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SYMPLECTIC CAPACITIES OF TORIC MANIFOLDS
AND RELATED RESULTS

GUANGCUN LU*

Abstract. In this paper we give concrete estimations for the pseudo sym-
plectic capacities of toric manifolds in combinatorial data. Some examples are
given to show that our estimates can compute their pseudo symplectic capaci-
ties. As applications we also estimate the symplectic capacities of the polygon
spaces. Other related results are impacts of symplectic blow-up on symplectic
capacities, symplectic packings in symplectic toric manifolds, the Seshadri con-
stant of an ample line bundle on toric manifolds, and symplectic capacities of
symplectic manifolds with S'-action.

§1. Introduction and main results

The symplectic capacities are the important tools of study of symplectic
topology. There are several symplectic capacities. The typical two of them
are the Gromov symplectic width W¢ and Hofer-Zehnder capacity cgz (cf.
[Gr] and [HZ]). However, for a general symplectic manifold (M,w) it is
very difficult to compute or estimate Wg(M,w) and cpz(M,w); see [Gin],
[Lu3] and reference therein for the related results. It is well-known that the
toric manifolds are a very beautiful family of Ké&hler manifolds admitting
a combinatorial description. They also are rational and thus uniruled. So
their pseudo symplectic capacities all are finite (cf. [Lu3]). The main aim
of this paper is to estimate their (pseudo) symplectic capacities in terms
of combinatorial data. Part results were announced in [Lu2] though they
should be restricted to toric Fano manifolds as showed below.

Firstly, we briefly recall the typical pseudo symplectic capacity intro-
duced in [Lu3]. For its properties and applications the reader refer to
[Lu3]. Given a connected symplectic manifold (M,w) of dimension 2n
and a smooth function H on it let Xy denote the symplectic gradient
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of H. An isolated critical point p of H is called admissible if the spec-
trum of the linear transformation DXy (p) : T,M — T,M is contained
in C\ {\i | 27 < £X < 4o0}. For two given nonzero homology classes
g, o € H, (M) we denote by

Had(Muw;a(]uaOO) (resp. HZd(M’w;aoaaOO))

the set of all smooth functions on M for which there exist two smooth com-
pact submanifolds P and @) of M with connected smooth boundaries and of
codimension zero such that the following condition groups (a)(b)(c)(d)(e)(f)

(resp. (a)(b)(c)(d)(e)(f")) are satisfied:
(a) P C Int(Q) and Q C Int(M);

(b) H]p:(]and H|M,Im(Q):maxH;
(¢) 0<H <maxH;
(

d) There exist chain representatives of g and a, still denoted by «y,
Qioo, such that supp(ag) C Int(P) and supp(as) C M\ Q;

(e) There are no critical values in (0,¢) U (max H — ¢, max H) for a small
e=¢(H) > 0;
(f) The Hamiltonian system & = X g (x) on M has no nonconstant periodic

solutions of period less than 1;

(f') The Hamiltonian system & = Xg(x) on M has no nonconstant con-
tractible periodic solutions of period less than 1.

If ap € Ho(M) can be represented by a point we allow P to be an empty
set. If M is a closed manifold and a, € Ho(M) is represented by a point,
we also allow QQ = M.

The pseudo symplectic capacities of Hofer-Zehnder type are defined by

(L1) Cg)Z(M,w;ao,aoo) :=sup{max H | H € Huq(M,w;ap, )},
ng)(M,w;ao,aoo) :=sup{max H | H € Hy;(M,w;ap, )}

Denote by pt the generator of Hyo(M ) represented by a point. Then we have
symplectic invariants

(1.2)

~

Chz(M,w) = Cyz(M,w;pt,pt),
Chz(M,w) := Crz(M,w;pt, pt).
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It had been proved in [Lu3] that Cyz is a symplectic capacity and that
Wa < Crz < cpyz. In fact, in Lemma 1.4 of the recent [Lu3, v9] we proved
that Cpz(M,w) = cgz(M,w) and C%,(M,w) = ¢4, (M,w) if either M is
closed or each compact subset K C M\ M may be contained in a compact
submanifold W C M with connected boundary and of codimension zero.
Without special statements we follow all notations and conventions in [Lu3].
Especially, we always make the convention that sup() = 0 and inf ) = +oco
in this paper. Moreover, we shall omit the superscripts in C’S)Z and Cg;)
without occurring of confusion.

A 2n-dimensional symplectic toric manifold is a closed connected sym-
plectic manifold (M,w) equipped with an effective Hamiltonian action 7 :
T" — Diff(M,w) of the standard (real) n-torus T = R"/27Z"™ and with
a choice of a corresponding moment map p : M — (R™)*. The image
A = p(M) C (R™)* is a convex polytope, called the moment polytope. It
was proved in [Del] that the polytope satisfies: (i) there are n edges meeting
at each vertex p, (ii) the edges meeting at the vertex p are rational, i.e.,
each edge is of the form p + tvg, 0 < ¢t < oo, where vy € (Z™)*; (iii) the
U1,...,0p in (ii) can be chosen to be a basis of (Z™)*. Such a polytope is
called a Delzant polytope. It can be uniquely written as

d
(1.3) A= (V{z € ®")" | {m,up) = 2(up) > A}
k=1

Here d is the number of the (n — 1)-dimensional faces of A, uy is a uniquely
primitive element of the lattice Z™ C R"™ (the inward-pointing normal to
the k-th face of A), and Ag is a real number. Delzant [Del] associated to
this A C (R™)* a closed connected symplectic manifold (Ma,wa) of dimen-
sion 2n together with a Hamiltonian T"-action 7o : T — Diff(Ma,wa)
such that the image of the corresponding moment map pa : Ma — (R™)*
is precisely A and that (M,w,7) is isomorphic as a Hamiltonian T"-space
to (Ma,wa,7a). Two symplectic toric manifolds are isomorphic if they
are equivariantly symplectomorphic. Two Delzant polytopes in (R™)* are
isomorphic if they are differ by the composition of a translation with an
element of SL(n,Z). Delzant showed in [Del] that two symplectic toric
manifolds are isomorphic if and only if their Delzant polytopes are iso-
morphic. Thus we reduce the study of symplectic topology of (M,w,T) to
that of (Ma,wa,Ta). Delzant’s construction also yielded a “canonical” T"-
invariant complex structure Ja compatible with the symplectic form wa.
In other words the quadruple (Ma,wa, JJa,Ta) is a Kéhler manifold.
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Such manifolds may be explained as a special class of projective vari-
eties. There exists a class of normal algebraic varieties, called toric varieties,
which are classified by combinatorial objects called fans. Let ¥ be a com-
plete regular fan in R™ and G(X) = {u1,...,uq} be the set of all generators
of 1-dimensional cones in 3. Denote by Xy the compact toric manifold
associated with Y. If it is projective, i.e., if X5 admits a compatible sym-
plectic structure w such that (X, w, J) is Kdhler, then every Kéhler form
on Xy can be represented by a strictly convex support function ¢ for X
(cf. Section 2.2). Conversely every strictly convex support function for ¥
represents a Kéhler form on Xy. Therefore, in this paper we shall use the
same letter to denote a Kéhler form on Xy and the corresponding strictly
convex support function for 3 when the context makes our meaning clear.
For such a function ¢ setting

(1.4) Ny ={x € (R")* | (xz,m) > —p(m) Ym € R"},

it is a Delzant polytope in (R™)*. With S! = {z € C | |z| = 1} the action of
the maximal compact torus T" = R"/27Z" = (S1)* € (C*)" is Hamiltonian
with respect to the symplectic structure 27 - ¢ and has moment polytope
A,. In other words

(1.5) (X5,2m- ) = (Ma,,wn,,)-

For the Delzant polytope A in (1.3) we denote by ¥ A the complete
regular fan in R™ associated with it and by Po = Xy, the corresponding
projective toric manifold (cf. Section 2.2). It follows from (1.5) that ¥ is
the fan associated with A,. As showed in [Gu2] the set of all generators
of 1-dimensional cones in X A is given by G(Xa) = {u1,...,uq}, and under
the identity Ma = Pa the Kéhler form wa is represented by the strictly
convex support function for X A defined by wa(u;) = —27X;, i = 1,...,d.
Therefore A,,, = 2n/A. So we can study the symplectic topology of toric
manifolds from two points of view. Let Z>o be the set of all nonnegative
integers. Denote by

d
(1.6) AE, ) = maXZgo(ui)ai

=1

where (aq,...,aq) € 7%, satisfies Zle a;u; =0 and 1 < Zle a; <n-+1
Our first result is:
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THEOREM 1.1. For the above ¥ and ¢ one has
(1.7) 0<A,p) <(n+1)maxe(u;) and

for C' = C’J(L?)Z, Cg;) and n > 2. Moreover, for the interior Int(Ay) of Ay,
it always holds that

1
(19) WG(Xza(p) > %WG(Int(AKP) X Tnvwcan)v

where (Int(Ay) X T™ wean) = ({(z,0) | © € Int(A,), 6 € R"/2xZ"},
Zi:l dxy N d@k) .

