polar coordinates (z,x,) = rw (r > 0,
we Smh.

Then the first statement of Proposition follows immediately from the
next lemma:

Lemma 7.7. 1) Suppose N € N, p € HN(S"™') and h € C[s]. If N is
odd or ¢ L HN(S" )00V then

<[f€§7w FA[¢> h]) =0.

2) For N € 2N and h € C[s], we have

w2

-1
~ n_ A—v N(Af+v—n
(K2 FAICK (wn): hl) = ePayon awen () T (S5=47) ().
0

<.
Il

where P, ,(h) was defined in (L3)), and the non-zero constant c is given

by
25 A s D(n + N — 1)

— g (A ) =
¢ N v T(=D0(N + 1)

Proof. By using the expression (T2) of K f,,/ in the polar coordinates, we have

(K}, FAl, h]) =27*RS, (7.11)
27)\

D)0 (3)

RS,

<[/€)‘§w FA[wv h]> =

where

o0 2
R :— 9N+A pAHN=L(] 4 p2)=A=Np, L—r dr
0 1+7r2

_ /_ (1= )52 (1 4 )5 1 (s)ds



A— N __ A + N
=TI V2+ )T( + V2 )P)\7;+N7A+1E+N (h),

S = / |wn M (w) dw
Sn—1

1) It follows from Lemmal[Z8 that S vanishes if N is odd or¢p L (HY(S"~1)0(=1)L
2) By (TII) and Lemmas [[H and [TG]

(K2, BACK ™ (wa), ) = cPacean rawen (M)V

where

) %F(Afu;rN)F(AJrVZJrN)

F(%)F(%)
_2+N)F()\+V§n+2)
fu)r()\JrufngwLQ)

e

g\, v)

A
A

_ K
=

2

vl

-1

S (ORI

In the second equality we have used the duplication formula (IG1) of
the Gamma function.

[
Proof of Proposition[7.3 (2). For N € N, Let ¢ € HY(S" ) and h € CJs],

we set
N, h] :={(\,v) € C*: <K>\wF>\[ h]) = 0},

2= ()M

YEHN (S7—1) heCls]
Then, we have
{(A\v) €C?: (K}, F) =0forall F € I(\)g}
= ({(\v) € C*: (K3, . F[y, h]) = 0 for any ¢ € HY(S"!), h € C[s] }

NeN

=) 2~
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Let us compute Zy explicitly. For this, we set

Az :i={(\v) €Z* : A+ |v| £0,\ = v mod 2}
={(\v)€Z*: N—ve—-2Nand A\ +v € —2N}.

For N € N, we define the parallel translation of Az by (—N,0):
Az2[N] = {(A\,v) €Z*: (A + N,v) € Ag:}.

Then it follows from Lemma [Z.6] that Pacyen sevin (h) =0 for all h € C[s] if
and only if (A, v) € Az2[N].

In turn, it follows from Lemma [0 that Zy = C? for N € 2N + 1, and
for n € 2N,

Zy = A [NJU{(\,v) € C2 : H(A;VJrj)(Lﬂ—j) — 0}
= Ag2[N]U U{(/\,y):)\—y:—Qj}U U{(/\,y):)\+y:n+2j}.

In Figure [l below, Zx (N = 8) consists of black dots and 4 + 4 lines; Leyen
consists of red circles.
Taking the intersection of all Zy, we get

m Zv={(\v): \,ve =N A=v mod 2, and A < v}.

NeN

Hence Proposition is proved. H

8 Meromorphic continuation of regular sym-
. A
metry breaking operators K3,
The goal of this chapter is to prove the existence of the meromorphic con-
tinuation of our symmetry breaking operator A, ,, initially holomorphic in

an open set Qp, to (A, v) € C% Besides, we determine all the poles of the
symmetry breaking operator A, , with meromorphic parameter A and v. The
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Figure 7.1: Zy (N =38) and Leyen

normalized symmetry breaking operators 1&,\1, depends holomorphically on
(A, v) in the entire space C2. Surprlslngly, there exist countably many points
in the complex set in C? such that A,\ » vanishes, namely, A,\ v 18 zero on the
set Leven of codimension two in C2. We shall prove

Theorem 8.1. 1) I?ﬁy 15 a distribution on R™ that depends holomorphically
on parameters A and v in the entire plane C2.

2) I?jﬁ,, € Sol(R™; \,v) for all (\,v) € C%, and thus defines a continuous
G'-homomorphism

Av, I\ = J(v). (8.1)
This operator &A,u vanishes if and only if (\,v) € Leyen, namely,
ANve—-N, A=v mod2, and A <. (8.2)

In what follows, we shall consider the following open subsets in C:

Q. ={(\v)€C?:Re(A—v) >0}, (8.3)
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D :={(\v)€C*:Re(A+v)>n—1},
D, :={(\v)€C*:Re(A+v)<n}

Obviously, D, U D, = C% We recall from (T3)
Q=0 nND} . (8.4)

The proof of Theorem consists of the following two steps:
Step 1. Qp = ;. Use differential equations, see ([83) and (8.4).
Step 2. Q; = C2. Use functional equations, see (81) and (B.J)).

8.1 Recurrence relations of the distribution kernels K f\*,

14

As the first step, we shall use recurrence relations of K ﬁy(x, x,). We set
K5, (@, @n) = ()" 7" (2 + 27) ™"

Then Kf\fy(a:, x,) is locally integrable if (A, v) € €, and thus gives a distri-
bution on R™ with holomorphic parameter (A, v) € Q.

Lemma 8.2. Kjfy(x, x,) extends meromorphically to 0y as distributions on
R™.

Proof. We only give a proof for K*(z,x,); the case for K(x,x,) can be
shown similarly. First observe that the distribution Ky, € D'(R") satisfies
the following differential equations when Re(A — ) > 0 and Re(A +v) > 0:

0
a_an)t&—l,y

Apnt Ky, =2(v = 1)2v —n+ 1)Ky, —4(v = 1)vK{ . (86)

=(A+v—-n+1)K{, - 2K}, (8.5)

We show the lemma by iterating meromorphic continuations based on the two
steps Q ~» QUOQT and Q ~» QUQ, below using (B3] and (B0, respectively.
Suppose K;CV is proved to extend meromorphically on a certain domain €2 in
C? as distributions on R". Then the equation (83) shows that K, extends
meromorphically to the following open subset

QO ={(\,v)eC*: (A +1,v) €Qand (\,v+1) € Q}
=(Q+(—-1,0) N (24 (0,—-1)).
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Here we have used the following notation:
Q-+ (a,b) :={(\,v) €C*: (A —a,v—b) € Q}.
Likewise, the equation (80]) shows that KIV extends meromorphically to
Qp=Q+(-1,1))N(Q+(-1,-1)).

Now, first, we set () = y. By iterating the meromorphic continuation
process Q ~ QU Q" the distribution K} extends meromorphically to the
domain J;— (€2 + (0, —k)), which contains

Q)= {(\,v) € C?: Re(A —v) > 0,Re \ > g},

e A
/
AN s

see Figure
&\\A& L

W W \VAVAY
Qo

QU Q)

Figure 8.1: Analytic continuation from 2y to €2

Second, we begin with € and iterate the process  ~» QU Q.. Then we
see that K;CV extends meromorphically to the domain €; = {(\,v) € C? :
Re(A — v) > 0}, see Figure B2 O

’ ’
X KRB REEEIKEELEEKREIELEEL

Z 7 G
R IIIILAHKKS

GO o e o oS etotesote’
Ot a et otetatetatosets
IS
e o0 et ose9%e!
LS 5SS
A A o26%%%%

opososesesstetototosolesetels

2 QU Q)+

Figure 8.2: Analytic continuation from €2 to €2

Lemma 8.3. If Re(A —v) > 0, then [?ﬁy € Sol(R™; \,v) and defines a
nonzero G'-intertwining operator I(\) — J(v), to be denoted by the same
symbol Ay ,. Then Ay, depends holomorphically on (X, v) in the domain €.
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Proof. By Lemma B2] K§ = K;\LV + K, , is a distribution on R" that
depends meromorphically on €2;. On the other hand, Proposition [7.3] shows
that A, , is nowhere vanishing and that A,\ () does not have a pole for any
K-finite vector ¢ € I(\)g in the domain Re(A — v) > 0. Now Lemma
follows from Proposition B.19 H

8.2 Functional equations

Let Ty, : J(m —v) = J(v) be the Knapp-Stein intertwining operator for
G, and Ty : I(\) = I(n — \) for G with m = n — 1. The second step of
the proof of Theorem is to prove the following functional equations (see
Theorem B3 below):

~ ~ T2 ~

]Imfu A m—v — Ayy. 8.7
° 8, T(m—v) ™ (87)
n—\,v A F(n /\) Ay ( : )

We begin with

Lemma 8.4. 1) The identity (87) holds in the domain Qo = QN D, (see

@3)).
2) The identity B38) holds in the domain

Q=0 ND,. (8.9)

Proof. Since the (renormalized) Knapp—Stein intertwining operator T, de-
pends holomorphically on v € C, the composition

Ty 0 Axny : I(N) = J(m —v) = J(v)

is a continuous G’-homomorphism that depends holomorphically on (A, v) by
Lemma B3 if Re(A — (m — v)) > 0, namely, if (\,v) € D ,. Thus A,, and
Ty © Ay my are in Home (I(N), J(v)) if (A, v) € Q.

We recall from Lemma that 1&,\,1/ # 0 if Re(A —v) > 0 and from
Proposition B8 that dim Home/ (I(N), J(v)) < 1if (\,v) € Qo (C C* = //).
Therefore there exists b(\,v) € C such that

Tm—l/ o :&)\,m—u = b()\7 V)A/\,y
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for (\,v) € Qy. Applying these operators to the trivial one-dimensional
K-type 1, € I(\)g, we get from Proposition [4] and Proposition

Tz Tz T3
1, =b(\v)———
T(m —v) 22-1T()) V)=
and therefore b(\,v) = =Z—. Thus we have proved ([B7) in the domain

I'(m—v)
Similarly the composition

ApsyoTy:I(N\) = I(n—X) = J(v)

is a continuous G’-homomorphism if Re((n — A) — v) > 0, namely, if (\,v) €
D, . Therefore there exists ¢(\, v) € C such that

&nf)\,u o P]Af)\ = C()\, l/)&)\,u
if Re(A —v) > 0 and Re(A + v) < n. Applying these operators to 1,, we get

1,

n—1 n n—1
m 2 T2 ™ 2
Vol =\ v)+= 1,
Tt = AT
whence ¢(\,v) = F(Z—i) Thus we have proved (B8) in the domain Qs =

Now we are ready to complete the proof of Theorem

Proof of Theorem[81 In order to extend K ij meromorphically, it is suffi-
cient to prove it for K ﬁy|Rn by Proposition B.I8 Then it follows from Lemma
that K ﬁy extends meromorphically from €24 to €2y as distributions on R"™.
In turn, K f\*’,j extends meromorphically to the domain Q; U D) | as a dis-
tribution on R™ by Lemma (1), and it extends meromorphically to the
domain ; U D, as a distribution on R" by Lemma (2). Hence K%,
extends meromorphically to C2. O

Now, by Theorem B.I] Lemma can be strengthened as follows:

m

Theorem 8.5. The functional equations (1) and [BS) hold for entire (A, v)
C2, namely,
T,y 0 A = i[& for (\,v) € C? (8.10)
m—v Am—v — F(m — V) A\ v ) ’ .
~ - T o~
Ay yyoTy = T = A)A’\”’ for (\,v) € C2. (8.11)
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8.3 Support of l?fy

We determine the support of the distribution kernel K ﬁy when it is nonzero,

equivalently, by Theorem (2), namely, when (A, ) € Leyen.

