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1 Introduction

In recent years, concepts and methods coming from quantum information theory are play-
ing more and more important roles in both high-energy physics and condensed matter
theory. In a many-body system, entanglement is a powerful tool to characterize quan-
tum phase transition and by studying its universal features one can acquire knowledge
of the underlying conformal field theory (CFT). For reviews, see [1-4]. In high-energy
physics, entanglement is also the key concept to understand the information paradox of
black holes [5—7] through gauge/gravity duality [8, 9].

So far, most studies are focus on subsystem entanglement features of a single quantum
state. For some applications, the entanglement entropy for a given subsystem can not
provide enough information. One may wonder, how can we gain insight when giving two
different quantum states. It’s also important for us to distinguish between subsystems in
different states. In this respect, relative entropy is an important quantity [10]. Relative
entropy attracts a great deal of attention during the past few years and has been extensively
studied [11-20]. The reason is that relative entropy is relatively simple to calculate and is
free of divergence in quantum field theory. There also exist other quantities that can be used



to distinguish reduced density matrices (RDMs). For example, the quantum fidelity [21]
and the trace distance [22, 23] is two very commonly used concepts.

For two given states with reduced density matrices (RDMs) p and o, the so-called
relative entropy is defined as [24, 25]

S(pllo) = tr(plog p) — tr(plogo), (1.1)

which can be viewed as a measure of “distance” between the two quantum states. In
quantum field theory, the relative entropy can be obtained by using the replica trick [12, 13]

L 1 tr(po" )
S(pllo) = lim Sa(pllo) = lim —log (o) (1.2)
where we have defined the Rényi relative entropies as
1 tr(po™~ 1)
n = 1 . 1.
Sulpllo) = 1= los 20 (13)

For a quantum many-body systems with global symmetry, one can decompose en-
tanglement into different symmetry sectors. In this respect, the authors of reference [26]
introduced a more refined notion of entanglement, the symmetry resolved entanglement
entropy. After this pioneering work, people have studied a lot about symmetry resolution
of entanglement properties for both pure states [27-33] and mixed states [34, 35]. More-
over, similar quantities have also been introduced in quantum field theories and in the
holographic settings [36-43].

In this paper, we will mainly focus on the symmetry resolution of relative entropies
in CFT. More explicitly, we will consider the U(1) symmetry decomposition of relative
entropy in free massless compact boson CFT using the twist operator method. We will
also check our universal CFT predictions numerically in the XX spin chain.

The remaining part of this paper is organized as follows. In section 2, we briefly
review the CF'T approach to the Rényi relative entropies between the RDMs of two primary
excited states. In section 3, we discuss how relative entropies are distributed in different
charge sectors. In this section, we define all needed concepts concerning symmetry resolved
relative entropy and summarise the known results of the symmetry resolved entanglement
entropy which will be useful in the following sections. In section 4, we calculate various
symmetry resolved relative entropies between primary states in free compact boson CFT.
The CFT results are tested in section 5 against exact numerical computations in the XX
chain. Finally, we conclude in section 6 and some technical details for numerical calculation
are given in appendix A.

2 Relative entopy in CFT

In this section, let’s briefly review the replica trick to compute the relative entropies of two
reduced density matrices of excited states in 1+1 dimensional CFT. Consider a system
with one spatial dimension and a bipartition into two complementary regions A and A. We
take subsystem A given by the interval [u, v] with length | = v —u and A is its complement



with length L — [. Here L is the total length of our periodic 1D system. Given two (pure)
states |¥),|P) € H = Ha ® Hj, the reduced density matrices of subsystem A is defined
by tracing over the points not in A.

paw =tri|¥) (Y|, pao=trg|®)(P]. (2.1)

The world sheet of the 1+1 dimensional CFT is an infinite cylinder with circumference L
which can be parameterized by introducing the complex coordinate w = x + ¢7. In this
paper, we are only interested in the excited states in CF'T that correspond to local primary
operators

W) = W(=is0)[0), (2.2)

where |0) is the CFT vacuum state and corresponds to the identity operator I. Let us omit
the index A and denote the reduced density matrix of a state |¥) to the subsystem A by
pw. Following the standard procedure [2, 44], tr(p}) can be obtained by sewing cyclically
n copies of the above cylinders along with the interval [u,v]. In contrast to the ground
state case, the corresponding path-integral representation of the density matrix p = |¥) (|
presents two additional insertions of ¥(—ioco) and Wi(ico). In this way, we end up with a
n-sheeted Riemann surface R,, and tr(py) is given by a 2n-point function on R, [45]

Zn [Tz 1‘P(wk)‘I’T( ;:))R
2y (W (wy) W (w))f,

tr(py) = : (2.3)

where Z,, = (I)r,, is the n-th moment of the reduced density matrix of the ground state
and w, = —ioo, w,j = 400 are points where the operators are inserted in the k-th copy.

In order to obtain the Rényi relative entropies between pgy and pg, we further need
to compute tr(p\ppg_l). Quite similar to the previous case, and taking the normalization
factor into account, we find

tr(paplt) = Zo (0w )W () TTy ®(wyy) D () w,
® Z7 (U (wy) T (w]))r, (@(wy )BT (w)))m

(2.4)

and the universal ratio

tr(pupy ") (P(w) T (wi) TTios @(wy ) @F (w]))r, (¥ (w

W)

Gn(pullpa) = = - i
! tr(py) (ITh—1 O (wi )W (W) R, (@ (wy )T (wi )k
(2.5)
Knowing G,,, the Rényi relative entropy is simply given by
1
Sn(pulipa) = 7—log Gulpu|lpe). (2.6)
We can apply the following sequence of conformal maps
w— 2z = % —t=—ilogz (2.7)
sin " wL v



to transform the n-sheet Riemann surface R, into a single cylinder. The transformation
law of a primary field O is very simple

