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ABSTRACT. It is proved in this paper that for a given simply connected
Lie group G with Lie algebra g, every left-invariant closed 2-form induces a
symplectic homogeneous space, This fact generalizes the results in [7}] and
[12] that if Hl(g) = Hz(g) =0, then the most general symplectic homogeneous
space covers an orbit in the dual of the Lie algebra g. A one-to-one corre-
spondence can be established between the orbit space of equivalent classes of
2-cocycles of a given Lie algebra and the set of equivalent classes of simply
connected symplectic homogeneous spaces of the Lie group. Lie groups with
lefe-invariant symplectic structure cannot be semisimple; hence such groups of
dimension four have to be solvable, and connected unimodular groups with
lefe-invariant symplectic structure are solvable [4].

1. Symplectic manifolds. Let M be a 2n-dimensional connected differenti-
able manifold. A symplectic structure on M is defined by a closed differential 2-
form @ which is everywhere of maximal rank. Such a form is called a symplectic
form of the symplectic structure defined on M. On a symplectic manifold M, a
one-to-one map from the space of vector fields X(M) onto the space of linear dif-
ferential forms D!(M) can be defined as follows. If X is a vector field, the map
x b i(X)w (where i(X)w denotes the interior product of X with o) is a bijective
map from X(M) onto D(M). In fact, at each point x € M, this map from T (M) onto
Tt(M) is given by the nonsingular bilinear form « A classical theorem attributed to Dar-
boux [11] states that for an n-dimensional manifold M with a closed 2-form @ of
rank exactly p everywhere there can be introduced about every point a system of
coordinates x1,..., x?=0 1 ..., y?, in terms of which the local representa-
tion of » becomes
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146 BON-YAO CHU

o=dd Adyl s di® A dy?;
such a system is called a canonical system.

An example of a symplectic manifold is provided by the cotangent bundle
T*(M) of any manifold M with the natural symplectic form defined as follows. On
T*(M) there is a linear form @ such that, for any tangent vector X, atapoint u
of T*(M), 0 (X,) = u(m,X,), where 7 is the projection of T*(M) onto M. The
form @ = df is of maximal rank and therefore defines a symplectic structure on

T*M).

2. Affine transformation groups. Let R” be the vector space of n-tuple of
real numbers, We denote it by A” when we regard R” as an affine space. If A"
is considered as a differentiable manifold, then the tangent space to it at any
point can be identified in a natural way with the space R?, The group A(z; R)
of affine transformations of A" is represented by the group of all matrices of the
form

1
Aln; R) = t:[o’ j € GL(n + 1, R)Y,

where [ € GL(n; R) and ¢ is a column vector in R”. The group A(n; R)
is a semidirect product of R” and GL(n; R). If we denote by R* the Lie
algebra of the vector group R”, then the Lie algebra a(n; R) of A(n; R)
is the semidirect sum of gl(z; R) and R®, which means that an infini-
tesimal affine transformation T of A" can be expressed in matrix form

[6‘ ‘(';] where L € gl(n; R) and ¢ is a column vector in R” [6]. We call

T € a(n; R) an infinitesimal affine transformation of A", L the linear

part and ¢ the translation part of T respectively. The exponential map of
the Lie algebra of infinitesimal affine transformations into the affine trans-

formation group is given by the formula

(exp T)(x) = (exp L)) + [ 2o %L""l (c)
n=l ’

for x € A™,

Let G be a connected semisimple Lie group with Lie algebra g, then the
first cohomology group H(g, p, V) is trivial for any representation p of g by
linear transformations on a finite-dimensional vector space V [3]. Therefore there
exists a one-to-one correspondence between the coboundaries Bl(g, p, V) and
the set of all infinitesimal affine representations of g in V with linear part p,
and it is also evident that a connected semisimple Lie group G operating on a
finite-dimensional vector space V as an affine transformation group has a fixed
point v, € V under the action of G.
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SYMPLECTIC HOMOGENEOUS SPACES 147

3. Symplectic homogeneous spaces of a given Lie group. Let G be a con-
nected Lie group and H a closed connected subgroup of G. Denote by g and b
the Lie algebras of G and H respectively, by M the homogeneous space G/H,
and by » the map g gH of G onto M; consider G as a group of operators for
M by setting tg(g'H): gg'H. The map w — 7*w establishes a one-to-one corre-
spondence between the invariant forms of order p on M and those left-invariant
p-forms 6 on G which satisfy the conditions

(i) {X)0 =0 for all X € b,

(i1) € invariant under the adjoint map of H[3).

