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ABSTRACT: Gauge theories in four dimensions can exhibit interesting low energy phenom-
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gauge theories arising from a construction that is motivated by duality walls in 5d gauge
theories. Their quiver descriptions bear a resemblance to 4d theories obtained by compact-
ifying 6d N = (1,0) superconformal field theories on a torus with fluxes, but with lower
number of flavours and different number of gauge singlets and superpotentials. One of the
main features of these theories is that they exhibit a flavour symmetry enhancement, and
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1 Introduction

Enhancement of global symmetry in the infrared is one of the most fascinating phenomena
in quantum field theory. This can occur when certain operators become conserved currents
at the fixed point in the infrared (IR), and make the global symmetry in the IR larger
than that in the ultraviolet (UV). One of the reasons that makes the symmetry enhance-
ment intriguing is due to the lack of a general principle and mechanism to explain such a
phenomenon, especially in four spacetime dimensions. Nevertheless, supersymmetry allows



one to study the enhancement of symmetry in a more tractable fashion. This is due to the
presence of quantities that do not depend on the renormalisation group flow [1], such as the
supersymmetric index in four dimensions [2—4], that enable us to easily extract information
about the conserved currents at the strongly coupled fixed point by a calculation in the
weakly coupled regime.

In this paper we focus on a class of 4d N = 1 supersymmetric gauge theories arising
from a construction that is motivated by duality walls in 56d N/ = 1 gauge theories [5].
Their quiver descriptions are very similar to those studied in [6-10], but with lower number
of flavours and different number of gauge singlets and superpotentials. One of the main
features of such gauge theories is that they exhibit a flavour symmetry enhancement, as well
as supersymmetry enhancement for some models, in the IR. Those with supersymmetry
enhancement can be regarded as the complements to the models considered in [11-15].! In
the following, we describe the construction of the aforementioned 4d N = 1 gauge theories
in detail.

Duality walls in 5d N' = 1 gauge theories. Four dimensional theories associated
with duality walls in 5d N' = 1 gauge theories were proposed and studied in [5]. For
definiteness, let us consider 5d N' =1 SU(N) gauge theory with 2N flavours of fundamen-
tal hypermultiplets, and Chern-Simons level zero. For N = 2 this 5d theory has a UV
completion as a 5d N/ = 1 SCFT with an enhanced flavour symmetry E5 2 SO(10) [16],
whereas for N > 3 the UV completion is a 5d N/ =1 SCFT with an enhanced symmetry
SU(2N) x SU(2)2 [17, 18]. The 4d N = 1 theory in question is a Wess-Zumino model that
can be represented by the following quiver diagram [5, figure 12]:

(1.1)
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Through out the paper, a white node labelled by n denotes the group SU(n). We denote
each factor of the gauge symmetry by a circular node and the flavour symmetry by a
rectangular node. The superpotential is taken to be

W = szDZ/R?, LR (EalmaNea'l...a’NDZ} ...DZIN> , (1‘2)

1 N
where the unprimed indices a, a1, a9,... = 1,..., N are those of the left SU(N) node; the
primed indices da/,a},d), ... =1,..., N are those of the right SU(N) node; and the indices

i,7=1,...,2N are those of the top SU(2N) node. The duality wall imposes the Neumann
boundary condition for the SU(N) gauge theory on the two sides of the wall, and thus gives
rise to the bottom left and bottom right SU(N) nodes in (1.1). The top SU(2N) node comes
from the 5d flavour symmetry. Using (1.1) as a building block, one can construct a number

n fact, in section 3, we consider a theory that is Seiberg dual to the one explored in section 3.2 of [13]
and section 2.1 of [15].



of interesting gauge theories by simply gluing the building blocks together. For example,
one can concatenate two duality walls in this 5d theory, and the corresponding 4d theory
has the following quiver description [5, figure 13]:

(1.3)

> N <
) Dy \"J B D

W = LDV + RD.V + F1 DY + F,DY

The E-string theory on Riemann surfaces with fluxes. Theory (1.1) can be modi-
fied in order to describe 4d theories associated with a duality wall in other 5d theories. An
interesting modification was studied in [6] in the context of the compactification of 6d rank-
one F-string theory on Riemann surfaces with fluxes. In that reference, the case of N =2
is investigated and the top SU(2N) = SU(4) node is replace by SU(8); see [6, figure 10(a)]:

(1.4)

F D

W = LDR+ F(DD)

The corresponding 5d N = 1 theory is the SU(2) gauge theory with 8 flavours, whose
UV completion is the 6d rank-one E-string theory [19-21]. The flavour symmetry of the-
ory (1.4) is SU(2)2 x SU(8) x U(1) x U(1), where SU(8) x U(1)r is a subgroup of the Eg
symmetry of the E-string theory. Theory (1.4) can be interpreted as coming from the com-
pactification of the rank-one E-string theory on a two punctured sphere (i.e. a tube) with
a particular choice of 6d flux that breaks the Fg symmetry to E7 x U(1)p. Note that each
puncture brings about an SU(2) symmetry and breaks E; x U(1)r to SU(8) x U(1)r. From
the 5d perspective, the U(1) p symmetry implies the presence of a duality domain wall such
that the mass parameter for U(1)r flips its sign as we go from one side of the wall to the
other. As discussed in [6, section 3|, one way to see the E7 x U(1)p symmetry is to glue the
two punctures together (i.e. close the tube) to form a torus. The corresponding 4d theory
can be obtained by taking two copies of (1.4) and ‘self-gluing’ by identifying their SU(8)
nodes and commonly gauging each SU(2) from each copy of (1.4). As a result, one obtains

L R (1.5)

v U

Fp D



with the superpotential
W =LUR+ LDR+ Fy(UU)+ Fp(DD). (1.6)

The index of this theory was computed in [6, (3.3)], where it can be written in terms of
characters of E7 x U(1) representations.

In fact, a plethora of 4d SCFTs with interesting IR properties, including enhancement
of flavour symmetry, can be obtained by compactifying various 6d theories on a torus or a
more general Riemann surface, see e.g. [7-10, 22-26].

Modifying the theories. An interesting question that could be asked is whether it is
possible to glue together the basic building block (1.1) in a similar fashion as described
above in order to obtain a theory analogous to (1.5); for example, for N = 2, we have

(1.7)

Fp D
W = LUR 4 LDR + Fy(UU) + Fp(DD)

We emphasize that the crucial difference between (1.7) and (1.5) is that the 5d gauge theory
associated with the former has a UV completion in 5d, whereas that associated with the
latter has a UV completion in 6d. Therefore, (1.5) has a natural interpretation as coming
from the compactification of the 6d theory on a torus, which can be obtained by closing
the tube, whereas (1.7) does not. In fact, the superpotential and the condition for the non-
anomalous R-symmetry fixes the R-charges of (U, D, L, R, Fi7, Fp) to be (0,0,1,1,2,2). At
this stage, we should further introduce the flipping field Fyyp together with superpotential

Fyp(UD) that flips the operator UD, which falls below the unitarity bound. This leads to
3 1
167 8
of a free vector multiplet. This implies that such a simple and naive modification of (1.5)

the conformal anomalies (a, c) = ( ), which implies that the theory flows to the theory
to (1.7) does not lead to an interesting interacting SCFT.

This, on the other hand, suggests that the superpotential we turned on in (1.7) is too
restrictive. We may further modify the theory by dropping the term LD R and the flipping
field Fyy and consider instead the following theory

(1.8)

Fp D

W = LUR + Fp(DD)

As it will be discussed in section (2.1), this theory turns out to flow to a decoupled free
chiral multiplet, which is identified with the operator UD, together with a 4d N = 2



SCFT, described by the 4d N' = 2 SU(2) gauge theory with four flavours of fundamental
hypermultiplets. The latter has an SO(8) flavour symmetry. We see that not only the
flavour symmetry gets enhanced from SU(4) x U(1) to SO(8), but supersymmetry also gets
enhanced from N =1 to N = 2.

This naturally leads to a question whether we can obtain more 4d A/ = 1 gauge theories
with interesting IR properties by modifying the quivers in a similar way as described above.
The main objective of this paper is to construct and study a number of such theories. Our
approach is as follows. We start with 4d A/ = 1 gauge theories arising from compactification
of 6d SCFTs on a torus with fluxes, discussed in [6-10]. The theories are then modified
by (1) reducing the number of flavours if this is allowed by gauge anomaly cancellation,
(2) dropping some superpotential terms, and (3) adding or dropping flipping fields. As a
result, we find several theories that flow to SCFTs with enhanced flavour symmetry, and
possibly with enhanced supersymmetry in some cases. Note that as a result of step (1), it is
tempting to regard the resulting theory as being obtained by gluing together certain basic
building blocks that are associated with duality walls of some 5d gauge theory whose UV
completion is in 5d [5], instead of 6d. However, while these theories are inspired by theories
related to 5d domain wall theories, in this paper we do not explicitly study the theories
living on the 5d domain walls. The theories studied in this paper were mostly chosen by
the existence of interesting IR dynamics, and may or may not have an higher dimensional
interpretation. We reserve a more in-depth study of such an interpretation to future work.

