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ABSTRACT: We consider the form factor bootstrap approach of integrable field theories to
derive matrix elements of composite branch-point twist fields associated with symmetry
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cross-checked by performing various limits and by the application of the A-theorem. The
issue of symmetry resolution for discrete symmetries is also discussed. We show that
entanglement equipartition is generically expected and we identify the first subleading term
(in the UV cutoff) breaking it. We also present the complete computation of the symmetry
resolved von Neumann entropy for an interval in the ground state of the paramagnetic
phase of the Ising model. In particular, we compute the universal functions entering in the
charged and symmetry resolved entanglement.
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1 Introduction

Symmetries play a central role in physics and in our understanding of nature. They are
important guiding principle when formulating theories, their presence or absence or their
breaking have profound consequences on the physical properties of models and real-world
systems; last but not least symmetries often provide a larger view in the description of
the systems of interest. From a practical perspective, the presence of a symmetry usually
leads to some kind of simplifications. In particular, for a quantum system the operator
corresponding to the symmetry commutes with the Hamiltonian and hence the two oper-
ators have common eigenvectors or, in other words, the eigenstates of the system can be
characterised by quantum numbers associated with the symmetry operation. The idea of



exploiting the additional structures imposed by symmetry for various physical objects is
very fruitful and has been recently extended to the study of entanglement too.

When a system is in a pure state, the bipartite entanglement of a subsystem A may be
quantified by the von Neumann entanglement entropy [1-4]. Denoting the reduced density
matrix (RDM) of the subsystem by pa, the entanglement entropy is defined as

S=—-Trpalnpy. (1.1)

Alternatively the Rényi entanglement entropies

Sy, = InTrp’ , (1.2)

1—-n
also provide bipartite entanglement measures in pure states and are related to the von
Neumann one by taking the limit n — 1.

The explicit idea of considering generally the internal structure if entanglement asso-
ciated with symmetry is rather recent [5-8]. In a symmetric state, the system’s density
matrix p commutes with the conserved charge Q corresponding to the symmetry; if in
addition Q A, the restriction of Q to this subsystem, satisfies

[p4,Q4] =0, (1.3)

then the RDM p 4 is block-diagonal with respect to the eigenspaces of Q 4 and, consequently,
the Rényi and von Neumann entropies can be decomposed according to the symmetry
sectors. Let us denote with P(g4) the projectors onto the eigenspace with eigenvalue g4.
The symmetry resolved partition functions can be defined as

Zn(QA) =Tr (pZP(QA)) ) (14)

from which the symmetry resolved Rényi entropies Sy, (g4) and the symmetry resolved von
Neumann entropy S(g4) can be naturally obtained as

1 Zn(qa) 0 [Zn(qA)
Sn = In { , and S =—— , 1.5
) =T E ) W= F ), Y
respectively. This way the total von Neumann entropy can be written as [9]
S=Y "p(qa)S(qa) = Y_ plga) Inp(qa) = S+ 57, (1.6)
qa qa

where p(ga) = Z1(qa) is the probability of finding g4 as the outcome of a measurement of
Q4. The contribution S¢ denotes the configurational entanglement entropy, which measures
the total entropy due to each charge sector (weighted with their probability) [7, 10] and S/
denotes the fluctuation (or number) entanglement entropy, which instead takes into account
the entropy due to the fluctuations of the value of the charge in the subsystem A [7, 11, 12].



The calculation of the symmetry resolved partition functions and entropies is generally

a difficult task; the usual way one proceeds includes the replica method and the computation
of the charged moments [6] A

Zn(e) = Tr (phe’@4). (1.7)

Considering quantum field theories (QFTS) a natural way of computing the Rényi entropies
for integer n is provided by the path-integral formalism: Trp’; corresponds to the partition
function on an n-sheeted Riemann surface R,,, which is obtained by joining cyclically the n
sheets along the region A [13-15]. It was recognised in [6] that the charged moments (1.7)
correspond, in the path integral language, to introducing an Aharonov-Bohm flux on one of
the sheets of R,,. An intuitive picture is given by imagining particles with a specific charge
eigenvalue moving from one level of R, to the other until they return to their original
sheet [6]; if the charge within the subsystem is g4, the total acquired phase of a given
particle is then €@ as given by the term ei®@4 in eq. (1.7). Focusing on U(1) and Zy
discrete symmetries, the symmetry resolved partition functions can then be computed by
performing a continuous or a discrete Fourier transform in the charge space as [6]

/ —aZn(a)e_WqA, U(1) case,

< 2T

Zn(qa) = Tr (p4P(qa)) = N1 (1.8)
1 o 2mag o
— E Zn(a)e ™ TN, Zy case,
N
a=0
where o, g4 = 0,..., N —1 in the Zx case. Symmetry resolved entropies have been studied

in field theories including conformal field theories (CFTs) [5, 6, 16-18] and the free Dirac
and complex boson field theories [19], in lattice systems such as spin chains and hopping
fermions/bosons [5, 16, 17, 20-25] and also in the contexts of higher dimensional [26, 27],
disordered systems [12, 28], and non-trivial topological phase [29, 30]. Finally we mention
that charged moments like those in eq. (1.7) have been independently studied in field
theoretical frameworks in several different circumstances [31-37].

In a path integral approach to quantum field theories (QFTs), the computation of
either Trp’ or TrpﬁemQA can equivalently proceed for an n-copy QFT, where specific
boundary conditions are prescribed for the fields ¢1, ..., ¢, corresponding to the different
copies. Crucially, in 141 dimensional relativistic QFTs, there exist local fields in the n-copy
theory that correspond to the boundary conditions imposed on the fundamental fields in
the path integral. These fields have been dubbed branch-point twist fields [14, 38]. The nth
Rényi entropy of an arbitrary spatial subsystem (i.e. consisting also of disjoint intervals)
is equivalent to a multi-point function of the branch-point twist fields in an n-copy theory.
Direct access to these fields is established in 2D CF'T, where the scaling dimensions of these
fields are exactly known [14, 39, 40]. These dimensions directly provide the scaling of two-
points function, corresponding to a single interval for a generic CFT [14]. The behaviour of
four-point [41-47] and also higher functions [48] of these twist fields are known for special
CFTs. The main subject of this manuscript is however integrable quantum field theories
(IQFTs). In these theories, the form factor (FF) bootstrap allows for the calculation of
the matrix elements of the twist field [38, 49, 50]. Via the bootstrap, in principle, all



matrix elements can be computed. However, the correlation functions of the fields at large
distances are usually well described by the first few members of the form factor series.
Such form factor bootstrap program has been used in IQFTs for the calculation of the
entanglement entropy in many different situations [51-66].

The symmetry resolved entropies in CFT can be obtained by composite branch-point
twist fields in essentially the same way as the conventional entropies [6]. The only price
to pay is the introduction of composite branch-point twist fields fusing the action of the
replicas and of the flux of charge (see below for the precise definition). These new compos-
ite branch-point twist fields have been identified for Luttinger liquids [6], for the SU(2)
Wess-Zumino-Witten models [6], and for the Ising and Zy parafermion CFT [21]. Fur-
thermore, the existence and applicability of such composite twist fields have been recently
demonstrated for the free massive Dirac and complex boson QFT too [19]. These findings
suggest that in perturbed QFTs (corresponding to a relevant perturbation of a given CFT),
the off critical version of the composite branch-point twist field exists. We expect that in
IQFTs their form factors can be determined with the bootstrap program, similarly to the
usual branch-point twist fields [38, 49, 50].

This paper aims to initiate such a program for interacting IQFTs. In particular, we
introduce and discuss appropriate bootstrap equations for the composite branch-point twist
fields, find their first few solutions and compute the long-distance leading behaviour of the
symmetry resolved entropies (similar twist fields have been introduced in [53, 54] and for
non-unitary QFT [56, 57], but in a completely different context and with different aims).
For the sake of simplicity, here we consider the simplest integrable models, namely the
Ising field theory, which is equivalent to a free Majorana fermion QFT, and the sinh-
Gordon (ShG) model, which is a truly interacting QFT. Both models possess the discrete
Zo symmetry. While from the point of view of IQFT techniques these models are indeed the
simplest possible ones, the resolution of their entanglement in terms of the Zs symmetry
requires a careful treatment because of the lack of a conserved density (1.3). Integrable
QFTs with continuous symmetry present many more technicalities because of their richer
particle content and for the presence of non-diagonal scattering. Their analysis is still on
the way and will be eventually the subject of subsequent works.

The structure of this paper is as follows. In section 2 the FF approach for conventional
branch-point twist fields is briefly reviewed, focusing on the bootstrap equations and their
solution for the Ising and ShG models. In section 3, we show how the bootstrap equations
can be modified to obtain solutions for the modified branch-point twist fields corresponding
to a given symmetry resolution. For the Ising and ShG models, the two-particle FFs of the
Zo branch-point twist fields are determined as well. Sections 4 and 5 are explicitly focused
on Ising and ShG models respectively, reporting also A-theorem [67] checks of the obtained
form factors; for the Ising model the even particle-number FFs are expressed in terms of
a Pfaffian involving the two-particle matrix elements. Section 6 reports general results
for Zo symmetry resolved entropies that can be deduced from the IQFT structure. The
leading and sub-leading contributions of the symmetry resolved entanglement are explicitly
calculated in section 7 for the paramagnetic ground state of the Ising model. We conclude in
section 8, which is followed by the appendices containing the determination of the vacuum



expectation value (VEV) of the Ising Zy branch-point twist field (appendix A) and some
auxiliary calculations.

2 Form factors of the branch-point twist fields in integrable models

Before presenting our results and discussing the determination of the form factors of mod-
ified branch-point twist fields, it is instructive to give a brief overview of some basic ingre-
dients of IQFTs and in particular on form factors of the conventional branch-point twist
fields. Here we mostly follow the logic of ref. [38] and present some of its results with an
emphasis on the bootstrap equation.

Form factors (FF) are matrix elements of (semi-)local operators O(z,t) between the
vacuum and asymptotic states, i.e.,

(2.1)

n*

FQ o (91,...,95) = (0]O(0,0)[91, ... Un)ay,..a

QT yeens

In massive field theories, the asymptotic states correspond to multi-particle excitations,
with dispersion relation (E,p) = (m, cosh ), mg, sinh ), where «; indicates the particle
species. In such models, any multi-particle state can be constructed from vacuum state by
means of the particle creation operators ALZ, (9) by

(01,02, ., D) = Al (1) AL, (02) ... AL (9,)]0) | (2.2)

where the operator Agi (9) creates a particle of species a; with rapidity ¢ and |0) is the
vacuum state of the theory. In an IQFT with factorized scattering, the creation and
annihilation operators Af, (9) and Aq, (9) satisfy the Zamolodchikov-Faddeev (ZF) algebra

AL (0) AL (9))
Aai (ﬁi)AOIj (19])
Aa; (03) AL (9;)

J

Saa; (0 = 95) AL (9;) AL, (9) |
Sas,a; (Ui = 05) Aa; (05) Aay (Vi) ,

(2R
Seia; (0 — 9)AL (95)Aa; (05) + ay,0, 270 (9; — 9;), (2.3)

J

where Sy, o, (U; — ;) are the two-particle S-matrices of the theory.

Our primary interest now is an n-copy IQFT and the corresponding branch-point twist
fields. For simplicity we assume that there is only one particle in the original theory. Then
the scattering between the particles of different and of the same copies is described by

Si () =1, i,j=1,...,n and i # j,
Sii(0) = SW), i=1,...,n,

<

(2.4)

“H

and the branch-point twist fields are related to the symmetry oW; = ¥, 1, where n+1i = 1.
The insertion of a twist field 7 (or 7,) in a correlation function can be summarised as

Ui(y)T (z) = T(2)¥it1(y) T >y,

(2.5)
i(y)T(z) = T (z)¥;(y) x <y,



and we can also define 7, whose action is

Vi(y)T(x) = T (@) ¥i-1(y) x>y,

: g (2.6)
Ui(y)T (z) = T(z)¥i(y) T <y.

The form factors of the branch-point twist fields satisfy the following relations, which
are simple modifications of the form factor bootstrap equations [68-70]

Fg—l...ﬂivﬂi-ﬁ-lm(. ) '/197:7197:4-1’ B ) _ Sﬂi,#i+1 (ﬁi7i+1)FZ—|...ﬂi+l)#i~.‘(. ) .’l9i+1719i’ y '>7 (27)
FTIkelth (9, 4 9mi By, 0g) = Fy Wil (g, 9, 94), (2.8)
—i Res Fy Mzt (g g0 9y By, 0g) = FY R gy 9y ), (2.9)

Yy=00+im
k

. Ty s b1 5425+, Tp1,p2,-
—1 Res Fk_igﬂlll K2 Mk( /0,190,191,192,...,’0k):7H8ﬂ7m(’l90i)Fk ‘Hl Hz Mk('l?hﬁz,...,ﬂk),
i=1
where p refers to the replica index of the particle, ¥;; = ¥; —¥; and i = p+1. In addition
relativistic invariance implies

FTRelt (g LN 4 A) = eSAET IRt (g ), (2.10)

where s is the Lorentz spin of the operator, which is zero for the branch-point twist fields.
As the theories we consider in this paper have no bound states, egs. (2.7)-(2.9) and (2.10)
give all the constraints for form factors of the branch-point twist fields.

As usual in this context, the so-called minimal form factor Fﬂﬁ’k(ﬂ,n) is defined as
the solution of the first two equations, eqgs. (2.7) and (2.8). That is, the minimal form
factor satisfies

FIRI (9, 0y = FTR (=9, n) S ;(0) = FLPF 20 — 0, n). (2.11)

min min min

It is then easy to show that

o (0,n) = Fyl ™ (0, m) Vi gk
o I | 2.12)
Fmin (197 n) = Fmin (27TZ(] - 1) - 197”) V] 7é L,
from which it follows that
T . . .
; F . Q2mi(k—j)—90,n) ifk>j
T3,k ) )
FmiIIZ (¥,n) = I;l'lﬁ 1oe .. ) (2.13)
F i (2mi(j — k) +9,n) otherwise,

and hence the only independent quantity is FQ; ’1(19, n). We can use eq. (2.12) to determine
it, writing

FIV 9, n) = FIIVY (—0,n)S(0) = FLIDY (=0 + 2min, n) . (2.14)
The solution of the last equation is easily obtained by noticing that if it exists a function
f11(9) satisfying

f11(9) = fi1(—=9)S(n?) = fr1(—0 + 2mi), (2.15)



then
TI1,1
Fa (9,n) = fu(9/n). (2.16)
Eq. (2.15) is, nevertheless, the standard equation for minimal form factors of conven-
tional local operators, but with an S-matrix S(nd) instead of S(¢). When S(J) can be

parametrised as
SwmedMWmﬂ, (2.17)
0 t 1T

with some function g(t), the minimal FF is

F11(9) = N exp [/OO dt_g(t) 2 (”2" (1 + m))} : (2.18)

0 't sinhnt 7r

where the normalisation A ensures that f11(+o00) =1 and thus

F;'i’l(ﬁ,n) = Nexp [/000 Lg(t) sin? (Z (n + Zﬁ))] . (2.19)

tsinh nt T

The minimal form factors are very useful to obtain all form factors with particle number
k > 2 as they can be used as building blocks, hence simplifying the solution of the bootstrap
equations. The zero and one-particle form factors have to be determined by other means.
The most important quantities are usually two-particle form factors. It can be verified that
the two-particle form factors for the branch-point twist field, satisfying also the kinematic
poles axioms, read [38]

T T5.k
Tlj.k _ <77"L> Sin n Fmin (19’ n)
Fy (9, n) = o7 st (ifr(Z(ijl;)fl)Jrz?) sinh (iﬂ(?(k;jgfl)fﬂ) F ) (2.20)

where (T,,) = FJ is the vacuum expectation value (VEV) of T. Furthermore, relativistic
invariance implies that FQT g ’k(ﬁl, Y2,mn) depends only on the rapidity difference ¥; — o,
justifying writing FQT g ’k(191 —19,n) or merely FZT g ’k(19, n). It straightforward to show that
for 7 we have

FJ9* 9, ) = E] 9% (9 ) | (2.21)

2.1 Branch-point twist field form factors in the Ising model

The Ising field theory is surely the easiest integrable field theory. It has one massive particle
(a free Majorana fermion) and the simple S-matrix

Stsing (V) = —1, (2.22)

and consequently

FTIM (9 n) = —isinh ; . (2.23)

min n
For this model, it has been shown that the FFs of the branch-point twist fields are only

non-vanishing for even particle number [38, 50]. Moreover, the FFs for any even n can be
written as a Pfaffain of the two-particle FF [51].