Proposition 8.6. Suppose (A, ) & Leven, equivalently, 1&)\7'/ #0. Then
S () e\~ X,

Supp K3, = 4 {[p+]} i (\v) € // = Lovens
G/P  otherwise.
Proof. We recall from ([Z2) that as a distribution on R™ — {0},
KA (2, 20) [mn g0y = 1" Ha M
in the polar coordinates (z,x,) = rw. Since the function

W ST R, w= (Wi, W) Wy

is regular at w, = 0, the distribution |w,|[***~" on S"~! has a simple pole
at A\+v =n—1,n—3,..., and the support of its residue is equal to
S ={w, = 0}. In light of Remark [.2] we have thus

Supp(K3, Jrn—oy) = R"™ = {0} if (A, v) € \\ = X,
Supp (K3, [re—oy) = 0 if (\v)e//—X
For (A v) € X, T(A520(25%) has a pole of order two, and therefore
KﬁV\Rn,{O} = (. Hence
Supp(K3, [e—oy) =0 if (\,v) € X.
Now we get Proposition by Lemma [G.1] O

8.4 Renormalization A, , for v € —N

We have seen in Theorem B (2) that the distribution A, , with holomorphic
parameter (A, r) vanishes in the discrete subset of C?, i.e., if (A, 1) € Leyen-
In this section we renormalize 1&%,, as a function of a single variable A\ by
fixing v € —N in order to obtain nonzero symmetry breaking operators.

Suppose v € —N. Then the factor (§,11 — &)~ of the distribution kernel
k% ,(€) in () is a polynomial, and thus the distribution kernel &}, has a
better regularity.
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Proposition 8.7. Suppose v € —N. Then

1

P( )\—H/;n—i-l )

A—V
2

K (2, 2,) = K (2, 2,) = T VKL (2,2,)  (8.12)

extends to a distribution on K/M ~ G /P which depends holomorphically in
A in the whole complex plane. Then there exists a nonzero G'-intertwining
operator

Ayt IO\ = J(v), (8.13)

whose distribution kernel is K jﬁy. Further,

)

1:%,\,11(1,\) = ey

1,. (8.14)
Remark 8.8. For a fixed v € =N, (A, V) € Leyen if and only if A is a (simple)

pole of ['(352). In this case, the formula (8I4) amounts to

T (=) (—1)M
[!
where [ € N is defined by the relation v — \ = 2I.

Ax,u(h) =

1,

Proof of Proposition[8.7 In the coordinates n = (no,...,n,) € S™,

1

Tm
p(%)

|)\+1/—n

is a nonzero distribution on S™ which is holomorphic in A in the whole com-
plex plane because 7, : S — R is regular at n, = 0. On the other hand,
since v € =N, (1 —n9)~" is a polynomial in 7,

1

T‘nn
F(%)

’)\+an<1 o no)fu

is well-defined and gives a distribution on S™ ~ G/P with holomorphic
parameter A € C. Moreover it is nonzero for any A in any neighbourhood of
n with ny # 1 and 7, = 0. Now Proposition follows from ([Z.4)). O

The following proposition shows that the renormalized symmetry break-
ing operator AAJ/ is generically regular in the sense of Definition
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Proposition 8.9 (Support of f(ﬁy). Suppose v € —N. Then the distribution
kernel K’ﬁu of the symmetry breaking operator A)\,y has the following support:

G/P if (\v) ¢\,
S (A v) €\

Proof. As a distribution on G/P, we have

o+ = {G/P if (\,v) ¢\,

1
S -
PP (il SnLif (A ) €\

Supp [:(ﬁy = {

The multiplication of (1—7y)~" € C*°(S") is well-defined, and does not affect
the support because the equation 1 — 7y = 0 holds only if n = (1,0,...,0) €
S™. Thus we proved the Proposition. O

9 Singular symmetry breaking operator @A,V

We have seen in Lemma[6.7] that singular symmetry breaking operators exist
only if (A, ) € \\. In this chapter we construct a family of singular symmetry
breaking operators

By, : I(A\) = J(v) for (A\v)e\\ (9.1)

by giving an explicit formula of the distribution kernel, see ([@6). The op-
crator By, depends holomorphically on A € C (or on v € C) under the
constraints that (A\,v) € \\. We find a necessary and sufficient condition
that I@Ié,w # 0. Other singular symmetry breaking operators are only the
differential operators C A that will be discussed in the next chapter.

The classification of singular symmetry breaking operators will be given
in Proposition [T.14]

9.1 Singular symmetry breaking operator B Ay
For (\,v) € \\, we define k£ € N by the relation

A+v=n—1-2k (9.2)
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In what follows, we shall fix £ € N and discuss the meromorphic continuation
by varying v € C (or A € C) under the constraints (Q.2]).
For £ = (&,...,&11) € E, we set

kR (6) = 226N (€,) (ar — &)

Then kY ,(€) is a distribution on =, when Rev < 0. Further k(&) €
D, . (E) ~I(n— )" and, as in (1), it satisfies a P’-covariance

kX (me™ng) = e"'ky, (€) (9-3)
for any me *#n € M'AN' = P'. By (@I0) we have:
ivky, = (2 af) 8 (@) (9.4)
(k) () = 225 FH60 () (1 — 130) ™.

In order to give the meromorphic continuation of the distribution kernel,
which is initially holomorphic when Re v <« 0, we normalize (@4 as

KB (x,2,) := (| + 22) 6@ (x,,) (9.6)

=

2

— 2 2\—v (2}4})

The main properties of B Av are summarized as follows.
Theorem 9.1. Suppose (A, v) € \\.

1) For (\,v) € \\ with Re(A —v) > 0, [@]ﬁy is well-defined as a distribution
on R™, and satisfies:

k .

_ 1 S
B — 2w—2i ¢(2k—2i)
K@, 2n) T(=— v —k) Zm ok —2ipa T ).

(9.7)

2) Fix k € N. Then IN(EV extends to a distribution on R"™ that depends
holomorphically on v in the entire plane C (or X € C).

3) IN(E\B,V € Sol(R™; \,v) (see @) for the definition) for all (\,v) € \\, and

induces a continuous G'-intertwining operator

By, : I(A) = J(v).
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4) IE%,\W =0 if and only if n is odd and (A, V) € Leyen.
For the proof of Theorem Q.11 we use:
Lemma 9.2.

1) For Rev < 0,

DN e 0 if i=2j+1,
<6xn> (|$| +l'n) - = {(1)15?%)(|£(V+])|$|_2V_2] Zf i = 2]

2) Suppose Rev < “S1—N. Then |z|7>~% € LL (R™™) forall 0 < j <[],
and we have the following identity of distributions on R":

[
(Jf* + 27) 0™ () =
j=0

N

L(C1INIT (v + §)

(N =2))!5' T (v)

|$‘72u72j6(N72j) (xn)

Proof. 1) The expansion

(A+ y2)” _ Z [(p+1) A”"jfi

i\ D+ 1 — )
ol
implies <3>2i(,4 o] - @)(p A1) (9.8)
oy Y y=0 iT(p+1—10) | |

Now the statement is clear.
2) For a test function ¢ € C§°(R"),

( - )N oo (|2 +27) (2, 24))

Oz,
(N 0 \i § \N-i
_ 7 2 2\—v
S (DGt vt (57) o) |
Substituting the formula of (1) into the right-hand side, we get (2). O
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9.2 K-finite vectors and singular operators ]E,\,V

Proposition 9.3. Suppose (A\,v) € \\. We define k € N by the relation
@2). Then (K}, F) = (=1)F2F(2k — 1)I(K},, F) for any F € I(\)x.

We give a proof of Proposition in parallel to the argument of Chapter
[ A new ingredient is the following:

Lemma 9.4. Suppose (A, v) € \\.
1) If N is odd or v L HN(S" 1001 then

Y(w)6® (w,) = 0.
gn—1

2) If N is even, then

C27 (wn)0® (wy) = (—1)k2k(2k — 1)l
Snfl

dnJV(A’V>g(A7V).

F(A+V;n+1)

Proof. In light of the residue formula

1 ||~ = i(g(?k) (t) in D'(R)
L Tu=12e 26(2k — 1) ’
the statements follow from Lemma [7.0l ]

Owing to Lemma [0.4] the following lemma is derived as in Lemma [[7]
Lemma 9.5. Let (A\,v) € \\. Let k € N be as in (O2).
1) Suppose N € N, ¢p € HN(S"1), and h € Cl[s]. Then we have:

(KR, FA[Y,h]) =0 if N is odd or ¢ L HN(S"1).

2) If N € 2N, then

- ~n_ A—v N/ A+v—n
(KE 0 FACR ™ (wn), ) = ePaso asen (1) TT (55744 ( -

where the non-zero constant ¢ is given by

A AT (n+ N — 1)
PEFT(N +1)

(—1)%2F(2k — 1)1
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Proof of Proposition[2.3 Clear from the comparison of Lemmal[l’fland Lemma
9.0l ]

As a special case of Proposition [@.3] we obtain

Proposition 9.6. For (\,v) € \\, we setk € N by \+v =n—1—2k. Then
we have

(—1)k2kr s (2 — 1)

By, (1)) = ) v (9.9)
Proof. We recall from Proposition [Z4] that
ne1
Ayu(1y) = 712(—;)1V.
Now the statement is immediate from Proposition O

As another consequence of Proposition .3 we have

Proposition 9.7. (I?E\E’V,F> =0 for any F € I(N)k if and only if (\,v) €
Leven-

Proof. The proof is the same as that of Proposition [Z.3] O

9.3 Proof of Theorem 9.1

Proof of Theorem[2d. 1) Let k be defined as in ([@2). Then |z|72~% €
Li (R"1) for all 0 <4 < k if and only if Re(A — v) > 0. By Lemma [0.2] we
get the expansion formula (@.7), which shows that [N(Eflf%fu’y extends to a
distribution on R"™ depending holomorphically on v in the domain {v € C :
Rev < 221 — k}.

2) By the expression ([@.7]), the assertion is clear.

3) It is easy to see [?E\B,V € Sol(R™; \,v) for Rev < 0. Since f(;ﬁﬁy extends
holomorphically to (A, v) € \\ as a distribution on R”, the third statement
follows from Proposition B.I8

4) Clear from Proposition O
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9.4 Support of the distribution kernel of I@Aﬂ/

We have seen in Theorem that IE%)W # 0 if and only if (A, 7) € \\ — Leven-
In this section, we find the support of the distribution kernel of KEV.

Proposition 9.8. Assume

\\ — Leven (n :odd),

(A1) € \\ = Leven = {\\ (n : even).

Then the kernel of the non-zero singular symmetry breaking operator IE%A,V has
the following support:

Supp K7, — {{Lp_m i () € X = Lo,
’ S df (L v) e\ - X

Proof. Suppose (A, v) € \\ = Leven. By Lemma and the definition (O.0)

of IN(EV, Supp }N(;B’V is either {[p,]|} or S™~!. Since |z|*> + 2?2 is non-zero on

R"™ — {0}, (]x|* +22)™" is a nowhere vanishing smooth function on R™ — {0}.

Therefore, the restriction of I?E\B’y to the open set R™ — {0} vanishes if and

only if I'(25%) = oo, namely, (A,v) € //. Thus Proposition is proved. O

9.5 Renormalization ]ﬁ%w for (\,v) € Leyen With n odd

For n odd, the singular symmetry breaking operator I@Ié,\y,, vanishes when
(A, V) € Leyen, see Theorem @Il As we renormalized the (generically) regular
symmetry breaking operator A, for v € —N in Section B.4] we will renor-

malize B , for v € —N as follows. For (\,v) € Leyen with n odd, we define
ke Nby A+v=n—1-—2k and set

K2 (2, 20) = (|2 + 22) 76 ()

. ¢ V); . .
% | 226 C2 (2, (9.10)

1=0

see (@) for IA(J'E\BW. Then f(;ﬁﬁy € Sol(R™; )\, v) and we have a G'-intertwining
operator ~
By, : I(\) = J(\) (9.11)
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with R'E\E,V its distribution kernel. Since Lewen is a discrete set in C2, there is

no continuous parameter for IB%,\,,,. We note that Leyen € X for n odd. We

shall prove in Theorem [[2.2] (4) that IEB,\J, is a scalar multiple of 1:&,\7,, for any
(A, ) € Leyen if n is odd. The following proposition is clear from (@I0I).

