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Abstract. A determinantal expansion due to Okada is used to derive both a deformation of Weyl’s denominator
formula for the Lie algebra sp(2n) of the symplectic group and a further generalisation involving a product of the
deformed denominator with a deformation of flagged characters of sp(2n). In each case the relevant expansion is
expressed in terms of certain shifted sp(2n)-standard tableaux. It is then re-expressed, first in terms of monotone
patterns and then in terms of alternating sign matrices.
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Introduction

By considering the trivial identity representation of a semisimple Lie algebra, Weyl’s char-
acter formula yields Weyl’s denominator formula [20]. This formula expresses a certain
product taken over the positive roots of the Lie algebra as a sum taken over the elements of
the corresponding Weyl group of the Lie algebra. Writing the roots in a standard euclidean
basis and replacing formal exponentials, e, of the basis elements by indeterminates x;,
fori=1,2,...,n gives rise to an identity which for some Lie algebras, most notably
A,—1 =sl(n) or gl(n), has a combinatorial interpretation [4].

In this setting it is natural to ask to what extent Weyl’s denominator formula may be
deformed through the introduction of a parameter + which generalises the sign factor —1
which is so crucial a feature of the original formula. Tokuyama [18] derived just such
a deformation in the case of the Lie algebra g/(n) of the general linear group. By using
certain strict Gelfand patterns he expressed the product form of the denominator as a sum
of terms whose coefficients have an explicit, very simple, z-dependence. This deformation
was inspired in part by the work of Mills et al. [9], which used both alternating sign matrices
and certain shifted plane partitions.

Since that time, deformations of Weyl’s denominator formula have been derived for each
of the other classical Lie algebras, B, = so(2n + 1), C, =sp(2n) and D, =so(2n) by
Okada [11] and more recently by Simpson [13, 14]. In each case use is made of a variety of
combinatorial constructs such as partitions, Ferrers diagrams, plane partitions, alternating
sign matrices or weighted digraphs. The particular deformations studied are not all identical,
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and some differ from the most natural deformation of Weyl’s denominator formula in that
long and short roots are not treated in precisely the same way.

Remarkably, Tokuyama’s key result [18] for gl(n) went further and gave an explicit
formula for the expansion of not only the natural deformation of the product form of Weyl’s
denominator but also a product of this with the character of any irreducible representation
of gl(n) labelled by a partition A. Such a character has combinatorial realisations in terms of
both Gelfand patterns and standard Young tableaux. The original proof offered by Tokuyama
exploited some representation theoretic methods, but a combinatorial proof has since been
provided by Okada [10]. This used shifted plane partitions, monotone triangles and lattice
paths.

Here, the intention is to consider the most natural deformation of Weyl’s denominator
formula in the case of the Lie algebra C, = sp(2n) and to derive the direct generalisation
of Tokuyama’s result, and to do so by means of an extension of Okada’s methods.

1. Tokuyama’s result and its extension to sp(2n)

For any simple Lie algebra g of a Lie group G, Weyl’s denominator formula [20] takes the
form:

S J[a—e) = sgnwe’, (1.1)

acA weW

where the product on the left is over all « in the set, A, of positive roots of g and the sum
on the right is over all elements w of the Weyl group, W, of g. The notation is such that §
is half the sum of the positive roots and sgn(w) = (=D where £(w) is the length of w
when expressed as a word in the generators of W.

One particularly simple deformation of the left hand side of (1.1) takes the form

Dy(t) = ¢ ]_[ (1+te™) (1.2)

aeA;

where ¢ is the deformation parameter.
In the case of the Lie algebra A,,_; = s/(n) of the Lie group SL(n)

Ay ={e—¢€ll=i<j=n} (1.3)

withe; + e+ - -+ €, = 0. It follows that § = ne; 4+ (n—1)e; +- - -+ €,. The correspond-
ing Weyl group is W = §,,, the symmetric group. This acts naturally on the basis vectors

€;, that is each w = mw € §, maps ¢; to €, fori = 1,2,...,n. Setting x; = e for
i=1,2,...,nand x = (x1, x2, .. ., X,) this implies that
—it1 -1
Daw(x;ty= [ =" J] (141x"x)). (1.4)
1<i<n I<i<j<n

Each finite-dimensional irreducible representation of s/(n) is specified by a highest weight
vector A, which in the e-basis takes the form A = Aj€; + Arex + -+ + A€, With A; an
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integer fori = 1,2,...,nand A} > Ay > --- > A, > 0. Equivalently, we may specify
this irreducible representation by the corresponding partition A = (A, A2, ..., A,) and its
character is given by the Schur function [8, 15]:

500 =500, %, ., x) = Yy xD, (1.5)
TeT (sl(n)

where the sum is over all sl/(n)-standard tableaux T of shape A and

ove) x;nl(T)xng(T) o xz1n(T) (1.6)

with m(T) equal to the number of entries k in 7.

Tokuyama [18] has established an explicit formula for the expansion of the product
Dyyny(x; 1) 55,(x) which thanks to the connection between strict Gelfand patterns and shifted
Young tableaux can be recast in the form:

Theorem 1.1 ([18]) Let A be a partition into no more than n parts, and let § be the parti-
tion(n,n—1,...,1) then

Dyl(n)(.x,t) S}L(.x) — Z thgt(S) (1 + t)SII’(S)*n ng[(S) (1.7)
SeST 3 (sl(n))

where the summation is taken over all sl(n)-standard shifted tableaux S of shape .+ 6. The
notation is such that str(S) is the total number of connected components of all the ribbon
strips of S,

hgt(S) = Z (row(S) — cong(S)) (1.8)

k=1

where 1owy(S) is the numbers of rows of S containing an entry k, and cong(S) is the number
of connected components of the ribbon strip of S consisting of all the entries k, while x V&5
is defined as in (1.6) with the tableau T replaced by the shifted tableau S.

The main result of the present paper is the derivation of an analogue of (1.7) in the case
of the Lie algebra C,, = sp(2n) of the Lie group Sp(2n). In the case of sp(2n):

A= |1<i<n}Ule+e |1<i<j=<n) (1.9)

Once again § = ne; + (n — 1)e; + - - - 4 €, The corresponding Weyl groupis W = H, =
S>2S,, the hyperoctohedral group. This acts naturally on the basis vectors €; by sign changes
and permutations, that is each w = # € H, maps ¢; to &e,, fori = 1,2, ..., n. Setting
xi=e“fori =1,2,...,n gives

Dyyomy(x31) = l_[ x{“"*ll—[ (l—i—txle) 1_[ (l—i—txi*lx_,-)(l—i-txflx;l). (1.10)

1<i<n 1<i<n I<i<j<n
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As for s/(n), each finite-dimensional irreducible representation of sp(2n) is specified by
its highest weight vector A which in the e-basis again takes the form A = A€y + Ayer +- - -+
An€n With A; aninteger fori = 1,2,...,nand A; > Ay > --- > A, > 0. Equivalently,
we may again specify the irreducible representation by the corresponding partition A =
(A1, A2, ..., Ay) and its character may be defined in terms of tableaux [5, 6, 17] by:

p(x) = sp, (v, x0, LX) = Y XD, (1.11)
TeT*(sp(2n))

where the sum is now over all sp(2n)-standard tableaux T of shape A and

xwgl(T) — x;’ll(T)_mT(T) x;'lz(T)—mé(T) . x:’ln(T)fmﬁ(T) (112)

with m(T) and mg(T) equal to the number of entries k and k, respectively, in 7. Thus
each entry k or k contributes a factor x; or x; = xk_l to xV&S forallk = 1,2, ...,n. Itis
convenient in the case of sp(2n) to deform not just the denominator, as in (1.10), but also
the character (1.11) by allowing each entry k to contribute not just a factor xz but #>xz. This
leads to the definition

spsny =y 2D pe®) (1.13)
TeT*(sp(2n))

where bar(T) is the number of barred entries in 7', that is

n

bar(T) = Y my(T). (1.14)

k=1

With this notation we find:

Theorem 1.2 Let A be a partition into no more that n parts and let § be the partition
n,n—1,...,1), then

Dygpany(x51) sp,(x; 1)
_ Z thgt(S)+2bar(S) (1 + t)str(S)—n xwgl(S) (115)

SeST 3 (sp(2n))

where the summation is taken over all sp(2n)-standard shifted tableaux S of shape A + 6.
The notation is such that bar(S) is the total number of barred entries in S, str(S) is the total
number of connected components of all the ribbon strips of S and

hgt(S) = Z (row(S) — cong(S) — rowz(S)), (1.16)
k=1

where towy(S) and rowi(S) are the numbers of rows of S containing an entry k and k,
respectively, and coni(S) is the number of connected components of the ribbon strip of
S consisting of all the entries k, while x¥&S is defined as in (1.12) with the tableau T
replaced by the shifted tableau S.
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The precise meaning of the terminology used in Theorems 1.1 and 1.2 regarding standard
tableaux and ribbon strip subtableaux is explained in Section 2.