2.2 Branch-point twist field form factors in the sinh-Gordon model

The sinh-Gordon model, with Euclidean action

2
S = /de {; [0 (x)] + % :cosh [gop(x)] :} , (2.24)

is arguably the simplest interacting integrable relativistic QFT and for this reason it is
often taken as a reference point and has been the subject of an intense research activity
since many decades, see, e.g., [71-80]. Furthermore, it recently became also experimentally
relevant because its non-relativistic limit is the Lieb-Liniger Bose gas [81, 82|, a paradig-
matic model for 1D ultracold gases [83]. This limit, joined with the FF program, allowed
for the calculation of many quantities that were too difficult, or even impossible, by other
means [84-90].

The spectrum of the model consists of multi-particle states of a single massive bosonic
particle. The two-particle S-matrix is given by [72]

tanh% (0 — z%)

Ssha(0) = 7
tanh % (19 + z%)

(2.25)

where B is defined as )

29

B(g) = St

For the ShG model, the solutions of the system (2.7)—(2.10) have been constructed
in [73, 74, 91].

The function ¢(t) entering in the parametrisation of the S-matrix (2.17) can be iden-

tified with
s () (1 ) 5
N sinh ¢

(2.26)

, (2.27)

g(t)
from which

oo gz sinh (2 ) sinh (£ (2 — B)) :
TI1,1 dt s ( 1 ) 1 ( < u?))
Fing 0,n) = -2 [ — h(t YAV (2.8

mm’ShG( ) = exp [ /o t sinh (nt) cosh (%) cos nt T ( )

It is possible to write down an alternative representation of F;—ili’éhG(ﬁ,n) in terms of

infinite products [38]. For an efficient numerical computation the following mixed repre-
sentation is more useful

r (2k+2n+§f+2) r (B+4k:+2n—2(n+if)> r (2—B+4k+2n—2("+f))

m

TI11 _
Fiinsha (V,n) = kH—o r <2k+2n+ig> r <B+4k+2n—2(n+f)+2> r <4—B+4k+2n—2(n+f))

2n 4n 4n

2n 4n an
2k—10 42 2— B+4k+2n+2(n+2) B+4k+2n+2(n+12)
o 0 Al G i ol G
x ; : : X
r (%2—”1?) r <4B+4k+iz+2(n+f)> r (2+B+4k+iz+2(n+f))
/OO at sinh (B sinh (£ (2 B)) cosh (¢ (n+12) ) =5 12m+2)
xexp |—4 — . '
o t (e~t+1)sinh(nt)

(2.29)



Similarly to the Ising model, the FFs of the ShG branch-point twist fields are only non-
vanishing for even particle number [38, 50].

A very important relation between the ShG and Ising models is that the S-matrix and
certain form factors of the ShG theory collapse to that of the Ising model, when the limit

B =1+i20, with ©g — oo is taken [75]. It can be checked that both FnTlili’éhG(ﬁ,n)

and FQT S'{]]é(ﬁ, n) in this limit collapse to the corresponding quantities in Ising model. This
limit will be an important guide for the case of the composite branch-point twist fields
discussed below.

3 Form factors of the composite branch-point twist fields for Z,
symmetry in integrable models

After the introduction of the bootstrap equations for the FFs of the branch-point twist field,
we now show how these equations can be naturally modified to obtain the corresponding
quantities of the composite branch-point twist fields. At this point, of course, the existence
of such fields is not strictly justified, therefore the formal solutions of the modified bootstrap
equations will be subject to subsequent cross-checks.

To achieve our goal, first of all, we define the semi-local (or mutual locality) index
e2™ of an operator O with respect to the interpolating field ¢ via the condition

O(z,1)6(y,t') = e 6 (y,t")O(x, 1), (3.1)

for space-like separated space-time points. Local operators correspond to e??™ = 1, while
fields with 2™ # 1 are called semi-local. It is natural to assume that the phase e'®
corresponding to the flux can be related with the mutual locality index appearing in the
bootstrap equation. This assumption can be based on the intuitive picture associated with
the insertion of the Aharonov-Bohm flux on one of the Riemann sheets. In this picture, the
flux is carried by the particles of the theory, but eq. (3.1) is just an equivalent rephrasing of
this idea because the interpolating field is associated with creating/annihilating particles.

To be more precise about the connection between 2™ and €', let us consider briefly
a U(1) symmetry for which « is a continuous parameter. From the point of view of the
bootstrap equations, it is more convenient not to favour any of the Riemann sheets by
adding the flux to it, but rather to divide the flux and introducing it on all sheets. This
procedure corresponds to add a phase €!®/™ on each sheet and therefore the locality factor
€?™ and €"*/™ must be equal. The further elaboration of the U(1) symmetry will be the
subject of a subsequent work because, in this case, the particle content of the IQFT is richer
and allows also for non-diagonal scattering leading to more complicated form factors. Here,
we focus on the simpler, yet not trivial, analysis of the Zs symmetry in models with only
one particle species.

However, for the Zo symmetry (and more generally for discrete symmetries) there are
two subtleties that we cannot avoid mentioning. The first one is rather fundamental: for
discrete symmetries Noether’s theorem does not guarantee the existence of a conserved

density, hence it is not a priori obvious if the reduced density matrix commutes with the



symmetry operator. This problem will be discussed in the following sections for the specific
cases of the Ising and ShG QFT. The other issue is that the phase is €™ = —1 cannot be
divided as €™/™ among the various sheets, because €/™/™ no longer corresponds to the Zs
symmetry of interest. This latter difficulty can be easily overcome by introducing the flux
corresponding to the phase €™ = —1 on all sheets. This step is legitimate if the number
of sheets n is odd, as the overall phase acquired by a hypothetical particle winded through
all sheets is still (—1)" = —1. Our argument implies that the composite branch-point
twist fields associated with the Zo symmetry in the Ising and ShG models is a semi-local

2miy

operator with respect to the fundamental field, with locality index e —1. Specialising

the bootstrap equations of a generic semi-local twist field

F]Z"...Mz‘#i%»l.-.(' iy Vi) = SMM+1 (ﬁi7i+1)FZ|--.Mi+lyﬂi...(' i Dis ), (3.2)
FZ'“I’M’”"M(191+27ri,192,...,19k) :ezﬂwF]Z—|“2"”’“k’ﬂl(192,...,19n,191), (3.3)
*’L"& Rﬂei Flﬂg,u,m,uz,m,uk( 6,190,’[91,292, .. ,ﬁk) = FZ—|H1,H27-~~,H1€ (’191,192, . ,ﬂk), (34)

'=0+im

. Tt - 27i Tlptse-
—Zﬁ/Bﬁkalg“m M (90,00,91,02, ..., 9%) = =€ [ [ S (0i) Fy, ok (91,95, ),

to the Zso case, we have

TD coofbg G4 -- TD ce g N7
Rl (9 0,00 = S i) R0, 950, (3.5)

D D ~
Rttt (9, 49 9y L 0y) = —F) M2l gy g, 9y), (3.6)
D D
—4¢ Res ‘ FZ;Q‘MIMMLM%---,Mk( 67§0?19171927"'719k’):FIZ— |”1’“2""’”’“(791,192,...,19k), (37)
9 =9g+im
D o D
~i, Res. FL Pt (90 90 91,02, 01) = [ S Boi) Fy 05 (91, 0, ..., O,
=do+im

where 7P denotes the composite branch-point twist field associated with the Zy symmetry.
The obtained bootstrap equations are compatible with the following exchange relations
of the Zs branch-point twist fields

Ui(y)TP(2) = =T (2)Wis1(y) x>y,
. 4 (3.8)
Wi(y) T (x) =T (2)¥;(y) z <y,
and
Ui(y) TP (x) = =TP(2) Vi1 (y) T >y, (3.9)
Ui(y)TP (z) = TP (2)¥s(y) r <y, '

as well. These exchange relations can be inferred by regarding the Zs branch-point twist
fields as the fusion of the conventional branch-point twist field associated with the S,
permutation symmetry and disorder or Zo twist field associated with the Zy symmetry.
This alternative picture relying on the fusion of twist fields associated with symmetries is
also very useful and provides directly the UV dimensions of composite fields [53, 54] as we
shall se in the next sections.

~10 -



Having obtained the defining equations for the form factors, following the logic of
section 2, we can write

FToM 9, n) = FL (9, 0) Sy (9) = —F1 75 (26 — 9, m), (3.10)
for the minimal form factor Frzl—m of the composite branch-point twist field 72. From this
we find

B " (0,m) = B 0,m) ik, _
FIoM W, n) = (—1)UDEL M 0ri(j—1) —9,n) V) # 1, '
and finally we get
TPI|1,1 . ) . .
S P @ri(k—j) —9,n) if k>,
EL 7 (0,m) = (~1)=0) § i 1( ,( , J) ) J (3.12)
Foin'  (2mi(j — k) +U,n) otherwise.

Akin to the previous case, the only independent quantity is Frz:m‘l 1(19 n). We exploit
eq. (3.11) to write for odd n
FIOMY 9, 0y = ELCMY (g9, n)S (W) = —FL M (—9 + 2min, n) . (3.13)

min min min

FTIL

i (9,m), but our analysis is valid only

For even n the above equation is equal to that of

for odd n. The solution of F_. 7o can be obtained by introducing f{3 (1) as

FLo @,m) = fR(0/m), (3.14)
that satisfies
M) = fFR(=9)S(nv) = = fFH (=9 + 2mi) . (3.15)

Luckily, f{i can be easily obtained from fi; by multiplying the latter by an appropriately
chosen CDD factor, fepp. Such a factor must obey

feop(¥) = fepp(—V) = — fepp(—9 + 2mi), (3.16)

guaranteeing that f3(9) = fopp(9) f11(9) satisfies eq. (3.15). The correct choice for fcpp
turns out to be

fepp(9) = 2 cosh g : (3.17)

It is easy to check that the ansatz (3.17) satisfies eq. (3.16), but it is not entirely trivial
that there is no further ambiguity for the CDD factor and that eq. (3.17) is the correct
choice for both the Ising and ShG models. Some tests of this statement are carried out in
the next sections for both models by studying the limit n — 1 of the form factors FQT Plik
and by exploiting the A-theorem.

Putting the various pieces together, the minimal form factor of the composite branch-

point twist field is
0,
Fr |11(19 n) —2cosh(2 )Fﬂll(z?,n). (3.18)

min min
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Given this minimal form factor, it is easy to show that eq. (2.20) for two-particle form
factors is still valid, i.e.

. D|j k
F;—Dl']’k(’ﬁ n) _ <7;7/D> Sln% F‘IZI—II’IU7 (197/”) (3 19)
) - . i (2(—k)—1)+9\ _. im(2(k—j)—1)—0 TP|1,1,. ’ :
2n sinh (%) sinh (%) me| (im,m)
for odd n, where (T,P) = FJ " is the vacuum expectation value of 72. Again, rela-

D .
tivistic invariance implies that FQT J ’k(191,192, n) depends only on the rapidity difference
D2
Y1 — U2, thus we can write FQT lj’k(ﬁ, n). It is easy to verify that eq. (3.19) satisfies the
axioms (3.5), (3.6) and (3.7). Analogously to eq. (2.21), we have for 77

F70k 9, n) = B0k g ). (3.20)

4 7o branch-point twist field in the Ising model

This section is devoted to the composite branch-point twist field of the Ising model. Clearly,
the results for the FFs are interesting in their own right, but the Ising model provides also
several opportunities to test our results and some parts of the arguments on which our
derivation of the bootstrap equation relies. In particular, we can argue for the choice for

2Ty

the locality index e —1 in the bootstrap equations and we can demonstrate the

existence of the spatial restriction of the Zs symmetry. To do so, we borrow ideas from [6]
and use the lattice version of the Ising field theory with the Hamiltonian

H=-J> (0i0i,,+hof), (4.1)

/

is the fermion number parity PQ. Here Q = Q A+ Q i is the fermion number operator,

where af * are the Pauli matrices. The conserved charge corresponding to the Zo symmetry
which is clearly additive, and A denotes the complement of the region A. Crucially, the
parity operator has eigenvalues 0 or 1 and the spacial restriction of this operator is also
additive in a mod 2 sense, i.e.,

P4+ P;z=Pmod 2, (4.2)

where we introduced the shorthand PQ 4 as 15,4.

An important quantity directly related to P is (—1)Q. This quantity can be expressed
in several ways allowing for the computation of the symmetry resolved entropies in the
critical point of the Ising model [6] and in its off-critical, lattice version [21], serving as
valuable benchmark for our approach. Writing P as

(—1)% =[] o7, (4.3)

and introducing the disorder operators pf = [[;<; 07 and uj = o707, (satisfying the same

algebra of the Pauli matrices), we have

(=19 =] of = g, (4.4)
€A
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when the region A is a single interval from site 1 to £. We recall that the disorder operator
exists in the continuum limit as well. From eq. (4.4) it is easy to confirm that the Zg
branch-point twist field is related to fusion of the usual branch-point twist field and the
disorder operator. This picture is confirmed explicitly at the critical point of the Ising
field theory [6], which corresponds to a conformal theory with central charge ¢ = % The
scaling dimension of p is A, = Au = % and the symmetry resolved Rényi entropies for
and interval of length ¢ read [6]

1
Sn(Py) = ﬂn*l/”)/l?i (1 + (—1)PA£*1/<4">) +..., (4.5)

where P, is either 0 or 1. The disorder field p has the property of changing boundary
conditions from periodic to anti-periodic and vice versa. This property corresponds to the
locality index €™ = —1 in the residue and cyclic permutation axioms of the bootstrap
equations for its form factors in the massive theory. The value of this index confirms more
rigorously that, for the Ising QFT, the Zo branch-point twist field form factors are obtained
from eqgs. (2.7), (2.8) and (2.9) with the insertion of 2™ = —1, resulting in eqgs. (3.5), (3.6)
and (3.7). We recall that the bootstrap equations have physically meaningful solutions only
for odd n when

T (ph(-1)24) = Tr (ph(-1)"24) (4.6)
i.e. when the flux can be inserted on each of the n copies.
The solutions for the bootstrap equations (3.5), (3.6) and (3.7) with locality index
e'?™ = —1 for the Zy branch-point twist field in the Ising model are easy to obtain. For
the minimal form factor we have

D
FTPIL

in | (U,n) = —isinh g, (4.7)
from which F2T Pl is obtained by (3.19). As anticipated, and also confirmed later on in
this section, the Zs branch-point twist field can be regarded as a fusion of the conventional
branch-point twist field and the Ising disorder operator (on the same lines of the composite
fields for non-unitary theories [56, 57]). In the off-critical theory, the FFs of both fields
are non-vanishing only for even particle numbers. It is therefore natural to expect that
F,;r ? s also vanishing for odd k. Nevertheless, even with the presence of FFs for odd
particle numbers, their knowledge would be not necessary for any of the considerations of
this paper [50] and, in fact, the VEV and the two-particle FFs encode all the physics we
are currently interested in.