As a by-product of proof of (1.8) we obtain in Corollary 3.2 Mori’s
theorem on the existence of rational curves through any point on a uniruled
manifold with a different method. In Remark 1.5 below we shall give an
example to show that A(X, ¢) may be much smaller than (n+1) max; p(u;).
In some condition the estimate in (1.8) can be improved.

THEOREM 1.2. If Xx, is also Fano, i.e., the anticanonical divisor
—Kx,, is ample, then
(1.10)

d d
T(E,¢):= inf{z o(ug)ag >0 ‘ Zakuk =0,a, € Z>o, k=1,... ,d} >0,
k=1 k=1

and for C = C’g)z, Cg;) and any n > 2,
(1.11) Wea(Xs, @) < C(Xs, ¢;pt, PD([¢])) < T(5, ).

By the definition it is easy to see that T(X,¢) < A(X,¢). In Theo-
rem 2.3 we shall list three equivalent criterions to judge whether or not X
is Fano from 3.

Let A™(a) := {(z1,...,2n) € RYy | > p_, 2k < a}. For A in (1.3) the
following number
(1.12)

W(A) :=sup{a > 0|3V € SL(n,Z), x € (R")* s.t. V(A" (a)) +z C A}

is an invariant of the Delzant polytopes in (R™)* under the group generated
by elements of SL(n,Z) and translations. For each vertex p of /A we can
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assign a positive number E,(A) as follows. Let pi,...,p, be n vertex
adjacent to p. By the above definition of Delzant polytope we may assume
that pp sits in an edge of the form p 4 tvg, t > 0, k = 1,...,n. Denote by
rp(A)k = |p—prl/|vk|, K =1,...,n. Here |v| denotes the standard norm of
vector v in (R™)*. Then py = p + rp(A)kvg, k=1,...,n. Let

(113)  7p(A) = {rp(Q)1, ..., mp(A)n} and  Ep(A) = min rp(A).

1<k<n

PROPOSITION 1.3.  For the Delzant polytope A in (1.3) it holds that

(1.14) %WG(IINJ(A) X T" wean) > W(A) > pegﬁ)@) E, (D).

We also want to derive the estimation in terms of A. A n-dimensional
integral polytope A C (R™)* was called reflezive in [Ba2] if it satisfies: (i)
Int(A) N (Z™)* = {0}, and (ii) all facets F' of A are supported by an affine
hyperplane of the form {m € (R™)* | (m,vp) = —1} for some vp € Z".
A equivalent version is that 0 € Int(A) and the polar A° := {x € R" |
(m,z) > —1,Vm € A} is also a n-dimensional integral polytope R™. A
reflexive polytope A is called a Fano polytope if the fan X A is regular.
Clearly, a reflexive and Delzant polytope is also Fano. Note that polytopes
A and 7 - A\ yield the same fans for any r > 0, and that two toric manifolds
corresponding with two isomorphic Delzant polytopes have same Fanoness.
Thus a toric manifold Px is Fano if and only if 7- (m+A) is a Fano polytope
for some m € (R™)* and r > 0. In Theorem 2.5 we shall show that the toric
manifold P associated with a Delzant polytope A in (1.3) is Fano if and
only if there exist m € (R™)* and r > 0 such that

Int(r- (m+ A))N(Z")" = {0} and

(1.15) ,
(A + (myuy)) = £1, V1 <i<d.

More sufficient and necessary conditions will be given there. Using this we
get the following corollary of Theorems 1.1 and 1.2.

COROLLARY 1.4. For the Delzant polytope A C (R™)* in (1.3) let
A(A) (= A(Ep,wp)) be the mazimum of —2m Zgzl Aia; for all (ay,. .., aq)
€ LY, satisfying Zgzl au; =0 and 1 < Zgzl a; <n+1. Then A(A) <
—2m(n + 1) min; \; and for C = Cg)z, Cg;) andn > 2,

(1.16) QWW(A) < WG(MA,QJA) < C(MA,wA;pt,PD([wA])) < A(A)
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If there exist r > 0 and m € (R™)* such that r - (m + A) satisfies (1.15),
then
(1.17)

d d
T(A) = inf{—Z)\kak >0 ‘ Zakuk =0, a € ZZO7 k= 1,...,d} > 0,
k=1 k=1

and for C = C’g)z, Cg;) and any n > 2 it holds that
(1.18) Wa(Mpa,wn) < C(Ma,wa;pt, PD(Jwa])) < 20Y(A).

Remark 1.5. The polygon space associated with o = (ay,...,a5) =
(3/2,1,1,1,4/3) is a symplectic toric manifold (Pol(a),w,) with moment
polytope A, given by

{(z1,20) eR* |3 <21 <3, L <ap < L,
T+ x> 1w —mp > —1, w9 — w1 > —1}.

(cf. [HaKn]). Using (1.15) one can prove that it is not Fano. We can also
compute that A(A,) = 256m/3 < 156m = —27(n + 1) min; A;. This shows
that the second inequality in (1.7) may be strict. Since ¥ = diag(1,—1) €
SL(2,Z) and U(A%(1))+ (3, 2) is contained in A,, we get that W(A,) > 1.
From these we can use (1.16) to obtain

21 < We(Pol(ar),wq) < C(Pol(a),wq; pt, PD([wy])) < 257/3.

Moreover, we can prove that Y(A,) = 1/6. So the second inequality in
(1.18), ie.,

C(Pol(a),wq; pt, PD([wa])) < 20T (Ay) = 7/3

can not hold because the first one in (1.18) always hold. These show that
the second inequalities in (1.11) and (1.18) do not necessarily hold for non-
Fano symplectic toric manifolds.

Notice that (ai,...,aq) € Z%, is only taken over a finite set in the
definition of A(X, ). Using the formula in [Sp] it might be possible to get
the optimal estimation for any compact non-Fano toric manifold.

The rest of the paper is organized as follows. In Section 2 we give some
necessary preliminaries on toric manifolds; the readers only need to browse
through them. The main results are proved in Section 3. Three exam-
ples are given in Section 4. In Section 5 we estimate symplectic capacities
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of the polygon spaces. Finally four related results are given in Section 6;
They are impacts of symplectic blow-ups on symplectic capacities, sym-
plectic packings in toric manifolds and the estimate of Seshadri constants
of an ample line bundle on toric manifolds, and symplectic capacities of
symplectic manifolds with S'-action.

Acknowledgement. 1 am grateful to Professors V. V. Batyrev,
A. Givental, A. Kresch, H. Sato, B. Siebert and J. A. Wisniewski for clari-
fying some facts. The author also thanks ICTP at Italy and IHES at Paris
for their financial support and hospitality.

§2. Preliminaries on toric manifolds

The basic references for toric manifolds (in alphabetic order) are [Au],
[Bal], [Ew], [Fu], [Gu2] and [Oda]. The description here will be presented
in the unity notations in [Bal] and [Gu2].

2.1. Symplectic toric manifolds

Let (Ma,wna, JA,TA) be the symplectic toric manifold associated with
Delzant polytope A C (R™)* in (1.3), and pa : Ma — (R™)* be the moment
map of the T™-action 7a on it. Denote by F} the k-th (n — 1)-dimensional
face of A defined by the equation (x,ur) = Ag. They yield complex and
symplectic submanifolds of Ma of real codimension 2,

(2.1) D1 = p (F1),..., Dy = px(Fy).

Let ¢, be the cohomology class in H?(Ma,Z) dual to Di. The cohomology
class [wa] and the first Chern class of Ma are respectively given by

d d
1
(2.2) - lwal =— d Mer and ei(Mpa) =D
k=1 k=1
(cf. [Gul]). As pointed out in [Ab] the arguments in [Gul] gave a symplec-
tomorphism
(2.3) (Int(Ma),wa) = (Int(A) x T, wean)-

Here Int(Ma) = ¢ (Int(A)) is an open dense subset in Ma, x € Int(A),
0 € R"/27Z"™ and wean = Zzzl dxy A dfy. Thus (x,0) may be viewed as
symplectic coordinates in Int(Ma).
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2.2. Fans and toric varieties

For an integer k£ > 1, a convex subset ¢ C R"” is called a regular k-
dimensional cone if there exists a Z-basis v1,..., vk, ..., v, of Z™ such that
o = Ryov1 + -+ + R>ovg. Such vq,...,vp € Z" are called the integral
generators of o. The origin 0 € R"™ is called the regular zero dimensional
cone. The cones generated by subsets of the integral generators of o are
called the faces of 0. A finite system ¥ = {o1,...,0,} of regular cones in
R™ is called a complete reqular n-dimensional fan in R™ if (i) any face of
each cone o € ¥ is also in ¥; (ii) the intersection o1 N oy of any two cones
01,09 € X is a face of each; (iii) R™ = 01U - -Uo,. A toric variety is compact
and nonsingular if and only if its corresponding fan is complete and regular.
We always consider such a fan ¥ below. The set of all k-dimensional cones
of ¥ is denoted by X(¥). For every o € ©(1) there is a unique generator
u € Z" such that 0 = Z>¢ - u. Denote by G(X) = {ui,...,uq} the set of
all generators of elements of %(1). A nonempty subset P = {u;,,...,u; } C
G(X) is called a primitive collection if it is not the set of generators of a
k-dimensional cone in X, while for each generator u; € P the elements of
P\{u;, } generate a (k—1)-dimensional cone in ¥. Since ¥ is complete there
exists a unique cone o(P) € ¥ whose relative interior contains u;, +- - -+u;, .
Let G(o(P)) = {uj,,.-.,uj, }. We get a linear relation

(2.4) Uiy + -+ Uy, = Cjuy + 0+ 6L UG, G > 0, Cj, € 7.