We say a homogeneous space M = G/H is symplectic if M has a symplectic
structure and the symplectic form o of it is G-invariant under the natural action
by tg(g'H) = gg'H. When M has an invariant symplectic structure defined by a
closed 2-form w, the dimension of M is, of course, an even integer 2p and o?,
being nonzero everywhere, defines a volume element of M. Denote by @ the pull
back form 7*w on G, since  is nondegenerate, we see that an element X of g
belongs to b if and only if &(X, Y) =0 for all Y €g.

The purpose of this section is to establish a correspondence between the
space ZX(g) of 2-cocycles of g and the set of all symplectic homogeneous
spaces of G.

Let M be any n-dimensional differentiable manifold. An m-dimensional in-
volutive distribution D on M is said to be regular, if every point x € M possesses
a neighborhood U_ in M such that each maximal connected integral submanifold

of D intersects U, in at most one m-dimensional slice [9]. If » is a closed 2-
form having rank m everywhere, let

D), =X, e T MiX)w, =0}

Then D, defines a differentiable involutive distribution on M. « is said to be
regular if D  is regular, The Lie algebra b corresponding to a closed connected
Lie subgroup H of G may be considered as an involutive distribution on G, and
H is the maximal connected integral submanifold of b passing through the iden-
tity element e [1]. Conversely, suppose § is a Lie subalgebra of g, and § is a
regular involutive distribution on G, then, according to a theorem given by Palais
[9], every leaf of } is a closed submanifold of G. Therefore, in particular, the
maximal connected submanifold H of b passing through the identity is a closed
Lie subgroup of G,

Theorem 1. Let G be a connected Lie group of n dimensions.

(i) Every 2p-dimensional symplectic homogeneous space of G induces a
left-invariant regular 2-form of rank p on G.
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148 BON-YAO CHU

(i1) Every left-invariant regular closed 2-form of rank p induces a 2p-dimen-
sional symplectic homogeneous space of G.

Proof. (i) Let H be the isotropy subgroup of G such that G/H is the given
2p-dimensional homogeneous space with the invariant symplectic form . The
pull back left-invariant closed 2-form @ on G defines an involutive-distribution

by ={Xe g (X = 0}

which coincides with the Lie algebra b of H. Hence the identity component of

H is the maximal integral submanifold through e of fy There exists a neighbor-
hood U of e in G such that HN U consists of at most a single slice. There-
fore for each g € G, gU is the desired neighborhood of g. Hence b~ is a regu-
lar involutive distribution of dimension #—2pand @ is the left-invariant regular
closed 2-form on G of rank p.

(ii) Let § be a left-invariant regular closed 2-form of rank p on G. Then
bo = 1{X € gl{X) = 0} is a regular involutive distribution. The maximal integral
submanifold passing through e is a closed subgroup Hg with Lie algebra by, and
every leaf through g of §y is just a right coset gHy of Hy. A homogeneous
space G/H, of dimension 2p is defined and, furthermore, Ly 6 = di(X)0 + {X)d
=0 for all X € by. The fom ¢ is invariant under the adjoint map of Hy, which
can be projected down to an invariant form on G/H 4 defining a symplectic struc-
ture.

Hence the problem to find all the symplectic homogeneous spaces of a given
Lie group is to find all regular left-invariant closed 2-forms @ on G. This is es-
sential to show that the connected Lie subgroup H, corresponding to the Lie sub-
algebra E)e is closed in G.

Corollary 1. Every left-invariant 2-form w on a connected Lie group of the
form w = df with Q left-invariant is regular.