The FFs for even particle number Fgl;D with 2k > 4 can be written as a Pfaffian of
the two-particle FF, similarly to the case of the conventional branch-point twist field. For
example, considering the bootstrap equations for particle numbers 2k = 4 and 6, it can
be directly verified that F, J ” indeed admits a Pfaffian representation. In particular, for
J1 2> J2 > ... 2> Jok, one has

BB (9, Dym) = (TRYPEW) (4.8)
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where W is a 2k x 2k anti-symmetric matrix with entries

TD‘jlvjm
F. Y —9m,
2 (W, n) m > 1,

Wi = (T.P) Dy (4.9)
[37,0m
(_1)6jlvjm+1 F, ™ (ﬁ?)l_ﬁmm) m<l.

For general k, the Pfaffian structure (4.8) can be shown by induction, following exactly
the same lines of the proof for conventional branch-point twist fields [51]. If the ordering
of the indices j; is not the canonical one, using the exchange axiom (3.5) one can reshuffle
the particles and their rapidities to have j; > jo > ... > jor so to apply (4.8). When the
order of particles with the same replica index is left unchanged, the reshuffling does not
introduce any =£1 factors.

Non-trivial checks of the solutions are provided by the limit for n — 1 and the A-
theorem [67]. For n — 1, one expects to recover the form factors of the disorder operator;
in particular for the two-particle case we expect

. %,
F2D (19) = Z<,U/Ising> tanh 5 s

with (u1sing) denoting the vacuum expectation value of figging. The limit of the Zy branch-

(4.10)

point twist field in the Ising model is

D 3 s T |.]7
. TPljk . (T,,”)sin 7 Foi " (0,n)
lim F (¥,n) = lim ——— , ,
J,k,n—1 2 7, kn—1 2n sinh (W) sinh (W) FLHH 1(@71‘, n)
py —isinh? i sin £
_ 1 n
Tz (1 + cosh ) = —isinh (%)
7sinh 9 79
== <’T1D>m <TD> tanh — (411)

which equals (4.10) since {fusing) = (7”) as shown in appendix A, where (7,7) is deter-
mined too. Since also the FFs of the Ising disorder operator can be cast in a Pfaffian form
relying on the two-particle FF, the match between the two-particle FFs implies that

Ui I}H;?*AFT 1 ’J2k(1917 . 719276’”) = F;k(ﬁlw"aﬂQk)' (412)

The second test for the validity of the solution is given by the A-theorem sum rule [67].
The A-theorem states that if at some length scale R the theory can be described by a CFT,
then the difference of the conformal weight of an operator O and its conformal weight in
the infrared (IR) limit can be calculated as (if the integral converges)

1
D(R) — A" = — / d*z(0(z)0(0))., 4.13
() 0] [ (OO0, (113)

where © is the trace of the stress-energy tensor. Writing the spectral representation

of (4.13) in terms of form factors, we have

—rEn, 1 E
D(r)— A Z/dﬁl L+ Enr) po (g, 9) FO (0, 01) |

27) ”n' m2E?2
(4.14)
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where m is a mass scale r = Rm and mFE,, are the n-particle energies. For the case of the
massive Ising model, the conformal weights in the IR limit are zero. Hence taking r = 0
in (4.14) gives the UV conformal dimension of the operator O as

dvy...doY
uv _ 1- k -2 120 O
A / e B R O ) FY () (415)
In the Ising field theory, as well as in its n-copy version, the field © has non-vanishing form
factors only in the two-particle sector, so the sum is terminated by the k = 2 contribution.
After easy manipulations, the same as in ref. [38] for the conventional branch-point twist
fields, eq. (4.15) for the Zg branch-point twist field can be written as

ol1,1 TP|1,1 "
ATP n B L@y BT 9, n) (4.16)
327m2m2 (T,P) cosh? (9/2) ’ '
with p
FOML (9) = —27im? sinh 3 (4.17)

We evaluated the integral in (4.16) numerically for many integer odd n using the
FF (3.19). We found that the numerical calculated integrals match perfectly the prediction
Sh-nt)+2 A 16, 53, 54] with ¢ = 1+ and A = & for all the considered n. Such perfect

D
agreement is a strong evidence for the correcteness of the FF FQT Il’l(ﬁ, n) in eq. (3.19).

5 Zs branch-point twist field in the sinh-Gordon model

As shown in section 3, the solution of the bootstrap equations (3.5), (3.6) and (3.7) is
also possible for the ShG model. These equations include the locality factor e??™ = —1
and their solution differs from the FFs of the conventional branch-point twist fields by an
additional CDD factor (3.17) and a different sign prescription in (3.12). As seen in the
previous section, the corresponding solution for the Ising model can be associated with the
Zo symmetry resolution of entropies. Nevertheless, the question of whether the symmetry
resolution is possible, i.e., some/any reduced density matrices commute with the operator
corresponding to the Zs symmetry is a rather difficult one for the ShG model. In the
following, we present a series of arguments to claim that such a symmetry resolution is
plausible at least for a single interval in the ground state of the model.

The first argument is based on the application of the Bisognano-Wichmann theo-
rem [92, 93] to the ShG model. This theorem states that for the ground state of a spatially
infinite relativistic QFT, the reduced density matrix of a half-infinite line can be written as

p x exp(—27K), (5.1)

with the modular (or entanglement) Hamiltonian K

K:/O dz aH[p(x)], (5.2)
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where H is the hamiltonian density. For the ShG model, the hamiltonian density Hsna
is invariant under the Zs transformation ¢ — —¢, hence K and p commute with the Zo
symmetry operation. The ShG model is a massive theory, and hence it is plausible that the
RDM of an interval still commutes with the symmetry operation, at least for long enough
distance, which is the case for which we eventually apply the novel form factors.

A second argument is given by the conformal limit of the ShG model, which is a free
massless conformal boson. For the ground state of CFTs, the modular Hamiltonian is also
known for a single interval of length 2R [94796] and reads

K= / ao = g e lol@)] (5.3)

The Hamiltonian density of the free massless boson is again invariant under the Zs trans-
formation ¢ — —¢, and, repeating the previous reasoning, the possibility of the symmetry
resolution is justified in the UV regime.

Finally, we consider another limit of the ShG theory, namely when B =1+ i%@o with
O — 0. As already noted, in this limit the form factors of the ShG model reduce to those
of the Ising model. As shown below, FQT Si'é’k(ﬁ,n) is no exception to this rule, because the
CDD factor fcpp(¥) is the same for the Ising and ShG models and

T4, T4,k
Fy e (0.1) = I3 i (9.m) (5.4)
Consequently, the limit .
T4,k T4,k
F2,8h|é (197 ) - F2 Ierfg (19 7’L) (55)

holds: this link between the two models provides another evidence for the plausibility of a
Zo symmetry resolution of the ShG model.

It is now worth studying some features of these FFs and in particular the two-particle
one, FZT SDh%k(ﬁ, n). First of all, similarly to the Ising model, it is expected that FkT S[;G
vanishes for odd k. The reason is always the same: the Zs branch-point twist field can be
regarded as a fusion of the conventional ShG branch-point twist field and the ShG disorder
operator or Zg twist field (which should not be mistaken for the branch-point twist field).
In the off-critical theory, the FFs of both fields are non-vanishing only for even particle
numbers. Considering now the two-particle FF solution, an interesting insight is given by
the n — 1 limit of FQT Sl;lé’k(ﬂ,n). The first few form factors of the ShG Zy twist field (or
disorder operator) are known and were constructed in [97]. This field can be identified
with the off-critical version of the Zy twist field of the massless free boson theory, where a
unique field exists which changes the boundary condition of the boson field from periodic
to anti-periodic and vice versa. This field has conformal weight A = 1/16 = 0.0625 [98]
and can be regarded as bosonic analogue of the fermionic disorder operator.

We now show that in the limit n — 1, F. TShlék(ﬂ, n) coincides with FfShG(ﬁ), where
FQ,ShG (1) is the two-particle form factor of ShG Z, twist field (again, the disorder operator,
not the branch-point one). According to ref. [97],

v ed1t+02
Fygna (91, 92) = <NShG>mfll shG (V1 — V2), (5.6)
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where fi1 sha is defined in eq. (2.18), <Néth> is the vacuum expectation value of the ShG
Zo twist field, and though not manifest from its form, (5.6) depends only on the difference

of ¥1 and ¥9. From FTSh% we can proceed as

TP,k

lim F. =
A Fy gng (V,m)
; 9\ T lik
= lim <7;1?ShG> St % cosh (%) Fmi‘rjl ShG (07 n)
T|j k _
== <7-1DShG> COSh( ) i (9, 1) x lim ﬁ
0 cosh() F el 1) 7 cosh (1)
9 T\j k 9
2<TD > cosh (5) min, ShG ) 2<7'D > cosh (5 f (19)
= — 2\/1,8hG = —2(T{%ua Lsha(9).
(1 + cosh(¥)) FHTE éhG(”ﬁ 1) (1 + cosh(®))
(5.7)
: . . D D Ny cosh (11=?2
At this point, we should just use (7 g,q) = (Hsng) and eflieﬁj = 1+Cos(h(19f_ )2) to prove

our claim.

This finding is consistence with the fact that the ShG Zs branch-point twist field is a
fusion of the conventional ShG branch-point twist field and the ShG Zy twist field, from
which the UV dimension § (n —n~!) + & with ¢ = 1 and A = 1/16 follows immedi-
ately [53, 54]. We close this section showing that the A-theorem [67] is consistent with this
assumption. Unlike for the Ising model, the form factors of the stress energy tensor in the
ShG model are non-vanishing for the k = 4,6, .. .-particle sectors. In the integral formula
of the A-theorem only the two-particle contribution is included and so it is not expected
to be exact, but still to be a very good approximation. We calculated numerically such
total 2-particle contribution for several B confirming such expectation. In the table 1 we
show such comparison for B = 0.4 and 0.6. Notice that the two-particle contribution is
always slightly larger than the expected total value and the difference is larger for larger
B (up to B = 1), which is a general feature of the ShG model. This is very similar to what
observed for the conventional branch-point twist field in ref. [38] and also the difference is
of the same order of magnitude. We stress that the fact that the offset is positive is an
error (as the non-ideal name ‘sum rule’ would suggest): in eq. (4.16) we do not have the
integral of a positive defined quantity.

6 General results on Z, symmetry resolved entropy in massive QFT

In this section, we first present some basic and elementary facts about the symmetry
resolved entanglement entropies for an arbitrary theory with Zs symmetry and then exploit
the QFT scaling form to derive some general results valid for arbitrary massive QFTs. For
conciseness in writing formulas, in this and in the following section, we switch to the
notation + and — for the quantum numbers that replace 0 and 1 respectively: since we
focus on Zo symmetry there is no ambiguity with this notation. Let us recall the definition
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n|sm-—nt)+ % £ (n—n~") | two-particle contribution
1 0.0625 0 0.0664945
3 0.131944 0.111111 0.137754
5 0.2125 0.2 0.221387
7 0.294643 0.285714 0.306779
(a) B =0.4
n|sm-nt)+ % £ (n—n"") | two-particle contribution
1 0.0625 0 0.0674768
3 0.131944 0.111111 0.138998
5 0.2125 0.2 0.223242
7 0.294643 0.285714 0.309292
(b) B=0.6

Table 1. The two-particle contributions of the A-theorem sum rule compared with the expected
conformal dimension of Zs and conventional branch-point twist fields in the ShG model for B = 0.4
(upper) and B = 0.6 (lower table).

of the symmetry resolved partition functions (1.8) in terms the charged moments (1.7):

Za() = 5 (Za(0) £ Z,(1)), (61)
where
Zn(0) = TrpY , (6.2)
and
Zn(1) =Tr [pﬁ exp (MIADAH . (6.3)

Here Z,(1) is the charged moment associated with the two-point function of the composite
Z9 branch-point twist field. From eq. (1.5), the symmetry resolved Rényi entropies can be
written as (recall that Z;(0) = 1 by normalisation)

1 Zn(£)] 1 Zn(0) £ Zo(1) .,
[Z{L(i)} “1oa! [ (1+Z(1)" 2 : (6.4)

Sn(£) =

1-n

In any 2D QFT, the two (charged and neutral) moments entering in the Rényi entropies
of an interval A = [u,v] (with £ = v — u) are written as

Zn(0) = Trply = Cue® (T (u,0)Tn(v,0)) (6.5)
Zn(1) = Tr[p(=1)"94] = (P2 (TP (u, 00T, (v,0)), (6.6)

where ¢ is the UV regulator, C,? and (P the normalisation constants of the composite
and conventional branch-point twist fields, respectively, and d,, and dﬁ? their dimensions,
given as

T _ € -1 D T,P T oD _ € -1 A
= = — — = n — n _— = — — 2— .
dp, =2A 17 (n n ) . dy =2A 2A" 42 =13 (n n )—l— — (6.7)
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where A is the dimension of the field that fuses with the conventional branch-point twist-
field to give the Zy composite one (e.g. the disorder operator in the Ising model or ShG
with dimension A = 1/16).
It is then clear that in the two symmetry resolved entropies (6.4), in the QFT regime
e < 1, we have Z,(1) < Z,(0) because A is positive. Hence we find the ‘trivial’, yet
general, result
4A
Sp(£) =5, —In2+4+ O(e™n ), (6.8)

where S, is the total Rényi entropy. For general n the total Rényi entropy is known for
some models, see e.g. [38, 50], but its form is rather cumbersome. Instead, in the von
Neumann limit, the result considerably simplifies in a generic massive model to [38]

1

where U is a model dependent constant (e.g. calculated for the Ising model in [38]) and
m the mass of the lightest particle of the field theory. We anticipate that for n = 1, the
corrections in (6.8) gets multiplied by Ine, as we shall see later in this section.

In spite of its triviality, eq. (6.8) shows that in a general Zs-symmetric QFT there
is equipartition of entanglement at the leading order in €. The term —In2 which sums
to the total entropy is a consequence of the fluctuation entropy in eq. (1.6). Indeed, for
e — 0, we have p(0) = Z1(0) = p(1) = Z;(1) = 1, and hence the number entropy is just
St = —% In % Consequently, in eq. (1.6) we have
SH+)+S(-) 2. 1

— g =5 (6.10)

5= 2 2

However, this is not the end of the story. Eq. (6.8) with (6.4) shows that there are
corrections to entanglement equipartition that are calculable within the integrable QFT
framework of this paper. In fact, expanding eq. (6.4) for Z,(1) < Z,(0) we have

Sp(£) =S, —In2+ 1in (Z%i - nZ1(1)> SRR (6.11)

(1)

Notice that for generic n > 1, the ratio 22(0) is proportional to 42/ while Z; (1) o 44

and

so the former is the leading correction. The two corrections become of the same order in the
physically relevant limit n — 1. Notice that these corrections are very much reminiscent
of the unusual corrections to the scaling [99, 100] as calculated in massive theories [101].
This is not a coincidence since also unusual corrections in field theory come from the fusion
of the twist field with a relevant operator [100].

Exploiting egs. (6.5) and (6.6), we have

Zn(l) — E4A/n£ <7;1D(u70)7:;LD(7)70)>
Zn(0) G (Tolu,0)Tn(v,0))

(6.12)

This expression provides the leading term breaking equipartition of entanglement for n > 1.
With the exception of the normalisation amplitudes ¢, and ¢? which depend on the precise
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UV regularisation of the theory (lattice in the following), all the quantities entering in the
above ratio are in principle accessible to the bootstrap approach and calculable once the
FFs are known.