2. Young diagrams and tableaux

Let A = (A1, A2, ..., A,) be a partition, that is a weakly decreasing sequence of non-
negative integers A;. The weight, |A|, of the partition A is the sum of its parts, and its length,
£(A) < n, is the number of its non-zero parts. Each such partition A defines a Young diagram
F* consisting of |A| boxes arranged in £(1) rows of lengths A; that are left adjusted to a
vertical line. Formally, F* = {(, DIT<i<{LR),l<j<xrl)

Recalling that § is the partition § = (n,n — 1,..., 1), then 4 = A + § is a partition
all of whose parts u; = A; +n — i + 1 are distinct and non-zero. Thus p is a strongly
decreasing sequence of n positive integers. More generally, any partition p all of whose
parts are distinct, defines a shifted Young diagram SF* consisting of |u| boxes arranged
in £(u) rows of lengths w; that are left adjusted to a diagonal line. To be precise, SF* =
G DI =i=lw,i=<j=p+i—1}

For example, when A = (4,3,3)and © = (9, 7, 6, 2, 1) we have

F*= and SF*= (2.1

There exists a variety of useful sets of tableaux associated with F* and SF*. The tableaux
are all formed by placing entries from some totally ordered set, or alphabet, into the boxes
of the relevant diagram subject to certain rules. The notation adopted here is that in forming
each tableau the entry in the box in the ith row and jth column of either F* or SF*, as
appropriate, is signified by 7;;.

First, let A be a totally ordered set and let A" be the set of all sequences a = (ay,
a, ...,a,)of elements of A of length r. In addition, let . = (A1, A;, ..., A,) be a partition
of length r. The set 7° *(A;a) consists of all those standard tableaux, T, with respect to A, of
profile a and shape X, formed by placing an entry from A in each of the boxes of F* in such
a way that the entries are weakly increasing from left to right across each row, and strictly
increasing from top to bottom down each column, with the entries in the first column being
given by the components of a, that is:

(T1) njeA for all (i, j) € F*;
(T2) nii=aicA forall(i,1)e F*
(T3) nij <mijyr forall G, j), G, j+ 1) € FY
(T4) nij <nipr,; forallG, j),@+1,j) € F*.

2.2)

Second, as before let A be a totally ordered set and let A" be the set of all sequences
a=(a,ay,...,a,)of elements of A of length r, but now let u = (i, u2,..., u,) be a
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partition of length r, all of whose parts are distinct. Then the set ST*(A;a) is defined to
be the set of all standard shifted tableaux, S, with respect to A, of profile a and shape u,
formed by placing an entry from A in each of the boxes of SF* in such a way that the entries
are weakly increasing from left to right across each row and from top to bottom down each
column, and strictly increasing from top-left to bottom-right along each diagonal, with the
entries in the leading diagonal being given by the components of a, that is:

(S1) njeA for all (i, j) € SF*;
(S2) mi=a; €A forall (i,i) € SF*;
(S3) i <mijy  forall G, j), (. j + 1) € SF¥; (2.3)

(S4)  nij < Nig1j forall GG, j), @ + 1, j) € SF¥;
(S5) mij < nig1,j41 forall G, j), (G +1,j+ 1) e SF*.

Third, let D be a totally ordered set such that D=A U B with AN B=y, let D"
be the set of all sequences d = (di,d>, ..., d,) of elements of D of length r, and let
w= (1, 12, ..., u,)be apartition of length r, all of whose parts are distinct. Then the set
PSTH(A, B;d) is defined to be the set of all standard shifted supertableaux, P, formed by
placing an entry from D = A U B in each of the boxes of SF* in such a way that the entries
are weakly increasing from left to right across each row and from top to bottom down each
column. In addition, any entry from A appears at most once in each column, and any entry
from B appears at most once in each row, with the entries in the leading diagonal being the
components of d. These constraints take the form:

(Pl) mjeD=AUB for all (i, j) € SF*;
P2) ni=d €D forall (i,i) € SF*;
P3) mij <mijprifm; € A forall G, j), (G, j + 1) € SF*;
(P4 nij <mi1jifn; € A forall G, j), (i +1,)) € SF;
PS) nij <nijpifn; e B forall (i, j), (i, j+ 1) € SF¥;
(P6) nij <miy1,;ifn;; € B forall (G, j), (i + 1, j) € SF*.

(2.4)

As aconsequence of the conditions (P3)-(P6), the entries are strictly increasing from top-left
to bottom-right along each diagonal.

With these definitions we are now in a position to specify all the standard tableaux of
interest in the present context:

Definition 2.1 Let A = (A, A2,..., XA,) be a partition of length r. Then the set of all
sl(n)-standard tableaux of shape A is defined by:

T*(sl(n)) ={T € T"(A;a)| A =[n], a € [n]'}, (2.5)
where the entries #;; of each s/(n)-standard tableau T are subject to the conditions (T1)-

(T4) of (2.2), with A = [n] = {1, 2, ..., n} and the elements of [n] subject to the order
relations 1 <2 < --- < n.
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Definition 2.2 Let u = (g, 42, ..., i) be a partition of length r, all of whose parts are
distinct. Then the set of all s/(n)-standard shifted tableaux of shape u is defined by:

STH(sl(n)) ={S € ST*(A;a)| A = [n],a € [n]'}, (2.6)

where the entries n;; of each s/(n)-standard shifted tableau S are subject to the conditions
(S1)—(S5) of (2.3), with A = [n] = (1,2, ..., n} and the elements of [n] subject to the
orderrelations 1 <2 < --- < n.

Definition 2.3 ([10]) Let u = (1, 42, ..., i) be a partition of length r, all of whose
parts are distinct. Then the set of all s/(n)-standard primed shifted tableaux of shape u is
defined by:

PSTH(sl(n)) = {P € PSTH(A,B;d)|A=[n],B=1[nl,d €[n,n']
withd; € {i, i’} fori =1,2,...,r}, 2.7

where the entries 7;; in each sl(n)-standard primed shifted tableau P subject to the conditions
(P1)-(P6) of (2.4), with A = [n] = {1,2,...,n}, B = [n'] = {1',2/,...,n} and the
elements of D = [n, n’'] = [n] U [n'] subject to the order relations 1’ <1 <2' <2< .-+ <
n <n.