O(z,5) = (C‘Z}) e (C‘Z) o O(w, ®), (2.8)

with (ho,ho) the conformal weights of ©. Applying the conformal maps in eq. (2.7), one
can easily express G (pw||ps) in terms of correlation functions on the cylinder

2(n—1) (g —ha—g) $L ()TN TRy @t ) RT (1)) ey (W (1) UT (1)) !
(Tiey W ()W) ey @) O () ! ’

Gn(pyvllps) =n

(2.9)
where tf are the points corresponding to w,:f through the map t(w)
I T V— U l
tkzﬁ(a:+2(k—1)), t$:g(—x+2(k—1)), k=1,2,---,n. x= =71
(2.10)

In the following, we will mainly focus on the theory of free massless compact bosonic field
©(z, z), with Euclidean action

1 _
Alp] = g/dzdzazgoagcp. (2.11)

This is a CFT with central charge ¢ = 1 and has two types of primary fields. The first
type is the vertex operators B
Vaa = eladtad) . (2.12)

where ¢, ¢ are chiral and anti-chiral parts of the bosonic field: ¢(z,2) = ¢(z) 4+ ¢(2). The

conformal weight of the vertex operator is (h, h) = (%2, %2) For simplicity, we will consider

holomorphic field & = 0 only. The n-point function of vertex operators on the complex
plane is (z; j = 2z — z;) [46]

(I Var (1)) = [T (zi5)™ . (2.13)
k

1<j
After the conformal map ¢t = —ilog z to the cylinder, this correlator becomes
i\
(T Ve te))ey = T 1 (2 sin 2’) . (2.14)
k i<j

The other type of primary field in this theory is the derivative operator i{0¢ with conformal
dimension (h, h) = (1,0). The 2n-point function on the complex plane is given by [46]

2n
. 1
<H i0¢(z1)) = Hf [2] , (2.15)
k=1 4,3 11<i,5<2n
where Hf(A) is the Haffnian of the 2n x 2n matrix A

1 n
Hi(A) = o= > [] Aci-1).00)- (2.16)

2nn! 0€5h, im1



The Haffian in eq. (2.15) can be written as a determinant

if [i] — det [1] . (2.17)
“igl1<ij<on Zid 1 1<ij<om
In a cylinder parametrized by ¢t = —ilog z, the correlator becomes
2n 1 1
<k];[1 i0(tk))ey = 7 det [sm(tw/Q)] . (2.18)

For this 2n-point correlator evaluated at the 2n-point list in eq. (2.10), the analytic con-
tinuation has been obtained in [47, 48] and is given by

F2 l4+n4ncscrmx )

<Hla¢(tlz)la¢(¢)>cy = T2 1—n+2csc¢rw : (219)
k=1 [2 (=g =)

Several relative entropies have been obtained in [13, 14], here we just report the results.
Firstly, the Rényi relative entropies between the ground state and the vertex operator are

given by , .
Sulprllov.) = Sulpvllor) = T log i (2:20)
By taking the replica limit n — 1, the relative entropy is obtained as
S(prllpv.) = S(pv, |lpr) = &*(1 — 7z cot(nx)). (2.21)
The relative entropy between two vertex operators is given by
S(pvallov) = S(pv,llov) = (a — B)*(1 — mw cot(ma)). (2.22)

The relative entropy between the derivative operator and the ground state is
S(pioe|pr) = 2log(2sin(mx)) 4+ 2 — 27z cot(mx) + 2¢ (CSC(;JU)) + 2sin(7x).  (2.23)

Finally, the relative entropy between the derivative operator and the vertex operator is

S(pioellVa) = S(pisellor) + S(p1llpv.,)- (2.24)

3 Symmetry resolution of entanglement entropy and relative entropy

3.1 Entanglement entropy and relative entropy in charge sectors

Now assume that the system has an internal U(1) symmetry with conserved charge Q.
We also take a bipartition of our system into two subsystems, A and its complement A
as before. When the conserved charge @ is local, it splits as Q@ = Q4 + Q7. We further
assume that both p and o are eigenstate of @, which imply [p, Q] = 0, [0, Q] = 0. Tracing
out the degree of freedom in A, one obtains [pa, Q4] = 0,[c4, Q4] = 0. Then the density



matrix p4 and o4 can be written as block diagonal forms, in which each block corresponds
to a different charge sector with eigenvalue g of Q4

pa = ®llgpa = e’ (q)pala), o4 = Sllgoa = Bep° (a)oa(q), (3.1)
where II; is the projector onto the eigenspace of )4 with fixed eigenvalue g. We have

Mypa oalg) = IIyoa .
tr(Igpa)’ tr(llgo4)

The denominators in the above equations are introduced to keep the normalization

pa(q) = (3.2)

trpa(q) = 1, troa(q) = 1, which imply
tr(Ilgpa) = p°(q), tr(llgoa) = p7(q). (3.3)

Here p”(q) (or p?(q), respectively) is the probability of finding ¢ as the outcome of a
measurement of ()4 in state p4 (resp. o4).

Our goal is to understand how the relative entropy is distributed in different charged
sectors. Let’s start with the resolution of von Neumann entanglement entropy. The equa-
tion (3.1) implies the following decomposition of entanglement entropy

S(pa) =Y 1’ (@)S(palq)) = > p"(q)logp’(q) = S+ 57, (3.4)

where
S(pa(q)) = —tr[pa(q)log pa(q)], (3.5)

is the symmetry resolved entanglement entropy associated to p4(q). In eq. (3.4), we have
divided S(p4) into two parts, S¢ and S/, which are called the configurational entanglement
entropy and the fluctuation entanglement entropy respectively. The configurational entan-
glement entropy S = > p”(q)S(pa(q)), measuring the total entropy of all the charged
sectors. The fluctuation entanglement entropy Sf = — >, P (q)logpP(q) takes into ac-
count the entropy due to fluctuations of the eigenvalues of the charge.