In the von Neumann limit, n — 1, it is convenient to write down some general formula
before taking the limit Z,,(1) < Z,(0). In general we have

8 [Zn(0) £ Zy(1) _ 5+s(1)
on | 1+ 2z, (D))" R0

n—1

S(x) = +In(l+2(1) -2,  (6.13)

n=
where, once again, S is the total entropy, and we defined
a A

= _ 1 - o Qa
s(1) = rlbl—>ml an'I‘rpA( 1)%a. (6.14)

We now take the limit Z, (1) < Z,(0) (implying Z;(1) < 1 and s(1) < 5), obtaining
S(£) =S —-In2F SZ; (1) + Z1(1) £ 5(1) + o(e*?). (6.15)

Here the terms SZ;(1) and s(1) behave as £**Ine, while Z;(1) is proportional to 2.
Hence the breaking of equipartition of the von Neumann entanglement entropy at leading
order is fully encoded in the quantities Z;(1) and s(1) defined above. These are obtainable
in the FF approach and we will show with an explicit calculation for the Ising field theory
in the next section. Although these terms breaking equipartition are vanishing in the field
theory limit, they can be straightforwardly evaluated in any numerical computation (e.g.
taking the difference S(+)—S(—) which cancels the leading term and isolate the correction).
Such numerical computations can be verified against the predictions after having identified
(as e.g. done in the next section for the Ising model) or fitted the non-universal UV cutoff
€. The remaining difference is a universal scaling function of m#¢ which is calculable within
the FF approach, as again shown for the Ising model in the forthcoming section.

7 Entropies from two-point functions of the Z, branch-point twist field
in the Ising model

In this section we show how the calculation of the symmetry resolved von Neumann en-
tropies can be carried out based on the knowledge of the Zs branch-point twist field. We
restrict our analysis to an interval in the ground state of Ising model in the paramagnetic
phase, where the entropies can be calculated from the two-point functions of the conven-
tional and composite Zs branch-point twist field. Our findings will be checked against the
continuum limit of the existing results for the lattice model [21]. The calculation follows
the logic of ref. [38] including also steps like the determination of the vacuum expectation
value of the Zs branch-point twist-field, the analytic continuation of the charged moments,
and some further technical, but relatively straightforward, algebraic manipulations. The
interested reader is encouraged the consult to corresponding appendices, where we report
all the steps not strictly necessary to follow the main ideas.

The symmetry resolved entropies for one interval can be calculated in terms of two-
point function of the composite and conventional branch-point twist fields just plug-
ging (6.6) and (6.5) into (6.4) and (6.13) (or even to (6.11) and (6.15)). The partition
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sum Z,(0), i.e., eq. (6.5), determines the total entropy and all the required quantities for
its calculation S,, were derived in ref. [38] (including the analytic continuation). Concern-
ing Z,(1) in eq. (6.5), the two-point function of the Zs branch-point twist field and its
vacuum expectation value can be determined using purely QFT techniques, whereas the
proportionality constant can be fixed by comparing the lattice and QFT results. Explicitly,
we rewrite

Zn(1) = P (me)?® [m =24 (TP (u, 0)T,P (v, 0))] = ¢2 (me)2™ [(m =25 (T,P)2)| Hy (),
(7.1)
so that m =24 (TP (u,0)7,P (v,0)) is dimensionless and universal. Furthermore, we isolated
the vacuum expectation value and defined the universal function H,,(mf). Once again, we
stress that both ¢ and (m*ng (T,P)2) are just numerical amplitudes, i.e. independent of
m and .
Focusing now on the von Neumann entropy, we only need to know egs. (6.5) and (6.6)
in the vicinity of n = 1. Hence, on top of Z;(1) given by eq. (7.1), we also need its derivative
in 1 which we rewrite as

(1) = — lim = (¢ (me) ¥ m=2% (T2 (u,0) T (0,0))) =

n—10n
. |dIn¢P _dadP? 0 _9dD ;Dray . OInHy(ml)

We stress that the entire ¢ dependence, which is the main focus of this approach, is fully

encoded in the universal function H,(mf). The easiest part of the above expressions is
ddp .
s e

dd? 1
lim2—2 = ——.
n—1 dn 12

In the two following subsections we explicitly calculate all amplitudes and two-point func-

(7.3)

tions of Zs branch-point twist fields.

7.1 Computation of the amplitudes

In egs. (7.1) and (7.2), a first ingredient yet to be calculated is the amplitude ¢”. For n = 1
there is a straightforward way to get it, exploiting the fact that 7;” equals the standard
disorder operator. We can then write

lim () ae = (TP (0,00 T (0,0)) (7.4)

where the expectation values (-)p.¢ are taken on the ground state of the lattice Hamilto-
nian (4.1) with lattice spacing a. We recall d¥’ = %. Here (gllgrlf denotes the continuum limit

of the lattice model, which is
J — o0, a— 0, h—1, (7.5)

with
m = 2J|h —1|, 2Ja=v=1, (7.6)
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where m is the field theoretical mass and v the velocity of light, that in our notation is 1.

j
The continuum limit y(x) of the disorder operator uj = H o is [107]
j'=1

L

w(ja) :§J%uf, with 5=21%e

ool
Njw

A (7.7)

where A = 1.282427129... is Glaisher’s constant. Using now that 7;°(z,0) = pu(x,0),
we have

. - 1 .
Jiog (i 1) L = Y (1(0,0)p(aj, 0)) (7.8)

The only missing ingredient to find ¢ is the relation between the lattice spacing a and
the UV regulator ¢ that was established in [38] and reads

£ = xa, with x = 0.0566227 .. .. (7.9)

Finally, comparing egs. (7.4) and (7.8), we get

1
1 (2\i
P == (x> C 132225 (7.10)

An alternative way of calculating (¥ consists in taking the continuum limit of the exact
lattice result for the charged moment Z,(ILat)(l) calculated in ref. [21] for a long interval
(there it was denoted by Sfl_) and was derived in the XY model, being a generalisation of
Ising). In the paramagnetic phase (h > 1) in which we are interested, it was found [21]

1

. . kk 2n k% 47 12
Jim (209 (1) = [W] , (7.11)

where k = 1/h, ¥ = /1 — k2 and k, and k/, = \/1 — k2 are the solution of the transcen-
dental equation

0] _ [ 1)

P {_”" (k) I(kn)} ’

(7.12)
with .
dz
I(k) = /0 A—22)(1—k?)’ (7.13)

i.e., the complete elliptic integral. Obviously k1 = k and k] = k’. Hence, for n = 1,
eq. (7.11) is just limp_, oo \ZiLat)(l)\ = /I, that close to the critical point is (2(h — 1))/* =
(2ma)*/. On the other hand, directly in the continuum limit we have eq. (7.1), which in

the limit of large separation and for n =1 is

J=

Jim ¢PTL (0,07 (4,0) = (Peim’ &, (7.14)
—00

that provides for (¥ exactly the same result as in eq. (7.10).
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D
The other amplitude to be calculated is algrf”

) in eq. (7.2). We can use the last

procedure to get this amplitude using s (1) = —%ZT(LLat)(l) derived from eq. (7.11)

n [21], obtaining, for h > 1,

/
lim |58 (1)] = VK

f—r00 3

In2— %m (kk') — W (1+ k2)] . (7.15)

Recalling that, by definition, (gqulr 7z (1) = Z,,(1), we have

lim Z(9 (1) = Tim ¢Pe% (T,P(0,0)7,P(£,0)),, = (P2 (T,P)2 (7.16)
QFT {—00

Rearranging the previous expression, one can extract ¢ and its derivative with respect to

n to get
D _g(at)(q 7 (Lat) 24P D\2
dn gy ) A (pypde™ PR ) )
dn In=1 QFT 51(7’1/3)2 65<7~1D>4 dn In=1 dn In=1

The QFT limit of lattice quantities are simply

i 1901 = camy? ()02
lim 5401 (2am)4< o 22 tolad), (7.18)

and
lim 2" (1) = (2am)7 + o(at). (7.19)

QFT

Instead, the VEV (T,P)? and its derivative are explicitly calculated in appendix A, cf.
egs. (A.31) and (A.32). Putting everything together, we finally have

dc,!?‘ . 27 (nm) _ In2) - 21 )
dn ln=1 a—0 Xﬂm*%TID)Q (ma)i (X%<’m_%7-1D>2)2
D 1
1 py2d(may)*® 1d(m”sT,)?
% <<m 87-1 > dn n=1 + (maX)4 dn ‘n:l
= —-0.007124... . (7.20)

Notice that the term in In(am) cancels, as it should. We also used ¢ = ay, cf. eq. (7.9).

7.2 The two-point function of Z, branch-point twist fields

Now we change focus and consider the two-point function entering in egs. (7.1) and (7.2).
For n = 1, the two-point function of the composite fields in Z;(1) is just to the two-point
function of the disorder operators, which can be also expressed in terms of a solution of a
Painlevé III type differential equation [107]. However, for our purposes, the two-particle
approximation of the two-point functions is more useful because it provides not only the
two-point function at n = 1, but also its derivative with respect to n. In this two-particle
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approximation, the correlation function for generic n can be written as (cf. eq. (3.19)
with (4.7))

<T (£ O)T (0 0) + Z / df;d;;? FT |7, k(ﬁl%n)|26—rm(cosh191+cosh792)
7,k=1

(T.P)? <1+ 4”2 / d9FP (9, n) Ko (2ml cosh (19/2))) (7.21)

where fP(9,n) is implicitly defined as

(TP f Z IS @) = | 0,0 + 5 T i — 0,
7=1
(7.22)

We have already argued that the k-particle form factors of the Zo branch-point twist field
vanish for odd k£ in both the Ising and ShG models. It has been also shown that the
possible presence of a one-particle FF is irrelevant for the leading behaviour of the total
entropy [50]. Overall, eq. (7.21) allows us to identify the universal function H,(mf¢) in
eq. (7.1) in the two-particle approximation as

H>™' (mf) =1+ 4n2 / dv fP (9, n) Ko(2ml cosh(9/2)) , (7.23)

an expression that is valid for a generic Zs symmetric theory with only the precise form of
fP(¥,n) depending on the model. Eq. (7.23) with (7.22) provides an explicit final result
for the Rényi entropies for any odd integer n > 3 (we recall our FFs are derived for odd
n). The calculation of the von Neumann limit n — 1 is more involved because it requires
the analytic continuation of eq. (7.22) which is not an obvious matter, as we will see soon.
However, before embarking in this more difficult calculation, let us consider the explicit
form of Z1(1). In this case, the form factors of the Zy branch-point twist field become
those of the disorder operator, cf. eq. (4.10), getting F}' oc tanh /2, cf. eq. (4.11). Hence
we immediately have

H2 (f) = 14— Oodm b2 <19)K (@mbcosh (9/2) = 1+~ po [
1 me) = A e am g ) tolamieo = 8 (me)? (mt)® )’
(7.34)

where the leading term in the m# expansion is obtained below, but it can also be extracted
using the fact that the integral in (7.24) can be rewritten in terms of the Meijer’s G-function
(although its form is not illuminating and we do not report it here).

Looking at eq. (7.2) for s(1), we still need the derivative of both the VEV and of the
universal function H2P*(mf). The former is rather cumbersome, but does not require any
particular care and it is then reported in appendix A, see eq. (A.32) for the final result.
Conversely, the analytic continuation of H?2P'(m/f) is more thoughtful and we report its
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details in the following. In the two-particle approximation, the required derivative reads

lim gHﬁpt(mﬁ) =13 / ~ fPW,1)Kq (2¢m cosh (9/2))

n—10n w2 )
R Y A Jd zp
+ 7l}_}]{n1 o) /_OO dv (8nf (ﬁ,n)) Ko (2¢mcosh (9/2)) , (7.25)

where we introduced fP (19, n) which is the analytic continuation of f”(19,n). The eval-
uation of fP (9,1) and of its the derivative, nevertheless, involves some subtleties related
to the proper analytic continuation in n of the FFs, which is non-trivial as carefully dis-
cussed in ref. [38] for the conventional branch-point twist field. For any integer odd n > 3,
fP@®,n) = fP(¥,n). This is no longer true for n = 1: fP(1),1) is not a continuous function
in 19, as it equals

fP(®,1) = tanh? g, (7.26)

everywhere except at ¥ = 0, where f2(0,1) = —%. In other words, fP(9,1) equals
fP(9,1) everywhere, except at 9 = 0. Consequently, its derivative contains a d-function.
The calculation is detailed in appendix C, where one finally arrives to eq. (C.13), i.e.,
11—cosh19—|—7sir21ﬁ19 91
S

o0 -~
lim — fP(9,n) = =
n1—>rnl anf ( 7n) 2 cosh2g 2

sinh?(1/2) ) 51

5(9) = 49

(7.27)
It follows that the final result for eq. (7.25) is

[%S) 2
lim ;H“(m@ = % / N dﬁWKO (2¢m cosh (9/2)) — %Ko(m@. (7.28)
This term, together with (7.24) includes the entire ¢ dependence of the symmetry resolved
von Neumann entropies and it represents our final full result.

However, putting the various pieces together is not illuminating without expanding
for large mf¢ as we are going to do now. The leading term in (7.28) clearly comes from
the Ko(mf) factor, but it is worth discussing a simple method to obtain a systematic
large ¢ expansion. To obtain the subleading terms by evaluating the integrals in eqs. (7.28)
and (7.24), one first recognises that for large ¢, the integral is dominated by the contribution
of the region close to ¥ = 0. One can then expand as a function of ¥ = 0 the function
which multiply Ko(m/) in the integrand, and evaluate the asymptotic behaviour of

1 & AN Ak 1 [  arccosh?z
47T2/—oo dV Ko <2m€cosh 2> <2) = 7r2/1 dz———=Ko(2mlz). (7.29)

x> —1

Expanding arcosh(z) around x = 1, exploiting the asymptotic behaviour of the Bessel
function Ko(z) ~ e™*,/5-, and keeping the leading x — 1 type terms, we and up with

2n—1 1
1 [ e [ T2V T(nt3) e L
- /1 dze e = e (L Olmt) ™) (730
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which gives the leading ¢-dependent term for (7.29). In this way, one readily derive the
expansion in the r.h.s. of eq. (7.24) and

o oot 1 e—2mé e—2m€
p _ = -~
lim = H2" () = 8K0(2m€)+4w — +0<(m£)2>. (7.31)

7.3 Putting the pieces together

In this subsection we put together the different pieces of the symmetry resolved entropies.
We first of all write down the expressions for Z;(1) and s(1) including the leading correc-
tions and then comment on the symmetry resolved entropy. Zi(1) is obtained by plugging
egs. (7.24) and (7.14) into eq. (7.1), getting

1 1 e—QmZ 6—2m£
Z1(1) = (P (me)15 (1 + 8% (mi)? +0 <(m€)3>> : (7.32)

5=2m¢5A2 and (P =1.32225..., as obtained in section 7.1. In a similar fashion, s(1)
is obtained by plugging eqs. (7.31), (7.24) into (7.2), getting

s(1) = —(P(me) 152 (1 P Lo <6_2m§>>
8 (md)* (mf)

Inme 1 1 e~ 2mt e~ 2mt
— — 20 — o 7.33
Xl iz T gl Bmit e <(mg)2 o (739)
where we introduced the combination of amplitudes

C = lim din Gy - i1n( —2di7 (D)2 ) = —0.065992 (7.34)

n—1 dn dn ) ’ ’
. : . . dIn¢p d
with the numerical value coming from lim = —0.00538786 and lim —
n—1 n n—1dn
In (m_QdE (T.P )2) = —0.0606041, as calculated in section 7.1. Slightly rephrasing the

formula using € = ya, we have

1 e—2m€ e—QmZ
(1*8 ma”(w))

In (CL’I?’L) Iny 1 e—2mdt e—2mt

N

s(1) = (2am)

which can be cross-checked against the lattice result (7.18). The equality of —22 in (7.18)

and ln T

— C can be regarded as a consistency check of the calculations. In our results for
s(1) 1.e., in egs. (7.33) and (7.35) we also kept the leading and subleading terms accounting
for the /-dependence. The analogous term incorporating ¢-dependence has not been derived
for the lattice model and represent one of our main achievements.

