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Abstract. The mean-field approximation based on effective interactions or density
functionals plays a pivotal role in the description of finite quantum many-body systems
that are too large to be.tréated by ab initio methods. Some examples are strongly
interacting medium and heavy mass atomic nuclei and mesoscopic condensed matter
systems. In this'approach, the linear Schrédinger equation for the exact many-body
wave funetion is mapped onto a non-linear density-dependent one-body potential
problem. Thisiapproximation, not only provides computationally very simple solutions
even for systems with many particles, but due to the non-linearity, it also allows for
obtaining solutions that break essential symmetries of the system, often connected with
phase transitions. In this way, additional correlations are subsumed in the system.
However, the mean-field approach suffers from the drawback that the corresponding
wave functions do not have sharp quantum numbers and, therefore, many results
cannot be compared directly with experimental data. In this article, we discuss
general group-theory techniques to restore the broken symmetries, and provide detailed
expressions on the restoration of translational, rotational, spin, isospin, parity and
gauge symmetries, where the latter corresponds to the restoration of the particle
number. In order to avoid the numerical complexity of exact projection techniques,
various approximation methods available in the literature are examined. Applications
of the projection methods are presented for simple nuclear models, realistic calculations
in relatively small configuration spaces, nuclear energy density functional theory, as well
as in other mesoscopic systems. We also discuss applications of projection techniques to
quantum statistics in order to treat the averaging over restricted ensembles with fixed
quantum numbers. Further, unresolved problems in the application of the symmetry
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1. Introduction

Mean-field approaches play a central role in the description of quantum many-body

problems in areas like quantum chemistry, atomic, molecular, condensed matter, and

nuclear physics. The simplicity of the associated wave functions, both in the fermion

and the boson cases, is the reason behind the popularity of the mean-field approaches.
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These product-type wave functions allow, on the one hand, an easy implementation, of
the symmetrization principle of quantum mechanics required for identical particles, and,
on the other hand, permit the application of techniques used in the field theoryylike
the Wick’s theorem, which enormously simplify the evaluation of the matrix elements
of the many-body operators.

The optimal mean field, generating the single-particle orbitals, is usually determined
through the application of the variational principle. In the fermion case, the variational
principle, performed in the space of Slater determinants, leads to the familiar Hartree-
Fock (HF) method. It is common to find situations where/ short-range attractive
interactions induce correlations leading to the superfluidity “or superconductivity
phenomena that are well described by the BCS theory. The quasiparticles introduced
in the BCS theory can be combined with the concepts./ofithe HF theory to give the
Hartree-Fock-Bogoliubov (HFB) mean-field theory, which,is widely employed in nuclear
physics.

Another facet of the mean-field approach is revealed within the Density Functional
Theory (DFT). By using one-body densities as efficient,and relevant degrees of freedom,
DFT aims to map the exact wave functions of many-body systems onto the product
states, which leads to the dynamical equations becoming formally identical to those
given by the HF method. Although the foundations and approximations leading to HF
and DFT methods are different, the similarsstructure of dynamical equations allows us
to use for both, HF and DF'T, the common name of mean-field approach.

One of the most salient characteristics of mean-field approaches is the fact that
solutions often spontaneously break symmetries of the Hamiltonian. This is the case, for
instance, in the BCS and HFB theoriesywhere the associated mean-field wave functions,
which are the vacua of the corresponding quasiparticle operators, do not represent
states with good particle/number. The spontaneous symmetry-breaking mechanism
provides a way to incorporate nontrivial dynamic correlations on top of the simple
Slater determinants, while preserving the simplicity of the mean-field description.

It is the nonlinearity of the mean-field equations that favors the spontaneous
symmetry-breaking mechanism, and may constitute the simplest description of the
symmetry-breaking effects occurring at a more fundamental level. In this way, the mean-
field symmetry breaking leads to interesting perspectives to understand the physics of
a given problem. For example, it leads to an easy and efficient description of different
collective” effects, such as the appearance of rotational bands being the result of the
rotational-symmetry breaking, so common in nuclear or molecular physics. Symmetry
breaking can also be a useful concept in the presence of stationary degenerate symmetry-
conserving states, whereupon the famous Jahn-Teller effect becomes effective.

Nevertheless, advantages of the spontaneous mean-field symmetry breaking come
attarprice: the resulting wave functions are not invariant or covariant with respect to
broken-symmetry groups and, therefore, they cannot be labeled with the symmetry
quantum numbers such as angular momentum, parity, etc. This represents a serious
drawback if quantities like electromagnetic transition probabilities, with their selection



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

CONTENTS 6

rules, are to be computed. Another drawback of the symmetry-breaking mechamism
is connected with sharp transitions observed between the symmetry-conserving and
symmetry-breaking solutions, which may occur as a function of some parameters of
the Hamiltonian. Such sharp transitions are typical for infinite systems, but, cannot
characterize finite many-body or mesoscopic systems.

A way to overcome the disadvantages of the symmetry-breaking meamfield is to
restore the broken symmetries, which is the subject matter of thig review article. A
general idea of such a restoration is to take linear combinations, properly weighted,
of wave functions obtained by applying the elements of thie symmetry group to
the symmetry-breaking (often called “deformed") mean-field wave function. As a
consequence of the symmetry of the Hamiltonian, these “rotated” deformed wave
functions are degenerate, and linear combinations, thereof,yare expected to have lower
energies. In addition, if the weights of the linear combination are chosen according to the
rules of group theory, the obtained wave functions hecome invariant or covariant with
respect to the underlying symmetry group and can be labeled with proper quantum
numbers. This procedure is denoted in the literature as “symmetry restoration" or
“projection". As it leads to linear combinations of product states, it can be understood
as introducing correlations beyond the mean-field approach.

The theory behind the projection methad is tooted in group theory as the weights
of the linear combination are given by thevirreducible representations of the symmetry
group. In most of the cases, the symmetry group is a continuous Lie group (rotation,
translation, particle-number gauge, etc.) while in other cases it is a discrete group
(parity).

Once the structure of the projector/operator is fixed, two alternatives are available
to determine the deformed intrinsic state. The simplest one is to restore the symmetry of
the deformed state obtained after solving the HF, HFB, or Kohn-Sham equations. This
procedure is called “projection after variation”, where variation refers to the minimization
of the mean-field energy:, Another approach, fully self-consistent and variational, called
“variation after projeetion", determines the deformed state through minimization of the
projected energy, separately for each quantum numbers. In this way, different deformed
states are obtained for a given quantum number. It turns out that extra flexibility
brought in by the variatien after projection method is able to smear out the sharp
transitions mentioned before.

To ¢ompute basic quantities involved in the symmetry restoration, one takes
advantage of the generalized Wick’s theorem, which allows for calculating matrix
eleménts of operators between mean-field states. This theorem can be applied to
projection, because the rotated mean-field states are mean-field states again — they
simply‘@orrespond to rotated (quasi)particles. This property is a direct consequence of
the Thouless theorem, and of the fact that the Lie algebras of the relevant symmetry
groups can be represented in terms of one-body operators.

The program to perform the projected calculations can be directly implemented
when the problem is defined in terms of a Hamiltonian operator. However, this is not

Page 6 of 145
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always the case, and in many applications the Hamiltonian is replaced by a density
functional in the spirit of the Hohenberg-Kohn or Kohn-Sham approach. ,1In this
situation, one is forced to introduce some sort of prescriptions on héow to compute
the energy kernels. However, these recipes are plagued with conceptual problems that
were not resolved yet in the most general case.

Further, it is also common to use different (effective) interactions for each of
the three contributions to the energy coming from a two-body operator,,namely the
direct, exchange, and pairing contributions (the most typical case isyprobably the use
of the Slater approximation for the Coulomb exchange contribution and the neglect
of the Coulomb antipairing field). In this case, a naive use of the generalized Wick’s
theorem can lead to spurious contributions and specific ways tondeal ‘with this problem
have to be devised. These difficulties represent serious impediments for the practical
implementation of the symmetry-restoration methods impnuclear physics.

Since the effective interactions that are mostpoften used to construct density
functionals usually contain density-dependent terms, the corresponding mean-field
approaches are referred to as based on the energyndensity functionals (EDFs), see
Duguet (2014 a); Schunck (2019); Furnstalily(2020) for further reading. The main benefit
of such approaches is their applicability over the entire Segré chart. Very successful
effective interactions were developed over the years with great success in describing
bulk nuclear properties. The success of the:tEDE methods motivated the introduction of
the symmetry restoration (beyond meamfield step) aimed to gain access to symmetry-
conserving observables and to,increase the aécuracy of the bulk properties.

The authors of this review arefully aware of the fact that nuclear physics specialists
may find it difficult to follow the sections on electronic wave-function-based methods
and vice versa. The two domains were evolving separately indeed. However, as far as
the symmetry restoration is concerned, apart from apparent differences in the notation
and language, the similarities are abundant. Obviously we were confronted with the
question of unification eof notation. We came to the conclusion that a single review
would never changeswhat has been deeply encrusted in the historical development of
both domains. Therefore, we think that promoting a unified notation and language
would not be a goodiidea; because then the text would become alien to everybody. We
thus decided o always keep’the original terminology and as clearly as possible explain
what various‘mames/and symbols mean.

The/present review article is organized in the following manner. Basic ideas
regarding the symmetry breaking and restoration are presented in section 2. Section 3
outlines the general formalism of the symmetry restoration and section 4 discusses the
applicability of the approximate projection methods. Symmetry restoration methods in
simple muclear models are discussed in section 5, nuclear DF'T in section 6, and other
mesoscopic systems in section 7. A brief description of the projection in statistical
approaches is given in section 8 and finally, we provide a summary and concluding
remarks in section 9.
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Figure 1. Wave functions of the two lowest eigenstates of a jparticle moving in
the double symmetric potential well. Left (right) panelsishow exact (approximate)
solutions of the Schrodinger equation. Top (bottem) panels show parity-conserving
(broken-parity) solutions. The approximate broken-parity/wave functions shown in
the bottom-right panel are obtained by filling in oneof the wells.

2. Symmetry breaking in simple illustrative models

In this section, we introduce the “subject matter of symmetry breaking and
restoration by presenting three very simple examples., Firstly, in section 2.1, we discuss a
solution of a one-particle problem in.one dimension, where neither mean-field nor many-
body complications appear. Secondlynin section 2.2, we present a two-particle problem
in two dimensions, where one can illustrate the role of the mean-field approximation.
And third, in section 2.3, we discuss the case of a many-body setting. These three
simple models are exactly solvable, which allow us to analyze the problem of symmetry
breaking and restoration in the quantum mechanical context and to clearly delineate
the role of approximations that unavoidably have to be made in realistic situations.

2.1. Doubly symmetric/potential well

Consider the deubly Symmetric potential well (Sakurai, 1994), that is, a one-
dimensional infinite potential well of width 2a with a step-like potential barrier of width
2b and height V placed in the middle. To link this example to nuclear-physics scales of
mass, distancé, and energy, let us use the parameters of A2/2m = 20 MeV fm?, a = 10fm,
b = 1fm, and/V = 40MeV. In this model, exact wave functions can be very easily
determinéd; those of the two lowest eigenstates are plotted in figure 1(a).

The model is symmetric with respect to the middle of the well, and thus the
cigenstates are either symmetric or antisymmetric, II|U*) = £|U%), where II is the
inversion operator x — —x. The parameters of the model are chosen in such a way that
the twalowest states reside predominantly within the left and right well, and not in the
barrier region.

The two lowest eigenstates of opposite parity can be expressed as linear
combinations of two localized configurations, that is,

%) = 5 (00 ) £ [ 1)
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(W) = S5 (1) +[97)), (2)
ity — (|0t — ), @)

see figure 1(b). That is, the localized configurations are wave packets huilt of the two
lowest eigenstates of the system. In these configurations, the particle resides either in
the left or in the right well. The four states are pairwise orthoggnal, (¥F¥~) = 0
and (Wl |priehty — (0 and both, the pair of exact states, |[UF) and 3|~ ) and that of
localized wave packets, |¥*") and [¥'") span the same subgpace.of the two lowest
eigenstates.

If we denote the exact Hamiltonian of the doubly symmetric potential well by H,
we obviously have

H|U) = Et|Ut)
T 1N — _ — I+ (4)
H™) = E7|UT)
and
<\Ijleft |]:I‘\1116ft > — Eloc
<\I/right‘]:!’\1}right> — Eloc 5
<\Ijleft ‘H’\I}right> — —%6E ( )
<\I]right|f{|\ljlef‘c > — —%5E
for
SE=E"—E'fy, E°“=1(ET+E7), (6)

where in our model the exact eigenstates are split in energy by 0F = 75.6keV and the
average energies of both wave packets E'°¢ are, of course, the same and located exactly
in the middle between the tworeigenenergies. In the matrix notation, equations (4) and
(5) can be represented as

(<\If+|,<\1f-|)ﬁ1< v ) - ( v QE) )

left loc 1
left right | \ 73 ’ v > _ E - iéE
<<\Il |7<\IJ |>H< ’\Ijright> ) ( _%5E Floc ’ (8)

It is'now very important to realize that by breaking the symmetry of the problem,

and

respectively.

we ¢an build a very reasonable model of the localized wave packets, see figure 1(c).
Indeed, by keeping only the left or right potential well, we obtain the left and right
broken-symmetry states, |®*") and |®*#"). The broken-symmetry states are the exact
eigenstates in the modified potential wells, but at the same time they are approximate
eigenstates in the original doubly symmetric potential well. In the scale of figure 1, they
cannot really be distinguished from the exact wave packets |U'e®) and |Urisht). Note
that |®") and |@*eh) are stationary in the modified potential wells, whereas we use
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them to model non-stationary wave packets |W'*®) and |¥*88) of the original deubly
symmetric potential well.

At this point, we arrive at the very heart of the subject matter “of this article:
Namely, the symmetry-broken solutions, which pertain to a different problem than
the original one, can serve us as approximate solutions of the original problem.
This is achieved by restoring their symmetry, that is, by considering the mormalized
symmetric and antisymmetric combinations of the normalized states'|®**") and |Prieht),
see figure 1(d),

|(I):t> — 2126 (|(I)left> + |(I)right>) for €= <(I)1eft|(bright>. (9)
Since the inversion transforms the two broken-symmetry states,one“into another,
ﬂ‘q)left> _ ‘(I)right> and f[|q>right> _ |(I)left>’ (10)

states (9) have correct symmetry properties of IT|®+) £ £|®*) with their normalization
factors that depend on the overlap € between the approximate broken-symmetry states.
Note that since the inversion is a hermitian operator, the overlap e,

€ = <(I)left|(1)right> _ <(I)left|ﬂ‘(1)left> _ <(I)right|ﬂ|q>right> _ <q)right|(1)left>, (11)

is real.

For one-dimensional representations of\the symmetry group, as is the case of
the parity symmetry discussed in/this seetion (see also discussion in section 3.2), the
symmetry restoration of the broken-symmetry states, equation (9), automatically brings
the Hamiltonian matrix to its, diagonal form. Then, using the symmetry condition
[H,1I] = 0, the analogues of equations (7) and (8) read

(<q>+|,<<1>‘\)ﬁf< IZfi ) — ( ‘§+ 2, ) (12)

left loc
left right | \ 73 ‘q) > _ £ A
({0 fp (@ |)H<|@ﬁgm>)—< N (13)

respectively, where the approximate eigenenergies £* and their splitting §&,

and

gloc + A
F =Y W 14
Tl (14)
2e£0¢ — 2A
JE = —gr="C T2 (15)
1 — €2
depend on the matrix elements of the Hamiltonian,
gloc _ <<I)left |]f]|q)left > _ <q)right|f{|(bright>’ <16>
A = <(I)1eft |H|q)right> _ <<Dright|[fl|¢)left >7 (17)

where, by the argument analogous to that used when deriving equation (11), A is real.
Figure 2 summarizes the logic of the construction presented above and depicts
energies of all discussed states. In the left panel, we show how the pair of exact
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Figure 2. Energies of the exact (left) and approximate (right).statesishown in figure 1.

eigenstates, |[¥1) and |U7), is transformed into the pair of exaét,localized wave packets,
|W'eft) and |Wrieht) In the right panel of figure 2, we show'how the pair of approximate
localized states, |®%) and |®80) is by the symmetry sestoration transformed into the
pair of approximate eigenstates |®*) and |®).

It is gratifying to see that the model energies of approximate localized states £'°
are only 1.6keV higher than the average energiés ofithe localized exact wave packets
E™¢ (6). It is even more gratifying to see that energies of the symmetry-restored states,
are only 1.8 and 1.7keV above their exact counterparts. The energy splitting between
the two symmetry-restored states, which equals 75.:5%keV, almost exactly reproduces the
exact result.

We should mention at this point that the exact localized wave packets, |U'") and
|Wright) © which represent non-stationary solutions of the Schrodinger equation in the
doubly symmetric potential welly.evolve in time in such a way that after the time of
T = wh/dF, the left wave packét willlappear on the right-hand side and vice versa. For
the selected parameters of the'model; this left-right quantum oscillation time is very
short, '~ 3 x 1072's, andsthuts, a localized particle created in the left or right well will
not really keep its identity./However, if the barrier width is increased from 2 to 45fm,
this oscillation time becomes T~ 40 days, and the particle created in one of the wells
would remain there as a classical system would do. In the case of the wide barrier, the
approximate localized states, |®'°") and |®8") become extremely good representations
of the localized exaetywave packets, and the symmetry restoration becomes an extremely
efficient method to obtain perfect approximations of the symmetry-conserving exact
eigenstates.

Thesimple model discussed in this section shows that the symmetry breaking and
restoration is a useful concept of describing the physical reality of quantum mechanics,
and that 1tis not inherent to complicated many-body systems. Nevertheless, it is for
these complicated and difficult systems that it finds its most prominent and successful
applications.T In particular, in nuclear and molecular physics, there is overwhelming
evidence that symmetry-restored mean-field states provide for a global understanding
of multiple phenomena and experimental observations.

$ Analyses performed in schematic models can be found, e.g., in Robledo (1992); Yannouleas and
Landman (2002a,b).
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At this point, to relate the symmetry restoration to the rigorous DFT (Hohenberg
and Kohn, 1964; Kohn and Sham, 1965; Bartlett, 2010; Becke, 2014; Jones, 2015), a
few comments are in order. The basis for existence theorems of exdet DFT ‘igythe
variational principle, whereby one reaches the exact ground-state of the System and
its density. Within our simple example above, it would mean that the DFT is bound
to yield the exact, symmetry conserving, positive-parity ground-state wawe function
Ut (z) = (x|¥) and its density p(z) = |[¥T(z)|?, and not the localized wayve functions
Wlett () = (| Wlelt) or Yrieht() = (x| Wreht) and their respective densities.

However, it is obvious that densities (be they average or maximum) of exact and
localized wave functions differ by about a factor of two, compare figures 1(a) and (b).
This simple observation creates an important issue for systems, like nuclei, for which
the equilibrium local density (the so-called saturation density of about 0.16 fm~3) is an
important physical parameter determined by the nature,of the underlying interaction.
Indeed, for such systems we build (or derive) functionals thatidescribe infinite saturated
systems, which leads to the local density approximationy.or finite self-bound systems,
within a single potential well (typical for a drop Of matter). Such functionals then have
minimum energies at saturation density and thus can properly work only for localized
wave functions and not for the exact symmetry-conserving ones.

To bring the discussion above away from the simple example, which we introduced
only to illustrate basic concepts, and towards:-a realistic case, consider a positive-parity
ground state of an alpha-particle emitting nucleus. Before the decay, the density of
nucleons is almost constant within the nucleus and equal to the saturation density. After
the decay, the exact parity-conserving wave function would correspond to a symmetric
combination of a recoil nucleus moving/right, with the alpha particle moving left, and
that of the recoil moving left andithe alpha moving right. It is obvious that such a state
cannot be modeled by the same density functional as that used to model the nucleus
before the decay, because ‘densities are now twice smaller than the saturation density.
However, it is also obwvious that a symmetry-broken state, e.g., the one with the recoil
moving left and alpha, moving right, is entirely within the remit of that functional,
because both subsystems do have similar local densities, not very different from the
saturation density.

The case of the alpha-emitting nucleus illustrates crucial points of nuclear DFT,
whereupon thé symmetry breaking plays a fundamental role. It also tells us that
the symmetry restoration is an equally fundamental piece of the description. Indeed,
after modeling /the DFT state of the recoil moving left and alpha moving right, we
must“symmetrize the obtained solution, because the alpha-particle detectors will, of
coutse, neyer see any left-right asymmetry of the decay process. In this sense, the
DFT description of many-body systems gives us immediate access to physical localized
states.describing specific configurations, by which we mean specific arrangements of
¢onstituents of composite objects. However, it is now clear that these configurations
should never be confused with exact eigenstates, as they simply represent specific wave
packets thereof, whereas a reasonable modeling of the exact eigenstates is then accessible
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via the symmetry restoration.

There remains, nevertheless, one troubling element of the link between the DFT
and symmetry restoration. Indeed, to restore the symmetry, we need to have access.not
only to the average energies of the localized broken-symmetry states |® ) o] driehty;
which are within the remit of DFT, but also to the overlaps, e = (®'|®ishty "and
matrix elements, A = (O F/|®"8")  thereof, neither of which is. Within the nuclear-
DFT applications, there is overwhelming evidence that € and A can/be evaluated using
the corresponding Kohn-Sham states and generalized Wick’s theorem. This gives us
a rich and reasonable description of numerous experimental data. However, such an
approach constitutes a hybrid mix of the DFT and wave-function approaches and, to
our knowledge, it has as yet no justification in any solid formalism. Tt appears that the
many-body-physics community has executed a spectacular triple Axle jump into a pool
without really verifying whether the water is there orsmet. Nevertheless, the obtained
excellent results indicate that we may rather worrysabout finding a justification than
about questioning the method itself.

The reader is begged to excuse us for the partly simplistic and partly philosophical
narrative of this introductory section. We, thought that exposing these basic notions
could constitute a useful background of the follewing sections, where we move right on
to the forefront description pertaining to the subjéct matter of this review. However,
the advanced discussion that is coming upshould not obscure the vision of the forest
behind trees.

2.2. Dissociation of the natural melecular hydrogen and other similar two-dimensional
artificial dimers

The second illustrative.exampleis taken from the areas of condensed-matter physics
and chemistry, where the long-range interparticle Coulombic repulsion plays an essential
role in inducing symmetry breaking at the level of mean-field treatments of interacting
electrons. In this contexty the simplest nontrivial examples involve at a minimum a
pair of electrons. Herewe will describe the case of an artificial two-dimensional (2D)
quantum dot molecule (QDM), specifically a manmade system denoted as Ho-QDM. The
H>-QDM systemnconsists of two electrons trapped inside two parabolic quantum dots
(each with al harmonic-potential confinement specified by a frequency fuwg) separated
by an interdot distance d and an interdot barrier V;. The overall confinement potential
is effectively that of a 2D two-center oscillator. Increasing the interdot separation d,
or the. interdot barrier V}, generates a process bearing analogies to the dissociation of
thematural Hy Hydrogen molecule. This process offers an immediate illustration of the
symmetrydilemma facing the mean-field approaches. This expression [coined by Lowdin
(Lykos and Pratt, 1963)| succinctly conveys the fact that imposing the Hamiltonian
symmetries on the mean-field treatment [exemplified by the restricted Hartree Fock
(RHF) method for electrons; see section 7|, provides wave functions with the proper
symmetries, but often the corresponding total energy is higher than that obtained when
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the symmetry requirements are relaxed [using the unrestricted Hartree Fock (WHF)
method for electrons; see section 7]. In the double-dot example here, the UHE lowers
the total energy by breaking in the ensuing wave functions the symmetries of totalispin
and of the parity along the separation axis.

The stretched natural Hs in both the RHF and the UHF mean-field.levels and the
ensuing correct-symmetry /higher-energy versus lower-energy /wrong-symmetry dilemma
are described in detail in Chapter 3.8.7. of Szabo and Ostlund (1989). In wave-function-
based approaches describing electronic systems, the symmetry dilemma can/be overcome
by using symmetry restoration.§ An explicit illustration to this effect for the case of the
artificial Ho-QDM was provided in Yannouleas and Landman (2001, 2002b,a). Before
proceeding further, we mention two points that will be crucialin grasping the overall
picture behind the mathematical formalism and the numerical details below. Namely,
(I) The UHF equations do not provide a symmetry-broken solution in all circumstances.
Given a specific many-body state, whether a groundstate orian excited one, symmetry
breaking appears at well-defined regions of the parameters characterizing the many-
body electronic problem. In the absence of symmetry,breaking, the UHF solutions
coincide with the RHF ones, and thus subsequent symmetry restoration has no effect.
Anticipating the specific numerical results,below, we mention that, in the case of the
singlet state of the Ho-QDM, smaller values of Coulombic repulsion, interdot separation,
and interdot barrier tend to suppress symmetry breaking. (IT) Two electrons correspond
to a closed electronic shell in both two and, three dimensions. However, unlike the nuclear
experience where shell closures prevent symmetry breaking (associated with nuclear
shape deformations and nuclearpairing), the two-particle shell closure in electronic
systems is not immune to symmetry breaking (associated with electron localization).

RHF and UHF numerical results for the singlet state of the Ho-QDM are displayed
in figure 3 for a case with trapping frequency of hwy = 5meV, interdot distance of
d = 30nm and barrier, of\V, =/4.95meV. In the RHF result (left column), a single
bonding molecular orbital (o) 1s occupied by both the spin-up and spin-down electrons.
In the UHF case (zight column), however, the total spin and parity symmetries are
broken, and the gpin-up electron occupies an atomic-like (1s) orbital located on the
left quantum dot, while the spin-down electron occupies another different atomic-like
(1s’) orbital ¢entered on the right quantum dot. For the total energies, the RHF result
is Erur = 1368 meV, while the UHF energy yields Fygr = 12.83 meV, amounting
to a lowering in energy of 0.85 meV. Furthermore, the energy of the triplet state is
Eugr = 13.01 meV, and thus the singlet state conforms to the requirement that for two
electrons at zero magnetic field the singlet is always the ground state; in sharp contrast,
the RHF molecular-orbital solution fails to fulfill this exact requirement.

Next we show how to construct an improved wave function by using the spin
projection method to restore the broken symmetry of the UHF step. For clarity, we

§ In the Kohn-Sham DFT treatment of electronic systems, the symmetry dilemma remains an open
question, with a main obstacle being the large self-interaction error; see, e.g., Perdew et al. (1995).
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RHF UHF

Figure 3. Lateral Ho-QDM: Occupied orbitals (modulus square) for the spin
unpolarized case (S, ="0). Leftyeolumn: Restricted Hartree-Fock (RHF). Right
column: Unrestricted Hartree=Fock (UHF') results with breaking of the space symmetry
(parity). The numbers with each orbital are their eigenenergies in meV. Up and down
arrows indicate up or. down spin. The RHF orbitals extend over both quantum dots;
they are denoted as molecular orbitals (MO). The UHF orbitals are localized on one
quantum dot (either left orright), and are denoted as atomic orbitals (AO). Distances
along the x and y axes are in nm and the electron densities (vertical axes) are in 1074
nm~2. The paramieters are: effective mass of the electron m* = 0.067m. (me is the
free-electron mass), trapping frequency for each quantum dot 7wy = 5meV, interdot
separation d = 30.nmy interdot barrier V, = 4.95 meV, and material dielectric constant
x = 20.0 Reprinted by permission from Springer Nature and Copyright Clearance
Centerfrom Yanmouleas and Landman (2001).

explicitly write.down the' UHF determinant, cf. equation (175),

1
Ggghr.n 2 1| plroplmor | 1s)

V2 [ @r(r)Bi or(r2) B2

where ¢i(#) and ¢, (r) are the 1s (left) and 1s' (right) localized orbitals of the UHF
solution displayed in the right column of figure 3, and a and S denote the up and down
spins, respectively. We also found useful to introduce a shorthand notation for the
determinant above as v/2®3::0(1,2) = |(1)%,(2)), where a bar over a space orbital
denotes a spin-down electron; absence of a bar denotes a spin-up electron.

@%H:FO(L 2) is an eigenstate of the projection S, of the total spin S = s; + 89, but
not of S2. A many-body wave function which is an eigenstate of S§? with eigenvalue
s(s + 1) (here s = 0) can be generated by applying the singlet-state spin projection
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operator, i.e.,

Poin = (1 = @12)/2, (19)
where w, is an operator that interchanges opposite spins of the two electromns; see the
general formula in equation (181) below.

Upon the spin-symmetry restoration, the singlet state of two electrons (with s = 0)

is given by:

V2P, 00 (1,2) = [ (1D)P,(2)) — [@1(D)er(2)). (20)
We note that the beyond-mean-field projected many-body wave funétion (20) is a linear
superposition of two Slater determinants, in contrast to the,single-determinant wave
functions of the RHF and UHF methods.
A further expansion of the determinants in equation (20),produces the equivalent
expression

205, T (1,2) = (ou(r1)r(r2) + @i(r2)een(ri)
X x(s = 0, 5. £ 0)} (21)

where x(s = 0,5, = 0) is the spin eigenfunction for the singlet state, and is given by
X(s =0,8. = 0) = (0 — 02 /N2 (22)

The expression in the right-hand side of equation (21) is similar to the Heitler-London
(Heitler and London, 1927) or valence-bond wave function. However, at variance with
the Heitler-London approachj which employs the left and right orbitals of the fully
separated atoms, this expression involves the UHF orbitals that are optimized self-
consistently at any separation @ and potential barrier height V.

Considering the normalization of the spatial part, one arrives at the following
improved wave function of the singlet state:

\I[SPRJ(L 2) = N—l—\/ipsspmq)%ZHZFQ(lv 2)7 (23)
where the normalization constant is given by

N+=1/ 1+S2

Ir»

(24)

Si- being the overlap integral of the spatial orbitals ¢;(r) and ¢, (r),

Sy = /dz'rc,ol(r)apr(r). (25)

We stressiagain that the improved wave function W}y, (1,2) exhibits all the symmetries
of the original many-body Hamiltonian.

The total energy of the symmetry-restored singlet state W5g;(1,2) [equation (23)]
reads

E;’RJ = Nf_ [hll + hrr + 2Sl7"hl7" + Jlr + Klr] ) (26)

where h is the single-particle contribution to the total Hamiltonian defined in
section 7.2.1, and J and K are the direct and exchange matrix elements of the e — e
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repulsion e?/kry2, where x is the material dielectric constant. In equation (26)suthe
subscripts [ and r indicate that the matrix elements are associated with the left and
right space orbitals, ¢;(7) and ¢, (), respectively. For comparison, we provide alsothere
the corresponding formula for the HF total energy, which is valid for both the RHF [with
@i(r) = ¢, (r) = ¢(r)] and UHF [with either ¢y(r) # (1) or vi(r) =pp.(r) =0 (r)]
cases, i.e.,

Eyp = hu + hor + Jir. (27)

For the triplet state, the UHF solution (with S, = 1) does not break any symmetries
for all set of values of the parameters d, V;, and strength of thewe-e repulsion. For the
triplet HE determinant, one has ®hyp(1,2) = ®fyp(1,2) =leon (M@ (7)), with the
absence of bars over the ¢ orbitals reflecting that both eleétrons have o (up) spins. The
indices "On" and "1n" denote zero-node and one-node space orbitals, respectively, and,
for the set of parameters used here, they have the general form of molecular orbitals,
similar to the " and ¥~ in figure 1(a); for the nodeless yq,, see also the MO orbital

(modulus square) in the left column of figure 3. In/thigcase, the spin-projection operator,
p:v'szzl
Spin

in equation (181) below|, and the projected wave funetion coincides with the starting

= 1, has no effect [no opposite spins to beinterchanged, see the general formula

HF determinant. As a result the energies forithe triplet state in all three approximations
are equal, i.e., Fip; = Eiyp = Efue =g, With

EIEIF = hOn,On + hln,ln + JOn,ln - KOn,ln- (28)

Like in the case of the natural H,, the/energy difference, Ae = E* — E*, between
the singlet and the triplet states ofithe artificial Ho-QDM, must vanish from below as
the separation increases. Equivalently one can keep the interdot distance d constant
and vary the height of the interdot:barrier V.

Figure 4 illustrates the evolution of Ae as a function of V;, in zero magnetic field, and
for all three successive,approximation steps, i.e., the RHF (molecular-orbital theory, top
line), the UHF (broken symmetry, middle line), and the projection approach (symmetry
restoration, bottom line).

An inspection,of figure 4 shows that both the UHF and projection-technique
wave functionssdescribe the energetics of the separation limit (Ae — 0 for V, — o0)
rather well, while the RHF approach fails. Furthermore, in this limit, the projected
(symmetrysrestored) singlet wave function [see equations (20) and (21)] has the
advantage of reproducing the fully spin-entangled two-fermion wave function introduced
by DavidiBohm (Bohm and Aharonov, 1957; Bohm, 1951) as a simpler example for
demonstrating the Einstein-Podolsky-Rosen quantum-mechanical entanglement paradox
(Einstein @t al., 1935). This exemplifies the potential for utilizing the symmetry
restoration methodologies in the context of the emerging field of quantum information
seienee (Cloét, 2019).
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Figure 4. Lateral Ho-QDM: The energy difference Ac = E® — E* between the singlet
and triplet states according to the RHE (molecular-orbital theory, top line), the UHF
(broken symmetry, middle line), and the Projection Method (symmetry restoration,
bottom line) as a function of the interdot barrier V3. For V}, = 25meV, complete
separation of the two dots is reached, signaled by a value of Ae — 0 in both the UHF
and Projection-technique approaches? The remaining parameters are: electron effective
mass m* = 0.067mentrapping frequency fuwwg = 5meV, interdot distance d = 30 nm,
and dielectric constant g,= 40. The arrow marks the onset of symmetry breaking
for the singlet state. Reprinted by permission from Springer Nature and Copyright
Clearance Center from,Yannouleas and Landman (2001).

2.3. The seniorily modeél

So far we discussed symmetry breaking and restoration for one or two particles.
However, an essential peint of the symmetry breaking discussed in this article is the
approximate treatment of correlations in a many-body system by introducing the
mean-field approximation, that is, by describing the many-body system in terms of
a product stage |®) of uncorrelated particles (or quasi-particles) moving in a single-
particle potential with a broken symmetry. To elaborate this aspect in more detail, we
now briefly discuss the seniority model introduced by Kerman (1961) as an example. We
consider N'fermions in a degenerate single j-shell (with Q = j + 1) interacting through
a monopole pairing force with the corresponding many-body Hamiltonian H,

H=-GS,.S_, (29)
where G is the strength of the interaction and the operator,

A A Q

Sy =(5)"= E[a}a}]sz (30)
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where a;

creates a single particle in the j-th shell and S'+ creates a Cooper-pairy, of
particles coupled to angular momentum J = 0. Together with the operator Sy connected
with the particle-number operator N by the relation

~ 1 -

8o = 5 (W - 9), (31)

operators S’Jﬁ Sy, and S_ form the algebra of the group SU(2) of the quasi-spin. It has
the Casimir operator S2,

S?=5,5_+52-25,, (32)
with the eigenvalue S(S + 1). The Hamiltonian (29) can be expressed as
H=—-G(8*- 52+ 5,), (33)

and thus it is diagonal in the basis characterized by the quantummumbers S, Sy or S, N.
The particle vacuum |—) with N = 0is given by S = % and Sp. = —£. Starting from this
vacuum |—), and applying the raising operator S, onefinds the exact ground states of
the system with even particle numbers N (Haray/1967),

Q AN/2

5 V) o< SL ). (34)
This is a condensate of n = % Cooper pairs., In terms of the original fermions this is a
highly correlated state.

We now use the mean-field approximation, i.e., we start with the BCS-state

|®) = H(Um +Uma]ma]m |—) Hajm| (35)

m>0

where OzT = umaT — Um@;,. M denotes the time-reversed state. |®) has the forrn of a

generahzed product state andsit is'the vacuum for the quasiparticle operators a . We,
therefore, can apply the Wigk theorem (see equation (7.47) of Ref. (Ring and Schuck,
1980)) for the two-body operator (29). Neglecting, as usual in the BCS approximation,
the terms a'a we obtain the BCS Hamiltonian

Hpcls = const. — A(S, + 5_), (36)

with the gap parameterA = G(®|S,|®). The BCS state |®) is an eigenstate of Hpcg
and the BCS/coefficients wy; and v, are determined by the diagonalization of the mean-
field Hamiltonian Hpcs.

It is'evident that Hpcog breaks the particle-number symmetry; therefore one looks
for eigenfunctions of Hly,g = Hpos—AN, where the Lagrange parameter A is determined
by the subsidiary condition (®|N|®) = N. Since the BCS Hamiltonian depends on
the ‘gap parameter A, one ends up with a non-linear problem, which has to be solved
iteratively. In the seniority model discussed here, the single-particle part (~a'a) of
Hpég vanishes and thus does not depend on the quantum number m, and hence the
BCS amplitudes u,, and v,, do not depend on m either.

The BCS Hamiltonian Hpeg breaks the particle-number symmetry, and so it also
breaks the gauge symmetry, see section 3.2.1 below. Through this symmetry breaking,
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it is possible to represent the wave function as a product state in terms of quasipazticles,
cf. equation (35). In the exact solution, these quasiparticles are not independent and
there are additional correlations, which are not taken into account in the product state:
However, we can bring these correlations back by the restoration of the symmetsy. This
is achieved by the particle-number projection, that is, by neglecting in the wave function
|®) all the contributions with particle numbers different from N. For _this'purpose we
express the BCS state |®) (35) in terms of the operator S, as

O( HeXp ]m ]m)’_ _eXp Za]m ]m ’_ OCeXp( g+)’_>7(37)

m>0 m>0
where we have used the fact that the squares of fermion creation operators are equal to
zero and thus only the first two terms of the exponential remainy.as in equation (35).
The particle-number projection then leads to

PN|®) oc S7%)-). (38)

We find that the restoration of the symmetry leads tothe exact solution (34) of the
system. Of course, this is a very specific model and the fact, that symmetry restoration
brings us back to the exact solution, depends definitely on the fact, that the operator
§+ does not depend on the particle numberinor en other properties of the model such as
the strength parameter G. Nonetheless, also in more general cases, where the symmetry
restoration does not lead to the exact solutiony we will find that by restoring symmetries,
one can improve the mean-field approximation considerably.

3. Symmetry Restoration - General Formalism

As discussed in the previous. section, mean-field solutions may break symmetries
that the original many-body Hamiltonian obeys. For strong symmetry breaking,
approximate methods canybe used to evaluate the observable quantities to a good
accuracy, and these are,discussed in section 4. For weak symmetry breaking, wave
functions defined inthe intrinsic frame of reference should have their broken symmetries
restored. In the sixties and seventies of the last century, considerable efforts were made
to decouple the totallHamiltonian in terms of intrinsic and collective degrees of freedom
(Lipkin et al.f1955; Lipkin,1956; Villars, 1957; Lipkin, 1958; Villars and Cooper, 1970).
Owing to the'Galilean invariance, this method is well defined only for the simplest case
of the linéar-momentum, where the center of mass coordinate separates exactly from the
intrinsic'degrees of freedom, described, for instance, by Jacobi coordinates. This is used
for few=body systems, i.e., in very light nuclei (Navratil et al., 2000). For heavier nuclei
this technique becomes quite cumbersome because the wave functions are far from being
produet states in these coordinates. Only recently a method based on Quantum Monte
Carlo.techniques has been introduced, which allows the exact treatment of Galilean
invariance even for density functionals with finite range (Massella et al., 2020). Because
of its numerical complexity, however, applications are also limited to light nuclei and it
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cannot be generalized to other symmetry violations, where Galilean invariance doesmot
apply.

Moreover, the popular terminology referring to the intrinsic and laboratory
reference frames can be either confusing, or useless, or both. Indeed, in the/language of
the symmetry restoration, no reference frame is ever changed, namely, beth the broken-
symmetry and restored-symmetry wave functions reside in the same unique Hilbert
space with one unique reference frame conveniently predefined and used; Then, the
restored-symmetry wave function is obtained from the broken-symmetry one by acting
on it with a specific symmetry-restoration operator, which does uot change any reference
frame either, but rather rotates the broken-symmetry wave function in the predefined
reference frame.

In this article, we use the notion of an active rotationywhereby not the reference
frame but the states are rotated. However, even if wemused a passive rotation scheme,
whereby the wave function stays the same and the' referenee frame is rotated, this
would not have been equivalent to any change of the reference frame from intrinsic to
laboratory. Although we may occasionally slip into the traditional terminology of the
intrinsic and laboratory frames, the readershould always follow the correct description

"wave function in the intrinsic (laboratory) frame" as "broken-

by translating the term
symmetry (restored-symmetry) wave function".

For a continuous symmetry group, anyinfinite number of solutions, which are
degenerate in energy, are obtained by applying the elements of the Lie group on the
intrinsic state. For instance, all Nilsson intrinsic states that differ only by rotation in
space have the same energy. Peierls and Yoccoz (1957) employed a linear superposition
of these degenerate states with the weight functions determined through a second
variational procedure. In this way, the variational procedure is performed in two steps.
In the first one, the intringic state is determined, and in the second one, the energy is
minimized within the subspace of states, invariant under the symmetry group, which
can be projected from that intrinsic state. This double variational approach is referred
to as projection afterwvariation.

In a single-step variational procedure, the variation is performed by simultaneously
considering symmetry-restored trial states that can be obtained from any intrinsic state.
In the case of/rotational symmetry, this corresponds to first projecting the intrinsic wave
function ontoya state with well-defined angular-momentum and then performing the
variational procedure over the intrinsic states. This variation after projection method,
proposedioriginally by Zeh (Zeh, 1965), for a simple degenerate model leads to practically
exagt results (Sheikh and Ring, 2000). The difference between two-step and single-step
variational approaches becomes quite obvious for the case of particle permutational
symmetry, with the method of Peierls and Yoccoz giving rise to an approximate anti-
symmetrized Hartree solution, while the method of Zeh leading to the correct HF
solution.

Projection methods developed to restore the symmetries can be divided into those
pertaining to abelian and non-abelian symmetry groups (Lowdin, 1967; MacDonald,
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1970; Ring and Schuck, 1980). Restoration of the linear-momentum symmetry, gauge
symmetry associated with the particle number, and parity symmetry pertain to the
abelian groups. For this class, projection operators have expected“mathematical
properties of idempotency and hermiticity. For the class of non-abelian symmetry
groups, which includes three-dimensional rotations, and corresponds,to restoration
of angular-momentum or isospin, the projection operators do not have preperties of
idempotency and hermiticity. However, as we discuss below, such operators project out
the relevant quantum numbers from the intrinsic wave function, and that is what is
important for physical applications.

In the following, we first construct the projection operators using group-theory
and generator-coordinate methods. As is evident, all the prejection operators can
be expressed as basis transformations in some representation. Projection methods for
various symmetries, such as linear momentum, three-dimensional angular momentum,
particle number, and parity are discussed in section 3.2.

The projection formalism using the generalized HFB basis is discussed in section 3.3.
In this section, the expressions for the norm and the ,Hamiltonian kernels between
the HF'B transformed and the initial bagis, are obtained using the generalized Wick’s
theorem. Methods for performing variation after projection are then discussed in
this section. In particular, it is demonstrated that variation after projection of an
arbitrary symmetry-projected energy leadsito HFB-like equations, as is the case for the
unprojected energy, with the only differemnce that the pairing and HF fields get modified
and depend on the projected guantum numbers as well.

3.1. Projection Operator - Mathematical Basis

The mathematical strueture 'of the projection operators is constructed in this
subsection using the group-theory approach and the generator coordinate method.

3.1.1. Group-Theory Approach Given a symmetry group, a projection operator, P can
be constructed such thatfor an arbitrary wave function |®), P|®) is the component of
|®) belonging to the,irreducible representation characterized by the quantum number(s)
A. In the following, we ¢onstruct the mathematical structure of such an operator using
the group-theory approach and closely follow the textbooks of Hamermesh (Hamermesh,
1962) and«Gilmore (Gilmore, 2008a).

Let us suppose that the states [Au), enumerated by quantum number(s) u, span an
irreduciblenrepresentation of the group defined by the quantum number(s) A. Within
the firreducible representation, the group transformations {R(g)} act in the following
way

R(g) i) =Y W) D, (9), (39)
where g denotes the group element. The matrix functions D}, (g) are the continuous
single-valued representations of the group, which for the group of three-dimensional
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rotations are called Wigner D-functions (Edmonds, 1957; Varshalovich et al., 1988).
They obey the orthogonality theorem of representation theory

. / 1%
Idg Dy (9) D, (g) = n_f” Syt O (a0)

where n; denotes the dimension of the irreducible representation.