In a similar way, we define the symmetry resolved Rényi relative entropies as

r o n
Sn(pa(a)lloala)) = 1inlogt (pfr(((]/SAéz()?‘)) |

After substituting the expression of pa(¢) and c4(q) given in eq. (3.2) into the above

(3.6)

equation, we obtain

1 P@"  tr(pacy Tl
Sn(palq)llocalq)) = log - 3.7
(Pal@lloala)) = 125198 Lot Ti() (ot 30
pp(Q) 1 n—1
=—1 — |logt IT,) — logtr(pi1I1,) | . 3.8
% o)t iom [log tr(pacy~TI,) — log tr(p411,) | (3-8)
Taking the limit n — 1, we find
P’ (q)

S(pa(g)lloalq)) = —log tr(Ilgpalogoa) + pptq)tr(ﬂqm logpa).  (3.9)

p7(q)  p°(q)



Multiplying both sides of the above equation with p”(¢) and summing over ¢, we get

Stoallon) = (Stoa@llra@e + (los 70 3.10)
where
(S(pa(@)lloa(@))pr =D S(pala)lloa(@)r’(a), (3.11)

q

is the averaged symmetry resolved relative entropy under the probability distribution p”(q),

<10g pp(q) > — pr(q) IOg pp(Q) (312)

p7(q) 7 p7(q)

is the classical relative entropy or Kullback-Leibler divergence of probability distribution

and

p”(q) and p?(q). Here, for the relative entropy, we find the equation (3.10) looks quite

similar to eq. (3.4). You can call the two terms on the right-hand side of eq. (3.10) the

configuration relative entropy and the fluctuation relative entropy respectively if you will.
Let’s define the following generalized probability distributions

plo () = tr(pao’y 'TI,) 0(g) = tr(piIly)

_—a) q) = 2\Pata) (3.13)
tr(pacit) " tr(p'})

which are normalized as qufllo(q) = >,Ph(q) = 1. For n =1, since p’flg(q) = pi(q) =
p”(q), these generalized distributions are just the physical probability distribution of the
subsystem charge @4 in the state p4. Using these generalized probabilities, we can rewrite
the symmetry resolved Rényi relative entropy as

plo
Sn(pa(@)lloalq)) = —log 528 +1 i ~log pgg(g) + Sn(palloa). (3.14)

Taking the limit n — 1 of the above equation, we obtain the symmetry resolved relative
entropy

p’(q) 1 |
S(pa(q)lloalq)) = —log - On(Ph(q) — ph(a))|, _, +S(palloa). 3.15
(pa(@)lloalq)) @) (@ (077 (@) = Ph(@)],—; + S(palloa) (3.15)
The average of the above equation over p?(q) also gives the equation (3.10) using the fact
that >, 0 (2% (q) — Ph(0))],—, = 0. It’s also useful to average equation (3.14) over p?(q)
to give another expression of the decomposition of the Rényi relative entropy

plo
Supaloa) = (Sulpa@loat@ + (los )+ o S @it @16)

From eq. (3.14) and eq. (3.15), we see that to obtain the symmetry resolved Rényi
relative entropy and relative entropy, one needs to compute the generalized probabilities
pﬁ'a(q) and p?(q). However, this is very hard in general due to the non-local feature of the



projector II,. Similar to the case of computing symmetry resolved entanglement entropy,
we can bypass this difficulty by defining the following quantities
tr(pAUj}‘_lei“QA)

tr(pac’y ")

tr(pfe94)
P (1) = 1
;o) A (3.17)

() =

which turns out to be much easier to compute. From eq. (3.13), it’s easy to see that pﬁ‘g(q)

and p?(q) can be obtained by Fourier transformations’

plo(.\ H —ipg, plo P :/ H —iug, p 1
n (@) /_ g R, ()= o). (3.18)

Here we have used the same notation but with a different argument to denote the Fourier
transform of the generalized probabilities pﬁ‘o(q) and pf(q).
For future use, it’s also useful to define the following ratio

P00, Ay = P (1) _ trlpacly e On)tn(p))
S () tr(pen@a)tr(pac’y ™)

. (3.19)

3.2 Symmetry resolution of entanglement entropy in CFT

From the analysis in the last subsection, we see that to compute the symmetry resolved
relative entropy, the first step is the calculation of Fourier transformed generalized proba-
bilities pﬁ‘a(u) and p? (u). In the free compact boson CFT, the later (pf(u), cf. (3.17)) has
already been studied in the context of symmetry resolution of entanglement entropy [49],
where people called it the (normalized) charged moments. In this subsection, we briefly
review the results and fix some notations that will be useful in the following sections.

Let’s first consider the ground state case. When p is the ground state of a CFT,
tr(p’e#@4) can be seen as a partition function in the n-sheet Riemann surface R, with
an inserted Aharonov-Bohm flux p. In two-dimensional CF'T, the insertion of a flux cor-
responds to a twisted boundary condition, which can be implemented by some local fields
acting on the boundary of subsystem A. This operator can be seen as the composition of
the branch point twist field 7, and the U(1) twist field V,, and we denote it by 7y, ,, [26, 50].
The form factors and vacuum expectation values (VEVs) of the composite twist field in in-
tegrable field theories have been obtained in [51, 52] recently. If subsystem A is an interval
[, v], then one can identify

€M@ =Y (u,0)V_,(v,0). (3.20)
More precisely, we have the following relations

tr(pf 4€™94) = (9N z, = V(1 0)V_pu(v,0))R,, = (Topa(,0) Tru (v, 0)) =y, (3:21)

where 7, ,, is the anti-twist field. The conformal weight of 7, , and 72,# are the same and
are given by

hy, c 1
S S (T 22
g = b+ 24(n n) (3.22)

'Here we have assumed that the eigenvalues of Q4 are continuous. If the eigenvalues are integers, one
needs to change the range of the integral to [—, 7].