With (7.32) for Z;(1) and (7.33) for s(1), we can finally use (6.15) to write down

1/4 1/4

the symmetry resolved entropies including corrections too. Keeping the €/*In¢e and ¢
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terms, we end up with

1
) . o & e—2mt 1
S(i):_61nm5+UISmg—8K0(2m£)—ln2i(x)4 (5m)i ( ) [ n(em)
1 1 e—2md e 2mt 1 e 2mt
110, K 2 o 1 '
—Ulsing—C+ 0(2mf)— 4r ml o (e tine me)*’ (m€)2>

1 1 1 |In(em) e~ 2mt
=——1 —0.131984— - Ky(2mf) —In2+2.437866 4 14—
5 lnme S o(2mf)—In (em) [ 1 ( —1—87r (mi)? +

—2md —2md

+0 e_?’me,e%lnse 3,5%6 5 |-
(ml) (ml)

(7.36)

1 6—2m€

1
0.197976+ — Ko (2mf) — —
+ +y Ko @ml) ==

As already anticipated on a general ground in section 6 eq. (6.8), we find at leading order
equipartition of entanglement, i.e. S(+) = S(—)+.... On top of this, the above expression
can be used to find the first term breaking equipartition which can be easily extracted by
taking the difference

S(+)—-S(-) 1| In(em) 1 e—2mt 1 e—2mt
———==2437 1 — 19797 K 2mb) — —
5 37866 (¢m)1 1 +87T (mi)? +0. 64— Ko (2m/l) pi—
—2ml —2ml
+0 6_3”‘(,5%11156 3,ei€ 5 (7.37)
(mf) (mf)

It should be possible to test this prediction by exact numerical lattice computation. Work
in this direction is in progress.

8 Conclusions

In this paper, we introduced an approach suited to the computation of symmetry resolved
entropies in generic massive (free and interacting) integrable quantum field theories. The
essence of the approach is the existence of appropriate modified or composite branch-point
twist fields whose two-point function gives the corresponding charged entropies for a single
interval. Then the form factor bootstrap program provides the matrix elements of such
fields. In particular, here we discussed the Zs symmetry resolution for Ising model in the
paramagnetic phase and for the sinh-Gordon quantum field theory.

We wrote down the bootstrap equations for the composite Zo branch-point twist fields
and provided an intuitive picture behind the choice of the locality factors entering these
equations. The two-particle form factors for Zy branch-point twist fields were calculated for
the Ising both models considered here. For the Ising model, we were also able to compute
the vacuum expectation value, alias the zero particle form factor, we argued that form
factors with odd particle number vanish, and finally showed that the form factors for any
even particle numbers can are Pfaffian of the two-particle form factors. The obtained form
factor solution was cross-checked verifying that for n — 1 the form factors of the disorder
operator are recovered and applying the A-theorem [67] to reproduce exactly the critical
dimensions of the composite fields.
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Also the sinh-Gordon form factors have been tested in several ways. First, we consid-
ered the limit for the interaction parameter B as B = 1 + i%@g with ©g — oo, in which
the Zs branch-point twist fields for the Ising model are recovered. Then for n — 1, we
reproduced the disorder operator of the sinh-Gordon model. Applying the A-theorem for
the form factors, we recovered the expected UV dimensions with satisfactory precision.
The error is ascribed to the fact that, unlike for the Ising model, the A-theorem sum rule
requires an infinite summation and hence the knowledge of all form factors for the Zo
branch-point twist field.

The general approach to extract the ground-state symmetry resolved entropies for an
interval of length ¢ from the two-point function of composite Zs branch-point twist fields
is discussed in section 6. In particular, we showed that entanglement equipartition follows
generically from the property that the UV dimension of the Zy branch-point twist field
is larger than the one for the conventional branch-point twist field. The subleading term
breaking such equipartition is model dependent. The obtained form factors allow for the
complete calculation of the charged and symmetry resolved entropies in the paramagnetic
phase of the Ising model which is presented in great detail, with emphasis on the physically
relevant von Neumann limit n — 1 (that requires a non-trivial analytic continuation). The
final result for the charged partition sum and entropy are reported in egs. (7.1) and (7.2)
with the various amplitudes computed in section 7.1 and the universal functions of m# given
in egs. (7.24) and (7.28). We stress that these universal functions are the main new physical
results of this paper since all other terms could be equivalently calculated by taking the
continuum limit of the known results for the Ising chain in ref. [21]. From eq. (7.37) we can
see that the leading term breaking equipartition scales like e1ln e, as expected. However,
eq. (7.37) also provides the m¢ dependence of this equipartition breaking term. It would
be highly desirable to test all these predictions with exact numerical calculations based on
the continuum limit of the spin chain.

There are various possible ways this work can be extended. The most natural one is the
treatment of models with non-diagonal scattering and continuous symmetries, to which the
authors plan to devote another communication. The obtained form factors also allow for
the calculation of entropies in excited states, as long as reduced density matrix commutes
with the symmetry operator. Finally, the crossover from critical to massive regime at fixed
{ is a very interesting yet challenging problem, which may require an infinite summation
higher particle form factors or the development of alternative techniques.
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D

A Vacuum expectation value of Ising

Finding the solutions to the FF bootstrap equations is relatively easy. Often it is also not
difficult to identify these solutions with the corresponding physical fields. Conversely, the
determination of the vacuum expectation value (VEV), i.e., the zero particle FF and the
one-particle FF (if non-vanishing) is generally a difficult task. So far, exact expressions are
known for all fields in the Ising model and for some in ShG, sine-Gordon, Bullogh-Dodd
models, as well as for some of their restrictions, see e.g. [71, 102-104]. For the conventional
branch-point twist fields, an exact expression for the VEV has been provided only for the
Ising model in [38]. In this appendix, we show that for the same model the VEV for 7,7
can also be exactly determined, under some plausible assumptions. We use and modify
ideas borrowed from refs. [38, 105, 106]. In this appendix, we work in the fermionic basis
and denote the j-th copy of the Majorana fermion as ;. We explicitly exploit the property
that fermionic and spin entanglement are the same for one interval.

As a first step we search for a matrix 7 whose action in the space replica space (i.e. on
the vector (¢, ... ,wn)T) corresponds to the composite Zo branch-point twist field. Given
that the total phase accumulated by the field in turning around the entire Riemann surface
is —1, the main requirement is 7"¢; = —1;, i.e., 7" = 1, where 7 is the n x n identity
matrix. An easy way to proceed is to modify the transformation matrix for the Zy branch-
point twist-fields [106], as done in ref. [19] for the resolution of the U(1) symmetry (both
papers consider Dirac fermions, but there is no difference for Majorana except that the
phase is fixed). Hence, a first representation of the matrix 7 is

0 0 0 O 0 (=)™
-1 0 0 O 0 0
0 -1 0 0 0 0
= 0 0 —-10 0 0 (A.1)
0 0 0 O .0 0
O o0 0 o0---=1 0
where it is clear that 7" = —Z for odd n. However, it was pointed out in [38] that one

has to be careful in the FF approach because fermions of the same copy anticommute, as
conventional fermions do, but the fermions of different copies commute (S;; = 1). Con-
versely, in refs. [19, 106] fermions of different copies anticommute. The anticommutation of
fermions on different copies can be achieved in the FF approach by a change of basis as [38]

N,
R (r2)
—[91,02)15.  J1 > J2-

As argued in [38], the action of a permutation on the fields 93¢ in the new basis is no longer

o3¢ = 54 mod n» DUt instead

ac = 1,....n—1,
oye = Pt (A.3)
- j=n.
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When this permutation is applied n times we have o"¢%® = —¢7°. Moreover, the eigenval-
ues of the corresponding matrix

000
100
010

rn=|001 (A4)

o O o O
o O O O
o O O

[an}

000 .00
0000 ---10
equal those of (A.1) for odd n, which the case we are interested in. We can then iden-
tify both 7 and 71 with the transformation matrix that has to be diagonalised for the
determination of the VEV [38].

The eigenvalues of 712 can be written as e2mk/n wwith k
k=—-(n—-2)/2,—(n—4)/2...,-1/2,1/2,...,(n —4)/2,(n —2)/2,n/2. (A.5)

The eigenvectors of 1o are

n

1 o
bp=—=3 e~ 2mik(j=1)/nyac (A.6)
and the inverse transformation is
12 .
ac Z eQﬂ'Zk(]*l)/Hwk ) (A?)

’ \/ﬁ h—=—n=2
2

i2wk/n

The eigenvectors corresponding to the eigenvalues e are complex conjugate pairs for

+k, except k = n/2 with eigenvalue (—1) and real eigenvector equal to ﬁ(l, -1,1,...,1).
Hence, we can build ”Tfl complex fermions by 15, and 1_j as 1/1;2 =Y _pfork=1,...,(n—2)
and we are left with one Majorana fermion for k£ = n/2, which is still a Majorana fermion
as wl/z = 9y 2. The anticommutation relations {¢y,Yw} = Ok, {¥k; P2} = 0 for
k #mn/2, and {1, /2,vy/2} = 1 are ensured by our choice for the basis (A.2).

The structure of the eigenvalues of the transformation 7 is compatible with the four-
point function of the Zy branch-point twist field

el

(i () () TP (W) TP (W) 1 ((z—w> <z’—w’>)" (A8)

N (z —w') (2 —w)

(TP (w)T,P (w)) 2=

at the UV critical point: turning clock-wise (') around the twist field 77 at w, the

correct factor of et27k/n

is recovered. Eq. (A.8) is an important formula, which is also proved
in appendix B. It leads to the factorisation of the Zo branch-point twist field, it allows for
the computation of the UV dimensions of the factorised components, and eventually it

leads to the determination of the VEV in the massive theory. The factorisation of the Zs
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branch-point twist field can also be inferred from the results of [105], which in our case
become

TP (w) = T2, (w) T[] Tw). (4.9)

where action of 776Dn(w) is non trivial only on the ¥ _j and 1 fields. The scaling dimension
of 77«% can be can be obtained from the relation [14, 39, 40]

(TTO@TOW) | (w—w)?
(T2 () T2, (w) "e—w)?(z—w)?

(A.10)

where T} is the stress-energy tensor of the +k components. In fact, using the Ward
identity [108]

(T(2) Ty (w) Ty (w') =

/ hs -
(i‘”w e ’jﬂ;)z b Ay - ,)2> (T, () T ()
(A.11)
one can deduce that the coefficient hy in (A.10) equals the conformal dimension of the
chiral component of both 7,P and 7,”.
To calculate (A.10), we first show, that the stress-energy tensor can also be factorised
into different k-components. We recall that the 2D free massless Dirac theory can be
written in terms of the two component Dirac spinor ¥(z,z) = (ggg), where y and Y are

complex fermion fields. The analytic part of the stress energy tensor is

Topae(z) = 5 (0010~ W0.0) = (0. (M(2)x(2) ~xX1(2).0x(2)) . (A12)

whereas for the neutral Majorana field it reads

TMajorana(Z) = —%1/1(2)82:1/1(2) . (A13)

One Dirac field can be constructed from two Majorana fields as

(@ L (i() +iva2)
vz = ( ) VG (wl(z) +iw2(z)) / (A-14)

X(2)
but in our case, as argued before, it is more convenient to use

_ Xk(z) 1 ¢k<z)
Ui(z,2) =", =—7= 7 | A.15
(%) (Xk(@) V2 <¢k(2) (A.15)
with our Fourier transformed fields ;. In this way, the stress-energy tensor of the original

n-copy model is decomposed into k sectors each involving complex fermion fields. Using
eq. (A.12), the stress-energy tensor of the +k components is

1

T, = 5 (0000 — o) | (A.16)
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for k = % , 52 and, similarly for k = 5

Ty = —% (@ZJ%@Z@b%) . (A.17)

The total stress-energy tensor is then

|3

Z % D:1;) . (A.18)

k=

N

Now we explicitly compute the L.h.s. of eq. (A.10) to determine hi. We first notice

that the action of . i )
RS 2 <_[az/ B 8Z]> 7 (A.19)

271 2l —z 2

to the Lh.s. of eq. (A.8) replaces ©_j(z)9(2") with Tj(z). The operator (A.19) is straight-
forwardly applied to the r.h.s. of eq. (A.8) and so the scaling dimension hy, is

kQ
hi = —= A2
k=5 (A.20)
for k = 3,...,%52. Finally Tz n(w,w) acts like the conventional disorder operator and so
hn = L (A.21)
216" '

This dimension can be also rigorously obtained by applying

g (L), (A2)

211 z -z

to
(W2 () (TL@)TLW)) 1 ((z—w) (2 —w)\?
T 7 ) 42
The factor % in (A.22) compared to 3 in (A.19) is important to obtain the desired

—5¥2(2)0:¢z(z) with the correct normalisation. The application of (A.22) to (A.8)
results in

D D !
CEATE@TEW) 1 (w—w)? o
TP TP, 160w (z—w)
confirming h% = %.
Finally, the total dimension of the composite Zo branch-point twist field is
L ’ﬁ+i_i< e+ L (A.25)
224 16 48 \" AT '

-2

which is the Correct dimension in the Ising CFT as h + h correctly reproduces
11 -1
siz(n—n")+ 8n
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We have also seen that, winding the complex fermion field xx(z) = ¥r(z) around
the twist field, a phase e/™/™ is accumulated for k # 5, which can be attributed to the
action of a U(1) composite twist field. A plausible assumption is that the decomposition
of branch-point twist fields can be rephrased as

T, (w, @) = T3, (w HTknww) p(w, @) [T Or (w,0) = p(w, @) [T Oz (w,@).
k;_% k:% n = 2n

(A.26)
Assuming that this type of factorisation of the Zs branch-point twist field also holds in
the off-critical theory we can obtain its vacuum expectation value exploiting the results in
ref. [102]

m\“ 1

Qo) =+ : A27
(Oa) (2) G(1-a)G(1+a) ( )

where G(x) is the Barnes G-function. Hence, for the n-copy Ising theory we have

o () B
<7:1 >: <2> MIsmg 1;[ 20— 1)G(1—|— 20— 1) (A‘28)
Using the exact result for (pusing) [107], we can write it as
1
1 /m\s 1
(U1sing) = mE2Me s AT = 21 ( ) — (A.29)
¢ 2 G(3)G(3)

and finally we have

—n_

<m> (=) ﬁll G ! (A.30)

(TPy =23

G114+ 27

or, equivalently, using the integral representation

n—n_1 1 . t —
<TD> % <m)( 21 +Sn) oxp /Oodt SlnhtCOth(ﬁ)—n_ n—n 1+i o2 .
2 o t 4sinh?t 24 8n
(A.31)
For n = 1, this formula equals the vacuum expectation value of the disorder operator, as

obvious. For the less trivial derivative in n = 1, we have

d —9dP jD\2 {1112 3 {/ dt (cosht 1 1 _Qt)]
— n —A°2% 21 —_—
dn (m (727) >’n 1 e 4+ 4exp 0 't \ 2sinh®t "4 %

t/sinht—1 1 2t> }
X — |t =—0.111738.... A.32
/0 t ( 2sinh?¢ 126 ( )

B Conformal dimensions

In this appendix we show that eq. (A.8) holds for Zy branch-point twist field in the ¢ = %
CFT. Let us recall what we want to prove here:

W@ TP@TLW)) 1 (- w) (2 —w)
(TP (w) 7D (w)) - wew) (B

3=
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The way we proceed is very similar to refs. [19, 105]. We apply the conformal transformation

fz(zw,fb, (B.2)

zZ— W

which maps the R,, Riemann surface with branch-points w and w’ to the complex plane
¢ € C. After this uniformising mapping, the twist fields in eq. (B.1) do not disappear, but
they become the disorder operator of the Ising CFT. This is a manifestation of the fact
that 77 is the fusion of 7 and the disorder field x. To check the validity of this idea, we
first compute the scaling dimension of 72 along these lines.