By way of illustration, in the case n = 5, A = (4,3,3)and u = (9,7, 6,2, 1) we have
typically:

|1 1[1]2]2]3]3]|4 5’
1(1 24’ 2121213444
T=|s]3]5] eT*Gi6), S= 3lals]s]s|s| eST'(s1(5) (2.8)
41415 415
15 ]
and
1112/2334’5|
2121231444
P= slalslslsls| € PST?(s1(5)). (2.9)
4|5
5]

The structure of each T € T*(sl(n)) is that of a sequence of horizontal strips [8]. Each
horizontal strip, stry(7"), which may or may not be connected, is the subtableau of T con-
sisting of all boxes of T for which the entries 7,; take the same value k. The rules (2.2) are
such that there are no two boxes of a horizontal strip in the same column. In the same way
the structure of each § € ST*(sp(2n)) is that of a sequence of what we shall call ribbon
strips. They appear in the literature as boundary strips [19] where they are used to calculate
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characters of Hecke algebras. In that context they are a generalisation of the more familiar
border strips [8], also known as skew hooks or rim hooks [12], that are used to calculate
characters of the symmetric group by means of the Murnaghan-Nakayama rule. Here, each
ribbon strip, str(.S), which may or may not be connected, is the subtableau of S consisting
of all boxes of S for which the entries 7;; take the same value k. In this case the rules (2.3)
are such that there are no two boxes of a ribbon strip on the same diagonal. These two types
of strip are illustrated by the following subtableaux of the tableaux of (2.8):

4

[4]4

o~

4
stry(T) = and stry(S) = . (2.10)
4

Similarly, the structure of each P € PST*(sl(n)) is that of a sequence of ribbon strips.
This time each ribbon strip, stry 4 (7"), which may or may not be connected, is the subtableau
of P consisting of all boxes of P for which the entries 7;; take the value k or k’. The rules
(2.4) are such that there are no two boxes of a ribbon strip on the same diagonal. These
primed ribbon strips are illustrated by the following subtableau of the primed tableau (2.9):

&

l«[4

I

stry 4 (P) = @2.11)

&

All of the above can be extended from the case of sl(n) to that of sp(2n). The essential
steps are toreplace A = [n] = {1,2,...,n}by A =[n,a]l =[n]U[n] ={1,2,...,n}U
{1,2,...,7},and to identify the appropriate order relations and constraints on the relevant
profiles. The required definitions are as follows:

Definition 2.4 ([5, 6, 17]) Let A = (A1, A2, ..., A,) be a partition of length r. Then the
set of all sp(n)-standard tableaux of shape A is defined by

TH(sp(2n)) = {T € T"(A;a)| A = [n,7il, a € [n, 7]
witha; >ifori =1,2,...,r}, (2.12)

where the entries n;; of each sp(2n)-standard tableau T satisfy the conditions (T1)—(T4) of
(2.2), with A = [n, 1] = {1,2,...,n}U{1,2,..., 7}, and the elements of [n, 1] subject
to the orderrelations | < 1 <2 <2 < --- <7 < n.

Definition 2.5 Letu = (i, 42, ..., i) be a partition of length r, all of whose parts are
distinct. Then the set of all sp(2n)-standard shifted tableaux of shape u is defined by:

STH(sp(2n)) = {S € ST*(A;a)| A = [n,n],a € [n,n]"
witha; € {i,i} fori =1,2,...,r}, (2.13)
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where the entries 7;; of each sp(2n)-standard shifte_d t_ableau S satisfy the conditions (S1)—
(85) of 2.3), with A = [n,n] ={1,2,...,n}U{1,2,...,n}, and the elements of [n, 7]
subject to the order relations 1 < 1 <2 <2 < --- <7 < n.

Definition 2.6 Let u = (1, U2, ..., i) be a partition of length r, all of whose parts are
distinct. Then the set of all sp(2n)-standard primed shifted tableaux of shape u is defined
by:

PSTH(sp(2n)) = {P € PSTH(A, B;d)|A = [n, 7], B=[n',i'],d €n,ii,n', 7]
withd; € [i,i,i’,i']}fori =1,2,...,r}, (2.14)

where the entries 7;; of each sp(2n)-standard primed shifted tableau P satisfy the conditions
(P1)—(P6) of (2.4), with A=[n,i] = {1,2,...,n}U{1,2,...,7}and B = [0/, 7] =

(1,2 ,...,0'}U{l',2', ..., 7'}, and the elements of D = [n, 71, n't’] = [n, 7] U [0, 7]
subject to the order relation

7<1<1'<1<2<2<2<2<---<i<n<n <n. (2.15)

Typically, forn =5, A = (4,3,3)and u = (9,7, 6,2, 1) we have

[1]112]2]3]3]a]e]s)
1(1]2 4‘ 202(2(3|4|4|4
T =|5]a]z] eT™B6p0), S=  [5]i]a|a]a]s] ST (sp(10)
4144 414
15]
(2.16)
and
1 12’2’3’%1’4’5|
2|2|2|3|#|4|4
P= y|alala]s]s] € PST ! (sp(10)). (2.17)
4|4
Ed

Asbeforeall T € T*(sp(2n)), S € STH*(sp(2n)) and P € PST*(sp(2n)) are made up of
sequences of horizontal or ribbon strips, as appropriate. These strips, now associated with
entries all k, or all k, or all k and k', or all k and k’ are exemplified by

4 strg(T) = , (2.18)

strz(T') =E
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— 4]
p 4]
str($)= [a]a]  stra(S) = | . (2.19)
- 44|44
s
and
- ]
strz 7 (P) = [#]a]  stua(P)= 4y (2.20)
& 4‘4 4
: |4 4

3. Okada’s Theorem

The proof of Tokuyama’s Theorem 1.1 offered by Okada [10] depends crucially on the
following:

Theorem 3.1 ([10]) Let D = AU B with AN B = { be a totally ordered set, and

let d = (d\,dy,...,d,) be a strictly increasing sequence of elements of D. Let © =
(w1, U2y - .., ) be a partition of length £(u) = r, all of whose parts are distinct. Then
~(d ~(d;+1)
P =g @) — g @) e (3.1)

PePSTH(A,B;d)

where the summation on the left hand side is taken over all primed shifted tableaux, P,
such that the entries n;; satisfy the conditions (2.4), and

ngt(P) — l_[ Zyys (32)

(i, j)eSF*"

while on the right hand side the EI,Em)(z)’s are determined by the following generating function
in the indeterminate s

Yo i@t = ] G-z [] 1+ (3.3)
k=0

acAa>m beB;b>m

In order to derive Theorem 1.1 from Theorem 3.1 it is necessary to setr = n, u = A+,
to identify A with [n] and B with [n'], to restrict d; to be eitheri ori’ fori =1,2,...,r,
asin (2.7),andtosetz, = x;, fora =k € A =[n]land z, = tx; forb =k € B = [n'].
Provided that we make analogous assignments we can use precisely the same technique,
due to Okada [10], to derive Theorem 1.2 from Theorem 3.1. First we require
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Lemma 3.2 In the notation of Theorem 3.1, letr = n, A = [n] U [a], B = [n'] U [#'],
andlet Din,n', i, ') ={d = (d1,d>,...,dy) |d; € {i,i',i,i'} fori =1,2...,n). Let u
be a partition of length £(u) = n, all of whose parts are distinct. If

k=X, e =1txg, zp =12xp = tzx,:l and zp =tx;p = tx,:l (3.4)

forallk =1,2,...,n, then
Zng(F) — Z thgt(S)+2bar(S)(1 + t)str(S) Xng(S), (35)
PePSTH([n,nl,[n',i'];d) SeSTH(sp(2n))
deDn,n',ii,i")

where

Vel — Z Xy (3.6)

(i.j)ESF"

while bar(S) is the total number of barred entries in S, str(S) is the total number of connected
components of all ribbon strips of unbarred and barred entries of S, and

hgt(S) = Z(rowk(S) — cong(S) — rowg(9)). 3.7
k=1

Proof: Therequirement thatd; € {i,i’,i,i’} foralli = 1,2..., n, when coupled with the
condition £(u) = n, is sufficient to ensure that for each P € PST*([n, i1], [0/, a'];d) the
removal of all primes from the entries of P will yield some S € S7#*(sp(2n)). Moreover,
every such § is obtained in this way. If we let P(S) be the set of primed tableaux P €
PSTH([n,n], [n',7'];d) such that the deletion of primes from P yields the tableau S €
ST"(sp(2n)), then the x-dependence of z%P) is the same for all P € P(S). In fact, by
virtue of the assignments (3.4) this x-dependence is just x“&®), Moreover, these same
assignments imply that the 7-dependance of zV&") is just (" (P 2P+ (P) " where n'(P),
ii(P) and 71’'(P) denote the numbers of entries 7;; in P that belong to [n'], [#] and [7'],
respectively. It follows that

ngt(P) — Z ZWgt(P)
PePSTH([n,il,[n',7'];d) SeSTH(sp(2n)) PeP(S)
deDn,n',ii,ii')
— e Z tn’(P)JrZFl(P)Jrﬁ’(P) (3.8)
SeSTH(sp(2n)) PeP(S)