Proposition 9.9. Suppose n is odd and (\,v) € Leyen. Then IEB,\J, #0 and

Supp IN(E\BW =gt

10 Differential symmetry breaking operators

In this chapter we give a brief review on differential symmetry breaking
operators. Nontrivial such operators from I(\) to J(v) exist if and only if
v — A € //, and explicit formulae of all such operators were recently found
in [I3 24]. The new ingredient is Proposition [[0.7 which gives an explicit
action of the normalized differential symmetry breaking operators C A on the
spherical vectors. In Chapter[I2], we shall see that these differential symmetry
breaking operators arise as the residues of the (generically) regular symmetry
breaking operators A, except for the discrete set Leven (Theorem [T2.2).

10.1 Power of the Laplacian

We begin with the classical results on conformally covariant differential op-
erators acting on line bundles on the sphere (“G = G’ = O(n+1,1) case” in
the general setting of Chapter B]).

Let gc be the complexified Lie algebra of g = o(n + 1,1), and pc =
mc+ac+(ng )¢ the complexification of the Levi decomposition of the minimal
parabolic subalgebra p = m+a+n, (see (29)). We note that pc is a maximal
parabolic subalgebra of gc ~ 0(n+2,C). Let H be the generator of a defined
in (Z4) and denote by C, the pc-module given by

pc—>pc/(m@+ng):aC:CH—>C, tH — tA.
We define a generalized Verma module by
indpS (A) = indpS(C) == U(ge) @u(pe) Car.
Then the following result holds (e.g. [2 H)):
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Lemma 10.1. Let n > 2. Let G = O(n + 1,1) with n > 2. Then the
following three conditions on (\,v) € C* are equivalent:

(i) Homg(indpS(—v),ind)c(=A)) # 0.
(ii) Homg p(indys(—v),indgs(—=A)) # 0.
(iii) (\,v) = (5 — 1,5 +1) for somel=0,1,2,---.

In this case, the space of homomorphisms in (i) (also in (ii)) is one-dimensional
and the resulting G-intertwining differential operator (G = G' and H = H'
case in Fact[TI3) is given as the power of the Laplacian in the noncompact
model:

n n
50— 15 +1).

Remark 10.2. In the compact model (see Definition []), the G-differential
intertwining operator for [ = 1 is given by the Yamabe operator in conformal
geometry, which is define to be

Al I(

n—2

A = ="

1
sn = Agn — Zn(n —2),

where Agn is the Laplacian and kg» is the scalar curvature of S™ with stan-
dard metric (e.g. 21l Example 2.2]).

Remark 10.3. As we have seen in Section the Knapp—Stein intertwining
operator _
Ty:I(A\) = I(n—X\)

is singular in the sense of Definition (with G = G’) if and only if [ :=
5 — A € N, and reduces to a scalar multiple of the [-th power Al of the
Laplacian, see (A29). Thus any differential G-intertwining operator between
spherical principal series representations of G is obtained as the residue of
the (generically) regular intertwining operators [2]. A similar result does
not hold for symmetry breaking operators (G # G’ case) as we shall see in

Remark [24]

10.2 Juhl’s family of differential operators
For (\,v) € //, we define [ € N by

v—A=2l.
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We recall from ([[6.2) and ([IG3) that 551(3,15) = 23:0 a;(l; p)s7t372% is a
polynomial of s and ¢ built on the Gegenbauer polynomial, and this definition
makes sense if s, t are elements in any commutative algebra R. In particular,
taking s = —ARn 1, t=:21in R=C[;Z 9] we obtain a differential

o1’ Tt Oxni?
operator C*(R"™) — COO(R” ) by
- = 0
Cyy = restOC’ ( Agn-1 8xn> (10.1)

= restoiaj(V;A;)\_ngl)(_ARn1)j<ai%>zl—2j

J=0

19225 T J(M_i_ ) L
:restog LL Z Ajnl( a>2l N
J(20 — 27)! R\ oz, ’

J=0

where rest denotes the restriction to z,, = 0.
Then C, , coincides with Juhl’s family of conformally covariant differen-

tial operators [I3], that is, @,\,l, induces a G’-intertwining operator (differen-
tial symmetry breaking operator)
Cry: I(N) = J(v), (10.2)

in the noncompact model. See [[3] I8 4] for three different proofs.
It is immediate from the definition ([I0J]) that the distribution kernel of

the differential symmetry breaking operators C Av 1S given by

921— 2]Hl J()H—u n— 1+Z)

IN{SV = Z (AI]R" 10(@, - 7‘7371—1))5(21_%) ()

= g2l — 2j)!
~\—n=1 0
_CQl ’ ( ARnfl’ 67)5(x17 e ,In_1>5(l’n). (103)

The differential operator @,\,y is homogeneous of degree v — A\, Here are
examples of low degrees.

(rest if =0,
82

B I'eStO<()\+l/—7'L+1)ﬁ+ARn 1) lflzl,
C v — 84
A, %resto<§()\+y—n—|—1)()\—|—V—n+3)a I
2 n

2(/\+u—n+1)ARnla + A2, 1> if i =2.

\ 8]3

n
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We define a maximal parabolic subalgebra pi = mg + ac + (0, )c of gc as
the complexification of p" = m’ + a 4 (n/,) (see [29)), so that pi = pc N ge.

Fact 10.4 ([I31 B4]). Suppose \,v € C.

1) The following three conditions are equivalent:
(i) Homg/(indig(—y),indgg(—)\)) # 0.
(i) dim Homy (indf (—v), ind%s(~ 1)) = 1.
(i) A—=v=0,—-1,—2,--- .
2) The following three conditions are equivalent:
(i) Homggp/(indﬁz(—v),indgg(—)\)) # 0.
(ii) dimHomgy pr (indig(—l/), indpS (=) = 1.
(iii) A\=v=0,-2,—-4,---, namely, (\,v) € //.

3) Assume one of (hence, all of) the equivalent conditions in (1) is sat-
isfied. Then the resulting g'-intertwining differential operator I(\) —
J(v) (see Fact[313) is homogeneous of degree v — X\ € N. Further, it
induces a G'-intertwining operator

Crw 1A & XI(N) = J(v) @ X' (v),

where x and X' are defined in [ZI3). Furthermore, CC), transforms
under G' |G}y by the character (x')"~.

4) Forv— X e 2N, C,, is a scalar multiple of @Aw-

Remark 10.5. We shall see in Theorem (2) that the differential symme-
try breaking operators C A are obtained as the residues of the (generically)
regular symmetry breaking operators A, for (A,v) € C? — Leyen, however,
@A,V cannot be obtained as a residue if (\,v) € Leyen. This phenomenon is
reflected by the jump in the dimension of Homg/ (I(N), J(v)) at (A, v) € Leven
(see Theorem [MT.4] (1)). It should be compared with the classical fact that
all conformally covariant differential operators for densities on the standard
sphere S™ (= G/P) are given by residues of the Knapp-Stein intertwining
operators, as we saw in Remark
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10.3 The kernel of the differential symmetry breaking
operator C, ,

We recall that 1, is the normalized spherical vector in the principal series rep-

resentation I(\). Since CM : I(\) — J(v) is a G’-homomorphism, (C,\yl,(l,\)

is a scalar multiple of 1, € J(v). In this section we find this scalar explicitly.

In particular, we obtain a necessary and sufficient condition on (\,v) € //
such that 1, € KerC, ,. We begin with the following:

Lemma 10.6. For (z,z,) € R"™ '@ R and X € C,

O \2-2j
i 2 2
Al 1<—axn) 1+ |22+ 2

)
C2%(2 = 2))! D(=A+ DT(%5 + )
(=) T(=x—1+1r(%h
2220 — 2j)! —1
=T U= (A= 0i(5),

Here (z); =az(x+1)---(x+j—1) = Fg’g)]) is the Pochhammer symbol.

- ‘
r=0,2,=0

Proof. 1t follows from (@.8) that

(20T (p + 1)

= T e (04
=0 i!F(u+1—i)( + [zf) (10.4)

() @+ lal? + 22

By using ([£20) iteratedly, we get

- oo LT 1)
Ml = 21 2o
Hence
AfRn 1(1 + |I|2)M|cc:0 = (lj) Aﬂ%n71|w|2j
_2T(n+ DI(4 +
RS UC e
(p+1-5)r )
Combining (I0.4]) and (I0.5]), completes the proof of the Lemma. O
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Proposition 10.7. Suppose (A\,v) € // and we definel € N by v — X\ = 2[.

Then 92y

@A,u(lk) — wly'
{n particular, 15 € I(\) lies in the kernel of the symmetry breaking operator
Cary : I(N) = J(v) if and only if A € {0,—1,—-2,..., =20 + 1}.

Proof. Let a;(l; 1) be defined by ([IG.2), and we set

Dp) = Y asll ) -ay (5-)

!
= oz,

By applying Lemma [[0.0] we have
D(l, ) (1 + [l + 27) " |o=0,00=0

, l 1 n—1
=22(-A—1+1), ]Z:; j!(l——j)!(u + i <T>J

(A=l D) L+ ),
= T )
In the last equation, we have used the identity
!

S @ =
)!

2T

Since Cy,, = D(I, A — 21y, we get

22—\ — 1+ 1),(A+1),
Il

(=122 (N)x

= L.

Thus we have proved the proposition. O

((N:/\,u(l/\) =

1,

Remark 10.8. We gave in ([#30) an explicit formula of the action of the
differential G’-intertwining operator Ag.,. : J(% —j) = J(% +j) ( € N) on
the spherical vector 1, as
(=1)72¥T (3 +j)

rg—-5
by using the residue formula of the Knapp—Stein intertwining operator. The
formula ([I0.0]) gives another elementary proof for this.

Aﬁw(L/) =

87



11 Classification of symmetry breaking oper-
ators

In this chapter we give a complete classification of symmetry breaking opera-
tors from the spherical principal series representation I(\) of G = O(n+1,1)
to the one J(v) of G’ = O(n, 1).

11.1 Classification of symmetry breaking operators

So far we have constructed symmetry breaking operators A,\,,,, A,\,,,, @A7y,

By,, and Cy.,, see (&1), @IF), @I), @II), and [@II), respectively. We

shall prove that any element in H(\,v) = Homeg (I(N), J(v)) is a linear
combination of these operators, and complete a classification of symmetry
breaking operators for all A and v (Theorem [IT] below). The above oper-
ators are not necessarily linearly independent. In the next chapter, we shall
list linear relations among these operators as residue formulae.

Theorem 11.1 (classification of symmetry breaking operators). If n is odd

(CIE:B)\,V EB C@NV ()\7 V) S Leven»

How) - 4o if (A1) € // = Loven,
CB»., if (\v) e\ —X,
CAx, if (\v)eC—(\U/).

If n is even

Cd&)\ﬂ/ @ C@)\,y ()\7 V) S Levena

o =S O €N Lo
CB,., if (\v) e\ —X,
CA,, if (\v)eC —(\U//).

Remark 11. 2 1) We shall see in Proposition [[T.6 that ]EAJ, is a nonzero

multlple of A)\ , if n is odd and (A, 1/) € Leyen.

2) (C,\V is a nonzero multiple of AAV if (\,v) € // — Leyen by Theorem
27 (2).
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3) IENB,\W is a nonzero multiple of A,\,V if (\,v) € \\ — X by Theorem

(1).
Using the residue formulae (Theorem [22]) in the next chapter, we can
restate Theorem [IT.1] as follows:

Theorem 11.3.

H(\p) = {CAA,U@CCA,V if (\v) € Loven,

CA,, if (\v)€C? = Leyen.