Proof. Since L, 6 = i(X)d6 + di(X)0, X belongs to b if and only if L 0 = 0.
Then H=1{h € GleG = 6} is a closed subgroup of G and has Lie algebra equal
to b, . H , being the identity component of H, is closed.

Corollary 2. If the second dimension cohomology group HX Q) of the Lie al-
gebra g for a connected Lie group G is trivial, then every left-invariant closed 2-

formon G induces a symplectic homogeneous space.

Corollary 3 (Kirillov). Every orbit Ad*(G)8 of g* is of even dimension.

Proof. According to Corollary 1, df is regular and induces a skew-

symmetric 2-form of maximal rank on Ad*(G)d, hence Ad*(G)9 is even dimensional,
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SYMPLECTIC HOMOGENEOUS SPACES 149

However, in general not every left-invariant closed 2-form on a given con-
nected Lie group is regular, since an irregular 2-form can be given on 3-dimen-
sional torus. Thus, instead of solving the problem of finding all symplectic homo-
geneous spaces of a given Lie group, we now direct our attention to a slightly
different one, namely: For a given Lie algebra g, let o be a cocycle in Z2(g);
does there exist a homogeneous space with a symplectic structure induced by w?
We may, of course, take the simply connected Lie group G corresponding to the
given Lie algebra g as the transformation group of M, but it is still essential to
show that the Lie subalgebra given by § = {X € gld{X)w = 0} defines a closed .

Lie subgroup H  in G. The following theorem answers the question,

Theorem 2. On a simply connected Lie group, every left-invariant closed 2-
form is regular.

Proof. Denote by g* the dual space of the Lie algebra g for G and regard
g* as an affine space. Let A(g*) be the group of affine transformations of é*,
and @(g*) be the Lie algebra of infinitesimal affine transformations of g*, If we
identify the Lie algebra of the vector group g* to itself, then a(g*) is a semi-
direct sum of gl(g*)and g* where gl(g*) denotes the Lie algebra of linear trans-
formations of g*, Let T, and T, be two affine infinitesimal transformations in
a(g*) written as the sum of a linear part and a translation patt, T, =L, + ¢, and
T, = Ly+c,for L, and L, € gl(g*), ¢, and ¢, € g% The Lie product is

(1, TJ=[L, L+ Lic,-L,c,,

where [L,, L] denotes the Lie product in gl(g*). Noting » € Z%(g) and {X)w
€ g* for X € g, we now define an affine representation f, of Lie algebra ¢ on

the representation space g* as follows:

[0 8 —;a(g*),

X - -tfad(X) + iX)o.
This means for any § € g*, [, (X)) = —‘ad(XX0) + (X)w . Write ~fad = ad*,
then Ly = ad*(X) and since LyilX)o = {Y)Lyw forall X,Yeg, f (X, Y] =
[/£X), £.{Y)]. Therefore /, is a Lie algebra homomorphism from g onto a(g*).
Because G is simply connected, the Lie algebra homomorphism f, can be repre-
sented by a differential of an analytic homomorphism { of G into A(g*). Thus by
the representation [, we may regard G as an affine transformation group on g*.
And the action of { is given for X € g, § € g*, as

flexp X)0) = 'Ad™ Hexp X0+ T (L )" X

n=1

The isotropy subgroup H of G at origin of g* is closed. Let X € b, and
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exp tX (t € R) be the one parameter subgroup of G generated by X; then
flexp tX)(0) = 0. This means exp tX is a one parameter subgroup in H. Con-
versely, suppose exp tX (¢t € R) is a one parameter subgroup in H; then
flexp tX)(0) = 0 implies (X)w =0 and X € § . Therefore the isotropy subgroup
H of G at the origin of g* has the Lie subalgebra b . H , being the identity
component of the Lie group H corresponding to the Lie algebra f)w, is thus
closed in G, and since B, is regular so is .

Let us denote by AdMG) the adjoint representation acting on g* and by
Q(9) the orbit of § in g* Suppose, in the above theorem, that @ = df where 0 is
a linear left-invariant form, then

flexp X)(0) = Ad*(exp X)6 - 6.