where c is the central charge of the CFT. Then, on the cylinder of circumference L, the
two-point function of 7, , in eq. (3.21) is immediately obtained

Ly_gluthu

. L I\ 5% -
tr(pf 4e™94) = 5, < sin 7T> ’ , (3.23)
T

)

where s, , is the unknown non-universal normalization of the composite twist field. The
charged moments of the ground state are

I _ s _ _
7 B AT . A )

In the free compact bosonic field theory defined by the action eq. (2.11), the U(1) twist
field V,, can be implemented by the vertex operator

tr(ph 4eHQ4) (T (1, 0) T (0,0))R, S (L i 7Tl>_i(hu+hu) (3.24)

V,u = Vl" = 627‘r¢> (325)

with conformal weight (h,, h,) = (3(£)% 3(£)%). Then the charged moments of the

ground state or the Fourier transformed generalized probabilities are

2
i ~ (Lan )
n\H 7 )

™

(3.26)

which are Gaussian distributions and as a consequence, pﬁ(q) are also Gaussian distribu-
tions. In terms of its variance, we can write pﬁ(q) as

1 Aq? >

T

pn(q) = exp | — : (3.27)
! 21(Ag?)L < 2(Ag?)},

where Ag? = (¢ — q)? and at large L the variance scales as

/ dqAg*pl(q) = — log (L sin Wx) + v +o(1), (3.28)

where 7, is a non-universal constant related to s, , and ¢ is the mean value of ¢ under the
probability distribution pl(g) also cannot be fixed by CFT.2 Since pf(u) is Gaussian, we
can rewrite it as

Ph() = e { =5 (Ag) e + ind . (3.29)

For a excited state |¥), it’s useful to define the ratio

z) = Py (1) _ (Vu(ico)V_p(—ioo) [Ty ¥(¢, )V (t;»cy

ph(K) (Vu(ico)V_p(—i00)) ey (TTr=y ¥ (¢, )V (tii_»cy
When the excitation is induced by the vertex operator ¥ = V,, = €!®?, the computation of
eq. (3.30) is straightforward and the final result is rather simple [49]

£ (s (3.30)

fye(p, ) = e, (3.31)

2In the XX spin chain, the exact values of y, and g have been derived in [27].



Then the charged moments of the vertex operator are

P (p) = £y (, 2)ph (1) = e™"pl (). (3.32)

The generalized probability distributions p,*(q) are obtained by Fourier transformation
pre(q) = ph(q — ox). (3.33)

From the above equation, we conclude that the generalized probability distribution of
vertex operators pre(q) is also Gaussian and having the same variance with the ground
state distribution pZ(q).

However, when the excitation is induced by the derivative operators ¥ = id¢, the
computation of eq. (3.30) is more complicated and we briefly mention the details here. In
this calculation, the most involved correlator is

n
Vlioo)Vop(—ioo) [T 06t )ide(t)) ey (3.34)
k=1
In the paper [49], the authors conjectured a formula for this correlator

(Vi (1) g (~ioc) [T i00(7)i09(t] )y = (Vi 500V (=i} Pas (1 ) (335

27 T el ™ T 27r

where Pyr(A) = det(M — A) is the characteristic polynomial of the 2n x 2n matrix M

1 A B
M = 3 (—BT A) , (3.36)
where the matrix elements are (i,j =1,2,--- ,n)
0 ifi=y 1
A = , B = — — . 3.37
) {W cse T M

The analytic continuation of Pys(\) is given by

I'(an(A) +n+ DI (an(N) +n+1)

Pu(A) = , 3.38
m() T(an(A\) 4+ D) (an(A) + 1) (3:38)
where
a(/\):l( " —n—l)—i—i)\ (3.39)
" 2 \sinmx ' )
Then after pluging eq. (3.35), eq. (3.38) and eq. (2.19) into eq. (3.30), we obtain
. T (a, (L DI (an (2 1) I'2(a, 1
00(p,z) = o) bt Solan) w1t D) TGO D g
[(an(ss) + Dl(@n(g5) +1)  T2(an(0) +n+1)
We can expand f9¢(y,z) in p
£, ) = i bl ok (3.41)

~10 -



where b, 91, is the coefficient of 1?* and the first two values are

1

bn,O = 17 bn,Q = ﬁ

[ (@n(0) + 1) = D (an(0) +n + 1)] . (3.42)

Here (™ (z) is the polygamma function. For integer n, the infinite series in eq. (3.41)
terminate at k = n and as n — 1, all coefficients except by, 0,bn 2 vanish. Then we can
write

pna(b(q) = Z ((214:§!b”’2k /oo AR —ipng exp {2<Aq2>£ﬂ2} 12k

= ” (3.43)
= p(a) i 2k [ 2L 218 |
=it 2(Ag?)], n

where Hoy(z) is the 2k-th Hermite polynomial with argument z.
For n =1, we have a very simple result

06, N _ ci(q) . A, al . 1 AP
p(q) = (1 - sin? m:) p'(q) = (1 2 sin? 71'1') A exp ( 2<Aq2>[> )

(3.44)

where (Ag¢?)! = (A¢?)] and we have defined

_ (Ag%), — A¢?
= e

n

(3.45)
Clearly, p'??(q) is non-Gaussian.