11.2 Strategy of the proof of Theorem I1.7]
We divide the proof of Theorem [Tl into the following three steps.

Step 1. Dimension formula of graded modules.
According to the natural filtration (see (B.4]))

H()\, 7/) D) H()\, V)sing D H()\7 V)diff;

we give the dimension formula of the graded modules, summarized in the
following table:

dimension 0 1

: odd

3

HAv)[H(A, V)sing WU // C2—(\U//)
\\ U (// - Leven) Leven U (C2 - (\\ U //))

3

. even

HO)ang/ HO Vaitr | (X = Loven) U2 =\ | Leven U\ =X)  n: odd
XU (C?—1\)) \\ — X n: even

H(A, V)ais C*—// //
The first row is proved in Proposition [[1.12] the second is in Proposition
TTT3l The third row was already stated in Fact 0.4

Step 2. Dimension formula of H(\,v).
By using the following obvious relations:

dim H(\, V)ging = dim H(A, V)sing/ H(A, V) @i + dim H (A, V) aisr,
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dimH(\,v) =dimH(\v)/H(\, V)sing + dim H (A, V)sing,

we obtain the dimension formula of H(A,v) and H (A, V) in addition to
the known formula of H (A, v)gig:

Theorem 11.4. 1) (symmetry breaking operators)

2 Zf ()‘7 V) € Levem

1  otherwise.

dim H(\,v) = {

2) (singular symmetry breaking operators) Suppose n is odd.

2 Zf (>\7 V) € Levena
dim H()\, V)sing =41 Zf ()‘a I/) € (// U \\) — Leven,
0 otherwise.

Suppose n is even. Then

Loaf (A v) e \U//,

0 otherwise.

dim H (X, V)ging = {
3) (differential symmetry breaking operators)

Loaf (A v) e/,

0 otherwise.

dim H(/\, I/)diﬁ‘ = {

Step 3. Explicit basis of symmetry breaking operators.
As is clear from the table in Step 1, we obtain:

Proposition 11.5. The dimensions of the graded module are either 0 or 1.

We then give an explicit basis of H (A, v) by taking representatives for the
generators of the graded modules. This yields Theorem [IT.11
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11.3 Lower bounds of the multiplicities

In the previous chapters, we found explicitly the condition for the non-
vanishing of the operators, A) ,, A,\ﬁy, By, IE%A,V, and C, ,, and determined
the support of their distribution kernels. With respect to the natural filtra-
tion

H()\, l/) D) H(}\, V)sing D) H()\, V)diﬁ“,
we summarize the properties of these operators as follows:

Proposition 11.6. 1) (regular symmetry breaking operators).

The following operators

A)\J, fOT ()\,V> € Dsing(Al) = (C2 - (\\ U //)7

A,\J, for (A v) € Dyeg(A2) :={re —-N}n (C? —\\)

are non-zero and belong to H(A\,v) — H (X, V)sing-
In particular, dim H(A\,v)/H(X, V)sing > 1 if

() € {CQ - (W) n: odd,
Leven U (C* = (\\U //)) n: even.

2) (singular symmetry breaking operators I: non-differential operators).

The following operators
Avy for (A1) € Dang(Ar) ==\ - X,
Ay, for (\v)e Dging(As) :={r € =N} N\,
By, for (\v)€ Dgng(Br) =\ —X,

Leven n: odd,

I@A,V for (A, ) € Dsing(B2) == {@ n: even

are non-zero and belong to H (X, V)sing — H(\, V) aigr-
In particular, dim H (X, V)gng/H(X, V)aig > 1 if

() € {CQ (W) n: odd,
Leyen U (C* = (\\U //)) n: even.
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3) (singular symmetry breaking operators II: differential operators).

The operators
Crv for (\v)€//
are non-zero and belong to H (X, V) gt -

Proof. 1) The statements for ,&)\7,, and AM follow from Proposition and
Proposition B9, respectively. The lower bound for the dimension holds be-
cause

_fe-aug n: odd,
Dging(A1) U Dying(A2) = {Leven U(C?—-(\U/)) n: even.

2) The statements for A/,\yy, A,\,u, @,\,m and IE%,\W follow from Proposition
B8l Proposition B9, Proposition 0.8 and Proposition [@.9] respectively. The
lower bound for the dimension holds because

Leven U (\\ — X) n: odd,

Dsing(Al) U Dsing(A2> U Dsing<Bl> U Dsing(B2) = {\\ _X n: even

3) See Fact [0.4 O

11.4 Extension of solutions from R" — {0} to R"
We consider the following exact sequence (see (G.I0)):
0 — Solgoy (R™"; A\, v) = Sol(R™; X\, v) = Sol(R" — {0}; A, v). (11.1)

According to Lemma [B.7, Sol(R™ — {0}; \,v) is one-dimensional for any
(A\,v) € C% However, the following proposition asserts that for specific
(A, v), we cannot extend any non-zero element F' € Sol(R" —{0}; \,v) to an
element in Sol(R"™; \, v).

Proposition 11.7. Assume (\,v) € // — Leyen-

1) The restriction map
Sol(R™; \,v) — Sol(R™ — {0}; A\, v) (11.2)

1s identically zero.
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2) Sol(R™; \,v) = Soloy(R™; A\, v).
The proof of Proposition [T.7 is divided into the following two lemmas:
Lemma 11.8. Proposition[I1.7] holds if

/) —X (n : odd),

(N v) € /) — (XU Leyen) = {// — (XU Leyen) (1 : even).

Owing to Lemma [67] the distribution solution
Cla M7 (|2]* + 23) 7 [rn—(0) € Sol(R" — {0}; A, v)

does not extend to an element of Sol(R™; A\, v) if (\, v) satisfies the assump-
tion of Lemma 1.8

Lemma 11.9. Proposition[I1.7] holds if
X — Leyen  (n: 0dd),

)‘7 € X — Leven =
Av) {X (n : even).

Similarly, the distribution solution
COA =D (g ) (|z]® + 22) " |rn—{0y € Sol(R" — {0}; A\, v)

does not extend to an element of Sol(R™; A\, v) if (A, v) satisfies the assump-
tion of Lemma [IT.9l

For the proofs of Lemmas[IT.8 and [[1.9] we need the following two general
results:

Lemma 11.10. Suppose D, is a differential operator with holomorphic pa-
rameter u, and F), is a distribution on R™ that depends meromorphically on
i having the following expansions:

Dy = Do+ Dy + pi*Dy + -+,

1
Fu:;F_1+F0+/uLF1+"',

where D; and F; are distributions on R". Assume that there exists ¢ > 0
such that D,F,, = 0 for any complex number p with 0 < |u| < €. Then the
distributions Fy and F_y satisfy the following differential equations:

D()F_l =0 and DoFO + DlF_l =0.
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Proof. Clear from the Laurent expansion

1
DyF, = =DoF_y + (DoFy + D1F_1) + - - .
0

We recall that £ = 2?21 :@% is the Euler differential operator.

Lemma 11.11. Suppose h € D'(R"™) is supported at the origin. If (E +
A)h =0 for some A € Z then (E + A)h = 0.

Proof of Lemma[I111l By the structural theory of distributions, h is a fi-
nite linear combination of the derivations of the Dirac delta function of n-
variables:
h = Z bo6@  (finite sum) for some b, € C.
acN"
For a multi-index a = (o, -+ ,ap,) € N, we set |a| = a1+ -+ . In view
that §® is homogeneous of degree —n — |a|, we have

(BE+Ah=Y" bo(A—n—|af)d),

aeN™
(E+ A)?h = Z bo(A —n — |a])26@,
a€N7l
Hence (E 4+ A)h = 0 if and only if (E + A)?h = 0 because §* (a € N") are
linearly independent. [l

We are ready to prove Lemma [[T.8 and IT.9

Proof of Lemma L8 Suppose (Ao, o) € // — (XU Leyen). We set I := $(vg—
Xo) € N. Consider (A, ) € C? with constraints A +v = \g+vyp, so that (A, v)
stays in \\ with a complex parameter

wi=A—v-+2l

We note that (X,v) ¢ \\ because (Mo, 29) ¢ \\. Then K}, is a distribution
on R™ that depends meromorphically on p by Theorem RI|(1). Since the
namely, ['(252)I'(2524L) has a simple pole at
=0, we can expand K3, near (Ao, ) as

normalizing factor of K ﬁ

v

1
KﬁV:;F_1+FO+MF1+---
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with some distributions F_q, Fy, Fi, ---. By Theorem BJ|(2), we see that
the distribution F_; is non-zero because (Ao, ) ¢ Leyen-
Applying Lemma [IT.10 to the differential equation

(B — (A—y—n))Kﬁy =((E+n+2l) —u-l)Kﬁu =0,
we have

Suppose that ' € Sol(R™; X\, 1p). It follows from LemmaB. 7 that F'|gn_;o; =
cFo|rn—goy for some c € C. We set

h:=F —cFy, € D'(R").
Then Supph C {0} and
(E+n+20)2*h=(E+n+20)*F—c(E+n+20)*F=0

by (6.4) and (IL3)). Applying Lemma [IT.TT] we have (£ +n +2)h =0. In
turn, cf; = 0 by (G4) and ([II3]). Since F_; # 0, we get ¢ = 0. Hence
Supp F' = Supp h C {0}. Thus we have proved that (IT2) is a zero-map and
Sol(R™; Ao, 1) = Solgoy (R™; Ao, ). O

Proof of Lemma 1.3 Suppose (Ao, 1) € X, and we define k,l € N by \g +
vp =n—1—2k and vy — \g = 2I. Consider (\,v) € C? with constraints
v+ A =1+ A so that (A, v) stays in \\ with a complex parameter

wi=\—v+2L

Then Kﬂ\By(m,xn) is a distribution on R™ that depends meromorphically on
i € C by Theorem [0.], and we have an expansion

. 1
KE\B,V:/_JJF71+FO+MF1+"'7

where F_y, Fyy, Iy, ... are distributions on R™. Since (|z|*+22)™" is a smooth
function on R"—{0} for all v € C, the restriction (|z|?+z2)76) (z,,) |gn_ {0}
is a distribution on R™ — {0} that depends holomorphically on v. Hence we
have

F_1|Rn,{0} =0 and F0|Rn,{0} = (|$|2 + SB%)_V(S(%)(ZL‘n”Rn,{O}.
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Applying Lemma to the differential equation
(B~ —v—n)KE, =((E+n+2)—pu 1)KE, =0

we have
(E+n+20)F1=0, (E4+n—-2l)Fy—F_,=0. (11.4)

Take any F' € Sol(R"; A\, 19). By Lemma [61] there exists ¢ € C such that

Flzn_qoy = c(|of? + 27) 70 (x,)

R"—{O}'
Then h := F — cFy € D'(R™) is supported at the origin, and satisfies
(E+n+20)*h=0

because F' satisfies (64]) and Fy satisfies (IT4). By Lemma ITTTl we get
(E +n+ 2l)h = 0. Using again (64) and ([II4]), we see cF_; = 0. On the
other hand, by Theorem @] F_1 # 0 if (Ao, %) € Leven and n is odd. Thus
if (Ao, ) € X — Leyen then ¢ = 0, and therefore the restriction map ([IL2)) is
identically zero. O

11.5 Regular symmetry breaking operators

In this section we find the dimension of the space H(X,v)/H (X, V)sing.

Proposition 11.12. For any (\,v) € C?,
dim H(\, v)/H(\, V)sing < 1. (11.5)

Moreover, there exist non-zero reqular symmetry breaking operators (see Def-
inition [Z3) if and only if

e fe—aun fneodd),
(v) e {((CQ—(\\U//))ULMH (n:even).

Proof. In light of the isomorphism

H(\ v)/H(\ V)gng =~ Sol(R™; A\, v)/Solgn-1(R"; A\, v),
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we consider the following exact sequences:

0 — Soly(R* A\ v) —  So(R*\v) — Sol(R" — {0}; A\, v)
I U U
0 — SOZ{O}(R”,)HV) — SOan—l(Rn;)\7y> — SOan—li{O}(Rn — {0},)\,1/)

If F e Sol(R™\,v) satisfies Supp(F|rn_goy) C R"™' — {0}, then clearly
Supp F' € R* L. Hence the following natural homomorphism is injective:

Sol(R™; A\, v)/Solgn—1(R"; X\, v) = Sol(R"—{0}; A\, v) /Solgn-1_{03 (R"—{0}; A, v).

(11.6)
Since dim Sol(R™ — {0}; \,v) = 1 for any (A,v) € C? by Lemma 67 we get
the inequality (ITH). By the same lemma, the right-hand side of (ITLG) is
zero if (A, v) € \\, and thus Sol(R™; A\, v) /Solgn-1(R™; A\, v) = {0}.