Organization of the paper. The paper is organized as follows. In section 2, we propose
a 4d N =1 gauge theory that flows to the 4d N'= 2 SU(N + 1) gauge theory with 2N 4 2
flavours of fundamental hypermultiplets and a decoupled free chiral multiplet. In section 3,
a 4d N = 1 gauge theory that flows to the (A, D4) Argyres-Douglas SCFT is investigated.
This theory turns out to be Seiberg dual to the theory proposed in [13]. In section 4,
we consider modifications of quivers from the minimal (Ds, Ds) conformal matter on a
torus with fluxes. In particular, we discuss a 4d N’ = 1 gauge theory that flows to the 4d
N =2 8S0(4) gauge theory with 2 flavours of hypermultiplets in the vector representation.
In section 5, we study a 4d AN/ = 1 quiver gauge theory containing an SCFT known as
E[USp(2N)], which was first proposed in [10] and is reviewed in appendix A, as a compo-
nent. We discuss the enhancement of the flavour symmetry in the IR. In section 6, we study
a quiver theory with the USp(4) x SU(3) gauge group that is a modification of the (D5, Ds)
conformal matter on a torus with fluxes [7, 9]. For the model that we propose, it is found
that the flavour symmetry gets enhanced in the IR. We also discuss a subtlety regarding
the accidental symmetry of this model. We then conclude the paper in section 7. The basic
notion of the supersymmetric index of 4d N’ =1 SCFTs is summarized in appendix B.

2 Flowing to the 4d N = 2 SU(N + 1) with 2N 4 2 flavours

In this section, we consider a 4d N/ = 1 quiver gauge theory that flows to the N' = 2
SU(N + 1) gauge theory with 2N + 2 flavours of fundamental hypermultiplets. We start
by exploring the case of N = 1 and then move on to the case of general N.



2.1 Thecaseof N =1

Let us consider the following theory:

(2.1)

with the superpotential
W =LUR+ F(DD). (2.2)

where F' is the flipping field for the gauge invariant quantitiy DD = eaﬁealﬁ/(D)g,(D)g,,
with «, 8 = 1,2 the indices for the left gauge group, and o', 3 = 1,2 the indices for the
right gauge group. This is a modification of the rank-one E-string theory on a torus with
a flux that breaks Eg to Ey x U(1) [6, figure 3]. In comparison with that reference, we
lower the number of flavours from 8 to 4, drop the flipping field for UU, and drop the
superpotential term LDR.

The superpotential and the condition for the non-anomalous symmetry imply that this
theory has one non-anomalous U(1) flavour symmetry, whose fugacity is denoted by d. The
superconformal R-charges of the chiral fields can be determined using a-maximisation [27].
We summarize these charges in the following diagram

t°d°

where the powers of the fugacity ¢ denote the exact superconformal R-charges. The con-

(a,c) = (j; ;Z) : (2.4)

Observe that the gauge invariant quantity UD has R-charge % and is therefore a free

field, which decouples. Subtracting the conformal anomalies of a free chiral multiplet,

formal anomalies are

(@, €)free chiral = (%, i), from (2.4), we obtain

47 1 29 1 237
Yy =—=—-—,= - — =(=,=]. 2.5
(@, ¢) (48 48’ 24 24> (24’ 6) (2:5)
This turns out to be the conformal anomalies of 4d N' = 2 SU(2) gauge theory with 4
flavours. In particular, this suggests that supersymmetry gets enhanced in the IR.

Let us compute the index of 2.1, whose details are collected in appendix (B.1). After
factoring out the contribution from the free chiral multiplet (which can be achieved, for



example, by flipping UD) we obtain
4 -2 ( SU4) SU(4) H
L [t a7 (X () + 20 g () + 1) | 63 (2.6)
14,0 SU(4 SU(4 '
— Py +y s + [_X[LO(J)] (1) = 2xjy ) o) (W) — 1} 24
where uw = (u1,u2,u3) denotes the SU(4) fugacities corresponding to the square node in
quiver (2.1). This can be compared with the index of the ' = 2 SU(2) gauge theory with

4 flavours, whose SO(8) flavour symmetry is decomposed into a subgroup SU(4) x U(1):

_ _ 4
Lo (a7 () + (402G ) + 1) |28 (27)
14,3 SU(4 —92y_ SU(4 ’
~dy+y s + [—X[Lo(’l)](u) — (B + 52X 1o () — 1} 24

The blue terms correspond to the moment map operators transforming under the adjoint
representation of SO(8), written in terms of representations of SU(4) x U(1); these op-
erators are mapped to the gauge invariant combinations LDR in (2.1). The term d*ts
corresponds to the Coulomb branch operator; this is mapped to U? in (2.1). Here the
SU(2)xU(1) R-symmetry of the N' = 2 theory is decomposed into a subgroup U(1)pxU(1)4
symmetry, where U(1)p is the R-symmetry of the A/ = 1 theory and U(1),; commutes with
U(1)g. The fugacity b corresponds to the baryonic symmetry of the N' = 2 theory. This is
not manifest in the description (2.3) of the N' =1 theory but is emergent in the IR. This
is the reason why we cannot refine the index (2.6), which was computed using (2.3), with
respect to the fugacity b.

Finally, we note that it is possible to understand and motivate this result as follows.
First, we note from figure (2.3) that the field D has zero charges under all global symmetries
and so there is no impediment to it acquiring a vev. Therefore, under the usual way of
thought in quantum field theory, we expect this field to acquire a vev dynamically during
the RG flow. The effect of this vev should be to identify the two SU(2) gauge groups, leading
to only a single SU(2) gauge group, the diagonal one. The additional vector multiplets are
Higgsed together with most of the components of the bifundamental D. The bifundamental
U, becomes a field in the adjoint representation of the remaining SU(2) and a singlet chiral
field. The superpotential LUR then couples the adjoint field with the fields L and R.
Overall, we end up precisely with the N = 2 SU(2) gauge theory with 4 flavours, plus a
single free chiral field that can be identified with the gauge invariant given by UZ.

2.2 General N

An interesting generalization of (2.1) is to consider the following model:




with superpotential
W =LUR+ FDN*!. (2.9)

This model can also be thought of as a modification of a 4d theory descending from the
compactification of a 6d (1,0) SCFT, similarly to the previous model. Here the 4d theory
in question is the one in [7, figure 7], which comes from a compactification of the 6d (1,0)
SCFT known as the (D43, Dy3) conformal matter [28]. Like in the previous case, the 4d
theory in [7] is based on 5d domain walls between different 5d gauge theory descriptions of
the 6d SCFT on the circle. In line with our general approach here, the modification in (2.8)
then corresponds to changing the 5d matter content by the removal of fundamental fields
such that the 5d gauge theory now has a 5d SCFT as its UV completion.? Nevertheless,
this does not guarantee that the theory in figure (2.8) has an interesting higher dimensional
origin as it may not be a domain wall theory associated with the modified 5d gauge theory
and its associated 5d SCFT.

In the same way as (2.3), this theory has one non-anomalous U(1) flavour symmetry,
whose fugacity is denoted by d. The U(1)4 charges and superconformal R-charges of each
chiral field are depicted in the following diagram:

t3d! Fdt (2.10)
t3 2
N +1 ] | N+1
t°d°
The conformal anomalies are
1
(a,c) = (48 (14N? 4 28N + 5) (8N2 + 16N + 5)) (2.11)

Similarly to (2.1), we see that the gauge invariant combination U DY has R-charge 2/3 and
is therefore free and decouples. Upon Subtractlng (a, ¢)free chiral = ( 18, 3 4) we obtain
1 1
(d,c) = (14N2 +28N +5), 5 (8N2 +16N+5) ) — (=, =
48 487 24
) (2.12)
(24 (TN? + 14N +2), G (2N2+4N+1)> :

This turns out to be precisely the conformal anomalies for 4d N = 2 SU(N + 1) gauge
theory with 2N + 2 flavours.
We compute the index of (2.8) for N = 2 and obtain
I+ [d4 +d? (X[Son(%)o i (w) + 1)} t5 —d2(y +y i3
(2.13)
SU — ;
+ [_X[Lo(,%),o,u( )—1+2d ),0, l)li (“> + d6] t? +

2The (Dn+3,Dn+3) conformal matter on the circle for N > 1 has several different 5d gauge theory
description, leading to multiple interesting domain wall theories. However, not all cases support a gener-
alization to a smaller number of flavors, while others are more intricate making the calculation we wish to
perform involved for generic N. We shall return to consider cases based on other domain walls between 5d
gauge theory descriptions for the (Ds, Ds) conformal matter theory in section 4.



This can be compared with the index for the ' = 2 SU(3) gauge theory with 6 flavours:

— SU(6 4 —1,\,58
L [dh a2 (3G () + 1) | 66 = d(y + y™)ed

SU(6) 3, SU®6)

Q,.9 S'[ (2.14)
+ {_X[LO,O,OJ] (u) =1+ d (07 +07) X[0,0,1,0,0) (%) T S

where b is the fugacity for the baryonic symmetry U(1), of the NV = 2 theory. This
symmetry is not manifest in the description (2.10) of the A/ = 1 theory, but is emergent in
the IR. Similarly to the N =1 case, the U(1); symmetry is the commutant of the N’ =1
R-symmetry in the N’ =2 SU(2) x U(1) R-symmetry. The blue terms correspond to the
moment map operators in the adjoint representation of SU(6) x U(1)y; these are mapped
to the gauge invariant combinations LDR in (2.8). The term d*t3 denotes the Coulomb
branch operator tr(¢?), where ¢ is the complex scalar in the N’ = 2 vector multiplet;
this operator is mapped to U2D in (2.8). The marginal operators are represented by the
positive terms at order ¢2, and they are as follows. The brown terms correspond to the
baryons and antibaryons in the N/ = 2 theory; they are mapped to L3 and R? in (2.8).
The term d°t? corresponds to the Coulomb branch operator tr(¢3) of the N' = 2 theory;
it is mapped to the operator U? in (2.8). The negative terms at order ¢*> confirm that the
non-R global symmetry of the theory is indeed SU(6) x U(1),.?

Like in the N = 1 case, we can understand and motivate this result as the field D
has zero charges under all global symmetries and so there is no impediment to it acquiring
a vev. Therefore, we again expect such a vev to be dynamically generated, leading to
the identification of the two SU(NN + 1) groups and the collapse of the quiver to a single
SU(N + 1) gauge theory. Following what happens to the matter content, we again see that
we just get the N =2 SU(N + 1) gauge theory with 2N + 2 fundamental flavours, plus a
single free chiral field.