(we allow m = 0 if u;, +--- +w;, = 0.) It is called the primitive relation
for P. The integer deg(P) :=k — (c1 + -+ + ¢,) is called the degree of P.
Denote by PC(X) the set of primitive collections of 3. Let A(P) = {z €
C? | z;=0ifu; € P} and Z(X) = Up A(P), where P takes over PC(X).
Put U(X) = C?\ Z(X) and

R(E) ={p=(p1,.. ., pta) € Z% | pruy + -+ + pqug = 0}.

Clearly, R(X) is isomorphic to Z9~™. Let (eq,...,eq) be the standard basis
of R%. Define a linear map 5 : R — R", e}, — uy, k= 1,...,d. It maps
74 onto Z". Note that the map ( can be naturally extended to a map
fc : C4 — C" that maps 2miZ¢ onto 2miZ". We still denote by Gc the
induced map from Tg := C¢/2miZ4 to T® := C"/2miZ". Let N¢(X) be the
kernel of this map. Using the group isomorphism Eg : T(g — (C*)? given by

[w] = [(w1,...,wg)] — (e, ..., eY),
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we get a subgroup of (C*)¢, D(X) := E4(N¢(X%)). Explicitly, it is isomor-
phic to (C*)?~" as the Lie group. Moreover, D(X) acts freely and properly
on U(X). Thus the quotient X5, = U(X)/D(X) is a simply connected com-
pact complex manifold of dimension n, called the compact toric manifold
associated with 3. Denote by

25)  Dp(®) ={[(21,...,20) €UE)/DE) | 2 =0}, k=1,....d.

They are complex submanifolds of Xy of codimension one and form a basis
for the group TxDiv(Xy) of T = (C*)™-invariant divisors.

A continuous function ¢ : R™ — R is called X-piecewise linear if it is a
linear function on every cone of ¥. Such a function is uniquely determined
by its values on elements u; € G(X). We also call ¢ € PL(X) integral if
©(Z™) C Z. Denote by PL(X) the space of all ¥-piecewise linear functions
on R™. For ¢ € PL(X) and p € R(X) ® R the degree of p relative to ¢ is

defined by deg,, (1) = S0, prp(ur,)

THEOREM 2.1. For A € Hy(Xx,Z) let ux(A) denote the intersection
numbers A- Di(X), k=1,...,d. Then p(A) = (u(A)1,...,u(A)q) € R(X)
and the map

(2.6) Hy(Xx,Z) — R(X), Ar— pu(A)

is an isomorphism. Denote by Zyx, the inverse of the isomorphism and its
natural extension R(X) ® R — Ha(Xx,R). Moreover, the homomorphism
© — Zi:l ©(up)PD(Dg(X)) from PL(X) to H*(Xx,R) also induces an
isomorphism

(2.7) =¥ . PL(X)/Mgr — H?*(Xx,R).

In particular, under the isomorphism Z* the first Chern class c1(Xyx) is
represented by the class of ., € PL(X) such that ¢, (u1) = -+ = @, (ug) =
1. Furthermore, the degree-mapping induces the nondegenerate pairing deg :
PL(X)/Mgr x R(X) ®R — R which coincides with the canonical intersection
pairing H*(Xs,R) x Ho(Xy,R) — R.

A nonzero homology class A € Ho(Xx,Z) is called very effective in [Kr]
if A-D >0 for every toric divisor D. Let VNE(Xy,) denote the set of very
effective curve classes on Xy. Then under the isomorphism (2.6) it is given
by VNE(Xx) = 22, N (R(X) \ {0}).
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_ ~1

For each cone 0 = (u;,,...,u;, ) € 2™ let (us,... u;, _,, ug,) and
(Wiys .- Uiy_1s U4, ) are the n-dimensional cones in ¥ which contains o
as a face. Then there are unique integers b; € Z, i = 1,...,n + 1 with

bn = bp+1 = 1, such that bluil + -+ bnuzn + bn+1uin+1 = 0. We define
v(o) = (v(o)1,...,v(0)q) € R(X) by v(o), =bforr =i, and 1 <t <n+1,
and by v(o), = 0 otherwise. Under the isomorphism (2.6) it corresponds
to the class in Ho(Xx,Z) represented by the Tn-stable closed subvariety
V(o) = CP'. So the intersection number is

(25) (D) - V(e)) = {”t ultsrsnsy

0 otherwise
If Xx is projective the effective cone is given by NE(Xg) = > cxm-1)
Ron(U).

A Y-piecewise linear function ¢ € PL(X) is called strictly convex sup-
port function for ¥ if (i) it is upper convez, i.e., o(x) + ¢(y) > p(x + y)
Vz,y € R™, and (ii) the restrictions of it to any two different n-dimensional
cones 01,09 € X, are two different linear functions. Denote by ¢; € PL(X)
the unique functions determined by ¢;(ug) = o, k,l = 1,...,d. Tt is easily
checked that they are all upper convex. Moreover, under the isomorphism
(2.7) the divisor Dy(X) € H?(Xx,R) corresponds to the class represented
by ;. Denote by K(X) the cone in H?(Xy,R) = PL(X)/(R")* consisting
of the classes of all upper convex ¢ € PL(X), and by K°(X) the interior of
K(X), i.e., the cone consisting of the classes of all strictly convex support
functions ¢ € PL(X). Then K°(X) # 0 if and only if Xy, is projective.

THEOREM 2.2. For a complete regqular fan ¥ in R™, ¢ € PL(X) is a
strictly convex support function for it if and only if the following equivalent
conditions hold.

(i)  For any primitive collection P = {u;,,...,u; } C G(X) it holds that
o(uiy) + -+ p(uy) > e(uiy + - +ugy)-

(i) Ag:={me R")*| (m,x) > —p(x), Vo € R"} is a Delzant polytope
in (R™)*. In this case, for each mazimal cone o € ¥ let p, € (R™)* be
the unique element such that (p,,x) = —pls(x) Vo € o, then different
mazimal cone give different ¢, € (R™)* and {¢, | 0 € ™} is exactly
the set of vertexes of A,.
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(iii) The divisor Ziﬂ @(ug) Dy, is ample, or equivalently
d d
((Z MW)Dl(E)) : V(U)> = Z o(ug)v(o) >0 forallo € y=1),
=1 —

k=1

(i) is Theorem 4.6 in [Bal]. The first claim in (ii) follows from Corol-
lary 2.15 in [Odal, and the second is Lemma 2.12 in [Oda]. (iii) is Theo-
rem 2.18 in [Odal.

With the above fan ¥ one can associate a polytope in R™

(2.9) Ay = U conv (0, uy, ..., ug)

(U1, ug)ED
where u; € G(X) and (uq,...,u) is the convex cone spanned on vectors
Uty ..., Ug-

THEOREM 2.3. The compact toric manifold Xx, is Fano if and only if
the following equivalent conditions hold.

(i)  X-piecewise linear function ., defined in Theorem 2.1 is strictly con-
vex for 2.

(il)  Ewvery primitive collection P of ¥ has positive degree.

(iii) The polytope Ay is strictly convex in the sense that each face of it is
of the form conv(u;,,...,u; ) where (u;,...,u; ) € 3.

(i) and (ii) come from [Bal] and [Ba3] respectively. (iii) was obtained
on page 268 in [Wi].

There are only finitely many toric Fano varieties of dimension n up to
isomorphism. Toric Fano manifolds have been classified in low dimensions:
there exist exactly 5 different toric Del Pezzo surfaces, exactly 18 different
toric Fano 3-folds and exactly 124 different toric Fano 4-folds (see [Ba2],
[Ba3], [Oda] and references therein).

Since a compact nonsingular toric variety X, is projective (or Kéhler)
if and only if its fan ¥ comes from some Delzant polytope, we recall the
construction of the fan ¥ A associated with the Delzant polytope A in (1.3).
For each face F' of A of codimension k there exists a unique multi-index
Ip of length k, Ir = (i1,...,0k), 1 < i3 < -+ < i < d, such that F' =
{z € (R")* | z(u;) = A, Vi € Ir}. One has a regular k-dimensional cone
in R", op = {d> tiu; | t; > 0 Vi € Ip} with generators {u; | i € Ir}. The
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origin 0 € R"™ is called the regular 0-dimensional cone. Then the set XA :=
{or | F is a face of A} is a complete regular n-dimensional fan in R™ with
G(2Xa) = {u1,...,uq}, and the corresponding toric manifold Pp = Xy, is
projective. Audin showed in [Au] that there exists a biholomorphism from
(Ma,Jp) to Pn = U(XA)/D(XA) which maps Dy, in (2.1) to Dg(XA) in
(2.5), k = 1,...,d. Later we shall not distinguish between M and Pa
without special statements. By Theorem 2.2 (ii), if Xy is projective then
any ¢ € K°(X) yields a Delzant polytope A,. It is easily proved that
the fan X associated with A, is exactly ¥. Moreover, for any m € (R")*
and r > 0, the above construction implies that ¥,,1,A = XA and thus
Prira = Pa because m + A = ({_ {z € (R™)* | z(ug) > m(ug) + A}

THEOREM 2.4. For the Delzant polytope A in (1.3) the following as-
sertions hold:

(i) K°(ZA) #0, and the open cone K°(Xa) C H?(Pa,R) = HY'(Pa,R)
consists of classes of Kdahler (1,1)-forms on Pa. The support function
ha : R = R for A defined by

ha(x) = —inf{(v,z) |v € A} VzeR",

is strictly convex for Xa, and wa = 2wha .
(ii) Ay, =214, and if ¢ € PL(XA) is strictly convex for X o then one
has

d
Dy =[Vme ®)* | (m,u) > —p(u;)}  and
i=1
(Mp,,wn,) = (Pa,2mp).