To explore the 7-dependence further it is worth considering the mapping from P to S
in more detail. The constraints (2.3) and (2.4) on S and P, respectively, are such that all
P € P(S) giving rise to a particular S through the removal of primes are identical, save for
the entries of P in the bottom left hand box of each connected component of each ribbon
strip subtableau. These entries may be either primed or unprimed, as shown below in typical
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connected components of the ribbon strips str  (P) and strg g (P):

k’k|k| k’k|k| k|k|

k

] ] L&
e Le —> La (3.9)
k' k' k

kK\|k|k|k kK \|k|k|k k|k|k|k

L&) ¥ L&

and

12'1;|1;| 12'1;|12| 1;/z|12|
K| K| k|
L L — Ll (3.10)
14 /4 k

K\k|k|k Kk|k|k IEIE|IEIE

3 & Lk ]

The ¢-dependence of the left hand sides of (3.9) and (3.10) is completely determined by the
assignments (3.4) which imply that entries k, k, k' and k' in P give rise to factors 1, 2, ¢
and ¢, respectively. Combining the contributions from the pairs of terms on the left hand
sides then fixes the contribution on the right hand sides as follows:

o] o] Jili]
L L L7
= + = —  (d+0 n (3.11)
t ' t

t|1]1]1 t|1]1]1 t 1|l 1

1] L1 1

and

t 12|t2| t 12|t2| t 12|t2|
L L L
] + L — 4+ a8 (3.12)
t t t

t |22 t |22 t l‘z‘tz 2
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The right hand side of the latter can equally well be rewritten in the form:

1]

(A +1)t? , (3.13)

NEEIEE

7
7

where 7 = t~! and b is the total number of boxes in the relevant connected component of
the barred ribbon strip.

Consideration of the general structure of these examples shows that each connected
component of a ribbon strip of S contributes a factor (1 + ¢), each barred entry contributes
a factor 72, while connected components of ribbon strips of unbarred and barred entries
contribute factors t"~! and ¢ ", respectively, where r is the number of rows occupied by the
connected component.

By way of example, the sp(2n)-standard shifted tableau S displayed in (2.16) consists
of 6 connected components of ribbon strips of unbarred and 6 of barred entries. Applying
(3.11) and (3.12) to obtain the z-dependence of each connected components of type (3.9)
and (3.10), respectively, gives rise to the following 7-dependence of (2.16):

\z1zz”2111!

21|12t

(141" tele]t]t

=1+ (3.14)

—_

More generally, these considerations lead, in the notation of Lemma 3.2 to the identity:

tl1’(P)+2fL(P)+ﬁ’(P) — thgt(S)-‘eral'(S) (1 + t)Str(S). (315)
PeP(S)

Using this result (3.15) in (3.8) then completes the proof of Lemma 3.2. O
Turning to the right hand side of Okada’s identity (3.1) allows one to derive the following:

Lemma 3.3 In the notation of Theorem 3.1, letr = n, A = [n] U [], B = [n']U [7'],
and let u be a partition of length £(u) = n, all of whose parts are distinct. If

U and z = tx; = tx;! (3.16)

2 2 -
Zi =Xi, Zy =1Xi, =X =10x ;

foralli =1,2,...,n,then
~(d)) _(dj+1) ; ;
Yo 6@ -3 @, = e 0 =gl @] o,
deD(n,n’ i1, i) T T
(3.17)
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where

o1+ txis)(l + txfls)
e 1) sk = i . 3.18
Z g, (x,1)s l_[ 0w (1 =) (3.18)

i=m

Proof: Our ordering (2.14) and the definition of D(n, n’, i1, ") involves four independent
choices from {j, j’, j, j'} foreachd;, with j +1=j, j+1=j,j/+1=jand j+1 =
j+ 1. It follows that

> ale-a" 0l .,

deD(n,n’ i)
=30~ +30© -3 @ +3 @ - 3@
+qx(»j)(z) 61(“'1)(2)!

1<i,j<n
=39@ - ,&f“)(z)!1<,j<,, (3.19)
where, from (3.3),
> i@t —]_[(l—z,s) (1—z8)” 11—[(1+z,/s)(1+z,/s) (3.20)
k=0 i=j =Jj

The use of the specialisation (3.16) linking z to x and ¢, and comparison with the definition
(3.18) then completes the proof of Lemma 3.3. (]

This brings us to our final Lemma, namely:

Lemma 3.4 Let X\ be defined by
1
X(m) T+ (q,((m) q,ﬁmH)) forl <k,m <n, (3.21)

and let Yk(m'p ) be defined by the generating function

Zy(m Pk _ op H(] + txis)(1 4 tx; H(l — x;5)”"! )‘1

i=m+p
forlfk,mfn and 1§p§n—m+1. (3.22)
Then
. (m,n—m+1
|X(m)|l<k m<n = DSP(Z”)(x’t)|Ykm o )ylﬁk,mﬁn’ (323)

where Dgpa,)(x; 1) is defined by (1.10)



WEYL’S DENOMINATOR FORMULA FOR sp(2n) 283

Proof: From (3.18)

o

(m) k
> X{"s
k=0

- %((1 + txus)(1 +1x,'s) — (1 = xps)(1 = 2x,,"s))

X H(l—}—tx s) +tx; l—[(l —x;5)7! 1 —tz)ci_ls)71
i=m+1

= (s + 115 H (1 + ) (14 1x7's) T =)™ (1= 22x71s) ™

i=m+1 i=m
o0
=xu(1+1x,7) > ¥ sk (3.24)
k=0
and
o0
Z (Y]:m,p) _ Y,fm“’p))sk
k=0
= ((1 + tx,,,+,,s)( + tan_p ) (11— xms)(l — tzxfl ))
]_[ A+ 1x;5)(1 + 1x] H(l—x,s) 2x1s) 7
i=m-+p+1 i=m
(xm + Xt p + txm+p +t X, )
x sPtl 1_[ (l+txs) 1+tx H(l—x,s) ) !
i=m+p+1 i=
o0
= (14 12, ) (14 20, 2,4 ) D 7D sk, (3.25)
k=0
Hence

| X}

(m)
| I<k,m<n

- ]_[x, (=)™

= Hxi(l —1x;%) l_[ xi(1 =t ) (1= oot )y m+1)|l<k m<n
i=1

I<i<j<n

—m+1
= D‘vp(zn)(x;t)|YI£m e )|15k,m§n’ (3.26)

where the first step follows from (3.24), and the second from (3.25) by the subtraction of
column j in the determinant from every column m with m < j succesively for j =n,n —
1,...,2. This completes the proof of Lemma 3.4. (]
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However,

00
Z Y]gm.n—m-ﬁ-l)sk
k=0

=gt l_[(l — xis)_l(l — tzxfls)_1

i=m
00

n—m+1 2 2 2 14
=y E Pe(Xms E Xy X1 U X o o+ o s X 17X5) S
=0
o0
Z 2 2 2 k
= hk7n+m71(xmv "X, Xm+1> t -xn1+|1 cey Xy xﬁ) s, (327)
k=0

where &y is the complete homogeneous symmetric function of degree ¢ of its various
arguments. Hence

Y Y = gt (o 0%, X1 P2 X+« X £250), (3.28)
Remarkably, we have the following [2]

Theorem 3.5 ([2]) Let A be any partition of length £(A) < n. Then the character sp,(x) =
sp, (x1, X2, ..., Xp) of the corresponding irreducible representation of sp(2n) is given by

sp,(x) = |hxi_,-+j(x,', X7y Xig 1y X7 s+ -+ » Xns x,—l)|15i’j§n . (3.29)

However, the deformation of the character sp,(x), given in terms of sp(2n)-standard
tableaux by (1.10), to give sp, (x;¢) as in (1.11) is brought about by associating a factor of
t? with every barred entry k in each of the relevant tableaux 7 € 7 ([n, 1]). Applying this
additional weighting to each factor of x, ! arising in the lattice path derivation of (3.29)
leads immediately to the identity

. 2. 2 2
5P (s 1) = [ Ry O, 027, it Xy, X 20| (3.30)