4 Symmetry resolution of relative entropy in CFT

In this section, we will focus on the computation of the symmetry resolved relative en-

tropies between RDMs of excited states induced by primary operators in the free massless

compact boson CFT. According to the analysis in section 3, in order to calculate the

symmetry resolved relative entropy S(pw(q)|lpa(q)) (see eq. (3.15)), we have to compute

the generalized probability distribution py (¢) and pg} (I)(q). Let’s first compute the Fourier
N v|P

transform of p,; (¢) and p,' (q)

tr(pe® @) (Vu(u)Vop(vr) [Tiey O (wy, )PP (w))w,,
tr(p) (T ® () ¥H (w)))w, ’

P (1) = (4.1)

and

_ tr(pupy '€®9h)  (Vu(u)Vop(01) ¥ (wi) U (w)) TRy @ (w )P (wi))R,

| =
Pn ) = = e ) (0 (wp )T (] ) T D(wp) O (w] ),

(4.2)
Thus their ratio Fy'®(u, x) is given by

(Vi (u1) Vo (01) W (wy ) U () TRy D(wy )T (w)) -, (TTRey ¥ (wy ) ¥F (w))) R,

(@ (wp )W (w)") [Trop ®(wy )T (wy))w,, (Vi (wr) Vo (01) TTimy ¥ (wy )W (wy )>(7in3')

EY®(p,z)=

11 -



One could apply the conformal transformation defined in eq. (2.7) to map the correlators
in eq. (4.3) onto the cylinder. In this mapping, all factors proportional to 7= commg from
the transformation law of primary fields canceled out, leaving us with

Y () = (Vaulio0)V_pu(—io0) B (ty ) UF (1) T Pt ) BT (8)) ey (T P (6 ) TF (1))ey

(U ()T (E]) TTima @t )T () ey (Viu(i00) Vo (—i00) [Ty Bty ) ¥ (tig%
4
If one of the two states is the ground state |0), the above generic formula simplifies to

Y

)

1,8 _ (Vu(ico)V_p(—ioo) [Tieg Pt )RT () ey
) T ) BT ey Vi 150V (i) (48)
and
FYL () = (Vu(io0) V- (—io0) W ()W (#)) ey (TThey Y () ¥ T () ey (4.6)

(R ()OI (t]))ey (Viu(i00)Vopu(—i00) TTioy U () LT (E])) ey

4.1 Resolution of relative entropy between the ground state and the vertex
operator

The first case we will consider is the symmetry decomposition of relative entropy between
the ground state and the excited state generated by a vertex operator. Firstly, let’s compute

(Ve (i00) Vs (—i00) [T Vi (5 )Voa (8 ) e

Févva(lu’x) — = — '
(s Valti )Voa(ti )y (Ve (i00)V i (=i00) ) ey
=TTV GoolValt)) cyH o (=10 Valty e
X H<V% (i00)Vealti))ey H<V—%(_i00)v—a(t}:)>cy
k=2 k=2
mofgin L(EEAELy AN B n (g 1 omei2(el)y a0 T
:limH<Sm2( anl) v > H<S1n2( Zkl) i >
A=oo 1 siné(%f))ﬂyx P sin%(%”m
ipax(l %)
(4.7)
Then we find
; 1
pI|Va( )= FI’Va(Na :C)pI (n) = ezuax(l—ﬁ)pi(u)‘ (48)

Since p!(u) is a Gaussian distribution, we conclude pnl “(q) is also a Gaussian with the
same variance of pl (q). After Fourier transformation, we find

PV (q) = pl(q — az(1 - 1/n)). (4.9)

Then the symmetry resolved Rényi relative entropies can be easily derived

p!(q) 1 piv* ()
+ lo + Sn ”
el TTon 8 @ (prllpv.,)

p'(q) L g phlg— (1 —1/n)ox)
pllg—ax) 1-n ph(q)

Sn(p1(a)llpva(q) = —log =

= —log

+ Sn(prllpva)-
(4.10)
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After substituting the expression of pl(q) in eq. (3.27) and Rényi relative entropy in
eq. (2.21) into the above equation, we obtain

200Aq—aor? 2naxzAg+(1-n)a’z? o sinmx
n = - 1 . 4.11
Sulpr(@ v (@) = iy SR T B g (41D
The symmetry resolved relative entropy is obtained by taking the limit n — 1
9 a?x?
= 1-— - ——— 4.12
S(p1(@)llpv.(q)) = (1 — 7z cot(mz)) AR (4.12)
which is ¢ independent up to order (log L)~
After a very similar calculation with eq. (4.7), we find
([l Vo ) VooV (000 Ve (io0)ey s
<Vﬁ (Z'OO)V_% (_ZOO) HZ:I Vo (t];)v—a(t;:»cy
Then we have
(Vi (i00)V_ o (—i00) Va (11 )Voa (t)) ey (TTk=1 Va(ty )V=a(ty))ey
FVQ,I(M l’) — 27 27
" <Va(t1_)v—a(ti~_)>cy<vﬁ (Z'OO)V—% (—i00) [Tj=1 Va(tlz)v—a(t;»cy
— OV (i00) V(1 )ey (V- g (—i00)Voa(EF)) o X
X (Ve (i00) Voo (t]))ey (V- o (—i00)Va(t1 )y (4.14)

J2ie3 . o
_ minar pyy (50U Z ) sin g (5 —id) )
Moo\ sin 3 (5F 4 sin 1(ZZ + iA)

Thus the corresponding Fourier transformed generalized probability distributions can be

found as
LT
prel (i) = EYeol (p,2)pye (i) = FYl (@) fre (u, 2)ph(n) = e v ph(). (4.15)
Then we get
Vall( N o T(
pn*" (@) = pplq — az/n). (4.16)

Now the symmetry resolved Rényi relative entropies are easily obtained

V) 1 e ()

sn<pva<q>um<q>>:—1og1; PR e A A )

(4.17)
_ o?2?—20xAq | 2naxAq—(1+n)a’a? n a? o sinmx
 2(Ag?)! 2n2(Ag?) 1-n gnsin%'
Taking the limit n — 1, the symmetry resolved relative entropy is given by
9 o?a?
S(pva(@)llp1(q)) = (1 — mx cot(mz)) — AL S(p1(9)llpv.(q))- (4.18)

~13 -



Finally, let’s compute the symmetry resolved relative entropy between two vertex op-
erators. As before, we begin with

Va Vs _ Vulioco)Voy(—ico)Va(ty )Voa(ty) i—a VB(E)Vos(td) | v, -1
Fn ( ,ﬁ) - — + n — + [fn (M?m)]
(Va (1) Vo (t7) Ik=a VB(t, )V=p(ty ))ey (Vu(i00) V—pu(=i00) ) ey
= 1 (a, 2) By () F P pa, ) [ £ ()]
— ¢a=B)( -z (4.19)
which implies
Va|V,
pi" (@) = ph(a — (@ = B)(1 = 1/n)a — aa). (4.20)
The symmetry resolved relative entropy can be derived in a similar way, and the final
result is -
a—pB)x
S(pva @)y (@) = o = 8201 = mocot(ma)) — G0 (1.21)

which is also ¢ independent up to order 1/log L.