The exponential map from ¢ to G is not onto, but it is a local homeomorphism in
a neighborhood of the identity. And, since any neighborhood of the identity gen-
erates the whole group, we see that

{(g)0) = Ad™ ()0 - 0 for g € G.

Let t, € A(g*) be the translation by § carrying each ¢ € g* to ¢+ 0; 24(eh) =
& + 0. Replacing f(g) by t,f(g)t_p, we have

Hence every orbit Q(9) of G in g* is a symplectic homogeneous space and the
symplectic structure is induced by the exterior differential of . Moreover, we
have the following.

Corollary 1. If the second dimension cobomology group H*(g) of a simply
connected Lie group is trivial, then every simply connected symplectic
homogeneous space is a covering space of some orbit of G in g*.

This result was obtained by Kostant [7} and Souriau [12] in different ways.
Kostant considered strongly symplectic homogeneous spaces and proved that
there is a one-to-one correspondence between the set of all isomorphism classes
of simply connected Hamiltonian spaces and all orbits in g*. And Souriau dis-
cussed the affine action induced by a cocycle in a slightly different context from
the above,

The following is also an easy consequence of previous theorems,

Theorem 3. Let G be a simply connected Lie group with Lie algebra g De-
note by Sp(G) the set of all simply connected symplectic homogeneous spaces of
G. There is a map from ZXQ) onto Sp(G) in such a way that:

(i) For w € ZX(g), there is M= G/H € Sp(G) where H, is the
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SYMPLECTIC HOMOGENEOUS SPACES 151

connected Lie subgroup of G corresponding to the Lie algebra E)w
(ii) Conversely, for any M = G/H € Sp(G), there is w € Z2(Q) such that the
isotropy subgroup H, under the action of G on M, is H,

We will give a classification of Sp(G), but at first let us observe the follow-
ing lemma,

Lemma. Let w be a left-invariant closed 2-form of rank p on G. Then for
any X € g, {X)w = 0 if and only if {X)w? = 0.

Proof. Since w is a closed 2-form of rank p on G, by the Darboux Theorem,
there is a canonical coordinate system x1,..., 22, yl, ... yo 21 ... zn=2p
(n = dim G) defined around the identity e such that

coe=dx; /\dy;+---+dx§ A dyb.

Let X € g be expressed in terms of the coordinates at e,

) £) 2
X = a. _— + b — + C —— N
c i 3x'>e =t T\ ), & *\ozt e

where s, b/’s and ¢,'s are real numbers. Hence z'(Xe)cote> =0 implies a; = b]-
=0 by virtue of the fact that

dxel /\dye1 Ao /\da?i A dyi Aot A dxg /\dyg
and
deg Ndyl Neve Ndxl N gl Ao Ndxd A dy?

are linearly independent in T: (G) for 1<, j< p. Therefore we have {X)w = 0.
The sufficient condition is trivial.

For M = G/H € Sp(G), let 7 be the natural map from G to G/H. The iso-
tropy subgroup of G at the point 7{g) = gH of G/H is equal to gHg=1!. Hence
there is an equivalence relation in Sp(G), namely, two simply connected symplec-
tic homogeneous spaces G/H and G/H' are equivalent if there exists g € G
such that H' = gHg™ L. Denote by Sp{G] the equivalence classes of Sp(G). An
equivalence relation in Z%(g) can also be defined as follows. Two elements
and @ € ZXg) are equivalent if both o and & are of rank p and o =c-oP for
some constant ¢ # 0. Denote by Splg] the equivalence classes in Z2(g). We now
have the classification.

Theorem 4. Let G be a simply connected Lie group with Lie algebra g Let
Ad(G) act on Splgl. Then there is a one-to-one correspondence between the orbit
spaces of Splgl and equivalence classes of Sp[G] defined as follows.
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For w € ZX9), let G/H , be the corresponding simply connected sym-
plectic homogeneous space in Sp(G), then the orbit space {Ad(Glw} in
Splgl induces the equivalence class [G/gH g~ 1|g € G] in SplG].