3 Flowing to the (A, D) Argyres-Douglas theory

Let us now consider the following theory:

and turn on the superpotential:

W = LUR + (UD)(LD)? + Fy(UU)

+ Fp(DD) + Fi(LL) + Fo(QQ) + Fy tr(UD) + Fytr((UD)?) . (3.2)

This is again the modification of the rank-one E-string theory on a torus with a flux that
breaks Eg to SO(14) x U(1) [6, figure 12].  Here the superpotential term (UD)(LD)?

3The contribution of the conserved current for U(1)4 is canceled against the contribution of the N = 2
preserving marginal operator that is associated with the gauge coupling. Hence, both are absent in the index.



breaks the SU(2) flavour symmetry associated with the top square node in quiver (3.1)
to SO(2). This follows as the indices are contracted in the following manner. The UD
part is contracted so as to form a singlet under the left gauge SU(2), but under the right
gauge SU(2) it transforms as a triplet plus a singlet. The gauge singlet component of UD,
denoted by tr(UD), is massive together with the flipping field F} and hence do not play
any role in the IR dynamics of the theory. The indices under the left gauge SU(2) are
contracted so that LD forms an effective bifundamental between the right gauge SU(2)
and the SU(2) flavour symmetry associated with the top square node. It is then contracted
with itself so as to be in the triplet under both SU(2) groups. We then contract the triplet
indices of UD and (LD)? so that we get an invariant under the right SU(2) gauge group.
The resulting operator is then in the triplet of the flavour SU(2) associated with the top
square node, and so breaks it to SO(2).

The superpotential and the condition for non-anomalous R-symmetry imply that there
is one non-anomalous U(1) flavour symmetry, whose fugacity is denoted by d. The
theory (3.1), with superpotential (3.2), therefore has a manifest flavour symmetry SO(2) x
SU(2) x U(1)4. The U(1)y4 charges and superconformal R-charges of each chiral field are
depicted in the following diagram:

(3.3)

where the powers of the fugacity ¢ denote the exact superconformal R-charges. The con-

(a,) = (172 ;) | (3.4

This turns out to be those of the (Aj, Dy) or Hy Argyres-Douglas theory. In order to

formal anomalies are

see the relation between (3.1) and the (Aj, D4) theory, it is more convenient to apply
Seiberg duality [29] to the lower left SU(2) gauge node. =~ We shall discuss this dual
model in detail in the next subsection. There, we shall also argue that the SO(2) x SU(2)
symmetry gets enhanced to the SU(3) flavour symmetry of the (A, D4) theory, whereas
the U(1)4 symmetry plays a role as the commutant of the A’ = 1 R-symmetry in the N' = 2
SU(2) x U(1) R-symmetry of the (A;, Dy) theory.

3.1 Seiberg dual of theory (3.1)

Let us apply the Seiberg duality [29] (see also the Intriligator-Pouliot duality [30]) to the
lower left SU(2) gauge node in (3.1), which has six fundamental chiral fields (3 flavours)
transforming under it. As a result, we obtain a Wess-Zumino model with 15 singlets,
which can be written as 9!/ (with I,J = 1,...,6), transforming under the rank two
antisymmetric representation of the SU(6) acting on the six fundamental chirals, with the
cubic superpotential Pf(91).

~10 -



However, in the quiver theory we do not have the SU(6) as part of it is gauged by the
right SU(2) gauge group, and so we should split these 15 singlets into representations of
the SU(2) gauge group and its commutant. Specifically, this gives 4 mesons My = LU and
4 mesons Mp = LD, both transforming in the bifundamental of the SU(2) gauge group
and the top flavour node, 1 baryon L2, 1 baryon U?, and 1 baryon D?, which are singlets,
and the 4 fields UD. The latter can be split into the trace part tr(UD) and the traceless
part X; in other words, tr(X) = 0 and

1
UD =X + 5 tx(UD) 1oz, (3.5)

The field X then is a chiral field in the adjoint of the gauge SU(2), while tr(U D) becomes a
singlet chiral field. From the superpotential (3.2), all of the baryons and the trace tr(UD)
are flipped, so they are set to zero in the chiral ring. We then obtain the following dual
theory

My X

R o Q

2 2 (2] (3.6)

Mp

The superpotential (3.2) of the original theory contains the term ULR — My R. This
implies that the fields R and My acquire a mass and can be integrated out. We are thus
left with the following theory

X

2] Mo @ 29 ] (3.7)

N
The superpotential of this theory can be determined by putting all of the possible gauge

and flavour invariants that map to the combinations of the fields in (3.3) with R-charge 2
and U(1)4 charge 0:
W = Fx tr(X?) + Fo(QQ) + XMpMp . (3.8)

This theory was in fact studied in section 3.2 of [13] and section 2.1 of [15]. The term
XMpMp in (3.8) comes from the term (UD)(LD)? in (3.2).* This superpotential term
breaks the SU(2) flavour symmetry corresponding to the left square node to SO(2) = U(1).

*We remark that if we drop the term (UD)(LD)? in the superpotential (3.2), the conformal anomalies
(a,c) of theory (3.1) with such a superpotential is different from that of the (A, D4) theory. Indeed,
the term (UD)(LD)? is a relevant deformation with respect to the theory with such a superpotential
term being dropped. Since this term brings about the term XMpMp in (3.8) of the dual theory, we
conclude that the latter cannot come from the superpotential Pf(9) of the Seiberg duality, otherwise we
would not need the term (UD)(LD)? in the original theory. Another way to see this is that in Pf(90)
611_“[693?[1[293?[3[493?[5[6, the epsilon tensor imposes a total antisymmetrisation in the indices I4,..., Is;
however, in the superpotential term X MpMp, since X can be regarded as a symmetric tensor in the
SU(2) gauge indices, the two flavour indices coming from each Mp are symmetric and are contracted by a
Kronecker delta, which is incompatible with the index contraction in Pf(91).
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This, together with the SU(2) corresponding to the right square node, gets enhanced to
SU(3) in the IR. There is also a non-anomalous U(1) symmetry, which can be identified
with U(1)4 of the original theory. The superconformal R-charges and U(1), charges of the
chiral fields are summarised as follows:

B ted~! C; t2d”’ 2] (3.9)

The conformal anomalies are

(a,c) = (172 §> : (3.10)

which are equal to those of the (A1, Dy) Argyres-Douglas theory, whose index was computed
in (5.12) in [13]. Using the notation of (3.9), this can be written as®

1+ dS + |:d—4<\7\:[}'(:21(i'r~) lus ”71’)\?117-(21)(}1,’) N l> _ d2(y+y_1)] 4 (3.11)

+a73 + = (x P @) + (P @) 1 2) +d2 4 Py yTh] 2
where u is the SO(2) = U(1) fugacity corresponding to the left square node in (3.9),
and z is the SU(2) fugacity corresponding to the right square node in (3.9). The brown
terms correspond to the decomposition of the adjoint representation of SU(3) to those of
SU(2); x U(1),. These are indeed the contributions of the gauge invariant combinations
QRXQ, MpQ and Fx in (3.7), which are mapped to the moment map operators of the
(A1, Dy) theory, possessing an SU(3) flavour symmetry. The term d'?t? corresponds to the
marginal operator Fg).

4 Modifications of quivers from the minimal (Ds, Ds) conformal matter
on a torus with fluxes

The quivers for 4d theories arising from the compactification of the 6d minimal (D5, Dj)
conformal matter on a torus with various fluxes were presented in figures 29, 30 and 31
of [8]. The idea of constructing such theories was to start from a suitable building block
theory corresponding to a sphere with two punctures (i.e. a cylinder) associated with
appropriate 6d flux. Such a flux can be viewed as introducing domain walls in certain 5d
gauge theories, whose UV completion is the 6d conformal matter. Every building block
contains an SU(4) x SU(4) flavour symmetry, which are subgroups of the 6d SO(20) global
symmetry group that were preserved by the fluxes. To form a torus with a given flux, the
two punctures of an appropriate cylinder are then glued together.

In this section, we consider a variation of the above 4d theories. Similarly to the
preceding sections, we modify the building block such that the flavour symmetry is SU(2) x
SU(2), instead of SU(4) x SU(4) as mentioned above. We then glue such building blocks
together. The resulting theories have the same structure as those in figures 29, 30 and 31
of [8] but with SU(4) flavour symmetry nodes replaced by SU(2). The flipping fields and
superpotential are then introduced such that the gauge theory has interesting IR properties.

®The notation in (5.12) in [13] can be translated to our notation as follows: t = t3 and v = d*.
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4.1 A model with an SU(2)3 x U(1) flavour symmetry

We consider the following modification of figure 29 of [8]:

with superpotential

W =QuiQrrlpr + QurQrrApR + QrrQpu@ppRLR + QRLADUXDDRRR
+ FyrQ¥, + FrrQ%; + FLrQip + ForQriQrr (4.2)
+ FprQ%Hr + FriQ%b + FrRRQ%g + FarQRrLQRR -

There are two non-anomalous U(1) symmetries whose fugacities are denoted by d; and da.
Each chiral field in the quiver carries the global charges as indicated in the diagram below:

(4.3)

where the powers of the fugacity ¢ denote the approzimate superconformal R-charges.’
Since the chiral fields Q@ py and @pp transform under the bifundamental representation of
the same gauge groups, it is expected that there is an SU(2) global symmetry acting on
them. Indeed, as we shall discuss in more detail below, a combination of U(1)4, and U(1)4,
becomes a generator of such SU(2), and so we have an SU(2) x U(1) global symmetry arising
from U(1)4, and U(1)g,. Together with the two square nodes, the flavour symmetry that
is manifest in (4.3) is therefore SU(2)% x U(1). The conformal anomalies of this theory are

(a,c) = (%/ﬂ— % ? g— 5;) : (4.4)

SThe exact mixing coefficients  such that U(1)r = 2 + aU(1). for ¢ = d1,d> are — (% - Qéﬁ) ~ 2

- 3
and 3 — Y4 ~ {1

3 105+ respectively.
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4.1.1 Seiberg dual of theory (4.1)

We can Seiberg dualise the top left and bottom right nodes of (4.1), in a similar way to
that described in section 3.1. As a result, we obtain the following quiver

Xy Xr
() e ()
QL O —C) Qnr #5)

D

where the chiral fields of this theory are mapped to the combinations in (4.1) as follows:

(4.5) (4.1)

Qr <« QurQLr

Qr < QpRQRL

Qu <+ Qpu (4.6)
Qp <+— Qpp

Xy, <— traceless part of QrrQLRr

Xr <— traceless part of QrrQrR

where we remark that the traces of QrrQrr and QrrQrr are flipped by Fo;, and Fop
according to (4.2), and so X and Xp transform under the adjoint representation of each
SU(2) gauge group.