In this subsection, we find that all the symmetry resolved relative entropies did not
depend on the charge eigenvalue up to order (log L)', which means the relative entropies
are the same in the different charge sectors. We must mention that the equipartition of
relative entropy may be broken at higher order in 1/log L.

4.2 Resolution of relative entropy between the derivative operator and the
ground state

In this subsection, we will consider a more complicated case, which is the symmetry reso-
lution of the relative entropy between the excited state generated by a derivative operator
and the ground state. Let’s start with

(Vi (i00)V_ g (—i00)i0(ty )i0d (1)) ey ([Th=y 100 (L )iOD(t)) ey

(i0¢ 1_)18¢(t+)>cy<v“ (ic0)V_ £ (—i00) [Tr=1 i09(t} )t d)(t—k;'—»cy

< Ve (i00) V_ e (—i00)id¢(ty )Z3¢(t+)>cy
t1)i0g( t+ Dey(V, (ZOO)V L (—100))cy

,u,
= ( 72 f’baqS /~L7

Then we obtain
M () = B2 (u, 2)p () = EL () £ (1, )y, (1)
2 4.23
= (1 — B sin? ”) ph(p). (429)
n

After Fourier transformation, we find

P2 = (1- 2 2 T i o) 429

EP () =

/\/_\

L1309 (i, 2)] ! (4.22)
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The symmetry resolved Rényi relative entropies can be derived straightforwardly from the
following equation

i TololVh
p(q) 1 P29 ()

+ log —
pr?(q)

Sn(piog(a)llpr(q)) = —log pq) ' 1-n

+ Sn(ﬂi@d)”ﬂ[)- (4.25)

In this case, to see whether equipartition of relative entropy hold at order 1/log L, we can
keep only the first order p? in the expansion of fi9(y, x), i.e. to approximate pi%?(q) as

. 1
P = (1= ghnzen(@)) ph(0) (4.20)
Then in the physical regime Aq of order 1, we have

n 1 1 N
617T(2Q) sin? 7r:c+cl_(i) <2bn,2— o) sin? 7:3) +0O((log L) 2)‘

(4.27)

Sn(piop(@)|p1(q)) = Snlpisellpr)+

The symmetry resolved relative entropy is obtained after taking the limit n — 1

csc(me)

S(pios(a)|lp1(q)) = 2log(2sin(nz)) + 2 — 2w cot(mwx) + 21 ( ) + 2sin(mx)

* Cifrqz) <¢<2> (cs<;(2m)) + 12sin(7z) + 8sind(rz) — dra sin(27m:)>

+ O((log L)72). (4.28)

From the above equation, in contrast to the previous case, we find that the equipartition
of relative entropy breaks down at order 1/log L.

4.3 Resolution of relative entropy between the derivative operators and the
vertex operators

In this subsection, we finally study the symmetry resolved relative entropy between two
excited states, generated by a derivative operator and a vertex operator respectively. As
usual, we first compute

EP0V0 (. )
3 <Vi(iOO)V—%(—ioo)i3¢(t1_)i3¢(t+) [Ti=2 Va(ti )V-a(t)))ey (i1 i06(t; )i0S(t; )y
- (109(t7)i0¢(t]) TTis Vot )V=a(t))ey(Vae (i00)V_ s (—i00) Ty i (ty )idd(t])) ey
(V. (i00) V- (—io0)it; >za¢<tr>n VolDV-lDhes gy
R )Z3¢(t+)Hk 2 Valti )Voa(t]))ey (Vi (i00) Vo e (—ico))ey °" 077

(4.29)

To calculate the complicated correlators in the above equation, it’s useful to introduce

(Vi o0V (3000106 T Vi) V-1
S (/A5 0 A A ) I
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Then one can rewrite F:9%Ve(y, x) as

3 ‘Fn(,ua x) 3 —
26¢7Va — N u‘?d) 1
F0Ye () = G o U )] (4:31)
Noticing that
. 10
W0¢(t) = — 5. Ve(t)| (4.32)

we have [15, 53]

n

(Vi (i00) V. (—i00)ide(t1 )id(t]) [ Valtp )V-a(ti))ey

27

k=2
10 0 , , _ T - +
= —gﬂﬁufﬁ (100)V_ s (—ioo) Ve(ty )V_e(t] >,B2Va(tk Woalti))ey o (4.33)
= <Vﬁ (’LOO)V,% (_ZOO) H Va(tl;)vfa(tlj»cycezo,a(nv SL‘)
k=2
Then we can write
Fp,x) = FIV (1, 2)Cocp a(n, ) = €700 C_g o (n, 7) (4.34)
where ]
Cen(n,z) = —6—28t1+8t; Cea(n,z), (4.35)
and

ée,oz (TL, :II) = <V6(t1_)v—€(ti~_)>cy
X (Ve (100) Ve(ty ))ey (Vi (100) Vee(8)) ey (V- g (—i00) Ve (7))ey (Vo g (—i00) Ve (t])) ey

n

< T Vet Valty ) ey (Ve Vea (B ey (Voe (B )Va (ti)) ey (Voe (T Va(th)) ey-
k=2
(4.36)

