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The synchronization of unidirectionally coupled multi-transverse-mode vertical-cavity surface-emitting lasers
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guished by the lag time between the master and the slave laser intensities. © 2004 Optical Society of America
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1. INTRODUCTION
The synchronization of chaotic lasers in a unidirectional
coupling configuration (master–slave or transmitter–
receiver) has received much attention in the last decade
motivated by the potential application in secure optical
communication systems.1,2 Particular attention has
been paid to the synchronization of edge-emitting semi-
conductor lasers that are key elements of optical commu-
nication systems. External optical feedback has been
used to render the master laser chaotic.3–17 For the slave
laser, two different situations have been considered: ei-
ther the slave laser is also subjected to optical feedback (a
closed-loop configuration) or is a stand-alone, solitary la-
ser (open-loop configuration). Recent research has fo-
cused on comparing advantages and drawbacks of these
configurations for message encryption and decryption.18,19

In contrast with the significant achievements that have
been made in the synchronization of edge-emitting semi-
conductor lasers, relatively little attention has been given
to the synchronization of chaotic vertical-cavity surface-
emitting lasers (VCSELs).20,21 VCSELs are recognized
as having many advantages over conventional, edge-
emitting semiconductor lasers.22 Because of their short
cavity length VCSELs emit in a single-longitudinal mode.
They have low threshold current, high efficiency, can be
modulated at high speeds, are compact, can easily be
formed in laser arrays, and have a narrow circular beam
profile and thus can be efficiently coupled to an optical fi-
ber. A drawback is their relatively low output power,
0740-3224/2004/101772-09$15.00 ©
which makes them difficult to synchronize. A recent ex-
perimental demonstration of synchronization of mutually
coupled VCSELs was reported by Fujiwara et al.,23 and of
unidirectionally coupled VCSELs by Hong et al.24 Such
synchronization can be best achieved when the master
VCSEL output power is large, i.e., when the master VC-
SEL is operated well above threshold. However, in
marked contrast to edge-emitting lasers, for large bias
currents a VCSEL generally operates in multiple trans-
verse modes. It is thus of great importance to under-
stand how multi-transverse-mode emission affects the
synchronization of VCSELs. In this paper we show theo-
retically, by means of numerical simulations, that two
multi-transverse-mode VCSELs in a master–slave con-
figuration can be synchronized by an adequate amount of
optical injection. We use a model that takes into account
the spatial dependence of three transverse modes and of
two carrier densities, associated with confined carriers in
the quantum well region of the laser and unconfined car-
riers in the barrier region. Optical feedback in the mas-
ter laser rate equations is included as in the Lang–
Kobayashi model. The model is similar to that
previously used by Yu et al.,25 where two transverse
modes were considered and the influence of the side mode
on the performance of three different encoding methods
(chaotic modulation, chaotic masking, and chaotic shift
keying) by use of VCSELs was analyzed.

Here we focus on multimode behavior of VCSELs and
show that both in-phase and antiphase properties of the
2004 Optical Society of America
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master laser modal intensities can be transferred to the
slave laser. The results reported in this paper indicate
that a functional advantage can be extracted from the
rich dynamics associated with multi-transverse-mode op-
eration of VCSELs. Specifically, the capability for
achieving multimode synchronization demonstrated here
opens the opportunity for multichannel chaotic communi-
cations using multi-transverse-mode VCSELs.

The excitation of higher-order modes in VCSELs is of-
ten accompanied by polarization switching,26,27 which af-
fects the laser dynamics. In particular antiphase polar-
ization switching dynamics has been observed in
VCSELs.28 The polarization dynamics of VCSELs with
external optical feedback has been studied by several
authors.29–38 Polarization instability is often considered
a drawback for the synchronization of VCSELs, but on the
other hand it might lead to new ways of transmitting se-
cure information.39 A new encryption scheme, based on
self-pulsating VCSELs that exhibit chaos in both inten-
sity and polarization, was recently proposed theoretically
by Scirè et al.40 In that scheme the information is en-
coded in the phase variables rather than in the intensity
of the carrier light beam. The present analysis focuses
on the effect of multi-transverse-mode operation on VC-
SEL synchronization, and no account is taken of polariza-
tion effects. The consideration of the role of polarization
instabilities in the synchronization of chaotic VCSELs is
being undertaken in parallel work.

For unidirectionally coupled edge-emitting laser diodes
it has been shown that two schemes of synchronization
are possible.41–45 In the first scheme the lasers are sub-
ject to the same amount of total external injection (includ-
ing optical injection and optical feedback), and the slave
laser intensity synchronizes to the master laser intensity
with a lag time that is equal to the difference between the
external cavity round-trip time t and the flight time from
the master laser to slave laser tc . This scheme has been
referred to as complete synchronization. In the second
scheme the slave laser is subjected to strong optical injec-
tion from the master laser, and its intensity synchronizes
to the master laser intensity with a lag time equal to
flight time tc . This scheme has been referred to as
injection-locking or lag synchronization. Here we dem-
onstrate numerically that these two types of synchroniza-
tion also occur in multi-transverse-mode VCSELs.