For finite groups, V is the order of the group and the sum in equation (40) runs
over all group elements, whereas for continuous compact groups, V' i§ the volume of the
parameter space of the group, and the sum over the group elements'should be replaced
by an integral over the group parameters. For example, for the rotational group in three
dimensions, where the group elements depend on three Euler angles () = («, §,), the
volume is V = [dQ = 8r* and the dimension of the représentation” characterized by
the angular momentum [ is ny = 21 + 1. Moreover, for conitinuous non-compact groups
(like the translational group), representations are labeled.by comntinuous parameters and
the Kronecker deltas must be replaced by Dirac deltas.

Multiplying equation (39) by D)*(g) and summing,over the group elements, we
have

£/ R Vv

Y s D3zt Rte) W' = g i) (1)
This allows us to define operators Pﬁ\y,

SN nr s &
such that

By \XV') = 034 S | \n) (43)
and

AN Ans A N T A

PAPY, = Sy gy, (P,jy> — B, (44)

It is evident from the above/equation that the diagonal operators, 153#, project out the

u-th columns of the A\-th irreducible representation, and obey

P, Pl = 03 6,0 P, (45)
It means that they are hermitian and idempotent, i.e., projection operators in the strict
mathematical sense.

For non+abelian groups, the wave functions \(IJl’\Wz = ppi\u‘@ are no longer tensors
with respect $0,this group, i.e., under the operation R(g) they do not behave as wave
functiong |Ap) shown in equation (39). However, owing to the completeness of the
matrix functions wa(g) in the space of regular functions of g, operators ]—C’:‘M obey the

following important relation,
sx s
d B =1, (46)
Ap
that is; they provide for the so-called resolution of unity. This means, that every wave
function |®) can be uniquely split into a sum of components [®), ), |®) = > |®2),

even if these components are not necessarily orthogonal or normalized, or even if some
of them can vanish.
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3.1.2. Generator Coordinate Method The expression for the projection operator,in
equation (42) can also be obtained as a special case of the generator coerdinate
method (Hill and Wheeler, 1953; Griffin and Wheeler, 1957; Ring and “Schuck, T980)¢
In this method, Peierls and Yoccoz (1957) started from the symmetry breaking wave
function |®) and diagonalized the many-body Hamiltonian in the collective subspace
spanned by a set of generating functions

[2(9)) = R(9)|®). (47)

Using the ansatz

7y = / d9f (9)|2(9)). (48)

the variation of the energy expectation value with respect tonthe weight function
f(g) leads to a generalized eigenvalue problem with the gemerating functions as non-
orthogonal basis states. To restore the symmetry, the fweight function is chosen in such
a way that the resulting many-body wave function transformsas in equation (39). It can
be shown that the collective subspace is invariantaander the'symmetry transformations,
ie.,

R(g)|¥) = / dg' f(—g + ¢ OEH. (49)

where (—g + ¢') is a short hand netation for the group element R~'(g)R(g’). This
implies that the projector P onto this subspace.commutes with the symmetry operator
R(g) and it is possible to find simultaneouseigenstates of PHP and the symmetry
operator. Thus, a function f(g)exists that not only minimizes the energy but also has
the proper symmetry. This fungtionnf(g) can be found by expanding it in terms of the
representations of the group, characterized by eigenvalues of the Casimir operators.

3.1.3.  Generic properties of projection Over the years projection techniques were
introduced for various/symmetry groups. In the following, we use a generic form of
the projection operator (42),

2 / I (9)R(g). (50)

Assuming that“the Hamiltonian H commutes with the symmetry operator fi(g), the
projected energy is given by

PP ) [ dg D" (o) (I T)| )
(@[Pf|®) [ dg D™*(g)(2|R(g)|2)
or equivalently as (Sheikh and Ring, 2000)

Bl = / dg y(9)(®| A g). (52)

where the rotated wave function |g) is defined as a suitably normalized generating
function (47),

, (51)

R(9)|®)

: for (®|g) = 1, 53
@lige (53)

l9) =
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and two auxiliary functions x(g) and y(g) are defined as

__z(g)
Jdg(g)
Similar expressions can be found for other operators, such as the multipole operators

z(g) = D" (9)(®|R(g)|®) and y(g) (54)

and for electromagnetic transition matrix elements (Dobaczewski et al.,/2009).

For the one-dimensional case, I represents directly the quantumsiumber on which
one projects. In the general case, [ represents several quantum numbers, as/for instance
K., K,, K, for projection onto the linear momentum or I, M, K.in thes€ase of three-
dimensional rotations.

3.2. Projection Methods for Various Symmetries

In Tables 1-2, we show examples of symmetry restoration €¢orresponding to several
symmetry groups, with five specific cases discussed inysections3.2.1-3.2.5 in more detail.
In addition, the isospin symmetry restoration being formally identical to the angular-
momentum restoration, sections 3.2.4 and 3.2.5, is not.explicitly covered in this section,
apart from listing the relevant expressions in Tables 1 and 2.

Table 1. Various symmetries and the corresponding parts of the projection operators.

symmetry shift generator group operator
: S R(g)
rotation (1D) Q ang. mom. J, i
rotation (3D) a, B, ang. mom. J ootz o=iBJy o—inJ:
translation (3D) a momentum P e—ia-P
rotation in gauge space ) part. number N e~ ieN
isorotation (1D) @ isospin T e—ieTs
isorotation (3D) 0,0, isospin T o191 =0T o—iv)Ts
parity =0, N o—iON-

3.2.1. Particle-pumber Rotations in gauge space are defined by
R(g) = e %, (55)

where N corresponds to the number operator for neutrons or protons. Wave functions
with ‘good particle number are only multiplied with a phase. This is no longer true
inthe case of HFB- or BCS-wave functions, being linear combinations of states with
different particle numbers. In this case one has to restore the symmetry by projection
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Table 2. Table 1 continued.

symmetry weight function eigenvalue proj» operator
D™ (g) I in equation

rotation (1D) oM M (62)

rotation (3D) 2L D (o, B,7) I,M,K (64)

translation (3D) ae®” P

rotation in gauge space el N (56)

isorotation (1D) = eiels T3 =3(N.— 7Z)

isorotation (3D) 2 DEETé(gp, 6,v) T,15,T,

parity 3.2 P (57)

onto a good particle number. This is an abelian/Symmetry group and from Table 2 we
find the corresponding operator

. 1 R
PN = o / dg e 0NN, (56)

Particle-number projection, in particular.in the BCS-case is relatively simple. It was
applied using different methods (Bayman, 1960; Dietrich et al., 1964; Fomenko, 1970;
Janssen and Schuck, 1981; Egido and Ring,"1982a), in particular, also in the framework
of approximate projections, see section 4.

3.2.2.  Linear Momentum In the nuclear theory, localized single-particle states are
employed that are not eigénstates of the momentum operator. Conversely, the plane
waves that are eigenstates of the momentum operator cannot describe a localized system
of particles.

Apart from very-light muclei, in most of the practical applications the nuclear wave
functions are based in one way or another, on wave functions in localized potentials.
They violate the tramslational invariance of the underlying Hamiltonian. As shown in
Tables 1 and/2, this, is a three-dimensional group with the three operators P = > P
of the total mementum as generators.

In principle, one should carry out a projection onto good momentum (Peierls and
Yoccoz, 1957). | This is technically rather difficult and therefore, there are very few
examples in the literature, where such an exact projection was carried out (Schmid,
2001, 20024,b, 2003; Rodriguez-Guzman and Schmid, 2004a). In most of the applications
approximate methods are used. As discussed in section 4, it can be shown that the
¢orrections introduced in this way decrease with numbers of particles, A as 1/A and
therefore in most of the applications conservation of the linear momentum is only taken
into account approximately (see section 4).
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3.2.3. Parity 'The parity projection operator is connected to a discrete symmetrys, It
is similar to the projection of spin singlet and triplet states (19), and it can be written
as (Egido and Robledo, 1991),

A 1 A
Pr=(1+pll) (57)

where p = j:l and IT = exp (—irN_) is the standard parity (inversion),operator. Here
N_ Zk akak is a restricted summation over all states & with negative parity. We find
[12 = 1 and P? is a true projection operator.

3.2.4. One-dimensional rotation The one-dimensional rotation by _the angle o around
the z-axis is given by

R(a)|®) = e~

D), (58)

where .J, denotes the z component of the angular-momentum operator. || The irreducible
representations of this group are given by

DM () = e~ M, (59)

where M denotes the eigenvalues of .J,. Expressing function f(«) of equation (48) in
terms of these irreducible representations is‘equivalent to a Fourier transformation,

fla) =" guD"*(d) Zg e (60)
M

Using the M-th component D¥*(«) as the weight function in equation (48), we obtain

2
1 , . .
W) = o [ ddp (@ o) = PV, (61)
0
with the projector
2m
R 2 1 o
PM =4(J; s M) = o / da e~==M), (62)
0

This is in full agreement/with the general expression (42) for the projection operator
derived in section 3.1.1from group-theory considerations. We note here, that the one-
dimensional symmetry restoration projects deformed states on good projections M of
angular momentum jz, but each projected states is still a mixture of components with
good total angular momenta [ > M.

|| In/this reyiew, we use dimensionless linear-momentum, angular-momentum, and spin operators,
which represent generators of the corresponding symmetry groups. Whenever the corresponding
quantum=mechanical operators and/or their eigenvalues are considered, we tacitly assume that the
Planck-constant prefactors i are also included.
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3.2.5. Three-dimensional rotation As an example of a non-abelian group, we consider
rotations in three dimensions, cf. recent comprehensive review in Ref. (Bally and.Bender,
2021). They are characterized by the Euler angles 2 = (a, 3,7). The ¢orresponding
group element is given by the operator

}?(Q) — miads =iy o=iv] , (63)
and we have to introduce the generalized projection operators (42):

Plix = gz [ 49 Diiy(@) R®) (64)
where

Dﬁ/lK(Q) = e oM dMK(ﬁ) e (65)

are Wigner D-functions (Edmonds, 1957; Varshalovich_et al.;1988). Following Lamme
and Boeker (1968), we define a complete and orthogonal set'of many-body wave functions
|IMi) which are eigenstates of the angular-momentum. operators J* and J., and i
combines all the remaining quantum numbers in”the.many-body Hilbert space. Using
equation (39) we have

Q)| IMi) = ZDKM )| TR, (66)

and owing to the completeness rélations for the states |IMi), we can express the
generalized projectors (64) as

Pirc = [IMi)IKil. (67)

This again shows that only the diagonal term P]{[M is a true projector onto the sub-
space of the Hilbert space with the'quantum numbers I and M. However, individual
states Pl,,|®) cannot belidéntified with the basis states |[IMi), i.e., they do not obey
equation (66).

For a better understanding of the additionalq quantum number K in the projector
Pl ., we start froufi a deformed intrinsic (symmetry-breaking) wave function |®), and,
in analogy to equation (69) we expand the weight function f(£2) in equation (48) in terms
of the completerset of Wigner functions

f)2 200 gt Dl (). (68)

82
IMK
If we restrict us in this sum to the terms with fixed I and M, we obtain, by using
equations (48) and (64), the projected many-body state

|‘If{w> = ZQ§4K151{1K|®>~ (69)
K

€¢1t is better to call K additional quantum number than to call it projection of angular momentum on
the intrinsic axis, which is the term frequently used. Indeed, states (I K| are “bra” representations of
“ket” states |/ M3), and both correspond to projections of angular momentum on the same predefined
quantization axis.
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From (67) it is evident that |¥4,) has good quantum numbers I and M for arbitrary
expansion coefficients g1, (for further details see (Zeh, 1967)).

In contrast to abelian groups, here the weight function fi,(Q) for‘the_generator
coordinate-method ansatz (48) is not completely defined by the symmetry, group:
The coefficients ¢!, have to be determined by the dynamics of the system, i.e., by
diagonalizing the many-body Hamiltonian or by minimizing the projected energy.

Only in special cases, this additional diagonalization is not necessary, e.g., if the
intrinsic (symmetry-breaking) wave function |®) is symmetric with respectto rotations
around the intrinsic z-axis, i.e., if J,|®) = Ky|®), then PJ . |®} = 0.for K # K, and
there is only one coefficient g}, . which is determined by the normalization. A simple
case is the intrinsic state |®)x—q of the ground state of an‘axially deformed even-even
nucleus. Here we find the projected states

Wis) = Pirgl@x—o), (70)

which do obey equation (66),
Further, by integrating in equation (64) over/the:Euler angles o and +y, and by using
equation (62), the generalized projector lf’]IV[K can be deecomposed into three steps:
1
Pl oc 8(J. = 1) [ deos(s)y, ™ 5(J. - ). (7)
1

We can now describe this result in two different ways:

(i) In the traditional languagewf passive transformations between the intrinsic and the
laboratory reference framesy wéstart with the projector, PX = 5(jz — K), onto the
quantum number K, corresponding to the component of the angular momentum
J along the intrinsic z-axis, then we have a rotation by angle § around the y-axis
from the z axis in the intringic system to the z-axis in the laboratory frame, and
finally PM = (5(jz £ MY)wprojects on an eigenstate with quantum number M in the
laboratory frame.

(ii) In the language of, symmetry-broken and symmetry-restored states, the first
operation projects out the symmetry-broken state on the good quantum number
K corresponding to.the z quantization axis of a predefined reference frame. The
second step projects on the good total-angular-momentum quantum number 7, but
it doeshthat'by a rotation along the y axis, and thus mixes again the previously
restored projections of the angular momentum. Then, the third-step projector is
requirédsto restore the projection M on the z quantization axis of a predefined
reference frame, and to give the fully symmetry-restored wave function.

The™ final wave function |¥1,) in equation (68) is a quantum-mechanical
superposition of all these different orientations and, as usual in the generator
¢oordinate method, the weight functions are related to the corresponding probability
amplitudes (Ring and Schuck, 1980).
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It is important to emphasize, that the concept of generator coordinates, swhich
corresponds here to the projection onto the subspaces determined by the symmetry
group, deals only with the coordinates of the A particles in the corresponding wave
functions in the intrinsic or in the laboratory frame, i.e., before or after the symmetry
restoration. The collective coordinates, in this case the Euler anglesy enter only in
a parametric way. In none of these considerations one has to introduce "redundant"
coordinates and no spurious states are involved. One stays, from th¢ beginning to end,
completely in the quantum-mechanical framework and no "requantization'/s necessary.
However, the results are not characterized by orbits in the colléctive subspace, but by
probabilities corresponding to different orientations.

It needs to be added that there is a prize to pay as” these calculations become
relatively complicated. Therefore, although these concepts were around since more than
half a century, many of these calculations, in particulargthose with realistic applications
are possible only nowadays using modern computing resourcesy(Bally et al., 2014). Some
of the applications still have to wait for more advanced implementations (Romero et al.,
2019).

3.8. Symmetry restoration of the HF B wave function

In most of the projection studies,.one starts with a broken-symmetry mean-field
wave function |®) of the HFB type (Ring and Schuck, 1980; Schunck, 2019). These
states can be expressed as vacua of quasiparticles ax|®) = 0 which are connected by a
unitary transformation to the @perators ail, a,, of an arbitrary reference basis

OzL = Z (Unkal + V},kan) . (72)
n
There is a one-to-one correspondence between the HFB wavefunction and the
corresponding one-body densities,

pun = (®lafya, [0) and oy = (Playa,|®), (73)

and Wick’s theorem allews us to evaluate the matrix elements of arbitrary many-
body operators <®|O|<I>) in terms of these densities, see Appendix Appendix A. In the
conventional HEB theory, wave function |®), i.e., the quasiparticle amplitudes U, and
Vi, are detérndined) by a variation of the energy E = (®|H|®) with respect to the
densities. /This leads to two single-particle fields
8—E and Ann/:_ 0F s
8/071’71 a’%;/n

and the corresponding HFB-equations

(1) 201 o

where H' = H — AN, E is the diagonal matrix of quasiparticle energies and the chemical

D = (74)

potential A is determined by adjusting the average particle number.
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3.3.1. Rotated Norm and Energy Kernels Standard expressions for the norm owverlap
are given in Appendix Appendix A, whereas those that show the explicit dependence
on the densities p and k are given in Sheikh and Ring (2000):

(®|R(g)|®)? = det (Rgp~"Ay) . (76)
Here R/ is the matrix representing the group element g in the original basis
(Ry)uw = (n|R(g)ln) and A, = pRyp — kR (77)

For |g) given by equation (53), the generalized Wick’s theoremallows us to
express matrix elements of the form (®|O|g) in terms of the corresponding transition
densities (Onishi and Yoshida, 1966; Balian and Brezin, 19693 Hara.and Iwasaki, 1979;
Ring and Schuck, 1980):

(Pg)nn = (@la},a,lg) = (RypA"p), . (78)
(’{g)nn’ = <®|an'an‘9> = (RQPA;IR)nn/7 (79)
(Fp)umw = (®lalal,|g) = (Rik A7 ), (80)

It is important to note that here all the matrix‘elements are expressed in terms of the
intrinsic densities p and x and the matrix representation R, of the group element g.
As an example, let us consider a Hamiltonian.with a two-body interaction of the

form
N 1
H = Z enn’aILan’ + 4_1 Z ,Enn’mm/aial’am’amv (81)
for which we obtain the transition.matrix element:
1 1 e
(®|H|g) = Tr (epy) + §Tr (Typy) — §Tr (Aglig) (82)

with the rotated fields
Tg)nmy= Zinn’mm’<pg>m’n’ (83)

(D) g =0 > s (g (84)
m/<n’

In principle, the evaluation of projected matrix elements is relatively straightfor-
ward. One only has to replace the normal density matrices p, x, and k* by the transition
densities p(¢);'k(g)4 and F*(g) and integrate over the parameter space of the group. In
practice,/however, depending on the dimension of the single-particle space and the num-
ber of mesh-points in parameter space this can require a large computational effort, in
particular, for triaxial nuclei. At each point ¢ in parameter space one has to invert a
large (often complex) matrix A, (77) with the dimension of the single-particle space [see
for instance Yao et al. (2014)].

As‘the Madrid group (Anguiano et al., 2001) showed, it may happen in regions of
level-crossings that (®|R(g)|®) vanishes at certain values of g. This leads to poles in
certain parts of the Hamiltonian matrix element (82), e.g., in Tr (I'yp,), see discussion
in section 6.1.2.
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3.3.2. Variation after projection With the techniques discussed in the previous seetion,
it is relatively simple to carry out a projection after variation. However, such a procedure
is not variationally optimal. Therefore, the method of variation after ‘projectionnwas
proposed (Zeh, 1965; Yoccoz, 1966; Rouhaninejad and Yoccoz, 1966), where the mean=
field wave function |®) is determined by minimizing the projected energyyi.e., by solving
the equation:

(60| P'(H — E)P'|®) = 0. (85)
For the exact solution of this problem, the following two methodswere proposed:

Gradient Method

A particularly powerful method to minimize the projected’energy with respect to the
product state is the gradient method, which was introdueed in Mang et al. (1976),
and which was applied for variation-after-projection «alculations in Egido and Ring
(1982a,b). In this method, in the neighborhood of amarbitrary/point |®g), the manifold
of the HFB wave functions |®) is parameterized by the Thouless theorem,
@) oc exp( D Ziwajal,)|®), (86)
k<K’

where operators a,i are the quasiparticle operaters, with respect to the quasiparticle

vacuum |®g), i.e., ag|Py) = 0. The,gradient, of the projected energy with respect to
parameters 7, is given by

_ OE! _ (Polapand — EN)P!|D) (87)
IZ5 1 450 (Do| PT| Do) .

These matrix elements can be evaluated using the generalized Wick’s theorem, in a

Vkk!

similar way as it is done for the average energy. Following the direction of steepest
descent on this manifold hy a step size of 7, we obtain in the next step of the iteration,
the following wave function

1) oc exPl=1 » _ Tuwfal,)|Do). (88)

k<k/

The resulting HEB coefficients of |®;) have to be orthogonalized [for details see Egido
and Ring (19824)|. “@alculating the new projected energy EY and changing the step
size 7 in the/next step aceordingly, the minimum of the projected energy surface can
be found without_diagonalizing any matrix. This method is particularly useful, if one
wants to minimize the energy surface with additional constraints. In this case the
method of Lagrange multipliers is used, where the total gradient is projected onto the
gradient along the hyper-surface determined by the constraining operator. The speed
of convergence of this method can be considerably improved by using the conjugate
gradient method (Egido et al., 1995).

It is evident that the gradient method can only be applied for cases, where the
final solution corresponds to a minimum in the energy surface. In all the applications
of .the Covariant Density Functional Theory, see section 6.2.2, because of the "no-
sea approximation", the solution of the corresponding mean-field equations do not
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correspond to a minimum, but rather to a saddle point on the energy surfagessIn
this case, the projected HFB equations are more useful.

Projected HFB Equations

In a similar way as the normal HFB-equations in equation (75) were derived by a
variation of the unprojected energy E = (®|H|®) with respect to the infiinsic densities
p and &, projected HFB-equations were derived in Sheikh and Ring (2000) by awariation
of the projected energy E' in equation (52). These equations have the same form as
the unprojected HFB equations (75). However, in this case the HF and«pairing fields
depend on the quantum number I:

OF! OF!
i and Al = — . 89
nn 8pn/n d nn aff/;/n ( )

In order to write down these quantities explicitly, we_need the analytic form of the

projected E! in equations (52) and (82) in terms of thelintrinsic densities p and &
as given in equations (77)-(80). The detailed expressions for A/ and A’ were derived
in Sheikh et al. (2002) and are not repeated here!

It needs to be mentioned that several other methods were developed to perform
the particle-number projection (Ring and Sehuck, 1980) in the BCS case. In particular,
the method of residuum integrals was introduced to/perform the exact particle-number
projection (Dietrich et al., 1964) béfore.the variation. In this approach, the particle-
number projected method is cast into anset of non-linear equations, which are similar in
structure to those of BCS equations.

4. Approximate projection/methods

The general formalismesof symmetry restoration, presented in the previous section,
leads to expressions thati involve multi-dimensional integrals of norm overlaps and
Hamiltonian transition’ matrix’elements over the symmetry group parameters, see
equation (51). In the standard numerical approach these integrals are replaced with
finite sums,™ which entails evaluations of the norm overlaps and Hamiltonian transition
matrix elements foreach mesh point in the multi-dimensional space of group parameters.
For each meshspoint, the norm overlap is evaluated using the Onishi or Pfaffian method
and the Hamiltonian transition matrix elements are expressed in terms of the one-body
rotated demsities’by employing the generalized Wick’s theorem. In general, the numerical
cost of calculating one point of the projected integrand is somewhat larger than the cost
of performingione iteration of the self-consistent method, required to determine the
broken-symmetry state being projected.

Estimates of the number of mesh points vary a lot depending on the mass or
deformation of the nucleus, and on the precision desired for the final results. On the
one hand, for a strong symmetry breaking case, a larger number of eigenstates of the

T An alternative method based on solving linear equations was recently proposed in Johnson and
O’Mara (2017); Johnson and Jiao (2019).
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symmetry generators are contained within the broken-symmetry state, and thussmere
mesh points are required to resolve them. On the other hand, conserved symmetries
allow us to limit the integration domain and thus to decrease the number ‘of mesh points:

Typically, for a medium heavy nucleus with moderate deformation, ‘about 10
integration points are needed to project on good proton and neutronpnumbers, and
about 50 integration points, to project on good angular momentum of an axial nucleus.
Restoration of symmetry then requires a numerical expense somewhat larger than that
required to perform 5000 self-consistent iterations. It is evident thatieven/with such a
modest mesh size, the restoration of symmetries lead to numerical cost. largely exceeding
the typical 100 iterations required to converge the broken-symmetry state itself. For a
triaxial state, where a three-dimensional integration over the Euler angles is needed,
the number of integration points would increase to 12,500,000 and thus would become
unmanageable. Therefore, up to now, calculations of this.type were restricted to lighter
systems only, see Bally et al. (2014).

In the early days of projection theory, well before the above tour-de-force
achievements were envisioned and when the adequate computing power was not yet
available, several approximate methods for symmetry restoration were proposed and
implemented. Here we discuss in detail the most popular one, based on the so-called
Lipkin method (Lipkin, 1960) or Kamlah expansion (Kamlah, 1968), along with the
variant of the former one proposed/by Nogami (Nogami, 1964). In fact, the Lipkin and
Kamlah ideas were basically identical, although Kamlah did not apparently know about,
and he did not cite the much earlier work of Lipkin.*

The main objective of bothhapproaches is to obtain approximate expressions for
symmetry-projected energies and to employ them in the implementation of the variation-
after-projection approach. However, the two approaches differ on the physical quantities
to be described: Kamlah ig primarily concerned with determining the projected energy,
which is then varied; whereéas Lipkin aims to model the entire spectrum of collective
states related to a given broken symmetry. Another difference between them is that
Kamlah does and Lipkin ‘dees not consider the effects of collective motion brought
about by the so-called pushing or cranking terms.

The baseline ofthe/Lipkin and Kamlah approaches is the observation that the
average values and matrixielements of operators calculated between symmetry-projected
states always/involve transition matrix elements of operators between symmetry-
transformied states, equation (82). It is thus obvious that a meaningful approximation
of the latter may lead to a useful approximation of the former.

Finally, we should stress the fact that although the Lipkin and Kamlah approaches
are | \primarily concerned with identifying the variation-after-projection symmetry-
breaking state, they do not actually determine the projected state. For that, an explicit
projection of the variation-after-projection symmetry-breaking state is always necessary.
Only /then one can calculate correct transition probabilities respecting all symmetry

* However, Kamlah did cite Goodfellow and Nogami (1966) who had cited Lipkin (1960).
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properties of the transition operators.

4.1. The Lipkin method

The main idea of the Lipkin approach (Lipkin, 1960) can be formulated'as a proposal
to flatten the spectrum of projected energies E7 (51) (Dobaczewski, 20095 Wang et al.,
2014; Gao, Dobaczewski and Toivanen, 2015),

E' — K' = const. | (90)
where
O|K P!|® N
K'= M for [K,P]=0 |, (91)
(B[ PT|®)

are average values of the so-called Lipkin operator K , evaluated'between the projected
states, and the constant on the right-hand side of equation,(90) does not depend on
labels I of the projected states. Equivalently, as it is evident from equation (51), one
can flatten the reduced energy kernels, i.e.,

(@| (fI - K) R(g)|®)
(@]R(g)|)

where the constant on the right-hand sideywhich isthe same constant as in equation (90),

= const." (92)

does not depend on the group elementg, Indeed, since the analogue of equation (51)
relates B! — K7 to H — K we, can plug there’the numerator of equation (92) expressed
though its denominator, which immediately gives equation (90). Otherwise, by plugging
equation (90) into the same analogueof equation (51), we see that the function on the
group defined by(®|(H — K)R(g)|®) —(P|R(g)|®) x const. is orthogonal to all functions
D(g), and thus must be equal tqo zero, proving equation (92).

How to find the Lipkin  operator K that does the job as desired? The strategy is
obvious, namely, since the quantum numbers [ are related to the symmetry generators,
one can build K as_.a-function of the symmetry generators. For example:

e For the particle-number symmetry, projected energies depend on the number of
particles, so K may-depend on the particle-number operators, N and Z , for neutrons
and protons:

Z knm(N = No)™(Z — Zo)™, (93)
n+m>0
where Vg and 7, are numbers of protons and neutrons of the state we want to
describe.

e Forthe translational symmetry, projected energies depend on total momenta, so K
may depend on the components of the total momentum, P,, Z5y, and P.:

K= > kuul}PyP. (94)

n+m-+1>0
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e For the rotational symmetry, projected energies depend on total angular
momentum, so K may depend on the components of the total angular momentum,

jx, jy, and J.:
K= > kI (95)
n+m—+1>0
e For the rotational symmetry and axial nucleus oriented along them axis, projected
energies deper;d on total angular momenta, so K may depend on the total angular
momentum J :
K=Y kn (ﬁ — I+ 1)) , (96)
m>0

where [ is the total angular momentum of the state we want to describe.

In equations (93)-(96) and below, constants k represent adjustable parameters (the
Lipkin parameters), which should best approximate #! by K/ equation (90).

The main idea behind building the Lipkin operatots.is to have the best possible
description of spectra B! of projected energies id terms of averages of group generators
K'. We stress that we do not deal hereswith teal spectra of the system, but with
energies B! of symmetry-conserving componeénts pr |®) derived from the symmetry-
breaking state |®). In fact, among all the projected states, we are interested in only one
of them, that with energy E° and‘wave function ]5[0|<I>). Of course, if the flattening,
equations (90) or (92), is perfect — this dees not matter; however, if it is not perfect, we
better do the best possible job for the one state I, that we want to describe. Then, the
Lipkin operator constructed so that

Kl =0 (97)
gives us obviously
E'—K' = B". (98)

In fact, for the examples'of the Lipkin operators presented in equations (93) and (96),
condition (97) is fulfilledy, whereas those in equations (94) or (95) apply to states at rest
(P = 0) or non-rotating (J = 0), respectively.

At this peint, by evaluating equation (92) at g = 0, we obtain the “magic” Lipkin
formula:

EW=(®|H — K|D), (99)

namely, the projected energy E’ can be obtained as an average value of H—K calculated
for the symmetry-breaking state |®) without performing any projection at all. Of course,
we can benefit from the magic formula only if we can find appropriate Lipkin operators
that correctly flatten the spectrum, and the precision of it is dictated by the precision
of the flattening.

Therefore, the main thrust of the method now lies in finding the numerical
coefficients in equations (93)-(96) that define the Lipkin operators in terms of the
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symmetry generators. Before going into details of specific applications, let us introduce
a generic form of the Lipkin operator as a linear combination of different terms:

M
K=Y knKp. (100)
m=1

Following the original idea of Peierls and Yoccoz (1957), we now evaluate equation (92)
at M + 1 group elements, g;, for i = 0,..., M, go = 0, which leads to a set of linear
equations that determine the Lipkin parameters k,,,

M
> Ak = hi, (101)
m=0

where we extended the list of symmetry generators by defining,
Ko=1 and ko= Eb. (102)
Then, coefficients in (101) are defined by the followingwreduced kernels:
(@K, R(9:)|®)

Apm = " , (103)
(@] R(g0)|)

po = (PLHE(G)|®) (104)
(PR (g:)|P)

and the Lipkin parameters can be‘obtained by inverting matrix A:

M
b = A thik (105)
=0

In doing so, we can always adjust the'choice of group elements g; so as to obtain a
non-singular matrix A. It is noted,here that one can simply ignore the value of kg given
by equation (105). Indeed{ since it is by definition equal to E'°, equation (102), one can
always evaluate it from the/magic¢ Lipkin formula (99).

Based on the Peierls-Yoccoz prescription to determine the Lipkin parameters, one
has to calculate a fewnorm overlaps and energy transition matrix elements — the same
ones that are required for the execution of the full projection, equation (51). Their
number is, however, significantly smaller than that required for a full projection, and
thus the Lipkin method iss¢omputationally much less intensive.

The biggest advantage of the Lipkin method manifests itself when we attempt to
obtain the variation-after-projection solution. Indeed, an exact implementation leads
then to difficult programming and lengthy calculations, cf. section 3.3. On the other
hand, variation of the projected energy obtained from the magic Lipkin formula (99)
is as.easy as a direct variation of the energy of the symmetry-breaking state. Clearly,
the Lipkin method gives only the projected energy, whereas, if average values of other
observables are to be calculated, the full projection has to be anyhow performed. Then,
the Lipkin method allows for obtaining variation-after-projection results at the expense
of .a single projection-after-variation calculation, which still constitutes a substantial
gain in computing time and efficiency.
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One should stress one important aspect of the Lipkin method, namely,swhen
varying state |®) that appears in the magic formula (99) to obtain the variation-after-
projection result, one should treat the Lipkin parameters k,, as constants that de,not
undergo variation. Indeed, even if their values parametrically depend on_|®)athrough
equations (103)—(105), their role is to provide the best flattening of the final spectrum,
so during the variation they should be kept fixed and equal to the final variation-after-
projection values. For iterative solutions of self-consistent equations, the algorithm to
achieve such a goal can easily be implemented. Indeed, it is enough toreat Lipkin
parameters at every iteration as constants, and at the end of evéry iteration recalculate
them using equations (103)—(105). Once the convergence is reached, such an algorithm
yields the desired result. In the following sections, for specific cases we discuss solutions
of equations (103)—(105).

4.2. The Lipkin-Nogami method

In a series of papers, Nogami and collaboratorsi(Nogami, 1964; Nogami and Zucker,
1964; Nogami, 1965; Goodfellow and Nogami, 1966; Pradhan et al., 1973) developed
a variant of the Lipkin method that replaces the ealculation of norm overlaps and
Hamiltonian transition matrix elements by ‘a caleculation of several average values. This
replacement can be derived by firstaewritingequations (92), (100), and (102) as

(D] (H - i kam> R(g)®) = 0. (106)

Since for any ¢, and in particular for g near 0, the group operators R(g) are equal
to the exponents of linear combinations of symmetry generators K;, it follows from
equation (106) that for anysinwe have,

(D] (H v ZI kam> K;|®) = 0. (107)

Now the Lipkin parameters can be evaluated in an analogous way to how it was done
in the Lipkin appreach (105):

M
ki =Y Byl (108)
2=0
but for
B, = (D|K,,K;|D), (109)
I, = (D HK,;|P). (110)

Had the Lipkin method been exact, the Lipkin-Nogami expressions would also
be same, and would lead to exact results. Otherwise, the Lipkin and Lipkin-Nogami
methods may give different results, and it is a priori difficult to say which one is superior.
Nevertheless, if the calculation of transition matrix elements, and not only of the average
values, is available, the Peierls-Yoccoz method is certainly easier to implement. Indeed,
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in case the Hamiltonian is a 2-body operator and the Lipkin operator is an nsbedy
operator, the Peierls-Yoccoz method requires calculating transition matrix elements of
these 2-body and n-body operators only, whereas the Lipkin-Nogami calls for calculating
averages of n+2-body and 2n-body operators. In spite of that, at second ordery(n = 2)
and for the particle-number projection, the Lipkin-Nogami method was applied quite
widely, see section 4.4.2.

4.8. The Kamlah method

The principal idea of the Kamlah expansion (Kamlah, 1968 )isthat'the Hamiltonian
transition matrix elements can by efficiently expanded into a series of derivative
operators IC,, acting on the norm overlaps:

M
(DIHR(9)|P) = Y kK (P|R(9)|P). (111)
m=0
This expansion is supposed to work best in thedlimit ofiStrong symmetry breaking,
for example, at large deformations. In this limit, the norm overlaps and Hamiltonian
transition matrix elements are both strongly peaked/near g = 0, and therefore, the
expansion of the former in a series of derivatives of the latter may have a chance to
converge rapidly.

Since for every continuous group, polynomials of symmetry generators K, can
always be represented by derivatives K, Wwith,respect to the group parameters,

K. R(9) = KnR(g), (112)

Kamlah expansion (111) is strictly equivalent to the Lipkin flattening condition (92)
applied for the Lipkin operator of equations (100) and (102). Since, in addition, Kamlah
proposes to determine coeffigients £, by evaluating derivatives at g = 0, his method
gives equations for k,, thatfare strictly equivalent to the Lipkin-Nogami method (107).

There are, nevertheless, two important differences. First, the Kamlah proposal
involves variation of the projécted energy (99) “as it is”, i.e., a variation over symmetry-
breaking states |®) should also involve variation of k,,, see discussion in section 4.4.2.
Second, the Kamlahyexpansion may contain terms that are not invariants of the
symmetry group, and theréfore, they are not really within the realm of the Lipkin
method. Thig latter property mostly relates to the so-called pushing and cranking
terms digcussed in detail in section 4.4.1.

4.4. Applicability and Applications

The ALipkin, Kamlah, and Lipkin-Nogami methods, discussed in the previous
sections, all rely on polynomial expansions of collective spectra or reduced kernels.
This principal assumption creates two main limitations of these approaches. First,
obviously, the expansions have to be carried out up to a sufficiently high order, see
section 4.4.3. And second, and most importantly, these methods cannot really be
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applied to spectra that have a non-analytical dependence on the quantum numbers.
Unfortunately, the latter situation occurs in two physically meaningful cases,,namely,
when particle-numbers are restored in (semi)magic nuclei (Dobaczewski and Nazarewicz,
1993; Wang et al., 2014) and when the angular-momentum is restored/ inpweakly=
deformed systems (Gao, Dobaczewski and Toivanen, 2015).

4.4.1. First-order terms The Fermi enerqgy:

The simplest application of the Lipkin, Kamlah, or Lipkin-Nogami methods concerns
the approximated restoration of the particle-number symmetry/up to.the first order in
the particle number (93), i.e.,

K = k(N = Ny), (113)
where we can treat numbers of protons and neutrons.separately. Then, the Lipkin-
Nogami equations (108) and (110) give
(H){((N = No)*) = (H(N — No)) (N — Ng)

(N = No)?) — (I — Ng)?
(H(N — No)) — (H)((N'=No))
(N = No)?) — (N = No)?

where brackets () denote average valuesscalculated for the particle-number-symmetry-

ko = , (114)

: (115)

1:

breaking state |®). The variation-aftersprojection equation, which is derived from (99),
now reads

S BN =0 (116)
for
ENo — (| HAR (N = Ny)| ). (117)

According to Lipkin’s methodology, variation over |®) has to be carried out at constant
Lipkin coefficient ki, and according to the Kamlah’s methodology, expression for k;
(115) should be inserteéd. into (116) and then varied.

In this sense fat first order, the Lipkin-Nogami and Kamlah prescriptions lead to the
same result. Moreoverythe Lipkin coefficient k£, can now be reinterpreted as a Lagrange
multiplier A} that is, as @ Fermi energy, which has to be adjusted so as to obtain the
correct averageparticle number. Then, the Lipkin-Nogami expressions (114) and (115)
simplify tremendously, and give

~

ko = (H), (118)
1= w (119)
(N = No)?)

Therexpression for kg is thus compatible with (117) and that for k; stems from (116),
provided 0¢|P) = (N — Ny)|P) is an allowed variation.
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In a similar way, we can evaluate the Lipkin expressions (105), which gives

1 (¢1)h(0) — 71 (0)h(¢1)
ni(¢1) —na(0) 7

_ _(¢1) = h(0)

= n1(¢1) —n1(0) 21)

ko =

(120)

where

O|(N — No)™ exp(ig; N)|®
N (94) = il 0 ,eXI?W ) (122)
(@] exp(igiV)|®)
are reduced kernels of the shifted particle-number operator, evaluated at gauge angle
¢i, and h(¢;) = h; are the analogous reduced kernels of the'Hamiltorian (104). Again

it is beneficial to carry out variation (116) with the average particle number kept

correct, (N) = Np, which gives ny(0) = 0. In this.case, expression (120) reduces
again to ky = (H) and expression (121) stems from (116), previded the finite-difference
derivatives are allowed as variations d¢|®).

We conclude, that the Lipkin, Lipkin-Nogami, and Kamlah symmetry restoration at
first-order are completely equivalent to using Lagrange multipliers for adjusting average

values of symmetry generators.

The pushing model and Thouless- Valatin mass:

For the restoration of translational symmetry, at first order the Lipkin operator reads,
K= Z kin(Dy — Poo) = Ky (P — PRy), (123)

n=a,y,z

where (94) is generalized to the casesof a nucleus moving with the average total

momentum Py. We note here that the lowest-order invariant of the translational group

is equal to 1527 and therefore, the flattening of the spectrum requires using the second-

order Lipkin operator, seeisection 4.4.2. Therefore, the first-order model (123) rather

pertains to the Kamlahrapproach.

Since components, of the momentum operator P commute, we can treat them
independently. Then, following the derivations presented for the particle number, we
conclude that the restoration of translational symmetry is, at first order, equivalent to
performing minimization ef the total energy, constrained to the given momentum Py,

BR L (O|H —v - (P — Py)|®), (124)

where the vector Lipkin coefficient k; acquires interpretation of the Lagrange multiplier
v, i.eqof thewelocity of the system.

For the translational symmetry, variation of the total energy F*° constrained to the
momentum P, is particularly simple. Indeed, suppose we found the state |®p,—o), which

is.at rest, (Pp_o|P|®Pp,—o) = 0, and fulfills the variation-after-projection equation
SEFPS0 = 0 for v = 0. Then, the Galilean invariance,
- ihP
A, R} e 125
[ Am (125)
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where R is the center-of-mass coordinate and Am is the total mass of the system, allows
us to boost state |®p,—g) to momentum Py,

|®p,) = exp{; Py - R}|®p,—0), (126)
so that
Py = (®p|P|®p), (127)
v = %7 (128)
pr—pr-o . B (129)
2Am

We see that the restoration of translational symmetry at first order, that is, the pushing
model, correctly reproduces all classical-motion relations. An particular, from the analog
of the Lipkin-Nogami expression (119) we obtain the velocity vector as,

o \HP Po)>’ (130)
(P—FR)?)
which gives the mass
2 )
[Pl (P - R)?)|[(B)[
that, in the translational case, correctlyrreproduces the true mass of the system,
M = Am (Thouless and Valatin, 1962)"

M1 (131)

The cranking model and Thouless- Valatin moment of inertia:
Restoration of the rotational symmetry at first order leads to the so-called cranking
model, which was introduced originally in a semiclassical time-dependent picture of a
system rotating with constant angular velocity w around a fixed axis parallel to the
angular momentum J (Inglis, 1954, 1956). This model was very successfully used in
nuclear physics to describe ‘a multitude of physical phenomena related to collective
rotation (Bohr and Mottelson, 1998; Ring and Schuck, 1980). In this case, the Lipkin
operator reads,

K=" Jern(Jy = Jno) = k1 - (J = Jo) (132)

n=z,y,2

Since components of the angular-momentum operator J do not commute, we cannot
treat them independently. equation (132) has thus to be understood as corresponding
to a nucleus having a fixed projection Jy = |Jy| of the angular momentum on a
quantization axis oriented along the Lipkin coefficient vector, k; = w. In systems with
approximate axial symmetry along the z-axis, for instance, for the ground-state bands
in well deformed even-even nuclei, the rotational axis is perpendicular to the symmetry
axis'and usually chosen along the z-axis. In this case, we have Jy = (J,) = /I(I + 1)
with integer values of I (for odd systems, see Ring et al. (1974)). Different directions of
ki then mean a freedom of choosing an arbitrary direction of the quantization axis. This
defines the so-called tilted-axis cranking model (Kerman and Onishi, 1981; Frauendorf,
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1993, 2001; Shi et al., 2013), where the vector of the average angular momentumu(J)
is arbitrarily oriented with respect to the principal axes of the mass distribution of the
rotational-symmetry-breaking state.

Following the derivations presented for the momentum operator, we conelude that
the restoration of rotational symmetry is, at first order, equivalent to performing
minimization of the total energy, constrained to the given projection of the angular
momentum Jy,

BT = (O|H —w - (J - Jy)|D), (133)

where the vector Lipkin coefficient k; acquires interpretation of the Lagrange multiplier
w, that is, of the angular velocity of the system.

The principal difference between translational and rotational Ssymmetry is the fact
that for rotations there is no analogue of the Galilean inyarianee/(125), and one cannot
simply boost a non-rotating state to higher rotational frequencies without changing
its structure. Indeed, with increasing rotational frequency, the quantum analogues of
the classical Coriolis and centrifugal forces set i, and modify the state. Therefore, a
constrained minimization of the total energy hasmow to be explicitly performed.

Recall that the average momentum"is exactly proportional to the translational
velocity, equation (128), with a constant proportienality factor (mass). Although the
average angular momentum (j ) hag'tosbe parallel’to the angular frequency w (Kerman
and Onishi, 1981), the proportionality‘constant*(moment of inertia) can vary along the
rotational band. Therefore, we define two important local, that is, frequency-dependent
characteristics of the band, whieh are called the first 7@ (kinematic) and the second

J? (dynamic) moments of inertia,

d|(J) ()|

70(w) = LMy 700 = LI

(134)

respectively.
In parallel with equation (131), the Lipkin expression allows us to determine the
kinematic moment of-inertia;
(J= Jo)) ()]
{1 (J — Jo))]

The dynamic moment of inertia is identical to this value only at w = 0. For all other

j(l) b

(135)

values of wyit €orrésponds to the Thouless-Valatin moment of inertia J? = Jpv that
can be derived in linear response theory (Thouless and Valatin, 1962).