On the other hand, Proposition [[T.17 tells that if (A\,v) € // — Leven then
Sol(R™; A\, v) = Solggy (R™; A, ), and therefore Sol(R™; A, v) /Solgn-1(R™; X, v) =
{0}. In summary we have shown that if (A\,v) € \\ U (// — Leven) then
H(\ v)/H(\ V)sing = {0}

Conversely, if A & \\ U (// — Leyen) then dim H(\,v)/H(X\, V)sing = 1
by Proposition (1) and ([4)). Thus the proof of Proposition is
completed. O]

11.6 Singular symmetry breaking operators
We have seen in Fact 0.4

CCy, it (\v)€//,
{0} otherwise.

H\v)ag = {

In this section we find the dimension of the space H (A, V)sing/H (A, V)it
Proposition 11.13. For any (\,v) € C?,

dim H(\, V)sing/ HA, V) air < 1. (11.7)
The equality holds if and only if

Leven U (\\ = X)  (n: odd),

(A v) € \\ = (X = Leven) = {\\ X (n : even).
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Proof. We analyze the right-hand side of the following isomorphism:
H(X, V)sing/ H(A, V)aie ~ Solgn—1(R"™; X, v)/Solgo1(R™; A\, v).
In view of the exact sequence
0 — Solgoy(R™; A\, v) = Solgn-1(R™; X\, v) = Solgn-1_10y(R" — {0}; A\, v),
we have an inclusive relation.
Solgn-1(R"; X, v)/Solyoy(R™; A\, v) C Solgn-—1_{03 (R" — {0}; A, v).

Therefore it follows from Lemma [6.7] that the inequality (I1.7) holds for any
(\,v) € C? and that (II7) becomes the equality only if (\,v) € \\.
On the other hand, if (A, v) € //—Leyen then Solg(R™; A, v) = Solgy (R™; A, v)
for any S containing 0 by PropositionIT.7, and consequently H (X, ¥)sing/H (X, V)it =

{0}

In summary, we have shown that the equality holds in (IT1) only if

(A v) €\ = (// = Leven) = \\ = (X = Leven).

Conversely, the equality in (IT1) holds if (A,v) € \\ — (X — Leyen) by Propo-
sition IT.061(2).

Thus the proof of Proposition [T.13]is completed. O]
Combining the above proof and Theorem [[2.2] (3), we obtain:

Proposition 11.14 (classification of singular symmetry breaking operators).
If n is odd, then Leyen C X and we have

CBy, ®CCyry if (M) € Leven,
H(\ V)sing = C@j)"” if (Av) € /] = Leven,
S| CBa if () e\ - X,
{0} if (\v)eC2—(\U/).

If n is even, we have

CCry if (Av) €/,
H(\ V)sing = { CBy,  if (A\v)e\\—X
{0y C=Q\U/).
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12 Residue formulae and functional identi-
ties

The (generically) regular symmetry breaking operators A,\ » have two com-
plex parameters (\,v) € C? whereas singular operators IB%)\Z, and (C)\Z, are
defined for (A, v) € \\ and //, respectively, and thus having only one complex
parameter and one integral parameter. Further, the renormalized operators

A,\,l, are defined for v € —N and A € C, whereas IB%,\,,, are defined only for
discrete parameter, namely, (A, ) € Leyen when n is odd. The goal of this
chapter is to find the relationship among these operators as explicit residue

formulae according to the following hierarchy. The main results are given in
Theorem I2.21

A)\,ll ‘&A,V
\\ / \‘// \L Leven,n:odd
I’Bg)\ v ? (E)\ v B)\ v

Figure 12.1: Reduction of operators

As a corollary, we extend the functional identities (Theorem B3] for the
(generically) regular symmetry breaking operators A,, with the Knapp—
Stein intertwining operators of G' and G’ to those for singular ones B, ,

and @A,,j (see Theorem I2.6] Corollaries 27 and I2Z8). The factorization
identities for conformally equivariant operators by Juhl [I3] Chapter 6] are
obtained as a special case of Corollaries [2.7 and 2.8

We retain the following convention

2l =v — )\ for (\,v) € //, (12.1)
2k=n—1—-X—v for (\,v) €\, (12.2)
m=n—1

throughout this chapter.
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12.1 Residues of symmetry breaking operators

In this section, we prove that the special values of the operators A,\V are

proportional to B Ap O C A Up to scalar multiples according to the hierarchy

illustrated in Figure [2.1}

Let [ € N be defined by ([IZ1)) for (\,v) € //, and k € N be [I22)) for

(A, v) € \\. We set

A\ v) = % for (A, v) € \\,
. (—1)1“77'%

e\ v) = W for (\,v) € //,

B —D) ke 32k — 1))

@\ v) = (=1) 22l_kF((y) ) for (\,v) e X.

Then the following lemma is immediate from the definition:

Lemma 12.1. 1) For (\,v) € //, ¢&4(\,v) = 0 if and only if (\,v)
2) For (\,v) €X, ¢B(\,v) =0 if and only if (\,V) € Leyen-
3) as(\v)aé(\v) = q¢(\,v) for (\v) €X.

Here is the main result of this chapter.

Theorem 12.2 (residue formulae).
1) Ay, = A\ v)Bry  for (A, v) €\\.
2) 1&/\# = qgA (), V)@,\,,, for (\,v) € //.
3) IE%A,,, =q5(\, V)@A,l, for (\,v) € X.
4) &AJ, = q5(), 1/)15[%,\,,, for (\,v) € Leyen if n is odd.

Remark 12.3. Leven, C X if nis odd. Leve, N X = 0 if n is even.

E Leven .

Remark 12.4. For (A, V) € Leyen, the differential symmetry breaking operators
Cy, cannot be obtained as residues of the (generically) regular symmetry
breaking operators A, because the coefficient g2 (), v) in Theorem [22 (2)

vanishes if (A, 7) € Leyen. See also Remark 0.0
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Proof of Theorem[I2Z.2 1) By Proposition[0.3] the identity ‘&Aﬂ/ = qa(), V)IE%)W
holds on I () for any (A, v) € \\. Since I(\)x is dense in the Fréchet space
I(X), the identity holds on I()).
2) Both sides are zero if (A, V) € Leyen by Theorem Bl

Suppose (A, v) € // = Leyen. Then Supp Ky, = {[p4+]} by Proposition
B8 and therefore A,\,,, is a differential operator by Fact Since the
dimension of symmetry breaking operators is at most one by Fact [0.4] AA,Z,
must be proportional to C Av- The proportionality constant is found by using
Proposition [.4] and IO 17
3) Both sides are zero if (A, v) € Lewen N X. If (A\,v) € X — Leyen then

Supp [?E\E,V = {[p+]} by Proposition @8 and therefore B, , is a differential

operator. Since dim H(A,v)qr = 1 by Theorem [TA (3), By, and C,,
must be proportional. The proportionality constant is computed by using
Proposition and [10.17

4) The residue formula of a distribution of one-variable

’t‘)\-‘ru—n B (_1>k
[(Arontly = ok(2k — 1)

M) for 2k=n—1—-X—v

implies the following identity of distributions on S™:

M (1)
[ty 2k(2k — 1)

(2k)

because the coordinate function 7, : S™ — R is regular at n, = 0. Since
(1 —mo)~" is a smooth function on S™ if v € —N, we can multiply the above
identity by 272*"(1 — n9)™", and then get

(50 = sy ek ) ).

see (L) and (@H). O

Remark 12.5. In the ‘F-method’, the residue formula (2) in Theorem
can be explained by the fact that the Taylor series expansion of the Gauss
hypergeometric function oFj(a,b;c; z) terminates if a € —N (or b € —N)
(8]), see Proposition I5.8 The idea of the F-method will be used in Chapter
to construct explicitly the discrete summand of the branching law of the
complementary series representation I(A) (0 < A < n) of G when we restrict
it to the subgroup G'.
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12.2 Functional equations satisfied by singular symme-
try breaking operators

We set
PO = E
PEEO) ==y o ) €
PO = for (A v) € /.
pEC (N, V) ::% for (\,v) e X.

We have seen in Theorem that the functional identity
T, 0 Ay, = 32O\ V) A sy (12.3)

holds for all (\,v) € C2, where T, : J(v) — J(m — v) is the normalized
Knapp—Stein intertwining operator for the subgroup G’. Combining ([[2.3])
with the residue formulae in Theorem [[2.2] we obtain the following functional
identities for (singular) symmetry breaking operators:

Theorem 12.6 (functional identities).
1) T, 0By, = pEP (A v)Comer  for (\,v) €\\.
2) T, oCoy = ph' A\ v)Brms  for \v) €/,
3) T, 0Cy, = pE9Nv)Comy  for (A, v) € X.
4) ’ﬁ‘yo&A7yzO for v e —N.
Proof. 1) First of all, we observe
Av)e// < Am—v)el\

Applying the residue formulae in Theorem (1) and (2) to the identity

(23), we have
a5\ v) Ty 0 Byy = pi* (0, 1)ad (A m = ¥)Camy for (A, v) € /.
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Since q5(\, v) # 0, the first statement follows from the elementary identity

qg()\,l/)pr()\,l/) ZPEA(XV)Qé()\:m—V) on //

2) Apply Theorem (1) to the identity (I23) with (A\,m —v) € \\, and
compose T,. Now we have

T, 0 Tones © Bapmy = pP(\,m — 1)Cy,, for (\,v) € //.

The second statement follows now from the identity (£217) of the Knapp-
Stein intertwining operator.
3) We apply Theorem [[2.2] (3) to the second identity, and obtain

T, o @,\W = pEC\ v)g5 (N, I/)@)\7m_,j for (\,v) e X.
Now the statement follows from the elementary identity
pef (A v) = pp (A v)aé (A v) on X.

4) By the definition of the renormalized operator A, (see (8IZ)), we have

A—V
2

T, 0 Ay, = D24\, )Ry for v € —N.

Therefore .
T, 0 Ay, =0 (12.4)

for v € =N and A — v ¢ —2N. Since the left-hand side (I2Z4]) depends
holomorphically on A € C with fixed v € —N, we proved the last statement.
O

If m — 2v € 2N then T, is reduced to a differential operator (see [ZZZJ)).
In this case, Theorem [[2.6] (1) and (3) reduce to:

Corollary 12.7 (functional identities with differential intertwining opera-
tors).
1) If (\,v) € \\, and m — 2v € 2N, then

(—1)2 7227 (2k)Ir = ~
(C/\ m—v-
I'(v) ’

2) For (\,v) € X such that v < “5%, we set k,l € N by (IZI) and [22).
Then k > 1 and

m
Z2—v

A ]R?"L

OB)\JJ -

~ k! ~
k—l
ARm o C)\,V = FCA7—I/+7’L—1'
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Proof. 1) By the residue formula ([£29) of the Knapp—Stein intertwining
operator, we have

m

~ (_1)%_”71' 2 m_,
T, = Agnm
om=2T(m — ) *

if m — 2v € 2N. Combining this with Theorem [[26 (1), we get the desired
identity.
2) By the residue formula ([{.29) of the Knapp—Stein intertwining operator,
we have

T m (=) 'n% Akl
7= (k=) = 5op— AP(Z 4k — 1) *"
On the other hand, in view that (A, —v + m) € X, we have from Theorem
(3):
B)\,—V—i—m = qg()‘7 -V + m)c)\7—u+m~
Now Corollary follows from Theorem (2). O

Next, we consider the Knapp—Stein intertwining operator ’ﬁ‘n_ xc:I(n—
A) — I(A) for the group G. We have seen in Theorem B3 that the functional
identity .
T2 ~

—An— v
Ty "™

holds for all (\,v) € C% By the residue formulae in Theorem IZ2 we also
obtain the functional identities among singular symmetry breaking operators
IB%,\ s CA v, etc. However, we do not have formulae like Theorem 2.0 (2) or

(3) that switch B and C because the inversion (), v) — (n — A,v) does not
exchange \\ and // whereas the inversion (A, ) — (A, m—v) did so. Thus we
write down the reduction formulae only when ']I‘n » reduces to a differential
operator.