(i) follows from Theorem 2.7 in [Oda]. To prove (ii), it is showed before
that each (n — 1)-dimensional face F; = {m € A | (m,u;) = \;} gives a
corresponding 1-dimensional cone op, = R>qu; in X A. By Lemma 2.12 in
[Oda)] this cone yields a (n—1)-dimensional face F := {m € A, | (m,u;) =
—¢(ui)} again.

THEOREM 2.5. The projective toric manifold Ma = Pa is Fano if and
only if the following equivalent conditions hold.

(i) There exist r > 0 and m € (R™)* such that Int(r - (m + A)) N (Z")* =
{0} and that - (\; + (m,u;)) =x1 fori=1,...,d.
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(ii) There exist > 0 and m € R™ such that 0 € Int(m + A) and that each
vertex of r-(m+ A) is a primitive vector in (Z™)* in the sense that its
coordinates are relatively prime.

Proof. To prove (i), note that Pa = P,,1a). By Exercise 3.6 on
page 70 of [Gu2], the vertices of the polytope r - (m + A) lie on integer
lattice points if and only if all 7 - (A\; + (m,u;)) are integers, i = 1,...,d.
Moreover it was proved in [Ba2] that P,.,4.) is Fano if and only if the
integral polytope r- (m+ A) is a reflexive polytope. These imply (i). As to
(ii) it was proved in [Ew] that P..,1 ) is Fano if and only if the integral
polytope r - (m + A) is a Fano ploytope. The condition in (ii) just right
guarantees that r - (m + A) is a Fano polytope. 0

83. Proof of the Main Theorems

Let (M,w) be a closed symplectic manifold. For nonzero classes
ap, Qoo € Hy(M,Q), using the Gromov-Witten invariant homomorphism
Vg gmi2 @ Hi(Mgmi2;Q) x Ho(M; Q)™ — Q, we defined in [Lu3] a
number GW (M, w; ag, aoo) by the infimum of the w-areas w(A) of the ho-
mology classes A € Hy(M;Z) for which W 4 g my2(K; 00, 0o, B1s - -+, m) # 0

for some homology classes 31, ..., 0m € Hy,(M;Q), k € H,(Mgm42;Q) and
integer m > 0. It was proved in Theorem 1.10 and Remark 1.11 of [Lu3]

that for C = C2),, %),

(3.1) C(M,w;ap,000) < GWo(M, w; ap, o)  and
(3.2) GWy(M,w;pt, PD([w])) = inf{GW (M, w;pt,a) | o« € H,(M,Q)}.

These are the starting points of proof of our main results.

3.1. Rational curves on uniruled manifolds
A smooth projective variety X over C is called uniruled if it satisfies
the following equivalent conditions:

(i) There is a nonempty open subset U C X such that for every x € U
there is a morphism f : CP* — X satisfying € f(CP!).

(ii) For every x € X there is a morphism f : CP! — X satisfying = €
f(crh.

The following proposition is a key to prove Theorem 1.1. Its proof was
actually contained in Kollar’s arguments in [Ko] and Proposition 7.3 in
[Lu3]. For convenience of the readers we shall prove it in detail.
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PRrROPOSITION 3.1. Let X be a uniruled manifold of positive dimension
n. Then there exist homology classes A € Ho(X;Z) with 1 < ¢;(A) <n+1,
a € Hop o(X,Q) and f € H (X;Q) such that

(3.3) W 4,0,3(pt; pt, a, B) # 0.

Proof. Firstly, note that (3.3) and dimension condition in the definition
of GW-invariants imply

2+ 2n+ (2n —dim f) = 2n + 2¢1(4).

It follows that 1 < ¢;(A) < n+1 because 0 < dim 3 < 2n. So we only need
to prove (3.3).

Our proof ideas are based on the proof of Theorem 4.2.10 in [Ko|] and
simple arguments of Gromov-Witten invariants. Recall the proof of Theo-
rem 4.2.10 in [Ko]. Fix a very general point z € X and a very ample divisor
H C X. Since X is uniruled there exists a rational curve C through = such
that (C - H) is minimal. Let B =: [C]. Fix a point z9 € CP! and let k be
the complex dimension of the space of morphisms f : CP? — X such that
f+([ICPY) = B and f(z) = x. Then k > 2 because the isotropic subgroup
of automorphism group of CP! at z, has real dimension 4. Then for general

divisors Hi, ..., Hy linearly equivalent to H,

(34) \IIB,O,k+1(pt;pt7 H17 cee 7Hk) 7& 0.

If & = 2 then (3.3) holds for A = B. If k = 3 it follows from (6) in [Mc]
that

U o4(pt;pt, Hy, Hy, H3)

= > Y Uposptipt, Hi,e) ¥, 03(pt; fi, Ha, Ha)
B=B1+By 1

where {e;}; is a basis for the homology H.(X;Q) and {f;}; is the dual
basis with respect to the intersection pairing. This identity implies that
Up, 03(pt;pt, Hy,e;) # 0 for some [. Taking A = B; one gets (3.3) again.
If k > 4 the composition law of the GW-invariants gives

Vpokt1(pt; Hy,. .., Hy)

= > Up, 04(ptipt, Hi, Hy, Ba)n™ W, 0 5-1(pt; By, Hs, . .., Hy).
B=B1+Bs ab
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Here {3 }{_, is a homogeneous basis of H.(X, Q). It follows from (3.4) that

VU, .04(pt;pt, Hi, Ha, By) # 0

for some B; € Ho(X;Z) and 1 < a < L. As in case k = 3 we can also get
(3.3). Clearly we has always (H' - A) < (H'- B) for any very ample divisor
H' on X. [

COROLLARY 3.2. For a uniruled manifold X of positive dimension n,
through any general point of X there is a rational curve C with 0 < (—K x -
C)<n+1.

This result is not new. It is an easy part of the celebrated Mori’s
theorem in [Morl], [Mor2]. For more general versions of Corollary 3.2 the
reader may refer to [KoMor].

3.2. Proof of Theorem 1.1

Since Xy is uniruled, Proposition 3.1 yields homology classes A €
HQ(XZ;Z) with 1 < Cl(A) <n+1, ac HQn_Q(XZ,Q) and 3 € H*(XZ7@)
such that W4 ¢ 3(pt; pt, o, B) # 0. Note that the Gromov-Witten invariants
are deformation invariants. For any ¢ € K°(X) one has

d
<[90]7 A> = Z SO(UZ),M(A)Z > 0.
=1

Now K(X) is the closure of K°(X) in H?(Xx,R). Therefore ([¢], A) =
Z?:1 Y(ug)u(A); > 0 for any ¢ € K(X). In particular we have

d

(3.5) (), A) =Y @A)y = p(A) >0, 1=1,....d.
=1

These show that A is very effective. By Theorem 2.1, ¢1(A) = Zfil w(A);.
So1l< Z?:l #(A); <n+ 1. By the definition of A(3, ¢) we have

d

0 < (], A) =D plui)u(A) < A(Z, )
=1

and thus GWo(M,w; pt,a) < A(X, ). Moreover it is clear that

d
D_elu)p < Y elui)p < (n+ 1) max p(u;)
i=1 o (u)>0
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for each p € Z% satisfying Zle wiv; = 0 and 1 < Zle uw; <n+1. By

(3.1) and (3.2) we get the desired (1.8).
The proof of (1.9) is direct. Note that A, may be written as

d
Ny =(V{z € ®)" | (2, ux) = 2(ur) > —p(up)}-
k=1

By Theorem 2.4 (i) it is a Delzant polytope in (R")*, and (Ma,,wa,) =
(Pp,,2mp) = (Xx,2mp). Using (2.3) we can give a symplectic embedding
from (Int(Ay) X T" wean) to (Ma,,wa,). Then (1.9) follows from these
and the monotonicity of symplectic capacities. 0

3.3. Proof of Theorem 1.2

For every A = Ex;(a) € VNE(Xyx), by Theorem 9.1 in [Bal] the moduli
space M(A, Xx) consisting of holomorphic maps f : CP! — Xy with
f+([ICP'Y) = A is irreducible and the virtual dimension of it is equal to
n+c(X2)(A4) = n+ X% ap. Denote by m = 1+ 3% a; and by
cy € H?(Xx,Z) the Poincare dual of [Dy(X)], k = 1,...,d. Tt was stated
in [Bal] that