Fach chiral field in the dual theory carries the global charges as indicated in the
diagram below:

79 79
dy 1150 dy 1150

(4.7)

1,71
——1150
dy

The superpotential of the dual theory can be determined by gauge and flavour invariant
combinations in the above quiver that have R-charge 2:

W =QuX.Qp +QuXrQp + (QrXr)* + (QrXg)*. (4.8)

The conformal anomalies of (4.5) are indeed equal to (4.4), as it should be.
In fact, the SU(2) global symmetry in (4.1) and (4.5) can be made manifest by setting

_1
d2 = wdl 2 5 (49)

where w is the SU(2) fugacity. This SU(2) is just the one rotating the two SU(2) x SU(2)
bifundamentls in (4.5), or the diagonal ones in (4.1), and is visible already in the UV
theories. This model, then, does not actually manifest any symmetry enhancement in the

IR, and we present it here mostly for completeness. The index can be written as
1247265 + 2035 + a7t x5 @ () + )P (0) + 1y P (w)] 118

_5
—2(y+y Hditio +d, 2 X[S;]J@) (u)X[S;]J@) (v)xf’gﬂm) ()t »
VAT 4 2d (y oy )R (4.10)
1 Ly +y s
SU SU SU
+ [3 X OE X[ @ () - Xp2] @) 2+ ...
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The terms at order ¢? indicate that the theory has the flavour symmetry SU(2),, x SU(2),, x
SU(2)y x U(1)g, -

From quiver (4.5), one may expect to consider instead the superpotential

W =QuXrQp+ QuXrQp + QrXrQr + QrXrQR, (4.11)

Note that the last two cubic terms break the SU(2), and SU(2), flavour symmetries to
SO(2), and SO(2),, respectively. This is actually the 4d N/ = 2 theory with an SU(2) x
SU(2) gauge group, one bifundamental hypermultiplet, and one flavour of fundamental
hypermultiplet for each gauge group. However, since each SU(2) gauge group has three
flavour of fundamental hypermultplets charged under it, this theory flows to a theory of
two free vector multiplets (after flipping the operators tr(X?) and tr(X%), which fall below
the unitarity bound). The latter can be seen from the conformal anomalies: (a,c) =
(3/8,1/4) =2(3/4,1/2).

4.2 A model with an enhanced SU(2) symmetry
We consider the following modification of figure 30 of [8]:

(4.12)

with the superpotential

W =QuirQrrQpr + QurQrRrRYDR + QLrRQDUQRLA DD

(4.13)
+FriQ3. + ForQriQrr + FRrRQ%r + ForQRLQRR -

There are three non-anomalous U(1) symmetries, whose fugacities are denoted by ¢,
q2 and z. Each chiral field in the quiver carries the global charges as indicated in the
diagram below:

(4.14)
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where the powers of the fugacity ¢ denote the approzimate superconformal R-charges’ that
are used in the computation of the index below. The conformal anomalies are

109+/109 369 55v109 93
(a,c) = [ —X—= , . (4.15)
24 8 12 2

We claim that U(1), gets enhanced to SU(2), in the IR. The evidence for this is as
follows. First of all, the 't Hooft anomalies involving odd powers of U(1), vanish, as it
should be in order for U(1), to get enhanced to SU(2),. Moreover, one can compute the
index of this theory:

_ 14 —92 SU(2 16 — _ 22
L+ (g + alay ) + gdar xy 2 (@)E55 — (o + qugy ) (y + ™)L
2

_ _ 23 _ _ 28 _ _
+ (g "+ gday S + (0] +aiay® + a1ay Dt + (6f +aia Dy +y e
SU(2 SU(2 — SU(2
+ =3 x5 P =i D) + (@ + a3 V(@)

+ay" (1 +xy (U)) + (1 + X (v)> }tZ EEREE

©

ot

(4.16)

where u and v are the fugacities associated with the SU(2) flavour symmetry of the left
and right square nodes in the quiver. We see that the index can be written in characters
of U(1)g, x U(1)g, x SU(2)y, x SU(2), x SU(2),, at least to the evaluated order. Note that
we do not see the negative term —X[S;]J(Q) (x) at order 2. However, this can be accounted

for by a cancellation with certain marginal operators.®

"The exact mixing coefficients a such that U(1)r = %JrozU(l)c for ¢ = q1, g2, x are % (\/@ — 11) & fé,
% and %, respectively.

8Let us define the combinations (Pr)as := (QrrQLR)as such that the indices of the lower left gauge
node are contracted and a,b = 1,2 are the indices for the upper left gauge nodes. Similarly, we define
(Pr)ary := (QrLQRR)a'r such that the indices of the upper left gauge node are contracted and a’,d" = 1,2
are the indices for the lower right gauge nodes. Such marginal operators in the adjoint representation of

SU(2)» can be written as follows:

a1by Lasby afby abhbh
(QDU)byb, (QDU )pypy €t €272 €M1 717272

192
BN ax
2242 . (PL)ayas (PR)a’la’Z (QDU)blb/l (QDD)b2b’2€alb1 e@2b2 aiby asdy , (4.17)
N N
RN (PL)aras (PR)af at (QDD )by, (RDD )by 101 ¢2b2 (0101 azbs

Notice that these combinations do not carry fugacities ¢1 and g2, as required.
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4.3 Flowing to the N/ = 2 SO(4) gauge theory with 2 flavours

We consider the following modification of figure 31 of [8]:

QU M

(4.18)

QbpMm

with the superpotential

W =QurQrrQpr + QurQrrODpR + QLrQpMQDpU + QrL.QUMADD

(4.19)
+ FrrQip + FrrQ%g + ForQriQrr + FarQriQRR -

This theory has three non-anomalous U(1) symmetries, whose fugacities are denoted by
di, ds and ds. Each chiral field in the quiver carries the global charges as indicated in the
diagram below:

(4.20)

where the powers of the fugacity ¢ denote the exact superconformal R-charges. The con-

(a,¢) = G;’ g) . (4.21)

It is interesting to point out that these are coincident with those of the 4d ' = 2 SO(4)
gauge theory with 2 flavour of hypermultiplets in the vector representation, or equivalently
the SU(2) x SU(2) gauge theory with 2 bifundamental hypermultiplets. We will shortly

formal anomalies of this theory are
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describe the connection between (4.18) and this /' = 2 theory. The index of (4.18) is

+d3+ +—-

ﬁﬁ+@@+@ dy
Bd}  dyd]  dsdy
dsd? 22 dy  dads

- £+@£ d3d? @m+%%+f d3
2 d2dy B dy  dzdy 2T 2a

4

as 5
—1 3

(4.22)

s s 1 s
X ) =y P+ i (1 ) +id (1450 )
Cddy 2

142 d1d2 )

where u and v are fugacities for the SU(2),, and SU(2), flavour symmetries denoted by the
square nodes on the left and right of quiver (4.18).

In order to make a connection with the aforementioned N = 2 theory, we remark that
both flipping fields Fr;, and Frr have R-charge 2, and they can be turned on in the super-
potential (4.19), again this is assuming that there are no accidental U(1) symmetries and we
can trust the results of the a-maximisation procedure. Under the U(1), = U(1)g, + U(1)q4,
symmetry (so that the fugacity p?> = dida), they carry charges p? and p~2 respectively.
Therefore there is a Kéhler quotient implying that this combination is exactly marginal.
Thus, adding Fr;, + Frr in the superpotential (4.19) amounts to moving along a one di-
mensional subspace of the conformal manifold. In this subspace, Qr; and Qrgr acquire a
vacuum expectation value (vev). This can be seen as follows. We have the superpotential
terms FLLQ%L + FRRQ%R + Fr1 + Frr, and the F-terms with respect to Fr;, and Frp
force Q% ;, and Q% r to acquire a vev. In other words, moving along this subspace breaks
the U(1), symmetry, and without this symmetry there is nothing that prevents @1 and
Qrr from acquiring a vev. In either way, the vevs cause (4.18) to collapse to the NV = 2
quiver with two SU(2) gauge groups and two bifundamental hypermultiplets.