Ay, oT, \=

Corollary 12.8. 1) If A= % 4 j for some j € N, then
‘&)\,V o Aﬁgn = (_1>j22j‘&n—)\,u-
2) If ( \v)=(5+74.5 —1—j—2k) for some j,k € N, then

22k — Il ~
(2j + 2k — I

B)\,V © A{Rn =
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3) If (\,v) = (5 +J,5+j+2l) for some j,l €N, then

[+ 5)!
( Z'J) s

Remark 12.9. The identity in Corollary [27 (2) and Corollary (3) is
called factorization identities in [I3], Chapter 6].

C/\,z/ o Aﬂ{n =

13 Image of symmetry breaking operators

The spherical principal series representation J(v) of G’ = O(n,1) is not
irreducible when v € —N or v — m € N where n = m + 1 as before. In this
chapter, we determine the images of all of our symmetry breaking operators

7&,\7”, A,\W, IENB,\,V, IE%A,V, and (N:)w completely at the level of (g’, K’)-modules,
and obtain a partial information on their kernels when v € (—N) U (m + N).

13.1 Finite-dimensional image for v € —N

For v = —j € —N, we recall from Section 2.I] that there is a non-splitting
exact sequence

0= F(j)—J(—j)—=T(G)—=0
of G'-modules. Therefore, the closure of the image of the symmetry breaking
operators Ay, Ay, By, By, and C,, must be one of {0}, F(j) or J(—j).
Theorem 13.1 (images of symmetry breaking operators). For v = —j €

—N, the images of the underlying (g, K)-modules I(\)k under the symmetry
breaking operators are given as follows:

F(j) if (\v) ¢ Leven,
{0} if (A V) € Leven:

2) Image&)\y = F(j) for any A € C.

1) Image A, = {

> F(y f (A - Levem
3) Image]B,\,, — (j) Zf( 7V) 6 \\ .
’ {0} if (\,V) € Leven and n is odd.
4) Image ]@,\,V =F(j) if (\,v) € Leyen and n is odd.
5) Image@;w = J(—)) k-

We note that Leven C \\ if n is odd, and \\ — Leven = \\ if 1 is even.
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Proof. We recall from (Z§) that the distribution kernel K ﬁu of A,\,V is a
polynomial of xy,..., 2,1 of degree at most j if v = —j € N. Therefore,
the image of A, , must be contained in the space of polynomials of x4, -- -,
Tn_1 of degree < j, which is finite-dimensional. Therefore the image of ‘&AJ,
is either F'(j) or {0} because the finite-dimensional representation F(j) is
the unique proper G’-submodule of J(v). Since .(N%,\,V is nonzero if and only if
(A, ) € Leyen by Theorem Bl we get the first statement.

Similar arguments work for AAW, B Aw, and B A, yielding the second, third,
and fourth statements. Here we recall that By, is defined for (A,v) € \\,
which is zero if and only if n is odd and (A, V) € Leyen-

Let us prove the last assertion. For any open subset U in R""!, we can
find a compactly supported function hy such that Supp hy N {z, =0} C U
and (E,\’,,(hU) # 0 (for example, we can take hy such that hy(z) = 227> on
some non-empty open subset in U). Taking countably many disjoint open
subsets U; in R"™!, we see that @,\7V(hUi) are linearly independent because
the support of ((Ai,\,,,(hUi) is contained in U;. Thus the image of @,\,V cannot
be finite-dimensional. O

13.2 Image for vrem+ N

For v = m+j (j € N), we recall from Section ZT] that there is a non-splitting
exact sequence
0—=>T()—=Jm+j)—=F(G)—0

of G’-modules. Therefore, the closure of the image of the symmetry breaking
operators A, ,, B,, and C,, must be one of {0}, T(j) or J(m + j). We
determine which case occurs precisely:

Theorem 13.2 (images of symmetry breaking operators). Suppose v = m+j
(j € N). Then the images of the underlying (g, K)-modules I(\)x of the
symmetry breaking operators are given as follows:

1)

Image A Ay =

T(j) if \+je—2N,
J(m+ j)r if \+j ¢ —2N.

2) For (\,v) € \\, or equivalently, A\ + j € —2N,

Image IE%A,V =Tk

106



3) For (\,v) €/,

Image C Ay =

T(j)k if A7 € —2N and n is odd,
J(m+ j)k  otherwise.

We remark that B, , is defined for (A, v) € \\, which is equivalent to the
condition A + j € —2N when v = m + j.

Proof. We know by Theorems and that J&AW and IPI%,\J, do not vanish
if v=m+j (j € N), and therefore their image is either T'(j)x or J(v)x.
1) By Theorem B3] we have

L 2 .
T 0Dy e = =——Ay ;.
+i © Axm+j T(m + ) A=)
Since the kernel of the Knapp—Stein intertwining operator 'ﬁ‘mﬂ- is T'(j), the
image of A ,,1; is T'(j) k- if and only if A, _; is zero. By Theorem [B] this
happens if and only if (A, —j) € Leyen, namely, A + j € —2N. Thus the first
assertion is proved.

2) We recall from Theorem (1) that for (m + j,A) € \\,

Tm—i—j o B)\,m+j = pr()\7 m+ j)C)“_j’

and pLP(\,m + j) = 0 by definition. Therefore Image @A,mﬂ =T() k-
3) We apply Theorem (2) with ¥ = A+ j. Then we obtain

~ ~ ol ~
Trtj o Comys = @i— 1 By, —j,

where [ € N is defined by m + j — A = 2[. Hence Image @/\,mﬂ‘ is contained
in 7'(j) if and only if IE,\ﬁ_j vanishes, which happens exactly when n is odd
and (A, —j) € Leyen by Theorem Since @,\,mﬂ' is not zero, the third
statement is proved. O

13.3 Spherical vectors and symmetry breaking opera-
tors

Since the symmetry breaking operators are G’-homomorphisms by definition,
their kernels are just G'-submodules of the G-module I()), which are not of
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finite length. In this section we give a partial result on their kernels, by
determining a precise condition on the parameter for which the spherical
vector 1, lies in their kernels.

Theorem 13.3. 1) For (\,v) € C2, 1, € Ker A, if and only if A € —N.
2) For any (A\,v) € Leyen, 1) ¢ Kerf&\,y.

3) For (\,v) € \\, 1, € Ker By, if and only if A € —N.

4) For any (A, V) € Leven and n odd, 1, ¢ KerIﬁ%,\,,,.

5) For (\,v) € //, 1€ Ker@A7V if and only if v >0 > A,

Proof. The first statement follows from Proposition [[.4], the second one from
Proposition 0.6l the third one from Proposition and the fifth one from
Proposition [0.7 Finally, by Theorem [[22] (4) and Remark B8 we have

k(2% — D) 7" (= M) (=1)M!

Ié v 1 — 1V
ae() (—1)* Il
(=) (=) (2R)!
= ol 1, (13.1)
if (A\,v) € Leven and n is even. Hence the fourth statement is shown. ]

14 Application to analysis on anti-de Sitter
space

The last two chapters are devoted to applications of our results on symme-
try breaking operators. In this chapter we discuss applications to harmonic
analysis on the semisimple symmetric space G/G’ = O(n + 1,1)/0(n,1).
We begin with the scalar valued case in the first two sections, and clarify a
close relationship between symmetry breaking operators for the restriction
G | G' for the special parameter v = 0 and the Poisson transform for G/G’.
In particular, we shall see that the vanishing phenomenon of the symmetry
breaking operators A , at Leyen (Theorem BT) explains a subtle difference on
the composition series of the eigenfunction of the Laplacian (Fact [43) and
the principal series representation ((ZI0) and @ZIT])). More generally, we
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apply the results on symmetry breaking operators f&,\,,, with v € —N (The-
orems and [2.6]) to obtain some new results of analysis on vector bundles

over G/G" (Theorem [I4.9)).

14.1 Harmonic analysis on Lorentzian hyperbolic spaces
We define the indefinite hyperbolic space by
X(n+1,1)={£eR"™: g+ -+ - &, =1}
As a hypersurface of the Minkowski space
RN = (R, dg + -+ + deg — d& ),

X(n + 1,1) carries a Lorentz metric for which the sectional curvature is
constant —1 (see [0]), and thus is a model space of anti-de Sitter manifolds.
The group G = O(n + 1,1) acts transitively on X (n + 1,1). The isotropy
subgroup at

en="40,---,0,1,0) € X(n+1,1)

is nothing but G’ = O(n, 1), and therefore we have an isomorphism:
X(n+1,1)~G/G,

which shows that X (n + 1,1) is a semisimple symmetric space of rank one.

Let A be the Laplace-Beltrami operator on X (n+1,1). Since X(n+1,1)
is a Lorentzian manifold, A is a hyperbolic operator. For A € C, we consider
the eigenspace of the Laplacian A on X (n +1,1):

Sol(G/G'; ) = {f € C(G/G") : Af = A\(A—n)f}.

Since G acts isometrically on the Lorentz manifold G/G’, G leaves Sol(G/G’; \)
invariant for any A € C. Our parametrization is given in a way that

Sol(G/G'; \) =~ Sol(G/G';n — ). (14.1)

Remark 14.1. Since the Laplacian A is not an elliptic operator, the analytic
regularity theorem does not apply, and the eigenfunctions in A(G/G’) (an-
alytic functions), D'(G/G’) (distributions), or B(G/G") (hyperfunctions) are
not the same. However, the underlying (g, K)-module Sol(G/G’; \)k does
not depend on the choice of the sheaves A C C*° C D’ C B because K-
finite hyperfunction solutions are automatically real analytic by the elliptic
regularity theorem (see [I4, Theorem 3.4.4]).
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Traditional questions of harmonic analysis on the symmetric space (see
M Chapter 1], for example) are

e to expand functions on G /G’ by eigenfunctions of the Laplacian A,
e to find the G-module structure of Sol(G/G’; \).

For the anti-de Sitter space G/G" ~ X (n+ 1,1), a complete answer to these
questions has been known.

Concerning the first question, we decompose the regular representation
on the Hilbert space L*(G/G’) into the discrete and continuous parts:

L*(G/G) = L*(G/G) gise D L*(G/G") cons-

Then the discrete part is a multiplicity-free Hilbert direct sum of irreducible
unitary representations of G (discrete series representations for G/G') as
follows:

Fact 14.2 ([ B4, see also 22 Fact 5.4]).

[ > @
LG/ ae= @ INe Y. TEit1).
T <A<n =0
A=n+1 mod 27Z

Here I()) denotes the unitarization of I(\), and 7'(2i 4+ 1) denotes that
of T(2i + 1). We note that I(A) (0 < A < n) is unitarily equivalent to a
complementary series representation H§ of G in the notation of Chapter [H
Concerning the second question, the G-module Sol(G/G’; \) is of finite
length, and therefore it is sufficient to determine a Jordan—Holder series at the
level of underlying (g, K)-modules. Here is a description when Sol(G/G'; \)

is reducible:

Fact 14.3 (B2). For A\ = —i € —N, there is a non-splitting exact sequence
of (g, K)-modules:

0 - F@i) — Si(G/G';Nk — T(i)xk — 0 (i: even),
0 - T@l)g — Sol(G/G; Nk — F(@i) — 0 (i odd).
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14.2 Application of symmetry breaking operators to
anti-de Sitter spaces

In this section, we discuss a relationship between the aforementioned results
and our results on symmetry breaking operators with v = 0.

We recall that I(n — A\)~> is the space of distribution vectors of the
representations I(n — \) of G. We begin with the key observation for v = 0:

Homg (I(A), CX(G/G)) = (I(n — A)>)¢

C (I(n — \)™)" ~ H(X,0) = Home (I()\), J(0)). (14.2)

Here, the first isomorphism is obtained by applying Proposition B.2], to the
case where X = G/P and Y = GG/G’. The second isomorphism is a special
case of the main object of this article. The inclusive relation (IZZ) implies
that finding irreducible G-submodules in C*°(G/G") is a subproblem of the
understanding of symmetry breaking operators Homg: (I (), J(v)) with v =
0.