(3.6) et = ¢

holds in QH*(Xy). The author incorrectly admitted it in [Lu2]. Actually
one only can prove (3.6) for all A € VNE(Xy;) in the toric Fano manifolds.
The first proof was given by Givental in [Giv] (also see [Kr| for an elementary
proof for a class of Fano toric manifolds, and [CiS] for another different proof
for Fano toric manifolds with minimal Chern number at least two). In terms
of GW-invariants (3.6) means

(37)  WER L (tpt, DY), Di(D),..., Da(¥),..., Da(X)) = 1.

al aq

Its enumerative interpretation is that for a given general point py on Xy, and
generic distinct points zq, 254, 7 =1,...,ar and k=1,...,d on CP! there
exists precisely one morphism f € M(A, Xx) such that f(z9) = pp and
f(zk,i) € Di(X) for i =1,...,a; and k =1,...,d. In particular p(A) > 0.
But Theorem 2.1 shows that ¢(A) = Zi:l w(ug)ag. Therefore for a given
a€ZlyNR(Y), Ex(a) € VNE(Xx) if and only if 3¢_, (up)ax > 0. Now
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(1.10) can easily follow from this and the Gromov compactness theorem.
Hence (3.2) and (3.7) give

d
GWO(XEﬂDvpt PD([ ng
k=1

for any A =Zy, (a) € VNE(Xy), and thus
GWo(Xs, ¢;pt, PD([¢])) < T(Z, ).
This and (3.1) give (1.11). a

Remark 3.3. For a symplectic toric manifold (Pol(a),w,) in Remark
1.5 it is easily seen that (3.6) cannot hold for all A € VNE(Pol(«)).

3.4. Proof of Proposition 1.3

Denote by wo = > p_; drgAdO) and wean = Y_j_y dziAdfy, the standard
symplectic form on R*® = R” x R™ and its descending symplectic form on
R™ x T = R™ x (R™/2xZ"™) respectively. For a >0, by >0, k=1,...,n,
we also denote by

> (@ +y)) /s < 1},

(38) E 7’17..., { xluylw‘ xn,yn) R2n
7=1

ANay, ... an {l’l,..., €R>O‘Zxk/ak<1}CRn

k=1
D(bl,..., ) {(91,..., ) Rn|0<9k<ka1<kj<n}

and abbreviate A"(a) := A(ay,...,a,) and O"(b) := O(by,...,by,) if a1 =
--=a, =aand by =--- =b, =b. The following two lemmas will be also
used in Section 6.

LEMMA 3.4. ([Sik]) Let U, V. C R™ be two connected open sets with
HYU) =0 and HY (V) = 0. For the symplectic submanifolds U x T" and
V xT" of (R™ X T™, wean), the following two statements are equivalent:

(i) (U X T™ wean) and (V X T™ wean) are symplectomorphic;

(i) there exists a unimodular matriz ® € Z™ " and a vector x € R™ such
that V. = ®U + x.

https://doi.org/10.1017/50027763000025708 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025708

SYMPLECTIC CAPACITIES OF TORIC MANIFOLDS 167

LEMMA 3.5. ([Sch, Lemma 3.11]) Let E(cy,...,¢n) be as above. Then

for all e > 0,
(i) (E(V2a1 — €,...,1/2a, — €),wy) embeds symplectically in (A(ay,...,

anp) x O"(27),wp) in such a way that for all o € (0,1), aE(v/2a; —
€ ...,V 2a, — €) is mapped into ((a + €)A(aq,...,ay,)) x O"(27);

(ii)) (Ala1 —¢€,...,a, —€) x O"(27),wp) embeds symplectically in E(\/2aq,
..y 2ay,) in such a way that for all a € (0,1), (al(a1 —¢€,...,an —
€)) x O™(27) is mapped into (o + €)E(v/2a1,...,\/2ay,).

Now we are in position to prove Proposition 1.3. By Lemma 3.4, if
U(A™(a)) + x € A for some ¥ € SL(n,Z) and z € (R™)* then there
exists a symplectic embedding from (A" (a) X T", wean) into (A X T™, wean )-
Moreover, Lemma 3.5 can give a symplectic embedding from (B?"(v/2a —
€),wp) into (A™(a) x O™(27),wp) C (A™(a) X T", wean) for any given small
€ > 0. The definition of W(A) and the monotonicity of the symplectic
capacities yield the first inequality in (1.14).

In order to prove the second inequality in (1.14) let p € Vert(A) such
that

Ey(A) = max{E,(A) | q € Vert(A)}.

Suppose that p1,...,p, € Vert(A) are the adjacent n vertexes as described
above Proposition 1.3. Then there exists a unique unimodular matrix A €
SL(n,Z) such that Aej = vy, k=1,...,n. So the map

(3.9) ¢: (R")" — (R")*, z+— Az —p
maps the vertexes p and py, . .., p, to the origin and 7,(A)1e], ..., rp(A)ne.
It follows that ® maps the convex combination conv(p,pi,...,pn) onto

conv(0,7p(A)rer, ..., rp(D)pe)).  Since conv(p,pi,...,pn) C A, the in-
verse map @1 of ® maps conv(0,r,(A)re}, ..., mp(A)yek) into A, But
A™M(Ep(A)) is contained in conv(0,r,(A)re], ..., mp(AD)ney,). The second

inequality in (1.14) is obtained immediately. 0

84. Examples

ExAMPLE 4.1. In [CdFKM] Candelas, de la Ossa, Font, Katz, and
Morrison resolved the curve of Zs singularities of the weighted projective
space CP%(1,1,2,2,2) to obtain a compact toric manifold X = Xs. Here
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the one-dimensional cones in the fan > are spanned by
up = —ej; — 2e — 2e3 — 2e4, Uz =e€1, U3= ey,

1
Uy = €3, Us=¢€4, U= §(U1 + ug)
for the standard basis e, ea, e3, e4 in C*. The maximal cones of ¥ are as
follows:
o1 = <U1,U3,U4,U5 ) Uz, U3, Uq,Us
o9 =
, 07 = (U2,U3,Us,Us

) =

U, Uy, Us, Ug), 06—(u Uyg, U5, Ug
ug) (
o4 = ) (

)

( ue)
03 = <u us, us, Ue >

(u1,us,us,up), 0z = (u2,us,us,us)-
The only two primitive collections are {uj,us} and {us,us,us,ug}. By
Theorem 2.2 a Y-piecewise linear function ¢ € PL(Y) is a strictly convex
support function for ¥ if and only if p(us) + ¢(us) + p(us) + @(us) > 0
and @(u1) + @(u2) > 2¢(ug). Note that uy + uz = 2ug. ., € PL(X) is not
a strictly convex support function for 3. By Theorem 2.3, X is not Fano.
Let w be the unique X-piecewise linear function determined by w(ui) = 1,
w(ug) = 1 and w(u;) = 0 for i = 2,4,5,6. It is easily checked that it is a
strictly convex support function for 3. So X is projective and w is a Kéhler
symplectic form. Theorem 1.1 yields

(4.1) Wa(X,w) < C(X,w;pt, PD([w])) < A(X,w) =1

for C' = C’J(L?)Z, Cg;). Moreover, by Theorem 2.2 (ii) we can calculate all
vertexes of A\, as follows:

t1 = (_17_17070)7 to = (17070a 0)7 t3 = (3717 1,0),
t4 - (]-7 _]-705 1)7 t5 - (0) _15070)7 t6 - (0)0705 0)7
tr = (0,-1,1,0), ts = (0,—1,0,1).

Since the matrix

ty — tg 1 0 00
o |ts—ts| _[0 -1 00
tr — tg 0 -1 10
ts — tg 0 -1 0 1
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belongs to SL(4,Z) and maps CI(A™(1)) = conv{0, e1, e, e3,e4} onto
COHV{t(;, to,ts, t7, tg} [GAVS

It follows from Theorem 1.1 and Proposition 1.3 that
Wo(X,) 2 5o Wa(Bu x T wean) 2 W(AL) 2 1.
Combing (4.1) we get
Wa(X,0) = 5 Wolfy X T ean) = W(D) = 1.

ExAMPLE 4.2. Let (CP",wpg) be m-dimensional projective space
equipped with the Fubini-Study wps. We assume that fCPl wpg = 2.
Then (CP",wps) is a 2n-dimensional toric manifold and its Delzant poly-
tope has vertices qo = 0 and ¢; = e;, ¢ = 1,...,n. Here eq,...,e, are the
standard basis of R" and we have identified (R™)* with R™. Let p € CP"
be a fixed point of action of T™ on it corresponding vertex ¢, under the
moment map. Since CP™ is Fano it easily follows from Corollary 1.4 that
for ¢ =), %)

Wa(CP",wrs) = C(CP",wrs; pt, PD([wrs])) = 2.