After taking derivatives of C. o(n, ) and taking ¢ = 0, one find

giroz(l=3) x r\? 2ia x 2
Fnlp,x) = ———— CSCZL+042 (ncotmc—cotﬂ) _an (ncotmc—cotﬂ>—u .
4 n n T n

2
(4.37)
It follows that
7 7 i .Fn , L
POV () = B0V (1,200 () = T2 )t
Fn(0,7) 138
2ipdy + 1\ juas(i—1 (438)
— (1= ez,uozx(l n)pl (N)
m2csc? TE + d2 n\Fs
where we have defined
d,, = ma(n cot mx — cot %) (4.39)
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After Fourier transformation, we obtain

: 2d, A + cn () (AP - - 1
10|V _ _ q n I _ -

The symmetry resolved Rényi relative entropies are given by

n\Pi @ V. O ; n\Pi PVy)- 4.41

Similar to the previous calculation, in the physical regime Agq of order 1, we have

200Aq — ?2?  2naxAq+ (1 —n)ax?

Sn(piazﬁ(Q)HpVa(Q)) - Sn(pm(pHpVa) + 2<Aq2>] 2n2(Aq2)I
ci(q) . o cn(q) _ 2dnAd+Cn((j)<Aq2>£
+ p2 e + 1—n ( 2 bn2 (m2 csc? T2 + d2)(Ag?)]
+ O((log L)™?). (4.42)

The symmetry resolved relative entropy is obtained after taking the limit n — 1

S(pios(a)llpv.(9))
csc(mx)

= (2+a?)(1—mxcot(rz))+2log(2sin(mz))+2¢ < > +2sin(mx)

c1(q) 9y [ cse(mx) . 9 .3 _ alx?  (4.43)
+ 7 <¢( ) <2 +12sin”(wx)+8sin” (rx) — 4w sin(27rx) TAgT
n alAq(2zsin? rz+ (7sin2rx —2n%x) (Ag?)T) +O((log L)2).

m2[(Ag?)T]?
From the above equation we know that the equipartition of relative entropy also breaks

down at order 1/log L.

5 Numerical tests

We now make some numerical tests of the universal CFT results obtained in the previous
section. In this section, we will use the XX spin chain model as a concrete lattice model
to check our CFT predictions. The Hamiltonian of the XX spin chain is given by

L
1
_ y_y
H——ZZ(Ufo+1+UjUj+1—haj), (5.1)
j=1
where 03"¥% are the Pauli matrices acting on the j-th site and we impose periodic boundary

J
conditions. For simplicity, we assume that A = 0 and the length of chain L multiples of 4.

We are only interested in the spatial bipartition of the system where subsystem A is given
by [ continuous lattice sites.

We did not manage to compute symmetry resolved relative entropies numerically. In-
stead, we numerically calculate the Fourier transformed generalized probabilities pﬁ'a(u)
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o x=1/18,1=100 ey )
- x=1/6,1=300
+ x=1/2,1=900

*x=1/18,1=100 s o x=1/18,1=100
* x=1/6,1=300 « x=1/6,1=300
« x=1/2,1=900 + x=1/2,1=900

Figure 1. Numerical data of |p," ‘I(/,L)| in the XX spin chain. The full lines are the CFT predictions,
eq. (4.15) with eq. (3.29). Here we consider n =1,2,3 and = = 1/18,1/6,1/2 with L = 1800. The
agreement is very well for small p, but it worsens as p gets closer to £m and as n get larger.

iag| V. jog) V. 29| V4
7?1V 105711 105?11

o x=1/20,1=50
© x=1/20,1=50 = x=1/10,l=100
= x=1/10,I=100 + x=1/5,1=200

+x=1/5,1=200

[ e x=1/20,1=50
= x=1/10,I=100
02 & x=1/5]=200

-3 -2 -1 1 2 3 3 2 1 1 2 3 3 2 1 1 2 3

Figure 2. Numerical data of |pi,6¢|v1 (1)| in the XX spin chain. The full lines are the CFT

predictions, eq. (4.38) with eq. (3.29). Here we consider n = 1,2,3 and 2 = 1/20,1/10,1/5 with
L = 1000. The agreement is very well for small p, but it worsens as p gets closer to =7 and as n
get larger.

for integer n, which are the key integrant in the computation of symmetry resolved Rényi
relative entropies. They are defined as

_ tr(pagy ten9n)

tr(pacy )

0 () (5.2)
In the limit L — oo with = [/L kept fixed, our numerical results should converge to
the CFT computations for pﬁ'o(u) calculated from eq. (4.2). The technical details of the
numerical computation are discussed in appendix A.

The numerical results for the function |p¥1|1(,u)| are reported in figure 1 for different n
and different subsystem sizes [, where we have used the exact results for the ground state
variance given in [27]. As shown in the figure, the agreement between numerical data and
CF'T prediction is excellent for small u, while it gets worse for larger values of u and n.

In figure 2, we report the numerical data for the quantities |pfla¢|v1 ()] for various n

and [. From eq. (4.38), it’s clear that |p%a¢‘v1 ()| is non-Gaussian although it’s not easy to
see this from the figure. In this case, the numerical results and the CFT predictions also
match very well for small values of p and n.

In figure 3, we show the numerical results of the ratio p%aqbll(u) /pk(u) for different n
and [. From eq. (4.23), it’s easy to see that p?(ﬁ'[(,u) is also non-Gaussian. This figure
shows the non-Gaussian feature clearly and the agreement between the numerical data and

CFT results is perfect for small values of p and n.
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0.6 08 0.90F

o x=1/10,1=200 o070 ® x=1/10,1=200 oesl
¥=1/4,1=500 *=1/4,1=500 " ® x=1101=200

x=1/2,1=1000 o6 x=1/2,1=1000 . x=1/4,1=500
02 ° 0801 4 x=1/2,1=1000

v ,
3 2 1 1 2 3 -3 -2 -1 1 2 3’ 3 =2 -1 0 1 2

Figure 3. Numerical data of pﬁla¢‘1(u)/p£ (1) in the XX spin chain. The full lines are the CFT
predictions, eq. (4.23). Here we consider n = 1,2,3 and = 1/10,1/4,1/2 with L = 2000. Again,

the agreement is very well for small p, but it worsens as p gets closer to =7 and as n get larger.