Isocranking:

To perform the approximate restoration of the isospin symmetry, Frauendorf and Sheikh
(Frauendorf and Sheikh, 1999) introduced the concept of cranking in isospin with a focus
on theisovector proton-neutron pair field without Coulomb interaction. In this isospin-
symnietry conserving framework, the direction of the isocranking axis in the isospin
space is not relevant. For a specific choice of this direction, the isocranking about the
isospin z-axis corresponds to the standard use of the neutron and proton Fermi energies
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that are not equal to one another. Satuta and Wyss (Satuta and Wyss, 2001b,q; Glewacz
et al., 2004) used the same terminology of isocranking in their isocranking model with
Coulomb interaction included, where dynamical consequences of the isoeranking about
the axis tilted with respect to the isospin z-axis became relevant, and where they could
investigate both isovector and isoscalar pair fields.

In the isospin context, the Lipkin operator reads as

K=Y k(T —Tu) = k1o (T - Tp), (136)

n=x,y,z
where arrows denote vectors in the isospace (isovectors) and symbol "o" denotes their

scalar product. Since components of the isospin operator T domot commute, we cannot
treat them independently. Thus equation (136) has to betundersteod as corresponding
to a nucleus having a fixed projection T = |f0\ of the_ isospingon the isoquantization
axis oriented along the isovector Lipkin coefficient EI. Moreover, in even (odd) systems,
projections Ty can only equal to integer (half-integer) mumbers. Different directions of
k1 then mean a freedom of choosing an arbitrary direction of the isoquantization axis.
The Lipkin coefficient El is interpreted a§ the isovector Fermi energy X (Sato et al.,
2013; Sheikh et al., 2014), which fixes the average values of components of the isospin
(T’).

We note that the standard definitionrof.the isospin implies that its z component is
equal to half of the neutron excess, T, = %(N — 7). Therefore, the z component of the
isovector Fermi energy A, along with the standard isoscalar Fermi energy A simply fix
the neutron N and proton Z numbers. When the isocranking axis is tilted away from
the z direction, one must use/the formalism where proton and neutron components
of single-particle states are mixed (Sato et al., 2013; Sheikh et al., 2014). Such a
situation occurs when thefisespin-symmetry-breaking terms are added to the nuclear
Hamiltonian (Baczyk et aliy/2018). Figure 5 shows energies of states in *Cr isocranked
to (T,) =0, 2, 4, 6, and. 8, while keeping (T,) = 0 (Sato et al., 2013). We see that one
obtains a perfectly rigid isoretational band (a sequence of states in **Cr with increasing
isospin T'). The obtained, Thouless-Valatin moment of inertia then corresponds to the
symmetry energy coefficient a; in the symmetry energy, (N, Z) = %aI(N— Z)/A, ie.,
to ay = 2A x/1.39(2)/4'=,33.4(5) MeV.

4.4.2. Second-order terms Although at first order the Lipkin or Kamlah approach
provides . correct understanding of the collective effects, including the proper
determination of the collective mass, it does not really fulfill Lipkin’s requirement of
flattening the spectrum of projected states. Indeed, already from the example of the
translational motion, we see that the main component of this dependence may rather be
quadratic then linear. In this section, we thus examine the Lipkin operators expanded
up to second-order terms in the symmetry generators. This allows us to model the
spectra in terms of the quadratic Casimir operators of the corresponding symmetry
groups.
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Figure 5. Excitation energies of *8Cr isocranked to (T)'= 0, 274, 6, and 8 (squares)
(Sato et al., 2013). The solid line represents the parabolic fit.

Particle-number restoration:

The main focus of the Lipkin-Nogami method (Nogami, 1964; Nogami and Zucker, 1964;
Nogami, 1965; Goodfellow and Nogami, 1966; Pradhamet al., 1973) was up to now on the
approximate restoration of the particle-number symmetry, whereby the Lipkin operator
is postulated as,

K = k(N — No) 4 ka(dN.— No)2. (137)
Assuming again that k; is always adjusted so as to obtain the correct particle number,
(N — No) = 0, the Lipkin (105) (Wang etal., 2014) and Lipkin-Nogami (108) (Valor
et al., 1996) methods give, respeetively,
_ h(¢2) — k1n1(¢2) h h(O)

B ) Swa0)

(138)

and

(HANUAN?) — (HANY(AN?) — (H)(AN?)?
(AN)(ANZ) — (AN%2 — (ARZ)T

Here AN = N — N, is the shifted particle-number operator, h(¢s) and n;(¢2) are the

Hamiltonian (104) and shifted particle-number (122) kernels, and we used the traditional

)\2:

(139)

notation of \y= k, for the second-order Lipkin-Nogami coefficient. For an HFB vacuum
|0), an alternative and equivalent expression for Ay was derived in Sandhu and Rustgi
(1978) as

) _ Z4<0lff|4><4llff2|0>
>4 (01 N2 4) (4|N2(0)

where |4) = ot o ar)|0) stands for all four-quasiparticle states. After evaluating all

(140)

required matrix elements, one obtains (Flocard and Onishi, 1997; Stoitsov et al., 2003)
_ ATp(1 — p) + 4TeA'(1 - p)k

= 5 , (141)
8 [Tep(1 — p)f — L6Tep2(1 — p)?
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where the potentials

D = Z Vv (p(L = p))ro, (142)
A:w = % Z V,Lw,u’u’(ﬂ’f)u’u’a (143)
W'

can be calculated in full analogy to I' and A by replacing the p and k«n termsyof which
they are defined by p(1 — p) and pk, respectively. In the case of the seniority pairing
interaction with strength G, equation (141) simplifies to (Pradhan et aly1973):

§2k>o(ukvg)2k>o(uzvk) - Zk>o(ukvk)4
4 (ZMUEU%)Q - Ek>0(ukvk)4 7

where & > 0 denotes the summation over one state offeach canonical (or Kramers-

Ay = (144)

degenerate) pair of single-particle states.

Evaluation of the Lipkin coefficient ko, as in equation(138), is fairly simple, see
section 4.4.3, but it was implemented only in Wang et ala(2014). A rigorous evaluation
of the Lipkin-Nogami coefficient Ay, equation (139) ori(141), is for realistic Hamiltonians
rather cumbersome, so it was rarely implemented in full, see, e.g., Valor et al. (1996). A
practical workaround, which was used quite often, see; e.g., Stoitsov et al. (2003, 2007);
Kortelainen et al. (2010) was to use the seniority-pairing expression equation (144) with

the effective strength G = G = determined from the pairing energy F,; and

- %
the average pairing gap A.

Figure 6 shows comparisen of the Lipkin-Nogami and Kamlah approaches within
a simple solvable two-level modeb.(Zheng et al., 1992; Dobaczewski and Nazarewicz,
1993). In the strong-pairing tegime, both approaches give excellent reproduction of
the exact results, however, for the half-filled shell [figure 6(b)], at or below the critical
pairing strength both fail/ This is so because the kink in the dependence of the exact
energies on the particle number, avhich is a characteristic feature of a shell gap, cannot
be reproduced by the quadratic (Dobaczewski and Nazarewicz, 1993) or higher-order
(Wang et al., 2014) form of the Lipkin operator. Away from the shell gap |[figure 6(a)|, the
Lipkin-Nogami approach works well for all pairing strengths, but the Kamlah approach
fails below the criticabpairing strength. This latter feature can be attributed to the fact
that by exploiting errors ofthe approximation, the exact minimization over the Lipkin

coefficient A5 ‘brings'the approximate projected energy below the exact result.

Peierls-¥occoz mass:
For the translational symmetry, at second order, the general form of the Lipkin operator
reads

K=k -(P—P)+ Y ku(Py— Pu)” (145)
n=u«,y,z
As already discussed in section 4.4.1, the first-order terms define the pushing model,

wherein the nucleus moves in space with average momentum P, and velocity v = k;.
This motion leads to an increase of energy that is quadratic in the momentum, and
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Figure 6. Pairing energies in the two-level model obtained in Zheng et al. (1992)
within the variation after projection (VAP) (asterisks), Kamlah (full squares), and
Lipkin-Nogami (full circles) approximations, relative to theiexact values and plotted for
No=0=10 (right), and Ny=Q=+2 (left). The energies resulting from the exact particle-
number projection of Kamlah (open squares) and Lipkin-Nogami (open circles) states
are shown for comparison. The critical value of % is/x.—1/9. Figure reprinted with
permission from Dobaczewski and Nazarewicz(1993). Copyrighted by the American
Physical Society.

the corresponding proportionality coefficientiis called the Thouless-Valatin mass (131),
which is correctly equal to the tramslationalimass mA.

The role of the Lipkin coefficients ks, is different — they are meant to flatten the
spectrum of energies projected.on momentum eigenstates in the direction of n = x, y, or
z. Their values thus characterize the momentum distributions within the translational-
symmetry-breaking state, and have nothing to do with the physical motion of the system.
This is particularly evident when,we€onsider the state at rest, |®p,—o), which can be
obtained by simply conserving the time-reversal symmetry. This state does not move,
so the Lipkin coefficients kgj cannot describe inertia, which is the reaction of the system
under boost.

Coeflicients kogmealculated for the n = x, y, or z directions can differ from one

another (Gao, Dobaczewski and Toivanen, 2015). Indeed, along the longer or shorter
principal axis of the mass/distribution, the momentum distribution is narrower or wider,
respectively, and the corresponding projected energy components can thus differ from
one another.

Neveértheless, historically, quantities Mpy, = %kz_nl, corresponding to translational
Lipkin coefficients ks, are called Peierls-Yoccoz (Peierls and Yoccoz, 1957) or Yoccoz
(Ring and Sehuck, 1980) masses. Assuming that those corresponding to the n = z, v,
or z directions are independent from one another, they can be calculated in the Lipkin

or Lipkin-Nogami approach, respectively, as:

(¢2n) - klnpln(ngn) - h(O)
Pan(P2n) — 12(0)

h
kon = (2Mpyy) ' = (146)

or

kon = (2MPYn)_1
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Y

(HAP2)(AP?) — (HAP,)(AP?) — (H)(AP?)?
(ABH(AP?) — (AP3)? - (AP2)3
(147)
of. equations (138) or (139). Here AP, = P, — Py are shifted momentumfperators for
n=ux,y, or z and p;,(¢e,) are their reduced kernels calculated at distances ooy,
For conserved time reversal, average values of all odd powers of 'momentum are
equal to zero, and thus equation (147) reduces to
HP?) — (H)(P?
an = (2MPYH)71 — < An> < A>< TL> ) (148)
(By) — (P3)?

In addition, if we consider a spherical nucleus, where “the Lipkin coefficients

corresponding to three directions n = x, y, or z are equaly and the Lipkin operator
takes the form K = ko P2, we then have
(HP?) — (H)(P?)

(PY) — (P?)2,
We see that equality of ks, and ks requires independence of the three directions,
(P2P2) = (P2)(P2) for n # m, which wagyassumed when deriving equations (147)
and (148). Further, within the Gaussian Qverlap Approximation (Ring and Schuck,
1980), we have (P*) = 3(P?)2, andfequation (149) simplifies to

_ L (HP (H)(P?)
2ky = (Mpy) " = (132>2 . (150)

Figure 7 shows comparison of the Peierls-Yoccoz and Thouless-Valatin (exact)

ky = (2Mpy) !t =

(149)

masses calculated in doubly magic nuclei. We see that the former are never equal to the
latter, because they represent different quantities. Indeed, the Peierls-Yoccoz masses
characterize the curvatures of energies projected from the symmetry-breaking states
at rest, whereas theyThouless-Valatin masses characterize the increase of the energy
when the symmetry-breaking states are boosted to non-zero momenta. In addition, the
figure shows the Peierls=Yoccoz masses evaluated for energies minimized before and after
including the Lipkin operator. One clearly sees that the self-consistent inclusion of the
Lipkin correction doesmodify the curvatures of projected energies. In practice, however,
differences betwéen the Peierls-Yoccoz and Thouless-Valatin translational masses do not
exceed 10% and.vary smoothly with nuclear masses. More discussion can be found in
Bender ¢t al. (2000); Dobaczewski (2009).

Finally, let us mention here a popular way of implementing the so-called center-
of-mass correction in self-consistent calculations (Bender et al., 2000; Dobaczewski,
2009), which amounts to combining the magic formula (99) and the second-order Lipkin
operator (145) with the Thouless-Valatin mass into an approximate expression for the
projected energy,

O|P°|®)

EP ~ (D|H|D) — < o (151)

Page 48 of 145



Page 49 of 145

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

CONTENTS 49

M/ (mA)

0 50 100 150 200
Particle Number A

Figure 7. Exact masses (M = mA, open squares) and the Peierls-Yoccoz masses
M = Mpy, equation (149), calculated in doubly magie nuclei” before (full circles)
and after (full squares) including the Lipkin operator. Republished with permission of
Institute of Physics, from Dobaczewski (2009); permission conveyed through Copyright
Clearance Center, Inc.

The Peierls-Yoccoz mass, which should appear im, this formula is not evaluated but
approximated here by the true inertial mass of the system. Further approximations of
the average value (®|P?|®) are also frequently used (Bender et al., 2000; Dobaczewski,
2009).

Peierls-Yoccoz moment of inertia:
For the rotational symmetry, at second erder, the Lipkin operator reads
K=ki-(J—Jo)+ Y kTP =% . (152)
n=2,y,2
As already discussed in section 4.4.1, the first-order terms define the cranking model,
wherein the nucleus rotates in space with average angular momentum Jy and frequency
w = k;. This motion” leads| to an increase of energy, which is (in deformed
nuclei) approximately guadrati¢'in the angular momentum, and the corresponding
proportionality coefficient is called the Thouless-Valatin moment of inertia (135). On
the other hand, thedzipkin coefficients ks,, are meant to flatten the spectrum of energies
projected on angular-momentum eigenstates. However, since the three components of
the angular momentum_do not commute, the three first-order and three second-order
terms in the [Lipkinjoperater (152) are not independent from one another. Moreover,
in axial nucleij the rotational symmetry is not fully broken, namely, the total angular
momenta are mixed, but the projections of the angular momentum on the symmetry
axis continue t0 be a good quantum numbers. In this case, the second-order Lipkin
operator in the form of equation (96) is more appropriate.

Expressions for Peierls-Yoccoz moments of inertia can be obtained in full analogy
to those for Peierls-Yoccoz masses, equations (147)—(150). In particular, for a one-
dimensional rotation of an axial nucleus about the x axis perpendicular to the symmetry
axis, the analogue of equation (148) reads

T 72 T\ [ 72
2Ty = ;) — H){Tg) (153)
(J2) = (J2)?
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In analogy with approximate expressions used for translations (151), alsemthe
so-called rotational-motion corrections (Frauendorf et al., 1969; Bender et al., 2003)
are sometimes implemented along with various approximations for the Peierls-Yoecoz
moments of inertia.

Isospin:

Almost immediately after Nogami’s work (Nogami, 1964), an analégous method was
suggested in the restoration of the isospin symmetry (Kissener and Miinchow, 1966,
1967; Ghosh et al., 1975), whereupon the Lipkin operator,

N - 5 22
K= ]{31 e} (T — T()) + k?g <T - To(T() + 1)) 5 (154)

combines the isocranking term (136) with the second-order eorrection. Such approach,
however, was later not too often employed, because thérexact isospin restoration was
early implemented (Caurier et al., 1980a,b; Caurjer, and Poves, 1982) and is now
efficiently used (Satuta et al., 2009, 2010, 2016).

4.4.3.  Higher-order terms In the Lipkinyapproach/or Kamlah expansion, higher-
order terms were studied for the particle-number restoration. Rodriguez et al. (2005)
introduced the so-called reduced variation-after-projection method, which aimed to
improve second-order Lipkin-Nogami_or Kamlah results. The Lipkin method up to
sixth order was implemented in Wang etval. (2014). This work showed that away from
semi-magic nuclei, the Lipkin method converges already at 4th order, with the 6th order
corrections bringing almost no change. Near the semi-magic nuclei, however, the non-
analytical dependence of energy in fumction of the particle number did not allow for
obtaining well converged results.

5. Projection methods in simple nuclear models

The basic objective of the projection methods is to include the many-body
correlations beyond the ‘mean-field level, and in order to treat them accurately, the
best is to perform them.in the r-space (Baye and Heenen, 1984). However, projection
in the r-space leads to solution of non-local potential problem, even with zero-range
effective interactiond The non-local potential problem is quite prohibitive to solve even
with the’ modern computing facilities. This has also to do with the fact that even
the bare three-dimensional HFB problem is very difficult to solve in r-space. Most of
the modern and efficient 3D methods in r-space are restricted the HF- or HF +BCS
calculations (Ryssens et al., 2019), whereas full 3D-HFB calculations are carried out in
oscillator space (Egido et al., 1995). Two-dimensional HFB equations were solved in
r-space’using the spline functions (Kegley Jr. et al., 1996; Pei et al., 2008) and there
were also attempts to solve the three-dimensional HFB problem using the multi-wavelet
method (Pei et al., 2014). As evident from these studies, the solution of the full HFB
equations in the three-dimensional r-space requires, at present, a too high computational
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effort to be applied in realistic applications. For the above reason, most of the application
of projection methods were carried out by expanding the single-particle wave functions
in a finite basis. This leads to relatively simple matrix operations. The basis states;
normally chosen, are solutions of harmonic oscillator or Woods-Saxon potentials. A
very efficient method relies on solving the HFB equations on the basis of eigenstates of
the HF Hamiltonian (Gall et al., 1994; Bender et al., 2003) that can be obtained in the
r-space.

For axial and triaxial mean-field calculations, the oscillator basis has the advantage
that these wave functions are separable in the coordinates. This requires considerably
less memory for the storage of the basis states and, in addition, such a basis can be
deformed. Through a careful choice of the basis deformation parameters, this allows
us to reproduce, in a relatively small basis of roughly 20 major oscillator shells, the
exact mean-field results of the system with sufficient accuracy, i.e., with roughly 500
keV in the total nuclear binding energies even for heavy muelei (Dobaczewski et al.,
2002). For the nucleus **®*Pb with an experimental binding energy of 1636.446 MeV
this corresponds to an accuracy of 0.3 permillel Wenalso have to keep in mind, that
the binding energy, being a very sensitive difference between two large quantities, the
repulsive kinetic energy and the attractive, potential energy, requires often much more
accuracy than other quantities that are mostly détermined by the properties of the
valence shells, as for instance deformation energies etc.

However, for the application of prejection methods, the use of a deformed basis
leads to severe problems (see discussion in section 6.1.1), because the basis violates the
corresponding symmetry from the beginning. By this reason, most of the applications
of angular-momentum projection weresgarried out in a spherical basis.

In most of the realistic nuelear models, for instance, in the DFT approach, the
projection methods were applied,after variation and include correlations only partially
beyond the mean-field leveli{Projection calculations before variation become exceedingly
difficult, in particular, fer the case of three-dimensional projection. Such studies were
performed with simpler model Hamiltonians using a few major oscillator shells around
the Fermi surface,(McCullen et al., 1964; Lawson, 1961; Baranger and Kumar, 1968).

The justificationfor using such a simpler approach, which considers only a restricted
set of active grbits around.the Fermi surface (what is often referred to in the literature
as “the valence space"), is'that we are mostly interested in properties associated to low
energy excited states. Also, the pairing part of the effective interaction is dominated
by single-particle states around the Fermi surface. Even the correlations leading to
deformation are dominated by contributions from a valence space of a few major
oscillator shells. Tt is known from several studies that states that are far above or
below the Fermi surface do not contribute to the correlations beyond the mean-field
level.. ' This is clearly evident in the case of particle-number projection, where the states
far from the Fermi surface have occupations close to either one or zero and, therefore,
do not contribute to pairing correlations.

Such valence spaces are often too large for what is called “full configuration-
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interaction" calculationsf, but still small enough even for sophisticated projection
techniques. A famous case is the Baranger-Kumar valence space (Baranger and,Kumar,
1968) containing the shells N = 3,4 for protons and N = 4,5 for neutrons and used
for the description of the well deformed Rare Earth region of the nuclear chart. Tts
configuration space contains 72 neutron and 50 proton levels. This leads for mean-field
calculations to matrices with dimension 72 and 50, which are easy to_handle. .On the
other side in a typical configuration-interaction calculation we have in the middle of the
shells roughly 5 x 1034 configurations.

Of course, the model interaction has to be adjusted carefully to the underlying
configuration space. If the interaction in such a valence space is properly chosen, much
of the physics, in particular, the interplay between collective degrees of freedom and
single-particle degrees of freedom can be well described“im,such a space, only global
properties such as total binding energies, radii, or multipele moments have to be treated
in the full space.

5.1. The pairing-plus-quadrupole model

The applications are further simplified by the use of separable interactions. From
the configuration-interaction calculations (Dufourand Zuker, 1996; Caurier et al., 2005),
one knows that an effective interaction.in such a restricted space can be represented as
a sum of terms separable in the particle-hole'and particle-particle channel, i.e.,

~ 1 ~ ~ JUIN
V= ) Z X/\QKMQM - Z G’\PATuPAw (155)
Ap AL
where,

R “ 1
Q)\/L = Z<n|r’\Y,\M|n’)aLan/7 P)\[L - 5 Z(n‘r/\yz\u‘n,>anaﬁ'v (156)

! nn/

nn
that is, Q ap and ﬁ,\u are multipole operators of multipolarity A in the particle-hole and
particle-particle channel; tespectively, with y, and G, being the corresponding coupling

constants. The Hainiltonian of the model is
H=Hy+V, (157)

where the doubly magic spherical core enters the calculations in terms of the single-
particle energies €,4n the operator

Hy = anaLan . (158)

The' parameter of such models are the single-particle energies ¢, and the coupling
constants x, and G,.

In"the configuration-interaction calculations with interactions derived from ab
ingtio calculations (Dufour and Zuker, 1996), it is found while deriving separable
g The term refers to those calculations that consider as elements of the Fock state all mean field states

built by taking into account all possible distribution of particles among the active orbits. The typical
example being the interacting shell model (Caurier et al., 2005).
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representations of these effective forces that the quadrupole part with A\ = 2 plagsathe
essential role in the particle-hole channel and the monopole part with A = 0 deminates
the particle-particle channel. These two parts do not depend much on ‘the underlying
bare nucleon-nucleon force. Therefore, it is easy to understand that the_pairing plus
quadrupole model, introduced in the sixties (Baranger and Kumar, 1968), was pretty
successful to describe the bulk of the important long-range correlations in'muclei in a
very efficient way. Of course, it can be improved without great difficulties through the
inclusion of additional separable terms, such as octupole (Qd) and ‘hexadecapole (Q4)
operators or the quadrupole pairing term ]52. Some of the advantages of such models
are:

(i) one works in a spherical basis which preserves, apart from tramslational invariance,
all the symmetries;

(ii) the basis and the corresponding single-particle matrices are relatively small and,
therefore, projection techniques can be applied ‘easily;

(iii) if the parameters are carefully adjusted, one’obtains excellent results which can be
compared with the experimental data and the basie physics can be understood in
this way.

Of course, such model have restrictions as quantities influenced by physics outside
of the valence shells cannot be described. These include, most importantly, the total
binding energy of the nucleus and also thesphenomena driven by so-called intruder states
coming from the excluded higher shells or coming from the core at large deformations.
The fission process and superdeformed (Sheline et al., 1972) configurations belong to
this category. There are also limitations for phenomena driven by special forces not
considered in the model Hamiltoniansfor instance, such parts of the tensor force (Otsuka
et al., 2020) which are not included in the phenomenologically adjusted single-particle
energies.

In figure 8, we showiself-consistent cranking results for the pairing gap for protons
and neutrons in the'mueleus ' Hf as a function of the average angular momentum, /
calculated with and without particle-number projection before the variation. Without
projection, we observeésin’the neutron pairing collapse at spin I = 24h. The proton gap
is also somewhat quenched’after I = 10h. On the other hand, for the case of number
projection_the pairing correlations are reduced smoothly.

Angular-momentum projection in triaxial systems is much more complicated. So
far there are very few results for variation after projection. In most of the cases the
variation of the angular-momentum projected energy is restricted to a few external
parameters as, for instance, deformation parameters. In this case, one needs for each
deformation only to evaluate the projected energy in equation (51) after a constrained
mean-ficld calculation. This is considerably simpler than the evaluation of the projected
gradiént in each step of the iteration.

In figure 9, we show as an example [taken from Hayashi et al. (1984)], the energy
surface of the nucleus ¥ Os as a function of the Bohr quadrupole deformation parameters
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Figure 8. Pairing correlations in ®®*Hf as a function of angular momentum. Gap
parameters for protons (circles) and neutrons (triangles) obtained by a variation
after number projection (full curves) and by pure,mean-field theory (dashed curves).
Republished with permission of Institute of Physiesy from Mutz and Ring (1984);
permission conveyed through Copyright Clearanee Center, Inc.
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Figure 9. Energy surface in the 3-v plane for the nucleus '880s (a) without angular-
momentum projection and) (b) with exact three-dimensional angular-momentum
projection. Therunits on the equipotential lines are in MeV. Figure adapted with
permission from Hayashi et al. (1984). Copyrighted by the American Physical Society.

£ and . The unprojected energy does not depend on the triaxiality v, and a mean-field
calculation without constraint would be relatively unstable. However, projection on the
angular momentumy/ = () leads to a clear triaxially deformed minimum with v ~ 30°.
Several advanced muclear models were developed based on the pairing plus
quadrupole-quadrupole interaction and the projection theory. Here, we discuss the
approachsof triaxial projected shell model (TPSM) (Sheikh and Hara, 1999), which
was extensively employed in recent years to investigate the high-spin band structures
in triaxial ‘muclei. In this method, intrinsic basis states are obtained by solving the
triaxial Nilsson potential with the expected deformation values for the system under
investigation. Explicit three-dimensional angular-momentum projection method is then
employed to project out the states with good angular-momentum. Apart from the
projected vacuum state, multi-quasiparticle states are also projected to the laboratory
frame of reference in this approach. In the most recent version of the TPSM approach,
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5o Figure 10. Comparison of the calculated (TPSM) and measured excitation energies
53 for various bands in **Dy. The comparison is made for the ground-state band (Eg),
54 two-quasiparticle band (Es), y-band based on the ground-state (even-spin (Egae) and
55 odd-spin (Egao) bands are shown separately), and y-band built on the S-band, denoted
56 by E17 and E20 for even and odd spins, respectively. The K = 0 two-quasiparticle
57 excited band is denoted by ESV. For more details on the labelling of various bands the
58 reader is referred to Majola et al. (2015).
59



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

CONTENTS 56

As an illustrative example, we present the TPSM results recently obtainedyin
Jehangir et al. (2017) for the high-spin band structures observed in '*Dy. JFor this
system, rich band structures have been populated in Majola et al. (2015). The TRPSM
calculated energies for various band structures are compared with the experimental data
in figure 10. It is quite evident from the figure that TPSM results reproduce the data
quite accurately. At first glance it looks somewhat surprising that angular-momentum
projection from a fixed mean-field employed in the TPSM approach can reproduce the
data so nicely up to quite high-spin. However, it is to be reminded that.in this approach,
angular-momentum projection is performed not only from the’zero-quasiparticle, but
also from multi-quasiparticle states. Further, configuration mixing of these quasiparticle
states is performed through diagonalization of the shell model'Hamiltonian (Hara and
Sun, 1995), which we consider takes into account minor perturbations in the mean-field
potential with increasing spin.

We would like to add that considering only mixing from’two-quasiparticle states
without projection corresponds to the Tamm-Dancoff, approximation (TDA) that
is known to show a number of disadvantages as compared to the random phase
approximation (RPA) (Ring and Schuck;1980), which can be justified as the small
amplitude limit of time-dependent-mean fieldstheory. In order to take into account
ground state correlations beyond the projected two-quasiparticle TDA, several versions
of a symmetry conserving RPA were introduced in Federschmidt and Ring (1985);
Sangfelt et al. (1987); Kyotoku et al.%(1990); Dukelsky et al. (2019). Applications
of these theories, however, were restricted, So far, to very light systems or to simple
group-theoretical models.

5.2. Projection in small configuration’ spaces

Over the years many applications of various projection methods were carried out in
relatively small configuratiomspaces and for light nuclei. This was done in the first place
due to the fact that many ofithese techniques require a considerable numerical effort
and that it was or/is impossible to apply them in large spaces and for heavy nuclei. A
second reason was also the fact that exact configuration-interaction calculations can be
carried out insuch small spaces, which allow a comparison of the projection methods
with the exa¢t golution in the corresponding space.

A variationtafter projection on particle number and angular momentum was carried
out already in the eighties by the Tiibingen group (Schmid et al., 1984a). This method
was calledpVAMPIR (variation after mean field projection in realistic model spaces).
First it was restricted to axially symmetric intrinsic HFB wavefunctions in the valence
spacescontaining the Os a 0d orbits (the sd-shell valence space) and a phenomenological
interactions adjusted to this space were used. The results were compared with
configuration-mixing calculations. At low spins the results are reasonable. However,
in this approach the intrinsic wavefunctions obey time-reversal symmetry. This means
that they are not flexible enough as to contain all the physics at high spin and the
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resulting moments of inertia are too small. The missing physics can be consideredsby
mixing to the ground state band with projected two-quasiparticle configurations. This
model (Schmid et al., 1984¢,b) was called MONSTER (model handling ‘many number-
and spin-projected two-quasiparticle excitations with realistic interactions and. model
spaces). In Hammaren et al. (1985) a similar method was used for oddsmass nuglei in
the mass A = 130 region with great success. These configuration-mixing of projected
many-quasiparticle configurations are based on a fixed HFB function for, the ground
state. Changes in the deformation etc. cannot be included here. ", Therefore a new
method was developed by Schmid et al. (1986), the "excited" VAMPIR". Here the
intrinsic wavefunction for the lowest energy configuration for each angular momentum
(the yrast levels) is determined in a first step. In the rextistep, for each angular
momentum, a set of excited states is determined by/mew intrinsic wavefunctions,
Schmidt-orthogonalized with respect to all the earlier selutions‘at this spin. Thus one
successively constructs an optimal configuration space for thesA-nucleon problem. Over
the years, all these methods were applied in relatively small configuration spaces with
realistic effective forces. They compare well with/the ¢orresponding exact configuration-
mixing calculations. For reviews, see Schuiid and Griimmer (1987); Schmid (2004). The
problem is, as in the case of the configuration-mixing calculations, the determination of
the effective interaction. It depends on the specific configuration space. In many cases
one starts with an effective intera¢tion obtained by the Briickner method (Day, 1967;
Ring and Schuck, 1980) and additional parameters are adjusted to experimental data.

In Gao, Horoi and Chen (2015) calculations with variation after projection on
spin, isospin, and mass number were carried out in the even-even nuclei in the sd-
shell using the well known and suceessful USDB interaction, which was adjusted to
configuration-interaction calculations/in this space (Brown and Richter, 2006). The
binding energies turn out to be very close to the exact configuration-interaction results.
The differences are very small in ¢ases, where the number of parameters in the projected
wave functions is closeror larger than the dimension of the configuration-interaction
space. For the oppesite case one finds energy differences of up to 500 keV. Angular-
momentum projection is very important for these results. Calculations with angular-
momentum projection lead in most of the cases to triaxial deformations of the intrinsic
states. This is not the casefor the calculation without J-projection. This is in agreement
with systematic mean-field investigations with the Gogny-force without projection in
large model spaces (Delaroche et al., 2010).

Intrinsic wave functions with different deformations can be included in the generator
coordinate method. In Gao and Horoi (2009) this method is extended by adding at
each deformation not only the lowest Hartree-Fock configuration, but in addition a large
numbernp-nh configurations and projecting all these states on good angular momentum.
Thisis.a projected configuration-interaction calculation. The results are compared with
exactsolutions for nuclei in the sd- and pf-shell and it is found that not only the energies,
but also the quadrupole moments and the B(E2) transition probabilities are in very good
agreement, with the exact configuration-interaction calculations in the spherical basis.
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It is an interesting question, whether it is possible to define an intrinsic deformation
for the exact wavefunctions in the laboratory frame obtained by configuration-mixing
calculations. In cases, where one finds good agreement between the projected statessand
the exact solution not only for the energy, but also for other operators, the projected
mean field state is close to the exact solution and in such a case it is possible to define the
intrinsic deformation of the exact wavefunction as the deformation of the intrinsic state
in the projected theory. It turns out that in some cases the above mentionedicalculations
that the intrinsic deformation is not well determined, because theyprojected energy
surfaces are very flat and the resulting projected wave functions are nearly identical,
even if the intrinsic deformations are different.

The Monte-Carlo Shell Model of the Tokyo group (Otsuka,et al., 2001) (see also
Mizusaki and Imada (2004)) uses a fixed configuration space and it provides an exact
solution identical to the conventional calculations mixing spherical configurations in
an oscillator basis. Using the Hubbard-Stratonovich' transformation (Hubbard, 1959;
Stratonovich, 1958) the Monte-Carlo Shell Model uses allinear combination of angular-
momentum and parity projected intrinsic wavefunctions

T =D ¢ Y gk Pl PTIR(0)) | (160)
o K

where o runs over a large number, of intrinsic Slater-determinants |®(o)) which are
determined, together with the coeéfficients g%, by a stochastic Monte-Carlo sampling
based on the Hamiltonian H. Finallys the coefficients ¢, are calculated by the
diagonalization of H. Each intrinsic state has a certain deformation and the sum of
the coefficients |c,|* with a spegifie,deformation determine the weight of the intrinsic
deformation in the exact state|¥IT).In principle, one would not need the projection
operators, because the importancegsampling would automatically lead to eigenstates
with good quantum numbers; i.ei, would automatically carry out the integration over
the Euler angles andthe summation over K. However, as it turns out, the calculations
are much more stable“and faster by using the projection operators. Technically,
the 3-dimensional projection is possible because it is applied here in relatively small
configuration spages, including only a few oscillator shells as is usual in configuration-
mixing calculations.  »For recent reviews on modern extensions of this method to
relatively large /model spaces and to ab initio applications, the reader is referred to
Shimizu et al. (2012, 2017).

5.8. Projection methods in ab initio calculations

During the last few decades, ab initio calculations based on effective Hamiltonians,
derivedewithout further approximations from the bare nucleon-nucleon interaction
adjusted to scattering data (Wiringa et al., 1995; Entem and Machleidt, 2003), gained
more and more interest in nuclear structure physics. At short distances these realistic
potentials have a very strong repulsive core, leading, in interaction mixing calculations,
to the admixture of configurations which very high momenta. Therefore such interaction
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cannot be used for calculations in small model spaces. There are several methodsdmthe
literature (Bogner et al., 2001, 2010) to deduce, without phenomenological parameters,
from these bare forces, effective soft interactions, which can be used in small medel
spaces and which lead, in principle, to the same results as calculations in full'space.

At the beginning these effective forces have been used for very small spaces and
therefore for very light systems. Here the effective Hamiltonian were fully diagonalized
by configuration mixing (Barrett et al., 2013) and the results were/in good agreement
with exact numerical solutions of the these few-body problems (Carlson etfal., 2015).

For heavier systems this is no longer possible, because for calculations without
core one needs a relatively large oscillator basis. Here approximate imethods, based
on mean field calculations with additional projection techniques, are used. The same
applies to heavy nuclei where ab initio calculations are possible in valence shells in the
neighborhood of magic configurations. However, alreadysfor medium heavy nuclei these
valence shells become relatively large, such that full.configuration-mixing calculations
require considerably numerical expense both in computer,time and memory. Here also
mean field calculations together with projection methods based on the corresponding
effective interactions are useful.

No-core shell model calculations using,chiral ab initio forces have been carried out
with symmetry adapted basis sets for the nuclei °Li, ®Be, and SHe in Dytrych et al. (2013)
and also for heavier nuclei in Dytrych étral(2016); Launey et al. (2020, 2021). Such
methods are also used in Dytrych et ak, (2015) for ab initio calculations of electron-
scattering on the nucleus °Li. Within thi§ symmetry-adapted framework one can
achieve a considerable reduction of the dimensions as compared to large configuration-
interaction calculations while retaining.the accuracy of the results.

Broken symmetries and additional projection form also the basis of the Monte-
Carlo Shell-Model discusséd in equation (160). It has been applied for no-core shell
model calculations in light'mucleiand for valence shells in heavier nuclei. In recent years
it has been used for effective forces derived from ab initio calculations (Shimizu et al.,
2012). Extensions have been'successfully applied in Shimizu et al. (2017) for heavier
nuclei in the neighborhood of the magic shells with N = 28, 40, and 50. In most of these
calculations this model uses a basis with good particle number. Pairing correlations are
included by the additional.correlations in the wave function (160). However, for heavier
nuclei where pairing correlations extend over a larger region around the Fermi surface,
the corresponding valence shells are not large enough. Therefore, this method has been
extended for calculations based on the Bogoliubov quasiparticles and the corresponding
symmetry violation is restored by number projection in Shimizu et al. (2021). Recently
there have been also ab initio investigations of cluster structures in nuclei based on using
projection techniques (Neff and Feldmeier, 2008).

Coupled Cluster methods provide a very successful tool in many-body calculations
in electronic systems. They are also applied in nuclear physics for ab initio
calculations (Hagen et al., 2014). Modern version uses basis sets with symmetry
violations and additional projection, such as broken rotational symmetry (Duguet,



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

CONTENTS 60

2014b) or broken gauge symmetry (Signoracci et al., 2015; Duguet and Signoraccig2016;
Qiu et al., 2019)

The generator-coordinate-method approaches together with symmetry projection
in deformed mean-field wavefunctions have also been used for ab initio_caleulations
with microscopic interactions derived by the Similarity Renormalization Group method
for even calcium and nickel isotopes (Hergert et al., 2014). Recently this‘method has
been applied to the calculation of the nuclear matrix elements for neutrinoless double
beta (Ovpp) decay (Yao et al., 2018, 2020). So far, this was possible only for the
decay from *8Ti to **Ca, but this method opens up new ways towards. fully microscopic
calculations in heavier isotopes, where this decay is under discussion. This is an example
of the importance of reliable ab initio calculations in heavy nuelei not only for nuclear
physics, but also for general physics, in particular the/physics beyond the standard
model. Earlier, the (Ovf3) decay matrix elements have been calculated only with
phenomenological forces of phenomenological density.functionals.

6. Projection methods and nuclear density funetional theory

The complexity of the bare nucleon-nugleon force and strong in-medium effects
characteristic of nuclear physics lead us to considersphenomenological effective forces or
relativistic Lagrangians to define the underlying intrinsic mean-field, see the reviews in
Bender et al. (2003); Vretenar et al. (2005); Robledo et al. (2019); Schunck (2019). The
associated HF or HFB equations are traditiomally solved by expanding on a basis, as for
instance the harmonic oscillatorier Woods-Saxon basis, or by using mesh techniques in
the coordinate representation (whichis.also equivalent to a basis expansion, see Baye and
Heenen (1984)). The presence ofia phenomenological density-dependent term containing
the mean field density implies that such effective forces do not lead to mean-field average
values that can be obtained from a Hamiltonian. Instead, they can be considered as
a special case of an emergy density functional (EDF), where part of the functional is
obtained from a two-body interaction (and therefore is quadratic in the densities) and
the rest is purely phenomenological. Density dependent term of this kind is also found
in the Slater approximation to Coulomb exchange. These peculiarities of the traditional
nuclear EDF approach lead to difficulties in the implementation of the methodology of
symmetry restoration:

e The harmaonic oscillator or Woods-Saxon bases can break spatial symmetries like
rotational and/or translational. This is also the case for the mesh representation
of the wave functions. This symmetry breaking has to be taken into account in the
formalism explicitly.

e The density-dependent term of the EDF is only well defined for mean values.
For energy overlaps a prescription, satisfying consistency constraints, is required.
It turns out that popular alternatives lead to consider complex quantities that
are often raised to non-integer powers, requiring additional considerations in the
selection of the branch-cuts in the complex plane.
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e Different interactions for the particle-hole and particle-particle channels aresoften
used raising self-energy and violation of the Pauli principle issues.

The existence of these difficulties, and the fact that some of them, are still
not satisfactorily addressed, slowed down the application of symmetry restoration
techniques in nuclear structure with EDFs. However, there are numerous, indications
that symmetry restoration is required to improve our qualitative”and quantitative
theoretical understanding of many nuclear properties. The results obtained so far go in
this direction and some of them will be discussed below.

6.1. Difficulties encountered in restoring symmetries with naelear BEDF

6.1.1. Basis not closed under the symmetry action Symmetry restoration requires
to consider the action of a symmetry operation (retation, translation, etc) on an
intrinsic symmetry violating wave function. Oftenjithe single-particle basis used for
the intrinsic state is not closed under the action of theéssymmetry operator and the
“rotated" basis does not span the same subspace of the Hilbert space as the original
basis. In the rotational case, this happens, for instance, when the oscillator lengths
along different spatial direction are not the same, or when a Cartesian mesh is used
in coordinate representation Baye and Heenen (1984). In this situation, the standard
formalism to compute overlaps between rotated HEFB states is not valid and has to
be generalized — see below. A common alternative in the applications of angular-
momentum projection is to use spherical harmonic oscillator bases with a sufficiently
large number of complete majorsshells. This strategy increases the computational
cost, and becomes impractical in some situations like fission, where the large variety
of shapes involved in the dynamics would require a huge rotationally invariant basis.
In addition, it cannot be fapplied, e.g., to the case of spatial translations as required
in the restoration of translational and/or Galilean invariance (Schmid and Reinhard,
1991; Rodriguez-Guzmén and Schmid, 2004a; Rodriguez-Guzman and Schmid, 20045).
To understand thesreason, let us consider a simple model in one dimension where

the basis contains just one single Gaussian state @g(x) = e~**.  After translation
—ozzg)k M .
wo(z) — @o(r — Toha=re®e ™ S o % an infinite number of Gaussian wave
2k

functions e~ x"%1s required'to reconstruct the translated wave function. The situation
does not improve if/another basis, like Woods-Saxon or a discrete mesh in space (Baye
and Heenen, 1984), is used.

As mentioned above, the generalized Wick’s theorem, cannot be used in this case
as it/is implicitly assumed in its derivation (see, for instance, Balian and Brezin (1969))
that. both /HFB wave functions in the overlap are expanded in the same basis. To
circumvent this problem, the original finite basis (denoted by 1) is formally expanded,
by using the orthogonal complement (denoted by 2), as to span the whole Hilbert space
(Bonche et al., 1990; Robledo, 1994; Valor et al., 2000). The same procedure is applied
to the “rotated" basis (1). The expanded U and V' Bogoliubov amplitudes have a block

diagonal form with the block corresponding to basis 2 having a simple form with an
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uniform occupancy of 0. With the introduction of the expanded basis, the traditional
generalized Wick’s theorem can be applied, However, all quantities referring te 'basis 2
have to be reexpressed (Robledo, 1994; Valor et al., 2000) in terms of quantities defined
in basis 1, leading to an extended Wick’s theorem that differs from the traditioenal one
by the presence of the non-unitary overlap matrix between the two basis. Further details
can be found in Robledo (1994); Valor et al. (2000); Marevi¢ et al. (2019); Marevi¢ and
Schunck (2020).

6.1.2. Self-energy and Pauli principle Reduced kernels of a/two-body Hamiltonian
between two HFB wave functions |®¢) and |®1) can be expressed with the help of the
generalized Wick’s theorem in terms of the transition density matrix p°' and transition
pairing tensors &°* and %' astf

o (Polay ai|®1) o (Polag afl [P1) o _ (Polaw,ar| Py (161)
Plsk, — <(I)0|(I)1> ) Kk = <CI>0|Q>1> ) Fksks = <(b0’(1)1> )
(q)o\a; ag Qpe, Qe |Q)1> *

R - [pgilﬁpgikz B pg};]ﬂp%;]w + Eﬁi’%ligik‘l} ’ (162)
(Bo| 1)

where the three right-hand-side terms of equation:(162) are referred to as direct,
exchange, and pairing terms. As the overlap (®glaf, a; ax,ar,|®1) is a finite quantity,
the right hand side of equation (162)smust diverge when the overlap (®|®;) vanishes.
The same argument applies to (®ola ay,|P1), etc and therefore pPl, | 7'} and s),
are also divergent quantities when the overlap~vanishes. The order of the pole present in
all the quantities, including the Hamiltonian kernel, must be the same and equal to the
order of the zero of the overlap. /Therefore, in the right hand side of equation (162) there
must be a cancellation of poles, so as to reduce the order of the pole in the products
of transition densities and pairing tensors. The cancellation indeed takes place and is
a direct consequence of the Pauli exclusion principle (Stringari and Brink, 1978). The
same kind of cancellation alse-happens for the three-body and many-body operators.
This represents a serious preblem if some of the contributions (typically exchange and /or
pairing) for some interagtion terms are neglected. In Tajima et al. (1992) a somehow
arbitrary ‘“regularization" scheme was introduced to define “regularized" contributions
for the directy“exchange.and pairing terms. In Donau (1998), the problem was also
discussed, raising serious doubts about the validity of calculations with the pairing plus
quadrupolesHamilfonian (see section 5), where the exchange and pairing parts of the
quadrupole-quadrupole force, as well as the direct and exchange parts of the pairing
forceare allmeglected.