In light that (X\,0) € Leyen if and only if A € —2N, we see from the
classification of symmetry breaking operators (Theorem [T.3)):

ey, JOEL g =N,
(I(n =X g 7200
Let us determine when the P’-invariance implies G’-invariance:
Lemma 14.4.
v [CKE A ¢ —2N,
(I(n —\)™®)% ~ :A’O
CKy, A€ —2N.
Proof. First, we recall from (Z4)

ko (€) = 276

Since G’ fixes the n-th coordinate &,, the distribution k;\A’O is G’'-invariant,

. . . . ~A % ~A ~A %k :A
and so are the normalized distributions Ky, = tyky o and Ky = tyky, see

Second, for (A, ) € Leyen, the support IN(SV of the differential symmetry

breaking operator Cy, is {[p+]} in G/P, which is not a G/-invariant subset
(see Lemma BT)). In particular, for A € —2N, the distribution K5, € (I(n —
A=) cannot be G'-invariant. Thus Lemma is proved. O
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Remark 14.5. We have seen in Remark [12.4 that the differential symmetry
breaking operator C, , cannot be obtained as the residue of the meromorphic
family A,, of symmetry breaking operators if (A\,v) € Leyen. The above

lemma gives an alternative proof of this fact for v = 0 because A, is G'-
invariant but C, o is not G'-invariant.

The distribution kernel IN(/‘\%O (or f(ﬁo) € (I(n —X\)~®)¢ induces a G-
intertwining operator from I(\) to C*°(G/G’). Let us give a concrete for-
mula. For this, we write [, ] : R*™! x R**H1 — R for the bilinear form
defined by

[xvg]:::xﬂgﬂ_%""+'xn€n _'xn+l§n+1-

Lemma 14.6. For g € G, we set x := ge,, € X(n+ 1,1). Then the n-th
coordinate (g~&), of g~1& is given by

(" On=1z,§] forEe=

Proof. (g7'8)n = len, 97'¢] = [gen, €] = [2,¢]. a
We recall from ({.I15) that the G-invariant pairing

(,): IV xI(n=X)">—=C

induces a G-intertwining operator
IA) = C=(G), [ (f R (g) = (Flg™") kL),
which in turn induces a G-intertwining operator
Pr:I(N) = C=(G/@),

2—A+n

PG = prssmmmmyrpag [, SOl o1

by Lemma [[4.6l The image satisfies the differential equation

A(Prf) = Mn — A)(Prf)

|A—n

because the distribution kernel |[z, b] satisfies the same equation. Thus

7% gives a G-intertwining operator
P I(\) = Sol(G/G; \). (14.3)
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The integral transform ﬁ,\ is called the Poisson transform for the semisimple
symmetric space G/G’ as explained in Example B4 (2). Similarly, we can
define a renormalized Poisson transform

Py I(\) = Sol(G/G;\) € CF(G/G) for A € —2N. (14.4)

Since the Poisson transform 73,\ and the symmetry breaking operator A Ay are

induced by the same distribution kernel K /‘{*’V, we get the evaluation at the
base point e,, € X(n+1,1) from Proposition [[.4 and Remark 8.8 as follows:

Proposition 14.7. Let 1, be the normalized spherical vector in I(\).

n—1

T'())
7 (20)!(=1)!
T

We note that the underlying (g, K)-modules I(\) x and Sol(G/G'; )k are
isomorphic to each other in the Grothendieck group of (g, K)-modules, how-
ever, there is a subtle difference on the composition series: For the principal
series representation, we have nonsplitting exact sequences of (g, K)-modules:

Pa(1y)(en) =

for e C,

Pa(1y)(en) = for A= —2l € —9N.

0 = F(i) — I(-i)x — (T@GH)x — 0,

0 —- Tk — In+1i) — F@i) — 0.
for all ¢ € N and there is no parity condition on i (see Section Z]) on the one
had, whereas the parity condition on 7 is crucial in Fact This difference

has a close connection with the discrete subset Leen. To be more precise, we
determine the kernel and the image of the Poisson transforms

Py I(\) = Sol(G/G"; N,
Pox :I(n — ) = Sol(G/G"; N,

(or of the renormalized ones 75,\ and 7571_ ») at the reducible points of I(\).
We note that both the images of Py and P,,_, are contained in the same

space Sol(G/G'; \), see (IAT).

Case I. A= —i € —N, 7 even.
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e K3, =0, and hence P, is a zero operator.

e The renormalized Poisson transform 75)\ satisfies 75>\( 1,) # 0 by Propo-
sition 27}, and therefore Py : I(\) — Sol(G/G’; \) is injective because
the spherical vector 1, belongs to the unique finite-dimensional sub-
representation of I()). Indeed, Py induces a bijection from I(\)x onto
Sol(G/G"; \) i in view of the Jordan-Hélder series of Sol(G/G'; M)k in
Fact

Case II. A = —i € —N, i odd.

Since Py(1,) = 0 by Proposition [Z77, and since K)\O +£ 0, Ker Py co-
incides with the unique finite-dimensional subrepresentation F'(i) of I(\)
containing 1. Further, P, induces a surjective map from I(\)g to the un-

derlying (g, K)-module of a discrete series representation of G/G’ which is
isomorphic to T'(i)x by Facts [4.2 and 4.3

Case III. A\=n+1,7 € N even.

If A\ —n € 2N, then the kernel |[x,£]|*™™ of the Poisson transform is
a homogeneous polynomial in z = (g, - ,z,41) of degree i. Therefore,
the image of the Poisson transform P, is contained in the finite-dimensional
vector space consisting of homogeneous polynomials of = of degree 7 in the
ambient space R"*"!. Since K}, # 0 by Theorem BTl we conclude that

Ker P,; ~T(i),
Image P ~F(i).

Case IV A =n+14, 7 € N odd.
We recall from the functional equation (B8]

for the symmetry breaking operators 1&,\,,,. This is regarded as the identity
for the distribution kernels K %, and the Riesz distribution (the distribution
kernel of the Knapp—Stein intertwining operator of ). In turn, we conclude
that the following identity holds for the Poisson transforms:

0|3

PyioT = — P, (14.5)

m
C(n

_|_

i)
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In particular, we have shown that
Py I(N) — Sol(G/G: \)
is injective. Indeed, Py induces a bijection from I(\)x to Sol(G/G'; Nk in

view of the Jordan—Holder series of Sol(G/G'; )k in Fact [43]

Remark 14.8. The anti-de Sitter space G/G’ = X (n+ 1, 1) has a compactifi-
cation G/G" U G/P, and the disintegration of the regular representation on
L?*(G/G") (Plancherel formula) is given by the boundary data (cf. [BI] for
the p-adic spherical variety):

continuous spectrum

Py I(\) = C(G/G) (A e g +V~IR),
discrete spectrum

P_i: I(—i)/F(i) —» C*(G/G") (i €N).

14.3 Analysis on vector bundles over anti-de Sitter
spaces
For a finite-dimensional representation F' of G', we define a G-equivariant
vector bundle F := G X F over the homogeneous space G/G’, and write
C>*(G /G, F) for the space of smooth sections for F endowed with the natural
Fréchet topology. In this section we consider the vector bundle F; associated
to the finite-dimensional representation F'(j) of G', and determine when ir-
reducible representations T'(i) and spherical principal series representations
I(\) of G occur in C*(G /G, F;) as subrepresentations.
The main result of this section is stated as follows:

Theorem 14.9. Suppose j € N.
1) For any i € N such that i < j,

dim Homg (T (7), C*(G/G', F;)) = 1.
2) For any i € N such that i > j,

0 (i=j mod 2),

dimHomg(T(i%Cm(G/G/»}—j)):{1 (i£j mod2).
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3) For any A € C and j € N,

dim Homg(I(X),C*(G/G", F;)) = 1.

As in the scalar valued case treated in Sections [[4.1] and M[4.2] the images
of T'(7) and I(\) in Theorem are contained in the eigenspace of a second-
order differential operator. In fact, let Cs € U(g) be the Casimir element of
the Lie algebra g = o(n + 1,1). Via the left regular representation, C acts
on C*(G/G', F;) as a second order hyperbolic differential operator. Let A,
be the differential operator induced by 2nC¢q (2n is a constant coming from
the Killing form), and set

Sol(G/G. Fy: ) = {f € CX(G/C', F}) : Af = A(n— N f}.

Then Sol(G/G', Fo; A) = Sol(G/G'; A) in the trivial line bundle case. Since
the Casimir operator Cg acts on T'(i) and I(X) by the scalar —z-i(n + i)
and 3-A(n— ), respectively, the image of T'() in Theorem is contained
in Sol(G/G', Fj; —i), and that of I(\) is in Sol(G/G’, Fj; X). This gives a
generalization of (I43]) and (IZ4.4).

For the proof of Theorem [[4.9, we use a smooth version of the Frobenius
reciprocity theorem:

Lemma 14.10. Suppose that (7w, H) is a continuous representation of G on
a Banach space H, and we denote by H>™ the Fréchet space of smooth vectors
of (m,H). Then we have a natural bijection:

Homeg (H™|cr, F) ~ Homg(H>®,C*(G/G', F), ¢+ f. (14.6)

Proof. We identify C*(G/G’, F) with the closed G-invariant subspace of
C>*(G, F) defined by

C=(G, ) :={f e C®(G,F): fgl) =17 f(g) forgeG,leq}.
Then the bijection (40 is given by

O fp, o Ju(u)(g) =v(g™ u),
[y, abp(u)  =f(u)(e).

For a continuous G’-homomorphism v : H* — F', the map

H> — C™(G, F), u = fy(u)
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is well-defined and continuous because it is a composition of continuous linear
maps

H® = C%(GH®) - CF(G,F),  urr (g g~u) o (g (g ™).

Other verifications for well-definedness are easy. Clearly, ¢ — f,, and f +— 1y
give their inverses. Hence Lemma is proved. O

Proof of Theorem[14.9 By Lemmal[l4.10 the statement follows immediately
from Theorems and H

15 Application to branching laws of comple-
mentary series

The indefinite orthogonal group G = O(n+1, 1) has a ‘long’ complementary
series [27]. To be precise with our normalization, the spherical principal se-
ries representation /(\) admits a G-invariant inner product on the unitary
axis A € 2 ++/—1R and on the real interval A € (0,n). Taking the Hilbert
completion, we obtain irreducible unitary representations, called the unitary
principal series representation and the complementary series representation,
to be denoted by HS. In this chapter, we consider the restriction of the com-
plementary series representation H§ of G to the subgroup G’ = O(n, 1). As
an application of our results on differential symmetry breaking operators C Av
(Chapter [[0) combined with the idea of the ‘F-method’ (cf. [I§]), we con-
struct explicitly complementary series representations HS' of the subgroup
G’ as discrete summands in the restriction of H|qr.

15.1 Discrete spectrum in complementary series
For \ € R, we set
n—1
D(\) ::{VE)\—1+2Z:T<V§)\—1}.
Then D(X) is a finite set, and D(A) is non-empty if and only if A > H.
We notice that any continuous G’-homomorphism 7" : I(n—\) — J(m—v)

induces a continuous G’-homomorphism 7 : I(v)~*° — I(\)~> between the
space of distribution vectors.
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Theorem 15.1. Suppose that ”TH < A < n. Then the G'-intertwining dif-
ferential operator C)/_, ., « J(v)™> — I(\)™*° induces an isometric embed-
ding (up to scalar), HS — HS|q if v € D(N). In particular, the restriction

G - G '
T |ar contains @ ,cpy Hy, as discrete summands.

Remark 15.2. If X € (%+,n), then any v € D()) satisfies 25t < v <n—1
and therefore HS" is a complementary series representation of G.

Remark 15.3. i n— X = m—v, namely, if \—v = 1, then clearly v € D()) and
Theorem [5Tlimplies Homer (HS |, HS | o) # {0}. In this case this result was

earlier proved in [B3]. We note that @n, A,m—v 18 just the restriction operator
whenn—A=m —v.

15.2 L?’-model of complementary series representations

The proof uses an L%model of complementary series representations (‘La-
grangian model’ in [I], or equivalently, ‘commutative model” in Vershik—

Graev[30]).