Consider therefore the quantity

(1)L (W) TP (')
(TP (w) TP (w')

After the mapping (B.2), we have

TP TPy () TO + (62 non(ex) )
TD@)TP(w)) (H(0)(>0))

46\ ? (O T(E)(cx)
R () Yt e

that can be written as

GETP@TP@) (=) [ 1-n- (&) (u(a)Tj(ﬁ)u(B»]

(TP)TP(w))  (z—w)’(z—w)* | 24 a=0,6=00  (p(a)u(B))
(w—w)? [1-n7% /&> 1 (a=p)
(r—w) (z—w)” | 24 +(z) w%f%!oolﬁ<a—§>2<§—5>2]
B (w—uw')? [ 1-n"2 /€N\?1 1
_(z—w)2(z—w’)2 T +(n) 1652]
2

w—w' _ 2 1
(z—(w)“’(ziw/)2 o4 +16n2]7 (B.5)

where we used [109]

(P(2)P(Z)o(w)o(w)) 1 1 (z—w)(Z —w)\?  ((z—w)(Z —w))?
(o(w)o(w')) 22— 2 {((z —w') (2 — w)) * <(z —w) (2 — w’)) ] . (B.6)

From eq. (B.6), we also have

2 (z—w') (2 —w) (z—w)(z'—w')

W) 1 1 [(Gmw)E—w)\} | (—u)—w)\
(p(w)p(w’)) T 22—2 [( ) +< ) ] (B.7)

from which % can be obtained. Multiplying the final result by n and comparing

with the Ward 1dent1ty (A 10), we find that the right scaling dimension of the holomorphic
part of 7, which is 2=2— + 16n
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Wk (2)k (TP ()T, ()

Now let us calculate the quantity (7D () 7D (w)

Performing the inverse

transformation from v, to v; and introducing the shorthand w = e2™i/ we can write
(Y_i(2)s(2 I)TD(’wﬁ;z (w’ _ Zw—(j—1)(k:+n/2)w(j/—1)(k+n/2) (v () ()T, D (w) T, (w')) .
(TP (w) TP (w)) . (TP () TP (w)
(B.8)

We are now slightly more cautious with the conformal mapping (B.2), writing [105]

& =&, (B.9)

which maps the jth sheet of the Riemann surface into a wedge of angle 27 /n in C. According
to this transformation, we have

(W1 (DT ) TP W) _
(T2 (w) T2 (w))

_ 1 G=1)(k+n/2) (5~ 1) (k+1/2) . é<M(0)¢j(fj>wj’(§}/)ﬂ(oo)>] _
HEZ[ S OS]

!

LS |-G Debn/2) (-1 (k0 /2) (¢ (el (o %1\/@('2)/@ )+ & ()6
niil (6=E:))" 5 &G — &) ’

/

(B.10)

where we used eq. (B.6). We can finally expand in power series and resum as

(Wi (2)Pn() T (w) 7,0 (w'))
(TP (w)T,P (w"))

ZZ[ Gt/ 233 0 D /20 (fggzé’((z /))> (5((22’)))2’

j’ p=0

2 §(2)
= ()€ () 2 21)\ R/ HNE (NE(ZN 2
SR (e

§
§
_ n [(5’(2)8(2’)) (g(z,))n/Q—k(g(z))N/Z—i-k]_ 1 ((z:w/)(z’,—w/)>n’

£
4 o= G004/ —j=pi (7'~ 1) (ktn/2) 4+ +pj' (f (2)€'(=')¢ (Z’)>5 (5 (Z’))p]

£E-) |\ R = \emw) (F—w)
(B.11)
providing the desired result.
C Analytic continuation for f?(9,n)
TP

The analytic continuation of the quantity f(1J,n) (defined in eq. (7.22) by replacing F}
with FQT It ) was carefully analysed in ref. [38]. It was shown that as the analytic contin-
uation f(9,n) with domain n € [1,00) can be defined from f(9,n) for n = 2,3,.... Then
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f(9,n) = f(¥,n) for integer n such that n > 2, but for n — 1 we have that f(,1) = 0
everywhere except in the origin, where it converges to 1. Hence the convergence is non-

0
uniform, which results in a d-function in the derivative lim — f (9,n), yielding

n—10n

1
lim a—f(i? n) = 7r2§5(19) (C.1)

n—1
The analysis of [38] is very detailed, but its full repetition for our case to obtain f(¥,1)
o0 -
and liin1 n fP (¥, n) is not necessary. We only report some essential ideas for the derivation
n— mn

of f(¥9,n) and then discuss some differences to consider for the Zy branch-point twist field.
First, we recall the definition

(Tn ZFT'“ (=0 + 2mi(j)) (B " (~0 + 2mi(j ) i (C.2)

For the analytic continuation, we replace j by a continuous variable z. In particular, let
us consider the contour integral

1
0=-— @ dzmcot(mz)s(V, z), (C.3)
211 I

where the contour is a rectangle with vertices (—e—iL,n—e—iL,n—e+iL, —e+1iL). This
contour integral is zero as when L — oo, the contributions of the horizontal lines vanish
and in the Ising model the vertical contributions cancel each other due to the periodicity of

s(¥,z4+n) = Slsmg s(¥, z) and Slsmg = 1. The integrand has poles at z = 1,2,. —1 and
also at z = & 5 T 5> and 2 =n— 1 + 5 ‘9 . Evaluating the residues, for real 9 we end up with

n—1 9 Im (FZ'”(—w +im,m) — Fy (=20 + i27n — im,m) )
Z s(¥,j) = —tanh — ,  (C4)
j=1 2 (Tn)

and hence the analytic continuation is [38]

o) . h 9 Im (F;rln(—2i9 +im,n) — F27—|11(_219 +i2mn — i, n))
,n) = —tanh —
(Tn)

We can repeat the same steps for the Zo branch-point twist field. We can write f? as

(C.5)

(TPV2£P (9.n) ZFT |11 (=9 + 2mij) (FQTD‘H( 19+2mj) Zs (9,7)  (C.6)

and consider the contour integral

1
D _ 1
57 Cdzw cot(mz)s” (9, 2) = o (C.7)

with the same contour as in eq. (C.3). Unlike eq. (C.3), this integral is non-zero. While the

vertical contributions again cancel each other, the horizontal contributions are non zero,

because 1

lim sP ¥,z +iL) = —

L—oo

(C.8)
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and hence the result is —%. We can evaluate the Lh.s. of eq. (C.7) by the residue theorem;

the poles are at the same positions as in eq. (C.3),i.e. z=1,2,...,n— 1, at z = % + 2%1.,
D
and z =n — % + %, because the pole structure of the FFs FQT M and F27'\11 is the same.
Evaluating the residues, we end up with
ni b gIm (B M (=20 +imn) + B M (=20 +i2mn —imn)) 4
s7 (¥, j) = —tanh — - =,
D 2 (7.P) n
(C.9)
from which the analytic continuation is inferred
_ 9 Im (F;Dlll(—Zﬂ—i—iw,n) +F2TD‘11(—279+Z'27rn—i7r,n)) 1
fP(W.n) = —tanh — = - =
2 (T.P) n
(C.10)

It is easy to check that f”(9,n) = fP(9,n) for odd and integer n > 3.

The derivative of fD (9,m) can be obtained without further work exploiting the prop-
erty that the function fP(9,n) 4 f(¥9,n) is smooth and converges to a smooth function as
n — 1. Indeed, using egs. (C.5) and (C.10) we immediately have

_ B coth (L) (—=2cosh (£) + cos () + 1 1
fP(,n) + f(¥,n) = tanh <9) ( <2”) ( (”) ) )> - =, (Cca1)
2 n (cos (X) — cosh (%)) n
and consequently
lim fP(9,n) + f(9,n) = tanh? v
n—1 ’ : 2’ ©12)
.0 .:p ~ 11—cosh19+sir2lg19 )
TILILHI %[f (197 n) + f(ﬁa n)] - 5 COSh2 g )
leading to the main results of this appendix
. tanh® 3 ¥ #£0
IMfW&m—{a“2 70
n—1 _1 9=0
2 . (C.13)
0 = 11— coshd + =5 1
lim — D — sinhy _ 27 )
nl—>Inl an (9;m) 2 cosh? g 25(29)

We conclude this appendix mentioning the behaviour for n — oo, for which we are
going to show that the limiting functions for fP(¥,n) and f(¥,n) are the same. More
precisely, we have that

R ) 2092 + 72) tanh (2
lim fD(ﬁ,e“z)n—l—c): ( ) (2>

Tim =T, (C.14)

for any constant ¢ and any direction ¢ on the complex plane. This large n behaviour is re-

lated to the unicity of the analytic continuation [38] by Carlson’s theorem [110]. Indeed, let
us suppose the existence of another function (99, n), which satisfies g° (0, n) = f2(9,n)
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for odd n-s with n > 3. We assume that [ (9, n)| < Ce?ll for Re(n) > 0 and with ¢ < T;
this assumption is motivated by the fact that both Tr (p"}) and Tr (pf}‘(—l)"QA> behave
so for finite systems, see again ref. [38] for a detailed discussion. Then Carlson’s theorem
can be applied to fP(9,n) — GP(9,n) and implies that the difference is identically zero,
i.e. the continuation is unique. To be more precise, we use Carlson theorem in its standard
form [110] by applying it to fP(¥,2n + 1) — GP(9,2n + 1), with n = 1,2,3,4,.... The
only price to pay is that the growth on the imaginary axis must be bounded by Cez "l
rather than the usual restriction Ce™"!. Anyhow, this is compatible with both the limiting
behaviour of fP(9,n) and our motivating assumptions for g (19, n).
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] L. Amico, R. Fazio, A. Osterloh and V. Vedral, Entanglement in many-body systems, Rev.
Mod. Phys. 80 (2008) 517 [quant-ph/0703044] [INSPIRE].

[2] P. Calabrese, J. Cardy and B. Doyon, Entanglement entropy in extended quantum systems,
J. Phys. A 42 (2009) 500301.

[3] J. Eisert, M. Cramer and M.B. Plenio, Area laws for the entanglement entropy — a review,
Rev. Mod. Phys. 82 (2010) 277 [arXiv:0808.3773] [INSPIRE].

[4] D.J.E. Marsh, Azion Cosmology, Phys. Rept. 643 (2016) 1 [arXiv:1510.07633] [INSPIRE].

[5] N. Laflorencie and S. Rachel, Spin-resolved entanglement spectroscopy of critical spin chains
and Luttinger liquids, J. Stat. Mech. 2014 (2014) P11013.

[6] M. Goldstein and E. Sela, Symmetry-resolved entanglement in many-body systems, Phys.
Rev. Lett. 120 (2018) 200602 [arXiv:1711.09418] [inSPIRE].

[7] A. Lukin et al., Probing entanglement in a many-body localized system, Science 364 (2019)
6437.

[8] E. Cornfeld, M. Goldstein and E. Sela, Imbalance entanglement: Symmetry decomposition
of negativity, Phys. Rev. A 98 (2018) 032302 [arXiv:1804.00632] [INSPIRE].

[9] M.A. Nielsen and I.L. Chuang, Quantum computation and quantum information,
Cambridge University Press, Cambridge, U.K., 10th anniversary ed. (2010) [DOI].

[10] H.M. Wiseman and J.A. Vaccaro, Entanglement of Indistinguishable Particles Shared
between Two Parties, Phys. Rev. Lett. 91 (2003) 097902.

[11] M. Kiefer-Emmanouilidis, R. Unanyan, J. Sirker and M. Fleischhauer, Bounds on the
entanglement entropy by the number entropy in non-interacting fermionic systems, SciPost
Phys. 8 (2020) 083.

[12] M. Kiefer-Emmanouilidis, R. Unanyan, M. Fleischhauer and J. Sirker, Fvidence for
Unbounded Growth of the Number Entropy in Many-Body Localized Phases, Phys. Rev. Lett.
124 (2020) 243601 [arXiv:2003.04849] [INSPIRE].

[13] C.G. Callan Jr. and F. Wilczek, On geometric entropy, Phys. Lett. B 333 (1994) 55
[hep-th/9401072] [INSPIRE].

— 38 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/RevModPhys.80.517
https://arxiv.org/abs/quant-ph/0703044
https://inspirehep.net/search?p=find+J%20%22Rev.Mod.Phys.%2C80%2C517%22
https://doi.org/10.1088/1751-8121/42/50/500301
https://doi.org/10.1103/RevModPhys.82.277
https://arxiv.org/abs/0808.3773
https://inspirehep.net/search?p=find+J%20%22Rev.Mod.Phys.%2C82%2C277%22
https://doi.org/10.1016/j.physrep.2016.06.005
https://arxiv.org/abs/1510.07633
https://inspirehep.net/search?p=find+J%20%22Phys.Rept%2C643%2C1%22
https://doi.org/10.1088/1742-5468/2014/11/P11013
https://doi.org/10.1103/PhysRevLett.120.200602
https://doi.org/10.1103/PhysRevLett.120.200602
https://arxiv.org/abs/1711.09418
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C120%2C200602%22
https://doi.org/10.1126/science.aau0818
https://doi.org/10.1126/science.aau0818
https://doi.org/10.1103/PhysRevA.98.032302
https://arxiv.org/abs/1804.00632
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CA98%2C032302%22
https://doi.org/10.1017/CBO9780511976667
https://doi.org/10.1103/PhysRevLett.91.097902
https://doi.org/10.21468/SciPostPhys.8.6.083
https://doi.org/10.21468/SciPostPhys.8.6.083
https://doi.org/10.1103/PhysRevLett.124.243601
https://doi.org/10.1103/PhysRevLett.124.243601
https://arxiv.org/abs/2003.04849
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C124%2C243601%22
https://doi.org/10.1016/0370-2693(94)91007-3
https://arxiv.org/abs/hep-th/9401072
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB333%2C55%22

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[28]

[29]

[30]

[31]

P. Calabrese and J. Cardy, Entanglement entropy and quantum field theory, J. Stat. Mech.
2004 (2004) P06002.

P. Calabrese and J. Cardy, Entanglement entropy and conformal field theory, J. Phys. A 42
(2009) 504005 [arXiv:0905.4013] [INSPIRE].

J.C. Xavier, F.C. Alcaraz and G. Sierra, Fquipartition of the entanglement entropy, Phys.
Rev. B 98 (2018) 041106 [arXiv:1804.06357] [INSPIRE].

N. Feldman and M. Goldstein, Dynamics of Charge-Resolved Entanglement after a Local
Quench, Phys. Rev. B 100 (2019) 235146 [arXiv:1905.10749] [INSPIRE].

L. Capizzi, P. Ruggiero and P. Calabrese, Symmetry resolved entanglement entropy of
excited states in o CFT, J. Stat. Mech. (2020) 073101.

S. Murciano, G. Di Giulio and P. Calabrese, Entanglement and symmetry resolution in two
dimensional free quantum field theories, JHEP 08 (2020) 073 [arXiv:2006.09069]
[INSPIRE].

R. Bonsignori, P. Ruggiero and P. Calabrese, Symmetry resolved entanglement in free
fermionic systems, J. Phys. A 52 (2019) 475302 [arXiv:1907.02084] [INSPIRE].

S. Fraenkel and M. Goldstein, Symmetry resolved entanglement: Ezxact results in 1d and
beyond, J. Stat. Mech. 2020 (2020) 033106.

H. Barghathi, C.M. Herdman and A. Del Maestro, Rényi Generalization of the Accessible
Entanglement Entropy, Phys. Rev. Lett. 121 (2018) 150501.