In Anguiano et al. (2001) the same problem was discussed in the context of the
partiele-nimber projection with the Gogny force, see also Dobaczewski et al. (2007);
Duguet et al. (2009); Bender et al. (2009); Hupin et al. (2011); Duguet et al. (2015) for
follow-up studies with the Skyrme forces. In traditional studies with the Gogny force,

i1 Compare definitions in equations (78)—(80), which were valid only for the normalization specified in
equation (53).
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the Coulomb exchange is treated in the Slater approximation, and Coulomb andsspin-
orbit pairing are neglected. As a consequence, unphysical and inconsistent values of the
projected energies were obtained. The use of variation after projection ‘aggravated,the
problem, as the projected energy could get attractive contributions from the unphysical
contributions. Due to the simple form of the overlaps involved in the particle-number
projection, it was possible to trace back the problem to the existence of,vanishing
overlaps at the gauge angle ¢ = 7/2, due to configurations with o¢cupaney v; = 1/2.
The inclusion of all the missing contributions solved the problem. The computational
cost can increase by up to two orders of magnitude if the exchange and pairing Coulomb
contributions are required in a calculation with contact central potentials.

To illustrate the problem, let us compute the general matrix element of
equation (162) with |®1) = exp(—ipN)|®,) The transitionidensity matrix and pairing
tensor take a very simple form in the canonical basis ofithe Bogoliubov transformation
(see Mang (1975); Ring and Schuck (1980) for details). Tfie represent the creation
operators in the canonical basis of the HFB wave function |®), we obtain

(<I>0|cj1 szcchkg exp(—ig@N)@O) - v,%le_zw | U,%Qe_m’
<<I)O’ eXp<_i90N> |(I)O> uzl - Uzle_%w U%Q + Ul%ze_%(p
X (5/€31€15k21€4 - 6k4k15/€3k2)
Uk, Uiy ukavk:sefm

Uy + vy, €72 ' uj, + vi, e~ X Ok Oy (163)
When ¢ = 7/2 (e7"%* = —1) and the occupancy of one of the states k is u? = v} = 1/2,
some of the denominators in this expression go to zero. In this case, the overlap
(®o| exp(—ipN)|Bg) = [0} + 0fer?) also goes to zero. As long as there is
a single pole, or two poles but with k; # ko (or k3 # ki) the overlap in the
numerator of the Lh.s. offequation (163) remains finite. The only problematic case
is (Dolcy e crck exp(—ipN)|®, ) where the right-hand side of equation (163) apparently
has a pole of order two,that eannot be canceled out by the norm overlap. Although
each of the two terms-have an order two pole, the sum turns out to be a order one pole.
When multiplying by the norm overlap, the sum gives a finite contribution, namely
V€2 ] s g ok Wiy B0 %%). As long as the direct, the exchange, and the pairing
terms of the Wick’s factorization of equation (162) are taken into account, no divergences
appear in the particle-number projection formalism. This cancellation is also connected
with theo-called “self interaction" problem (Perdew and Zunger, 1981; Lacroix et al.,
2009): the sum of the three terms is required to give a zero two body energy for a Slater
determinant containing just one particle.

Although the solution to the self-energy problem is simple, and it is routinely used
with ‘Gogny forces (see section 6.2), it is not possible to implement it for those nuclear
EDEs where the particle-hole and particle-particle interactions are independent of each
other./ In this case, by construction, the particle-particle interaction do not contribute
to the particle-hole channel and vice versa and therefore the pole cancellation cannot
take place. The problem was extensively discussed in the literature (Dobaczewski et al.,
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2007; Duguet et al., 2009; Bender et al., 2009; Hupin et al., 2011; Duguet et al. «2015)
and attempts to renormalize the divergences were proposed in Tajima et aly(1992);
Lacroix et al. (2009); Satuta and Dobaczewski (2014). Unfortunately, they only work
for functionals depending on integer powers of the density and a clear renormalization
criteria is missing in the most general cases. This difficulty is the majonreason for the
recent interest in replacing EDFs by mean values of true Hamiltonians (Bennaceur et al.,
2014; Sadoudi et al., 2013; Bennaceur et al., 2017).

Note that the arguments given above are rather general, and thus they also
apply to restoration of other symmetries like angular momentum (Zdurniczuk, Satula,
Dobaczewski and Kosmulski, 2007). They do not depend on the kind of force, or the
kind of two body operator considered in the mean value.” Only for strictly density-
independent forces (see section 6.1.3) like Skyrme SV ABeiner et al., 1975) and no
pairing, all symmetries, including the isospin symmetry; can be consistently restored
(Satutla et al., 2010). Obviously, the projected calculation ofymean values of one-body
operators are never affected by the inconsistencies mentioned above.

6.1.3. Density-dependent prescription Most of the EDF used nowadays include in one
way or another a phenomenological density dependence. In the non-relativistic case, it
is introduced to mock-up the saturation property of the nuclear interaction in a simple
way. Although the saturation could also besobtained without any density dependence
(Beiner et al., 1975), this inevitably leadsto an unrealistic low value for the effective mass
(Davesne et al., 2018). In the,relativistic case, the saturation property is a relativistic
effect due to the difference between the scalar density, the source of the attractive part
of the force and the baryon density, the'source of the repulsive part of the force. Here,
the saturation can also be obtained without any density dependence (Walecka, 1974).
Nonetheless, to obtain a realistic description of the nuclear incompressibility and surface
properties, an additional density/dependence is used in the coupling constants.

In both the cases, density-dependent forces are implemented in a state-dependent
way, so that the demsity p(r) = (®|p(r)|P) is used to evaluate the HFB energy
associated with the HFB'wave function |®). For most of the non-relativistic functionals,
the density-dependent, contribution to the energy is strongly repulsive, it is usually
proportional o (7 — ra).(contact term) and depends on the intrinsic center of mass
density p((r14 r2)/2) raised to some power o which is, in most of the cases, a non
integer ntmber, (usually 1/3, although 1/6 is also a common choice). The typical form
of the density-dependent part of functional reads

1

Von(p) = ts(1 + 2o Ly)3(ry — 7’2)Pa(§(7‘1 +732)), (164)

where 3 and x3 are parameters and P, is the spin-exchange operator, see Bender et al.
(2003) for details.

When the variational principle is used to derive the HF or HFB equations, the
density-dependent part has also to be varied, leading to the so-called rearrangement
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term in the mean field, which in the non-relativistic case is given by

1 %
ol = 9 Z<k1k2’ 5;?\’?3]?4)%%1/)1@4@- (165)
Jt

Given the typical values of t3, this rearrangement term represents am important

component of the HF or HFB mean field and it cannot be overlooked. It enters in the
expressions of many quantities like chemical potentials, quasiparticle exeitatiomenergies,
etc..

In the evaluation of symmetry-restored energies based on HFBuintrinsic states,
instead of the mean values of the HFB theory we have to lconsider kernels of the
Hamiltonian between different HFB states. In the case of,density-dependent forces
some kind of prescription has to be given for the evaluation of the Hamiltonian kernels.
This requirement also arises in the implementation of the gemerator coordinate method.

There are a few fundamental requirements that must. be used to guide the choice
of the prescription:

e The projected energy has to be a real quantity.

e The projected energy has to remain invariant with'respect to symmetry operations
applied to the intrinsic state.

e In the strong deformation limit of the intrinsic state (see section 4.3), the projected
theory should reduce to the traditional ' mean-field approach (Robledo, 2007).

Among the various proposals made overthe years (Bonche et al., 1990; Valor et al.,
2000; Rodriguez-Guzman et alip2002b; Duguet and Bonche, 2003; Schmid, 2004), we
only comment on the two that @are imwvogue:

Mixed-density prescription:

The “mixed" or “transition" /density prescription, proposed already in early nineties
(Bonche et al., 1990) within the'framework of the generator coordinate method, and
extended to the symmetry restoration case in Valor et al. (2000); Rodriguez-Guzman
et al. (20020), employssthe transition density,

Pa.g=(2(q)[01®(q))/(2(q)|(q)), (166)

where p is thé one-bodyidensity operator. Then, p,, is used in the evaluation of the
Hamiltonian kernel

Wq,q') = (®(q)| H{pqq }P(d))/(2(q)|®(q)), (167)

whereH {p}edenotes any density-dependent Hamiltonian containing terms similar to
Vpp of equation (164). This prescription is inspired by contractions used in the
generalized Wick’s theorem when it is applied to three-body forces. It satisfies all the
consistency requirements mentioned above (Rodriguez-Guzman et al., 2002b; Egido and
Robledo, 2004). However, since the transition density is in general a complex quantity,
this prescription requires additional rules when it is implemented for the density raised
to’a non-integer power.
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Figure 11. Various positive-parity projected energies corresponding to different
prescriptions for the density in the density=dependent term of the Gogny force are
plotted as functions of the axial 6ctupole, moment for the nucleus 22Ra. The brown
downsloping curve correspondsto the parity-projected density prescription, whereas
the red curve corresponds to the mixed-density prescription. The mean-field energies
corresponding to the two prescriptions are also plotted with dashed curves: blue for
the mixed-density prescriptiomsand green (on top of the brown curve) for the projected-
density prescription. Républished with permission of Institute of Physics, from Robledo
(2010); permission conveyed through Copyright Clearance Center, Inc.

Projected-density prescription:

The density to be used in the Hamiltonian kernel (167) is given by

o _ i)
M@ (q)[P@(g))

where P representssgenerierprojection operator (50). This prescription produces a

(168)

density-dependent,. term which is invariant under the broken symmetries. For instance,
in the case of the rotational symmetry breaking, this prescription leads to density pi ¢
that is spherically symmetric, and because of this, it was advocated by Schmid (2004).
This prescription satisfies the first two requirements mentioned above, but the third one
is more problematic.

Theprojected density prescription is highly inconsistent with the underlying
intrinsic mean field (Robledo, 2010) when spatial symmetries like the parity (see
discussion in section 2.1) or rotational invariance are under consideration. An example
of the eatastrophic consequences can be seen in figure 11, where the parity-projected
energy-for the nucleus ??*Ra is plotted as a function of the octupole moment Qs for the
two prescriptions discussed here. For the projected-density prescription, with increasing
octupole moment, the projected energy continuously decreases as a consequence of the
mismatch between the projected density and the transition density.
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We note here, that in the case of the particle-number projection, the use ofsthe
projected-density prescription produces reasonable results. This is related to,the fact
that the particle-symmetry restoration affects only the occupation numbers of single-
particle canonical states and does not lead to a spatial mismatch between theileft and
right states for which the Hamiltonian kernel (167) is evaluated. TheyMadrid group
routinely uses a hybrid prescription, that is, the mixed-density prescription isused for all
symmetries apart from the particle-number symmetry restoration when the projected-
density prescription is used. In addition, as it was shown in Valorjet ald (2000), the
Lipkin-Nogami approximation (see section 4.2) leads to results that are very similar to
those obtained using the mixed-density prescription. We also note that the random
phase approximation applied to the generator coordinate méthod (Jancovici and Schiff,
1964) can also be used as an argument in favor of the tramsition-density prescription
(Robledo, 2007).

6.1.4. Non-integer powers of the density The transition-density prescription requires to
consider the transition density raised to some non-integer power. However, the transition
density is a complex quantity, in general, and we are confronted with the problem of how
to consider the evaluation of a non-integer,power of a complex number. The choice of
branch cut in this case can have an enormous,impact on the value of the matrix element
as a consequence of the large positive valuerof the strength of the density-dependent
term.

In addition, in the symmetry restoration case, where integrals over the parameters
of the symmetry group have to be carried out, the presence of branch cuts associated
with the density-dependent part break/the analyticity of the integrand and leads to
spurious dependencies on the integration path in the complex plane of the symmetry
group parameters. In a simple case of the particle-number restoration, this issue was
discussed in great detail by Dobaczewski et al. (2007); Duguet et al. (2009). Similar
problems are expected for the restoration of other symmetries. Treatment of the density
dependence with nen=integer powers of the density is still an unsolved problem and
represents a serious limitation in the applicability of the symmetry restoration and
configuration-mixing methodology within nuclear EDF.

6.1.5. Futuremplementations In recent years, the idea to give up phenomenological
density-dependent terms in favor of real (multibody) operators is becoming increasingly
popular in nonsrelativistic density functional theory (Bennaceur et al., 2014; Sadoudi
et al’;2013; Bennaceur et al., 2017). The idea is to find a three-body interaction (not
excluding higher order terms) that is able to mimic the saturation property induced by
the density-dependent interaction and at the same time is not spoiling pairing properties.
Plainwuse of the generalized Wick’s theorem would be the only thing required to compute
the kernel overlap. The difficulty encountered with this approach is the large number of
possible terms with their associated free parameters. In order to reduce the number of
terms, several assumptions were made, but so far, the three-body interactions proposed
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are not, very accurate in describing nuclear properties.

On the other hand, the influence of the poles in the projected energy surfaces seem
to be relatively narrow and in many applications, in particular in a projection after
variation, they can be regularized by using a wider mesh in the integration ever the
various angles. In this way, the results depend on the choice of the, discretization
mesh, but at the end the numerical errors connected with such procedures. do not
play an essential role, in particular for heavy nuclei. In any case, one finds in
the literature many very successful applications of generator coordinate. method and
projection after variation (see below), where the potential impact of.such poles in the
physical observables do not spoil the physical interpretation.

6.2. Applications of symmetry restoration with nuclear FDFEs

The importance of symmetry restoration in nuclear structure was noticed very early
in nuclear physics (Bayman, 1960; Dietrich et al., 1964). Applications of this method
to simple models were already discussed in section§i3.2.1 and 5. Other approaches used
shell-model-like effective interactions defined in a restricted configuration space involving
a limited number of orbits. Among them we,can mention the work developed by the
Tiibingen group using very sophisticated many ‘body techniques involving mixing of
configurations through projecting out.mean-field intrinsic states obtained in a variation
after projection framework (Schmid, 2004)." We will not dwell on these approaches as
we are more concerned with realistic nuclear energy density functionals.

6.2.1. Non relativistic EDFs /Thefirst application of symmetry restoration with an
EDF possibly dates back to ‘the work of Caurier and Grammaticos (Caurier and
Grammaticos, 1977) wheremrotational bands of light nuclei were computed using
several flavors of the Skyrme interaction and angular-momentum projection. A few
years later, the parity<projected excited intrinsic configurations of 2’Ne were studied
(Marcos et al., 1983) using Jthe BKN interaction (Bonche et al., 1976). In that
work, the center of mass correction was also computed using symmetry restoration
techniques. Refleetion symmetry restoration was also used along with the Gogny D1S
interaction in Hgido and Robledo (1991) to describe the physics of parity doublets and
octupole deformation. Parity restoration was also applied to cranking wave functions
in order torstudysthe emergence of octupole deformation at high spins (Garrote et al.,
1997, 1998). Parity projection of non axial intrinsic states was performed in several
mercury and-lead isotopes in a generator coordinate context (Skalski et al., 1993).
Systematic, calculations of the excitation energies, E3 transition strengths and ground
statelectupole correlation energies were performed in a combined generator coordinate
method and parity projection framework (Robledo and Bertsch, 2011; Robledo, 2015q)
with several flavors of the Gogny force, depicting the importance of the dynamical
octupole correlations in nuclear structure.

To describe collective negative parity states, intrinsic wave functions breaking
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reflection symmetry are important ingredients and therefore octupole deformation
becomes important in this case. At the mean field level only a few nuclei in thejactinide
and rare earth regions are octupole deformed. The number of nuclei accessible increases
substantially if the intrinsic state is determined in the variation after parity prejection
scheme, irrespective of whether it is implemented exactly or in a restrigted variational
space (Robledo and Bertsch, 2011; Robledo, 2015b). Octupole correlationsyare better
described using the generator coordinate method with the octupole moment /as one of
the collective coordinates (Bernard et al., 2016; Bucher et al., 2017, Bernard et al.,
2017).

Particle-number restoration is another important application of symmetry
restoration in nuclear structure as pairing correlations aré knewn to be rather weak
in atomic nuclei and therefore the use of an intrinsic mean field wave function (BCS or
HFB wave function) is not easy to justify. Fluctuations efithe order parameter associated
with pairing correlations (for instance, the fluctuation of the particle number (AN?)) as
well as the corresponding gauge angle associated with particle-number restoration are
important ingredients for a proper description of pairing correlations in the weak-pairing
regime of nuclear physics. Most of the applications use intrinsic states obtained from
a HFB calculation, supplemented with the Tipkin-Nogami procedure (see section 4.2)
generalized for density dependent forces (Valor et al.; 1997). There are many examples of
full variation after particle-number/projection-calculations with the Gogny force, mostly
in the framework of a particle-numbersprojected generator coordinate method with
restoration of additional symmetries. There’are also early examples (Anguiano et al.,
2001) aimed to understand the effect of particle-number projection on the moment of
inertia of rotational bands or in the ground state correlation energy (Anguiano et al.,
2002). Particle-number projection in the variation after projection scheme increases
pairing correlations and, a§ a consequence, decreases the moment of inertia, increasing
thereby the excitation energy of rotational 2% states.

The structure of seme Sr (Heenen et al., 1993) or Pb isotopes (Heenen et al.,
2001) was analyzedswith Skyrme EDF and the particle-number projected generator
coordinate method. In Stoitsov et al. (2003), a mass table from proton to neutron
dripline was generated with the SLy4 EDF and using volume pairing and implementing
Lipkin-Nogami method followed by a full particle-number projection. The procedure
was implemented in'a computer code that is publicly available (Stoitsov et al., 2005).
Similar calculations were performed by the Brussels group in their quest for an accurate
mass model (Samyn et al., 2004).

A" full “variation after particle-number projection calculation with a Skyrme
funetional plus a zero range pairing force was carried out in Stoitsov et al. (2007) using
the formmlation of the particle-number projection method of Sheikh and Ring (2000),
solely.involving functions of the standard density and the abnormal pairing tensor, see
Sect 3. The results were compared to the ones obtained with the Lipkin-Nogami method
followed by a subsequent projection on particle number and a substantial improvement
is observed, specially for magic or near magic nuclei.
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Spontaneous symmetry breaking of rotational invariance is a defining characteristic
of the nuclear interaction. It leads to the fruitful concept of nuclear deformation
(Casimir, 1935) that allows us to explain a variety of phenomenology like, for instance;
the ubiquitous existence of rotational bands in nuclear spectra (Bohr and Mattelson;
1953, 1955). Most of nuclei in the Segré chart are thought to exhibit rotational symmetry
breaking in some of their quantum states, either the ground or excited statess Although
it is possible to extract a lot of information out of the intrinsic deformed /states by
using the strong deformation limit [see Mang (1975); Ring and Sehuck’ (1980) and
section 4.3|, the existence of weakly deformed states and/or the/coexistence of different
types of deformations in a limited range of energies requires the explicit restoration
of the rotational symmetry. This is also the case for calculations of electromagnetic
transition strengths in weakly-deformed nuclei (Robledo and, Bertsch, 2012).

One of the difficulties of the restoration of angular moementum is the three-
dimensional integration over the Euler angles. Oftenpthe assumiption of axial symmetry
is made to reduce the number of integrals to just ome, facilitating the application
of the method, see section 3.2.5. Axial angular-mementum projection along with
particle-number projection was first carfied out in Valor et al. (2000) with several
parameterizations of the Skyrme EDF. This paper, together with Heenen et al. (1993),
contains a detailed description of the evaluation” of operator matrix elements and
different prescriptions for the density-dependent part of the interaction. Further
applications include the study of the impact of the rotational energy correction in
fission barriers (Bender, Heenen and Bonche;2004) or the analysis of collective low lying
structures in Kr (Bender, Bonchesand Heenen, 2006) or Pb isotopes (Bender, Bonche,
Duguet and Heenen, 2004). Other applications include the study of bubble structures
in 3Si (Yao et al., 2012) (see figure 12) that shows the relevance of angular-momentum
projection for the description of imatter density. The intrinsic density shows a bubble
structure at the center thatis much less pronounced for the density obtained from the
projected ground-state wave function.

Applications with, the Gogny D1S energy density functional include the work of
Rodriguez-Guzman et al:(2000a) where the erosion of the N = 20 magic number in the
magnesium isotopic chain was addressed. The physics of super-deformation in sulfur
isotopes was falso analyzed (Rodriguez-Guzman et al., 2000¢) in this framework. The
calculations were further extended to consider the generator coordinate method with
the quadrupole degree of freedom as generating coordinate to explain more quantitative
features ‘of the deformation of Mg isotopes (Rodriguez-Guzman et al., 20000, 2002b),
the erosion of the N = 28 shell closure (Rodriguez-Guzméan et al., 2002a) and triple
shape coexistence of neutron deficient lead isotopes (Rodriguez-Guzméan et al., 2004).

Caleulation of mass tables of even-even nuclei including angular-momentum
projection restricted to axial symmetry plus particle-number projection and including
generator coordinate method for the axial quadrupole degree of freedom with Skyrme
(Bender et al., 2005; Bender, Bertsch and Heenen, 2006; Bender et al., 2008) or Gogny
forces (Rodriguez et al., 2015) were presented in the literature. Other large scale studies
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Figure 12. Upper part: the proton; nelitron and total radial densities in 34Si are
plotted as a function of the tadius r for four different types of calculations: a) pure
HF imposing spherical symmetry*h) HFB plus Lipkin-Nogami also imposing spherical
symmetry c¢) Particle-number projected density d) Particle-number and angular-
momentum (I = 0) projected density obtained after generator coordinate method
calculation using the quadrupole moment as generating coordinate. Lower part: the
contour plots of neutron and proton densities obtained using particle-number projected
wave functions ebtained from a quadrupole deformed (82 = 0.26) intrinsic state (panels
a) and d)); Panels b) and e), same as panels a) and d) but for particle-number and
angular-momentum (I = 0) projected wave functions; the densities in panels c) and
f) are obtained from generator coordinate method wave functions projected to good
number.of particles and angular momentum. Figures reprinted with permission from
Yao et al. (2012). Copyrighted by the American Physical Society.

include the excitation energy of the collective 27 state and its B(E2) transition strength
to the ground state (Sabbey et al., 2007; Rodriguez et al., 2015). Applications of this
methodology to the study of neutrino-less double beta decay are essential to extract

relevant nuelear matrix elements in medium mass and heavy nuclei (Rodriguez and

Martinez-Rinedo, 2010), see results presented in figure 13.

Angular-momentum projection of triaxial intrinsic states was first carried out in

an_early work by Caurier and Grammaticos (Caurier and Grammaticos, 1977) with the

Skyrme SIII interaction. A restricted variation after projection was used with the radii

and quadrupole moments as variational quantities. A very small configuration space

was used and therefore the applications were restricted to very light nuclei. Quite a
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Figure 13. Neutrinoless double beta decay matrix element/ for various nuclei
of interest is computed with an angular-momentum plus particle-number projected
generator coordinate method calculation with the/Gogny D1S force. The results are
compared with those of other approaches, showing a large uncertainty in the theoretical
predictions. Figure reprinted with permission from ‘Rodriguez and Martinez-Pinedo
(2010). Copyrighted by the American Physical Society;

few years later, Bonche et al. (1991) used eonyeniently/chosen combinations of intrinsic
states oriented along different axes to carry outhan approximate projection of triaxial
intrinsic states on I = 07. A full triaxial angular-momentum projection was carried
out with Skyrme interactions in Baye and Heenen (1984), but restricted to HF wave
functions. The HF wave functions were represented on a mesh of nodes in coordinate
representation and special carewas taken to.define the rotation operator in that case. In
Bender and Heenen (2008) triaxialiangular-momentum plus particle-number projection
of HFB states was performed with Skyrme SLy4 for light nuclei. The main conclusion
was that the inclusion of triaxiality‘improves the description of rotational bands as
compared to axial results. /The)calculations were subsequently extended to heavier
systems in Yao et aly (2013). _Using the finite range Gogny forces, the technology to
project triaxial states wag,developed in Rodriguez and Egido (2010) and applied to the
study of #Si in Rodriguez and Egido (2011a) and to the waiting point nucleus *Zr in
Rodriguez and Egido (2011b).

Most of the.angularsmomentum projected calculations so far were of the projection
after variation Aype with lintrinsic states preserving time-reversal invariance. As a
consequence, the retational bands obtained were stretched with respect to experiment
by a typical factor of 1.4 (Rodriguez-Guzméan et al., 2002q; Li, Nik$i¢, Ring, Vretenar,
Yao and ‘Mengg 2012), a consequence of implicitly using the Peierls-Yoccoz moment of
inertia instead of the Thouless-Valatin one, see section 4.4.1. In order to overcome this
difficulty, the use of time-reversal breaking intrinsic states is required.

Cranked HF states were employed as early as in Baye and Heenen (1984) with
a simple Skyrme like interaction (BKN-+Coulomb). They were also used as intrinsic
states in a full three-dimensional angular-momentum projection with the Skyrme SLy4
force to analyze (i) band termination in nuclei around A = 44 (Zdunczuk, Satula,
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Figure 14. Potential energy sutfaces inthe (5,+) plane obtained by computing the
projected energy of each of the intrinsic states'obtained in a constrained cranked HFB
calculation for different (8,v) and w wvalues: Those states are used in a generator
coordinate method calculation to obtain ground state and excited rotational bands in
48 with the Gogny D18 force. The use of the cranking frequency w as a generator
coordinate improves the agreement with experiment substantially. Figure reprinted
with permission from Egido et aky(2016). Copyrighted by the American Physical
Society.

Dobaczewski and Kosmulskis, 2007)sand (ii) angular-momentum projection in '°Gd
and " Er (Zdunczuk, Dobagzewski and Satula, 2007). Later, calculations with HFB
cranking intrinsic states were.carried out with the Gogny force in Borrajo et al. (2015);
Egido et al. (2016) [see also Rodriguez (2016) for an analysis of the different moments
of inertia obtained in the different approaches|. In Egido et al. (2016), collective
and single-particle degrees of freedom were studied in the nucleus *4S. Intrinsic wave
functions |®(Lssw)) of the HFB type with quadrupole deformation parameters 5 and
v, and obtained’at different angular frequencies w were used in a configuration mixing
calculation.including projection on good particle number and angular momentum (see
figure 14). The consideration of cranking states improves notably the description of
moments of inertia, whereas inclusion of states with deformation v in the full interval
of £60° <y < 120° allows for considering two-quasiparticle excitation like those that
are present in the experimental spectrum of #4S.

The use of the cranking frequency w as a generator coordinate was considered in
Shimada et al. (2015, 2016) without particle-number projection. In these calculations,
the intrinsic cranking state was rotated along a single axis. In contrast, in Tagami and
Shimizu (2016) intrinsic states were generated by using infinitesimal cranking frequencies
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Figure 15. Excitation energies and transition strengths between the members of the
ground state band of 2Mg are compared with the experimental spectrum. The theory
results are obtained from a calculation inc¢luding angular-momentum and particle-
number projection of intrinsic states'breaking time reversal invariance. The density-
independent SLyMRO functional is used both for the particle-hole and the particle-
particle channels to avoid all the difficulties associated to symmetry restoration and
described in the text. /Figure reprinted with permission from Bally et al. (2014).
Copyrighted by the American Rhysical Society.

w; along three different cranking axes.»This technique was well suited to describe v bands
and was applied to study these structures in '**Er. Applications to wobbling motion in
odd-A nuclei and to chiral/doublet bands were presented in Shimada et al. (2018a) and
Shimada et al. (2018b), respectively.

Odd mass nuclei also require time-reversal breaking of intrinsic states for their
analysis. In this case, thesexistence of zeros in the overlaps between rotated wave
functions seem to_be more likely than when time-reversal is preserved (Oi and Tajima,
2005; Zdunczuk, Debaczewski and Satuta, 2007). Tt is therefore to be expected that the
problems conéerning self-energies and ill-behaved density-dependent forces should be
more relevantyfor odd mass nuclei. This consideration led Bally et al. (2014) to consider
for their first projected calculation of an odd mass nucleus a Skyrme interaction which
is fully derived from a Hamiltonian (Sadoudi et al., 2013). The results for Mg look
reasonable; see figure 15. Surprisingly, the implementation with the density-dependent
Gogny forge (Borrajo et al., 2015; Borrajo and Egido, 2018) does not lead to any
apparentiinconsistency in the Mg isotopes considered. Some results in heavier systems
and. for high spin states were discussed in Shimada et al. (2018a) and magnetic moments
in Se were determined in de Groote et al. (2020).

[sospin symmetry is explicitly broken in the atomic nucleus due to the Coulomb
interaction and the tiny differences observed in the different isospin channels of the
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nucleon-nucleon interaction originating from the different mass and charge of theawand
d quarks. In addition, when working at the mean field level, isospin symmetny is also
spontaneously broken by the mean field wave functions (Engelbrecht and Temmer, 19705
Brink and Svenne, 1970). Independently of the origin of the broken symmetryworking
in a basis preserving isospin quantum numbers is advantageous to understand the impact
of the different sources of isospin symmetry breaking in the nuclear wawve, function.
The first application of isospin projection in a variation-after-projection framework was
carried out in Caurier and Poves (1982) using a density-independent, interaction with
a Brink-Boecker central potential and applied to the study of/Coulomb displacement
energies. Later, the formalism was applied to Skyrme functionalsin Satuta et al. (2009,
2010, 2012) for the case of HF wave functions not mixing protons and neutrons at the
single-particle level.

The proper treatment of isospin related effects often invelves the use of EDF
mixing proton and neutron densities as well as cranking technicues in the isospin space
(isocranking) (Sato et al., 2013; Sheikh et al., 2014).

The traditional applications of symmetry restoration for EDF are combined with
the use of the generator coordinate method with collective continuous coordinates
(deformation parameters, pairing gaps, etc)so-as.to describe low-energy collective states.
An alternative is to use multi-quasiparticle excitations as discrete generating coordinates
(like in the Projected Shell Model discussediimgsection 5.1) to gain flexibility in generating
the correlated wave function. Both the projected shell model and the Shell Model
employ restricted configuration spaces that réquire the introduction of a core as well as
effective charges. Recently, a NenCore Configuration Interaction (NCCI) method was
implemented along with the density-independent SV Skyrme interaction (Satuta et al.,
2016). The method uses the full'eenfiguration space, removing the need for a core and/or
effective charges. The present implementation of NCCI used p-h excitations of Slater
determinants projected ;toigood angular momentum and isospin and was employed to
study excitation spectrarof several N ~ Z nuclei as well as $-decay and exotic-processes
matrix elements (Kenieczkaret al., 2016, 2018).

6.2.2. Relativistic BDFs' The relativistic mean-field approach, also called Covariant
Density Functional Theoty, represents an alternative approach to describe the structure
of the nucleus{ Its main ingredient is the Dirac equation, which is used to determine
the nucleon orbits. The potentials entering Dirac’s equation are deduced in different
ways depending on the version of the relativistic model used. In most of these
modeéls;, the potentials experienced by nucleons depend upon several meson fields
(Reinhard, 1989; Ring, 1996) which are determined through classical inhomogeneous
Klein-Gordon equations, where the sources are given in terms of the nucleon densities
andvewrrents. The simplest version of this model (Walecka, 1974) cannot reproduce
the right incompressibility of nuclear matter. Therefore a density dependence was
introduced by non-linear meson couplings (Boguta and Bodmer, 1977) or by an explicit
density dependence of the meson-nucleon coupling constants (Lalazissis et al., 2005).
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In deformed nuclei the classical meson fields ¢;(r) are deformed. In order to restore
symmetries the meson fields have to be quantized using bosonic creation and annihilation
operators, bl (r) and b;(r). The total wave function |®) of the syste becomesthe
product of a Slater determinant |®) in Fermion space and a coherent state in boson
space, that is,

|®) o |®) exp (Z / d%@@)b}(r)) 10). (169)

A variation of the corresponding energy with respect to the singlesparticle wave functions
of the fermions and with respect to the meson field leads to the classieal relativistic mean-
field equations. For the angular-momentum projection discussediin seéetion 3.1.1, one has
to evaluate integrals of norm and Hamiltonian overlap kerfiels, equations (52) and (54),
not only in the fermion space, but also in the boson space. Expressions pertaining to
the boson space can be found in Balian and Brezin (1969)s, _However, because of the
numerical complexity of the Hamiltonian matrix elements with finite-range interactions
of Yukawa-type, such calculations were not carried out so far.

A simple way to bypass these probléms is‘to' use the relativistic point coupling
models. Here the meson propagators with the large meson masses are expanded in
momentum space up to second order in q/m;, where ¢ is the momentum transfer and
m; are meson masses, and one ends up with.a Lagrangian without mesons, but containing
zero-range fermion interactions and zere-range derivative terms, in full analogy to the
non-relativistic Skyrme functionals (Biirvenielf et al., 2002). The large repulsive density-
dependent contact term of the men-relativistic case is not needed here. However, for a
good description of nuclear matter properties a density dependence is introduced in the
Lagrangian by either three- andfour-body contact terms (Biirvenich et al., 2002; Niksi¢
et al., 2008; Zhao et al., 2010) or by density-dependent coupling constants of the two-
body contact terms (Niksi¢ €t al.,; 2008). This leads to coupling constants depending on
integer powers of density only, and therefore the difficulties mentioned in section 6.1.4
related to a non-analytical'dependence on complex densities are not present. The self-
energy and self-pairing problem of section 6.1.2 is however present because, in practice,
the Fock terms, whieh are also of zero range, are usually neglected.

A much moré serious, problem is, however, related to the pairing channel. Because
of the extremely large relativistic scalar and vector fields, one cannot use the same force
in the HF"and in the pairing channel (Kucharek and Ring, 1991). As a result, in the
relativistic point coupling models it is a common practice to use pairing interaction
different from that in the particle-hole channel. Therefore, the self-energy problems
associated 'with the violation of Pauli principle are present in these calculations and
cannotybe easily avoided. The conclusion is that, as in most of the non-relativistic cases,
the results obtained by symmetry restoration can contain some spurious contamination
and their stability with respect to the parameters of the calculations should always be
carefully checked.

Point coupling models with many-body contact terms and without explicit density
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Figure 16. The particle-number-projected generator-coordinate-method spectrum of
150Nd (left), compared with experiment (middle), atid the X (5)-symmetry predictions
(right). Figure reprinted with permission fromnNiksi¢ et al. (2007). Copyrighted by
the American Physical Society.

dependence were used in the mean-field + BCS approximation for beyond mean-field
calculations with symmetry restoration (and \configuration mixing) in Niksi¢ et al.
(2006a), with angular-momentum projection of axially symmetric intrinsic states, and
also in Niksi¢ et al. (2006b) with simultaneons angular-momentum and particle-number
projection.  Angular-momentwm ‘projection was carried out after variation. The
particle number was treated in the intrinsic state with the Lipkin-Nogami method (see
section 4.2) and after that_an exaet particle-number projection was carried out. In
this way it was possible to provide a microscopic description of the X (5) quantum-
phase transition, whichswassintroduced in a group-theory model by Iachello (2001). It
describes a transition from spherical to axially symmetric deformed intrinsic shapes and
it is realized, e.g., ifi the chain of Nd-isotopes between the spherical nucleus *?Nd and
the axially deformied nucleus ®2Nd. At '%°Nd, a first order phase transition occurs and
this nucleus has.a very.characteristic spectrum (see figure 16), which can be described
in the X (5) model with only two phenomenological parameters.

In Nikgi¢ et ald (2007), collective states in »2Nd were determined within a fully
microscopic relativistic mean-field calculation with subsequent angular-momentum and
particle-number projection. The entire calculated spectrum was subsequently scaled to
match the experimental 27 energy, see section 6.2.1. The resulting spectrum is even in
a better agreement with experiment than the group-theory spectrum, which indicates
that the nucleus ®Nd is not exactly at the transition point of the X (5) model. The
transition rates were calculated in the full configuration space without effective charges
and show excellent agreement with the experimental data.

The model based on Covariant Density Functional Theory was further extended
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Figure 17. Nuclear matrix element of the 0v33 decay/of the ground state of 1°°Nd into
1508m obtained by different types of calculations. The.inclusionfof octupole correlations
in the relativistic-EDF calculation has little impact om»the/results. Figure reprinted
with permission from Yao and Engel (2016). @opyrighted by the American Physical
Society.

to describe (i) triaxial intrinsic states (Yao et al,, 2009, 2010, 2011), (ii) reflection
asymmetric states in Yao, Zhou and Li (2015); Zhou et al. (2016); Yao and Hagino
(2016), (iii) admixtures of projected two-quasiparti¢le configurations (Zhao et al., 2016)
important for band-crossing phenémenayingrotating nuclei, and (iv) nuclear matrix
elements for Ovf3S decay (Song et al'3,2014; Yao, Song, Hagino, Ring and Meng,
2015). In Yao and Engel (2016), the 0vBB decay of 'Nd to ""Sm was studied
by including octupole correlations in the description of the ground and lowest-lying
0" collective excited states. In figure.d7, the result obtained for the nuclear matrix
element corresponding to the 0, — 0 Ov33 transition is compared with predictions
including octupole correlations and with those of other similar calculations (Rodriguez
and Martinez-Pinedo, 2010). The inclusion of octupole correlations in the ground
states of both mother and daughter nuclei reduces the value of M® by 7%, which,
however, is not enough to reduce discrepancies with non-relativistic calculations using
a similar framework, or with other calculations using the quasiparticle random phase
approximation or theiinteracting boson model.

6.3. Approrimate projection for nuclear EDF

As [we discussed in section 6.2, practical applications of projection and
configuration-mixing methods within nuclear-EDF approaches are quite successful.
However, large configuration spaces make applications of the variation after three-
dimensional angular-momentum projection in heavy nuclei quite difficult. Many of
the applications are therefore restricted to light nuclei, where one has in principle
also other methods such as configuration-interaction calculations or coupled-cluster
methods. Methods based on the mean-field approximation are assumed to work better
in‘heavy systems, where other methods cannot be applied. Therefore, for heavy nuclei,
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Figure 18. Low-lying spectra and B(E2) values (in e? fm*) of "®Kr./ Experimental data,
(a) are compared with the full relativistic generator-coordinate-method calculations
with particlenumber and three-dimensional angular-momentum-projection (b) and
with five-dimensional Bohr Hamiltonian results (c). Figurewreprinted with permission
from Yao et al. (2014). Copyrighted by the American Physical Society.

approximate methods were developed for muclear EDFs: They are based on the fact,
that the overlap (®(q)|®(¢')) and Hamiltomian (P(g)|H{p,y }|®(¢")) kernels between
two different HFB wave functions, cf. equation (167), are sharply peaked at ¢ = ¢'.

For heavy systems, the Gaussian Overlap Approximation (Ring and Schuck, 1980)
is well justified. It was shown (Haff and Wilets, 1973; Giraud and Grammaticos, 1974)
that under this approximation one can derive a collective Hamiltonian in collective
variables ¢. It contains a potential energy V(q) = (®(q)|H{peq}|®(q)), a kinetic
term with microscopically derivedyinertia parameters and zero-point corrections |[for
details see Libert et al. (1999)]. In the case of three-dimensional angular-momentum
projection, one ends up with-the rigid-rotor Bohr Hamiltonian (Une et al., 1976), where
angular momentum is automatically preserved. For the generator-coordinate-method
ansatz that includesyguadrupelé-deformation parameters g and v, one finds in this
approximation the five-dimensional rotation-vibration Bohr Hamiltonian (Prochniak
and Rohozinski, 2009).5 A similar collective Hamiltonian can also be derived within
the adiabatic time-dependent HF theory (Baranger and Vénéroni, 1978).

The advantage of above approximation is that one only has to solve the constrained
mean-field equations on the energy surface characterized by the parameters ¢ and
to determine the-efpectation values of certain operators, e.g., (®(q)|H{pq.q}|®(q)) or
(@(q)|f[{pq7q}jz|<b(q)). One avoids the complicated matrix elements and the problem
of singulatitiesfconnected with those.

As an, example, in figure 18, we show the results of benchmark calculations by
Yao'et al. (2014), where full three-dimensional angular-momentum and particle-number
projected generator-coordinate-method calculations are compared with experiment
and “with the results of the corresponding five-dimensional Bohr Hamiltonian (see
also another example in Delaroche et al. (2010)). The agreement between the two
calculations for this complicated spectrum in the transitional nucleus ™Kr is excellent.
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Having in mind, that the generator-coordinate-method calculations for this speetrum
required 200 CPU hours with one processor, it is easy to understand that nowadays one
can find many applications based on this approximation. Unfortunately,as discussed in
Rodriguez et al. (2015), the method also has its downside related to negative walues of
zero-point-energy corrections.

7. Projection methods in other mesoscopic systems beyond atomic nuclei

The last few decades witnessed extraordinary advances in experimental techniques
leading to the fabrication of mesoscopic and nanoscopic many-body systems with
unparalleled control and diversity over the finite number of constituent particles,
temperature, interparticle interactions, dimensionalitys »particle density, statistics
(fermions versus bosons), and spin (Ellenberger et al., 2006; Hanson et al., 2007; Serwane
et al., 2011; Zirn et al., 2012; Murmann et al., 2015; Tai et al., 2017; Wineland
et al., 1987; Li et al., 2017; Noguchi et al., 2014). "Such manmade systems can be
viewed as artificial atoms and molecules, and they offer unprecedented opportunities for
generating and observing novel and exotic, many-body states and phenomena, as well
as for testing fundamental aspects of quantum physics that are beyond the reach of
the natural chemical and condensed-matterisystems. These nanosystems include two-
dimensional semiconductor (Hanson etrals2007; Yannouleas and Landman, 2007) and
graphene (Romanovsky et al., 2009) quantum dots confining electrons and ultracold
traps confining neutral atoms (Serwane et al] 2011; Ziirn et al., 2012; Murmann et al.,
2015; Ramanathan et al., 2011) or ions (Wineland et al., 1987; Li et al., 2017; Noguchi
et al., 2014) in a variety of trap shapes. Among the rich physics studied in these
systems, one can mention Wigner molecules (which extend Wigner crystals to the
quantum regime), the connéction to the fractional quantum Hall effect for high magnetic
fields, Aharonov-Bohm phenomena and quantum space-time crystals in ring-shaped
devices, wave function entanglementt, Schrodinger-cat-state superpositions in strings
of ultracold ions in_linear traps, and the elucidation of the nature of correlations in
assemblies of strongly repelling electrons (long-range Coulomb interaction) or strongly
interacting neutral atoms with both an attractive or repulsive contact interaction.
Areas of potential applications include quantum informationf and computing, improved
electronic and.photonic devices, atomic clocks, metrology, etc.

This”section provides an outline of the attainments of symmetry-restoration
methods in the area of mesoscopic systems beyond atomic nuclei. For an extensive
background exposition, we note an earlier review in Yannouleas and Landman (2007).

1 A'pure quantum state describing two or more particles is entangled if it is unfactorizable. A mixed
state is-entangled if it cannot be written as a mixture of factorizable pure states (Wootters, 1998); see
further Eckert et al. (2002); Aspect (2004).

i/ For increasing interest in the intersection between nuclear physics and quantum information science,
see also Cloét (2019)

Page 80 of 145



Page 81 of 145

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

CONTENTS 81

A HIERARCHY OF APPROXIMATIONS

Restricted Hartree-Fock (RHF)

All spin and space symmetries are preserved
Single-particle densities: circularly symmetric
Each orbital is doubly/multiply occupied
Single Slater determinant (mean field)

¥ Correlations
Unrestricted Hartree-Fock (UHF)

Total-spin and space symmetries (rotational or
parity) are broken

Repulsive: Different orbitals for different spins
Attractive: Each orbital doubly/multiply occupied
Solutions with lower point-group symmetry

Lower symmetry explicit in single-particle densities
Single Slater determinant (mean field)

¥

Restoration of symmetry via projection techniques

Total Energy

Superposition of UHF Slater det!s (beyond mean field)
sp-densities: circularly symmetric

Good total spin and angular momenta

Lower symmetry is HIDDEN (or EMERGENT)

A4

Configuration interaction (EXACT)

Converged superposition of arbitrary-basis Slater det's
sp-densities: circularly symmetric

Good total spin and angular mementa y
Lower symmetry is HIDDEN (or EMERGENT)

Figure 19. Synopsis ofythe method of hierarchical approximations, illustrating
that symmetry breaking atithe mean-field level (single Slater determinant) must be
accompanied by a subsequent pest-Hartree-Fock step of symmetry restoration yielding
a linear superposition of UHF Slater determinants. The downward arrow on the left
emphasizes that the total energy of the finite system is lowered with each successive
step, approaching from above the exact configuration-interaction total energy; see
figure 21 below for|a simple example. The arrow on the right emphasizes that the
steps beyond the Restricted Hartree-Fock introduce correlations. Republished with
permission of Institute of Physics, from Yannouleas and Landman (2007); permission
conveyed through Copyright Clearance Center, Inc.