The index of theory (4.18) with the superpotential deformation Frj + Frp in (4.19)
can be obtained from (4.22) by setting

di = q3z, dy=gq 727", d3 =q, dy=q 2w. (4.23)

(In this parametrisation dids = 1, and so the U(1), symmetry defined above is broken.)
As a result, we obtain

1+

— 4
20+ (3 @)+ 10 P gy )+ gy <w>>] U

—%@+94ﬁ§+ﬁﬂﬁmkﬂ ﬁm<>+4ﬂ+~--

This is precisely equal to the index of the 4d N' =2 SU(2) x SU(2) gauge theory with two
bifundamental hypermultiplets, whose flavour symmetry is USp(4). Observe that the U(1),
and U(1),, symmetries of the deformed N = 1 theory get enhanced to SU(2), and SU(2),,.
Indeed SU(2), x SU(2),, is the subgroup of USp(4) that is preserved everywhere on the
conformal manifold, as can be seen from the negative terms at order ¢? of the index (4.24).
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The blue terms at order ¢3 correspond to the USp(4) moment map operators, and the term
2q2t% corresponds to the Coulomb branch operators of the two SU(2) gauge groups in the
N = 2 theory. The SU(2) x U(1) R-symmetry of the N’ = 2 theory can indeed be decom-
posed into U(1) g x U(1),, where U(1)g is the N’ = 1 R-symmetry and U(1), commutes with
U(1)gr. Note that the SU(2), and SU(2), flavour symmetries completely decouple along
the conformal manifold, as can be seen from the index (4.24). A way to see this is to use
the fact that the only non-vanishing 't Hooft anomaly involving them is with U(1),, so once
the latter is broken there is no obstruction for them to disappear in the low-energy theory.

5 Quiver with the E[USp(2NN)] theory as a building block

Let us now consider a 4d N' = 1 theory whose quiver description contains the E[USp(2N)]
theory as a component. The E[USp(2N)] theory is a 4d N' = 1 SCFT with USp(2N) x
USp(2N) x U(1) x U(1) flavour symmetry [10, 31]; see also appendix A for a review. It
admits a quiver description (A.1), where only the symmetry USp(2N) x SU(2)"Y x U(1) x
U(1) is manifest. One may use one or many copies of E[USp(2NN)] as a building block to
construct several interesting 4d SCFTs by commonly gauging the USp(2N) symmetries,
including those that are not manifest in the quiver (A.1), and couple them to matter fields.”
In [10], a number of such quivers were studied in the context of compactification of the 6d
rank N E-string theory on a torus with fluxes.

In this paper, the general strategy is as described in the preceding sections, namely we
modify such quivers by lowering number of flavours (say to Ny < 8). The resulting quivers
are expected to correspond to theories on the domain wall of the 5d N/ = 1 USp(2N)
gauge theory with an antisymmetric hypermultiplet and Ny < 8 flavours of fundamental
hypermultiplets. We also modify the superpotential and flipping fields so that the theory
has interesting IR properties. In the following, we focus on the theory that is a higher
rank USp(2N) generalisation of (2.1). This theory turns out to have an enhanced flavour
symmetry in the IR.

5.1 A higher rank USp(2N) generalization of (2.1)

Let us consider the following model:

9We remark that such a construction is in the same spirit of that of the 3d S-fold SCFTs in the sense
that two U(NN) or SU(N) symmetries of the T'(U(N)) or T (SU(N)) theory [32] are commonly gauged and
possibly coupled to matter fields [33-35] (see also [36-38]). Note that in the Lagrangian description of
the T(U(N)) or T(SU(N)) theory only one U(N) or SU(N) symmetry is manifest, whereas the other is
emergent in the IR.
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where we have used the notation as in appendix A. Here two copies of E[USp(2N)] are
glued together by commonly gauging USp(2/N) symmetries from each copy, so that we
have a pair of USp(2/V) gauge groups, denoted by blue circular nodes in the quiver. The
fields H, C,II coming from the upper (resp. lower) copy of E[USp(2N)] are labeled by the
subscripts U (resp. D), standing for up (resp. down). In the above we introduce the flipping
fields Fp and Fyp, as well as the chiral fields ®; and ®g in the traceless antisymmetric
representation of the left and right node respectively. The superpotential is taken to be:'°

W =LlyR+ ®(Hy +Hp) + Pr(Cy + Cp) + Fpllpllp + Fypllyllp, (5.2)

Notice that the F-terms with respect to ®; and ®r have the effect of making a combi-
nation of Hy, Hp and a combination of Cyy, Cp massive, thus leaving only one massless
operator in the antisymmetric of the left gauge node and one in the antisymmetric of the
right gauge node. We denote the surviving operators by Ay, and Ar and we represent them
in the quiver as arcs on the two nodes. The resulting quiver is therefore

(5.3)

with superpotential
W = LIIyR + Fpllpllp + Fypllyllp. (5.4)

The superpotential and the condition for the existence of a non-anomalous R-symmetry
imply that this theory has two non-anomalous U(1) flavour symmetries, whose fugacities
we denote by d and 7. The UV R-charges of the chiral fields L, R, Fp and of the operators
Ar, Agr, Il and IIp are

RIL)=RR|=1- R,  RAJ=2-R., RIAR] = R,
R[Iy] = Ra, RIp] =0,  R[Fp] =2, RlFup) =2 R4, (55)

where Ry and R, are the mixing coefficients of the R-symmetry with the abelian global
symmetries U(1)g and U(1),. To relate these notations to those adopted in appendix A, we
remark that the U(1); symmetry is identified with the U(1). symmetry of the upper copy
of E[USp(2N)], as can be seen by comparing R[II] in (5.5) with the corresponding entry
in (A.10). Moreover, the U(1), symmetries of the upper and lower copies of E[USp(2N)]
are identified and are referred to as U(1), in the above; this as can be seen by comparing
R[Ar] and R[AR] in (5.5) with the charges of C and H in (A.10).

9Contractions over USp(2N) gauge indices using the antisymmetric tensor J = I, ® i o2 and SU(4)
flavour indices using the Kronecker delta are understood.
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The values of Ry and R, that correspond to the superconformal R-charge can be
determined via a-maximisation. For generic N we find

V3N(ON(2N +1) —19) +25 -9
3(6N —7) ’

Ry = R, =1. (5.6)
For N = 1 we recover exactly the results of section 2.1, with the opererator UD being
flipped. In this case, the theory flows to the 4d N/ = 2 SU(2) gauge theory with four
flavours. From now on we will focus on the case N = 2.

5.1.1 The case of N =2

We have ]
Ry= 1 (\/451 _ 9) ~ 0815784, R, =1, (5.7)

while the conformal anomalies are

(a,¢) (451\/45 — 5724 506v/451 — 6219
a,c) =

~ (0.915489, 1.17042) . .
300 , 300 ) (0.915489, 1.17042) (5.8)

In order to compute the index, we approximate R; = %. Using (5.5), we summarise the
charges of each chiral field as follows:

(5.9)

where the powers of ¢t denote the approximate R-charges. Using the charge assignment as
n (5.9), we find that the index is

— SU _ 7 8
1+d [ o (W) + 2x 1 g (w )+2}to+d (r+ 77115 + 2d%t5
9
t5

—d(y+y) 6 = a7+ (W ) + 2 @) (5.10)

_ S 11
++yh (x[l‘fé,lﬁ( )+ 20 w) +2) 15+

where u = (uq, ug, u3) denotes the SU(4) fugacities. Recalling the following branching rule
of the adjoint representation of SO(8) to SU(4) x U(1):

- [170’ 1]0 + [07 17 O]+2 + [Oa ]-a 0]*2 + [07 07 O]O

(5.11)
28— 150®6,2D6_9D1p,

we claim that the SU(4) flavour symmetry in the description (5.9) gets enhanced to SO(8)
in the IR. Note that the aforementioned U(1), which is a commutant of SU(4) in SO(8),
is not manifest in the description (5.9); it is in fact emergent in the IR and combines with
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SU(4) to become SO(8). Moreover, we claim that the U(1),; gets enhanced to SU(2),.
Indeed, the above index can be rewritten as

L+d™ [X[So(,)l(,%)o] () + 1} t5+d QX[Sll}J( ()5 + 2d%5 —d (v+y™) t5

_ S SO _ 11
— a7 [P O g @ = D+ @+ 5 ) @) + D] £+

Let us now discuss the symmetry enhancement in further detail.
We first consider the enhancement of SU(4) to SO(8). Note that such enhancement
also occurs in the N = 1 case, as discussed in section 2.1, where the theory flows to 4d

(5.12)

N =2 SU(2) gauge theory with four flavours, whose flavour symmetry is SO(8). First of

all, we notice that the index rearranges into characters of SO(8). For example, at order tg,

SO(8)
X[0,1,0,0]

following representations of SU(4) x U(1)4:

we have the terms d—1 ( (x) + 1), which come from the following operators in the

=X (W)t (LL) = LiL]J"
_ SU 6 a' b
Y X[o, 1(0)](’“)7553 (RR)ij = RiwRjy J* "

(5.13)

oy

_1,.SU
A7 (X o0 (w) + 1)t
d_ltg : Fuyp

(LNpR)'; = Lillp o Rjp J0 TV Y

where a,b=1,...,4and a/,1/ = 1,...,4 are the indices for the left and right USp(4) gauge
nodes respectively. Moreover, in order for the enhancement to hold we should see the
contribution of the conserved current in the adjoint representation of SO(8) contributing
with a minus sign at order t?, while from the index we only see —t> which we interpret
as the contribution of the conserved current for the U(1); symmetry. Nevertheless, the
absence of this contribution to the index might be attributed to cancellations with some
marginal operators in the adjoint representation of SO(8) and uncharged under U(1)4.!t
Regarding the enhancement from U(1); to SU(2),, we again notice that the index
rearranges into characters of SU(2),. In particular, at order 5 we see an operator in the
fundamental representation of SU(2),, which is made of the two following gauge invariant

operators of the upper E[USp(2N)] block (see appendix A):

7
d721t5 bgU) (5.16)
7
d=2r 15 . I\/IEU) . (5.17)
176t us define the combination
Py = HU,al a HD,az b/HD,a al Jerez gt (5'14)

Such marginal operators and their fugacities are as follows:

X[SOI,JI(,LLO)] (’U,)t2 : (LHUHDHDHDL)” - le1 a1a1HD ag al Lj J b J b2 Jor 2
SU((4 b’ b’
x[o,f,o)] (uw)t? : (RUuIpIpIpR)ij = Ry, Payar Up oy o Ry, JOL a2 Jen b gas b (5.15)
S i a
X n @)t (LIyTpIpR)'; = Ly, Pay oy Ry, J* 1 J1 1
2 Fp.