Combining our sequence of Lemmas with this result gives

thgt(S)+2bar(S)(1 + t)str(S)fn xwgt(S)

SeST 5 (sp(2n))
=1+ > g
PePST " ([n,Al,[n',i'1;d)
deD(n,n’ ,ii,ii’)
_ () ~(dj+1)
=(1+n™" Z |q/4i] (2) = 4w/’ (Z)|15ivjsn
deD(n,n' i, ii")

XU

1<i,j<n _| i 11<i,j<n

=1 +07" g, 1) — g x, 1)
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_ . (j,n—j+1)
= Dypan)(x; t)‘ Y i ‘lgi,jgn

. 2. 2 2
=D5P(2n)(x,f)‘hki_i+j(xj,t Xjy Xjr1s X « o s Xy B x’_’)‘lsi,iSn

=Dsp(2n)(X;t)SP,\(X;l‘), (3.31)

where recourse has been made succesively to (3.5) of Lemma 3.2, (3.1) of Theorem 3.1,
(3.17) of Lemma 3.3, (3.21) and (3.23) of Lemma 3.4, (3.28) and, finally, (3.30) which is
really a corollary of Theorem 3.5. This completes the proof of Theorem 1.2.

4. Specialisations

Theorem 1.2 is rich in corollaries which arise by specialising, both in turn and in various
combinations, the parameter ¢, the partition A and the indeterminates x = (xq, X2, ..., X,).

First of all, the case t = —1 and allowing A to be any fixed partition of length £(1) < n,
we obtain Weyl’s character formula for sp(2n) from Theorem 1.2.

Corollary 4.1 ([20]) Let W be the Weyl group of sp(2n), let § be half the sum of the

positive roots of sp(2n) and let ) be an arbitrary partition of length £(A) < n. Then the
irreducible representation of sp(2n) specified by A has character:

spy(x) = Z sgn(w)e’”(H‘s)/ Z sgn(w)e”®. 4.1)

weW weW

Proof: Setting r = —1 in (1.15) of Theorem 1.2 gives

Dypom(x; =Dsp,(x) = Y (=)@, (4.2)
SeST 3 (sp(2n))
str(S)=n
with 6 =(n,n — 1,...,1). It should be noted that setting t = —1 has reduced sp, (x;1)

to sp,(x), as can be seen from (1.13) and (1.11), whilst at the same time restricting the
summation over S to those S for which str(S) = n.

This condition str(S) = n, together with the fact that £(A 4 §) =n, implies that there
are precisely n ribbon strips in S and that each of these ribbon strips consists of a single
connected component. In addition, the conditions (2.13) on the entries in sp(2n)-standard
shifted tableaux imply that the entry di(S) = a; in the kth box of the main diagonal of each
SeSTH? (sp(2n)) must be either & or k. Thus, the ribbon strip emanating from this box is
either str(S) or strz(S). Moreover, the final condition of (2.3) implies that each diagonal
contains distinct entries. The lengths of the diagonals of SF**? now vary from 7 to 1 in such
a way that in moving from one diagonal to the next at most one entry is dropped. If one entry,
say k or k, is dropped then this terminates the corresponding ribbon strip, str(S) or strz(S),
and all preceding ribbon strips, str;(S) or str;(S) with i <k, are extended horizontally by
one box, while all succeeding ribbon strips, str;(S) or str;(S) with j > k, are extended
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vertically by one box. The length of a ribbon strip is just the number of diagonals it spans.
Thus, the ribbon strips of any S € ST**°(sp(2n)) with str(S) = n must have distinct lengths
equal to the various parts of A + §.

This is exemplified in the case n =5, A=(4,3,3)and A +6 =(9, 7, 6, 2, 1) by the fol-
lowing tableau S € ST*3(sp(2n)) with str(S) = n, which is displayed along with its con-
tribution to the right hand side of both (4.2) and the numerator of (4.1),

1|11(2]|2]2]|2]2]|2 2’
2(2]4|4|4|4|4 (—1)_2+2_3_1+0x§9x1x§x%x31
InE {=sgn<;zza‘i)xfx29x; 5 3
5]
Quite generally, foreach k = 1,2, ..., n, the exponent of x; in xV&) is either the length

|stri(S)| of stri(S) or minus the length |str(S)| of stri(S), according as di(S) is either k or
k, respectively. These lengths are just the parts of A + 8. The corresponding contribution to
hgt(S) is either rowy(S) — 1 or —rowg(S), as appropriate.

To make contact with the Weyl group W = H, = S, S, of sp(2n) as required in (4.1),
it is necessary, as in the example (4.3), to identify wg € W. For given S € ST**¥(sp(2n))
with str(S) = n the identification of wyg proceeds by noting the sequence formed by the
labels of the ribbon strips of S when placed in order of decreasing length Ay +n, A, +n —
1,..., A, + 1. Thus

1 2 ...
wg = ( " > (4.4)
wl w2 ... wn

where, fori = 1,2, ..., n, w; is the label k or k of the unique ribbon strip of S having
length A; + §;, that is

k if [stri(S)| = A; + 8; and di(S) = k; “5)
Yk if Istr(S)] = A; + 8; and di(S) = k. '
This is exemplified in (4.3) by
12345
=(_."__7). 4.6
ws (2 4513 ) (46)
It follows from the above definition of wg that

ngl(S) — xl)l»)11+5|x£»}22+52 . xl}l\}:-i-ﬁn = wg (x?1+51x§2+82 . x;"n"l‘an)

— ws(ek+8) — pWs(+d) XIUS()»+5)1X;)50»+5)2 v xWsOAS 4.7

where in the first line wy acts naturally on the subscripts of the various x; in ¢**%, and the
transformation of that action in the second line defines the action of wg on A 4+ §, and indeed
on any vector in the same n-dimensional weight space of sp(2n). It follows from (4.7) and
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4.5)thatforallk =1,2,...,n

Ai 6 if w; =k;_ {|strk(S)| if di(S) = k;

. - = ) - (4.8)
— +8) ifw =k, |=Istg(S)| if di(S) = k.

ws(A + 8 = {
Since u = A + 8 has length £(u) = n, it follows from Definition 2.5 and the conditions (2.3)
that the profile a = (a1, az, . . ., ay) = (d1(S), d2(S) , ..., d,(S)) of each § € STH*(sp(2n))
is just a signed permutation of (1,2, ..., n). Furthermore the action of wg by permutation
and sign changes on the components of =2 + § in the e-basis is precisely the action
described in Section 1 which ensures that wg € W = H,, = $,: S,,.
Turning to the sign factors, we have

(- l)hgt(S) =(— 1)Zk:dk(S)e[n](rowk(S)_l)_Zk:dk(S)e[ﬁ] row(S)

= (-1 )#{k | di(S)elnl} (=1 )ZZZI (TOWk(S)-HOWz-(S)—l)’ 4.9)

where use has been made of the fact that if di(S) € [n] then rowz(S) = 0, whereas if
di(S) € [11] then row,(S) = 0. It follows from (4.5) that

(_1)#{k|dk(5)€[’_’]} — (_1)#{klwke[r‘l]}_ (4.10)

Furthermore the argument regarding vertical steps given prior to the illustrative example
(4.3), when coupled with the ordering of the sequence of ribbon strips in the definition of
wg, implies that

(_1)Zzzl(rowk(SH—row;,(S)—l) — (_1)#{(k,j)| 1§k<j§n,wk>w/}‘ (411)

Using (4.10) and (4.11) in (4.9) gives
(_1)hgl(5) — (_1)#{k|wke[ﬁ]}(_l)#{(k.j)\1Sk<j5n,wk>w,;} — sgn(ws), (4.12)

where the last step involves the recognition that each barred entry in wg involves a change

of sign and hence a single reflection in weight space, while the permutation 7g of the

components of vectors in this weight space, which is identified by deleting the bars from

wg, contributes a sign factor given by —1 to a power equal to the number of its inversions.
By way of example, in the case of wg defined by (4.6) we have

12345 12345
123450 gy = (=1 (=R (413
Sgn(24513> ( )Sg"(24513) D7D * @19

The first exponent 3 is just the number of barred ribbon strips of S in (4.3), while the other
exponents 0, 1, 0, 2, 2 enumerated by counting the inversions of mg are nothing other than
the numbers of vertical steps of the various ribbon strips of S. The resulting sign factor 41
is consistent, as it must be, with the sign factor appearing in (4.3).