7.1. The general hierarchical methodology.

Symmetry resteration in electronic and atomic systems is a particular step in
a multilevel hierarchical, scheme, which produces a lower total energy at each step;
see figure 19 that describes the successive levels in this hierarchy. One starts with
the restrieted Hartree Fock (RHF) whose wave function [a single Slater determinant
for fermions or permanent for bosons (Romanovsky et al., 2004, 2006))| preserves all
the symmetries of the many-body Hamiltonian; in particular, it imposes the spatial
symmetries of the many-Hamiltonian on each individual HF orbital. The next level is
an unrestricted Hartree Fock (UHF) whose single determinant allows for the breaking
of some (or all) of the Hamiltonian symmetries in an appropriate range of the two-
body interaction. In this case, the UHF total energy is lower compared to the RHF
one, but the UHF space orbitals do not reflect the space symmetries of the many-body
Hamiltonian, a behavior that is often referred to as "Lowdin’s symmetry dilemma"
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(Lykos and Pratt, 1963).

In a subsequent step, the broken symmetry in the UHF solutions is restored and
the symmetry dilemma is resolved. This level produces a multi-determinantal, (or
multi-permanent) wave function by applying the projection-operator technique on the
UHF single determinant. This level, which is depicted as a single item in figure 19,
consists of two substeps, namely the step of variation before projection andithe step of
variation after projection, see section 3. The variation-after-projection step/produces
lower energies in general, while the wave functions retain the same multi-determinantal
structure as in the variation-before-projection step. The energy difference between these
two projection variants decreases as the symmetry breaking becomes stronger. In the
context of this section, an example of the variation-after-projeetion step is offered by
Romanovsky et al. (2004, 2006) where the localized-particle exbitals [displaced Gaussians
of equation (176) with variational parameters| were usedsto build an approximate UHF
Slater determinant for fermions (or permanent for besons).

The final level corresponds to a configuration-interaction treatment which in
principle provides the exact many-body energies and,wave functions. The RHF and
UHF are mean-field approximations; the restoration of symmetry and the configuration
interaction are often referred to as beyond=mean-field approaches.

We note here that the symmetry-restoration approaches discussed earlier within
the context of nuclear physics imply a similar hierarchy as the one shown in figure 19.

7.2. Quantum dots

Advances in nanolithography and growth techniques enabled the fabrication of
small semiconductor devices with dimensions in the nanoscale range; they are known
in the literature as quantumnsdots'and they play a central role in the modern field of
nanotechnology. Here we foctis on two-dimensional electrostatically controlled quantum
dots (Kouwenhoven et/al., 1997). Quantum dots are often referred to as "artificial
atoms" (Kastner, 1993; Kouwenhoven and Marcus, 1998) due to their having a discrete
single-particle spe¢trumharising from their finite size. Such a terminology invokes a
2D analogue of the physics of 3D electronic shells (whether closed or open) which is
associated withuthe Mendeleev periodic table of natural elements (Kouwenhoven and
Marcus, 1998).

Howewer, itiwas rather early realized (Yannouleas and Landman, 1999, 2000¢, 2001,
2002b,a), through UHF calculations that in 2D quantum dots, the process of symmetry
breaking isshighly operative [see also Miiller and Koonin (1996)]. This is unlike the case
of natural atoms, where due to the overwhelming Coulomb attraction from the central
nucleus, the extent of spherical-symmetry breaking is minimal (Fertig and Kohn, 2000).
As a result, the physics of 2D quantum dots overlaps in several ways (Yannouleas and
Landman, 2007) with the nuclear many-body problem, transposed however in the milli-
eV (meV) energy range, instead of the mega-eV (MeV) range of atomic nuclei.
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7.2.1. The microscopic many-body Hamiltonian. Before proceeding withenthe
description of the many-body Hamiltonian, a brief discussion concerning the spin-orbit
coupling is informative. As usual in atomic and molecular physics, the L-S coupling
scheme, where L stands for orbital angular momentum and S for spin,_is also used
for condensed-matter nanosystems and trapped ultracold atoms. This allows that the
restorations of the orbital angular momentum and spin can be carried out independently
of each other, whereas the restoration of the combined (orbital and spin) total angular
momentum J = L+ S (J-J coupling) is pertinent in nuclei due to the strong spin-orbit
interaction. In contrast, the spin-orbit coupling in atomic, molecular, and electronic
systems considered here is often weak compared to the corresponding coupling in nuclei.

The spin-orbit in condensed-matter systems (like quantumndots) is treated in two
varieties: (i) the Rashba type (Bychkov and Rashba, 1984) and (ii) the Dresselhaus type
(Dresselhaus, 1955). The Rashba or Dresselhaus couplings can be included following
the steps of restoration of the spin and angular-momentum broken symmetries. For an
example of incorporating the Rashba and Dresselhaus spin-orbit couplings in the context
of two-dimensional (2D) quantum dots, see the gonfiguration-interaction calculations in
Szafran et al. (2009).

The many-body Hamiltonian describing V. fermions or bosons interacting via a
two-body potential U(r; — r;) is given by

N N N
H=> Hylrip)+ Y 2 Ulri—r;), (170)
i=1 i=1 j>i
where ﬁsp(ri7 p;) denotes the single-particle Hamiltonian, which depends on the position
r; and momentum p; of the ith particle! For electrons and ultracold ions, the Coulomb
repulsion is pertinent as the twosbody interaction in equation (170), namely

62

Ulr; —rj) = R | (171)
where e is the elementary ehaige (we assume single-ionized ions) and & is the dielectric
constant of the material in the case of semiconductor quantum dots; for trapped
ultracold ions, x/'=,1. Besides the familiar electrons, examples of trapped ultracold
ions are: Be™Ca"t, and YbT.

We assumeé that, in practice, the system is two dimensional and thus, for r =

(x,y, 2), Atwis confined to the z = 0 plane. The single-particle Hamiltonian in a
perpendicular external field B = (0,0, B) is given by
2
4 p —nA(r
Hsp(rap) = % + V(iL', y)7 (172)

where ma’and p denote mass and momentum of the particle, respectively, the external-
confinement potential acting in the z = 0 plane is denoted by V(z,y), and in the
symmetric gauge, the vector potential A(r) is given by

1

1
A(r) = §B X r= 5(—By,Bx,O). (173)
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In the case of charged particles, B coincides with the natural magnetic field and n =we/c.
For electrons confined within a quantum dot, the mass m should be replaced by the
effective mass m™.

Unlike in nuclear physics, in finite two-dimensional systems like quantum dots, the
magnetic field plays an important role because of their relatively large spatial size. This
allows the full range of orbital magnetic effects to be explored for magneticéfields that
are readily attained in the laboratory (less than 40 T). In contrast, for natural atoms and
molecules, magnetic fields of extremely large strength (i.e., larger tham10° T) are needed
to produce novel phenomena related to orbital magnetism (béyond the perturbative
regime). Such strong fields are known to occur only in astrophysical environments
(e.g., on the surface of neutron stars) (Ruder et al., 1994). “A"main orbital effect is the
progressive spatial shrinking of the single-particle orbitals.asthe magnetic field increases;
this behavior can be directly visualized from the analytieswidth X[equation (177)] of the
displaced Gaussian wave function given in equation (176). Another orbital effect is the
acquisition of a Peierls phase factor [see again equation (176)]. These orbital effects are
prerequisites behind the appearance of celebrated magnetic-field-dependent phenomena,
like the Aharonov-Bohm effect and the formation of quantized Landau levels supporting
integer and fractional quantum Hall effects.

To model a single circular or elliptic quantum dot, or ultracold confining trap,
or a molecule-like double well, the‘externalconfinement potential V(x,y) can assume
various parametrizations. In the case of'an elliptic confinement in a harmonic-oscillator
potential, one has

V(z,y) = %m(wi:ﬁ + w§y2), (174)
where w, (w,) is the oscillator frequency in the = (y) direction. When w, = w, = wy,
the elliptic confinement reduces, to the circular (parabolic) one. The appropriate
parametrization of V (z,y)yn the case of a double potential well is more complicated.
Often a parametrizatiombased on a 2D version of a two-center oscillator with a smooth
necking is used. Details of the double-potential-well parametrization are described in
Yannouleas and Landman (2002b); Li et al. (2009).

7.2.2. Meanfield equatiomns/for electrons: UHF wave functions using the Pople-Nesbet
equations or Slater determinants with displaced Gaussians. The UHF many-body wave
function for N fermions is a single Slater determinant,

det[xx(a;)], (175)

1
Dupr(l,...,N) = il
whete X (&) stands for one of the £ = 1,..., N spin orbitals, with the symbol x;
denoting both the space and spin coordinates of the jth particle.

We stress here that the spin orbitals are characterized by conserved values of the
projection of spin on the z axis. Therefore, they are expressed through spatial orbitals,
©(r) and ¢2 (r), and spinors, a (up) and 3 (down), as Xp—n(x) = ©2(r),n =1,..., N®
for spin-up fermions and xj—nine(x) = gpg(r)ﬁ, n=1,..., NP for spin-down fermions.
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Thus the UHF Slater determinants (175) are eigenstates of the projection S, ofythe
total spin on the z axis with eigenvalue S, = (N* — N?)/2, where N® (N”) denotes the
number of spin up (down) fermions. However, except for the fully spin-polarizedicase
of only spin-up (N® = N) or only spin-down (N® = N) orbitals being occtipied, these
determinants are not eigenstates of the square of the total spin, S2,

To specify the spin orbitals entering in the UHF Slater determinanti(175), one
usually solves the self-consistent Pople-Nesbet equations, which are déscribed in Chapter
3.8 of Szabo and Ostlund (1989); see also Yannouleas and Landmany(2007). To derive
them, one minimizes the total energy (®uup(1,..., N)|H|Puuf(1, ... N)) by varying
the two sets of spatial orbitals {¢%(r)} and {¢2(r)} under the constraint that both sets
consist of orthonormal functions. Because these two sets of spatial orbitals are allowed to
be different, the Pople-Nesbet equations are also referred toas the approach of “different
orbitals for different spins.” We note that each UHF spatial orbital (the output of the
Pople-Nesbet equations) is allowed to break the rotationalisymmetry. On the other
hand, for N® = N# = N/2 and for rotational-symmetry-¢onserving spatial orbitals that
are pairwise identical, ¢ (r) = @2 (r) = ¢,(r), the Slater determinant of equation (175)
corresponds to the RHF approximation, see the hierarchy of approximations displayed
in figure 19 and Chapter 3.4 in Szabo and'Ostlund (1989).

An illustrative example of broken-symmetry UHF solutions is given in figure 20
for the case of N = 9 electrons in a parabelic quantum dot at B = 0. In the case
of repulsive interactions [but also for high magnetic fields (Yannouleas and Landman,
2007)|, the symmetry breaking results in particle localization and a lowering of the
continuous rotational symmetry to.a point-group one. The localized humps in the UHF
densities in figure 20 result from the tendency of the particles to avoid each other due
to their strong mutual repulsions For/high magnetic fields, a similar localization effect
is related to the shrinking/of the space orbitals, as mentioned above.

Two UHF isomers of localized electrons, in the notation introduced in section 2.2

Figure 20. UHF electron densities for two isomers in a parabolic quantum dot
with N = 9 electrons and S, = 9/2, exhibiting breaking of the circular symmetry
at Ry = 6.365nm [see equation (178)] and B = 0. (a) The (2,7) ground-state
isomer with total energy 570.0093meV. (b) The (1,8) first-excited isomer with total
energy 570.2371 meV. The choice of the remaining parameters is: parabolic confinement
hwo = 5meV, dielectric constant « = 3, and effective mass of electron m* = 0.067m...

Distances are in nanometers and the electron density in nm~=2.
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denoted as (2,7) and (1,8), are displayed in figure 20. Such nested polygonal-ring isomers
are denoted in general as (nq, na, .. .,n,), with n, being the number of localized electrons
in the rth ring. They may compete with each other in a similar way to the prolateiand
oblate nuclear shape deformations.

The localization of individual particles, revealed by using thejself-consistent
Pople-Nesbet equations (Yannouleas and Landman, 1999), suggests aeonvenient
and physically transparent approximation for the broken-symmetry UHE mean-field
solution. Namely, one can use a Slater determinant ®{hip(1, ..., N)unade out of non-
orthogonal spatial orbitals having the form of displaced Gaussian functions localized at
positions R; (Li et al., 2006), i.e.,

1 r—R;)?
u(r, R;) = T exp(—%

where A can be used as a variational parameter. However, for strong magnetic fields,

_iw(rij;B)>> (176)

one can fix it as

A= h/mw for ©=\/wi+ w4 (177)

where w. = nB/m is the cyclotron frequency, familiar for electron systems under the
influence of a magnetic field. The augmentatiomof the effective trap frequency from wy
to w expresses the associated diamagnetic behavior, which is operative due to the large
size of the quantum dot (comparedtonaturalatoms). The phase in equation (176) is due
to the gauge invariance of magnetic translations (Peierls, 1933; London, 1937; Ditchfield,
1974; Pausch and Klopper, 2020) and is given by ¢ (r, R;; B) = (2Y; —yX;)/(21%), with
lp = \/h/nB = \/h/(mw,.) beingithe magnetic length. This approximation proved to
be accurate and, in addition, it bypasses the numerical effort involved in solving the
self-consistent Pople-Nesbet equations.

At zero magnetic field and for both the cases of a contact potential and a Coulomb
interaction, the resulting eénergy gain from symmetry breaking becomes larger for
stronger repulsion. Controlling this energy gain (the strength of correlations) is the
ratio Rs (for a contaet, potential) and Ry (for a Coulomb interaction) between the
strength of the repulsive potential and the zero-point kinetic energy. Specifically, for a
2D trap, one has

Rs = gm/(2rh?) and Ry = Z%¢*/(hwoly), (178)

with lg ="\/h/(mwy) being the characteristic harmonic-oscillator length. [The subscript
W stands for “Wigner” (Wigner, 1934)|

7.2.8. Combining spin and total-angular-momentum restorations. When the fermions
are not fully polarized, the symmetry-broken Pople-Nesbet UHF determinantal solutions
dohave the total spin projection S, as good quantum numbers. However, the total spin
S = Zf\il S; is not preserved. A simple example is the UHF Slater determinant which
describes the S, = 0 ground state of two electrons in a parabolic quantum dot for
Ry =2.40 (and B = 0). figure 21(a) displays the azimuthally symmetric RHF electron
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Figure 21. Various successive approximation levels for/the lowest singlet state of
a field-free (B = 0) two-electron circular quantum dotpwith Ry, = 2.40. The
corresponding gain in correlation energy (in meV and pereentage wise) are shown at the
bottom of the figure. (a): Electron density of the RHF solution, exhibiting the circular
symmetry (due to the imposed symmetry restriction upen the HF wave functions). The
correlation energy, Fcor = 2.94 meV, is definedsas the difference between the energy
of the RHF state (with energy 22.74 meV) and the exact (EXD) solution [with a lower
energy of 19.80 meV, shown in panel (e)]. /(b): Electron density of the symmetry-
broken “singlet” UHF solution exhibiting nen-circular’shape. The energy of the UHF
solution shows a gain of 44.3% of, the correlation energy. (c): Electron density of the
spin-projected singlet (SP) showing broken spatial symmetry, but with an additional
gain in correlation energy. (d): the spin-and-angular-momentum projected state (SAP)
exhibiting restored circular symmetry with,a73.1% gain of the correlation energy. The
choice of parameters is: dielectric constant x = 8, parabolic confinement hwy = 5 meV,
and effective mass m* = 0.067m,.. Distances are in nanometers and the densities in
10~* nm~2. Republished with"permission of Institute of Physics, from Yannouleas and
Landman (2007); permission conveyed through Copyright Clearance Center, Inc.

density, which contrasts with the symmietry-broken UHF one displayed in figure 21(b).
The associated UHF determinantyis given by equation (18) in section 2.2.

The next step in restoring thé total spin is described in detail in section 2.2, resulting
in a s = 0, singlet statesgiven by/equation (23); it is a superposition of two UHF Slater
determinants. We note that the spatial reflection symmetry (parity) is automatically
restored along withdthesspin ' symmetry (Fukutome, 1981).

For the exactisinglet state of the circular confinement, one can generate approximate
projected wave _functions with good total angular momentum, exhibiting the required
azimuthally-uniform) electron densities, by applying the product operator,

o=P, (179)

spin
~

The singlet spin-projection operator Py,

function of equation (23), and then the total-angular-momentum projection operator,

(19) produces the anisotropic singlet wave

1 2

Po=— [ "Dy 180

L ot 0 s ( )

actsupon this two-determinant wave function to restore the total 2D angular momentum
L.§ In equation (180), L = Zf\il l;, i =1,2,..., N, hL is the two-dimensional total

§ The description of the general projection-operator formalism regarding symmetry restoration is
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angular-momentum operator, and 7 is the azimuthal angle. This double projeetion
describes all the lowest-energy states [yrast band (Yannouleas and Landmang2000a)]
with good total angular momentum L = 0,2,4,.... (The yrast-band states withyodd
values, L = 1,3,5,..., are generated via a projection of the fully-polarized UHE. state.)

The evolution of the ground-state (L = 0) electron densities acgording to the
successive approximations, RHF, UHF, spin projection (SP), and combined,spin-and-
angular-momentum projection (SAP) is illustrated in figure 21./ Theexact wave
functions for two electrons in a parabolic confinement are availabley(Yannouleas and
Landman, 2000a), and the corresponding ground-state electron density is plotted in
figure 21(e). The successive lowering of the ground-state total energies is also displayed.

7.2.4. More on spin restoration. The literature of spin restoration in systems other

than nuclei has a more complicated history compared torthat of 2D angular momentum.

Lowdin introduced a spin projection operator through the exptession (Lowdin, 1955b)
S —¢(s' +1)

Fopin(5) = 1;15 S(S+1) —sfs' +1)’

(181)

where the index s runs over the quantum mumbers associated with the eigenvalues
s'(s’ + 1) of S? (in units of h?), with S being the t0tal spin operator. When applying
S? on a Hartree-Fock determinant,/oné uises:

S?upp = h? | (No — Np)?/A4N/2+ > " @i; | Dun, (182)
i<j
where w;; interchanges the spins of electrons 7 and j provided that they are different;
N, and Ng denote the number of spin-up and spin-down electrons, respectively, while
N = N, + Ng.

For a large number of/electrons, a computationally practical implementation of
Lowdin’s spin projection formalism was recently discussed in Pons Viver (2018).

The operator Pspin(S) was used (Yannouleas and Landman, 2002b; De Giovannini
et al., 2007) to describesthe energy spectra and wave functions for electrons in 2D
quantum dots. Wennote that, for N > 3, there are multiple spin eigenfunctions for
a given value”S of the total spin, and this multiplicity is important for obtaining a
complete set'of excited states (e.g., the yrast band), in addition to the ground state.
The spin multiplicities are tabulated in the so-called branching diagram (Li et al., 2009;
Pauncz, 2000; Yannouleas et al., 2016; Salmon, 1974). For example, for N = 3 fermions,
thereqare two'spin eigenfunctions with S = 1/2. For a spin projection S, = 1/2 and
using the notation S(S,5,;7) (where the index i is employed for the degeneracies), a

presented in section 3. See also Tables 1 and 2, where the nuclear-style notation J, is used for the 2D
angularanomentum L, commonly used in the condensed-matter and atomic-physics literature. Here
we repeat the definition in equation (180) for clarity and for the convenience of the reader. Note that
"1D" in Tables 1 and 2 refers to the dimension of the integral, and not to the geometry of the physical
system. For a full exposition of the adaptation of the general formalism to the 2D electronic and atomic
systems, see Yannouleas and Landman (2007).
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pair of basis spin eigenfunctions that spans the associated two-dimensional spinsspace
is given by
VBS(3.5: 1) =21 1) — [ 11L) = [111), (183)
V28(5,5:2) = [ ML) — [ 111). (184)

For N > 3 electrons, the complete set of spin eigenfunctions camy,be specified by
solving a Heisenberg Hamiltonian Hy = Z” Jijgi . Sj (Li et al.j 2009;)\Yannouleas
et al., 2016), whose purely-spin solutions are given as a superposition of spin primitives
|o102...0n), where o stands either for o (spin-up) or 5 (spintdowa)s, Then using the
fact that each electron is associated with a localized spacejorbital, one can generate
a corresponding Slater determinant of spin orbitals from each, spin primitive, thus
generalizing (Shi et al., 2007; Dai et al., 2007) the two-eleetron Heitler-London-type
expression of equation (23).

Naturally, the total-spin restoration| can alsor be performed (Yannouleas and
Landman, 2007; Fukutome, 1981; Hashimoto, 1982;lgawa, 1995) by using the projection-
operator formulas that restore the three-dimensional (3D) total angular momenta, see
section 3.2.5.

7.2.5. Molecular symmetries of the UHF wave functions and magic angular
momenta. The 2D projected wave functions have good total angular momentum L,
and the corresponding single-particle density is circular and azimuthally uniform.
Thus any association of thehprojected wave functions to a point-group symmetry
(which corresponds to a single-particle density that is not azimuthally uniform) is
counterintuitive.  Despite this expectation, the projected trial wave functions do
embody and reflect hidden_(or emergent) molecular point-group symmetries similar
to the case of natural molegules: Specifically, the Cy point-group symmetry of the
“classical” crystalline\configuration, which is accounted by the symmetry-broken mean-
field determinants ®ypw(l, ..., N), equation (175), is reflected in the fact that the
symmetry-restored wave functions WYR are identically zero except for a subset of magic
angular momentahL,,. Of course this vanishing of wave functions is not present for the
exact configuration-interaction ones with non-magic angular momenta. In the context
of the symmetry-restoration’ approach, correspondence with the full set of configuration-
interaction_wawve. functions is established by considering the vibrations of the molecular
configurations. \This additional step was described in (Yannouleas and Landman, 2010,
2011); see,also/(Yannouleas and Landman, 2000a). An analogous situation in nuclear
thegry is provided by the generator-coordinate method, see section 3.1.2, which is a
generalization of the strict symmetry-restoration approach via projection techniques.
Forthe simpler case of N repelling fermions with parallel spins on a ring [i.e.,
with'lS, = N/2 and a (0,N) configuration|, the magic total angular momenta
|| In the context of a generalized UHF with a broader set of unrestrictions, restoration of both the

total spin S and its projection S, (in the case that the mean-field wave functions break both of these
symmetries) has also been discussed in Fukutome (1981).
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Figure 22. (a) Exactzdiagonalization yrast-band energies for N = 6 lowest-Landau-
level electrons asra funetion of the total angular momentum (with 15 < L < 55). Only
the Coulomb, term was retained in the many-body Hamiltonian. The cusp states are
marked-by. arrows; they correspond to either a (1,5) (upward arrows) or to a (0,6)
(downward “arrows) Wigner-molecule ring (Yannouleas and Landman, 2003b, 2007).
Energy.in units of €?/xlp. (b) The associated global spectrum (when the effect of the
external confinement, with fiwy = 3.6 meV, is included) as a function of the magnetic
field B\(in units’of Tesla). The cusp states in (a) with L = 39 (0,6), 40 (1,5), 45 (1,5),
50 (1,5), 51 (0,6) are associated with the energy curves (marked by the L values) in
thick dashed-dotted lines. Parameters: k = 13.1 and m* = 0.067m.. Figure adapted
with permission from (Yannouleas and Landman, 2011). Copyrighted by the American
Physical Society.

can Besdétermined by considering the point-group symmetry operator R(27/N) =
exp(—i27ri /N) that rotates on the ring simultaneously the localized particles by an angle
27/N, In connection to the state WPR the operator R(27/N) can be invoked in two
different ways, namely, either by applying it on the “intrinsic” (symmetry-broken) wave
function ®ypr(1,...,N) or on the phase factor exp(iyL) appearing in the “laboratory”
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(symmetry-restored) wave function WYRJ of equation (180), see Chapter 4-2c ingBohr
and Mottelson (1998). One gets

R(2m/N)UP™ = (—1)N1e PR, (185)
from the first alternative and
R(2m /N)UTR) — exp(—2nLi/N)UHR, (186)

from the second alternative. The (—1)V~! factor in equation (185) results’from the
fact that the 2 /N rotation is equivalent to exchanging N — 1 rows in.the/determinant
Ounr(l,...,N). Now, if UTRI =£ (| the only way that equations  (185).and (186) can be
simultaneously valid is if the condition exp(2rLi/N) = (—1)Y~1s fulfilled. This leads
to the following sequence of magic angular momenta,

Ly =kN; k=0,+1,+2 43, ..., (187)
for N odd, and
Ly =(k+3N; k=0,+1,+2,£3,..., (188)

for N even.

The physics associated with magic-angular-momentum yrast states was extensively
explored in the literature of 2D quantum dets (¥annouleas and Landman, 2007, 20064,
2003b; Ruan et al., 1995; Maksym, 1996; Seki et al., 1996; Maksym et al., 2000). An
important property is the enhancéd energy stabilization (compared to the rest of the
spectrum as described by configuration-interaction calculations) that they acquire in
their neighborhood in the regime of strong interactions (i.e., for large Ry, Rs, see
equation (178), or for large magnetic fields).

In the case of strong magnetic fields, when the many-body Hilbert space can be
restricted to the lowest Landau level, it is customary to calculate the configuration-
interaction energy spectra /keeping only the interaction term in the many-body
Hamiltonian. In such partial spectra, the magic angular momenta are associated with
the so-called “cusp” states (Yannouleas and Landman, 20036, 2004a; Jain, 2007) [see
figure 22(a)|, which™are precursors of the fractional quantum-Hall-effect bulk states
(Yannouleas andfLandman, 20035, 2004a; Jain, 2007). When the single-particle part
of the Hamiltonian isials6 included (i.e., kinetic energy plus external confinement), one
obtains global energy speetra as a function of the magnetic field B; see figure 22(b).
In these global speetra, all the ground states correspond to cusp states, illustrating the
role played by the magic angular momenta in enhancing energy stabilization.

For ‘magnetic-field-free systems, this energy stabilization leads to a separation of
energy scales between the rotational the vibrational motions (formation of a near-rigid
rotor), which is a familiar prerequisite in the formulation of nuclear effective field theories
(Papenbrock and Weidenmiiller, 2015). An example of such a separation of energy scales
is portrayed in figure 1 of Yannouleas and Landman (20004) for the case of two electrons
in a parabolic 2D quantum dot.

In the above derivation, we considered fully polarized fermions only, that is cases
when S = S, = N/2, where S is the total spin and S, is its projection. Consideration
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with this methodology of the other spin values S, < N/2 is straightforward; it requires,
however, restoration of both the total spin S? and the total angular momentum. An
explicit example for N = 3 fermions is discussed in Yannouleas and Landman’ (2003)«

7.2.6. A tour of the literature and Wigner molecules. Naturally, there are several key
differences between the physics of 2D quantum dots and that of atomic nuelei; which
arise from the fact that the inter-particle interaction in quantum dots is repulsive,
instead of attractive as in nuclei, and that quantum dots consist, of ©ne kind of
fermions (electrons), instead of two kind of particles (protons and neutrons). As
a result, symmetry breaking in quantum dots is associated with individual-electron
localization in space in the intrinsic frame (leading to formationof mean-field crystalline
configurations), rather than the familiar shape deformationsiof the nuclear central mean-
field confining potential.

Such mean-field crystalline configurations in quantum dots [see, e.g., figure 20| are
referred to as "Wigner molecules" (Yannouleas and Landman, 1999). After restoration
of the angular-momentum symmetries, they are often,referred to (Yannouleas and
Landman, 2004b) as "rotating Wigner molecules'y, jexhibiting two special cases of
"rotating electron molecules" (Yannouleas and, Landman, 2003b) or "rotating boson
molecules" (Romanovsky et al., 2006). Localized corpuscular patterns or cluster
structures arise also in symmetry;broken mean-field single-particle densities of lighter
nuclei (Ichikawa et al., 2012; Girod andsSchuck, 2013; Ebran et al., 2013, 2017); they
are, however, associated with qa-particle multi-nucleon clustering.

Starting with the early 2000’s, the two-step methodology that combines symmetry
breaking with subsequent symmetry réstoration was employed extensively to investigate
the physics of quantum dots. In‘particular, using the Lowdin projection for restoring the
total spin, Yannouleas and Landman (2001) investigated the coupling and dissociation
of two electrons in a_doublé-well confinement (artificial Hy molecule), see section 2.2.
In addition to the spimirestoration, the formation of a two-electron rotating Wigner
molecule was describediin Yannouleas and Landman (2002b) by restoring simultaneously
the total angular momentum in the case of two electrons confined in a parabolic
(circularly symmetrie), single-well quantum dot.

For the/case of zero.or low magnetic fields and using the two-step method,
subsequent literature studied a larger number of electrons in parabolic quantum dots (in

€ The rotating-Wigner-molecule wave functions are stationary, exhibiting a time-independent single-
particle density. [The term "rotating" here refers to these wave functions having good quantal total
angular momenta, unlike a symmetry-broken crystalline UHF wave function. Time-evolution of wave
packets formed through the superposition of several rotating Wigner molecules (Yannouleas and
Landmany-2017) reintroduces (beyond mean field) symmetry breaking and leads to the concept of a
quantum space-time crystal (Wilczek, 2012; Li, Gong, Yin, Quan, Yin, Zhang, Duan and Zhang, 2012;
Yannouleas and Landman, 2017) and to phenomena of quantum-mechanical revival (Seideman, 1999;
Yannouleas and Landman, 2017; Eriksson et al., 2018); see also Liu et al. (2018, 2019) for analogous
superpositions that break and restore symmetries, experimentally achieved in natural molecules and
atoms.
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the range of 3 < N < 10). An explicit demonstration that the projected groundsstate
wave function has a lower energy compared to the UHEF one was given in Mikhailov
and Ziegler (2002) for N = 2 — 8 fully spin-polarized electrons. For N =3 electrons, a
detailed analysis of the lower point-group symmetries of the UHF broken-symmetry
molecular solutions and their influence upon the angular-momentumsrestored wave
functions was also carried out (Yannouleas and Landman, 2003a). The richness of
the physics embodied in the projected wave functions was illustrated'in Yannouleas and
Landman (2004b), where it was shown that the rotating Wigner melecule can attain
two opposite limits depending on the parameters of the system. Namely the limit of
a rigid 2D rotor is reached for strong Coulomb repulsion (e.g., "Ry = 200 >> 1) in
the absence of an applied magnetic field; the rotational spéctrum (yrast band) in this
case exhibits energy levels oc L?. An opposite limit of a‘hyper floppy rotor is reached
for smaller Ry, ~ 10, but very high magnetic field (the, lowest-Landau-level regime);
in this case the rotational energies (yrast band) haye an AL+ B/v/L dependence on
the total angular momentum L. The limit of a 2D rigid,rotor for Ry — oo and low
magnetic field was also demonstrated for the ¢case of NV = 9 and N = 8 ultracold
ions confined in a 2D ring-shaped trap (Yannouleas and Landman, 2017). The limit of
the 2D rigid-rotor rotational spectrum extraected in the papers above is reminiscent of
the projected-energy Kamlah expansion™ inyinteger powers of L for strong symmetry
breaking in rotating nuclei [see section 4 and-Chapter 11.4.4 of Ring and Schuck (1980)];
in the present cases, however, only the deminant term oc L? survives for Ry — oo.

Using broken-symmetry UHF solutions and following the Léwdin prescription for
the total-spin projection [see equation (181)] in connection with the construction of spin
eigenfunctions presented in Smiith Jrin(1964), the combined restoration of both total-
spin and angular-momentum approach was applied in a systematic investigation (De
Giovannini et al., 2007, 2008) at zero and low magnetic field B of the properties of 2D
parabolic quantum dots with up/to N = 12 electrons. In particular for B = 0, it was
confirmed that Hund’s zules apply for weaker interaction with Ry, < 2; for stronger
interaction (Ry > 4); Hund’s rules are violated signaling the dominance of a strong
Wigner molecule (Yannouleas and Landman, 1999).

For completeness, we mention that collective modes associated with the spurious
RPA states were used to,restore the broken rotational symmetry of UHF solutions
in parabolic quantum dots. The case of N = 2 electrons was systematically studied
(Serra et/all; 2003; Birman et al., 2013). This RPA-based approach, however, becomes
computationally prohibitive for larger N, due to the increasing number of RPA modes
thats/are required.

The symmetry-restoration methodology was also successfully used to describe

* The Kamlah expansion needs to be used in conjunction with the Cn Wigner-molecule lower
symmetry; otherwise (Miiller and Koonin, 1996) the multifaceted effects originating from the magic
angular momenta are missed. Moreover in the lowest-Landau-level regime, use (Miiller and Koonin,
1996) of the Kamlah expansion cannot reproduce the 1/ VL energy component characteristic of the
hyper-soft rotor (Yannouleas and Landman, 2004b; Li et al., 2006).
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aspects of the many-body physics of few electrons in the lowest Landau level..«This
level forms at very large magnetic fields B — oo, and it consists exclusively of all
single-particle levels o< rleit®e=r/2X% with zero radial nodes and arbitrary single-particle
angular momentum ¢. These levels are degenerate with energy of hw./2, where w,. i8
the cyclotron frequency w. = eB/m*c, and \. = IgV/2 = \/2h/(m*w,); see, e.g,, the
Appendix in Yannouleas and Landman (2007).

By constructing a Slater determinant out of the displaced Gaussian orbitals in
equation (176) (with A = \.), and projecting out the good total angular momentum
L, one can derive analytic expressions for the rotating electron molecule (Yannouleas
and Landman, 2002¢) for any number N of fully spin-polarized electrons (i.e., with S =
S, = N/2) and any L. Note that for large magnetic fields, thetelectrons in the ground
state are fully spin-polarized. Analytic expressions were‘derived for both the cases of
rotating electron molecules with (0, V) (Yannouleas andslsandman, 2002¢) and (1, N—1)
(Yannouleas and Landman, 2003b) ring configurations. A mumerical investigation of
lowest-Landau-level rotating electron molecules exhibiting.a configuration where the
electrons are arranged in a configuration consistingef r’ concentric regular polygons
(n1,n2,...,n., N = 3 "n;) was also presented (Yannouleas and Landman, 2004a).
Corresponding analytic expressions for rotatingsbosonic molecules for N spinless bosons
in the lowest Landau level in a double-ring configuration, (ni,ny) with n; + ny = N,
were subsequently derived (Yannouleas andsbandman, 2010).

Going beyond the rotating-electrom_or rotating-boson molecular states (which
describe pure vibrationless rotations), a class 6f trial wave functions portraying combined
rotations and vibrations of Wigner.molecules associated with concentric polygonal rings
was further introduced (Yannouleasand Landman, 2010, 2011). These trial functions,
referred to as rovibrational moleeular functions, are valid for both bosons and fermions
and provide a correlated basis that spans the translationally invariant part of the lowest-
Landau-level spectra for both the yrast and excited lowest-Landau-level states, and for
both low and high angular momenta (Yannouleas and Landman, 2010). As a result,
the restoration of breken symmetry approach can describe the totality of the lowest-
Landau-level states and not only the cusp states which are associated with ground states
exhibiting magic angulary momenta that are precursors of the fractional quantum Hall
effect states ¢haracterizediby fractions v.

A majorisubject in the lowest-Landau-level physics was the emergence of actual
broken-symmetry Wigner-solid crystal states. Such Wigner-solid crystals were expected
to appear for smaller fractions v < 1/5. It was thus surprising that a Wigner-
crystal regime was experimentally observed (Zhu et al., 2010) in the neighborhood of
v = 1/3 in the case of very clean samples. An interpretation of these observations
was achiéved using linear superpositions (wave packets) of angular-momentum-restored
wave functions (specifically the analytic ones of the rotating electron molecules). These
superpositions involve summation over several cusp states with different magic angular
momenta; they naturally break the rotational symmetry to exhibit explicitly the
crystalline structure, without necessarily reverting back to the UHF level. The triggering
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agent for the pinning of the rotating Wigner molecule and the enforcing of symmetry
breaking is the presence of residual impurities and disorder in the sample.

For non-fully spin polarized electrons, the symmetry restoration“in the lowest
Landau level must involve both the total spin S and the angular momentum L. Such
combined S and L projection leading to spin-dependent rotating electronanolecules with
S < N/2 was performed for N = 4 — 5 localized electrons in the lowest Landau level
(Shi et al., 2007; Dai et al., 2007). The combined spin and space projection was also
demonstrated for N lowest-Landau-level electrons confined in a ring, geometry (Yang
et al., 2008).

Of interest is the property that the edge states at zero-magnetic field in a circular
graphene dot with a zig-zag termination form a collection mimicking the lowest-Landau-
level manifold; these edge states appear due to the existeneeof two valleys in the single-
particle spectrum of the zero-mass Weyl-Dirac graphene electron. The formation of
rotating Wigner molecules in this novel lowest-Landau-level manifold was investigated
using both configuration-interaction and projection techniques (Wunsch et al., 2008;
Romanovsky et al., 2009).

7.3. Trapped ultracold neutral atomic gases andyions

Ultracold trapped neutral atems. interact via a Dirac-delta contact potential,
namely, in equation (170) one takés

U('T‘Z' — ’I"j) = g(S('I"l — ’l”j). (189)

In equation (189) above, the strength parameter g can take both negative (attractive
interaction) and positive (repulsive interaction) values. Experimentally, this parameter
can be varied continuously from theattractive to the repulsive regime; see, e.g., Ziirn
et al. (2012); Brandt et al{ (2015), For ultracold neutral atoms, the magnetic field B in
equation (170) can be mimicked with artificial synthetic fields (Goldman et al., 2014) or
the rotational frequency § of a rotating harmonic trap (Romanovsky et al., 2006) |with
an appropriate modifiéation of the parameter n in equation (170)]. °Li (fermionic) and
87Rb (bosonic) are examples of trapped neutral atoms.

In the case of ultracold atoms and molecules, dipole-dipole two-body interactions
were also experimentally réalized. However, no symmetry-restoration investigations
with dipolar interactions were reported as yet.

The' restoration of angular momentum was employed (Romanovsky et al., 2004)
to investigate systems with a finite number N of spinless neutral and charged bosons
(iong) confined in a 2D harmonic trap. The broken-symmetry UHF-type orbitals were
approximated as in equation (176), treating the positions and the widths of the displaced
Gaussians as variational parameters (which corresponds to a variation-after-projection
scheme). Wigner molecules were described for both neutral and charged bosons in
the regime of strong interparticle repulsion. For the case of neutral bosons, the Wigner-
molecule regime corresponds to a process of 2D fermionization, when the strong repulsion
keeps the particles away from each other overtaking the propensity of bosons to bunch
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Figure 23. Single-particle densities and conditional“*probability distributions
for N = 8 bosons in a rotating toroidal trap, see Romanevsky et al. (2006) for
details. (a) Gross-Pitaevskii single-particle density. (b). UBHF single-particle density
exhibiting breaking of the circular symmetry. (c) Rotating-boson-molecule single-
particle density exhibiting circular symmetry. (d) @onditional probability distribution
for the rotating-boson-molecule wave function (PRJ wave funiction, symmetry restored)
revealing the hidden point-group symmetry in the intrinsic frame of reference. The
fixed (observation) point is denoted by a white dot.. The rotating-boson-molecule
ground-state angular momentum is L = 16. Figure reprinted with permission from
Romanovsky et al. (2006). Copyrighted by the,American Physical Society.

together due to statistics. This fermionization, behavior is well known for strongly
repelling strictly 1D bosons (Girardeau, 1960); in two dimensions, it has also been
recently further verified via exact numerical calculations for two interacting bosons
(Mujal et al., 2018).

The system of N spinlessibosons in rotating harmonic and toroidal traps was also
studied (Romanovsky et al., 2006), using angular-momentum restoration techniques.
Figure 23 illustrates the patterns in the single-particle and two-body conditional
probabilities as the successive steps.sketched in figure 19 are applied. The conditional
probability is defined [see section 1.5 in Yannouleas and Landman (2007)] as the
probability for finding a pasticle at position r given that another particle is located
(fixed) at a reference point 5. To be noted is the fact, see (Romanovsky et al., 2006),
that the ground state has zero angular momentum only for small values of the rotational
frequency € (or equivalently for small magnetic field B); for larger values of €, the
ground-state angular mementum increases in steps of N, which is the hallmark of the
emergence of magic angular momenta.

An interesting’ application (Romanovsky et al., 2008) of the methodology of
projection techniques is the restoration of the rotational symmetry starting from broken-
symmetry, Gross-Pitaevskii solutions that describe vortices in rotating traps. In this
case, the symmetry-restored many-body wave functions can be characterized as rotating
vortex clusters. The presence of vortices is not visible in the single-particle densities of
the rotating vortex clusters, which are homogeneous; to reveal the hidden vortices, one
needs to employ the conditional probability distributions. The Gross-Pitaevskii vortex
states are shown to be wave packets composed of such rotating-vortex-cluster states.

Finally, we mention that the restoration of angular-momentum (under the name of
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"continuous configuration-interaction") was applied (Alon et al., 2004) in the casesof.an
attractive Bose gas on a ring. For strong attraction, the full-configuration-interaction
method converges very slowly with the increasing dimension of the employed diserete
single-particle basis, and thus the restoration of broken symmetry is advamtageous,
yielding lower total energies compared to the nonconverged configuration-interaction
ones.

7.4. Spin-projected UHF, Hubbard systems, and natural molecules

In addition to the description of novel strongly-correlated many-body phases and
phenomena (Yannouleas and Landman, 2007, 2006a) for electrons in . guantum dots and
trapped ultracold neutral atoms and ions, the two-step method of/ssymmetry breaking
and symmetry restoration beyond nuclear physics is also beingdeveloped in the direction
of a powerful computational approach that can rival in effectiveness the Kohn-Sham
density-functional computational technique. This computational direction is mainly
associated with the spin-projected UHF (restoration only” of spin) in the context of
condensed-matter Hubbard systems and satural, molecules traditionally belonging to
the field of chemistry. The specific approach, used to' restore the total spin is similar
to that used for the 3D total angular-momentum, projection in nuclear physics (Ring
and Schuck, 1980). This has definite practical advantages (Tsuchimochi and Van
Voorhis, 2015) for large-scale computations ecompared to the prescription suggested by
Lowdin (Lowdin, 1955b); however, see Pong Viver (2018). In this respect, we mention
that, unlike the symmetry-restoration techniques, the single-determinantal Kohn-Sham
density-functional formalism fails to.provide a complete description of magnetic states
(Kaplan, 2018), as well as to describe properly the regime of strong static correlation
|when there are several competing degenerate states, as in dissociation processes and the
formation of Wigner mole¢ulés; see, e.g., Cohen et al. (2008); Yannouleas and Landman
(2007, 2006a)|.

The Hubbard model (Huhbard, 1963) is widely used to describe strongly interacting
electrons in periodic peotentials (associated with natural ionic lattices in condensed-
matter systems) and most recently ultracold atoms trapped in artificial optical lattices.
The Hubbard medel Hainiltonian for N fermions is given by

N
H=+1 Z (0,00 + 0} ai0) + U Z Nt s (190)
i=1

<i,j>,0
where <"y, >ddenotes summation over nearest-neighbor sites and o sums over the up
(1) and down ({) spins, with n;,, = aifaaiyg. The parameters t and U are the hopping
parameter/and the on-site repulsion, respectively.

In"particular, following an early publication (Igawa, 1995), the method of
restoration of spin symmetries was applied with increasing numerical sophistication in
the case of one-dimensional Hubbard chains (Tomita, 2004, 2009; Schmid et al., 2005;
Rodriguez-Guzman et al., 2013). Partially two-dimensional Hubbard geometries (e.g.,
2x2 and 2x4 plaquettes) were also studied (Rodriguez-Guzmén et al., 2012) using the
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spin-projected HF approach. Interestingly, it was shown that the exact groundsstate
in a four-site Hubbard plaquette can be recovered by the spin-projected wave function
irrespective of the interaction strength (Leprévost et al., 2014). A combination ofispin
projection with Gutzwiller-type double-occupancy screening was also applied. to 2D
Hubbard lattices (Wahlen-Strothman and Scuseria, 2016).