Notice that these gauge invariant combinations are neutral under U(1)g4, as required.
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where the superscript (U) is there to emphasize that these are operators coming from the
upper E[USp(2N)] theory. Note also that the 't Hooft anomalies involving odd powers
of U(1), vanish. This is indeed a necessary condition for the enhancement to SU(2),.
Finally, we again note that we do not observe the conserved currents for this SU(2), in the
t? order in the index. This again might be explained by a cancellation with some marginal
operators. For instance, there are the marginal operators, with their index contributions:

722 ArIIpllpAr = AL7abAL7CdHD7ea/HD7fb/JaeJCfdeJa/b/
T2t ARIDIIDAR = Ap wyAre Tl aeTlpy prJ* € TS TV 4 g0t (5.18)
92 ALIIplIpAg = AL,abAR,a/ b/HD’CC/HDdd/JaCJa, o gbd gb'd"

These could cancel the contribution of the conserved current in the adjoint representation
of SU(2),.

5.1.2 General N

Let us briefly comment on the case of a general value of N.

We claim that the U(1), gets enhanced to SU(2), in the IR. The reasons are as follows.
Notice that the vanishing of the 't Hooft anomalies with odd powers of U(1), holds for any
N, and so the necessary condition for such enhancement is satisfied. Moreover, from (5.5)
and (5.6), we have R[IIp] =0 and R, =1 for any N, and so we will have the same set of
marginal operators (5.18) in the triplet of SU(2), for general N. Finally, E[USp(2N)] enjoys
a self-duality (see appendix A) that acts on the 7 fugacity of the index as 7 — pq/7 = 2/,
which implies that 7 will appear in the index of our model with characters of SU(2),. All
these facts suggest that the enhancement of U(1), to SU(2), may also occur for higher N.

Regarding the enhancement of SU(4) to SO(8), we do not have crystal clear evidence
for it taking place for N > 3. This is partly because it is very cumbersome to compute
the index for E[USp(2N)| for N > 3 as a power series in t to a satisfactory order. Nev-
ertheless, one can still see some signals of the SO(8) symmetry. For example, the relevant
operators (5.13) still combine into the adjoint representation of SO(8) plus a singlet. The
marginal operators (5.15) also combine into the adjoint representation of SO(8), and their
contribution in the index still cancels that of the possible SO(8) conserved current for any
N. Indeed, these signals are due to the fact that we gave R[L] = R[R] = 2 — R[lly] and
R[IIp] = 0 for generic N; see (5.5).

6 A model with an enhanced SU(9) symmetry

In this section, we consider a quiver theory with a USp(4) x SU(3) gauge group that is a
variation of figure 4(b) of [7] and figure 6 of [9], associated with the (Ds, D5) conformal

matter on a torus with flux % The modification is such that the gauge anomalies are
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cancelled. In particular, we study the following model:

where the blue circular node with the label 4 denotes the USp(4) gauge group, and the
white circular node with the label 3 denotes the SU(3) gauge group. Let us first focus on
the zero superpotential case:

W =0 (6.2)

The condition for the non-anomalous R-symmetry implies that the R-charges of the chiral
fields can be written as

RIU.D.LRQ)) = o+ 50+ 5

~ (0.268,0.268,0.196,0.982,0.982) .

Observe that the gauge invariant combination LL has R-charge 0.392, falling below the
unitarity bound. We therefore introduce the flipping field F7, and add the superpotential
term Fr(LL).

(6.5)
with
(6.6)
a-maximisation fixes (z,y, z) to be (—
61 61 11 209 209 61
R(U.D.L.R.Q.F )] = —, — — =2 = ~—
(U, D, L, R, Q, F1)] (216’216’72’216’216’36) (6.7)
~ (0.282,0.282,0.153,0.968,0.968, 1.694) .
The conformal anomalies are
1909 6895
= ——,—— | = (1.864,2.244). 6.8
@0 = (1ot oo ) =~ (1864,220) (6:)
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Adding the superpotential term ULR. Let us deform the theory by turning on the

relevant deformation U LR, whose R-charge is 170—21 ~ 1.403, in the superpotential so that

W = ULR + Fy(LL). (6.9)

The flavour symmetry that is manifest in the quiver is SU(6) x SU(2) x U(1), x U(1),. If we
assume that there is no accidental symmetry, a-maximisation gives (z,y) ~ (—0.428,0.034)
and so

R[(U,D,L,R,Q, Fr)] =~ (0.239, 0.371, 0.085, 1.676, 0.701, 1.830). (6.10)
These lead to the conformal anomalies
(a,c) = (2.167, 2.573). (6.11)

We will see below that there is, in fact, an accidental symmetry. This renders the R-
charges (6.10) obtained using a-maximisation unreliable.'?> To understand this point, it is
more transparent to consider the Intriligator-Pouliot dual [30] of (6.5).

6.1 Intriligator-Pouliot dual of theory (6.5)

We apply the Intriligator-Pouliot duality [30] to the USp(4) gauge group of (6.5). Recall
that, under this duality, the USp(4) SQCD with 8 fundamentals is a Wess-Zumino model
with 28 chiral multiplets, represented by an 8 x 8 antisymmetric matrix M, with the quartic
superpotential W = Pf M. The dual of model (6.5) can be written as

Mru S

6] (6.12)

where Mx denotes the components of M dual to the bilinear X in (6.5). The combina-
tion UD (with the USp(4) gauge indices contracted) can be decomposed into a rank-two
symmetric field S and a rank-two antisymmetric field A under SU(3). Note that the latter
can also be regarded as a chiral field *A in the antifundamental representation of SU(3).
The 28 components of M therefore split as follows: 6 of My, 6 of Myp, 3 of Myy, 3 of
Mpp, 1 of My, 6 of S, and 3 of A. The superpotential of this theory can be determined
by putting all of the possible gauge and flavour invariants that map to the combinations

20ne hint that there is something wrong with these results can already be seen as (6.11) is larger
than (6.8), in contradiction with the a-theorem.
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of the fields in (6.5) with R-charge 2 and U(1),, U(1), charge O:

W = Mpy(S*Mpp + ASMpp + A>Mpp + MyyMppMip)
+ M?,;(MppS + MppA)
+ Mpp(S® + AS?* + A%S + A® + MppMyy S + Mpp My A) (6.13)
+ Myy AME p + MyuSME p
+ My Fy,.

We remark that the terms in the first four lines come from the superpotential Pf M of the
Seiberg duality. Indeed, the index contractions in these terms are compatible with that in
Pf M o< e, gy 1,0, M1 MTa71 The last term My Fy, comes from Fp,(LL) in (6.9) of
the original theory.

Let us now consider the dual of the theory with superpotential (6.9). In the latter, the
superpotential term ULR = My R implies that the fields R and My acquire a mass and
so can be integrated out.'® The resulting quiver is then

6] (6.14)

with the superpotential

Wig1a) = M (S + AS® + A2S + A* + MppMyyS + MppMyy A)
+ MyyAM3 , + MyySM3 ), (6.15)
+ MpLFy .
Indeed, we see that dualising the USp(4) gauge group in the original theory brings about
quartic superpotential terms, which correspond to irrelevant operators with respect to the

UV fixed point. These indeed lead to an accidental symmetry.
The superpotential and the condition for non-anomalous R-symmetry give

R[(Q,Myy,Mpp, A, Mrp,S, Mrr, Fr)]

T 7y+2 +2 +2 x+y+2
= _— = — —., X —_ —_ —_ —_ —_
2 12 3Ty ¥ Ty oty Ty (6.16)
3 y 1 = y 2 3r 3y 3z 3y
—— 24— -+ 4=, —— - = — 4+ = +2].
4 4+3’2+2+3’ 2 2’ 2+2jL

!3Note that the matter content in (6.12) renders the SU(3) gauge group to be IR free, and so, without
the superpotential (6.9), the theory has trivial dynamics in the IR. This implies that the results in (6.8)
are inaccurate, as fields are expected to become free in the IR implying accidental symmetries not taken
into account in the calculation leading to (6.8).
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If we were to proceed with a-maximisation, we would obtain (z,y) ~ (—0.189, 0.076), and

SO
R[(Q, Myv,Mpp, A, MLp, S, Mrr, FL)| (6.17)
~ (0.701, 0.478, 0.743, 0.610, 0.456, 0.610, 0.169, 1.830). .
With these values of the R-charges, we would obtain the conformal anomalies
(a,c) = (2.167, 2.573), (6.18)

in agreement with (6.11). However, due to the accidental symmetry, the R-charges pre-
sented in (6.17) are unreliable.'

An enhanced SU(9) flavour symmetry. We claim that the theory (6.14) with super-
potential (6.15) flows to a superconformal field theory with a global symmetry SU(9) x
SU(2) x U(1)2, where the U(1)3 x SU(6) flavour symmetry manifest as rectangular nodes'®
in the quiver (6.14) gets enhanced to SU(9) in the IR. Let us explain this as follows.