H. Barghathi, E. Casiano-Diaz and A. Del Maestro, Operationally accessible entanglement
of one-dimensional spinless fermions, Phys. Rev. A 100 (2019) 022324 [arXiv:1905.03312]
[INSPIRE].

S. Murciano, G. Di Giulio and P. Calabrese, Symmetry resolved entanglement in gapped
integrable systems: a corner transfer matriz approach, SciPost Phys. 8 (2020) 046
[arXiv:1911.09588] [INSPIRE].

P. Calabrese, M. Collura, G. Di Giulio and S. Murciano, Full counting statistics in the
gapped XXZ spin chain, FEurophys. Lett. 129 (2020) 60007.

M.T. Tan and S. Ryu, Particle number fluctuations, Rényi entropy, and symmetry-resolved
entanglement entropy in a two-dimensional Fermi gas from multidimensional bosonization,
Phys. Rev. B 101 (2020) 235169 [arXiv:1911.01451] [INSPIRE].

S. Murciano, P. Ruggiero and P. Calabrese, Symmetry resolved entanglement in
two-dimensional systems via dimensional reduction, J. Stat. Mech. 2008 (2020) 083102
[arXiv:2003.11453] [INSPIRE].

X. Turkeshi, P. Ruggiero, V. Alba and P. Calabrese, Entanglement equipartition in critical
random spin chains, Phys. Rev. B 102 (2020) 014455 [arXiv:2005.03331] [InSPIRE].

K. Monkman and J. Sirker, Operational entanglement of symmetry-protected topological
edge states, Phys. Rev. Res. 2 (2020) 043191 [arXiv:2005.13026] [INSPIRE].

E. Cornfeld, L.A. Landau, K. Shtengel and E. Sela, Entanglement spectroscopy of
non-Abelian anyons: Reading off quantum dimensions of individual anyons, Phys. Rev. B
99 (2019) 115429 [arXiv:1810.01853] [INSPIRE].

A. Belin, L.-Y. Hung, A. Maloney, S. Matsuura, R.C. Myers and T. Sierens, Holographic
Charged Renyi Entropies, JHEP 12 (2013) 059 [arXiv:1310.4180] [INSPIRE].

-39 —


https://doi.org/10.1088/1742-5468/2004/06/P06002
https://doi.org/10.1088/1742-5468/2004/06/P06002
https://doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.1088/1751-8113/42/50/504005
https://arxiv.org/abs/0905.4013
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA42%2C504005%22
https://doi.org/10.1103/PhysRevB.98.041106
https://doi.org/10.1103/PhysRevB.98.041106
https://arxiv.org/abs/1804.06357
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CB98%2C041106%22
https://doi.org/10.1103/PhysRevB.100.235146
https://arxiv.org/abs/1905.10749
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CB100%2C235146%22
https://doi.org/10.1088/1742-5468/ab96b6
https://doi.org/10.1007/JHEP08(2020)073
https://arxiv.org/abs/2006.09069
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.09069
https://doi.org/10.1088/1751-8121/ab4b77
https://arxiv.org/abs/1907.02084
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA52%2C475302%22
https://doi.org/10.1088/1742-5468/ab7753
https://doi.org/10.1103/PhysRevLett.121.150501
https://doi.org/10.1103/PhysRevA.100.022324
https://arxiv.org/abs/1905.03312
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CA100%2C022324%22
https://doi.org/10.21468/SciPostPhys.8.3.046
https://arxiv.org/abs/1911.09588
https://inspirehep.net/search?p=find+J%20%22SciPost%20Phys.%2C8%2C046%22
https://doi.org/10.1209/0295-5075/129/60007
https://doi.org/10.1103/PhysRevB.101.235169
https://arxiv.org/abs/1911.01451
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CB101%2C235169%22
https://doi.org/10.1088/1742-5468/aba1e5
https://arxiv.org/abs/2003.11453
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.11453
https://doi.org/10.1103/PhysRevB.102.014455
https://arxiv.org/abs/2005.03331
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CB102%2C014455%22
https://doi.org/10.1103/PhysRevResearch.2.043191
https://arxiv.org/abs/2005.13026
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.13026
https://doi.org/10.1103/PhysRevB.99.115429
https://doi.org/10.1103/PhysRevB.99.115429
https://arxiv.org/abs/1810.01853
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CB99%2C115429%22
https://doi.org/10.1007/JHEP12(2013)059
https://arxiv.org/abs/1310.4180
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1312%2C059%22%20and%20year%3D2013

[32]

[33]

[34]

[35]

[36]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

P. Caputa, G. Mandal and R. Sinha, Dynamical entanglement entropy with angular
momentum and U(1) charge, JHEP 11 (2013) 052 [arXiv:1306.4974] INSPIRE].

P. Caputa, M. Nozaki and T. Numasawa, Charged Entanglement Entropy of Local
Operators, Phys. Rev. D 93 (2016) 105032 [arXiv:1512.08132] [INSPIRE].

J.S. Dowker, Conformal weights of charged Rényi entropy twist operators for free scalar
fields in arbitrary dimensions, J. Phys. A 49 (2016) 145401 [INSPIRE].

J.S. Dowker, Charged Renyi entropies for free scalar fields, J. Phys. A 50 (2017) 165401
[arXiv:1512.01135] [INSPIRE].

H. Shapourian, K. Shiozaki and S. Ryu, Partial time-reversal transformation and
entanglement negativity in fermionic systems, Phys. Rev. B 95 (2017) 165101
[arXiv:1611.07536] [INSPIRE].

H. Shapourian, P. Ruggiero, S. Ryu and P. Calabrese, Twisted and untwisted negativity
spectrum of free fermions, SciPost Phys. 7 (2019) 037 [arXiv:1906.04211] [INSPIRE].

J.L. Cardy, O.A. Castro-Alvaredo and B. Doyon, Form factors of branch-point twist fields
in quantum integrable models and entanglement entropy, J. Statist. Phys. 130 (2008) 129
[arXiv:0706.3384] [INSPIRE].

V.G. Knizhnik, Analytic Fields on Riemann Surfaces. 2, Commun. Math. Phys. 112 (1987)
567 [INSPIRE].

L.J. Dixon, D. Friedan, E.J. Martinec and S.H. Shenker, The Conformal Field Theory of
Orbifolds, Nucl. Phys. B 282 (1987) 13 [inSPIRE].

P. Calabrese, J. Cardy and E. Tonni, Entanglement entropy of two disjoint intervals in
conformal field theory, J. Stat. Mech. 2009 (2009) P11001.

M. Headrick, Entanglement Renyi entropies in holographic theories, Phys. Rev. D 82 (2010)
126010 [arXiv:1006.0047] [NSPIRE].

P. Calabrese, J. Cardy and E. Tonni, Entanglement entropy of two disjoint intervals in
conformal field theory II, J. Stat. Mech. 2011 (2011) P01021.

V. Alba, L. Tagliacozzo and P. Calabrese, Entanglement entropy of two disjoint intervals in
¢ =1 theories, J. Stat. Mech. 2011 (2011) P06012.

M.A. Rajabpour and F. Gliozzi, Entanglement entropy of two disjoint intervals from fusion
algebra of twist fields, J. Stat. Mech. 2012 (2012) P02016.

P. Ruggiero, E. Tonni and P. Calabrese, Entanglement entropy of two disjoint intervals and
the recursion formula for conformal blocks, J. Stat. Mech. 2018 (2018) 113101.

T. Dupic, B. Estienne and Y. Ikhlef, Entanglement entropies of minimal models from
null-vectors, SciPost Phys. 4 (2018) 031 [arXiv:1709.09270] [InSPIRE].

A. Coser, L. Tagliacozzo and E. Tonni, On Rényi entropies of disjoint intervals in
conformal field theory, J. Stat. Mech. 2014 (2014) P01008.

0O.A. Castro-Alvaredo and B. Doyon, Bi-partite entanglement entropy in integrable models
with backscattering, J. Phys. A 41 (2008) 275203 [arXiv:0802.4231] [INSPIRE].

O.A. Castro-Alvaredo and B. Doyon, Bi-partite entanglement entropy in massive
1+ 1-dimensional quantum field theories, J. Phys. A 42 (2009) 504006 [arXiv:0906.2946]
[INSPIRE].

40 —


https://doi.org/10.1007/JHEP11(2013)052
https://arxiv.org/abs/1306.4974
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1311%2C052%22%20and%20year%3D2013
https://doi.org/10.1103/PhysRevD.93.105032
https://arxiv.org/abs/1512.08132
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD93%2C105032%22
https://doi.org/10.1088/1751-8113/49/14/145401
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA49%2C145401%22
https://doi.org/10.1088/1751-8121/aa6178
https://arxiv.org/abs/1512.01135
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA50%2C165401%22
https://doi.org/10.1103/PhysRevB.95.165101
https://arxiv.org/abs/1611.07536
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CB95%2C165101%22
https://doi.org/10.21468/SciPostPhys.7.3.037
https://arxiv.org/abs/1906.04211
https://inspirehep.net/search?p=find+J%20%22SciPost%20Phys.%2C7%2C037%22
https://doi.org/10.1007/s10955-007-9422-x
https://arxiv.org/abs/0706.3384
https://inspirehep.net/search?p=find+J%20%22J.Stat.Phys.%2C130%2C129%22
https://doi.org/10.1007/BF01225373
https://doi.org/10.1007/BF01225373
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C112%2C567%22
https://doi.org/10.1016/0550-3213(87)90676-6
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB282%2C13%22
https://doi.org/10.1088/1742-5468/2009/11/P11001
https://doi.org/10.1103/PhysRevD.82.126010
https://doi.org/10.1103/PhysRevD.82.126010
https://arxiv.org/abs/1006.0047
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD82%2C126010%22
https://doi.org/10.1088/1742-5468/2011/01/P01021
https://doi.org/10.1088/1742-5468/2011/06/P06012
https://doi.org/10.1088/1742-5468/2012/02/P02016
https://doi.org/10.1088/1742-5468/aae5a8
https://doi.org/10.21468/SciPostPhys.4.6.031
https://arxiv.org/abs/1709.09270
https://inspirehep.net/search?p=find+J%20%22SciPost%20Phys.%2C4%2C031%22
https://doi.org/10.1088/1742-5468/2014/01/P01008
https://doi.org/10.1088/1751-8113/41/27/275203
https://arxiv.org/abs/0802.4231
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA41%2C275203%22
https://doi.org/10.1088/1751-8113/42/50/504006
https://arxiv.org/abs/0906.2946
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA42%2C504006%22

[51]

[52]

[62]

[63]

[64]

0O.A. Castro-Alvaredo and B. Doyon, Bi-partite entanglement entropy in massive QFT with
a boundary: The Ising model, J. Statist. Phys. 134 (2009) 105 [arXiv:0810.0219]
[INSPIRE].

0O.A. Castro-Alvaredo and E. Levi, Higher particle form factors of branch point twist fields
in integrable quantum field theories, J. Phys. A 44 (2011) 255401 [arXiv:1103.2069]
[INSPIRE].

O.A. Castro-Alvaredo, B. Doyon and E. Levi, Arguments towards a c-theorem from
branch-point twist fields, J. Phys. A 44 (2011) 492003 [arXiv:1107.4280] [INSPIRE].

E. Levi, Composite branch-point twist fields in the Ising model and their expectation values,
J. Phys. A 45 (2012) 275401 [arXiv:1204.1192] [INSPIRE].

E. Levi, O.A. Castro-Alvaredo and B. Doyon, Universal corrections to the entanglement
entropy in gapped quantum spin chains: a numerical study, Phys. Rev. B 88 (2013) 094439
[arXiv:1304.6874] [INSPIRE].

D. Bianchini, O. Castro-Alvaredo, B. Doyon, E. Levi and F. Ravanini, Entanglement
Entropy of Non Unitary Conformal Field Theory, J. Phys. A 48 (2014) 04FT01.

D. Bianchini, O.A. Castro-Alvaredo and B. Doyon, Entanglement Entropy of Non-Unitary
Integrable Quantum Field Theory, Nucl. Phys. B 896 (2015) 835 [arXiv:1502.03275]
[INSPIRE].

O. Blondeau-Fournier, O.A. Castro-Alvaredo and B. Doyon, Universal scaling of the
logarithmic negativity in massive quantum field theory, J. Phys. A 49 (2016) 125401
[arXiv:1508.04026] [INSPIRE].

D. Bianchini and O.A. Castro-Alvaredo, Branch Point Twist Field Correlators in the
Massive Free Boson Theory, Nucl. Phys. B 913 (2016) 879 [arXiv:1607.05656] [INSPIRE].

O.A. Castro-Alvaredo, Massive Corrections to Entanglement in Minimal ES Toda Field
Theory, SciPost Phys. 2 (2017) 008 [arXiv:1610.07040] [INSPIRE].

O.A. Castro-Alvaredo, C. De Fazio, B. Doyon and .M. Szécsényi, Entanglement Content of
Quasiparticle Excitations, Phys. Rev. Lett. 121 (2018) 170602 [arXiv:1805.04948]
[INSPIRE].

O.A. Castro-Alvaredo, C. De Fazio, B. Doyon and .M. Szécsényi, Entanglement content of
quantum particle excitations. Part I. Free field theory, JHEP 10 (2018) 039
[arXiv:1806.03247] INSPIRE].

O.A. Castro-Alvaredo, C. De Fazio, B. Doyon and .M. Szécsényi, Entanglement content of
quantum particle excitations. Part II. Disconnected regions and logarithmic negativity,
JHEP 11 (2019) 058 [arXiv:1904.01035] [INSPIRE].

0O.A. Castro-Alvaredo, C. De Fazio, B. Doyon and I.M. Szécsényi, Entanglement Content of
Quantum Particle FExcitations III. Graph Partition Functions, J. Math. Phys. 60 (2019)
082301 [arXiv:1904.02615] INSPIRE].

0O.A. Castro-Alvaredo, M. Lencsés, I.M. Szécsényi and J. Viti, Entanglement Dynamics
after a Quench in Ising Field Theory: A Branch Point Twist Field Approach, JHEP 19
(2020) 079 [arXiv:1907.11735) INSPIRE].

O.A. Castro-Alvaredo, M. Lencsés, .M. Szécsényi and J. Viti, Entanglement Oscillations
near a Quantum Critical Point, Phys. Rev. Lett. 124 (2020) 230601 [arXiv:2001.10007]
[INSPIRE].

— 41 —


https://doi.org/10.1007/s10955-008-9664-2
https://arxiv.org/abs/0810.0219
https://inspirehep.net/search?p=find+J%20%22J.Stat.Phys.%2C134%2C105%22
https://doi.org/10.1088/1751-8113/44/25/255401
https://arxiv.org/abs/1103.2069
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA44%2C255401%22
https://doi.org/10.1088/1751-8113/44/49/492003
https://arxiv.org/abs/1107.4280
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA44%2C492003%22
https://doi.org/10.1088/1751-8113/45/27/275401
https://arxiv.org/abs/1204.1192
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA45%2C275401%22
https://doi.org/10.1103/PhysRevB.88.094439
https://arxiv.org/abs/1304.6874
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CB88%2C094439%22
https://doi.org/10.1088/1751-8113/48/4/04FT01
https://doi.org/10.1016/j.nuclphysb.2015.05.013
https://arxiv.org/abs/1502.03275
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB896%2C835%22
https://doi.org/10.1088/1751-8113/49/12/125401
https://arxiv.org/abs/1508.04026
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA49%2C125401%22
https://doi.org/10.1016/j.nuclphysb.2016.10.016
https://arxiv.org/abs/1607.05656
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB913%2C879%22
https://doi.org/10.21468/SciPostPhys.2.1.008
https://arxiv.org/abs/1610.07040
https://inspirehep.net/search?p=find+J%20%22SciPost%20Phys.%2C2%2C008%22
https://doi.org/10.1103/PhysRevLett.121.170602
https://arxiv.org/abs/1805.04948
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C121%2C170602%22
https://doi.org/10.1007/JHEP10(2018)039
https://arxiv.org/abs/1806.03247
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1810%2C039%22%20and%20year%3D2018
https://doi.org/10.1007/JHEP11(2019)058
https://arxiv.org/abs/1904.01035
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1911%2C058%22%20and%20year%3D2019
https://doi.org/10.1063/1.5098892
https://doi.org/10.1063/1.5098892
https://arxiv.org/abs/1904.02615
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C60%2C082301%22
https://doi.org/10.1007/JHEP19(2020)079
https://doi.org/10.1007/JHEP19(2020)079
https://arxiv.org/abs/1907.11735
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1912%2C079%22%20and%20year%3D2019
https://doi.org/10.1103/PhysRevLett.124.230601
https://arxiv.org/abs/2001.10007
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C124%2C230601%22

[67]

G. Delfino, P. Simonetti and J.L. Cardy, Asymptotic factorization of form-factors in
two-dimensional quantum field theory, Phys. Lett. B 387 (1996) 327 [hep-th/9607046]
[INSPIRE].