The restoration of the total-spin symmetry was employed further to describe the
ground-state correlations and dissociation profiles of natural molecules (Scuseria et al.,
2011; Jiménez-Hoyos et al., 2012; Jiménez-Hoyos et al., 2013) familiar from quantum
chemistry. Examples of investigated systems were Os, Ny, HyO, [CuyO5]** core, etc.
A projected coupled cluster theory is being also developed for both natural molecules
and the Hubbard model. Tt was shown (Qiu et al., 2017) that spin restoration via
projection techniques significantly improves unrestricted ¢oupled-cluster-method results
while reimposing the required good quantum numbers:

7.5. Other electronic systems

In the early 1980’s, it was discovered that the doubly-excited states of the Helium
atom exhibit rovibrational spectra that reflect. the formation of a highly nonrigid linear
symmetric XYX "molecular" structure (Kellman and Herrick, 1980; Berry, 1989), where
the X’s stand for the two excited electrons and Y for the He nucleus. In addition to
other methods (Berry, 1989), these rovibrational spectra and corresponding underlying
collective wave functions were studied using.the approach of 3D angular-momentum
restoration (Iwai and Nakamura, 1989). Such molecular structures in highly excited
atoms indicate that physical processes associated with symmetry breaking cannot be
dismissed even in the case of matural atoms; they provide a bridge (Yannouleas and
Landman, 2007, 2006a) to theyregime of Wigner molecules in two-dimensional quantum
dots.

Another notablepapplication of projection techniques beyond nuclear physics is
the use of a number-prgjection method, see section 8.1 and Rossignoli (1995), to
calculate the canonical-ensemble, temperature-dependent free energy of metal clusters
for describing temperature effects in electronic-shell energy contributions (Frauendorf
and Pashkeviehyp1996); and in particular for describing temperature attenuation in
ionization potentials, electron affinities, and fission fragmentation of poly-cationic and
poly-anionie clusters (Yannouleas and Landman, 1997, 2000b; Yannouleas et al., 2002).

Particle-number projection techniques were also used to investigate the properties
of superconduc¢ting metal grains (Fernandez and Egido, 2003; Fernandez and Egido,
2005).

Finally worth mentioning is the use of projection-operator techniques to describe
the dynamic Jahn-Teller effect in natural molecules in the case of tunneling between
equivalently distorted energy-minimum configurations of the adiabatic potential energy
surface (Hallam et al., 1992; Dunn et al., 2012). Naturally, due to the very large masses of
theé ionic cores, the explicit symmetry-broken wave-packet state localized within a single
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minimum can be observed in cases when tunneling is suppressed (Bersuker, 2016 )asThis
is analogous to the observation of pinned classical Wigner crystals of trapped ultracold
ions (Yannouleas and Landman, 2017; Thompson, 2015).

7.6. Other emerging directions

7.6.1. Relation to entanglement and quantum information science. /The emergence of
modern quantum information theory is being built around exotic and counterintuitive
theoretical concepts, such as entanglement (Aspect, 2004; Mootters, 1998) and
quantumness (Piani et al., 2014; Modi et al., 2012), which refleet the complexity of
the structure of the quantum wave functions (e.g., non-factorizability.in the case of two
or more particles), or of quantum measurement. The symmetry=breaking mean-field
solutions are at a disadvantage in this area because they demot conserve symmetries
of the many-body Hamiltonian. In this context, it was shown (Zeng et al., 2014) that
the broken-symmetry BCS wave function represents/a ¢lass of wave functions where the
required quantumness was lost. It is noticeable thatithe lost quantumness [in the form of
proper description for the concurrence (Wéottersy; 1998)vand quantum discord (Ollivier
and Zurek, 2001)] is restored simultaneously with thewestoration of the particle number
symmetry in the projected BCS wave function.

Earlier, the ability of the totalsspin, symmetry-restored wave function to describe
properly the entanglement [in the form of eoncurrence and von Neumann entropy
(Wootters, 1998)] for two electrons in a ‘double quantum dot under the influence of
an increasing magnetic field was, also investigated in detail (Yannouleas and Landman,
2006b,a, 2007).

7.6.2. Time evolution infinite systems out of equilibrium. Apart from the small-
amplitude harmonic vibrations, broken-symmetry wave functions (single determinants
or permanents) fail to/describe’the proper time-evolution behavior when propagated
in time with the corresponding mean-field Hamiltonian (Lichtner and Griffin, 1976;
Yannouleas and Landman, 2017); see also Chapter 12.2.4 in Ring and Schuck (1980).
This drawback of the mean-field treatment of finite systems was earlier discussed in
the frameworksof heavy-ion collisions in nuclear physics (Lichtner and Griffin, 1976).
It is easily overcome by expressing the broken-symmetry wave function as a wave
packet (superposition) of symmetry-restored wave functions and evolving independently
in time | (by multiplying by a time-dependent phase) each component of the wave
packets, Using this approach, other symmetry-broken wave packets (different from the
UHF solutions) can be envisaged that exhibit single-particle densities with controlled
periodicities in both space and time, as was recently discussed in the framework of
implementing a quantum space-time crystal of ultracold atoms or ions in a ring-shaped
trap (Yannouleas and Landman, 2017). If the initial wave packet reproduces the UHF
or Gross-Pitaevskii broken-symmetry solution, revival and recurrence in-time behavior
is:generated (Eriksson et al., 2018).
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8. Projected statistics

Symmetry restoration can also be introduced in the context of quantal statistical
ensembles. The formal treatment of statistical ensembles requires the replasement of
mean values of operators by traces over the whole Fock space "weighted" by a density
matrix operator D responsible for the probability distribution (Kadanoffiet al., 1994;
Huang, 1987; Shieve and Horwitz, 2009; Attard, 2015). The form of this operator
depends on the problem at hand but it is typically defined as the exponential of
the Hamiltonian plus some additional terms. When the problem is restricted to the
mean-field level, the density matrix operator is the exponential‘of the one-body mean-
field Hamiltonian including pairing fields. In the trace, all possiblé*multi-quasiparticle
excitations of the mean-field ground state are considered,

In those mean-field applications in nuclear physics that reéquire the inclusion of
pairing correlations, the density matrix operator to be used .is the one of the grand
canonical ensemble. This is required to accommodate,the possibility of exchanging
particles with the external "reservoir". When restricted to the mean-field approximation
at finite temperature T, D is proportional to the exponential of the one body HFB
Hamiltonian Hypp

bHFB = Z—l exp [_B(HHFB — /\N)} (191)

with 6 = 1/(kgT) and Z = Tr[ﬁHpB] the partition function. As Hyrg — AN is a
quadratic form of creation and annihilationveperators

. . L, a 1 h— X\ A a
HHFB_)\Nzi(a a)(H—W)<a+>—§(a a)<—A* —h*—i—A)(a*)

its exponential ﬁHFB is the operator of a canonical transformation acting on the
quasiparticle operators/satisfying

( aci > Dy = Dypp exp [—BH/] < a(i ) (192)

with H' = H = N The matrices H and N have been introduced in equation 75.
This identity] allows\the calculation of any statistical trace by using Gaudin’s theorem
for Hartree-Fock states (Gaudin, 1960), which is the extension to statistical ensembles
of Wick’s theorem. Its generalization to HFB states is straightforward (Ring et al.,
1984; Rossignoli and Ring, 1994). Like Wick’s theorem, it allows us to write the
trace of any operator times the HFB statistical density matrix as a contraction of
the ‘operator’s matrix elements with the density and pairing tensors for the statistical
ensemble. Introducing the set of operators a, = (ay,...,an,a;f,...,a}) one gets for
the contraction

TI‘[CL#CLZ,IA)HFB} = ;{CLP7 aV} (]I T eXpH[_BH/] ) B (193)
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The zero temperature limit of this result can be used to derive a sort of generalized
Wick’s theorem for multiquasiparticle overlaps (Perez-Martin and Robledo, 2007). If

U oV

the matrix diagonalizing H' (see equation 75 ) then
i 1—f 0
=W wt 194
(07 o

where f, = 1/(1+exp(BE,)) are the Fermi statistical occupation factors given in terms

we denote by

of the quasiparticle energies F,, eigenvalues of the HFB-equations, see equation 75.

0y
Inserting this in equation 193 we finally arrive to the standard definitions for the finite

temperature density p = V*(1 — f)VT + U fU* and ksl fVEV*(1 — f)UT.

8.1. Symmetry restoration at finite temperature

In the context of finite temperature or statistical ensembles, symmetry restoration
means that the density matrix operator D has to besable to select from all the states
considered in the statistical trace only those withithe desired set of quantum numbers.
The easiest way to achieve this property.is by\sandwiching the statistical operator with
the projector onto the required quantum numbers one wants to select. For instance, for
particle-number restoration we have to replace the density matrix operator D by

Dy = PN*DPN. (195)
For non-abelian symmetry groups, like the one of angular-momentum projection the
expression of the density matrix, opérator gets a bit more involved and the reader
is referred to Rossignoli and Ring (1994) for the technical details. In general, the
expression for Dy is rather involved, but it simplifies enormously if D is restricted to be
the exponential of an oné=body operator, as it is the case in the mean-field approximation
to the exact D. Inthe following and just to illustrate the method, we will restrict the
discussion to the abelian case of particle-number projection. The projector PY is a linear
combination of exponentials of one body operators. Therefore, PNt Dypp PN becomes
a (very involyed) linear combination of products of exponentials of one body operators.
As in equation(192) those products are generators of canonical transformations

PN a PN a
T < - ) ToTy = exp(Th) exp(Tz) ( " ) (196)
whexre 7; are the matrices defining the one body operators in the exponents of Ti,
~ 1 "
T; = exp 5 Z a, (73)
v

As a consequence of this property, Gaudin’s theorem can still be used just replacing the
exp[—FH'] in equation (193) by the appropriate product of exponentials (see Rossignoli
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and Ring (1994) for details). The only difficulty in carrying out this programsis,in
the evaluation of the entropy, required to evaluate the free energy FF = H — TS,
The standard definition of the entropy involves the logarithm of the ‘density matrix
operator. In the standard mean-field approximation, this logarithm can _be evaluated
analytically and the final expression for the entropy in terms of quasi-particle energies
is straightforward. Unfortunately, the projected density matrix can not be expressed in
general as the exponential of an operator and therefore the evaluation of\the entropy
becomes a very complicated task (Esebbag and Egido, 1993). In spite of these difficulties,
the use of projected statistics proved to be advantageous over/other techniques when
applied in the spirit of projection after variation, that does not require the evaluation
of the entropy (Fanto et al., 2017). The intrinsic difficulty ‘associated with the sign
ambiguity in the evaluation of the partition function was addressed in Fanto et al. (2017)
in a time reversal preserving scenario and further generalized using the Pfaffian method
(Robledo, 2009) to the more general case involving time reversal breaking intrinsic states
(Fanto, 2017).

The shell model Monte Carlo method (Lang et al, 1993; Koonin et al., 1997a,b) is
often used to evaluate the partition function of nuclei with relatively large configuration
spaces. The shell model Monte Carlo requires the use of particle-number projection to
carry out calculations in the more convenient, canonical ensemble (Alhassid et al., 1999)
and therefore this constitutes another fieldvof application of the techniques discussed
here. Recently, the use of particle-number projection to carry out calculations in the
canonical ensemble was also explored in Magnus et al. (2017).

8.2. Thermo-field dynamics

To finish this sectiongslet ustbriefly mention an alternative to the traditional
approach described above and known under the name of thermo-field dynamics. It
consists in computing.the traces of statistical operators by using mean values of pure
states defined in an extended Fock space including twice the original degrees of freedom.
This approach wasfintroduced in the context of quantum field theory by Takahashi and
Umezawa (Takahashi and Umezawa, 1996). In this approach, the statistical average of
an operator Flawith probabilities p,,

<ﬁ>stat = Z<n|ﬁ’\n>pn, (197)

n

is replaced by the mean value of F with the wave function
(@) = V/Palnit) = /Prl11) + /p2|22) + - - (198)

which is'a linear combination of wave functions |nn) = |n) ® |n) defined in an extended
Foek space which is the tensor product of the original Fock space with itself. The ket
In) represents a new set of states with identical characteristics as |n). In the extended
Fock space all the operators are defined as F @1 where I is the identity in the space
spanned by |i1). A new set of creation and annihilation single-particle operators @, and
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ay, satisfying fermion canonical commutation relations and anti-commuting with allthe
elements of the original a; and aj, set is required too. An advantage of the formalism
is that |®) can be written as a HFB state, vacuum of a set of quasiparticles defined in
terms of the a; ,ax, af and a; by means of an appropriate BCS like transformation.
Therefore, we can use verbatim all the zero temperature formalism developed before
(including the generalized Wick’s theorem) to restore symmetries but takinginto account
properly the doubling of the single-particle Fock space. It is not clear, however, if this
method represents any advantage over the traditional one due to the'doubling of matrix
sizes. The procedure is analogous to the construction of statistical ensembles by taking
the trace over a subsystem of the whole Hilbert space of a pure state density matrix
operator. Applications to nuclear physics in the context of symmetry restoration are
given in Tanabe and Nakada (2005) but only formal expressions are developed in the
mentioned reference.

9. Summary, conclusions, and perspectives

In recent years, research in mesoscopi¢.many-body/systems witnessed a discernable
progress with the development of the ‘state-of-the-art models and methods. In
particular, ab initio methods and mean-field theory based on effective interaction are
now widely used to elucidate rich and fascinating properties of these quantum many-
body systems. On the one hand, applications of the ab initio methods are still
restricted to lighter systems only, whereasithe mean-field approaches can be applied
to investigate mesoscopic systems of any size. In particular, in nuclear physics, the
density functional theory was/employed to investigate ground-state properties of all
nuclear species predicted to exist.in the Segré chart.

Spontaneous symmetry breaking mechanism, inherent to the mean-field based
approaches, played an important role in our understanding of many-body systems.
For instance, in rotating nuclei, the breaking of rotational symmetry led to the
fundamental concept-of deformation in nuclei. Nevertheless, the quantal fluctuations of
the observables, absent inimean-field approaches, become quite important for mesoscopic
systems.

To build gquantal fluetuations on top of the mean-field solutions, several approaches
were developed. A powerful method to include these fluctuations is through the
restoration of the broken symmetries. In the prelude section of this review, the
spontaneous symmetry breaking mechanism was illustrated through three simple
examples. The main purpose of the present review was to provide an overview of the
recent developments and, more importantly, to bring to focus the bottlenecks in the
application of symmetry-restoration methods.

The general formalism of symmetry restoration, whose origin can be traced in
group theory and generator coordinate method, was laid out in section 3. There we
distinguished between the symmetry restoration for abelian groups (particle number,
linear momentum, parity), which have mathematical properties of projection operators,
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versus the symmetry restoration for non-abelian groups, as is the case of the rotational
symmetry, relevant for the spatial coordinates, spin, or isotopic spin. In the later case,
the symmetry-restoration operators do not obey properties of a projeetion operator,
but they nevertheless project out the relevant symmetry quantum numbers. ‘Eurther,
we discussed the fact that the symmetry restoration can be performed either before
minimization or after minimization of the energy functional. In the formerapproach,
commonly referred to as variation after projection, symmetry breaking states (often
called “intrinsic states") are determined by application of the variational/principle on
the projected energy (i.e., energy computed with the projected gvave functions). In this
procedure, different intrinsic states are obtained for different quantum numbers of the
restored symmetry. In the latter approach, referred to as projection after variation, the
intrinsic state is determined without consideration of the‘subsequent projection.

In general, implementation of the symmetry testoration is numerically quite
challenging, especially in realistic applications where several’quantum numbers need
to be restored simultaneously, and calculations need torbe performed in the spirit of
variation-after-projection method. Due to these numerical challenges, development
of approximate projection methods weresactively. pursued by exploiting the sharp
character of the overlap kernel when the trinsic state strongly breaks the underlying
symmetry. This resulted in the development of popular methods of Lipkin-Nogami
and Kamlah, and were discussed /4n section,4. We showed that these methods lead
to successful approximations, like the mean-field cranking model — a useful concept to
understand the physics of rotational bands. Symmetry-restoration methods were also
successfully applied to simple nuelear models, where the Hamiltonian is separable or
the configuration spaces are limited to.a few oscillator shells. These applications were
discussed in section 5.

Although the mechanism of \symmetry restoration can be consistently formulated
for systems described in terms of a Hamiltonian operator, this is not the case for the
energy density functionals, which are commonly employed in nuclear physics to provide a
description of low energy observables all over the Segré chart. The complexity of nuclear
interaction, and ,in-medium effects that characterize many-body systems, required
the introduction’ of phenomenological density-dependent interaction terms, for which
symmetry-restoration metheds cannot be uniquely defined. This is further aggravated
when separate’interactions are being considered in particle-particle and particle-hole
channelss/ Recently, there were several attempts to overcome these difficulties, but
a satisfactory solution, covering both sources of problems, is still not available. A
possible solution, which is being vigorously pursued, is to base the functionals on the
Hamiltonian picture with explicit three-body terms. However, this approach is not
yet sufficiently developed to give definite answers at this stage. Nevertheless, many
symmetry restored calculations performed with present-day energy density functionals
seem to provide reasonable and a consistent picture of low-energy nuclear phenomena,
as was elucidated in section 6. The results, however, should be taken with a pinch of
salt as they might be contaminated with spurious effects.

Page 104 of 145



Page 105 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

CONTENTS 105

Mesoscopic condensed matter systems and the physics of atoms and molecules,
as well as assemblies of trapped ultracold ions and neutral atoms, are mostly free
from the above mentioned difficulties as the interaction is often just the Coulomb or
a contact interaction between the constituents of the system. Applications of symmetry
restoration to those areas share many technical details with the ones in nuclear physics,
but there are also clear differences like the fact that rotational symmetry restoration can
be carried out separately for the spatial coordinates and the spin in condensed matter
physics. Many applications were presented where symmetry breaking and restoration
represent an easy way to understand the complexity of the problem, see sections 6 and
7. Finally, in section 8.1 we demonstrated that the concept of symmetry restoration
can be extended to the realm of quantum statistical mechanies, where pure states are
replaced by a set of quantum states with a prescribed prébability distribution.

Based on the results presented in this work, it cansbe coneluded that the method
of symmetry restoration applied to mean-field wave functions provides a simple and
fruitful mechanism to incorporate important dynamic correlations, while still using a
simple framework of product wave functions. Farthermore, in this approach one stays
within a fully quantum mechanical desceription from 'the beginning to end, and the
classical picture of collective motion does not have to be invoked.

The generator coordinate method can, be ‘employed along with the symmetry
restoration to provide a powerful frameworksto describe quantal fluctuations of relevant
degrees of freedom around the mean-field values. In future, we expect development
of more advanced configuration interaction approaches with symmetry projected
states as the basic building blocks. For instance, projected multi-quasiparticle basis
configurations can be constructed “around the optimal mean-field, in the spirit of
traditional shell-model approachy. to describe the physics of excited configurations and
also to incorporate many-body correlations in the ground state. Finally, inspired by
the successes of symmetry breaking and restoration in mean-field approaches, in nuclear
physics and quantum| chemistry analogous methods were also recently implemented in
the context of the so=ealled @b initio calculations, see, e.g., Duguet (20145); Duguet and
Signoracci (2016); Qiu etial. (2019); Yao et al. (2020) and section 5.3.
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Appendix A. Overlaps and matrix elements between HFB states

The restoration of the symmetries broken by intrinsic HFB states xequires to
consider matrix elements of various operators between different HEB states. /This is a
rather general statement because the action of any operator belonging to the symmetry
group on a given HFB state is again another HFB state. The/origin of this property
lies on the fact that the algebra of one-body operators can be used to provide a
representation of any matrix Lie algebra (Gilmore, 2008b). Therefore, the symmetry
operations (which are members of the group spanned by the,corresponding Lie algebra)
are equal to exponentials of one body operators and the Thouless theorem (Thouless
and Valatin, 1962; Mang, 1975) applies.

The evaluation of the required matrix elements is best carried out with the help of
the generalized Wick’s theorem. The theorem, fhatican be derived in many different
ways (Lowdin, 1955a; Onishi and Yoshida, 1966; Balian and Brezin, 1969; Hara and
Sun, 1995; Bertsch and Robledo, 2012; Ring and Schuck, 1980), states that the matrix
elements of an arbitrary operator O between arbitrary, non orthogonal, HFB states |®g)
and |®y), (Bo|O]®1)/(Po|®1), can alwayssbe written in terms of the sum of all possible
two-quasiparticle contractions,

(PolBuBy|P1) G (PolBuf)|P1) 5o, (A1)

(®o|D1) (Po|D1)

where the 3, and 6;“ are annihilation and creation operators associated with |®g). The
only non-trivial contraction is given.in terms of the skew-symmetry matrix C),, which
is the product of the invérse of \A = U U; + Vi'Vi times B = U Vi + V;tU, ie.,
C = A7'B. The Uy, Vyand U, Vi are the Bogoliubov transformation amplitudes of the
corresponding HFB states. As an example, one of the terms entering the Hamiltonian
overlaps is given by

(PlBuB Bo | P1)

(Po|@1)

In the general case, where the matrix element of a product of n creation and annihilation

=CLCsp —CuCyp + CupChps (A.2)

quasipartiele operators is required, the number of terms in the sum grows very quickly
and is given by, (n — 1)!l. This is the so called combinatorial explosion problem (see
Hu et.al. (2044) for an example) that hampers applications where multi-quasiparticle
excitations have to be considered. This difficulty can be avoided using the formulation
of Bertsch'and Robledo (2012) in terms of Pfaffians (see below).

The overlap (®o|®;) given by the Onishi formula (Onishi and Yoshida, 1966; Balian
and Brezin, 1969; Hara and Sun, 1995),

(@o|®,) = +/det 4, (A.3)
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suffers from a sign indeterminacy that requires further consideration. The signs, of
the overlap affects the quantities to be integrated in the symmetry restoration or
configuration-mixing methods. A wrong assignment of the sign even in a small
integration interval can substantially change the value of the integral.” The sign
problem was addressed in the past using different strategies like continuity arguments or
determining pairwise degenerate eigenvalues of a general matrix (Neergardiand Wiist,
1983). However, the use of techniques of fermion coherent states allows us to/avoid the
sign problem by expressing the overlap in terms of the Pfaffian of'a _skew-symmetric
matrix (Robledo, 2009, 2011; Bertsch and Robledo, 2012; Avez /and Bender, 2012),

MO T
(@o|®1) = spf(M) =swpf |~ ). 7] (A.4)
for the skew-symmetric matrices M@ = (V;U; )" given in téfms of the Bogoliubov

amplitudes. Formula (A.4) assumes that both HFB states are.normalized as (0|®;) =1
and that their Bogoliubov amplitudes are expressed in a gemmon single-particle basis of

NIN+1)/2. see Avez and Bender

dimension N, which defines the phase factor sy/= (=1)
(2012) for a generalization relaxing this assumption.  We also note that recently Mizusaki
et al. (2018); Bally and Duguet (2018) haye provided additional perspectives into the
sign problem. The Pfaffian of a skew-symmetric matrix is a quantity similar to the
determinant and shares with it many properties. The numerical evaluation of the
Pfaffian can be carried out using the traditional algorithms of linear algebra with a
cost similar to the one of the,determinant (Gonzalez-Ballestero et al., 2011; Wimmer,

2012).



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 108

References

Alhassid Y, Liu S and Nakada H 1999 Particle-number reprojection in the shelllmodel
Monte Carlo method: Application to nuclear level densities Phys. Rev. Lett. 83, 4265~
4268.
https://link.aps.org/doi/10.1103/PhysRevLett.83.4265

Alon O E, Streltsov A I, Sakmann K and Cederbaum L S 2004 Contintious cenfiguration-
interaction for condensates in a ring FPL 67, 8.
https://doi.org/10.1209/epl/i2004-10047-3

Anguiano M, Egido J and Robledo L 2001 Particle number projection with effective
forces Nuclear Physics A 696(3), 467 — 493.
http://www.sciencedirect.com/science/article/pIMgS0375947401012192

Anguiano M, Egido J and Robledo L. 2002 Mean-field ‘based approaches to pairing
correlations in atomic nuclei Physics Letters B 545(1), 62'= 72.
http://www.sciencedirect.com/science/arfgicle/Piwr/S0370269302025571

Aspect A 2004 "John Bell and the second/quantum revoelution,” foreword of Speakable
and unspeakable in quantum mechanies: »J.S. Bell papers on quantum mechanics
Cambridge University Press, New York.

Attard P 2015 Quantum StatisticalbwMechanics G - Reference, Information and
Interdisciplinary Subjects Series IOP,Publishing.
https://books.google.es/books?id=Ak9BjgEACAAT

Avez B and Bender M 2012 Eyaluation of overlaps between arbitrary fermionic
quasiparticle vacua Phys. Rev. ("85,.034325.
https://link.aps.org/doi¥i0.11403/PhysRevC.85.034325

Balian R and Brezin E 1969 Nonunitary Bogoliubov transformations and extension of
Wick theorem Il Nuoyo €imento B (1965-1970) 64, 37-55.
http://dx.doi.orgi0 . 1007/BF02710281

Bally B, Avez B, Bender M and Heenen P H 2014 Beyond mean-field calculations for
odd-mass nuclei Phys. ‘Rev. Lett. 113, 162501.
https://link, aps@e#E/doi/10.1103/PhysRevlett.113.162501

Bally B and Bender M 2021 Projection on particle number and angular momentum:
Example.of triaxial Bogoliubov quasiparticle states Phys. Rev. C 103, 024315.
httpsf//link.aps.org/doi/10.1103/PhysRevC.103.024315

Bally.B and.Duguet T 2018 Norm overlap between many-body states: Uncorrelated
overlap between arbitrary Bogoliubov product states Phys. Rev. C'97, 024304.
ht@psf/1ink.aps.org/doi/10.1103/PhysRevC.97.024304

Baranger M and Kumar K 1968 Nuclear deformations in the pairing-plus-quadrupole
model: (II). Discussion of validity of the model Nucl. Phys. A 110, 490.
https://doi.org/10.1016/0375-9474(68)90370-9

Page 108 of 145



Page 109 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 109

Baranger M and Vénéroni M 1978 An adiabatic time-dependent Hartree-Fock theery. of
collective motion in finite systems Annals of Physics 114(1), 123 — 200.
http://www.sciencedirect.com/science/article/pii/0003491678902658

Barrett B R, Navratil P and Vary J P 2013 Ab initio no core shell model Pragress in
Particle and Nuclear Physics 69, 131-181.
https://www.sciencedirect.com/science/article/pii/S0146641012Q91484

Bartlett R J 2010 Ab initio DF'T and its role in electronic structure theory. Mol. Phys.
108, 3299-3311.
https://doi.org/10.1080/00268976.2010.532818

Baye D and Heenen P H 1984 Angular momentum projection on-a-mesh of cranked
Hartree-Fock wave functions Phys. Rev. C'29, 1056-1068.
https://link.aps.org/doi/10.1103/PhysRevC.29.1056

Bayman B 1960 A derivation of the pairing-correlation method Nuclear Physics 15, 33
- 38.
http://www.sciencedirect.com/science/aytI@ile/p¥1/0029558260902790

Becke A D 2014 Perspective: Fifty years of density-functional theory in chemical physics
J. Chem. Phys. 140, 18A301.
https://aip.scitation.org/doi/10.10§3/1@869598

Beiner M, Flocard H, Giai N V and Quentin P 1975 Nuclear ground-state properties
and self-consistent calculations with the,Skyrme interaction: (I). Spherical description
Nuclear Physics A 238(1), 29 — 69.
http://www.sciencedirect . €om/science/article/pii/0375947475903383

Bender M, Bertsch G F and Heenen P H 2005 Systematics of quadrupolar correlation
energies Phys. Rev. Lett. 94(10)5:102503.
http://link.aps.orgfabgtract/PRL/v94/e102503

Bender M, Bertsch GoF andiHeénen P H 2006 Global study of quadrupole correlation
effects Phys. Rev. C 733034322.
https://link.dpsS Olg/doi/10.1103/PhysRevC.73.034322

Bender M, Bertsech, G F and Heenen P H 2008 Collectivity-induced quenching of
signatures for shell closures Phys. Rev. C' 78, 054312.
https://Wigk.aps.org/doi/10.1103/PhysRevC.78.054312

Bender M, Bonehe P, Duguet T and Heenen P H 2004 Configuration mixing of
angular momentum projected self-consistent mean-field states for neutron-deficient
Pbisotopes Phys. Rev. C' 69, 064303.
hitps:/flink.aps.org/doi/10.1103/PhysRevC.69.064303

Bender M, Bonche P and Heenen P H 2006 Shape coexistence in neutron-deficient
Kriisotopes: Constraints on the single-particle spectrum of self-consistent mean-field
models from collective excitations Phys. Rev. C' 74, 024312.
https://link.aps.org/doi/10.1103/PhysRevC.74.024312



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 110

Bender M, Duguet T and Lacroix D 2009 Particle-number restoration within the energy
density functional formalism Phys. Rev. C'79, 044319.
https://doi.org/10.1103/PhysRevC.79.044319

Bender M and Heenen P H 2008 Configuration mixing of angular-momentum and
particle-number projected triaxial Hartree-Fock-Bogoliubov states using the Skyrme
energy density functional Phys. Rev. C 78, 024309.
https://link.aps.org/doi/10.1103/PhysRevC.78.024309

Bender M, Heenen P H and Bonche P 2004 Microscopic study of 2°PuMean field and
beyond Phys. Rev. C'70, 054304.
https://link.aps.org/doi/10.1103/PhysRevC.70.054304

Bender M, Heenen P H and Reinhard P G 2003 Self-consistent méan-field models for
nuclear structure Rev. Mod. Phys. 75, 121-180.
https://link.aps.org/doi/10.1103/RevModPhysfl 75421

Bender M, Rutz K, Reinhard P G and Maruhn J 2000:Consequences of the center-of-
mass correction in nuclear mean-field models FurnPhys. J. A 7(4), 467-478.
http://dx.doi.org/epja/v7/p467 (epfa2199

Bennaceur K, Dobaczewski J and Raimondi F 2014 New density-independent
interactions for nuclear structure calculations EPJ Web of Conferences 66, 02031.
http://dx.doi.org/10.1051/cpjComifin@20246602031

Bennaceur K, Idini A, Dobaczewski J, Dobaczewski P, Kortelainen M and Raimondi
F' 2017 Nonlocal energy density functionals for pairing and beyond-mean-field
calculations Journal of Physics G: Nuclear and Particle Physics 44(4), 045106.
http://stacks.iop.org/0954-38Q9¢ 44/1i=4/a=045106

Bernard R, L.M R and T.R. R"2017 Octupole correlations in a symmetry conserving
framework Acta Phys. Pold B 48, 249.
http://www.actaphys . Gjpedl. pl/findarticle?series=Reg&vol=48&page=249

Bernard R N, Robledo L'M and Rodriguez T R 2016 Octupole correlations in the 4Ba
nucleus described with, symmetry-conserving configuration-mixing calculations Phys.
Rev. C'93, 061302.
https://1imkwapsSWeLg/doi/10.1103/PhysRevC.93.061302

Berry R S 1989 How good'is Niels Bohr’s atomic model? Contemporary Physics 30, 1.
https AdoTN8EE/10.1080/00107518908222587

Bersuker.I B 2016 in ‘Adv. Chem. Phys.” Wiley-Blackwell chapter 3, p. 159.
ht4s : /Y@0% . org/10.1002/9781119165156.ch3

Bertsch G F and Robledo L M 2012 Symmetry restoration in Hartree-Fock-Bogoliubov
based theories Phys. Rev. Lett. 108, 042505.
Bttpy//1link.aps.org/doi/10.1103/PhysRevLett.108.042505

Birman J L, Nazmitdinov R G and Yukalov V T 2013 Effects of symmetry breaking in

finite quantum systems Physics Reports 526, 1.
https://doi.org/10.1016/j.physrep.2012.11.005

Page 110 of 145



Page 111 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 111

Baczyk P, Dobaczewski J, Konieczka M, Satuta W, Nakatsukasa T and Sato K#2018
[sospin-symmetry breaking in masses of N ~ Z nuclei Physics Letters B 778, 178+
183.
https://www.sciencedirect.com/science/article/pii/S037026931830Q170

Bogner S K, Furnstahl R J and Schwenk A 2010 From low-momentum /interactions to
nuclear structure Progress in Particle and Nuclear Physics 65(1), 94=14T7.
https://www.sciencedirect.com/science/article/pii/S014§641018000347

Bogner S, Kuo T T S and Coraggio L 2001 Low momentum nucleon-nueleon potentials
with half-on-shell T-matrix equivalence Nuclear Physics A 684(1)5432-436.
https://www.sciencedirect.com/science/article/pimlS0375947401004493

Boguta J and Bodmer A R 1977 Relativistic calculation of nueléar matter and the
nuclear surface Nucl. Phys. A 292(3), 413-428.
https://doi.org/10.1016/0375-9474(77)90626-{1

Bohm D 1951 Quantum Theory Prentice Hall, New York.

Bohm D and Aharonov Y 1957 Discussion of eéxperimental proof for the paradox of
Einstein, Rosen and Podolsky Phys. Rev., 108(4); 1070 — 1076.
https://doi.org/10.1103/PhysRev. 1932070

Bohr A and Mottelson B 1953 Collective and individual-particle aspects of nuclear
structure Dan. Mat. Fys. Medd/27, no. 16:
http://gymarkiv.sdu.dk/MFM/kdvs/afm20-29/mfm-27-16.pdf

Bohr A and Mottelson B 1955 Moments of inertia of rotating nuclei Dan. Mat. Fys.
Medd. 30, no. 1.
http://gymarkiv.sdu.dk/MFM/kdW§/mfm30-39/mfm-30-1.pdf

Bohr A and Mottelson B 1998, Nuelear Structure World Scientific, Singapore, Vol. I1.

Bonche P, Dobaczewski J, Flocard H and Heenen P H 1991 Generator coordinate method
for triaxial quadrupele colléetive dynamics in strontium isotopes Nuclear Physics A
530(1), 149 — 170.
http://www.scjenc@@irect.com/science/article/pii/0375947491907604

Bonche P, Dobaczewski J, Flocard H, Heenen P H and Meyer J 1990 Analysis of the
generator ¢éordinate method in a study of shape isomerism in '"*Hg Nuclear Physics
A 510(3), 466 — 502.
http: /v .S€¥encedirect.com/science/article/pii/037694749090062Q

Bonche B, Koonin S and Negele J W 1976 One-dimensional nuclear dynamics in the
time-dependent Hartree-Fock approximation Phys. Rev. C 13, 1226-1258.
hetps:/¥f1link.aps.org/doi/10.1103/PhysRevC.13.1226

BorrajoM and Egido J L 2018 Symmetry conserving configuration mixing description
of 0dd mass nuclei Phys. Rev. C'98, 044317.
https://link.aps.org/doi/10.1103/PhysRevC.98.044317

Borrajo M, Rodriguez T R and Egido J L 2015 Symmetry conserving configuration



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 112

mixing method with cranked states Physics Letlers B 746, 341 — 346.
http://www.sciencedirect.com/science/article/pii/S0370269315003646

Brandt B B, Yannouleas C and Landman U 2015 Double-well ultracold-fermions
computational microscopy: Wave-function anatomy of attractive-pairing.and Wigner-
molecule entanglement and natural orbitals Nano Lett. 15, 7105.
https://doi.org/10.1021/acs.nanolett.5b03199

Brink D and Svenne J 1970 Isospin mixing of Hartree-Fock solutions Nuclear Physics A
154(3), 449 — 457.
http://www.sciencedirect.com/science/article/pii/03¢ 594 090117X

Brown B A and Richter W A 2006 New “USD” Hamiltoniansg'for the.sd shell Phys. Reuv.
C 74, 034315.
https://link.aps.org/doi/10.1103/PhysRevC.74.034306

Bucher B, Zhu S, Wu C Y, Janssens R V F, Bernard RIN, Robledo L. M, Rodriguez T R,
Cline D, Hayes A B, Ayangeakaa A D, Buckner M'Q, €ampbell C M, Carpenter M P,
Clark J A, Crawford H L, David H M, Dickerson,C, Harker J, Hoffman C R, Kay
B P, Kondev F G, Lauritsen T, Macchiavelli A*O, Pardo R C, Savard G, Seweryniak
D and Vondrasek R 2017 Direct evidence for octupole deformation in “°Ba and the
origin of large £1 moment variations in reflectionsasymmetric nuclei Phys. Rev. Lett.
118, 152504.
https://link.aps.org/doi/10.1T88/PhySRevlett.118.152504

Biirvenich T, Madland D G, Maruhn J A and Reinhard P G 2002 Nuclear ground state
observables and QCD scaling ima refined relativistic point coupling model Phys. Rev.
C' 65, 044308.
https://link.aps.org/doi¥g0.1403/PhysRevC.65.044308

Bychkov Y A and Rashba/E 1 1984 Properties of a 2D electron gas with lifted spectral
degeneracy JETP Lett. 39, 78:
http://jetpletterdpru/ps/1264/article_19121.shtml

Carlson J, Gandolfi'S, Pederiva F, Pieper S C, Schiavilla R, Schmidt K E and Wiringa
R B 2015 Quantum monte carlo methods for nuclear physics Rev. Mod. Phys.
87, 1067-1118.

Casimir H 1935 Uber die hyperfeinstruktur des Europiums Physica 2(1), 719 — 723.
https: fhdoWyesng/10.1016/50031-8914(35)90148-3

Caurier '[E and |Grammaticos B 1977 Projected spectra of light nuclei with Skyrme
interactions ' Nuclear Physics A 279(2), 333 — 346.
http://www.sciencedirect.com/science/article/pii/0375947477902329

CaurierE, Martinez-Pinedo G, Nowacki F, Poves A and Zuker A P 2005 The shell model
as.a unified view of nuclear structure Rev. Mod. Phys. 77, 427-488.
https://link.aps.org/doi/10.1103/RevModPhys .77 .427

Caurier E and Poves A 1982 An isospin projected Hartree-Fock description of proton

Page 112 of 145



Page 113 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 113

and neutron radii Nuclear Physics A 385(3), 407 — 429.
http://www.sciencedirect.com/science/article/pii/037594748290094X

Caurier E, Poves A and Zuker A 1980a Hartree-Fock versus isospin projected Hartreet
Fock in nuclei with neutron excess Physics Letters B 96(1), 11 — 14.
http://www.sciencedirect.com/science/article/pii/0370269388202002

Caurier E, Poves A and Zuker A 19800 Isotope shifts and Coulomb displacementénergies
in calcium isotopes Physics Letters B 96(1), 15 — 18.
http://www.sciencedirect.com/science/article/pii/0370269880802014

Cloét I C et al. 2019 Opportunities for nuclear physics and quantum’information science
ArXiv e-prints .
https:/arxiv.org/abs/1903.05453v2

Cohen A J, Mori-Sanchez P and Yang W 2008 Insights into current limitations of density
functional theory Science 321, 792.
https://science.sciencemag.org/content/321/580/792

Dai Z, Zhu J L, Yang N and Wang Y 2007 Spin-dependent rotating Wigner molecules
in quantum dots Phys. Rev. B 76, 085308.
https://doi.org/10.1103/PhysRevB.%6%085303

Davesne D, Navarro J, Meyer J, Bennaceur K and Pastore A 2018 Two-body
contributions to the effective mass in nuclear effective interactions Phys. Rev. C
97, 044304.
https://link.aps.org/doa/10.1103/PhysRevC.97.044304

Day B D 1967 Elements of the Brueckner-Goldstone theory of nuclear matter Rev. Mod.
Phys. 39, 719-744.
https://link.aps.org/doi /Mumdd'03/RevModPhys.39.719

De Giovannini U, Cavaliere/ F, Cenni R, Sassetti M and Kramer B 2007 Spin and
rotational symmetries in unrestricted Hartree-Fock states of quantum dots New J.
Phys. 9, 93.
https://doi.oyg/TAN1088/1367-2630/9/4/093

De Giovannini U; Qayaliere F, Cenni R, Sassetti M and Kramer B 2008 Spin-projected
unrestricted™Hartree-kock ground states for harmonic quantum dots Phys. Rev. B
77, 035325,
https /o TMGEE/10.1103/PhysRevB.77.035325

de Groote R P, Moreno J, Dobaczewski J, Moore I, Reponen M, Sahoo B K and Yuan C
2020Meastirement of an unusually large magnetic octupole moment in **Sc challenges
state-of-the-art nuclear-structure theory arXiv:2005.00414 .
ht'Spggl/ arxiv.org/abs/2005.00414

Delaroche J P, Girod M, Libert J, Goutte H, Hilaire S, Peru S, Pillet N and Bertsch
G 2010 Structure of even-even nuclei using a mapped collective Hamiltonian and the
D1S Gogny interaction Phys. Rev. C 81, 014303.
https://doi.org/10.1103/PhysRevC.81.014303



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 114

Dietrich K, Mang H J and Pradal J H 1964 Conservation of particle number innthe
nuclear pairing model Phys. Rev. 135, B22-B34.
https://link.aps.org/doi/10.1103/PhysRev.135.B22

Ditchfield R 1974 Self-consistent perturbation theory of diamagnetism.T. angauge-
invariant LCAO method for N.M.R. chemical shift Mol. Phys. 27, 789:
https://www.tandfonline.com/doi/abs/10.1080/0026897740010Q7 1%

Dobaczewski J 2009 Lipkin translational-symmetry restoration in the mean-field and
energy—density-functional methods Journal of Physics G: Nuclearsand Particle
Physics 36(10), 105105.
http://stacks.iop.org/0954-3899/36/1i=10/a=105105

Dobaczewski J and Nazarewicz W 1993 Comment on “pairing eorrelations studied in
the two-level model” Phys. Rev. C 47, 2418-2421.
https://link.aps.org/doi/10.1103/PhysRevC.4¥ . 24%3

Dobaczewski J, Nazarewicz W and Stoitsov M 2002 Nuclear ground-state properties
from mean-field calculations Eur. Phys. J. A ¥5(1:2), 21.
https://link.springer.com/articlef{10. 1940/ ep§e/12001-10218-8

Dobaczewski J, Satuta W, Carlsson B, Engel J;, Olbratowski P, Powatowski P, Sadziak
M, Sarich J, Schunck N, Staszczak A, Stoitsev' M, Zalewski M and Zduriczuk H
2009 Solution of the Skyrme-Hartreez=Foek-Bogolyubov equations in the Cartesian
deformed harmonic-oscillator basis.:(VI) HFODD (v2.40h): A new version of the
program Computer Physics,Communications 180(11), 2361 — 2391.
http://www.sciencedireCt@em/science/article/pii/S0010465509002598

Dobaczewski J, Stoitsov M V, Nazarewicz W and Reinhard P G 2007 Particle-number
projection and the density funetional theory Phys. Rev. C' 76, 054315.
https://link.aps.orgf/dg1/40.1103/PhysRevC.76.054315

Doénau F 1998 Canonical form of transition matrix elements Phys. Rev. C' 58, 872-877.
https://link.aps”0®fg/doi/10.1103/PhysRevC.58.872

Dresselhaus G 1955 Spin-orbit coupling effects in Zinc Blende structures Phys. Rev.
100, 580.
https://doamerg /NS 1103/PhysRev. 100.580

Dufour M and/Zuker A P/'1996 Realistic collective nuclear Hamiltonian Phys. Rev. C
54, 1641=1660.
httpsi//link.aps.org/doi/10.1103/PhysRevC.54.1641

Duguet T 2014¢ in C Scheidenberger and M Pfiitzner, eds, ‘The Euroschool on Exotic
Beams, Vol. IV.” Vol. 879 of Lecture Notes in Physics Springer, Berlin, Heidelberg
pp-293 — 350.
hittps://doi.org/10.1007/978-3-642-45141-6_7

Duguet T 201456 Symmetry broken and restored coupled-cluster theory: I. Rotational
symmetry and angular momentum Journal of Physics G: Nuclear and Particle Physics

Page 114 of 145



Page 115 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 115

42(2), 025107.
https://doi.org/10.1088/0954-3899/42/2/025107

Duguet T, Bender M, Bennaceur K, Lacroix D and Lesinski T 2009 Particle-number
restoration within the energy density functional formalism: Non viability of terms
depending on non integer powers of the density matrices Phys. Rev. C.79, 044320.
https://link.aps.org/doi/10.1103/PhysRevC.79.044320

Duguet T, Bender M, Ebran J P, Lesinski T and Soma V 2015 Ab initio-driven nuclear
energy density functional method The Furopean Physical Journal Avs3(12), 162.
https://doi.org/10.1140/epja/i2015-15162-4

Duguet T and Bonche P 2003 Density dependence of two-body. interaetions for beyond-
mean-field calculations Phys. Rev. C' 67, 054308.
https://link.aps.org/doi/10.1103/PhysRevC.67.0543Q8

Duguet T and Signoracci A 2016 Symmetry broken and restored coupled-cluster theory:
IT. Global gauge symmetry and particle number Journal of Physics G: Nuclear and
Particle Physics 44(1), 015103.
https://doi.org/10.1088/0954-3899¢44 /1015108

Dukelsky J, Garcia-Ramos J, Arias J, Perez-Fernandez P and Schuck P 2019 Number
conserving particle-hole RPA for superfluid nuelei Phys. Lett. B 795, 537-541.
https://doi.org/10.1016/ j . phySlietbe2019 '07.003

Dunn J L, Lakin A J and Hands I Dy2012 Manifestation of dynamic Jahn-Teller
distortions and surface interactions in scanning tunnelling microscopy images of the
fullerene anion Cgy New J. Phys. 14, 083038.
https://doi.org/10.1088/£13672680/14/8/083038

Dytrych T, Hayes A C, Launey K., Draayer J P, Maris P, Vary J P, Langr D and
Oberhuber T 2015 Electron-scattering form factors for °Li in the ab initio symmetry-
guided framework Phys. Rev..C 91, 024326.
https://link.aps”o®g/doi/10.1103/PhysRevC.91.024326

Dytrych T, Launey K'D, Draayer J P, Maris P, Vary J P, Saule E, Catalyurek U,
Sosonkina M, Langr D/ and Caprio M A 2013 Collective modes in light nuclei from
first principlesanPhys. Rev. Lett. 111, 252501.
https://1ipk.aps.org/doi/10.1103/PhysRevLlett.111.252501

Dytrych TpMaris P, Launey K D, Draayer J P, Vary J P, Langr D, Saule E, Caprio
M A, Catalyurek U and Sosonkina M 2016 Efficacy of the SU(3) scheme for ab initio
large-scalecalculations beyond the lightest nuclei Computer Physics Communications
207, 202-210.
ht@pssgl/ www.sciencedirect.com/science/article/pii/S0010465516301680

Ebran J P, Khan E, Niksi¢ T and Vretenar D 2013 Localization and clustering in the
nuclear Fermi liquid Phys. Rev. C 87, 044307.
https://doi.org/10.1103/PhysRevC.87.044307



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 116

Ebran J P, Khan E, Niksi¢ T and Vretenar D 2017 Localization and clustering in atomic
nuclei Journal of Physics G: Nuclear and Particle Physics 44(10), 103001.
http://stacks.iop.org/0954-3899/44/1=10/a=103001

Eckert K, Schliemann J, Brufs D and Lewenstein M 2002 Quantum cerrelations in
systems of indistinguishable particles Annals of Physics (New York) 299, 88.
https://doi.org/10.1006/aphy.2002.6268

Edmonds A R 1957 Angular Momentum in Quantum Mechanics Princeton University
Press.