Let us consider (6.14), without the singlets F; and My, and with zero superpoten-
tial. We can combine Mpp, Myy, *A and ), which transform in the antifundamental
representation of the SU(3) gauge group, into a the chiral field F' in the following theory:

2] < f SU(3) \ I (9] (6.19)

with zero superpotential. The condition for the non-anomalous R-symmetry fixes the R-
charges of the chiral fields to be of the form:

RI(F,Q,8)] = (—20‘—55+16 ats, ﬁ+§> . (6.20)

9 9 27’

There are two non-anomalous U(1) symmetries, denoted by U(1), and U(1)3, under which
the charges of the chiral fields are given by the corresponding coefficients of a and 3 in the
above equation.

a-maximisation fixes (a, 3) to be

(@, ) = (117 (5\/37 . 93) 1—17 (189 . 11@)) ~ (—0.029, —0.069),  (6.21)

and so the superconformal R-charges are

5
R[F] = R[Q'] = V321 — 3) ~ 0.637,
b7 ( ) (6.22)
RIS) = = (267 - 11\/321) ~ 0.598

' Another piece of evidence that something goes wrong is the supersymmetric index. Computing the
index of theory (6.14) with the R-charges (6.17) and expanding it as a power series in ¢t = (pq)%, we obtain
negative terms at the power lower than ¢?. This is in contradiction with the superconformal symmetry.

15T fact, one of such U(1) symmetries is broken by quartic superpotential terms. However, since the
latter are irrelevant, we gain this factor of U(1) back in the IR.
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The conformal anomalies are

(a.c) = 1177+/321 — 14880 517+/321 — 5620
T 2704 ’ 1352

> ~ (2.296,2.694) . (6.23)

To compute the index of (6.19), we choose the values of the R-charges of the chiral fields
to be close to the superconformal ones. For convenience, we take («, ) in (6.20) to be
(=135, —145)- We also denote the fugacities of U(1), and U(1)5 as o and 8. With these
values and notations, we obtain the index to be

L2 A O S M C ki i G A i L 2 WO
- g
FQ 53 SFF rE
SU SU
+[_X80(9)( )—X3 (2)( )—2|#?
- — T __5
~(y+y 1)a6x2 @ (v )+(y+y Nab 3 gng@)( 1O ()
o200 @) a5 ()1 a5V G (o0E P w0) s M)
Q252 FS2Q’2 F20
Tl 62

We see that the only relevant operators are FQ', S3, SFF and FFF.

Let us now deform the fixed point of (6.19) by adding the singlets My and Fj, and
turning on superpotential (6.15). Note that Mpp, Myy, *A and @ are parts of the field F.
From the index (6.24), the terms in the second line obviously correspond to irrelevant oper-
ators. Since My is a singlet that is added to the fixed point of (6.19), we have R[Mr1] = %,
and so each term in the ﬁrst line of (6.15) corresponds to an irrelevant operator; for exam-
ple, R[Mpr]+ R[S%] ~ 2 + 122 > 2. The last term in (6.15) gives mass to the singlet My,
via the vacuum expectation value of Fy. In summary, adding the singlets and turning on
the deformation (6.15) makes the theory flow back to the original fixed point of (6.19).

In conclusion, theory (6.5) with superpotential (6.9) and the dual theory (6.14) with
superpotential (6.15) flow to the same fixed point as that of theory (6.19). As a result, the
flavour symmetry of each of these theories is SU(9) x SU(2) x U(1)2. We emphasise again
that, for theories (6.5) and (6.14), the SU(9) global symmetry is not visible in the UV but
is emergent in the IR.

7 Conclusion and perspectives

A number of 4d N' = 1 gauge theories with interesting IR properties, such as flavour
symmetry and supersymmetry enhancement, are proposed and studied. The main approach
that is used to construct such theories is to start with 4d /' = 1 gauge theories obtained
by the compactification of 6d SCFTs on a torus with fluxes. We then modify such theories
by reducing the number of flavours as well as dropping or adding superpotential terms
and flipping fields. Although such a procedure leads to a number of interesting theories,
supersymmetry or flavour symmetry enhancement is not guaranteed in the IR limit. It
would be nice to have a systematic method to produce such models.
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Another interesting direction is to further study models similar to (5.3), namely those
containing E[USp(2N)] as a component, as well as its compactification on a circle to a
3d N = 2 gauge theory with an appropriate monopole superpotential turned on. As we
pointed out in footnote 9, the construction of (5.3) is in the same spirit of that of the 3d
S-fold SCFTs [33-38], which possess 3d N/ = 3 or N = 4 supersymmetry. The dimensional
reduction of E[USp(2N)], as showed in [10], has indeed a limit to the T[SU(N)] theory
used in the S-fold construction.'® Hence, the compactification of the 4d A/ = 1 theories
containing the E[USp(2N)] building blocks on a circle would naturally give rise to the
3d N = 2 analog of the aforementioned 3d S-fold SCFTs.!” Recently there have been a
proposal regarding a class of N/ = 2 S-fold solutions in Type IIB supergravity of the form
AdS; x S' x S? involving S-duality twists of hyperbolic type along S! [44]. It would be
interesting to see if there is any connection between such a 3d N/ = 2 analog in the large
N limit to this type of supergravity solutions.
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A Review of the E[USp(2N)] theory

In this appendix, we review some properties of the EF[USp(2N)] theory, which was first
introduced in [10] and further studied in [31]. The E[USp(2N)] theory is a 4d N/ = 1
superconformal field theory that is realised as the IR fixed point of the following quiver

10This limit consists of two consecutive real mass deformations of the dimensional reduction of
E[USp(2N)]. After the first deformation, we reach an intermediate theory called M[SU(N)] which was
introduced in [39] exploiting a correspondence between the S x S' partition function for 3d A = 2 theories
and 2d CFT correlators in the free field realization [40]. Also this M[SU(N)] theory is suitable for being
used as a building block to construct 3d A = 2 that generalise the S-fold models.

'"Some constructions similar to the S-fold models but with a lower amount of supersymmetry have been
studied in [41], where the building block used is a U(NN) gauge theory with 2N fundamental flavors and a
monopole superpotential that lives on the duality domain wall of the 4d A/ = 2 SU(N) gauge theory with
2N flavors [42, 43].
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theory:!®

(A1)

where each blue node labelled by an even number m denotes the group USp(m). Here
D™ stand for the chiral multiplets represented by diagonal lines, V(™) stand for the chiral
multiplets represented by vertical lines, and A™) are the chiral multiplets in the rank-
two antisymmetric representation [0,1,0,...,0] +[0,...,0] = n(2n — 1) of USp(2n). The
superpotential is taken to be

NzlA <Q(nn+1 an+1 Q(n ln)Q(n 1n>

A o1
Z (nnt1) p(n+1) 4 Z b, D™ D™ 7 (A.2)
n=1 n=1

where we omitted contractions of indices, which are always performed using the antisym-
metric tensor J =1, ® i 09.

The manifest non-anomalous global symmetry of (A.1) is'

USp(2N), x SU(2)Y x U(1), x U(1).. (A.3)
This symmetry gets enhanced in the IR to
USp(2N), x USp(2N), x U(1); x U(1), (A.4)

which is the non R-global symmetry of the E[USp(2N)] theory. The enhancement was
argued in [10] by showing that the gauge invariant operators rearrange into representations
of the enhanced USp(2N), symmetry (e.g. using the supersymmetric index) and by means
of a duality, called of mirror-type in [31], which allows us to find a dual frame where
USp(2N), is manifest while USp(2N), is emergent in the IR.

18Tn comparison with figure 3 of [10], the quiver for E[USp(2N)] in this paper does not have the flipping
fields for DY) D) and does not have an antisymmetric chiral multiplet under the rightmost square node
USp(2N).

19Tt is worth noting that the U(1), in this paper was referred to as U(1); in the original reference [10].
The reason that we change the notation ¢ to 7 in this paper is to avoid the confusion with the fugacity ¢ in
the index.
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We schematically summarise the charges under the abelian symmetries of the chiral
fields and a possible choice for the trial R-charge below:

where each number before the comma (,) denotes the trial R-charge U(1)g,, and the powers
of ¢ and 7 denote the charges under U(1). and U(1), respectively.
The operators of E[USp(2N)] that are important for us are the following:

e the meson matrix H = QV-1N) QW =LN) transforming in the traceless antisymmetric
representation [0,1,0,...,0] = N(2N — 1) — 1 of USp(2N),;

e the matrix C transforming in the traceless antisymmetric representation of the en-
hanced USp(2N),. From the description (A.1) , where only SU(2)¥ c USp(2N), is
manifest, C can be constructed by using the following branching rule of USp(2N), —
SU(2)N:

N(2N—-1)—1

A6
- (N-1)x(1,---,1)®[(2,2,1,---,1) @ permutations] , (4.6)

where (N — 1) x (1,---,1) corresponds to the traces JabASZ) withn=1,--- ,N —1
and a,b =1,...,2n are the indices of the fundamental representation USp(2n), while
[(2,2,1,---,1) @ permutations| corresponds to the operators of the form

j—1
D@ (H Q(1=l+1)> V@) (A.7)
=i
withi=1,--- , N—land j=¢+1,--- N —1;

e the operator II in the bifundamental representation of USp(2/V), x USp(2NV),, which
is constructed collecting operators charged under the manifest SU(2)" C USp(2N),
in (A.1) according to the branching rule

2N_>(2717"'71)@(17211)"'71)@"'@(17"'11)2)1 (AS)

where these N SU(2) fundamentals are operators of the form D) Hfi;l Q1) with
i=1,--,N;

e the gauge invariant combinations constructed using the last vertical chiral multiplets,
dressed with powers of the last antisymmetric chiral multiplets:

n—1
M,, = (Auvfl)) yIN-Dy (N N — 1, (A.9)

which are singlets under the non-abelian symmetries;
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e the flipping fields b, forn = 1,--- , N—1 which are also singlets under the non-abelian
symmetries.