It follows from the results (4.7) and (4.12) that for each S € ST**¥(sp(2n)) such that
str(S) = n,

(_l)hgl(S)xwgt(S) — sgn(ws)ews(}ﬁ-?s)’ 4.14)

with wg € W.
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The next step is to note, conversely, that for all w € W there exists S € ST (sp(2n))
with str(S) = n, such that w = w(S). Every element w of the Weyl group W of sp(2n) is
of the form (4.4) with w; = k or k for some k € [n] foralli = 1,2,...,n and w; #F w;
or w; for all j # i. Given such a w € W the corresponding sp(2n)-standard shifted tableau
S is created by entering the sequence (w;, ws, ..., w,) in the boxes of the main diagonal,
subject to the required constraints 1;; < n;4+1,;4+1 fori =1,2,...,n — 1, and then deleting
Wy, ..., Wy, w one at a time in turn as one moves from any diagonal to its immediate
successor if and only if that successor is shorter in length. No omissions are required if
successive diagonals have the same length, and as already pointed out successive diagonals
differ in length by at most one box. This process ensures that S is of shape SF**° and that
it consists of precisely n connnected ribbon strips wrapped around one another in such a
way as to automatically satisfy all the constraints (2.3).

It follows that (4.2) can be rewritten in the form

Dyom(x;=Dsp, ()= Y sgn(wg)e™ ) =" sgn(w)e” . (4.15)

SeST*(sp(2n)) weW
str(S)=n

Setting A = 0 it follows that
Dypom(x:—1) = Y sgn(w)e"®. (4.16)
weW

Taking the ratio of (4.15) and (4.16) immediately gives (4.1), thereby completing the proof
of Corollary 4.1. O

From the Definition (1.2), setting t =—1 in Dg,p,)(x;t) gives the undeformed Weyl
denominator function for sp(2n). It follows that (4.16) is just the original denominator
formula of Weyl [20] for the case of the Lie algebra sp(2n):

Corollary 4.2 ([20]) Let A, be the set of positive roots of sp(2n), let § be half the sum of
these positive roots, and let W be the Weyl group of sp(2n). Then

S J[a—e) =" sgnw)e"®. 4.17)

acAy weW

It might be thought that the case t =0 of Theorem 1.2 might provide something new.
This is not the case however, since it leads only to the confirmation of the fact that

5p; (x;0) = 5,.(x). (4.18)

Turning to a more interesting case, setting ¢+ = 1 in Theorem 1.2 leads directly to:

Corollary 4.3 Let A be a partition into no more than n parts and let § be the partition
n,n—1,...,1), then

Dyp(Zn)(x; 1) SP)L(X) — Z Zstr(S)fn ngt(S)' (419)
SeST*(sp(2n))
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This represents what might be called a symplectic version of the formula given by Stanley
[16] for the t = —1 case of the Hall-Littlewood function P, (x;) with © = A 4 8.

Making the further specialisation x; = 1 foralli = 1,2, ..., n in Corollary 4.3, and
using (1.10) to note that under the same specialisation Dyp2,(x; 1) is just 2”2, leads to:

Corollary 4.4 Let A be a partition into no more than n parts and let § be the partition
n,n—1,...,1), then

2" dimy,(sp) =y 2O (4.20)
SeST 4 (sp(2n))
where dimy, (sp;) = sp, (1,1, ..., 1) is the dimension of the irreducible representation of

sp(2n) having character sp, (x).

This, in turn, is the symplectic version of a formula due to Mills et al. [9]. The relevant
formula is that of their Theorem 2 which involves a factor that can be identified as nothing
other than dim,(s/;) where A; = a,_j+1 —n+i—1fori=1,2,...,n.

Alternatively, making the further specialisation A = 0 in Corollary 4.3, and employing
(1.10) in Theorem 1.2, leads to:

Corollary 4.5 Let§=n,n—1,...,1). Then

[T 1T 0+x2) T (O +x ) +x7"%)

1<i<n 1<i<n I<i<jzn 4.21)

— Z 2str(S)—n xwgl(S)‘
SeST(sp(2n))

Generalising this for all ¢, if one sets A = 0 in Theorem 1.2 and replaces x; by its
inverse x;” "foralli = 1,2, ..., n, then one obtains an identity which is reminiscent of, but
somewhat simpler than, the deformations of Weyl’s denominator formulae due to Okada
[11] and Simpson [13, 14]:

Corollary 4.6 Leté=(n,n—1,...,1). Then

1_[ (1 +txi2) 1_[ (1 —l—txixj)(l —I—txixj_l)

1<i<n I<i<j<n

_ Z thgt(S)+2bar(S) (1 + t)str(S)—n x&—wgt(S)’ (422)
SeST(sp(2n))

where x5V = xx WS yigp 38 = xnx271 L x,,

5. Monotonic patterns

One of the combinatorial devices used by Tokuyama [18] was that of Gelfand patterns [3].
While we have favoured here the use of Young tableaux, there exist bijections between
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sl(n)-standard tableaux and Gelfand patterns whose rows are specified by partitions satis-
fying certain betweenness conditions [1, 5] and between si(n)-standard shifted tableaux and
certain monotone triangles. Such monotone triangles are strict Gelfand patterns for which
each row is specified by a partition all of whose parts are distinct [10, 18]. Similar bijections
may be established for both sp(2n)-standard tableaux and sp(2n)-standard shifted tableaux.
The first of these between sp(2n)-standard tableaux and a symplectic version of Gelfand
patterns has already been identified [5]. The symplectic Gelfand patterns involve interweav-
ing consecutive rows of pairs of patterns due to Zhelobenko [21] to give a single pattern.
The bijection is exemplified in the case of the sp(2n)-standard tableau T of (2.16) by:

43300

43300

4330

3310

111(2]4 310
%;‘;‘ <~ 300 (5.1)

4144 30

30

2

1

The non-zero entries in the topmost row of the pattern Z are just the parts of the partition A
defining the shape of T'. In this example n = 5, A = (4, 3, 3) and the non-zero entries in the
mthrow of the pattern Z, counted from the top, are the parts of the partition defining the shape
of the subtableau of T consisting of entries n;; < k withk = 2n +1—-m)/2 = (11 — m)
if m is odd, and n;; < k with k = 2n +2 —m)/2 = (12 — m) if m is even, for
m=1,2,....,2n=1,2,...,10.

More generally, we specify and display the entries z4; and zg; of a symplectic Gelfand
pattern, Z, as follows:

Zn1 Zn2 Znn

il 2 Ziin

Zn—1,1 Zn—-1,2 Zn—1,n—1
=1 =12 T T i=Tn—1
(5.2)

221 2

231 22
211

With this notation, we have:
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Definition 5.1 [S] Let A be a partition with length £(A) < n. Then Z is said to belong to
the set, Z*(sp(2n)), of sp(2n)-patterns with top-most row A if and only if all the entries, z;
and zg;, of Z are non-negative integers satisfying the boundary and betweenness conditions:

(Z1)  zp = A for1 <i <nwithA; =0fori > £());

(Z2)  zki = Zji = Zkivl forl <i<k<n; (5.3)
(Z3) zpp = zk—1; = 2541 forl <i <k <mn;

(Z4) zje =z = 0 forl <k <n.

If, in our usual notation, T € 7*(sp(2n)) is such that the entry in the (i, j)th box of T is
nij forall @, j) € F *, then the corresponding sp(2n)-pattern Z € Z*(sp(2n)) has entries
defined by:

i =#j I nj <k} and zg; =#{j |n; <k} forl <i<k=n. (5.4)

The conditions on 7;;, as given by (T1)—(T4) of (2.2) applied to (2.5) in Definition 2.1, then
imply that z;; and zj; automatically satisfy (5.3), as required.