Proof. Suppose there are symplectic structures o and @ defined on
G/H € Sp(G) and the dimension of G/H is 2p. Both w? and &P are in-
variant volume elements on G/H, so there is a constant ¢ # 0 such that
w? = ¢ - oP. Denote the pull back forms on G of @ and 3 by the same let-
ters respectively. We see w? = c-w? on G and H = H . 'Hence G/H €
Sp(G) induces [w] € Splgl. Conversely, suppose w and @ in ZXg) are
equivalent. We would like to see G/H, = G/H7. Since G is simply con-
nected, H, and H?; are connected subgroups of G. The only thing to be
verified is § = By which follows easily from the lemma, Hence H, = H;
and G/H_ = G/H7,. Therefore we achieve a one-to-one correspondence
between Splg] and Sp{G]. Since Ad(G)lw] = [Ad(G)w], the action Ad(G) on
Sp(a) is well defined. Therefore, the fact that if & € Z2(g) induces G/H €
Sp(G), then Ad(g)w induces G/gng"1 € Sp(G), establishes the one-to-one
correspondence between the orbit space Ad(G)w] of Splg) and equivalence
class [G/gH g™ lg € G] of SplG].

4. Lie groups with left-invariant symplectic structures. A Lie group is
said to have a left-invariant symplectic structure if it has a left-invariant
closed 2-form of maximal rank. We call such Lie groups symplectic groups.

If @ is a left-invariant symplectic form on G, then o, defines a skew-
symmetric bilinear function of maximal rank on the Lie algebra g of G, and
conversely any maximal rank 2-cocycle of g defines a left-invariant symplectic
structure on G,

As an example, the cotangent bundle T*(G) of any Lie group G has a
natural symplectic structure, We would like to see what properties G will
have if the natural symplectic structure is left-invariant under the left trans-
lation induced by the elements of Lie group T*(G).

Theorem 5. The natural symplectic structure o defined on the cotangent
bundle T*(G) of a Lie group G is invariant under the left translations in-
duced by the elements of Lie group T*(G) if and only if G is abelian.

Proof. Let g be the Lie algebra of left-invariant vector fields on G
and let g* be the dual space of g consisting of left-invariant l-forms on G.
Every element of T*(G) can be expressed uniquely by the linear function
a  of T*(G) obtained by a left-invariant 1-form a at g € G. The multiplication
in TG) is ay - Bp= (a+ ’Ad(g"l)B)gb and the identity element of TXG) is 0,
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where 0 is the zero form on G and e is the identity of G. Let Lag and L be
the left translation induced by @, and g respectively in T*(G) and G. Denote by
7 the natural projection T"(G)—v G. For any tangent vector X* €T, (T*(G))
we recall the fundamental 1-form 6 at o€ T*(G) is given by

6, (X2 )= a (r, (X2,
e e g

and @ = df defines the natural symplectic form on T*(G). Suppose X* is a left-
invariant vector field on T*(G), then n*(X’(‘;g) = Lg,(n*(X’(';e)) by the fact that #
commutes with left translations, 77*(X";g) is independent of a so that n*(Xﬁg) =
m,ﬁx"'ég) for all a, B € g*. Hence 7{X*) = X defines a left-invariant vector
field on G. Suppose c(s) is the one parameter subgroup of T*(G) generated by
X*, then c(s) can be written as ¢(s) = a(s)b(s), where a(s) is a cutve in g* and

a(c(s)) = b(s) is the one parameter subgroup of G generated by X. In order to
show @ is left-invariant on T*G), it is sufficient to show

wg (X: Y2 )= o, (X:, Y, )
4 g g e e e

for any left-invariant vector fields X* and Y* on T*(G) and any a, € T*(G).
To this end, let us compute X*6(Y*) in the equation

olX*, Y*) = X*Y®) — Y*o(x*) - alx*, v*).
X* O(Y*) = lim —{('Ad(g'l)a(s))(Y)L

s—0°%

the value is independent of the choice of a, hence especially for g = e,

X 9(}’*)— lim —{a(s)(Y)}

s—=0°%

If we denote by d(s),,, ;y the one parameter subgroup of T*(G) generated by Y*
similar results are obtained for Y*@(X*);