The transformation rules of these operators under the enhanced global symmetry (A.2) are
listed below:

USp(2N)a USp(2N), UML) Ud)e | U)g,
H | N2N-1)-1 1 1 0 0
C 1 NE2N-1)—-1 -1 0 2 (A.10)
II N N 0 +1 0
M,, 1 1 -n -2 | 2(n+1)
bn, 1 1 N—n -2 2

E[USp(2N)] is self-dual with a non-trivial map of the gauge invariant operators. More
precisely, the duality interchanges the USp(2N), and USp(2/V), symmetries and redefines
the U(1), symmetry and the trial R-symmetry, while it leaves U(1). unchanged. Denoting
with R, the mixing coefficient of U(1); with U(1)g,, the action of the duality on these
symmetries can be encoded in

R, + 2-R,. (A.11)

The operators are accordingly mapped as

H < Y
C < HY
oI« I
by & MY,
M, < b, (A.12)

where the superscript ¥ labels the operators in the dual frame.

In the main text, we use the superconformal field theory E[USp(2N)] as a building
block to construct a more complicated model by gauging the USp(2N), and USp(2N),
symmetries and coupling them to some additional matter fields. For this purpose, it is
useful to represent E[USp(2NN)] by a diagram where we explicitly show both its USp(2NV)

global symmetries:
H C

: iy
where the left and right nodes correspond to USp(2N), and USp(2N), respectively. We
display explicitly the operator II, H and C. We emphasise that these are composites of
chiral fields in the quiver description (A.1). The other operators, such as M,, and b,,, which
transform trivially under each USp(2/N) symmetry are omitted from the diagram.

One important ingredient to analyse various models in the main text is the contribution
of the E[USp(2N)] block to the tr U(1) g anomaly of each USp(2/V) gauge node. When the
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node that we are gauging corresponds to the manifest USp(2NV), symmetry, its contribution
totrU(1)g is
R

USp(2N),:  Tr U(1)g D (N —1) <2T - 1) +(R.—1), (A.14)

N=1N) " while the second term is the contribu-

where the first term is the contribution of Q(
tion of DY), On the other hand, for the USp(2N), symmetry, it is not convenient to use
the quiver description (A.1) of E[USp(2N)], since USp(2N), is not manifest in that de-
scription but is emergent in the IR. Nevertheless, we can take advantage of the self-duality
of E[USp(2N)]. Specifically, we can compute the contribution to the U(1) g anomaly of the
gauged USp(2N), node using its dual frame where this symmetry is manifest. Using (A.11)

we find that such a contribution is

2—-R;

USp(2N),:  TrU(1)g > (N —1) ( - 1> +(R.—1)
N (A.15)
= —T_RTJF(RC— 1).

Another important result that we used in the main text is that the contribution to the
U(1)3 *t Hooft anomaly of the E[USp(2N)] block is zero for any N:

N-1 3 N-1 3
N—n-2 n—N
n| ——— — =0 A.16
where in order we have written the contributions of A, Quntl) D) v (1) and b,,.

B Supersymmetric index

In this appendix we briefly summarise basic notion of the supersymmetric index for 4d
N =1 SCFTs [2-4]; see also [45] for a more comprehensive review. We follow closely the
exposition of the latter reference.
The index of a 4d N =1 SCFT is a refined Witten index of the theory quantized on
S3 x R,
1
I=Tx(-)fe e 5=-{0.af}, (B.1)
where Q is one of the Poincaré supercharges; Qf = S is the conjugate conformal super-
charge; M; are Q-closed conserved charges, and pu; are their chemical potentials. All the
states contributing to the index with non-vanishing weight have § = 0; this renders the

index independent of 3.
For N/ =1 SCFTs, the supercharges are

{Qu, 8% = Ql®Q;, 8% = Ot} (B.2)
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where o = + and & = £ are respectively the SU(2); and SU(2)y indices of the isometry
group Spin(4) = SU(2); x SU(2)2 of S3. For definiteness, let us choose Q = Q- . With this
particular choice, it is common to define the index as a function of the following fugacities

T (p,q) = Te(—1)Fpitsztargz=intsr (B.3)

where p and ¢ are fugacities associated with the supersymmetry preserving squashing of the
S3 [4]. Indeed, even if the dimension of the bosonic part of the 4d A/ = 1 superconformal
algebra is four, the number of independent fugacities that we can turn on in the index is two
because of the constraints 6 = 0 and [M;, Q] = 0. A possible choice for the combinations
of the bosonic generators that satisfy these requirements is 4-j; + jo + 5, where j; and
jo are the Cartan generators of SU(2); and SU(2)q, and r is the generator of the U(1),
R-symmetry. In the main text, we write
p
o= () (B.4)

The index counts gauge invariant operators that can be constructed from modes of the

=
[SIE

t=(pq)

fields. The latter are usually referred to as ‘letters’ in the literature. The single-letter index
for a vector multiplet and a chiral multiplet x(R) transforming in the R representation of
the gaugexflavour group is

202 —t(y +y )
1m0
t"xr (U, V) — t2*’"xﬁ (U, V)

(1 —ty)(1 -ty 1) ’

(3% (ta Y, U) =

ZX(R) (t7 Y, U7 V) =

where xr (U, V) and xg (U, V') denote the characters of R and the conjugate representation
R, with U and V gauge and flavour group matrices, respectively.

The index can then be obtained by symmetrising of all of such letters and then pro-
jecting them to gauge singlets by integrating over the Haar measure of the gauge group.
This takes the general form

T(ty,V) = / U} [ PE [ix (1,5, U, V)], (B.5)
k

where k labels the different multiplets in the theory, and PE[ix] is the plethystic exponential
of the single-letter index of the k-th multiplet, responsible for generating the symmetrisa-
tion of the letters. It is defined by

[e.9]

. L. n,n yrm m
PE[Zk <t7y7U7V)] = €xp [Z ﬁlk (t 'Y 7U 7V ) : (BG)

n=1

For definiteness, let us discuss a specific example of the SU(N,) gauge group. The
contribution of a chiral superfield in the fundamental representation N or antifundamental
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representation N¢ of SU(N.) with R-charge r can be written in terms of elliptic gamma
functions, as follows

PE [iy o) (9, U Hr . PE[i o (t.4,0) } Hr )
o0 (ty)" L (ty— L)+ (B.7)
1 — (ty) Tty Hym+i—1
Pe(2) =T (25ty) =
() =T{zty) WH:O L= (ty)"(ty 1)z

where {z;}, with ¢ = 1,..., N, and H]\icl z; = 1, are the fugacities parameterising the

Cartan subalgebra of SU( ) We will also use the shorthand notation
I (uzin) =T (uz")Te (uz™") . (B.8)

On the other hand, the contribution of the vector multiplet in the adjoint representation
of SU(N,), together with the SU(N,) Haar measure, is

Ne—1 Ne

dZZ' 1

Nc—lf
— -
TNe Z,: 2miz; k#Fe(ZkZe )

. (B.9)

where the dots denote that it will be used in addition to the full matter multiplets trans-
forming in representations of the gauge group. The integration contour is taken over the
maximal torus of the gauge group and & is the index of U(1) free vector multiplet defined as

= (ty; ty)(ty~ '3ty ™), (B.10)

with (a;0) = [[,2, (1 —ab™) the g-Pochhammer symbol. A similar discussion for the
USp(2N,) gauge group can be found in appendix B of [10].

At the superconformal fixed point, we employ the superconformal symmetry to extract
the information about the states. Although the index counts states up to cancellations
due to recombinations of various short superconformal multiplets to long multiplets, it
has been shown in [46] that at low orders of the expansion in ¢ the index reliably contains
information about certain important operators. In particular, at order t?> = pq, one obtains
the difference between the marginal operators and the conserved currents. We extensively
utilise the result of the computation at this order in the main text.

B.1 Example: index of theory (2.1)

Let us now discuss how to obtain the index of theory (2.1) with the charge assignment
given in (2.3). A technical problem here is that the chiral field D carries zero R-charge,
which causes the problem in obtaining the power series in t of the index (2.6). One way to
circumvent this problem is to assign an extra U(1) symmetry, which we shall refer to as a
‘fake’ symmetry and is denoted by U(1)y, so that it mixes with the R-symmetry in such
a way that the chiral fields originally carrying zero R-charge now have positive R-charge.
As an example, we can assign the U(1)s charge of D to be 2 such that the new R-charge
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of D is t%.

(B.11)

t5d° f2
Of course, the flipping field Fp now has U(1); charge —4 and R-charge 2 — 3 = %. The
main idea is to compute the index using the charge assignment (B.11) as a power series in

t, and then set f = 75 to obtain the index of the original theory (2.3).
The index of (B.11) can be written as

Tt .uf>_ff27{ dvlj{ dw 1
(BN T = 9101 Jyjmt 2700 Te(v2) Jym 2w To(w?) (B.12)
X IU(Ua w, d)ID(Ua w, f)IL(Uv u, d)IR(w7 u, d)IFD (f) )

where we have suppressed the variables ¢ and y in the argument of each contribution on
the right hand side, and

Ty (v, w,d) H I t3v l d?)

i,j==+1
Ip(v,w, f) = H I t9v wd f2),
1,J==*1
(v,u,d) H H I t3v ud™1), (B.13)
i=%1a=1,.
r(w,u,d) H H e( thuO‘d*),
i=%1la=1,...4

Ty (f) = Te(t3 f74).

The expression Z(g 11)(t, y; u, f) can then be computed as a power series of ¢. The index of
theory (2.1) with the charge assignment given in (2.3) is therefore

4 2
I(2.1) (ta Y u, f = tig) = Fe(t§d2) X I(Z.G) (tv Y u, d) ) (B14)

where Z56)(t,y;u,d) is the index given by (2.6) and the first factor is the contribution
from the free chiral field corresponding to the operator UD.

Alternatively, we can also flip the operator UD by introducing the flipping field Fyp
with superpotential term FypUD. The contribution of Fiyp to the index is

IFUD (d> f) = Fe(t%d_Qf_Q) . (B.15)

The index Z(5 6)(t,y; u,d) can then be obtained by first computing a power series in ¢ of
the following expression:

IFUD(da f)I(Bll)(t7y7u7f) (B16)

and then set f = 5
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