Conversely, for given Z € Z*(sp(2n)) with entries z;; and zj; satisfying (5.3), let the
partitions ¢ (k) and ¢ (k) be defined for k = 1,2, ...,n by ¢(k); = z;; and ¢ (k); = z; for
i=1,2,...,k andlet £(0) = 0. Then for all (i, j) € F* with A = ¢(n) the entry in the
(i, j)th box of T € T*(sp(2n)) is given for all k € [n] by

k if (i, j) € FEW/e®,
"o { (5.5)

k if (i, j) e FE®/Ek=D,

where F*/° signifies the skew diagram [8] obtained by deleting all the boxes of F° from
those of F*. This time the conditions (5.3) on all the entries z,,; of Z imply that the entries
nij of T automatically satisfy the required conditions (2.2) as applied to (2.5).

Thus for any partition A with £(1) < n, (5.4) and (5.5) serve to define a bijection between
all T € T*(sp(2n)) and all Z € Z*(sp(2n)).

In exactly the same way there exists a bijection between sp(2n)-standard shifted tableaux,
S, and certain sp(2n)-monotonic patterns, M. This is exemplified in the case of n = 5,
uw=1.09,7,6,2,1) and the sp(2n)-standard shifted tableau S of (2.16) by:

97621
87621
8762
1|1|2]|2|3|3|4|4]|5 7620
2021213444 641 56
- .
3(3|4lala|4 <« 630 (5.6)
4|4
_ 43
15 ]
32
2

1



292 HAMEL AND KING

The major difference now is that the shifted nature of S implies that the partition associated
with each row of the corresponding monotonic pattern M necessarily has distinct parts.

Definition 5.2 Let p be a partition of length £(t) = n all of whose parts are distinct. Spec-
ifying the entries z;; and zg; of M as in (5.2), M is said to belong to the set, M Z*(sp(2n)),
of sp(2n)-monotonic patterns with top-most row p if and only if all the entries, zz; and zg;,
of M are non-negative integers satisfying the boundary and betweenness conditions:

M) zw = forl <i <n;

M2)  zii > zgit1 and gz > zg4q forl <i <k <m;

M3) zi >0 and zz =0 forl <k <n; 5.7)
M4)  zii > 2p = Zkitl forl <i<k<n;

MS5) 2t = Zk—10 = Zhis forl <i<k=<mn

M6)  zix >z = 0 forl <k <n.

If, in our usual notation, S € S7*(sp(2n)) is such that the entry in the (i, j)th box of S
is n;; for all (i, j) € SF*, then the corresponding sp(2n)-pattern M € MZ"(sp(2n)) has
entries zx; and zz; defined once again by (5.4). This time the conditions on 7;;, as given by
(S1)—(S5) of (2.3) applied to (2.6) of Definition 2.2, then imply that the entries z; and zz;
in M automatically satisfy (5.7), as required.

Conversely, given M € MZ*(sp(2n)) with entries z;; and zz; satisfying (5.7), let the
partitions ¢ (k) and ¢ (k) be defined for k = 1,2, ..., n by ¢(k); = z;; and ¢ (k); = z; for
i=1,2,...,k,and let £(0) = 0. Then for all (i, j) € SF* with u = ¢(n) the entry in the
(i, j)th box of S € ST*(sp(2n)) is given for all k € [n] by

k if (i, j) € SFE®/e®;
nij =

k if (i, j) e SFE®/EG=D, (5.8)

where SF™/° signifies the skew shifted diagram obtained by deleting all the boxes of SF°
from those of SF*. Now the conditions (5.7) on all z;; and zz; of M imply that the entries
n;; of § automatically satisfy the required conditions (2.3) as applied to (2.6).

Thus for any partition p of length n whose parts are distinct, (5.4) and (5.8) serve to
define a bijection between the set of sp(2n)-standard shifted tableaux, S7*(sp(2n)) and the
set of sp(2n)-monotonic patterns, M ZH(sp(2n)).

The significance of this bijection is that Theorem 1.2 and several of its Corollaries
involving sp(2n)-standard shifted tableaux, S, may be re-expressed in terms of sp(2n)-
monotonic patterns, M.

First, it is convenient to define wgt(M) in terms of differences between the weights of the
partitions defining the rows of the corresponding monotonic pattern M. To be precise, let

xwg[(M) — xrvgll(M)—wng(M)x;vglz(M)—wgli(M) . x,\:/gt”(M)—wgt;,(M)’ (59)

where
wet, (M) = ¢ (k)| — |¢ (k)] and  wgty = [¢(k)| — [¢(k — 1)| for 1 <k <n.
(5.10)
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Then in the notation of (5.10), it is convenient to sum over just the barred weights in defining
bar(M) = Z wet; (M). (5.11)
k=1

The weights of the partitions defining the rows of M in (5.6) are such that in this example
bar(M) = (24 -23)+(15-1D+O -7+ G5 -2)+1=11.

Furthermore, let btw(M) be the number of instances of strict betweenness that occur in
M, that is the number of entries ¢ appearing in triples of the form “Cb witha >c>b>0
or virtual triples of the form “_ with @ > ¢ > 0 and b absent. Thus

btw(M) = #{(k,i) | zxi > 25 > 2xi+1 for 1 <i <k < n}
+#{(k, i) |zt > zx—1.; > 2piqr for 1 <i <k <n}
+#{k | zix > zge > Ofor 1 < k < n}. (5.12)

In the case of the monotonic pattern of (5.6) the relevant entries ¢ at the apex of each
betweenness triple may be identified in boldface type as shown below:

97621
87621
8762
7620
641
630
43
32
2
1

(5.13)

It follows in this example that btw(M)="17.

Finally, let the index of M, ind(M), be defined by the number of entries a appearing in
triples of the form ”bb with @ > b > 0 and a in the mth row of M counting from the top
with m odd, minus the number of entries a appearing in either a triple of the form “Cb , with
a > ¢ > b > 0 with a in the mth row of M with m even, or in a singlet a with a > 0 at the

end of the mth row of M with m even. Thus

ind(M) = #{(k, i) | zki > 2z = zk,i+1 for 1 <i <k <nj}
—#{(k,i)] ki > k-1, = 2k forl <i <k <nj
—#{k|zze > Ofor 1 <k <n). (5.14)
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Once again, in the case of the monotonic pattern of (5.6) the relevant entries a contributing
to ind(M) may be identified in boldface type, and overlined if their contribution is negative,
as shown below:

97621
87621
8762

- (5.15)

Hence, in this example ind(M) = 4 — 8 = —4.
With this notation it is not difficult to see that Theorem 1.2 implies the validity of the
following:

Corollary 5.3 Let A be a partition into no more than n parts and let § be the partition
n,n—1,...,1), then

Dsp(Zn)(X; t) SpA(X; t)
_ Z £ind(M)~+2bar(M) (a+ t)blw(M) Vet (5.16)

MeMZ**5(sp(2n))
where the summation is taken over all sp(2n)-monotonic patterns with top-most row A + 6.

In the case of the sp(2n)-monotonic pattern M displayed in (5.6) it follows from (5.9) to
(5.15) that the contribution to the right hand side of (5.16) is given by
tind(M)+2bar(M) (1 4 t)b[W(M) xwgt(M)
— 421 (] 4 )] xll—l x§_3 x32_2 xiﬂ—él xsl—l
=t A+ x"x. (5.17)

Further Corollaries analogous to those of Section 4 may be obtained by specialising
various combinations of A, f and x = (xq, x2, ..., X,).