Now take 7 € (0,1) and consider the 7-blow up of (CP",wpg) at p we
get a symplectic toric manifold (@\?:,wT). By Theorem 1.12 in [Gu2] the
vertices of its Delzant polytope A, are ¢ = 0, ¢, = de,, and ¢; = e;,
Gn+i = 0en +de;,i=1,...,n—1. Here § =1 — 7. It is easy to see that

n+2
N = ﬂ{xER” | (z,ur) — A\, >0}
k=1

where u; = e; and \; =0,i=1,...,n,and upt1 = — Y 1" €, Upqy2 = —€p,
An+1 = —1 and Ap42 = —40. Note that all Delzant polytopes A, generate
the same fan. All toric manifolds 6]3: are same as complex manifolds.
If 7 = 1/2 it is easily checked that 2(A;/, — (3,...,3)) satisfies (1.15).
So 6]3711/2 is Fano. In particular we get that (3.7) holds for Xy = @?/2.
Note that the Kahler forms on @\??/2 and (f:\?: are deformedly equivalent
because they sit in a Kahler cone on a complex manifold. Using the fact
that the Gromov-Witten invariants are symplectic deformation invariants
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we still obtain (3.7) for Xy = 6]5: As in the proof of Theorem 1.2 it
follows from this and (3.1) that

C(CP",wr;pt, PD(Jw,])) < 27T (A,) = 276

for C =), €. On the other hand the first inequality in (1.16) leads
to
Wa(CP",w;) > 2n(1 — 7)

because A™(1 —7) C A. Hence
(4.2)  Wg(CP",w,) = C(CP",w.;pt, PD(w,])) = 2m(1 — 7)

for C' = C’g)z, Cg;). On the other hand it is easily checked that A(A) >
m(n + 1)(1 — 7). So (1.18) gives better upper bound than (1.16) for
Cuz(CP ,wr;pt, PD([w])).

ExXAMPLE 4.3. Consider the following 4-dimensional toric Fano mani-
fold W due to Hiroshi Sato [Sa, Ex. 4.7], which was missed in the table of
Batyrev [Ba3]. Let ey, es, €3, eq be the standard basis in R*. Denote by
Uy = €1, U = €2, U3 = —€1 — €9 and Ug = €3, U5 = €4, Ug — —€3 — €4. Let
W be the equivariant blow-ups of CP? x CP? along three Ty-invariant 2-
dimensional irreducible closed subvarieties orb({u1,u4}), orb({ug, us}) and
orb({us, us}). The set of all generators of 1-dimensional cones in its fan ¥ is
G(X) = {uy,ua, us, ug, us, ug, uz, ug, ug }, where uy = uy + ug, ug = ug + us
and ug = ug + ug. % has 23 maximal cones as follows:

o1 = (ui,uz,u7,ug), 02 = (u1,us, ue,ug), 03 = (U1, us, ug, Ur),
04 = <U1,U3,U57U7>, 05 = <U1,u3,u57’u9>, 06 = <U1,u3,u77u9>,
)

a7 = <U17U57U6,U8>, g8 = <U1,U5,U6,U9> 09 = <U1,U5,U7,U8

;
010 = (u1,ue, ur,ug), 011 = (U2,U3,Uq,Ug), O12 = (U2, U3, Us,Ug),
013 = (ug,u3,Us,us), 014 = (U2,Us,U7,Ug), O15 = (U2, U4, Ug, UT),
016 = (u2,ud4,Us, Uug), 017 = (U2, Ug,Us, Ug), O18 = (U3, U4, Us, UT),
019 = (U3, U4, ur,ug), 020 = (U3, Us,Ug,Ug), 021 = (Ug,Us,UT, Ug),
099 = (Ug,ug, u7,Ug), 023 = (Us, Ug, Ug, Ug).

Since W is Fano, ¢., € PL(X) defined by ¢, (u;) =1,i=1,...,9 gives a
symplectic structure on W. It is easily checked that

9 9
(2, pe,) = inf{zm >0 ( > niui =0, (n,...,ng) € (220)9\{0}} =
=1 i=1
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_ (2 ~(20)
By Theorem 1.2 we get that for C' = C\;5,, Cp,,
(4.3) WG(VVa 80c1) < C(VV, Qpcﬁpt’PD([SDQ])) <1l

By Theorem 2.2 (ii) we can calculate all vertexes of A, —as follows:

t1 = (1,1,0,0), to = (1,1,-1,0), t3 =(1,1,0,—1),
ty = (1,-2,0,1), ts = (1,-2,-1,1), ts=(1,-2,0,0),
t7 = (1,0,—2,1), ts = (1,—-1,-2,1), t9=1(1,0,0,1),
tip=(1,-1,0,-1), ti1 =(-2,1,1,-1), t12=1(0,-1,-2,-2),
tis=(-2,1,1,1), t14 = (0,1,1,0), t15 =(0,1,1,-2),
tig=(-2,-1,0,-1), t17=(-1,1,-1,0), t18=(0,—1,1,1),
ti9=(0,—-1,—1,-1), t99o=(—1,0,—1,1), t91 =(0,0,1,1),
tao = (0,0,1,-2), tos = (0,0,—2,1).
Note that the matrix
to —t1 0 0 -1 0
o ts—t1 | _ 0o 0 0 -1
tg —t1 0 -1 0 -1
tiy —t1 -1 0 1 0

belongs to SL(4,Z) and maps CI(A™(1)) = conv{0, e1, e, e3,e4} onto
COHV{tl, to,t3, tg, t14} —t; C Aéf’cl —t1.

It follows from Theorem 1.1 and Proposition 1.3 that

W (W, ;) > %WG(A% X T wean) > W(D ) > 1.
Combing (4.3) we arrive at
(4.4) Wea(W, ¢c,) = C(W, ey pt, PD([pe,]) = 1
for c =), %)

85. Symplectic capacities of polygon spaces

Let @ = (oq,...,y) € R7P. Following [HaKn] the polygon space
Pol(«), abelian polygon space APol(a) and upper path space UP(«) for o
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are given by

Pol(a) = {<m,...,pm> & (R)™| Vi, ol = i, Y pi = o}/sog,

=1

APol(a) = {(pl, et pm) € (RE)™ ‘ Vi, |pi] = ai, C(ZpZ) - am}/SOg,

=1
UP(a) = {(Plv--wl)m—l) e (R?)™! ‘Vi, pil = i, C(mz_jlpz‘) > am}/w
=1

respectively, where SO3 acts on (R3)™ diagonally, ¢ : R? — R is the projec-
tion {(z,y,2) =z, and p~ p' if p=p' or if((Z?:ll pi) = au, and [p] = [p]
in APol(c). When « is generic, i.e., the equation Y ;" g;a; = 0 has no
solution with €; = +1 they are respectively closed symplectic manifolds of
dimensions 2(m —3), 2(m—2) and 2(m —1). Moreover Pol(«) is a codimen-
sion 2 symplectic submanifold of APol(«), and the latter is a codimension
2 symplectic submanifold of UP(«). In particular APol(a) and UP(«) are
respectively toric manifolds with moment polytopes

m—1 m—1
a—{(xla---7xm—1)€ [—ai, a;] in—am}a

[1]

=1 =1
m—1 -1
Ea = {(xlu ->xm71) S H[_aiuai] sz >am}
i=1 i=1
Note that Ea may viewed as a Delzant polytope. Indeed, with the standard
basis €1, ..., em—1 of R we set u; = e;, Ump—14i = —€, 1 =1,....,m—1
and ugy,—1 = Z:’;l e;. Then with A\j,_14; = \j = —a, i =1,...,m — 1,
and Ag;,—1 = oy, we have
2m—1
Ho = ﬂ {z e R™ | (z,u;) — \p > 0}.
k=1
For nonnegative integers pg, k = 1,...,2m —1 the direct computation gives
rise to
2m—1 m—1
Z HEUg = Z (i = Bm—14i T Ham—1)€;
k=1 i=1
2m—1 m—1
- Z Ak = Z (i + fim—1+44) — Qmfi2m—1-
k=1 i=1
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So 2221_1 prug = 0 < Hm—1+4i = Hi + U2m—1, i=1,...,m—1, and thus
1< Z?;nl_l wi<me1<2 Zf:ll Wi + mpom—1 < m. In this case

2m—1 m—1 m—1
SDIRUTEED SRRSO BRI v
k=1 =1 =1

Setting b; = p;, e =1,...,m — 1, and b,, = pom—1 we get
R m—1 m—1

(5.1) A(E,) =2m max{Q Z a;b; + (Z o; — am) bm, ‘
i=1 i=1

m—1

1 SQZbi—i-mbm <m, b; EZZ()}.
i=1

By (1.7) it is less than or equal to 2mm max{a; | 1 <1i < m—1}. Moreover,

it is easily checked that conv(0,deq,...,0€,-1) C éa for 6 = min{a; |1 <

i <m —1}. By Theorem 1.1 we have:

PROPOSITION 5.1.  Let &, denote the symplectic form on UP(«). Then

for C = Cg)z, Cg;),
2rmin{o; |1 <i<m—1} < Wg(UP(a),w,)
< C(UP(a),@q;pt, PD([@al)),
and for m > 3 it holds that
(52)  O(UP(a).Guipt, PD(Ga])) < AEa)
<2mrmax{e; |1 <i<m—1}.
Since =, is isomorphic to the Delzant polytope

m—2 m—2
Do = {(yh---,ym—z) e [[l-ai il | am—am1 <Y wi < am+am_1},
=1 =1

as in the proof of Proposition 5.1 we can derive from Theorem 1.1:

PROPOSITION 5.2. Let w, denote the symplectic form on APol(«).
Then

m—2 m—1
A(Aa) = maX{2 Z oy + fm—1 - (Z aj — am)
=1

i=1
m—2
+,um : (am—l + gy — Z ai)}v

i=1
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where p; € Z>o, t =1,...,m, satisfy
m—2
1<2) it (m = Dpim1 + (m = 3 <m— 1.
i=1

Moreover, for m > 4 and C = CI(L?)Z, Cg;) it holds that

(5.3)  Wea(APol(a),wq) < C(APol(a),wq; pt, PD([wa])) < A(Ad)

<2(m — )mrmax{ai,...,0m—2, m—1 + G }.