Y, o(x*)_ lim ;{(‘Ad(g“)d(s))(x)i

s—0
and

Y, O(X*)— lim —{d(s)(X)f
s—0
Hence

w, (X3,Y; )— lim —{(‘Ad(g"l)a(s))(YH
¢ %¢

s—0°5

— lim —{(‘Ad(g' DN - allX, YD

s—~0
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and

wo (X¥, YE) = lim ~{al(V} - Lim LG

e e e s-0°% s—0°%
It is evident that the adjoint map is simply the identity map if G is abelian and
that the Lie algebra g is also abelian. So wag(X";g, Y’;g) = a)oe(X’(')‘e, Yﬁe) shows
o is left-invariant, Conversely, if w is left-invariant, we see that a{[x, y]) is
the only term which does not involve g; so al[x, yl) =0 forall a € g* im-
plies [X, Y] =0 forall X, Y € g. That is to say g is abelian and so is G.

In the following, we are going to show that the Lie algebra of a symplectic
Lie group cannot be semisimple; but let us at first observe some interesting
phenomena,

A Lie algebra g is a vector space as well as an algebra with the multiplica-
tion satisfying [x, y] = -[y, x] and Jacobi identity [[x, y], z] + [y, z], x] +
[[z, x], y] = 0. Let us denote by V(g) the underlying vector space of g and de-
note by a an algebra whose underlying vector space is V. If we take, for in-
stance, §= glin; R), the Lie product in g is given by [x, y]=x- y - y - x where
x + y is the matrix multiplication of x and y in gl{n; R). Then V(9) is the vec:
tor space of 7 x n matrices and @ can be taken as the associative algebra of
n X 7 matrices whose underlying vector space is V. Furthermore, we see
that [x, y]. z=x-(y.2) -y . (x- 2) [13].

Definition. An algebra o with underlying vector space V() is said to be an
algebra dominating the Lie algebra g (or g is subordinate to 0) if the following
two conditions are satisfied:

(i)x-y~y-x=[x,y] forall x,y €V,

(ii) for each x € V, let I(x) be the linear map of V defined by I(x)y = x- y;
then [ is a representation of g such that I([x, y]) = [1(x), I(;)].

Hence we may say that glin; R) is subordinate to the associative algebra of
all » x n matrices.

Theorem 6. Let g be the Lie algebra of a symplectic Lie group G. Then g
is subordinate to an algebra o and the multiplicationin a is defined by the sym-
plectic form.

Proof. Suppose w is a left-invariant symplectic form defined on G; since
@ is of maximal rank, i(x)w = 0 if and only if x = 0 for x € g, Therefore, the map
defined by x i i(x)o is an isomorphism from the vector space g to the vector
space g* of left-invariant 1-forms on G. Denote by V the underlying vector
space of g. Then for x,y € V, L _(i(y)w) € g* so there is a unique z € V such
that i(z)o = L_(i(y)o). It is easy to see the map (x, y) > z is bilinear from
VXV — V. We define x - y =z. By this multiplication, an algebra with the un-
derlying vector space V is defined. Observing the fact that i(yXL, w)= Ly(z'(x)w),
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we have i([x, yDw = ilx: Yo - ily: o and [x, y] - Do = ilx - (y + 2))o ~

iy « (x - 2))o, thus [x,yl=x-y~-y .- xand [x,y] - z=x-(y-2) -y -(x.2). If
1 is the map such that Ax)y = x - y, then Klx, y]) = [ix), i(y)). Hence I defines
a representation of g,and g is subordinate to a.

Corollary. If @ connected Lie group G admits a two-sided invariant sym-
plectic form o, then G is abelian.

Proof. Since Ad(glw =w forall g € G, L w=0 forall x € 8. We see that
ix -« Yo = i(x)Lyw =0 implies x - y=0 forall x,y € g and [%, y] = 0. So g is
abelian,

Theorem 7. A semisimple Lie algebra is not subordinate to any algebra.