Egido J L, Borrajo M and Rodriguez T R 2016 Collective and single-particle motion in
beyond mean field approaches Phys. Rev. Lett. 116, 052502.
https://link.aps.org/doi/10.1103/PhysRevLett. 146 .052800

Egido J L and Robledo L. M 1991 Parity-projected calculationsfon octupole deformed
nuclei Nucl. Phys. A 524(1), 65 — 87.
http://dx.doi.org/10.1016/0375-9474(91) 900 TeRY

Egido J L. and Robledo L. M 2004 in V. D Lalazissis G:A., Ring P., ed., ‘Extended
Density Functionals in Nuclear Structure Physics’ Vol. 641 of Lecture Notes in Physics
Springer, Berlin, Heidelberg.
https://doi.org/10.1007/978-3-540-3991F&W 10

Egido J, Lessing J, Martin V and Rebledo 1211995 On the solution of the Hartree-Fock-
Bogoliubov equations by the conjugatésgradient method Nuclear Physics A 594(1), 70
— 86.
http://www.sciencedirect . €om/science/article/pii/037594749500370G

Egido J and Ring P 19824 Symmetry ¢onserving Hartree-Fock-Bogoliubov theory: (I).
On the solution of variational equations Nuclear Physics A 383(2), 189 — 204.
http://www.sciencediref€t.dom/science/article/pii/037594748290447X

Egido J and Ring P 19825 Symmetry-conserving Hartree-Fock-Bogoliubov theory: (II).
Number-projected cramked )Hartree-Fock-Bogoliubov calculations in the rare earth
region Nuclear Physiés A 388(1), 19 — 36.
http://www.sg@enced¥rect.com/science/article/pii/0375947482905061

Einstein A, Podolsky B,and Rosen N 1935 Can quantum-mechanical description of
physical reality be considered complete? Phys. Rev. 47, 770 — 780.
https ABdoTWeFE/10.1103/PhysRev .47 .777

Ellenberger C, Ihn T, Yannouleas C, Landman U, Ensslin K, Driscoll D and Gossard A
2006 Exeitation spectrum of two correlated electrons in a lateral quantum dot with
negligible Zeeman splitting Phys. Rev. Lett. 96, 126806.
htSpggl/ doi.org/10.1103/PhysRevLett.96.126806

Engelbrecht C A and Lemmer R H 1970 Isospin polarization in the nuclear many-body
problem Phys. Rev. Lett. 24, 607—611.
https://link.aps.org/doi/10.1103/PhysRevLett.24.607

Page 116 of 145



Page 117 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 117

Entem D R and Machleidt R 2003 Accurate charge-dependent nucleon-nucleon potential
at fourth order of chiral perturbation theory Phys. Rev. C' 68, 041001.
https://link.aps.org/doi/10.1103/PhysRevC.68.041001

Eriksson G, Bengtsson J, Karabulut E O, Kavoulakis G M and Reimann S'M 2018
Finite-size effects in the dynamics of few bosons in a ring potential Jo Phys. B: At.
Mol. Opt. Phys. 51, 035504.
https://doi.org/10.1088/1361-6455/aaal5¢

Esebbag C and Egido J 1993 Number projected statistics and the pairing correlations
at high excitation energies Nuclear Physics A 552(2), 205 — 231«
http://www.sciencedirect.com/science/article/piigR375947493904649

Fanto P 2017 Projection after variation in the finite-temperature Hartree-Fock-
Bogoliubov approximation Phys. Rev. C 96, 051301.
https://link.aps.org/doi/10.1103/PhysRevC. 96 . 081301

Fanto P, Alhassid Y and Bertsch G F 2017 Particle-number projection in the finite-
temperature mean-field approximation Phys. Rev.nC 96, 014305.
https://doi.org/10.1103/PhysRevC £6.014805

Federschmidt C and Ring P 1985 Symmetry=conserving random phase approximation
Nucl. Phys. A 435(1), 110 — 124.
https://doi.org/10.1016/03 7559486190307 -0

Fernandez M A and Egido J L 2003 Generalized BCS ansatz for pairing correlations in
superconducting grains Phys. Rev. B 68, 184505.
https://doi.org/10.1103/PlijpgRevB.68.184505

Fernandez M A and Egido J L 2005 Pairing correlations in finite systems: From the weak
to the strong fluctuations regime-Hur. Phys. J. B — Condensed Matter and Complex
Systems 48, 305.
https://doi.orgAlY. 1980/e@jb/e2005-00405-y

Fertig H A and Kohn W»2000 Symmetry of the atomic electron density in Hartree,
Hartree-Fock, and density-functional theories Phys. Rev. A 62, 052511.
https://doi.pHg/10.9103/PhysRevA.62.052511

Flocard H and®Omnishi N 1997 On the restoration of symmetry in paired fermion systems
Annals of Physics 254(2), 275 — 327.
http: /Apww S@€ncedirect.com/science/article/pii/S0003491696955724

Fomenko V N 1970 Projection in the occupation-number space and the canonical
tramsformation J. Phys. A 3, 8.
hgtps:/fdoi.org/10.1088/0305-4470/3/1/002

Frauendorf S 1993 Tilted cranking Nuclear Physics A 557, 259 — 276.
Btpy//www.sciencedirect.com/science/article/pii/037594749390546A

Frauendorf S 2001 Spontaneous symmetry breaking in rotating nuclei Rev. Mod. Phys.
73, 463-514.
https://link.aps.org/doi/10.1103/RevModPhys.73.463



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 118

Frauendorf S G and Sheikh J A 1999 Cranked shell model and isospin symmetry near
N = Z Nucl. Phys. A 645(4), 509 — 535.
http://www.sciencedirect.com/science/article/pii/S037594749800624%

Frauendorf S, Janssen D and Miinchow L 1969 Rotational motion and non-adiabaticity
in the ground state Nucl. Phys. A 125(2), 369 — 382.
https://doi.org/10.1016/0375-9474(69)91080-X

Frauendorf S and Pashkevich V 1996 Shapes and free energies of molten sodium clusters
Surface Review and Letters 03, 241.
https://doi.org/10.1142/50218625X96000474

Fukutome H 1981 Unrestricted Hartree-Fock theory and its applications to molecules
and chemical reactions Int. J. Quantum Chem. 20, 955;
https://doi.org/10.1002/qua.560200502

Furnstahl R 2020 Turning the nuclear energy density!funetional method into a proper
effective field theory: reflections Eur. Phys. J. A 56, 85.
https://doi.org/10.1140/epja/s10050-029"0RRI5-Y

Gall B, Bonche P, Dobaczewski J, Flocard H and Heenen P H 1994 Superdeformed
rotational bands in the mercury region.ia eranked Skyrme-Hartree-Fock-Bogoliubov
study Zeitschrift fiir Physik A Hadrons and Nucléi 348(3), 183-197.
https://doi.org/10.1007/BFO4A201916

Gao Y, Dobaczewski J and Toivanen P*2015 Approximate restoration of translational
and rotational symmetries within the Lipkin method arXiv:1511.02814 .
https://arxiv.org/abs/15T4M02814

Gao Z C and Horoi M 2009 Angular momentum projected configuration interaction with
realistic Hamiltonians Phys. Rev--C' 79, 014311.
https://doi.org/10.#108/PhysRevC.79.014311

Gao Z C, Horoi M and ChenY S 2015 Variation after projection with a triaxially
deformed nuclear meanifield Phys. Rev. C'92, 064310.
https://doi.orE/¥Ap1103/PhysRevC.92.064310

Garrote E, Egido JoL. and Robledo L M 1998 Fingerprints of reflection asymmetry at
high angulafrmomentum in atomic nuclei Phys. Rev. Lett. 80, 4398-4401.
https://1igk.aps.orgl/doi/10.1103/PhysRevLett.80.4398

Garrote B, "Egido"J and Robledo L 1997 A microscopic study of the octupole degree of
freedom at high angular momentum Physics Letters B 410(2), 86 — 94.
hts@): / /9@~ sciencedirect.com/science/article/pii/S0370269397009428

Gaudin M/ 1960 Une démonstration simplifiée du théoréme de Wick en mécanique
statistique Nuclear Physics 15(Supplement C), 89 — 91.
Bpy//www.sciencedirect.com/science/article/pii/0029558260902856

Ghosh M, Goswami A and Majumdar S 1975 Self-consistent orthonormalization and the
BCS treatment of the charge-independent pairing correlation Phys. Rev. C' 12, 1650

Page 118 of 145



Page 119 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 119

1658.
https://link.aps.org/doi/10.1103/PhysRevC.12.1650

Gilmore R 2008a Lie Groups, Physics, and Geometry: An Introduction for,Phystcists,
Engineers and Chemists Cambridge University Press.
https://books.google.es/books?id=MHExMkMFzvcC

Gilmore R 2008b Lie Groups, Physics, and Geometry: An Introduction for Physicists,
Engineers and Chemists Cambridge University Press.
https://books.google.es/books?id=MHExMkMFzvcC

Girardeau M 1960 Relationship between systems of impenetrablesbosons and fermions
in one dimension J. Math. Phys. 1, 516.
https://doi.org/10.1063/1.1703687

Giraud B and Grammaticos B 1974 Energy surfaces, collective'potentials and collective
inertia parameters Nucl. Phys. A 233, 373 — 384.
https://doi.org/10.1016/0375-9474(74)90463-4

Girod M and Schuck P 2013 a-Particle clustering from expanding self-conjugate nuclei
within the Hartree-Fock-Bogoliubov approach Phys. Rev. Lett. 111, 132503.
https://doi.org/10.1103/PhysRevLe{redikl . 132503

Glowacz S, Satuta W and Wyss R A 2004 Cranking in isospace The Furopean Physical
Journal A - Hadrons and Nuclei'19(1), 33=44.
https://doi.org/10.1140/epja/i20Q3-10111-6

Goldman N, Juzelifinas G, Ohberg P and Spielman I 2014 Light-induced gauge fields
for ultracold atoms Rep. Prog. Phys. 77, 126401.
https://doi.org/10.108840034-4885/77/12/126401

Gonzélez-Ballestero C, Robledo I.'and Bertsch G 2011 Numeric and symbolic evaluation
of the pfaffian of general skéw-symmetric matrices Computer Physics Communications
182(10), 2213 — 2218!
http://www.scienced@geck .com/science/article/pii/S0010465511001627

Goodfellow J and{Nogami Y 1966 On the superconductivity approximation for the
nuclear pairing interaction Canadian Journal of Physics 44(6), 1321-1327.
http://wwyMilPcreSQarchpress.com/doi/10.1139/p66-111

Griffin J J and/Wheeler J A 1957 Collective motions in nuclei by the method of generator
coordinates Phys. Rev. 108, 311.
httpsl//doillorg/10.1103/PhysRev.108.311

Haff P'K and Wilets L. 1973 Microscopic theory of nuclear collective motion Phys. Rev.
C.\7, 951-968.
http&#/doi.org/10.1103/PhysRevC.7.951

Hagen "G, Papenbrock T, Hjorth-Jensen M and Dean D J 2014 Coupled-cluster

computations of atomic nuclei Reports on Progress in Physics 77(9), 096302.
https://doi.org/10.1088/0034-4885/77/9/096302



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 120

Hallam L D, Bates C A and Dunn J L. 1992 Symmetry-adapted states for T (X){est2)
Jahn-Teller systems Journal of Physics: Condensed Matter 4, 6775.
https://doi.org/10.1088/0953-8984/4/32/014

Hamermesh M 1962 Group Theory and its Application to Physical Problems Addison-
Wesley, Reading, MA.

Hammaren E, Schmid K W, Griimmer F, Faessler A and Fladt B.4985 Mieroscopic
description of odd-mass nuclei in the mass A = 130 region Nucl. Phys. A\437(1), 1 —
46.
https://doi.org/10.1016/0375-9474(85)90225-8

Hanson R, Kouwenhoven L P, Petta J R, Tarucha S and Vandersypen i M K 2007 Spins
in few-electron quantum dots Rev. Mod. Phys. 79, 1217.
https://doi.org/10.1103/RevModPhys.79.1217

Hara K 1967 Number-conserving approach to the pairings=force model: (I). Almost-
degenerate model Nucl. Phys. A 95(2), 385 — 419:.
https://doi.org/10.1016/0375-9474(67) 995089=-X

Hara K and Iwasaki S 1979 On the quantum number/ projection: (I). General theory
Nucl. Phys. A 332, 61 — 68.
https://doi.org/10.1016/0375-9474(7Q) 90Q94 -0

Hara K and Sun Y 1995 Projected/shell model and high-spin spectroscopy International
Journal of Modern Physics E 04(04),637-785.
http://www.worldscientigic.com/doi/jdbs/10.1142/50218301395000250

Hashimoto K 1982 Unrestricted-Hartree-Fock wave functions approximating lowlying
covalent states of ring 7 systems Int. J. Quantum Chem. 22, 397.
https://doi.org/10.10Q02/(lambf0220215

Hayashi A, Hara K and Ring P 1984 Existence of triaxial shapes in transitional nuclei
Phys. Rev. Lett. 535337-340:
https://link.aps. o¥gidoji/10.1103/PhysRevLlett.53.337

Heenen P H, Bonche P; Dobaczewski J and Flocard H 1993 Generator-coordinate
method for triaxial quadrupole dynamics in Sr isotopes (II). Results for particle-
number-projéected states Nuclear Physics A 561(3), 367 — 386.
http://wwfSciehcedirect.com/science/article/pii/037694749390017R

Heenen P"H, Valor A, Bender M, Bonche P and Flocard H 2001 GCM analysis of the
collective properties of lead isotopes with exact projection on particle numbers The
European Physical Journal A - Hadrons and Nuclei 11(4), 393-402.
hgtps:/)doi.org/10.1007/5100500170051

Heitler ' H and London F 1927 Wechselwirkung neutraler atome und homdopolare
bindung nach der quantenmechanik Z. Phys. 44, 455.
https://doi.org/10.1007/BF01397394

Hergert H, Bogner S K, Morris T D, Binder S, Calci A, Langhammer J and Roth R 2014
Ab initio multireference in-medium similarity renormalization group calculations of

Page 120 of 145



Page 121 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 121

even calcium and nickel isotopes Phys. Rev. C' 90, 041302.
https://link.aps.org/doi/10.1103/PhysRevC.90.041302

Hill D L and Wheeler J A 1953 Nuclear constitution and the interpretation of fission
phenomena Phys. Rev. 89, 1102.
https://doi.org/10.1103/PhysRev.89.1102

Hohenberg P and Kohn W 1964 Inhomogeneous electron gas Phys.«Rev. 1367 B864—
B871.
https://link.aps.org/doi/10.1103/PhysRev.136.B864

Hu Q L, Gao Z C and Chen Y 2014 Matrix elements of one-body‘andtwo-body operators
between arbitrary HFB multi-quasiparticle states Physicsibetters. B/ 734, 162 — 166.
http://www.sciencedirect.com/science/article/pai/SO3qRL69314003542

Huang K 1987 Statistical Mechanics Wiley.
https://books.google.es/books?id=M8PvAAAAMARJ

Hubbard J 1959 Calculation of partition functions PhysaRev. Lett. 3, 7T7-78.
https://link.aps.org/doi/10.1103/PhysRgvigmit . 3777

Hubbard J 1963 Electron correlations in marrow energy bands Proceedings of the Royal
Society of London A: Mathematical, Physteaband Engineering Sciences 276, 238.
https://doi.org/10.1098/rspa.1963.0804

Hupin G, Lacroix D and Bender M 2011 Formulation of functional theory for pairing
with particle number restoration PhyswRev. C 84, 014309.
https://link.aps.org/dgi/10.1103/PhysRevC.84.014309

Iachello F 2001 Analytic description of critical point nuclei in a Spherical-Axially
deformed shape phase transition Phys. Rev. Lett. 87, 052502.
https://doi.org/10.1103/PhsREvLiett.87.052502

Ichikawa T, Maruhn J A, Itagaki N, Matsuyanagi K, Reinhard P G and Ohkubo S 2012
Existence of an exotic torus-€onfiguration in high-spin excited states of “°Ca Phys.
Rev. Lett. 109, 232503.
https://doi.odg/TOR1103/PhysRevLett.109.232503

[gawa A 1995 A method of calculation of the matrix elements between the spin projected
nonorthogonal Slater determinants Int. J. Quantum Chem. 54, 235.
https://ded. orgy10.1002/qua.560540406

Inglis D /R"1954 Particle derivation of nuclear rotation properties associated with a
surface wave Phys. Rev. 96, 1059-1065.
ht6@s : /Y@08% . org/10.1103/PhysRev.96.1059

Inglis D R/1956 Nuclear moments of inertia due to nucleon motion in a rotating well
Phys."Rev. 103, 1786-1795.
Btps : //doi.org/10.1103/PhysRev.103.1786

Iwai M and Nakamura H 1989 Generator-coordinate representation of the O(4)
supermultiplets of doubly excited states Phys. Rev. A 40, 2247.
https://doi.org/10.1103/PhysRevA.40.2247



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 122

Jain J K 2007 Composite Fermions Cambridge University Press, New York.

Jancovici B and Schiff D 1964 The collective vibrations of a many-fermiony system
Nuclear Physics 58, 678 — 686.
http://www.sciencedirect.com/science/article/pii/0029558264905784

Janssen D and Schuck P 1981 Symmetry conserving generalisation of Hartree Fock
Bogoliubov theory Z. Phys. A 301(3), 255-261.
https://link.springer.com/article/10.1007/BF01416301

Jehangir S, Bhat G, Sheikh J, Palit R and Ganai P 2017 Intrinsicpropertiés of high-spin
band structures in triaxial nuclei Nuclear Physics A 968, 48 - 70.
http://www.sciencedirect.com/science/article/piif80375Q4/417303408

Jiménez-Hoyos C A, Henderson T M, Tsuchimochi T andéScuseriaiGG E 2012 Projected
Hartree-Fock theory J. Chem. Phys. 136, 164109.
https://doi.org/10.1063/1.4705280

Jiménez-Hoyos C A, Rodriguez-Guzméan R and Scuseria G'E 2013 Multi-component
symmetry-projected approach for molecular groundistate correlations J. Chem. Phys.
139, 204102.
https://doi.org/10.1063/1.4832476

Johnson C W and Jiao C 2019 Convergence and efficiency of angular momentum
projection Journal of Physics G# Nueclearsand Particle Physics 46(1), 015101.
http://stacks.iop.org/0954-3899%46/1=1/a=015101

Johnson C W and O’Mara K D,2017 Projection of angular momentum via linear algebra
Phys. Rev. C' 96, 064304.
https://link.aps.org/doi/10. @B /PhysRevC.96.064304

Jones R O 2015 Density funetional-theory: Its origins, rise to prominence, and future
Rev. Mod. Phys. 87, 897-923.
https://link.apsorg/deil0 . 1103/RevModPhys.87.897

Kadanoff L, Baym G and Pines D 1994 Quantum Statistical Mechanics Advanced Books
Classics Avalon Publishing.
https://booksggoogld.es/books?id=H5rBswEACAAJ

Kamlah A 1968 "An approximation for rotation-projected expectation values of the
energy forideformed nuclei and a derivation of the cranking variational equation
Zeitschrift fur'Physik A Hadrons and nuclei 216(1), 52-64.
httpsl//doij org/10.1007/BF01380092

Kaplaw I G 2018 Symmetry properties of the electron density and following from it
limits on the KS-DFT applications Molecular Physics 116, 658.
htt@ggll/ doi.org/10.1080/00268976.2017.1393573

Kastner M A 1993 Artificial atoms Phys. Today 46, 24.
https://doi.org/10.1063/1.881393

Kegley Jr. D, Oberacker V, Strayer M, Umar A and Wells J 1996 Basis spline collocation
method for solving the Schrodinger equation in axillary symmetric systems Journal

Page 122 of 145



Page 123 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 123

of Computational Physics 128(1), 197 — 208.
http://www.sciencedirect.com/science/article/pii/S0021999196902Q3X

Kellman M E and Herrick D R 1980 Ro-vibrational collective interpretation, of
supermultiplet classifications of intrashell levels of two-electron atoms Lhys.nRev. A
22, 1536.
https://doi.org/10.1103/PhysRevA.22.1536

Kerman A K 1961 Pairing forces and nuclear collective motion Ann. Phys. (N.Y.)
12(2), 300 — 329.
https://doi.org/10.1016/0003-4916(61)90008-2

Kerman A and Onishi N 1981 Nuclear rotations studiedsyby the’ time-dependent
variational method Nuclear Physics A 361(1), 179 — 194.
http://www.sciencedirect.com/science/article/piT/Q845947481904759

Kissener H and Miinchow L 1967 Comparison of projected,BCS solutions with exact
ones for charge-independent (J = 0,7 = 1) pairingyinteraction Physics Letters B
25(8), 493-496.
http://www.sciencedirect.com/sciefice/a¥ticlefPii/0370269367902171

Kissener H R and Miinchow L. 1966 A note on the linear Bogoliubov transformation for
proton-neutron correlations Physics Letters 19(8), 665-667.
http://www.sciencedirect. cofifSCilemeetarticle/pii/0031916366904343

Kohn W and Sham L J 1965 Self-consistent equations including exchange and correlation
effects Phys. Rev. 140, A1133-A1138.
https://link.aps.org/doi/M1103/PhysRev.140.A1133

Konieczka M, Baczyk P and Satuta W 2016 -decay study within multireference density
functional theory and beyond Phys. Rev. C' 93, 042501.
https://link.aps.ord/dfi/ N0 .1103/PhysRevC.93.042501

Konieczka M, Kortelainen "Mwand Satuta W 2018 Gamow-Teller response in the
configuration space ofya idensity-functional-theory—rooted no-core configuration-
interaction model Phys. Rev. C' 97, 034310.
https://linkj@ps .org/doi/10.1103/PhysRevC.97.034310

Koonin S, Dean' D and Langanke K 1997a Shell model Monte Carlo methods Physics
Reports 278(1), 1 77.
http: /Apww SEl€ncedirect.com/science/article/pii/S0370157396000178

Koonin § E, Dean D J and Langanke K 19976 Results from shell-model Monte Carlo
studies Annual Review of Nuclear and Particle Science 47(1), 463-504.
hgtps:/)fdoi.org/10.1146/annurev.nucl.47.1.463

Kortelainen M, Lesinski T, Moré J, Nazarewicz W, Sarich J, Schunck N, Stoitsov M V
and, Wild S 2010 Nuclear energy density optimization Phys. Rev. C' 82, 024313.
https://link.aps.org/doi/10.1103/PhysRevC.82.024313

Kouwenhoven L and Marcus C 1998 Quantum dots Phys. World 11, 35.
https://doi.org/10.1088/2058-7058/11/6/26



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 124

Kouwenhoven L. P, Marcus C, McEuen P, Tarucha S, Westervelt R M and WingreemN S

1997 "Electron transport in quantum dots," in Mesoscopic Electron Transport, L. L.

Sohn, L. P. Kouwenhoven, and G. Schén (eds), NATO ASI Series (Series E: Applied
Sciences), vol 345, p. 105 Springer, Dordrecht.

Kucharek H and Ring P 1991 Relativistic field theory of superfluidity in muclei Z. Phys.
A 339(1), 23-35.
https://doi.org/10.1007/BF01282930

Kyotoku M, Schmid K W, Griimmer F and Faessler A 1990 Number-conserving random
phase approximation with analytically integrated matrix elements Phys. Rev. C
41, 284-297.
https://link.aps.org/doi/10.1103/PhysRevC.41.284

Lacroix D, Duguet T and Bender M 2009 Configuration mixing within the energy
density functional formalism: Removing spurious| contributions from nondiagonal
energy kernels Phys. Rev. C 79, 044318.
https://link.aps.org/doi/10.1103/PhysRem@nr9 . 044318

Lalazissis G A, Niksi¢ T, Vretenar D and Ring P 2005 New relativistic mean field
interaction with density dependent meson ¢ouplings Phys. Rev. C'71, 024312.
https://doi.org/10.1103/PhysRevC. 7% 02432

Lamme H and Boeker E 1968 Exact andrapproximate angular momentum projection
for light nuclei Nuclear Physics A 11%(3), 492 — 512.
http://www.sciencedirect.com/scien@¥/article/pii/03756947468902352

Lang G H, Johnson C W, Koonin:S E and Ormand W E 1993 Monte Carlo evaluation
of path integrals for the nuclear shelllmodel Phys. Rev. C' 48, 1518-1545.
https://link.aps.org/doi/@Q. 1403/PhysRevC.48.1518

Launey K D, Dytrych T,/Sargsyan G H, Baker R B and Draayer J P 2020 Emergent
symplectic symmetry in atomiic nuclei: Ab initio symmetry-adapted no-core shell
model Fur. Phys. J. Spec. Top. 229, 2429-2441.
https://doi.oygl gy 1 T%0/epjst/e2020-000178-3

Launey K D, Mereenne A and Dytrych T 2021 Nuclear dynamics and reactions in the ab
initio symmetry-adapted framework Annual Review of Nuclear and Particle Science
71(1).
https: fhdoWyew®/ 10.1146/annurev-nucl-102419-033316

Lawson R D 1961 Properties of nuclei with neutrons and protons in the 1f% shell Phys.
Rey:1245:1500-1505.
https:/Y1link.aps.org/doi/10.1103/PhysRev.124.1500

Leprévost A, Juillet O and Frésard R 2014 Exact ground state of strongly correlated
electron systems from symmetry-entangled wave functions Annalen der Physik
526, 430.
https://doi.org/10.1002/andp.201400129

Page 124 of 145



Page 125 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 125

Li H K, Urban E, Noel C, Chuang A, Xia Y, Ransford A, Hemmerling B, Wang Y@, T,
Héaffner H and Zhang X 2017 Realization of translational symmetry in trapped cold
ion rings Phys. Rev. Lett. 118, 053001.
https://doi.org/10.1103/PhysRevLett.118.053001

Li T, Gong Z X, Yin Z Q, Quan H T, Yin X, Zhang P, Duan L. M and*Zhang X 2012
Space-time crystals of trapped ions Phys. Rev. Lett. 109, 163001.
https://doi.org/10.1103/PhysRevLett.109.163001

LiY, Yannouleas C and Landman U 2006 From a few to many electronsim-quantum dots
under strong magnetic fields: Properties of rotating electron mole¢iles with multiple
rings Phys. Rev. B 73, 075301.
https://doi.org/10.1103/PhysRevB.73.075301

Li Y, Yannouleas C and Landman U 2009 Artificial quantum-dot Helium molecules:
Electronic spectra, spin structures, and Heisenberg clusters Phys. Rev. B 80, 045326.
https://doi.org/10.1103/PhysRevB.80.045326

Li Z, Niksi¢ T, Ring P, Vretenar D, Yao J and Meng J 2012 Efficient method for
computing the Thouless-Valatin inertia/parameters Phys. Rev. C' 86, 034334.
https://doi.org/10.1103/PhysRevC . E603433%

Libert J, Girod M and Delaroche J P 1999 Micres€opic descriptions of superdeformed
bands with the Gogny force: Configuration mixing calculations in the A=190 mass
region Phys. Rev. C' 60, 054301.
https://doi.org/10.1103/PhysRevC.6G054301

Lichtner P C and Griffin J J 1976 Evolution of a quantum system: Lifetime of a
determinant Phys. Rev. Lett. 37, 1521.
https://doi.org/10.1103/RhgsReéviett.37.1521

Lipkin H J 1956 On the des¢ription of collective motion by the use of superfluous co-
ordinates Suppl. Neuwo Cun. 4, 1147.
https://doi.org/TORE007,/BF02744338

Lipkin H J 1958 Center-of-mass motion in the nuclear shell model Phys. Rev. 110, 1395—
1397.
https://limimapSWeLg/doi/10.1103/PhysRev.110.1395

Lipkin H J 1960 Collective motion in many-particle systems: Part 1. The violation of
conseryation laws Annals of Physics 9(2), 272 — 291.
http:¥/www.gciencedirect.com/science/article/pii/0003491660900324

Lipkin'H J, de Shalit A and Talmi I 1955 On the description of collective motion by the
use of superfluous co-ordinates Il Nuovo Cimento (1955-1965) 2(4), 773-798.
htSpggll/ doi.org/10.1007/BF02725039

Liw G, M, Manz J, Ohmori K, Sommer C, Takei N, Tremblay J C and Zhang Y 2018
Attosecond control of restoration of electronic structure symmetry Phys. Rev. Lett.
121, 173201.
https://doi.org/10.1103/PhysRevLett.121.173201



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 126

Liu C M, Manz J and Tremblay J C 2019 From symmetry breaking via charge migration
to symmetry restoration in electronic ground and excited states: Quantum control on
the attosecond time scale Appl. Sci. 9, 953.
https://doi.org/10.3390/app9050953

London F 1937 Théorie quantique des courants interatomiques dans les combinaisons
aromatiques J. Phys. Radium 8, 397.
https://doi.org/10.1051/jphysrad:01937008010039700

Lowdin P O 19550 Quantum theory of many-particle systems. I. Physicakinterpretations
by means of density matrices, natural spin-orbitals, and convergen¢e problems in the
method of configurational interaction Phys. Rev. 97, 147441489.
http://link.aps.org/doi/10.1103/PhysRev.97.1474

Lowdin P O 19550 Quantum theory of many-particle systems./III. Extension of the
Hartree-Fock scheme to include degenerate systems and eorrelation effects Phys. Rev.
97, 1509-1520.
https://link.aps.org/doi/10.1103/PhysRe8y . 1508

Lowdin P O 1967 Group algebra, convoluition ‘algebra, and applications to quantum
mechanics Rev. Mod. Phys. 39, 259-287.
https://doi.org/10.1103/RevModPhys\39 268

Lykos P and Pratt G W 1963 Discussion'onsthe Hartree-Fock approximation Rev. Mod.
Phys. 35, 496.
https://doi.org/10.1103/RevModPhys¥8b.496

MacDonald N 1970 Projection operators in nuclear structure calculations Advances in
Physics 19, 371-407.
https://doi.org/10.1080/00013437000101141

Magnus W, Lemmens L and Brosens F 2017 Quantum canonical ensemble: A projection
operator approach Physica. A:4Statistical Mechanics and its Applications 482, 1 — 13.
http://www.scienCeé@irecit.com/science/article/pii/S0378437117303795

Majola S N T, Hartley DuJ, Riedinger L. L, Sharpey-Schafer J F, Allmond J M, Beausang
C, Carpenter M P, Chiara C J, Cooper N, Curien D, Gall B J P, Garrett P E, Janssens
R V F, Kondew,}' G, Kulp W D, Lauritsen T, McCutchan E A, Miller D, Piot J, Redon
N, Riley M A} Simpson J, Stefanescu I, Werner V, Wang X, Wood J L., Yu C H and
Zhu S 2015 Observation of v vibrations and alignments built on non-ground-state
configtirations in °°Dy Phys. Rev. C 91, 034330.
https Vehlidk . aps.org/doi/10.1103/PhysRevC.91.034330

Maksym P\A 1996 Eckardt frame theory of interacting electrons in quantum dots Phys.
Rewy, B53, 10871.
https://doi.org/10.1103/PhysRevB.53.10871

Maksym P A, Imamura H, Mallon G P and Aoki H 2000 Molecular aspects of electron
correlation in quantum dots J. Phys.: Condens. Matter 12, R299.
https://doi.org/10.1088/0953-8984/12/22/201

Page 126 of 145



Page 127 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 127

Mang H 1975 The self-consistent single-particle model in nuclear physics Physics Repoirts
18(6), 325 — 368.
http://www.sciencedirect.com/science/article/pii/0370157378900125

Mang H J, Samadi B and Ring P 1976 On the solution of constrained Hartree-Fock-
Bogolyubov equations Zeitschrift fir Physik A Atoms and Nuclei 279(3), 325-329.
https://doi.org/10.1007/BF01408306

Marcos S, Flocard H and Heenen P 1983 Influence of left-right asymmetry degrees of
freedom in self-consistent calculations of ?Ne Nuclear PhysicssA 410(L), 125 — 136.
http://www.sciencedirect.com/science/article/pii/03( 594433904050

Marevi¢ P, Ebran J P, Khan E, Niksi¢ T and Vretenar D 2019.Clustes/Structures in 2C
from global energy density functionals Phys. Rev. C' 994 034317:
https://link.aps.org/doi/10.1103/PhysRevC.99.0343%¢

Marevi¢ P and Schunck N 2020 Fission of 2%Pu_with lsymmetry-restored density
functional theory Phys. Rev. Lett. 125, 102504.
https://link.aps.org/doi/10.1103/PhysRg¥B@it . 125.102504

Massella P, Barranco F, Lonardoni D, Lovato A, Pederiva F and Vigezzi E 2020 Exact
restoration of Galilei invariance in density,functional calculations with quantum
Monte Carlo Journal of Physics G: Nuclear and Particle Physics 47(3), 035105.
https://doi.org/10.1088/ 13646 4Minabs38¢C

McCullen J D, Bayman B F and Zamick®l 1964 Spectroscopy in the nuclear 1£7/2-shell
Phys. Rev. 134, B515-B538.

Mikhailov S and Ziegler K 2002, Floating Wigner molecules and possible phase
transitions in quantum dots Fur. Phys. J. B 28, 117.
https://doi.org/10.1140/ SRjeA€2002-00207-9

Mizusaki T and Imada M,/2004 Quantum-number projection in the path-integral
renormalization group methed Phys. Rev. B 69, 125110.
https://link.aps. o¥g@Ldoi/10.1103/PhysRevB.69.125110

Mizusaki T, Oi M fand Shimizu N 2018 Why does the sign problem occur in evaluating
the overlap of HEB waye functions? Physics Letters B 779, 237 — 243.
http://wwyMSgienc@@irect .com/science/article/pii/S037026931830114X

Modi K, Brodatch A, Cable H, Paterek T and Vedral V 2012 The classical-quantum
boundary for eorrelations: Discord and related measures Rev. Mod. Phys. 84, 1655.
httpsh//doillorg/10.1103/RevModPhys.84.1655

Mujal P, Polls A and Julia-Diaz B 2018 Fermionic properties of two interacting bosons
in.a Two-Dimensional harmonic trap Condens. Matter 3, 9.
htTp&¥/doi.org/10.3390/condmat3010009

Miller’'H M and Koonin S E 1996 Phase transitions in quantum dots Phys. Rev. B
54, 14532.
https://doi.org/10.1103/PhysRevB.54.14532



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 128

Murmann S, Bergschneider A, Klinkhamer V M, Ziirn G, Lompe T and Jochim 52015
Two fermions in a double well: Exploring a fundamental building block of the Hubbard
model Phys. Rev. Lett. 114, 080402.
https://doi.org/10.1103/PhysRevLett.114.080402

Mutz U and Ring P 1984 On the pairing collapse in nuclei at high angular momenta
Journal of Physics G: Nuclear Physics 10(2), L39.
http://stacks.iop.org/0305-4616/10/i=2/a=003

Navratil P, Kamuntavicius G P and Barrett B R 2000 Few-nucleon-Systems in a
translationally invariant harmonic oscillator basis Phys. Rev. . C.61,;:044001.
https://link.aps.org/doi/10.1103/PhysRevC.61.0440Q1

Neergard K and Wiist E 1983 On the calculation of matrix elementsof operators between
symmetry-projected Bogoliubov states Nuclear Physics A 402(2), 311 — 321.
http://www.sciencedirect.com/science/articlie/pilin/0375947483905018

Neff T and Feldmeier H 2008 Clustering and other exotic phenomena in nuclei Fur.
Phys. J. ST 156(1), 69-92.
https://doi.org/10.1140/epjst/e20€8-00609-y

Niksi¢ T, Vretenar D, Lalazissis G A and Ring P,2007 Microscopic description of nuclear
quantum phase transitions Phys. Rev. Lett. 99, 092502.
https://link.aps.org/doi/ 1048108 RARSReVLett . 99.092502

Niksi¢ T, Vretenar D and Ring P%2006a Beyond the relativistic mean-field
approximation: Configuration mixing of angular-momentum-projected wave functions
Phys. Rev. C'73, 034308.
https://link.aps.org/doi/10.108/PhysRevC.73.034308

Niksi¢ T, Vretenar D and Ring’ P 20060 Beyond the relativistic mean-field
approximation. II. Configuratipn mixing of mean-field wave functions projected on
angular momentum and ‘partiele number Phys. Rev. C' 74, 064309.
https://link.aps”o®g/doi/10.1103/PhysRevC.74.064309

Niksi¢ T, Vretenar/D and Ring P 2008 Relativistic nuclear energy density functionals:
Adjusting parameters to binding energies Phys. Rev. C' 78, 034318.
https://1imkwapsSWeLg/doi/10.1103/PhysRevC.78.034318

Nogami Y 1964 Improved superconductivity approximation for the pairing interaction
in nucleitPhys. Rev. 134, B313-B321.
http:¥/linkpaps.org/doi/10.1103/PhysRev.134.B313

Nogami Y 1965 On the superconductivity theory of the nuclear pairing interaction
Physics Letters 15(4), 335 — 337.
httpgg#fvww . sciencedirect.com/science/article/pii/0031916365912783

Nogami'Y and Zucker I 1964 A note on the pairing interaction in nuclei Nuclear Physics
60(2), 203 — 208.
http://www.sciencedirect.com/science/article/pii/0029558264906558

Page 128 of 145



Page 129 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 129

Noguchi A, Shikano Y, Toyoda K and Urabe S 2014 Aharonov Bohm effect imnthe
tunneling of a quantum rotor in a linear Paul trap Nat. Commun. 5, 3868.
https://doi.org/10.1038/ncomms4868

Oi M and Tajima N 2005 Nodal lines in the cranked HFB overlap kernels PhysiesiLetters
B 606(1), 43 - 51.
http://www.sciencedirect.com/science/article/pii/S03702693040W6464

Ollivier H and Zurek W H 2001 Quantum discord: A measure of the quantumness of
correlations Phys. Rev. Lett. 88, 017901.
https://doi.org/10.1103/PhysRevLlett.88.017901

Onishi N and Yoshida S 1966 Generator coordinate methodyapplied’to nuclei in the
transition region Nuclear Physics 80(2), 367 — 376.
http://www.sciencedirect.com/science/article/pil/QR28558266900964

Otsuka T, Gade A, Sorlin O, Suzuki T and Utsuno Y 2020 Evolution of shell structure
in exotic nuclei Rev. Mod. Phys. 92, 015002.
https://link.aps.org/doi/10.1103/RevMog@Phis. 927015002

Otsuka T, Honma M, Mizusaki T, Shimizu N and Utsuno Y 2001 Monte Carlo shell
model for atomic nuclei Prog. Part. Nuel. Phys. 47(1), 319 — 400.
https://doi.org/10.1016/50146-64100Q1)0QW57-0

Papenbrock T and Weidenmiiller H"A 2015 Effective field theory of emergent symmetry
breaking in deformed atomic nuclei J:5Phys. G: Nucl. Part. Phys. 42, 105103.
https://doi.org/10.108840954-3899/42/10/105103

Pauncz R 2000 The Constructiomyef Spin Figenfunctions: An FEzercise Book Kluwer
Academic/Plenum Publishers, New York.

Pausch A and Klopper W 2020, Efficient evaluation of three-centre two-electron integrals
over London orbitals Mol./Phys. 118, el73667.
https://www.tandfdn]l Mgmedmn/doi/full/10.1080/00268976.2020.1736675

Pei J C, Fann G I, Harrison R J, Nazarewicz W, Shi Y and Thornton S 2014 Adaptive
multi-resolution (3D Hartree-Fock-Bogoliubov solver for nuclear structure Phys. Rewv.
C'90, 024317.
https://1f@PapsQBg/Joi/10.1103/PhysRevC.90.024317

Pei J C, Stoitsov M ¥, Fann G I, Nazarewicz W, Schunck N and Xu F R 2008 Deformed
coordinate-space Hartree-Fock-Bogoliubov approach to weakly bound nuclei and large
deformations Phys. Rev. C 78, 064306.
hts@s : /Y87k . aps . org/doi/10.1103/PhysRevC.78.064306

Peierls R 1933 Zur Theorie des Diamagnetismus von Leitungselektronen Zeitschrift fir
Physik 80(11), 763-791.