By Proposition 1.3 in [HaKn], for generic « € R’ and § > Z] e’
one has a symplectomorphism

APol(aq, ..., ) = Pol(ag,...,am—1,0 + am,9).
So it follows from Proposition 5.2 that

PROPOSITION 5.3. Letw!, denote the symplectic form on Pol(«). Then
for every generic a € R\ satisfying cm—1 > > %Z;”:_ll o the polygon
space Pol(aq,...,an) is symplectomorphic to APol(aq, ..., am—2,m—1 —
am). So with & = (a1, ..., n—1, ¥m—1 — Qm),

m—3 m
A(Ay) = max {2 Z W0 + fhp—2 - (Z oy — 2am71>
=1 i=1 m
+ fm—1 - (204m71 + 20,2 — Z ai) },

=1
where p; € Z>o, 1 =1,...,m — 1, satisfy
1<2Z:U’z _2Nm 2+(m 4):U’m 1<m—2.
) (20)
Moreover, for m > 5 and C = Cy7,, Cy; it holds that
(5.4) We(Pol(a),wl) < C(Pol(a),w.;pt, PD([w.])) < A(Dor)
< 2(m — 2)rmax{ai,...,Qn-3, Um-2 + Qn—1 — Qn}.

It was shown in Section 6 of [HaKn] that for generic a € R and 3 € RS
both Pol(a)) and Pol(f3) are toric manifolds if a; # a9 and ay # as, and if

B1 # B2 and (5 # (.
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§6. Related results

6.1. Impacts on symplectic capacities of symplectic blow-ups

If we always require the class k to be a single point one pt in the
definition of the number GW (M, w; o, as) at the beginning of Section 3,
the corresponding infimum is denoted by

(6.1) GW,y(M, w; ap, o).

Then GW 4(M, w; ap, o) < (?V\Vg(M,w;ozo,ozoo).

Firstly, it is easy to see that the symplectic blow up operation for a
symplectic manifold must decrease the volume of it. One easily find a non-
compact symplectic manifold for which a suitable symplectic blowing up
does not decrease its Gromov symplectic width. Therefore it is a compli-
cated problem. For simplicity we restrict our attention to the case of a
symplectic blow up of a closed 2n-dimensional symplectic manifold (M,w)
at k distinct points. Let ¢ = [[; ¢ : [1;(B*"(r),wo) — (M,w) be a sym-
plectic embedding of k disjoint standard symplectic balls of radii 71, ..., 7,
and © : (Mw,fuw) — (M,w) be the symplectic blow-up associated with
at p; = ;(0), i = 1,...,k. Let H;j(M) (vesp. H/(M)) denote H;(M,Z)
(resp. H’(M,Z)) modulo torsion. Denote by ¥; = ©71(0) =~ CP"~! the
exceptional divisor corresponding to p;. Let Ey, ..., Ej denote the homol-
ogy classes of the exceptional divisors in Ha, o(M) and e1, ..., e, € H*(M)
be their Poincaré duals. Then

(6.2) @] = [0%w] =) e

in H2(M,R) ([McP]). Let E! € Hg(]\?) be the classes of lines in the ex-
ceptional divisors ; such that PD(E!}) = —(—e;)" . Let {Tp,..., Ty}
be a homogeneous basis of H?(M) of increasing codimension such that
Ty is the fundamental class and T, = pt. With p =g+ k(n — 1) we define
Tys1,-- -, Tp to be the classes e EHQ(M)Z—l ykandj=1,...,n—1.
Denote by T; = ©*T;, i = 1,...,q. Then {Tl,...,fp} is a homogeneous
basis of H?(M ) The classes 11, ..., T, (resp. Tyt1,...,Tp) are called non-
exceptional (resp. exceptional). Note that

T, Ty = 0°(T;- Ty). Tyl =0

(63) / ; /
et el = ohe™, el = (=1)""pt
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on]\?forlgj,j’gq, 1<i4,d <kand1l<m,m <n-—1. Onehas a
canonical decomposition

Hy(M) = Hy(M)®ZE @ --- ® LE;,.

By (6.3) the classes PD(EY) € H(M) satisfy PD(E})- E; = E;(E}) = —4t.
So one has

H*(M,R) = H}(M,R) R} @ - @ Rel ™

As usual we denote by ©! the transfer map PD 700 o PDyy from H.(M)

to H. *(M ) and call the image ©!(A) the corresponding non-exceptional class
of A € Hyo(M). Using (6.2) and (6.3) it is not hard to derive that

(6.4) ([w], 01(A)) = ([w], A).

Let ptys (resp. pt7) denote the single point class in Ho(M) (resp. HO(M))
such that (PDy(ptar), [M]) = 1 (vesp. (PD(ptyr), [M]) = 1). Note that
HQ”(M, R) = R[@"] and H?"(M,R) = R[w"]. It is easily checked that

k

(6.5) O©!(ptyr) =ptz; and ZTQ" —me;)t = < Z 2")PD )
i=1

It was proved in [Ga] and [Hu] that

(66) \PG'(A) 0, m(pt7 @‘(71)7 s 7@'(7771)) - qj%o,m(pta AR 7’)/m)

for any A € Hyo(M) and ~v; € H*(M), i = 1,...,m. We here use the
homology classes for convenience. It follows from this, (6.1) and (6.4) that

(6.7) GWo(M,3;0!(ag), 0 (aise)) < GWo(M, w; g, v )-
Note that the first identity in (6.5) and (6.6) give
(6.8) Ui a)0me1 (P Pt O 1), - - Ol (Yim))

= \IJAM,O7m+1(pt;ptM7 Y15 - 77777,)

By (3.2), GWO(M,CD;ptﬂ, PD([@])) is equal to the infimum of the w-areas
w(A) of the classes A € HQ(M) for which \ll%ovm_s_l(li;ptﬁ, B,y Bm) #0
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for some classes (1,...,0m € H*(]\j7 Q), £ € Hy(Mpm+1;Q) and integer
m > 1. Hence it follows from (6.8) that

(6.9) GWo(M, @; pt7, PD([@]))
< inf{w(A) [ ©Xg 1 (P ptar, 1, - ym) # O},

where the infimum is taken for A € Hy(M) and v; € H.(M). By (3.1) and
(6.7) we obtain:

THEOREM 6.1.  For any nonzero classes oy, oo € Hi(M,Q) it holds
that

CHZ(M,@;@!(QO),@!(QOO)) < é\\NO(M,w;ao,ozoo) and
CHZ(M,@;ptMa PD([w]))
< 1nf{w(A) | \IJAM,O,m+1(pt;ptM7rylu s )’Ym) ;é 0}

Notice that the blow-ups of a toric manifold at its toric fixed points are
also toric manifolds. However, the blow up of a toric Fano manifold is not
necessarily Fano again. By (3.7) and Theorem 6.1 we get:

THEOREM 6.2. Let X5 be a toric manifold obtained by a sequence of
blowings up of a toric Fano manifold at toric fized points. So G(¥) =
{ut,...,uqg} C G(X). Then for any strictly convex support function ¢ for
Y (also strictly convex for ) it holds that

(6.10) Wa(Xg, ) < C(Xg, ;pt, PD([g])) < 27 - T(5, ).

for everyn > 2 and C = Cg)z, Cg;). Here Y(X, ) is given by (1.10) and
is always more than zero though Y (3, ) might equal to zero in the case X5
s not Fano.

The fan X may be obtained from ¥ by a sequence of regular stellar
operations. For the Delzant polytope A in (1.3) and a vertex p of it, let the
rays p + tv;, t > 0, form the edges of A at p as in the definition of Delzant
polytope above, we choose 0 < € < E,(A) and replace the vertex p by the
n vertices p + ev;, i = 1,...,n to get a new Delzant polytope A.. Then
the symplectic toric manifold (Ma_,wa_) is the symplectic & blow-up of the
symplectic toric manifold (Ma,wa, T, pua) at a fixed point ¢ = pua(p) of
the T™-action 7A.
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COROLLARY 6.3. Suppose that there exist r > 0 and m € (R™)* such
that v - (m + A) satisfies (1.15), i.e., Ma is Fano. Then for C = C’g)z,
Cg;) and any n > 2 it holds that

Wa(Mp,,wa,) < C(Ma_,wn_;pt, PD([wa,])) <2707T(A).

6.2. Symplectic packings in symplectic toric manifolds

We here presents a symplectic packing result in symplectic toric mani-
folds via symplectic ellipsoid of form (3.8) (see [Bi], [Gr], [McP], [Ka], [Tt],
[Sch] and references therein for the exposition and related results). Denote
by Vert(A) the vertex set of the Delzant polytope A in (1.3). For each
p € Vert(A) let p1,...,p, be its adjacent n vertexes. If fVert(A) > n +1
there must exist another p’ € Vert(A) and adjacent n vertexes pi,...,p),
corresponding to it such that

(6.11) (conv(p,p1,--.,pn))° N (conv(p’,pi,...,p,))° = 0.