Proof. Assume otherwise that g is the semisimple Lie algebra subordinate
to an algebra a and !/ is the representation of § in the underlying space V of
g as well as of a. For x € g, define p(x) as an affine transformation of V by
p(x) = Kx)v + x for all v € V. We have p([x, y]) = [p(x), p(y)]. Thus p defines a
representation of ¢ by infinitesimal affine transformations of V. Denote by ¢
the identity map of V so that dx) = x for x € V. ¢ is a V-valued 1-cochain in
CXg, 1, V) and p(x)v = Lx)v + (x). We see  U(x)ely) ~ Ay)e(x) - e([x, y]) = 0. So
€ is a l-cocycle in Z!(g, I, V) which coincides with B!(g, I, V) since g is
semisimple. Therefore there is e € V such that for any x € V, e(x) = I(x)e and
e is aright identity in g such that x = x . e. Furthermore, ad(e)x = [e, x] =
le) - x - elx), thus ad(e) = l{e) - ¢. Let # be the dimension of g, and by taking
traces of these maps of V, we have Tr ad(e) = Trle) - n. Since g is semisimple,
Tr ad(e) = TrX(e) = 0, We are led to a contradiction and the theorem is proved.
Combining the above two theorems, we have achieved the following.

Theorem 8. Any semisimple Lie group has no left-invariant symplectic
structure.

A Lie algebra g possesses a solvable ideal = with the property that every
solvable ideal of g is contained in t;the ideal T is called the solvable radical.
The residue class algebra g/ is semisimple. Let # be the projection from g
onto g/7; then there exists a Lie algebra homomorphism p: g/t — g such that
m o p is the identity map on g/t [5]. We have the splitting exact sequence

0 -t—>g—g/t—0

and thus obtain a Levi decomposition g = 8+ T (vector space sum) where 8 is a
semisimple subalgebra of g.

Theorem 9. A symplectic Lie group of dimension four has to be solvable.
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Proof. Assume G is not solvable and whose Lie algebra has a Levi decom-
position g=8 + T. Since the dimension of a semisimple Lie algebra is at least
three and g itself cannot be semisimple, hence dim 8 = 3 and dim T= 1. There-
fore it is evident that {is an ideal. Let @ be the symplectic structure, we also
have (8, t) = 0. Because T is one dimensional, w(g, ) = 0 implies t= {0}
This is a contradiction.

If a Lie algebra can resolve into the direct sum of its solvable radical and a
semisimple ideal, we have the following generalization.

Theorem 10. Suppose the Lie algebra § of a symplectic group G has a Levi
composition §= 8+ T as a Lie algebra direct sum; then G is solvable,

Proof. Suppose 8 £ {0} and  is the symplectic structure. Since @ is
closed, w(g,7) = 0. Let {x,,.-., x, | be a basis of g such that {x,---, xp}

spans 8 and |x xan spans T. The matrix of the skew-symmetric bi-

RTINS
linear function @ on g has

det (w(xi, x’.)) = det w(xi, x,.) det co(xi, xl.)

1<i,j<p p+1si,j52n

By Theorem 8, the skew-symmetric matrix

a)(xi, xl.)
1<i,j<p

determined by the restriction of w on | cannot be of maximal rank, Therefore @
cannot be of maximal rank on g unless s = {0} so that G is solvable.

Corollary. A compact connected symplectic group is a torus.

Proof. Since G is compact, the Lie algebra § of G has an invariant posi-
tive definite bilinear form, hence g resolves into the direct sum of its center and
a semisimple ideal [10] which has to be zero.

This is also an immediate consequence of the following theorem.

Theorem 11, Let G be a connected symplectic Lie group of 2n dimensions.
Suppose H™(g) £ 0; then G is solvable.