6 Conclusion

In this paper, we study the U(1) symmetry resolution of relative entropies between primary
states in the free massless compact boson CFT and its concrete lattice realization, the XX
spin chain. We obtain various exact results from the CFT calculation using the replica
method. We also carefully test our CF'T predictions with the exact lattice calculations in
the XX spin chain and find perfect agreements.

We must mention that the symmetry resolved relative entropies cannot be obtained
directly by our numerical method. Instead, we just compute the Fourier transformed
generalized probabilities numerically. It would be very interesting to further numerically
confirm our CFT results of symmetry resolved relative entropies by other methods.

Several generalizations of this paper would be worth investigating. For example, one
can consider the U(1) symmetry resolved relative entropies in other CETs (such as Ising and
other minimal models) and the corresponding lattice models or consider the extension to
Wess-Zuminon-Witten models which have non-abelian symmetries. One can also work out
the symmetry resolution of other entanglement-related quantities. For example, a natural
extension could be to consider the mutual information or the trace distance.
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A Correlation matrices and RDMs in XX spin chain

The Hamiltonian of the XX spin chain is given by

L
H=- (afaf_i_l + J?U?H - hoj) , (A.1)
=1

=

J
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mZJ7

where 07" are the Pauli matrices acting on the j-th site and we impose periodic boundary

conditions. After a Jordan-Wigner transformation

i1 o —io? il o% +ioY
CJZ<HU£) 27 5 L c}z(Ha,‘i) 27 5 2 (A.2)
k=1

the spin chain Hamiltonian is mapped into a free fermion Hamiltonian on the lattice

1< 1
5 Z {c cjy1 + c 2h(c;f»cj - 2)] , (A.3)

f

where c;, c; are fermionic annihilation and creation operators, satisfying {c¢;, C}L} = ;5. We
will impose anti-periodic boundary conditions to the fermions ¢y 1 = —cy, cTL 1= —cJ{. For
simplicity, we assume that h = 0 and the length of chain L multiples of 4. The Hamiltonian

eq. (A.3) can be diagonalized by Fourier transformation

! XL: etk bl ! XL: cle”sl ¢ 2mk (A.4)
=—7= 1 , b= —= ) , g = —— )
VL VL L
Then )
H=Y (b,tbk _ 2) , (A.5)
keQ
where € = — cos k and the corresponding €2 is
1 3 L—-1

The eigenstates of the Hamiltonian can be characterized by a set of momenta K, |K) =
[Tiex b}; |0). The ground state is a Fermi sea with Fermi momentum kr = 7/2 and is half-

filling with fermion number np = L/2, characterized by the set of momenta: {:t%, :l:%, R
ngp—1
2

}. Low-lying excited states are obtained by removing/adding particles in momentum
space close to the Fermi surface. The correspondence between low-lying excitations in XX
chain and primary excited states in CFT is described in detail in [45]. This model has a
U(1) symmetry with the conserved charge @ = Z - cl iCj-

We are interested in the spatial bipartition of the system where subsystem A is given
by I contiguous lattice sites. The reduced density matrix of the pure state |K) can be
written as

pa = det Cff exp (E log [((Cff)_l - 1)] A.CICj> 7 (A7)
. 1]
1/7.7

where the [ x | matrix [C§],,, = (K|cl,c, |K) is the correlation matrix restricted in A.

The element of Cff is given by

1 7 m—n
[Cﬁl{]mn = E Z e ®i( ) (AS)

keK
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It useful to introduce 2L Majorana modes

a9m—1 = Cm + cin, Ao = z(cjn — Cm)- (A.9)

For an interval with [ sites of the spin chain in a state |K), one defines the Majorana
correlation matrix
(aras) g = Ops + TK (A.10)

with I' € Man(C):
Iyt T - TE

TE TK ... TK K K

FK — : 1 0 ) l: 2 ’ ’Trln(711 = <_f;nKn ?ﬁn) 7 (All)
. . . . n—m m—n
T Ty - T
and
1 : 1 )
ffn(in = [Cﬁﬂmn — [Cf]nm =7 Z eitn(m—n) _ 7 Z 6*l¢k(mfn)7

keK keK (A 12)

L kgéK

The 2! x 2! RDM are completely determined by the correlation matrix T'¥.

PriPry = tr(pf‘lpf‘z)prl xI'25 (A.13)
where
1+T14T
tx(prpr) = /|52 (A14)

and one defines the product rule [54]
I'' xI's =1-— (1 — Fg)(l + Flrg)_l(l — Fl) (A15)
Now, by associativity, one can obtain the trace of the product of arbitrary number of RDMs

tr(pl"1p1"2 T ) = tr(pflpl'b)tr(prl xIg =" ° ) (A'16)

Then the above formula is rather useful to calculate the Rényi relative entropy. However,
when we want to know the symmetry resolution of relative entropy, we need to calculate

tlf(,oAcrnf1 Z'“QA)

Plo(y) = A7
P = S (A1)
We can also view e*@4 as some RDM with MaJorana correlation matrix I'* since
(@ — Y5 H ( iele; + cje ;)
(A.18)

!
1 + ew H |:p]cj pj)c;r‘cj} s

where p; = +eW The Majorana correlation matrix I'* have the same structure with 'K
(cf. (A.11)) but with different block matrices

i(1 — e
f#lfn =0, gﬂnfn = (elﬂ—|—1)5mn (Alg)
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