We recall that the Knapp-Stein intertwining operator T : I(A) — I(n —

\) is a real operator (i.e., Tyf = Taf ) if A € R, and consequently, the
Hermitian form on I(\) defined by

(fi, f2) == (f1, Tafo)r2mny  for fi, fo € I(N)

is G-invariant. Furthermore, it is positive definite if 0 < A < n. We denote
by H, the Hilbert completion of I()\), and use the same letter to denote
the resulting unitary representation, which is called a complementary series
representation of G.

We define a family of Hilbert spaces L*(R"), with parameter s € R by

LA(R"), = LA(R", (& + -+ &2)2dEy - - d&y).
By definition, L*(R"), = L*(R"), and
S®R" c () L*RY..

s$>—n

The space I(A\)~> of distribution vectors of 1(\) is identified with D'(X, £,) ~
D'\ (Z) (see (@3)). As in [B.F), we consider the restriction of distributions
on X ~ S" to R"”, and obtain a morphism

Hy C I\ = S'(R").
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We then get an L?-model of the unitary representation (my, H,) by @23):

Proposition 15.4. If A\ € (0,n), then the Euclidean Fourier transform Frn
gives a unitary isomorphism (up to scalar)

Frn : Ha = L*(R™),_ox.

Proof. See [ or [B4]. O

Suppose A — v — 1 € 2N. We recall from (IB3) that C%(s,t) is a homo-
geneous polynomial of two variables s, t of degree 2/, and that Kﬁg’y is the

distribution kernel of the differential symmetry breaking operator C Ap glven
in (I03). Then it is immediate from the definition of C, ,:

Lemma 15.5.
(Fin K )(€,60) = (—1)ICo 7 (—[€12,6,).

We define a linear operator ((Afﬁfk,mfu : S'(R™) — S'(R™) by a multipli-
cation of the polynomial:

~ ~ntl_y .
(Cronm—)(& &) = O 2,1 ([, &a)v(€) for ve S (R™).  (15.1)
Proposition 15.6. Suppose A —v — 1 € 2N.
1) (n—=Am—v) € // and the dual map @X_MMU ()T = I(N)~®
of the differential operator (Njn_)\7m_,, : I(\) — J(v) is a continuous
G'-homomorphism.

2) The diagram

C
Ty S gy
Frm oRestJ/ j,]:Rn oRest

SR") ——— S'(R")

n—A,m—v

commutes. Here Rest denotes the restriction of distributions to the
Bruhat cell.
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3) If v > "L, then the linear map (N:Qﬂ\’mﬂ, induces an isometry (up to
a scalar) of Hilbert spaces:

LQ (Rm)m—2u — L2 (Rn)n—2)\'

For the proof of Proposition [[5.6, we use the following formula, which is
immediate from the integral expression of the Beta function by a change of
variables.

Lemma 15.7. If ¢,d € R satisfy —3 < ¢ < —d — 3, then |&,|*(|¢|* 4+ &2)* is
integrable as a function of &, with parameter &, and we have the identity

[l + €)', = P B + 5, - - )

2 2

Proof of Proposition[I524. 1) Clear.

2) This follows from Lemma

~ntl
3) C,f /\(\5 ,&,) is a linear combination of homogeneous polynomials

E[P€2E727 (0 < j < L). For each j, we can apply Lemma [[57 with
c=2L—-12j andd:g—)\ifl/>”7_1,andget

. » o1 n—1 :
HEPIEnl "0 (ONZ2n), o = BRL =2 + 5,v = —5— + 2))Vll2(m,,

by the Fubini theorem. Therefore, the map @7/1\7)\,m711 D LAR™) 0y —
L?(R™),,_o is well-defined and continuous if v > ”T’l Since the unitary repre-
sentation of G’ on L?(R™),,_o, is irreducible, the continuous G’-intertwining

operator is automatically isometric up to scalar. O

Proof of Theorem [I51l By Proposition [[5.6] for every v € D()), we have a
G'-intertwining and isometric (up to scalar) operator

o : L2(R™) oy — LA(R™)p_on,

n—\,m—v

which in turn induces a G’-intertwining and isometric (up to scalar) operator

~7\"/b—)\,m—1/ : Hf/ - Hf’
by Propositions [5.4] and 5.6l (2). O
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To end this chapter, we discuss the Fourier transform of the distribution
kernel K ﬁy of the (generically) regular symmetry breaking operators A, , and

compare that of @,\,,, in Lemma [[5.5 by using the hypergeometric function.
The Gauss hypergeometric function has the following series expansion.

o0

Fi(a,b; J
gla CZ Z cj

)
Jj=0 ‘7'

where (a); = a(a+1)---(a+ j — 1). The series terminates if a € —N or
b € —N, and reduces to a polynomial. In particular, 2F1()‘ v W ¢ z)
reduces to a polynomial if (X, v) € \\ U //.

Since the Gegenbauer polynomial of even degree is given as

1
Fy (=14 p; =3 a°
l'F(,u) 2 1( ) +/L,2,$),

the following proposition gives a direct proof of Juhl’s conformally covariant
differential operators C, , (see (IL1])), and also explains the residue formula

Ak,u = qgA(), V)@AW of the (generically) regular symmetry breaking operators
A, , in Theorem [[2.2 from the view point of the F-method.

Proposition 15.8 ([I8 Proposition 5.3]).

1) The tempered distribution Frn K f\* € §'(R") is a real analytic function
in the open subset {(£,&,) € R @R 1 €] > [&]}, and takes the
following form:

g ()\—y Av+l-n 1 §g>
C(p)2v—> 21 2 2 2 R
(15.2)

(IRH[?QV)(£7 gn) =

2) Suppose v — A =2l (1€ N). Then

n—1
Ir 2z

(FarB$)(6.60) = gppy G (el &)

121



16 Appendix

16.1 Gegenbauer polynomials

The Gegenbauer polynomials C%;(t) are polynomials of degree N given by

T(2p + N) 11—t

v(t) = N,—Nip+ -3 ——

[

N4

]

I(N —j+p) (Zt)N—Qj.

VTG ey -2+ 1)

J
We inflate C%;(t) to a polynomial of two variables by
o (i) (16.1)
\Vs

For instance, C}(s,t) = 1, CY'(s,t) = 2ut, C¥(s,t) = 2u(u + 1)t* — pus. For
even N, we write

N
2

Ch(s,t) :=s

l
Ch(s,t) = M) Zaj(l;u)sjtzl_Qj
§=0
where (_1)j221_2j 1—j .
We set
l
Cl(s,t) := MC”(S t) = Za-(l' )sT 22 (16.3)
20\ : F(M—FZ) 20\ '0.77” . .

=

Slightly different from the usual notation in the literature, we adopt the
following normalization of the Gegenbauer polynomial:

z N
On(t) = (p+ 5P (W) C(?) (16.4)
which implies . .
C%(t) =cosNt and C¥ =T'(p+1), (16.5)
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see [B 8934.4].
We recall from ([B vol. II, 16.3 (2)] or [§ 7311.2]):

! L'(2u+ N)I'(20+ N +1)T Hr 1
; ONFIT (2T (2p + DNIT(N + pi+ p+ 1)

(16.6)
for p > —3.
By using twice the duplication formula of the Gamma function
1
T(2u) = 2%~ =2 D()D (e + 3): (16.7)
we get from ([[6.6])
! nog Zn_ [(n+N—1) [(a+1)
(1 — )" T CE 7 (t)dt = — . (16.
/; ( ) : N ( ) 2a+n71F(N+ 1) F(a—];f-‘rQ)F(a—H;H—n) ( 6 8)

16.2 K-Bessel function and its renormalization

We recall the definition of the I-Bessel function and the K-Bessel function:

I,(z) :==e” e S

> J(e 7 z2)

-NNO:
=(3) Z T 5 ’
2 = JTG+v+1)

T
K = I — .
S2) =5 (1 (2) = L(2))
We renormalize the K-Bessel function as

K, (2)

z

CyEe) (16.9)
Since K, (z) = K_,(z), we have

(=) = () K- (2). (16.10)
For example,

9 —
z

K%(z) = \/ge_zz_%, IN(%(Z) = Ve K_1(z) = ge_z.

N|=

The Fourier transform of the distribution (|z|? 4 ¢?)* is given by the K-
Bessel function:

(o + 2Peitedae = 20T B el (16.11)
n COT(=a) RN '
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16.3 Zuckerman derived functor modules A,(\)

In algebraic representation theory, cohomological parabolic induction is a
powerful tool in capturing isolated irreducible unitary representations of real
reductive groups (e.g., B0 BY]). For a convenience of the reader, we give a
description of the underlying (g, K')-module of the infinite-dimensional irre-
ducible subquotient 7'(7) of the spherical principal series representation [(\)
(A = —i or n+1), even though the proof of our main results in this article is
logically independent of this section.

We take a maximal abelian subalgebra t in the Lie algebra £ ~ o(n + 1)
of the maximal compact subgroup K = O(n + 1) x O(1), and extend it to a
Cartan subalgebra h of g = o(n + 1,1). If n is even then dimbh = dimt + 1,
and h = t, otherwise.

Fix a basis {f; : 1 <@ < [§] + 1} of bg in a way that the root system is
given as

Alge, be) = {(fi£ f;) :1<i<j< [g

(U{£fi:1<1<

J+1}

[g] +1 (n:odd)}).

Let {H;} C b¢ be the dual basis for {f;} C hE. We define a subgroup of
L to be the centralizer of Hy, and thus L ~ SO(2) x O(n — 1,1).

Let q = [¢+u be a -stable parabolic subalgebra of gc where the nilpotent
radical u is an h¢-stable subspace with

Alube) = {fi+ f;:2<j <[]+ 1HULAY (n: odd).

Then L is the normalizer of q in G.

For pn € C, we write C,f, for the one-dimensional representation of the
Lie algebra [ with trivial action of the second factor o(n — 1,1). If u € Z,
it lifts to L with trivial action of O(n — 1,1), for which we use the same
notation C,f,. The homogeneous space GG/L carries a G-invariant complex
structure with complex cotangent space u at the origin.

Let denote by £, := G x, C,, the holomorphic vector bundle over G//L
associated to the one-dimensional representation C,r. With this notation,
the canonical bundle Q¢ = A T*(G /L) is isomorphic to Ly, = Lop)-

As an analogue of the Dolbeault cohomology of a G-equivariant holomor-
phic vector bundle over a complex manifold G /L, Zuckerman introduced the
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cohomological parabolic induction R} = (RE)? (j € N), which is a covariant
functor from the category of (I, L N K)-modules to the category of (g, K)-
modules. We follow the normalization in [B7] Definition 6.20] for R}, and
Vogan-Zuckerman [38] for A,()), which differs from the usual normalization
by the ‘p(u)’ shift.

The one-dimensional representation C,y, is

in the good range <u > g -1,

in the weakly fair range <pu > 0,

with respect to the 6-stable parabolic subalgebra. In our normalization,
RI(Cup) = 0if j # n — 1, and Ry~H(C,y,) is nonzero and irreducible if
p € Z+ 5 and p > —1, which is a slightly sharper than the results applied
by the general theory.

Then we have (see [22 Fact 5.4] and the references therein):

Proposition 16.1. 1) Fori € N, we have the following isomorphisms of
(g, K)-modules:

T(i)k ~ Aq(if1) 2 Ry HCrayiyp) ~ Hy H(G/L, Lingiyp ) k-
2) Fori € Z with —5 <1 <0,
I(n+1i)k =~ Ag(ifr) = RyHCnayp) = Hy G/ L, Linyiys, ) k-

The latter module I(n+1)x (—% < i < 0) is the underlying (g, K)-module

of the complementary series representation H{ with A = n + i (see Chapter
3.
Remark 16.2. The homogeneous space G/ L is connected if n > 2. If n =1,
then G/ L splits into two disconnected components which are biholomorphic
to the Poincaré upper and lower half plane. This explains geometrically
the reason why 7'(7) remains irreducible as a representation of the identity
component group Go = SOy(n+ 1,1) for n > 2, and splits into a direct sum
of holomorphic and anti-holomorphic discrete series representations of G for
n =1 (see Section 2.
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