
SYMPLECTIC FIBRATIONS AND
MULTIPLICITY DIAGRAMS

VICTOR GUILLEMIN EUGENE LERMAN
Massachusetts Institute of Technology

SHLOMO STERNBERG
Harvard University

CAMBRIDGE
UNIVERSITY PRESS



Contents

Acknowledgments

Introduction

1
1.1
1.2
1.3
1.4
1.5
1.6

Symplectic Fibrations
What Is a Symplectic Fiber Bundle?
Symplectic Connections
Minimal Coupling
The Coupling Form u>r
Weak Coupling
Varying the Connection

page IX

xi

1
1
2
5
7

12
17

2 Examples of Symplectic Fibrations: The Coadjoint
Orbit Hierarchy 21

2.1 Basic Example 22
2.2 A Normal Form Theorem 27
2.3 Fibrations of Coadjoint Orbits and the Cross Section Theorem\ 29
2.4 Symplectic Mackey-Wigner Theory 45
2.5 Riemannian Submersions with Totally Geodesic Fibers 46
2.6 The Hannay-Berry Connection ' 51

3 Duistermaat-Heckman Polynomials 54
3.1 Orbital Methods in Representation Theory 54
3.2 Computing the D-H Polynomials: The Case of Linear Action 65
3.3 Computing the D-H Polynomials: The "Heckman" Formula 76
3.4 Is There a "Kostant" Formula Corresponding to the Heckman

Formula? 84
3.5 Computing the D-H Polynomials: Formulas for the Jumps 95



vi Contents

Appendix 3.A: The Duistermaat-Heckman Measure as the
Volume of Reduced Spaces ^x 101
Appendix 3.B: Localization and the Duistermaat-Heckman
Formula 102

4 Symplectic Fibrations and Multiplicity Diagrams 107
4.1 A Few Words about the Contents of This Chapter 107
4.2 The Heckman Formula 111
4.3 An Inductive Formula for the D-H Measure Associated with a

Coadjoint Orbit of U(n) 116
4.4 The Kostant Formula 119
4.5 The Weak Coupling Limit 122
4.6 Reduction and Weak Coupling 125
4.7 Some Final Comments about Weak Coupling 130

5 Computations with Orbits 140
5.1 Generalities about Toral Moment Maps 140
5.2 Singular Values of the Moment Map <t>: O -*• t 141
5.3 Examples: SU(4) Orbits 146
5.4 Duistermaat-Heckman Polynomials for 10-Dimensional Orbit of

5(7(4) 153
5.5 Variation of Orbits 163

Appendix A: Multiplicity Formulas 167
A.I Weyl, Kostant, and Steinberg Formulas 167
A.2 The Action of the Casimir Element on ~Z(X) 170
A.3 Determining the Coefficients 172
A.4 Proof of the Kostant and Weyl Formulas 175

Appendix B: Equivariant Cohomology 177
B.I Hidden Symmetries 177
B.2 Equivariant Cohomology 178
B.3 Superalgebras 180
B.4 Differential G Complexes . ,181
B.5 The Weil Algebra 184
B.6 The Matthai-Quillen Isomorphism 186
B.7 The Cartan Model 188
B.8 Locally Free Complexes 189
B.9 Equivariant Cohomology: Homogeneous Spaces 190
B. 10 The Thorn Form According to Mattai-Quillen 195



Contents vii

B. 11 Equivariant Superconnections
B. 12 Equivariant Characteristic Classes
B. 13 Reduction Formula for Locally Free Torus Actions
B.14 Localization
B.I5 Localization in Stages

Appendix C: Update
C. 1 Commutativity of Quantization and Reduction
C.2 Toric Varieties
C.3 Orbifolds
C.4 Presymplectic Hamiltonian Actions
C.5 Nonisolated Fixed Points

197
199
201
204
210

211
211
213
213
214
214

Bibliography 215

Index 221