Bttps : //doi.org/10.1007/BF01342591

Peierls R E and Yoccoz J 1957 The collective model of nuclear motion Proceedings of
the Physical Society. Section A 70(5), 381.
http://stacks.iop.org/0370-1298/70/i=5/a=309



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 130

Perdew J P and Zunger A 1981 Self-interaction correction to density-functional
approximations for many-electron systems Phys. Rev. B 23, 5048-5079.
https://link.aps.org/doi/10.1103/PhysRevB.23.5048

Perdew J, Savin A and Burke K 1995 Escaping the symmetry dilemma theoughya pair-
density interpretation of spin-density functional theory Phys. Rev. Ax51(6), 4531 —
4541.
https://doi.org/10.1103/PhysRevA.51.4531

Perez-Martin S and Robledo L 2007 Generalized Wick’s theoremufor multiquasiparticle
overlaps as a limit of Gaudin’s theorem Phys. Rev. C'76, 064314«
https://link.aps.org/doi/10.1103/PhysRevC.76.064314

Piani M, Narasimhachar V and Calsamiglia J 2014 Quantummess of correlations,
quantumness of ensembles and quantum data hiding New Jo.Phys. 16, 113001.
https://doi.org/10.1088/1367-2630/16/11/11300%

Pons Viver M 2018 The practical implementation of Léwdin’s method for spin projection
Int. J. Quantum Chem. 119(4), e25770.
https://doi.org/10.1002/qua.2577Q

Pradhan H, Nogami Y and Law J 1973 Study of approximations in the nuclear pairing-
force problem Nuclear Physics A 201(2), 857 = 368.
http://www.sciencedirect. cofifSCilemeefarticle/pii/0375947473900717

Prochniak L and Rohozinski S G 2009 Quadrupole collective states within the
Bohr collective Hamiltonian Journal of Physics G: Nuclear and Particle Physics
36(12), 123101.
https://doi.org/10.10884095438809/36/12/123101

Qiu Y, Henderson T M, Duguet T.and Scuseria G E 2019 Particle-number projected
Bogoliubov-coupled-cluster theory: Application to the pairing Hamiltonian Phys. Rev.
C' 99, 044301.
https://link.aps”ofg/doi/10.1103/PhysRevC.99.044301

Qiu Y, Henderson T"M, Zhao J and Scuseria G E 2017 Projected coupled cluster theory
J. Chem. Phys. 147, 064111.
https://doimerg /M8 1063/1.4991020

Ramanathan' A Wright K C, Muniz S R, Zelan M, W. T. Hill I, Lobb C J, Helmerson
K, Phillips WD and Campbell G K 2011 Superflow in a toroidal Bose-Einstein
condensate: An atom circuit with a tunable weak link Phys. Rev. Lett. 106, 130401.
htps F@ol’. org/10.1103/PhysRevLett.106.130401

Reinhard P G 1989 The relativistic mean-field description of nuclei and nuclear dynamics
Reports on Progress in Physics 52(4), 439.
hittp,//stacks.iop.org/0034-4885/52/i=4/a=002

Ring P 1996 Relativistic mean field theory in finite nuclei Progress in Particle and
Nuclear Physics 37, 193 — 263.
http://www.sciencedirect.com/science/article/pii/0146641096000543

Page 130 of 145



Page 131 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 131

Ring P, Mang H and Banerjee B 1974 Theoretical investigation of rotational bands.in
odd-mass nuclei Nucl. Phys. A 225(1), 141-156.
https://doi.org/10.1016/0375-9474(74)90371-6

Ring P, Robledo L, Egido J and Faber M 1984 Microscopic theory of the isevector.dipole
resonance at high angular momenta Nuclear Physics A 419(2), 261 —/294.
http://www.sciencedirect.com/science/article/pii/0375947484908832

Ring P and Schuck P 1980 The Nuclear Many-Body Problem Springer-Verlag.

Robledo L M 1992 Characterization of octupole correlations in the Lipkin model Phys.
Rev. C 46, 238-243.
https://link.aps.org/doi/10.1103/PhysRevC.46.238

Robledo L M 1994 Practical formulation of the extended Wick theorem and the Onishi
formula Phys. Rev. C' 50, 2874-2881.
http://link.aps.org/doi/10.1103/PhysRevC. 50 2874

Robledo L M 2007 Particle number restoration: its implementation and impact in
nuclear structure calculations International Jotwrnabef Modern Physics E16(02), 337
351.
https://doi.org/10.1142/502183013Q7006776

Robledo L. M 2009 Sign of the overlap of Hartree-Fock-Bogoliubov wave functions Phys.
Rev. C'79, 021302.
http://link.aps.org/doi/10.1103RhysRevC.79.021302

Robledo . M 2010 Remarks on, the use of projected densities in the density-dependent
part of Skyrme or Gogny functionals Journal of Physics G: Nuclear and Particle
Physics 37(6), 064020.
http://stacks.iop.orgl954e3899/37/1=6/a=064020

Robledo L M 2011 Technical aspects of the evaluation of the overlap of Hartree-Fock-
Bogoliubov wave functionsyPhys. Rev. C' 84, 014307.
https://link.aps. o¥@Ldoi/10.1103/PhysRevC.84.014307

Robledo L. M 2015a Greound state octupole correlation energy with effective forces
Journal of Physies G: Nuclear and Particle Physics 42(5), 055109.
http://sta@Re. iopeereg/,0954-3899/42/1=5/a=055109

Robledo I. M,20155/ Mean-field studies of time reversal breaking states in super-heavy

nuclei with the Gogny force AIP Conference Proceedings 1681(1), 030016.
http:¥%/aip.gcitation.org/doi/abs/10.1063/1.4932260

Robledo L M and Bertsch G F 2011 Global systematics of octupole excitations in even-
even nuclei Phys. Rev. C 84, 054302.
httPEY/1link.aps.org/doi/10.1103/PhysRevC.84.054302

Robledo L M and Bertsch G F 2012 Electromagnetic transition strengths in soft
deformed nuclei Phys. Rev. C' 86, 054306.
https://link.aps.org/doi/10.1103/PhysRevC.86.054306



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 132

Robledo L M, Rodriguez T R and Rodriguez-Guzméan R R 2019 Mean field and beyond
description of nuclear structure with the Gogny force: A review Journal of.Physics
G: Nuclear and Particle Physics 46(1), 013001.
http://stacks.iop.org/0954-3899/46/1=1/a=013001

Rodriguez-Guzman R, Egido J L and Robledo I. M 2002a¢ Quadrupoléicollectivity in
N = 28 nuclei with the angular momentum projected generator coerdinate.method
Phys. Rev. C 65, 024304.
https://link.aps.org/doi/10.1103/PhysRevC.65.024304

Rodriguez-Guzman R, Egido J and Robledo L. 2000a¢ Angular mementum projected
analysis of quadrupole collectivity in 303234Mg and 323436%Si with the Gogny
interaction Physics Letters B 474(1), 15 — 20.
http://www.sciencedirect.com/science/article/p1803240269300000150

Rodriguez-Guzman R, Egido J and Robledo L 20020 Correlations beyond the mean
field in magnesium isotopes: angular momentum prejection and configuration mixing
Nuclear Physics A 709(1), 201 — 235.
http://www.sciencedirect.com/sciefice/aggricIaiPpii/S0375947402010199

Rodriguez-Guzmén R, Jiménez-Hoyos C Ay, Schutski R and Scuseria G E 2013
Multireference symmetry-projected variationalbapproaches for ground and excited
states of the one-dimensional Hubbard.model Phys. Rev. B 87, 235129.
https://doi.org/10.1103/PhysRewR.87.235129

Rodriguez-Guzméan R R, Egido J L and Robledo L M 20005 Description of quadrupole
collectivity in N ~ 20 nuclei with techniques beyond the mean field Phys. Rev. C
62(5), 054319.
http://link.aps.org/abstgact/BRC/v62/e054319

Rodriguez-Guzméan R R, Egido J\L. and Robledo L M 2000¢ Properties of the predicted
superdeformed band in 32S Phys. Rev. C 62, 054308.
https://link.apskelg/do1/10.1103/PhysRevC.62.054308

Rodriguez-GuzmanR Ry Egido J L and Robledo L M 2004 Beyond mean field description
of shape coexistence in neutron-deficient pv isotopes Phys. Rev. C' 69, 054319.
https://link apS@e#re/doi/10.1103/PhysRevC.69.054319

Rodriguez-Guzman R R and Schmid K W 2004« Spherical Hartree-Fock calculations

with linear-moemeéntum projection before the variation The Furopean Physical Journal
A - Hadrons\and Nuclei 19(1), 45-59.

https Wekded) org/10.1140/epja/i2003-10108-1

Rodriguez-Guzman R and Schmid K 20045 Spherical Hartree-Fock calculations with
linear-momentum projection before the variation The European Physical Journal A-
Hadrons and Nuclei 19(1), 61-75.
https://doi.org/10.1140/epja/i2003-10109-0

Rodriguez-Guzmén R, Schmid K W, Jiménez-Hoyos C A and Scuseria G E 2012
Symmetry-projected variational approach for ground and excited states of the two-

Page 132 of 145



Page 133 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 133

dimensional Hubbard model Phys. Rev. B 85, 245130.
https://doi.org/10.1103/PhysRevB.85.245130

Rodriguez T R 2016 Precise description of nuclear spectra with Gogny energy density
functional methods Fur. Phys. J. A 52(7), 190.
https://doi.org/10.1140/epja/i2016-16190-2

Rodriguez T R, Arzhanov A and Martinez-Pinedo G 2015 Toward global beyond-mean-
field calculations of nuclear masses and low-energy spectra Phys. Rev. C191, 044315.
https://link.aps.org/doi/10.1103/PhysRevC.91.044315

Rodriguez T R and Egido J L 2010 Triaxial angular momentum projection and
configuration mixing calculations with the Gogny force Phys. Rev..C' 81, 064323.
https://link.aps.org/doi/10.1103/PhysRevC.81.084323

Rodriguez T R and Egido J L 2011a Configuration mixing desc¢ription of the nucleus
48 Phys. Rev. C 84, 051307.
https://link.aps.org/doi/10.1103/PhysRevC/ 34051307

Rodriguez T R and Egido J L 20115 Multiple shape. coexistence in the nucleus %0Zr
Physics Letters B 705(3), 255 — 259.
http://www.sciencedirect.com/scieRcejfartic¥e/pii/S0370269311012354

Rodriguez T R, Egido J L and Robledo L. M\2005 Restricted variation after projection
and the Lipkin-Nogami methods" Phys. Rev. .C 72, 064303.
https://link.aps.org/doi/10.1103%PhysRevC.72.064303

Rodriguez T R and Martinez-Pinedo G 2010 Energy density functional study of nuclear
matrix elements for neutrinoless 83 decay Phys. Rev. Lett. 105, 252503.
https://link.aps.org/doiy 10. T8B/PhysRevLett.105.252503

Romanovsky I, Yannouleas .Gy Baksmaty 1. O and Landman U 2006 Bosonic molecules
in rotating traps Phys. Rev. Lett. 97, 090401.
https://doi.orghkd. 11084BRysRevLett.97.090401

Romanovsky I, Yannouleas C and Landman U 2004 Crystalline boson phases in
harmonic traps: (Beyond the Gross-Pitaevskii mean field Phys. Rev. Lett. 93, 230405.
https://doi.o%g/10.4103/PhysRevLett.93.230405

Romanovsky /I, Yannouleas C and Landman U 2008 Symmetry-conserving vortex
clusters in 'small rotating clouds of ultracold bosons Phys. Rev. A 78, 011606.
https #/#do1°6¥g/10.1103/PhysRevA.78.011606

Romanovsky I,/ Yannouleas C and Landman U 2009 Edge states in graphene quantum
dots: Fractional quantum Hall effect analogies and differences at zero magnetic field
Phys. Rev. B79, 075311.
htTp&Y/doi.org/10.1103/PhysRevB.79.075311

Romero A M, Dobaczewski J and Pastore A 2019 Symmetry restoration in the mean-

field description of proton-neutron pairing Physics Letters B 795, 177 — 182.
http://www.sciencedirect.com/science/article/pii/S0370269319304113



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 134

Rossignoli R 1995 Canonical and grand-canonical partition functions and level densities
Phys. Rev. C'51, 1772.
https://doi.org/10.1103/PhysRevC.51.1772

Rossignoli R and Ring P 1994 Projection at finite temperature Annals of WPhysics
235(2), 350 — 389.
http://www.sciencedirect.com/science/article/pii/S0003494634 7048

Rouhaninejad H and Yoccoz J 1966 Champ self-consistent et methode de projection
Nucl. Phys. 78(2), 353 — 368.
https://doi.org/10.1016/0029-5582(66)90613-4

Ruan WY, Liu Y Y, Bao C G and Zhang Z Q 1995 Originof magic.angular momenta
in few-electron quantum dots Phys. Rev. B 51, T942(R )
https://doi.org/10.1103/PhysRevB.51.7942

Ruder H, Wunner G, Herold H and Geyer F 1994 Atomswin. Strong Magnetic Fields
Springer, Berlin.

Ryssens W, Bender M and Heenen P H 2019 Tterative.approaches to the self-consistent
nuclear energy density functional préblem. Heavy ball dynamics and potential
preconditioning Fur. Phys. J. A 55, 93.
https://doi.org/10.1140/epja/i2019N 276686

Sabbey B, Bender M, Bertsch G F and Heenen P H 2007 Global study of the
spectroscopic properties of the first™2"™ state in even-even nuclei Phys. Rev. C
75, 044305.
https://link.aps.org/doi/M 1103/PhysRevC.75.044305

Sadoudi J, Bender M, Bennaceur K, Davesne D, Jodon R and Duguet T 2013
Skyrme pseudo-potential-basedsEDF parametrization for spuriousity-free MR EDF
calculations Physica Scripta 2013(T154), 014013.
http://stacks.iopsorgklioR-4896/2013/1=T154/a=014013

Sakurai J J 1994 ModernyQuantum Mechanics Addison-Wesley Publishing Company. ,
p. 281.

Salmon W I 1974 :Genealogical Electronic Spin Eigenfunctions and Antisymmetric
Many-Electronr Wavefunctions Generated Directly from Young Diagrams Adv.
Quantum Chem. 8, 37.
https Mbwwirl@8Tencedirect.com/science/article/abs/pii/
S50065827608600593

Samyn'M, Goriely S, Bender M and Pearson J M 2004 Further explorations of Skyrme-
Hartree-Fock-Bogoliubov mass formulas. III. Role of particle-number projection Phys.
Revn€70, 0443009.
hittps://link.aps.org/doi/10.1103/PhysRevC.70.044309

Sandhu T S and Rustgi M L 1978 Lipkin-Nogami method using effective Yale interaction
Phys. Rev. C'17, 796-799.
https://link.aps.org/doi/10.1103/PhysRevC.17.796

Page 134 of 145



Page 135 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 135

Sangfelt E, Chowdhury R, Roy R, Weiner B and Ohrn Y 1987 Generalized Tamin-
Dancoff approximation (GTDA) and random-phase approximation calculations on
LiH, Be, and Li2 J. Chem. Phys. 86(8), 4523-4530.
https://doi.org/10.1063/1.452728

Sato K, Dobaczewski J, Nakatsukasa T and Satuta W 2013 Energy-deunsity-functional
calculations including proton-neutron mixing Phys. Rev. C 88, 061301.
https://link.aps.org/doi/10.1103/PhysRevC.88.061301

Satuta W, Baczyk P, Dobaczewski J and Konieczka M 2016 No-cere-configuration-
interaction model for the isospin- and angular-momentum-projectedistates Phys. Reuv.
C'94, 024306.
https://link.aps.org/doi/10.1103/PhysRevC.94.024306

Satuta W and Dobaczewski J 2014 Simple regularization seheme for multireference
density functional theories Phys. Rev. C' 90, 054303.
https://link.aps.org/doi/10.1103/PhysRevC9@p054303

Satuta W, Dobaczewski J, Nazarewicz W and Rafalski M 2009 Isospin mixing in nuclei
within the nuclear density functional theory Phys. Rev. Lett. 103, 012502.
https://link.aps.org/doi/10.1103/RhgisRevLIedt.103.012502

Satuta W, Dobaczewski J, Nazarewicz W, and Rafalski M 2010 Isospin-symmetry
restoration within the nuclear density functional theory: Formalism and applications
Phys. Rev. C 81, 054310.
https://link.aps.org/doi/10.1103/PAysRevC.81.054310

Satuta W, Dobaczewski J, Nazarewicz W and Werner T R 2012 Isospin-breaking
corrections to superallowed fermi wf decay in isospin- and angular-momentum-
projected nuclear density funetional theory Phys. Rev. C' 86, 054316.
https://link.aps.orgf/dg1/40.1103/PhysRevC.86.054316

Satuta W and Wyss R, 2001@&Mieroscopic structure of fundamental excitations in N = Z
nuclei Phys. Rev. Lelt:87, 052504.
http://link.apéeig/doT/10.1103/PhysRevLett.87.052504

Satuta W and Wyss, R 20016 Rotations in isospace: A doorway to the understanding of
neutron-proton, superfluidity in N = Z nuclei Phys. Rev. Lett. 86, 4488—4491.
http://linkf apsh orghdoi/10.1103/PhysRevlett.86.4488

Schmid K«2001 Seme considerations on the restoration of Galilei invariance in the nuclear
many-body problem Eur. Phys. J. A 12(1), 29-40.
htfps @’ org/10.1007/s100500170036

Schmid K 12004 On the use of general symmetry-projected Hartree-Fock-Bogoliubov
configurations in variational approaches to the nuclear many-body problem Progress
in.Particle and Nuclear Physics 52(2), 565 — 633.
http://www.sciencedirect.com/science/article/pii/S0146641004000134

Schmid K and Reinhard P G 1991 Center-of-mass projection of Skyrme-Hartree-Fock



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 136

densities Nuclear Physics A 530(2), 283 — 302.
http://www.sciencedirect.com/science/article/pii/037594749190804H

Schmid K W 2002a Some considerations on the restoration of Galilei invariance in the
nuclear many-body problem Eur. Phys. J. A 14(4), 413-438.
https://doi-org.libproxy.york.ac.uk/10.1140/epja/i2001-1020-4

Schmid K W 20025 Some considerations on the restoration of Galileldinvarianee in the
nuclear many-body problem Eur. Phys. J. A 13(3), 319-338.
https://doi-org.libproxy.york.ac.uk/10.1007/s10050-Q02- SE6ilFx

Schmid K W 2003 Some considerations on the restoration of Galilei invariance in the
nuclear many-body problem Eur. Phys. J. A 16(4), 475487,
https://doi-org.libproxy.york.ac.uk/10.1140/epga/i200g-10273-1

Schmid K W, Dahm T, Margueron J and Miither, H 2005 Symmetry-projected
variational approach to the one-dimensional Hubbard model Phys. Rev. B 72, 085116.
https://doi.org/10.1103/PhysRevB.72.085116

Schmid K W and Griimmer F 1987 Large-scalé nuelear structure studies Rep. Prog.
Phys. 50(6), 731.
https://doi.org/10.1088/0034-4885%5006/003

Schmid K W, Griimmer F and Faessler A 19844 Hartree-Fock-Bogoliubov theory with
spin and number projection befére the wariation: An application to *’Ne and 2’Ne
Nucl. Phys. A 431(2), 205-229.
https://doi.org/10.101640375-9474(34)90171-4

Schmid K W, Griimmer F and Faessler A 19845 Nuclear structure theory in spin- and
number-conserving quasiparticle configuration spaces: First applications Phys. Reuv.
C' 29(1), 308-323.
https://doi.org/10. ¥108/PhysRevC.29.308

Schmid K W, Griimmer F and-Faessler A 1984¢ Nuclear structure theory in spin- and
number-conserving quasiparticle configuration spaces: General formalism Phys. Rewv.
C 29(1), 291-307.
https://doi.p%g/10.1103/PhysRevC.29.291

Schmid K W Griimmer E, Kyotoku M and Faessler A 1986 Selfconsistent description of
non-yrast states in nuclei: The excited VAMPIR approach Nucl. Phys. A 452(3), 493
- o12.
httpsi//doij org/10.1016/0375-9474(86)90211-3

Schunck Ned. 2019 Energy Density Functional Methods for Atomic Nuclei 2053-2563
IOP Publishing.
httpgg#fdx . doi.org/10.1088/2053-2563/aaeled

Scuseria G E, Jiméez-Hoyos C A, Henderson T M, Samanta K and Ellis J K 2011
Projected quasiparticle theory for molecular electronic structure J. Chem. Phys.
135, 124108.
https://doi.org/10.1063/1.3643338

Page 136 of 145



Page 137 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 137

Seideman T 1999 Revival structure of aligned rotational wave packets Phys. Revadett.
83, 4971.
https://doi.org/10.1103/PhysRevLlett.83.4971

Seki T, Kuramoto Y and Nishino T 1996 Origin of magic angular momentum in a
quantum dot under strong magnetic field J. Phys. Soc. Jpn. 65, 3945!
https://doi.org/10.1143/JPSJ.65.3945

Serra L, Nazmitdinov R, G and Puente A 2003 Symmetry breaking and the random-
phase approximation in small quantum dots Phys. Rev. B 68, 035341:
https://doi.org/10.1103/PhysRevB.68.035341

Serwane F, Ziirn G, Lompe T, Ottenstein T B, Wenz A, N and’ Jochim S 2011
Deterministic preparation of a tunable few-fermion system Science 332, 336.
https://doi.org/10.1126/science.1201351

Sheikh J A, Hinohara N, Dobaczewski J, Nakatsukasa T, Nazarewicz W and Sato K 2014
Isospin-invariant Skyrme energy-density-functional approach with axial symmetry
Phys. Rev. C' 89, 054317.
https://link.aps.org/doi/10.1103/RhysRev(. 89%054317

Sheikh J A, Ring P, Lopes E and Rossigneli R, 2002 Pairing correlations and particle-
number projection methods Phys. Rev. ("66, 044318.
https://doi.org/10.1103/Phy~SRENCmE6:044318

Sheikh J and Hara K 1999 Triaxial projected shell model approach Phys. Rev. Lett.
82, 3968.
https://doi.org/10.1103/PHjeReviett.82.3968

Sheikh J and Ring P 2000 Symmetry-projected Hartree-Fock-Bogoliubov equations
Nuclear Physics A 665(1),. 7191«
http://www.sciencedifref€t.dom/science/article/pii/S0375947499004248

Sheline R K, Ragnarsson ["and«Nilsson S G 1972 Shell structure for deformed nuclear
shapes Phys. Lett. B 41(2);115 — 121.

Shi C, Jeon G S and Jain J K 2007 Composite fermion solid and liquid states in two
component quantum dots Phys. Rev. B 75, 165302.
https://ded®rg/ Ml 103/PhysRevB.75.165302

ShiY, Zhang € L., Dobaczewski J and Nazarewicz W 2013 Kerman-Onishi conditions in
self-comsistent tilted-axis-cranking mean-field calculations Phys. Rev. C 88, 034311.
https@//link.aps.org/doi/10.1103/PhysRevC.88.034311

Shieve "W and Horwitz L 2009 Quantum Statistical Mechanics Cambridge University
Press.
ht P& /www.cambridge . org/9780521841467

Shimada M, Fujioka Y, Tagami S and Shimizu Y R 2018a Rotational motion of triaxially
deformed nuclei studied by the microscopic angular-momentum-projection method. 1.
Nuclear wobbling motion Phys. Rev. C' 97, 024318.
https://link.aps.org/doi/10.1103/PhysRevC.97.024318



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 138

Shimada M, Fujioka Y, Tagami S and Shimizu Y R 2018 Rotational motion of triaxially
deformed nuclei studied by the microscopic angular-momentum-projection gnethod.
I1. Chiral doublet band Phys. Rev. C' 97, 024319.
https://doi.org/10.1103/PhysRevC.97.024319

Shimada M, Tagami S and Shimizu Y R 2015 Angular momentum pteojected multi-
cranked configuration mixing for reliable calculation of high-spin_rotational bands
Progress of Theoretical and Ezperimental Physics 2015(6), 063D02.
http://dx.doi.org/10.1093/ptep/ptv073

Shimada M, Tagami S and Shimizu Y R 2016 Realistic description.efirotational bands
in rare earth nuclei by the angular-momentum-projected multicranked configuration-
mixing method Phys. Rev. C'93, 044317.
https://link.aps.org/doi/10.1103/PhysRevC.93. 044817

Shimizu N, Abe T, Honma M, Otsuka T, Togashi T, Tsunoda Y, Utsuno Y and Yoshida
T 2017 Monte Carlo shell model studies with massively parallel supercomputers Phys.
Ser. 92, 063001.
https://doi.org/10.1088/1402-4896/aab564

Shimizu N, Abe T, Tsunoda Y, Utsuno Y, Yeshida T, Mizusaki T, Honma M and Otsuka
T 2012 New-generation Monte Carlo shellimodel for the K computer era Prog. Theor.
Exp. Phys. 2012, 01A205.
https://doi.org/10.1093/ptép/Ps012

Shimizu N, Tsunoda Y, Utsuno Y and Otsuka T 2021 Variational approach with the
superposition of the symmetry-restored quasiparticle vacua for nuclear shell-model
calculations Phys. Rev. C' 103, 014312.
https://link.aps.org/doigl10.1103/PhysRevC.103.014312

Signoracci A, Duguet T, Hagen G and Jansen G R 2015 Ab initio Bogoliubov coupled
cluster theory for open-shell nuclei Phys. Rev. C' 91, 064320.
https://link.apsWérg/dei10.1103/PhysRevC.91.064320

Skalski J, Heenen P_H, Bonehe P, Flocard H and Meyer J 1993 Octupole correlations
in superdeformed mercury and lead nuclei: A generator-coordinate method analysis
Nuclear Physie¢s Ay551(1), 109 — 124.
http://wwpf-9€ience@irgct.com/science/article/pii/0375947493903061

Smith Jr. V H{1964/Construction of exact spin eigenfunctions J. Chem. Phys. 41, 277.
httpsf/7/doi . 0Tg/10.1063/1.1725634

Song L Sy Yao J M, Ring P and Meng J 2014 Relativistic description of nuclear matrix
eléements in neutrinoless double-beta decay Phys. Rev. C 90, 054309.
h8tps:/fdoi.org/10.1103/PhysRevC.90.054309

Stoitsov M, Dobaczewski J, Nazarewicz W and Ring P 2005 Axially deformed solution
of the Skyrme-Hartree-Fock-Bogolyubov equations using the transformed harmonic
oscillator basis. the program HFBTHO (v1.66p) Computer Physics Communications
167(1), 43 — 63.
http://www.sciencedirect.com/science/article/pii/S0010465505000305

Page 138 of 145



Page 139 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 139

Stoitsov M V, Dobaczewski J, Kirchner R, Nazarewicz W and Terasaki J 2007 Vaziation
after particle-number projection for the Hartree-Fock-Bogoliubov method with the
Skyrme energy density functional Phys. Rev. C' 76, 014308.
https://link.aps.org/doi/10.1103/PhysRevC.76.014308

Stoitsov M V, Dobaczewski J, Nazarewicz W, Pittel S and Dean D J 2003 Systematic
study of deformed nuclei at the drip lines and beyond Phys. Rev. (.68, 054312.
https://link.aps.org/doi/10.1103/PhysRevC.68.054312

Stratonovich R L 1958 On a method of calculating quantum distribution-functions Sov.
Phys. Dokl. 2, 416.

https://zbmath.org/?q=an:0080.19804

Stringari S and Brink D 1978 Constraints on effective interactions imposed by
antisymmetry and charge independence Nuclear Physics A'304(2), 307 — 316.
http://www.sciencedirect.com/science/articlle/pilin/0375947478902403

Szabo A and Ostlund N S 1989 Modern Quantum Chemistry McGraw-Hill, New York.

Szafran B, Nowak M P, Bednarek S, Chwiej/ T 'and ,Peeters F M 2009 Selective
suppression of Dresselhaus or Rashba spin-orbit coupling effects by the Zeeman
interaction in quantum dots Phys. Rev."B79, 235303.
https://doi.org/10.1103/PhysRevB. 7% 2353808

Tagami S and Shimizu Y R 2016 Infinitesimal cranking for triaxial angular-momentum-
projected configuration-mixing calculations and its application to the + vibrational
band Phys. Rev. C 93, 024323.
https://link.aps.org/doi/ M 1103/PhysRevC.93.024323

Tai M E, Lukin A, Rispoli M, Schittko R, Menke T, Borgnia D, Preiss P M, Grusdt F,
Kaufman A M and Greiner. M'2017 Microscopy of the interacting Harper-Hofstadter
model in the two-body limit Nature 546, 519.
https://doi.orgAlQ. 1888/adture22811

Tajima N, Flocard H, Benche P, Dobaczewski J and Heenen P H 1992 Generator
coordinate kernels between zero- and two-quasiparticle BCS states Nuclear Physics
A 542(3), 355 = 367.
http://wwymgeien€@@lirect.com/science/article/pii/0375947492901010

Takahashi Yiand Umezawa H 1996 Thermo Field Dynamics International Journal of
Modern<Physies'B 10(13n14), 1755-1805.
http:¥/www.Wworldscientific.com/doi/abs/10.1142/50217979296000817

Tanabe K and Nakada H 2005 Quantum number projection at finite temperature via
thermofield dynamics Phys. Rev. C 71, 024314.
htt@ggll/ 1ink . aps.org/doi/10.1103/PhysRevC.71.024314

Thompson R C 2015 Ton Coulomb crystals Contemporary Physics 56, 63.
https://doi.org/10.1080/00107514.2014.989715

Thouless D and Valatin J 1962 Time-dependent Hartree-Fock equations and rotational



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 140

states of nuclei Nuclear Physics 31, 211 — 230.
http://www.sciencedirect.com/science/article/pii/00295582629074 41

Tomita N 2004 Many-body wave functions approximated by the superposition of spin-
projected nonorthogonal Slater determinants in the resonating Hartree-Fock method
Phys. Rev. B 69, 045110.
https://doi.org/10.1103/PhysRevB.69.045110

Tomita N 2009 Visualization of quantum fluctuations by superposition of optimized
nonorthogonal Slater determinants Phys. Rev. B 79, 075113.
https://doi.org/10.1103/PhysRevB.79.075113

Tsuchimochi T and Van Voorhis T 2015 Time-dependent /projected” Hartree-Fock J.
Chem. Phys. 142, 124103.
https://doi.org/10.1063/1.4914511

Une T, Tkeda A and Onishi N 1976 Collective Hamiltonian in_the generator coordinate
method with local Gaussian approximation Prog.’ Theer. Phys. 55, 498.
https://doi.org/10.1143/PTP.55.498

Valor A, Egido J and Robledo L 1996 Appreximate particle number projection for finite
range density dependent forces Phys. Rev. €53, 172-175.
https://link.aps.org/doi/10.1103/PhygsReq@®. 53.172

Valor A, Egido J and Robledo #1997 Arnew approach to approximate symmetry
restoration with density dependent forees: The superdeformed band in '92Hg Physics
Letters B 392(3), 249 — 254
http://www.sciencedirect . €om/science/article/pii/S0370269396015924

Valor A, Heenen P H and Bonche P 2000 Configuration mixing of mean-field wave
functions projected on angularmemientum and particle number: Application to 2Mg
Nuclear Physics A 671(1) /145~ 164.
http://www.sciencediRect dom/science/article/pii/S0375947499008301

Varshalovich D, Moskaley, A) and Khersonskii V 1988 Quantum Theory of Angular
Momentum World Seientific, Singapore.

Villars F 1957 The eollective model of nuclei Annu. Rev. Nucl. Sci. 7, 185-230.
https://dgiorg/Mpl146/annurev.ns.07.120157.001153

Villars F and,Cooper G 1970 Unified theory of nuclear rotations Ann. Phys. (N.Y.)
56(1),/294 — 258,
httpsW//doiMlorg/10.1016/0003-4916(70)90011-4

Vreténar D, Afanasjev A V, Lalazissis G and Ring P 2005 Relativistic Hartree-
Bogoliubov theory: static and dynamic aspects of exotic nuclear structure Phys. Rep.
409, 101.

Btpe : //doi.org/10.1016/j.physrep.2004.10.001

Wahlen-Strothman J M and Scuseria G E 2016 Biorthogonal projected energies of a
Gutzwiller similarity transformed Hamiltonian J. Phys. Cond. Matt. 28, 485502.
https://doi.org/10.1088/0953-8984/28/48/485502

Page 140 of 145



Page 141 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 141

Walecka J D 1974 A theory of highly condensed matter Ann. Phys. (N.Y.) 83(2)3491
- 529.
https://doi.org/10.1016/0003-4916(74)90208-5

Wang X B, Dobaczewski J, Kortelainen M, Yu L F and Stoitsov M V.2014, Lipkin
method of particle-number restoration to higher orders Phys. Rev. C 90, 014312.
https://link.aps.org/doi/10.1103/PhysRevC.90.014312

Wigner E 1934 On the interaction of electrons in metals Phys. Rev./ 46, 1002.
https://doi.org/10.1103/PhysRev.46.1002

Wilcezek F 2012 Quantum time crystals Phys. Rev. Lett. 109, 160401.
https://doi.org/10.1103/PhysRevLett.109.160401

Wimmer M 2012 Algorithm 923: Efficient numerical computation of the pfaffian for
dense and banded skew-symmetric matrices ACM Trans. Math. Softw. 38, 30.
http://doi.acm.org/10.1145/2331130.2331138

Wineland D J, Bergquist J C, Itano W M, Bollinger J J'and Manney C H 1987 Atomic-
ion Coulomb clusters in an ion trap Phys. Rev. Lett. 59, 2935-2938.
https://link.aps.org/doi/10.1103 MBhysRevLietty.59.2935

Wiringa R B, Stoks V G and Schiavilla R 1995 Accurate nucleon-nucleon potential with
charge-independence breaking Phys. Rev. €' 51, 38-51.
http://link.aps.org/doi/10 A4C3YPH§ERevC.51.38

Wootters W K 1998 Entanglement of formation of an arbitrary state of two qubits Phys.
Rev. Lett. 80, 2245.
https://doi.org/10.1103/EhfisRevLiett.80.2245

Wunsch B, Stauber T and Guinea F 2008 Electron-electron interactions and charging
effects in graphene quantum dots Phys. Rev. B 77, 035316.
https://doi.org/10. {108/PhysRevB.77.035316

Yang N, Zhu J L and Dai Z 2008 Rotating Wigner molecules and spin-related behaviors
in quantum rings J. Phys../Condens. Matter 20, 295202.
https://doi.o¥g/T0QL088/0953-8984/20/29/295202

Yannouleas C, Brandt B B and Landman U 2016 Ultracold few fermionic atoms in
needle-shaped double wells: Spin chains and resonating spin clusters from microscopic
Hamiltonians emulated via antiferromagnetic Heisenberg and ¢-J models New J. Phys.
18, 073018.
https§//doillorg/10.1088/1367-2630/18/7/073018

Yannouleas € and Landman U 1997 Electronic entropy, shell structure, and size-
evolutionary patterns of metal clusters Phys. Rev. Lett. 78, 1424.
http&#//doi.org/10.1103/PhysRevlett.78.1424

Yannouleas C and Landman U 1999 Spontaneous symmetry breaking in single and
molecular quantum dots Phys. Rev. Lett. 82, 5325.
https://doi.org/10.1103/PhysRevLlett.82.5325



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 142

Yannouleas C and Landman U 2000a Collective and independent-particle motionyin
two-electron artificial atoms Phys. Rev. Lett. 85, 1726.
https://doi.org/10.1103/PhysRevLlett.85.1726

Yannouleas C and Landman U 20005 Decay channels and appearance sizes ofidoubly:
anionic gold and silver clusters Phys. Rev. B 61, R10587.
https://doi.org/10.1103/PhysRevB.61.R10687

Yannouleas C and Landman U 2000¢ Formation and control of electron molecules in
artificial atoms: Impurity and magnetic-field effects Phys. Reua B 615:15895.
https://doi.org/10.1103/PhysRevB.61.15895

Yannouleas C and Landman U 2001 Coupling and dissociatien in-artificial molecules
The European Physical Journal D - Atomic, Moleculary Opticalsand Plasma Physics
16(1), 373-380.
https://doi.org/10.1007/s100530170133

Yannouleas C and Landman U 20024 Magnetic-field manipulation of chemical bonding
in artificial molecules International Journal of Quantum Chemistry 90(2), 699-708.
http://dx.doi.org/10.1002/qua.980Q

Yannouleas C and Landman U 20020 Strongly. correlated wavefunctions for artificial
atoms and molecules Journal of Physics: ‘Condensed Matter 14(34), L591.
http://stacks.iop.org/0953 8084 dnki=34/a=101

Yannouleas C and Landman U 2002¢ Trial wave functions with long-range Coulomb
correlations for two-dimensgional N-electron systems in high magnetic fields Phys.
Rev. B 66, 115315.
https://doi.org/10.1103fPhysRemB.66.115315

Yannouleas C and Landman U 2003a Group theoretical analysis of symmetry breaking
in two-dimensional quantum dots Phys. Rev. B 68, 035325.
https://doi.orgAlQ. 1303/ sRevB.68.035325

Yannouleas C and Landman U 20036 Two-dimensional quantum dots in high magnetic
fields: Rotatingselectron-molecule versus composite-fermion approach Phys. Rev. B
68, 035326.
https://doimerg /MK 1103/PhysRevB.68.035326

Yannouleas ¢ and Landman U 2004 ¢ Structural properties of electrons in quantum dots
in highsmagnetic fields: Crystalline character of cusp states and excitation spectra
Phys. Rev. B\70, 235319.
htsps Ylged. org/10.1103/PhysRevB.70.235319

Yannouleag C and Landman U 20046 Unified description of floppy and rigid rotating
Wigner molecules formed in quantum dots Phys. Rev. B 69, 113306.
hittps://doi.org/10.1103/PhysRevB.69.113306

Yannouleas C and Landman U 2006a Electron and boson clusters in confined geometries:
Symmetry breaking in quantum dots and harmonic traps Proc. Natl. Acad. Sci. USA

Page 142 of 145



Page 143 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 143

103, 10600 (Special Feature).
https://doi.org/10.1073/pnas.0509041103

Yannouleas C and Landman U 20065 Symmetry breaking and Wigner molecules in few-
electron quantum dots phys. stat. sol. (a) 203, 1160.
https://doi.org/10.1002/pssa.200566197

Yannouleas C and Landman U 2007 Symmetry breaking and quantum correlations in
finite systems: Studies of quantum dots and ultracold Bose gases and related nuclear
and chemical methods Rep. Prog. Phys. 70, 2067.
https://doi.org/10.1088/0034-4885/70/12/R02

Yannouleas C and Landman U 2010 Quantal molecular description andAiniversal aspects
of the spectra of bosons and fermions in the lowestsLandawdevel Phys. Rev. A
81, 023609.
https://doi.org/10.1103/PhysRevA.81.023609

Yannouleas C and Landman U 2011 Unified microseopic approach to the interplay
of pinned-Wigner-solid and liquid behavior of"theilowest Landau-level states in the
neighborhood of v = % Phys. Rev. B 84, 165327.
https://doi.org/10.1103/PhysRevB . CAQ6532%

Yannouleas C and Landman U 2017 Trial'wave fanctions for ring-trapped ions and
neutral atoms: Microscopic descriptionof,the quantum space-time crystal Phys. Rev.
A 96, 043610.
https://doi.org/10.1103/PhysRevA. 98043610

Yannouleas C, Landman U, Bréchignac C, Cahuzac P, Concina B and Leygnier J 2002
Thermal quenching of electronic shells’'and channel competition in cluster fission Phys.
Rev. Lett. 89, 173403.
https://doi.org/10. 1037/PhysRevLett.89.173403

Yao J M, Bally B, Engel J; Wirth R, Rodriguez T R and Hergert H 2020 Ab initio
treatment of collectivéncorrelations and the neutrinoless double beta decay of “Ca
Phys. Rev. Lett. 1243232501.
https://doi.@mg/10.9103/PhysRevLett.124.232501

Yao J M, Bareni, S, Bender M and Heenen P H 2012 Beyond-mean-field study of the
possible “bubble” structure of 3*Si Phys. Rev. C 86, 014310.
https : bl 1YkmaPs . org/doi/10.1103/PhysRevC.86.014310

Yao J M, Bender M and Heenen P H 2013 Systematics of low-lying states of even-even
nuglei in'the neutron-deficient lead region from a beyond-mean-field calculation Phys.
Rev. C 87, 034322.
ht@psgdfl/ Link . aps.org/doi/10.1103/PhysRevC.87.034322

Yao.J M and Engel J 2016 Octupole correlations in low-lying states of 1°°Nd and *°Sm
and their impact on neutrinoless double-5 decay Phys. Rev. C 94, 014306.
https://link.aps.org/doi/10.1103/PhysRevC.94.014306



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

REFERENCES 144

Yao J M, Engel J, Wang L J, Jiao C F and Hergert H 2018 Generator-
coordinate reference states for spectra and Ovf3( decay in the in-medium similarity
renormalization group Phys. Rev. C'98, 054311.
https://link.aps.org/doi/10.1103/PhysRevC.98.054311

Yao J M and Hagino K 2016 Anharmonicity of multi-octupole-phononrexcitations in
208Ph: Analysis with multireference covariant density functional theory andsubbarrier
fusion of O +2% Pb Phys. Rev. C 94, 011303.
https://doi.org/10.1103/PhysRevC.94.011303

Yao J M, Hagino K, Li Z P, Meng J and Ring P 2014 Microscopic-benchmark-study of
triaxiality in low-lying states of "*Kr Phys. Rev. C 89, 054306.
https://doi.org/10.1103/PhysRevC.89.054306

Yao J M, Mei H, Chen H, Meng J, Ring P and Vretenar D 2011 Configuration
mixing of angular-momentum-projected triaxial relativistic mean-field wave functions.
IT. Microscopic analysis of low-lying states in magnesium isotopes Phys. Rev. C
83, 014308.
https://link.aps.org/doi/10.1103/PhysRey(. S3W014308

Yao J M, Meng J, Ring P and Arteaga D P 2009 Three-dimensional angular momentum
projection in relativistic mean-field theory, Physadfiev. C 79, 044312.
https://link.aps.org/doi/104B084RLyERevC .79 .044312

Yao J M, Meng J, Ring P and Vretemar D 2010 Configuration mixing of angular-
momentum-projected triaxial relativisticimean-field wave functions Phys. Rev. C
81, 044311.
https://link.aps.org/doif/ 10 We08/PhysRevC.81.044311

Yao J M, Song L S, Hagino K, Ring/P and Meng J 2015 Systematic study of nuclear
matrix elements in neutrinoless\double-beta decay with a beyond-mean-field covariant
density functional theory Phys. Rev. C'91, 024316.
https://doi.org/IPORl103/PhysRevC.91.024316

Yao J M, Zhou E EdandLi Z'P 2015 Beyond relativistic mean-field approach for nuclear
octupole excitations Phys. Rev. C' 92, 041304.
https://link apS@e#e/doi/10.1103/PhysRevC.92.041304

Yoccoz J 1966 Varenna Lectures 36, 474.

Zdunczuk<H, Dobaczewski J and Satuta W 2007 Angular-momentum projection of
cranked symmetry-unrestricted Slater determinants Int. J. Mod. Phys. E 16, 377
385s
htps:/Ydoi.org/10.1142/50218301307005806

Zdunezuk H, Satuta W, Dobaczewski J and Kosmulski M 2007 Angular momentum
projection of cranked Hartree-Fock states: Application to terminating bands in
A ~ 44 nuclei Phys. Rev. C' 76, 044304.
https://link.aps.org/doi/10.1103/PhysRevC.76.044304

Page 144 of 145



Page 145 of 145 AUTHOR SUBMITTED MANUSCRIPT - JPhysG-103839.R1

oNOYTULT D WN =

REFERENCES 145

Zeh H 1965 Symmetry violating trial wave functions Z. Phys. 188, 361.
https://doi.org/10.1007/BF01326951

Zeh H D 1967 Symmetrieverletzende modellzustaende und kollektive bewegungen, Z.
Phys. 202(1), 38-48.
https://doi.org/10.1007/BF01331196

Zeng G M, Wu L A and Xing H J 2014 Symmetry restoration .and quantumness
reestablishment Sci. Rep. 4, 6377.
https://doi.org/10.1038/srep06377

Zhao P W, Li Z P, Yao J M and Meng J 2010 New paramettization for the nuclear
covariant energy density functional with a point-couplinginteragtion Phys. Rev. C
82, 054319.
https://doi.org/10.1103/PhysRevC.82.054319

Zhao P W, Ring P and Meng J 2016 Configuration interaction in symmetry conserving
covariant density functional theory Phys. Rev. C' 94,041301.
https://doi.org/10.1103/PhysRevC.94.04¥30%

Zheng D C, Sprung D W L and Flocard H 1992 Pairing correlations studied in the
two-level model Phys. Rev. C 46, 1355—1363:
https://link.aps.org/doi/10.1103/PhysReq®. 46.1355

Zhou E, Yao J, Li Z, Meng J and Ring P 2016 Anatomy of molecular structures in 2°Ne
Physics Letters B 753, 227 — 231.
http://www.sciencediregh. com/sciend€/article/pii/S0370269315009764

Zhu H, Chen Y P, Jiang P, Engelb’. W, Tsui D C, Pfeiffer . N and West K W 2010
Observation of a pinning mode in a Wigner solid with » = 1/3 fractional quantum
Hall excitations Phys. Reuv. Letts105, 126803.
https://doi.org/10. Y108/PhysRevlett.105.126803

Ziirn G, Serwane F,‘LomperTyWenz A N, Ries M G, Bohn J E and Jochim S 2012

Fermionization of two distinguishable fermions Phys. Rev. Lett. 108, 075303.
https://doi.oyg/TOp1103/PhysRevlett.108.075303