B. Berg, M. Karowski and P. Weisz, Construction of Green Functions from an Exact S
Matriz, Phys. Rev. D 19 (1979) 2477 [INSPIRE].

A.N. Kirillov and F.A. Smirnov, A Representation of the Current Algebra Connected With
the SU(2) Invariant Thirring Model, Phys. Lett. B 198 (1987) 506 [INSPIRE].

F.A. Smirnov, Form Factors in Completely Integrable Models of Quantum Field Theory,
World Scientific, Singapore (1992) [DOI].

G. Mussardo, Statistical field theory: an introduction to exactly solved models in statistical
physics, 2nd edition, Oxford University Press (2020).

A.E. Arinshtein, V.A. Fateev and A.B. Zamolodchikov, Quantum s Matriz of the
(1+1)-Dimensional Todd Chain, Phys. Lett. B 87 (1979) 389 [INSPIRE].

A. Fring, G. Mussardo and P. Simonetti, Form-factors for integrable Lagrangian field
theories, the sinh-Gordon theory, Nucl. Phys. B 393 (1993) 413 [hep-th/9211053]
[INSPIRE].

A. Koubek and G. Mussardo, On the operator content of the sinh-Gordon model, Phys.
Lett. B 311 (1993) 193 [hep-th/9306044] [INSPIRE].

C. Ahn, G. Delfino and G. Mussardo, Mapping between the sinh-Gordon and Ising models,
Phys. Lett. B 317 (1993) 573 [hep-th/9306103] [INSPIRE].

S. Negro and F. Smirnov, On one-point functions for sinh-Gordon model at finite
temperature, Nucl. Phys. B 875 (2013) 166 [arXiv:1306.1476] [INSPIRE].

S. Negro, On sinh-Gordon Thermodynamic Bethe Ansatz and fermionic basis, Int. J. Mod.
Phys. A 29 (2014) 1450111 [arXiv:1404.0619] [INSPIRE].

B. Bertini, L. Piroli and P. Calabrese, Quantum quenches in the sinh-Gordon model: steady
state and one point correlation functions, J. Stat. Mech. 2016 (2016) 063102.

B. Doyon, Ezact large-scale correlations in integrable systems out of equilibrium, SciPost
Phys. 5 (2018) 054 [arXiv:1711.04568] [INSPIRE].

R. Konik, M. Lajer and G. Mussardo, Approaching the Self-Dual Point of the Sinh-Gordon
model, arXiv:2007.00154 INSPIRE].

E.H. Lieb and W. Liniger, EFzact analysis of an interacting Bose gas. 1. The General
solution and the ground state, Phys. Rev. 130 (1963) 1605 [INSPIRE].

E.H. Lieb, Ezxact Analysis of an Interacting Bose Gas. 2. The Excitation Spectrum, Phys.
Rev. 130 (1963) 1616 [INSPIRE].

M.A. Cazalilla, R. Citro, T. Giamarchi, E. Orignac and M. Rigol, One dimensional Bosons:
From Condensed Matter Systems to Ultracold Gases, Rev. Mod. Phys. 83 (2011) 1405.

M. Kormos, G. Mussardo and A. Trombettoni, Expectation Values in the Lieb-Liniger Bose
Gas, Phys. Rev. Lett. 103 (2009) 210404 [arXiv:0909.1336] [INSPIRE].

M. Kormos, G. Mussardo and A. Trombettoni, 1D Lieb-Liniger Bose Gas as
Non-Relativistic Limit of the Sinh-Gordon Model, Phys. Rev. A 81 (2010) 043606
[arXiv:0912.3502] [INSPIRE].

— 492 —


https://doi.org/10.1016/0370-2693(96)01035-0
https://arxiv.org/abs/hep-th/9607046
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB387%2C327%22
https://doi.org/10.1103/PhysRevD.19.2477
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD19%2C2477%22
https://doi.org/10.1016/0370-2693(87)90908-7
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB198%2C506%22
https://doi.org/10.1142/1115
https://doi.org/10.1016/0370-2693(79)90561-6
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB87%2C389%22
https://doi.org/10.1016/0550-3213(93)90252-K
https://arxiv.org/abs/hep-th/9211053
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB393%2C413%22
https://doi.org/10.1016/0370-2693(93)90554-U
https://doi.org/10.1016/0370-2693(93)90554-U
https://arxiv.org/abs/hep-th/9306044
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB311%2C193%22
https://doi.org/10.1016/0370-2693(93)91375-W
https://arxiv.org/abs/hep-th/9306103
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB317%2C573%22
https://doi.org/10.1016/j.nuclphysb.2013.06.023
https://arxiv.org/abs/1306.1476
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB875%2C166%22
https://doi.org/10.1142/S0217751X14501115
https://doi.org/10.1142/S0217751X14501115
https://arxiv.org/abs/1404.0619
https://inspirehep.net/search?p=find+J%20%22Int.J.Mod.Phys.%2CA29%2C1450111%22
https://doi.org/10.1088/1742-5468/2016/06/063102
https://doi.org/10.21468/SciPostPhys.5.5.054
https://doi.org/10.21468/SciPostPhys.5.5.054
https://arxiv.org/abs/1711.04568
https://inspirehep.net/search?p=find+J%20%22SciPost%20Phys.%2C5%2C054%22
https://arxiv.org/abs/2007.00154
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.00154
https://doi.org/10.1103/PhysRev.130.1605
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2C130%2C1605%22
https://doi.org/10.1103/PhysRev.130.1616
https://doi.org/10.1103/PhysRev.130.1616
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2C130%2C1616%22
https://doi.org/10.1103/RevModPhys.83.1405
https://doi.org/10.1103/PhysRevLett.103.210404
https://arxiv.org/abs/0909.1336
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C103%2C210404%22
https://doi.org/10.1103/PhysRevA.81.043606
https://arxiv.org/abs/0912.3502
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CA81%2C043606%22

[86] M. Kormos, G. Mussardo and B. Pozsgay, Bethe Ansatz Matriz Elements as
Non-Relativistic Limits of Form Factors of Quantum Field Theory, J. Stat. Mech. 2010
(2010) P05014.

[87] A. Bastianello, L. Piroli and P. Calabrese, Ezact Local Correlations and Full Counting
Statistics for Arbitrary States of the One-Dimensional Interacting Bose Gas, Phys. Rewv.
Lett. 120 (2018) 190601 [arXiv:1802.02115] [INSPIRE].

[88] A. Bastianello and L. Piroli, From the sinh-Gordon field theory to the one-dimensional Bose
gas: exact local correlations and full counting statistics, J. Stat. Mech. 2018 (2018) 113104.

[89] A. Bastianello, A. De Luca and G. Mussardo, Non relativistic limit of integrable QFT and
Lieb-Liniger models, J. Stat. Mech. 2016 (2016) 123104.

[90] A. Bastianello, A. De Luca and G. Mussardo, Non Relativistic Limit of Integrable QF T with
fermionic excitations, J. Phys. A 50 (2017) 234002 [arXiv:1701.06542] INnSPIRE].

[91] A.B. Zamolodchikov, Two point correlation function in scaling Lee- Yang model, Nucl. Phys.
B 348 (1991) 619 [INSPIRE].

[92] J. Bisognano and E.H. Wichmann, On the Duality Condition for a Hermitian Scalar Field,
J. Math. Phys. 16 (1975) 985 [INSPIRE].

[93] J. Bisognano and E.H. Wichmann, On the Duality Condition for Quantum Fields, J. Math.
Phys. 17 (1976) 303 [INSPIRE].

[94] P.D. Hislop and R. Longo, Modular Structure of the Local Algebras Associated With the
Free Massless Scalar Field Theory, Commun. Math. Phys. 84 (1982) 71 [INSPIRE].

[95] H. Casini, M. Huerta and R.C. Myers, Towards a derivation of holographic entanglement
entropy, JHEP 05 (2011) 036 [arXiv:1102.0440] [INSPIRE].

[96] J. Cardy and E. Tonni, Entanglement hamiltonians in two-dimensional conformal field

theory, J. Stat. Mech. 2016 (2016) 123103.

[97] D.X. Horvath, P.E. Dorey and G. Takécs, Roaming form factors for the tricritical to critical
Ising flow, JHEP 07 (2016) 051 [arXiv:1604.05635] [INSPIRE].

[98] P.H. Ginsparg, Applied conformal field theory, in Les Houches Summer School in
Theoretical Physics: Fields, Strings, Critical Phenomena, pp. 1-168 (1988)
[hep-th/9108028] [INSPIRE].

[99] P. Calabrese, M. Campostrini, F. Essler and B. Nienhuis, Parity effects in the scaling of
block entanglement in gapless spin chains, Phys. Rev. Lett. 104 (2010) 095701
[arXiv:0911.4660] [NSPIRE].

[100] J. Cardy and P. Calabrese, Unusual Corrections to Scaling in Entanglement Entropy, J.
Stat. Mech. 2010 (2010) P04023.

[101] P. Calabrese, J. Cardy and I. Peschel, Corrections to scaling for block entanglement in
massive spin-chains, J. Stat. Mech. 2010 (2010) P09003.

[102] S.L. Lukyanov and A.B. Zamolodchikov, Ezact expectation values of local fields in quantum
sine-Gordon model, Nucl. Phys. B 493 (1997) 571 [hep-th/9611238] [INSPIRE].

[103] V. Fateev, S.L. Lukyanov, A.B. Zamolodchikov and A.B. Zamolodchikov, Ezpectation
values of local fields in Bullough-Dodd model and integrable perturbed conformal field
theories, Nucl. Phys. B 516 (1998) 652 [hep-th/9709034] [INSPIRE].

43 —


https://doi.org/10.1088/1742-5468/2010/05/P05014
https://doi.org/10.1088/1742-5468/2010/05/P05014
https://doi.org/10.1103/PhysRevLett.120.190601
https://doi.org/10.1103/PhysRevLett.120.190601
https://arxiv.org/abs/1802.02115
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C120%2C190601%22
https://doi.org/10.1088/1742-5468/aaeb48
https://doi.org/10.1088/1742-5468/aa4f98
https://doi.org/10.1088/1751-8121/aa6f69
https://arxiv.org/abs/1701.06542
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA50%2C234002%22
https://doi.org/10.1016/0550-3213(91)90207-E
https://doi.org/10.1016/0550-3213(91)90207-E
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB348%2C619%22
https://doi.org/10.1063/1.522605
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C16%2C985%22
https://doi.org/10.1063/1.522898
https://doi.org/10.1063/1.522898
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C17%2C303%22
https://doi.org/10.1007/BF01208372
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C84%2C71%22
https://doi.org/10.1007/JHEP05(2011)036
https://arxiv.org/abs/1102.0440
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1105%2C036%22%20and%20year%3D2011
https://doi.org/10.1088/1742-5468/2016/12/123103
https://doi.org/10.1007/JHEP07(2016)051
https://arxiv.org/abs/1604.05635
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1607%2C051%22%20and%20year%3D2016
https://arxiv.org/abs/hep-th/9108028
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9108028
https://doi.org/10.1103/PhysRevLett.104.095701
https://arxiv.org/abs/0911.4660
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C104%2C095701%22
https://doi.org/10.1088/1742-5468/2010/04/P04023
https://doi.org/10.1088/1742-5468/2010/04/P04023
https://doi.org/10.1088/1742-5468/2010/09/P09003
https://doi.org/10.1016/S0550-3213(97)00123-5
https://arxiv.org/abs/hep-th/9611238
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB493%2C571%22
https://doi.org/10.1016/S0550-3213(98)00002-9
https://arxiv.org/abs/hep-th/9709034
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB516%2C652%22

[104] V. Fateev, D. Fradkin, S.L. Lukyanov, A.B. Zamolodchikov and A.B. Zamolodchikov,
Expectation values of descendent fields in the sine-Gordon model, Nucl. Phys. B 540 (1999)
587 [hep-th/9807236] [INnSPIRE].

[105] E. Cornfeld and E. Sela, Entanglement entropy and boundary renormalization group flow:
Ezact results in the Ising universality class, Phys. Rev. B 96 (2017) 075153
[arXiv:1705.04181] [INSPIRE].

[106] H. Casini, C.D. Fosco and M. Huerta, Entanglement and alpha entropies for a massive
Dirac field in two dimensions, J. Stat. Mech. 2005 (2005) P07007.

[107] T.T. Wu, B.M. McCoy, C.A. Tracy and E. Barouch, Spin spin correlation functions for the
two-dimensional Ising model: Ezact theory in the scaling region, Phys. Rev. B 13 (1976)
316 [INSPIRE].

[108] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Infinite Conformal Symmetry in
Two-Dimensional Quantum Field Theory, Nucl. Phys. B 241 (1984) 333 [INSPIRE].

[109] P. Di Francesco, P. Mathieu and D. Senechal, Conformal Field Theory, Graduate Texts in
Contemporary Physics, Springer-Verlag, New York (1997) [DOI] [iNSPIRE].

[110] L.A. Rubel, Necessary and sufficient conditions for Carlson’s theorem on entire functions,

Proc. Natl. Acad. Sci. 41 (1955) 601.

— 44 —


https://doi.org/10.1016/S0550-3213(98)00724-X
https://doi.org/10.1016/S0550-3213(98)00724-X
https://arxiv.org/abs/hep-th/9807236
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB540%2C587%22
https://doi.org/10.1103/PhysRevB.96.075153
https://arxiv.org/abs/1705.04181
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CB96%2C075153%22
https://iopscience.iop.org/article/10.1088/1742-5468/2005/07/P07007
https://doi.org/10.1103/PhysRevB.13.316
https://doi.org/10.1103/PhysRevB.13.316
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CB13%2C316%22
https://doi.org/10.1016/0550-3213(84)90052-X
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB241%2C333%22
https://doi.org/10.1007/978-1-4612-2256-9
https://inspirehep.net/search?p=find+doi%20%2210.1007%2F978-1-4612-2256-9%22
https://doi.org/10.1073/pnas.41.8.601

	Introduction
	Form factors of the branch-point twist fields in integrable models
	Branch-point twist field form factors in the Ising model
	Branch-point twist field form factors in the sinh-Gordon model

	Form factors of the composite branch-point twist fields for Z(2) symmetry in integrable models
	Z(2) branch-point twist field in the Ising model
	Z(2) branch-point twist field in the sinh-Gordon model
	General results on Z(2) symmetry resolved entropy in massive QFT
	Entropies from two-point functions of the Z(2) branch-point twist field in the Ising model
	Computation of the amplitudes
	The two-point function of Z(2) branch-point twist fields
	Putting the pieces together

	Conclusions
	Vacuum expectation value of T(Ising)**(D)
	Conformal dimensions
	Analytic continuation for f**(D)(vartheta,n) 