Hereafter S° denotes the interior of the set S. In this case we say that
the vertexes g and ¢ are simplicially separating in /\. Notice also that
each conv(p,p1,...,pn) determines a family of open symplectic ellipsoids

E(A,p,e) = E(\/2rp(A)1 —€,...,4/2rp(A), —€) for 0 < e < Ep(A).

THEOREM 6.4. If any two points of a given subset {qi,...,qm} C
Vert(A) are simplicially separating in A\, then for any small € > 0 there
exists a symplectic packing of (Ma,wa) via the ellipsoids E(A, qx,€), k =
1,...,m.

Proof. By (2.3) it suffices to prove that for any small € > 0 there exists
a symplectic embedding of a disjoint union of the open ellipsoids E(A, gk, €),

k=1,...,m. For each k = 1,...,m, as in proof of Proposition 1.3 we
have the unimodular matrixes Ay € SL(n,Z) such that the corresponding
transformations

O : (R")" — (R, x+— Agx — qi,

map gk, Pkl - - - s Pkn t0 0,ag1€], ..., arney,, k =1,...,m, respectively. Here
Dkl,---,Pkn are the adjacent n vertexes to g, and ap; = re (A)i, @ =
1,...,n,and k =1,...,m. Now each ®; induces a symplectomorphism Ay
of ((R™)* x T™ wean) to itself that maps conv(qg, k1, - .-, Pkn) X T™ onto
conv(0, agre}, ..., akner) x T k=1,...,m. Note that

(conv(0,agr€],...,apner))’ = Aagy, - akn), k=1,...,m,
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provided that (R™)* is identified with R™ by the isomorphism
x1€] + -+ xpey — x1e1 + o+ Tpep.
We can use Lemma 3.5 to find symplectic embeddings By, of
E(A, qpe) = E(V2ar1 — €, ..., 2ak, — €)

into (A(agy,.-.,ak,) X O%(27),wp) and thus into (A(agy,...,ak,) x T,

Wean), kK =1,...,m. Then it is easily checked that the compositions .A,;l o
Bi, k=1,...,m, give the desired symplectic embeddings. 0
Remark 6.5. Let a = (ai,...,ay) be a vector of positive weights and

A"(a) := N(aq,...,a,). Also denote by E(y/2a) := E(v/2ay,...,v2ay,).
The above proof actually shows that if for some A"(a®)) c R* = (R")*
there exist Ay € SL(n,Z) and q; € (R™)*, k= 1,...,m, such that the sets
A(A(@®)) +q € A, k=1,...,m, are mutually disjoint, then (Ma,wa)
admits a symplectic packing via m open ellipsoids E(1/2a®)), k=1,...,m

EXAMPLE 6.6. Consider the polygon space (Pol(a),wq) in Remark 1.5.
Its moment polytope A, has vertexes: q1 = (1/2,3/2), q2 = (4/3,7/3),
4 = (5/2,7/3), a1 = (5/2,3/2), a5 = (4/3,1/3), g5 = (2/3,1/3) and g7 =
(1/2,1/2). It is easily computed that

E(Aq) = EVZA5V3/3),  B(A,0) = B(/5v2/3,7/773),
E(D, ) = EGTBNGR),  B(bar) = J_\/ﬂ
B(D,45) = BO/TVE3, VAT, E(D,46) = B(/A73,[VI0/3),

E(A,q7) = E(1/V10/3,2).

By Theorem 6.4, for any ¢ > 0 sufficiently small, (Pol(a),w,) admits the
symplectic packings via the following groups of ellipsoids:

{E(A,q1,€), E(A,g3,€), E(A, g5, €)}, {E(D, q15€), E(D, g3, €), E(D, gs5 €) }
{E(A,q2,€), E(A,qq,€), E(A,gs,€)}, {E(A,q2,€), E(A, qq,€), E(A, q7,€)},
{E(A,q3,€¢), E(A,q5,€), E(A,q7,€)}, {E(A,q1,¢€), E(A, qq,€), E(A, g, €)},
{E(A,q2,€), E(A,q5,€), E(A, q7,€)}.
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6.3. Seshadri constants

Let (M, J) be a compact complex manifold of dimension n, and L — M
an ample line bundle. Demailly [Dem| defined the Seshadri constant of L
at a point « € M to be the infimum e(L,z) of [, c1(L)/mult,C, where C
takes over all irreducible curves passing through the point x, and mult,C
is the multiplicity of C' at x. The global Seshadri constant is defined by
e(L) := infyepe(L,x). For the toric manifold Xy, as in Theorem 1.1 let
Ly — Pa be the corresponding line bundles to the toric divisors D (X) in
(2.5), k=1,...,d. It is well-known that the Chern class c¢; (L) is Poincaré
dual to [Dy] € Hy(Xx,Z) for each k.

THEOREM 6.7. Let ¥ be a complete regular fan in R™. Then for any
ample line bundle L — Xy and any strictly convex support function o,
representing the class c1(L) it holds that

(6.12) e(L) <2m- A2, 01).
Furthermore, if X, is also Fano then
(6.13) e(L) <2m-Y(X,¢1).
Proof. Recall that in Definition 1.26 of [Lu3, v9] we defined
GW(M,w) = inf GW 4(M, w; pt, a),

where the infimum is taken over all nonnegative integers g and all homology
classes a € H,(M;Q) \ {0} of degree degax < dim M — 1. Using Proposi-
tion 6.3 in [BiCi] we showed in Theorem 1.36 of [Lu3, v9] that for a closed
connected complex manifold (M, J) of dimension dimg M > 2 and any am-
ple line bundle L — M it holds that (L) < GW(M,wy,). Here wy, is any
J-compatible Kahler form (the curvature form for a suitable metric con-
nection on L) representing the cohomology class ¢1(L). From the proofs of
Theorems 1.1 and 1.2 it is easily seen that for a toric manifold Xy and a
strictly convex support ¢ for 3 one has

GW(Xs,p) <27A(3,9) and GW(Xsg, @) <27Y(3,¢)

in general case and Fano case respectively. 0
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6.4. Symplectic capacities of symplectic manifolds with S'-
action

The symplectic toric manifolds are a special class of symplectic man-
ifolds with the Hamiltonian S'-action. Let {N\;} = X\ : S = R/Z —
Ham(M,w) be a Hamiltonian circle action on a connected symplectic man-
ifold of dimension 2n. Let H : M — R be the Hamiltonian function for
the action. It means that the circle action is generated by the Hamiltonian
vector field Xpg. This action is called semi-free if it is free on M \ M s,
For each fixed point p of the action there exist integers my,...,m, such
that the induced linear symplectic S'-action on the tangent space T,M is
isomorphic to the action on (C™,wg) generated by the moment map

n
Hy(z1,...,2n) = ﬂ'ij|zj|2.
j=1

The integers my, ..., m,, uniquely determined up to permutation, are called
the isotropy weights at p. An Hamiltonian S'-action on (M,w) is semi-free
if and only if the only isotropy weights at every fixed point are £1.

THEOREM 6.8. Let (M,w) be a 2n-dimensional, connected closed sym-
plectic manifold with a semi-free Hamiltonian circle action with isolated
fized points. Then

(6.14) Wa(M,w) < C(M,w;pt, PD(Jw])) < max H — min H

for C = C’g)z, Cg;) and any n > 2, where H s the associated Hamiltonian
function. Moreover, if [w] € H?(M,Q) and the only isotropy weights at
every fixed point is £1 then

(6.15) Wa(M,w) >

3|

Here m > 0 is the smallest integer such that mlw] € H*(M,Z).

Proof. Following the notations in [Go] let S = {1,...,n}. Each subset
I C § may determine a homology class A; € Ho(M) in Proposition 2.11
of [Go] such that w(A;) = max H — H(pre) with I¢ = S\ I. By (14) in
Corollary 3.14 of [Go] one has x5 * 27 = x7c ® e47. Tt follows that Gromov-
Witten invariant

(6.16) U, 03(pt; PD(xs), PD(xr), PD(x 7)) #0
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for some J C S. Note that xs is the positive generator H?*(M,Z) (cf.
Remark 2.10 in [Gol].) (6.16) shows that (M,w) is strong O-symplectic
uniruled in the sense of Definition 1.14 in [Lu3, v9]. As in [Lul] and [Lu3],
using the the reduction formula of the Gromov-Witten invariants we can
also derive from (6.16) that

W4, 04(m  (pt); pt, PD([w]), ) # 0

for some o € H,(M,R). So it follows from (12) and Theorem 1.13 in [Lu3,
v9] that

We(M,w) < C2) (M, w; pt, PD([w]))
< C2%) (M, w; pt, PD([w]))
< GWy(M,w; pt, PD([w]))
< w(Ag)
<max H — H(pje)

< max H — min H.

(6.14) is proved.

For the second claim, by Proposition 2.8 in [KaTo] there exists a sym-
plectic embedding from (B2?*(1),wp) to (M, mw). So Wg(M,mw) > =.
(6.15) follows. 0
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