Proof. Suppose the Lie algebra g has a Levi decomposition =8 + T such
that 8 # {0}, Let g* be the dual space of g and let ¢ be a left-invariant sym-
plectic form. Define a representation p of { by the infinitesimal affine trans-
formation of g* as follows:

p: | —alg™),

X b Lx + i(x)e
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that is, for i € g¥, p(x)y = L ¢ + i(x)w. The linear part L (Lie derivative) of p
is a representation of & by linear transformation of g* and the translation part

i )o of p is a l-cocycle in ZX3, L, g*). Since HY8, L, g*) =0, {( )o is also
a l-coboundary in B}(8 L, g*). Thus there exists € g* such that L.6= d{xeo
forall x € |, Since L 0 = i(x)dg, we have i(x)(df - w) = 0, so that #(x)(d - &))"
= 0. Next we shall prove " is cohomologous to zero in C*(g). For this purpose, let us
choose a basis {x,--+, x,, y;y-e0sy,| 7+ 5 = 20} for g such that fxpseees %}
spans £ and {y;,+++,y } spans T. Suppose {£1,.--, &, ql,--+, n°} is the dual
basis in g*. Then (df - )" = @€l A ... A £ A tA A 7°, where a isa
constant. A nonzero element x of | can be expressed as x = bixy+-e-+bx
such that not all of these constants (bk’s) are zero. We have

r

i(Ndd - ) = 3 al-DF" 15 £V AL A EENc e NEAG A c ApS=0
k=1

implies ab, = 0 for 1 < k< r. Hence a=0 so that (df - ©)” = 0. That is to say
the volume element " of G is an exact form which contradicts our assumption
H?™(g) £ 0. Therefore 8 = {0} and G is solvable,

The result was first obtained by Hano [4], but the method employed here is
different from his.

A connected Lie group is said to be unimodular if det Ad{g) =1 for all g €
G ot equivalently if Tr ad(x) = 0 for all x € g, An n-dimensional connected Lie
group G is unimodular if and only if dim H™(g) = 1.

Corollary. A cornected unimodular Lie group admitting a left invariant sym-
plectic structure must be solvable.

Hano has proved that a connected nilpotent Lie group admitting a left in-
variant Kahlerian structure must be abelian. However, this is not the case for
symplectic Lie groups, as can be seen in the following example. Therefore, we
may say that not all symplectic Lie groups are given by Lie groups with left-
invariant Kahlerian structures.

Example 1. Take

e 000
0 1 x =z
G: t,x,y,zGR.
0 0
0o 0 0 1
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Evidently, g is nilpotent, We may choose a basis Xy %y, %, and x, for g such
that x; and x, are in the center and [:c2 R x3] =%, and define a skew-symmetric
bilinear function @ of maximal rank whose matrix form with respect to the chosen

basis is
0 010
0 1
WlewsD=1_1 0 0 of
0 -1 0 O

By straightforward verification, do = 0. Let I' be a discrete subgroup of G con-
sisting of

- -

el 0 0 0
0 1 n, n,
0 0 1 7y

| 0 0 0 1|

where 7.’s are integers. The set of left residue classes r\¢ gives a compact
symplectic manifold.

There is a natural Kihlerian structure defined on the upper half complex
plane H, and the group G = {[§ }]|x> 0, y € R} acts on H transitively. Hence
the Kahlerian structure induces a left-invariant symplectic structure on G, Com-
bining this fact and Theorem 9, we may say that all symplectic groups of dimen-
sion less than or equal to four are solvable. However, it is not true for the case
of dimension six.

Example 2. Let g be the Lie subalgebra of the Lie algebra gi(3; R) con-
sisting of all the matrices of the form

Then g contains a three-dimensional simple Lie subalgebra. Let {Aill <i <6}
be a basis of g, whose entry corresponding to their subscripts is 1 and zero
elsewhere, On g, there is a maximal rank 2-cocycle @ whose matrix form with
respect to the chosen basis is
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(a)(Ai, A].)) =

O O = O O M
- D O o ©o
QD =~ O O = O
O O O = O Ol

O OO O = O
[

Hence ¢ induces an invariant symplectic structure on the connected Lie group
with Lie algebra g in GL(3; R).
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