6. Alternating sign matrices

A further combinatorial construct that has been found to be useful in the context of defor-
mations of Weyl’s denominator formula is that of alternating sign matrices [11, 14, 18].
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Conventionally [9], any square matrix n X n matrix A = (a;;) belongs to the set A(n) of
n x n alternating sign matrices if and only if all its matrix elements ¢;; are 1, 0 or —1, every
row and column has sum 1, and in every row and column the non-zero matrix elements
alternate in sign, that is

aij € {=1,0,1} forl <i,j<mn;

D ajef0.1) forl<ik=<n;
j=k

Za[j €{0,1} forl <k, j<n;
i=k

6.1)
Zaijzl forl <i <nm;
J=1
Za,-‘,:l forl < j <n.
i=1

The generalisation of this notion required in a restatement of Tokuyama’s result for gl(n)
and s/(n), Theorem 1.1, is that of a -alternating sign matrix [11]. For each partition u, all
of whose parts are distinct and for which £() = n and u; < m,ann x m matrix A = (a;q)
belongs to the set A*(sp(2n)) of n x m p-alternating sign matrices if the following conditions
are satisfied:

aiq €{—1,0,1} forl <i<n,1<gqg<m;
Zﬂlin{O,l} forl <i<n,1<p<m

q=p

Zain{O,l} forl<j<n,1<gqg<m;

=i (6.2)
Zaiq:l forl <i <n;

gq=1

1 1 ifg = u; for some j
Za,»q:{ =M J forl <g <m.
i=1

0 otherwise

The further generalisation needed here in the case of sp(2n) takes the form:

Definition 6.1 Let u be a partition of length £(u) = n, all of whose parts are distinct,
and for which p; < m. Then the matrix A = (a;,) is said to belong to the set A*(sp(2n))
of sp(2n)-generalised alternating sign matrices if it is a 2n x m matrix whose elements a;,
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satisfy the conditions:

(Al) ai, €{-1,0,1} forl <i<2n,1<g<m;
(A2) D aiy €1{0,1} forl <i<2n,1<p<m;
q=p
2n
(A3) Y ai, €{0.1} forl<j<2nm1<q<m.
= (6.3)
m
(A4) Z(dziq,q +aig) =1 forl <i <n;
g=1
2n .
1 if g = py for some k;
A5 g = forl <g <m,1 <k <n.
(43) ;aq {0 otherwise, =a=m "
In the special case for which u = 6§ = (n,n — 1,...,1) and m = n, for which (AS)

becomes lei] a;y=1 for 1 <g <n, this definition is such that the set .A°(sp(2n)) co-
incides with the set of U-turn alternating sign matrices, UASM, defined by Kuperberg
[7].

More generally, the connection with what has gone before here comes about through
the recognition that there exists a bijection between the monotonic patterns defined by
(5.7) and the p-alternating sign matrices defined by (6.3). Following a route ana-
logous to that described in the gl(n) case by Okada [11], the passage from M € MZ"
(sp(2n)) to A € A*(sp(2n)) is accomplished by first constructing the 2n x m matrix B
by placing entries 1 in the ith row of B in precisely those columns ¢ for which ¢ is
itself a non-vanishing part of the partition whose distinct parts constitute the ith row
of M, and setting all the other elements of B to 0. With this convention, B = (b;,)
with

1 ifi=2n+1—2k and {(k); =zxj =g for some j with 1 < j <k;
big=141 ifi=2n+2—2kand¢(k); = zz; = q for some j with 1 < j < k;
0 otherwise.
(6.4)

for1 <i <2nand1 < g < m. The passage from B to A € A*(sp(2n)) is accomplished
by subtracting each row of B from its predecessor to give A = (a;,) with

bi, — b; ifl <i<2n-1,
aiq:{ ¢ T L= 6.5)

big ifi = 2n.

forl <i<2nandl1<g¢g <m.
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The map ¥ from M to A = V(M) by way of B is illustrated in the case of the example

(5.6) by:
97621 1100011017 70000000117 0
87621 110001110 100000000 | 1
8762 010001110 000000010 | 1
7620 010001100 110100100 0
641 100101000 101100000 | 1
630  |001001000 000101000 0
43 001100000 010100000 0
32 011000000 001000000 | 1
2 010000000 110000000 | 0
1 1100000000 | 1100000000 1
110001101 (6.6)

The row and column sums of A have been indicated on the extreme right and immediately
below A, respectively. Those columns g for which the column sum is 1 are those for
whichg =1, 2,6,7,9. Itis clear in this example that the resulting matrix A satisfies (Al)-
(AS) of (6.3) with n=5, m=9 and u=(9, 7,6, 2, 1), and thus belongs, as required to
A97621 (Sp(l()))

More generally, we have

Lemma 6.2 Let pu be a partition of length £(i1) = n, all of whose parts are distinct,
and with largest part ) < m. Let V be the map defined by (6.4) and (6.5) which takes
each monotonic pattern M € MZ"(sp(2n)) with entries z;; for i € [n,ii] and j € [n]
to the 2n x (m + 1) matrix A = V(M). Then A € A*(sp(2n)) and V is a bijection from
MZH(sp(2n)) to A*(sp(2n)).

The existence of the bijection W implies that the main result Theorem 1.2, which had
already been reformulated in terms of the sp(2n)-monotonic patterns of M Z*+3(sp(2n)) in
Corollary 5.1, can now be reformulated in terms of the sp(2n)-generalised alternating sign
matrices of A**?(sp(2n)).

To this end we require some further definitions. First of all, let wgt(A) be such that

xwgl(A) — x;m(A)—mi(A) x;nz(A)—mi(A) xrrln,,(A)—mﬁ(A) 6.7)
with
m m
m(A) = qami1-ag and mp(A) =Y qami2 sug- (6.8)

g=1 g=1
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With this notation, let bar(A) be defined by
bar(A) = Y mg(A) (6.9)
k=1

and let neg(A) be the total number of elements —1 = 1 in A, that is
neg(A) = #{(i,q)|ajq = —1for1 <i <2n,1 < g <m}. (6.10)

Within A there are a number of sites of special interest, namely those sites (i, ¢) for which
a; 4—11s O for i odd, and either 0 or —1 for i even, and for which there exist nearest nonzero
neighbours to the right and below (i, g — 1) which are both equal to 1, together with those
sites (i, 1) in the first column of A for which i is even and either a;; = 1 or for which there
exists a nearest nonzero neighbour to the right which is 1. If the set of all such sites of
special interest is denoted by S(A), then let ssi(A) be defined to be the signed sum of sites
of special interest of A, that is

ssi(A) = #{(2n + 1 — 2k, q) € S(A)} — #{(2n + 2 — 2k, q) € S(A)}. 6.11)

These definitions may be illustrated by application to the example (6.6). To find the
2n component vector wgt(A) = (m;(A)) one merely multiplies the m-component vector
X = (x4) = (q) by A and reverses the order of its components. In the case of (6.6) one
obtains wgt(A) = (1, 1,3,2,2,2,4, 8,1, 1), so that

KV = Op 0 ixd = x 'k and bar(A)=1+3+24+44+1=11. (6.12)

The various sites (i, g) contributing to neg(A) and ssi(A) as defined by (6.10) and (6.11),
respectively, are indicated in the case of the matrix A of example (6.6) by the boldface
entries shown below.

r0000000117 [0000000T117
100000000 100000000
000000010 000000010
110100100 110100100
101100000 101100000
000101000 000101000 6.13)
010100000 010100000
001000000 001000000
110000000 110000000
1100000000 100000000 |

From these, remembering the sign factors in ssi(A) we obtain

neg(A)=7 and ssi(A)=0—-1+4+3-34+0—-141-24+0-1=4-8=—4.
(6.14)
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These results are all in accord with those obtained for x V&™), bar(M), btw(M) and ind(M)
in the preceding section.
In fact with these definitions we have

Corollary 6.2 Let A be a partition into no more than n parts and let § be the partition
(n,n—1,...,1), then

Dsp(Zn)(-X; t) SpA(X; t)

— Z tssi(A)+2bar(A) (1 + t)neg(A) xwgl(A) (615)
Ae A3 (sp(2n))

where the summation is taken over all sp(2n)-generalised alternating sign matrices of shape
2n x (A + n + 1), whose non-vanishing column sums are 1 or 0 according as the column
number is or is not a part of A + 6.

Proof: The result follows immediately from Corollary 5.1, by noting that the map from
M to A is such that wgt(A) = wgt(M), bar(A) =bar(M), neg(A) =btw(M) and ssi(A) =
ind(M). The first three are rather obvious identities, while the last is a consequence of
the rather careful definition of the set S(A) of sites of special interest, in which each term
contributing to ind(M) in (5.14), together with its sign, has its precise counterpart identified
as a signed site of special interest in A. (]
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