The model we used in this study is described in Section
2. The model corresponds to a master laser that is sub-
jected to optical feedback from an external mirror, and a
slave laser that is a stand-alone laser, subjected only to
optical injection from the master laser (open-loop configu-
ration). Section 3 presents the results of the numerical
simulations. It is shown that the lasers synchronize ei-
ther in the complete synchronization regime (when the in-
jection strength is equal to the feedback strength) or in
the injection-locking regime (when the injection strength
is much larger than the feedback strength). Both re-
gimes can be clearly distinguished by the different lag
time between the master laser and the slaver laser dy-
namics. It is also shown that both synchronization re-
gimes occur independently of the multi-transverse-mode
behavior of the master laser. Two different situations are
considered: for low injection current the master operates
in two transverse modes and the optical feedback induces
chaotic in-phase pulses; for larger injection the master la-
ser operates in three transverse modes and the optical
feedback induces antiphase oscillations of fundamental
and first-order transverse modes. In both cases, for ap-
propriate levels of optical injection, the slave laser syn-
chronizes with the master laser dynamics. Section 4 con-
tains a summary of the results and the conclusions.

2. MODEL
We consider two identical index-guided VCSELs that op-
erate on the same set of transverse modes. The active re-
gion of each VCSEL is modeled as a single effective quan-
tum well (QW) of radius a and thickness dQW . Barrier
regions of thickness db limit the QW region. The injected
current is j(r) 5 j0 for r , a and j(r) 5 0 otherwise.
For the VCSEL circular transverse geometry the appro-
priate transverse modes are the linearly polarized LPmn
modes.46 To simplify the calculations we consider only
three modes having azimuthal symmetry: c1(r)
[ LP01 , c2(r) [ LP02 , and c3(r) [ LP03 . The mode
profiles are normalized such that *0

`u c iu2rdr 5 1.
The equations for the slowly varying complex ampli-

tudes ei
m,s(t), the density of carriers confined in the QW

region nw
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Here the labels m and s correspond to the master and the
slave laser, respectively.

The first term on the right-hand side (rhs) of Eqs. (1)
and (2) accounts for optical gain, losses, and phase-
amplitude coupling. Here, a is the linewidth enhance-
ment factor; tpi is the photon lifetime for the ith mode;
and gi

m,s is the modal gain, gi
m,s 5 *0

`g0G i(nw
m,s

2 nt)u c iu2rdr, where g0 is the gain coefficient; G i is the
confinement factor for the ith mode; and nt is the trans-
parency carrier density.

The second term on the rhs of Eq. (1) takes into account
the external optical feedback in the master laser. ki

m is
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the feedback coefficient, t is the delay time in the external
cavity, and v i is the optical frequency of the ith mode.
The second term on the rhs of Eq. (2) takes into account
the optical injection in the slave laser. ki

s is the injection
coefficient of the ith mode, tc is the flight time from the
master to the slave laser, and V is a detuning (since the
lasers are identical, only a global shift of the modal fre-
quencies is considered).

The terms on the rhs of Eq. (3) correspond to the rate at
which carriers are injected into the barrier region, the
rate at which carriers are captured into the QWs, the rate
at which carriers escape from the QWs, the carrier loss,
and carrier diffusion. The terms on the rhs of Eq. (4) cor-
respond to carriers captured into the QWs, carriers that
escape from the QWs, nonradiative carrier loss, carrier
loss owing to stimulated recombination, and carrier diffu-
sion. tcap is the capture time, tesc is the escape time, tn is
the carrier lifetime, D is the diffusion coefficient, Vb
5 dbpa2 (VQW 5 dQWpa2) is the volume of the barrier
(QW) region.

The effects of carrier capture and escape on the dynam-
ics of VCSELs, which are neglected by many authors (who
consider only carriers in the active region), were dis-
cussed in detail in Ref. 51. It was shown that carrier
capture and escape lead only to a modification of the bias
current effectively injected into the active region. There-
fore, here we consider tcap and tesc as fixed parameters
and vary the injection currents of the master and slave la-
sers, Im,s 5 j0

m,spa2.

3. NUMERICAL RESULTS
We integrated the equations with typical VCSEL param-
eters. For simplicity we consider that the lasers have
identical internal parameters but can have different in-
jection currents and a nonzero detuning between the op-
tical frequencies of the transverse modes. The laser pa-
rameters are50 a 5 6 mm, dwq 5 0.024 mm (three 0.08-
mm-thick QWs), db 5 1.2 mm, a refractive-index step of
0.1, a 5 3, tpi 5 2.2 ps, g0 5 4.25 3 1029 mm3/ns, nt
5 1.33 3 106 mm23, G i 5 0.038, tcap 5 5 ps, tesc
5 25.5 ps, tn 5 1.52 ns, v2 2 v1 5 22.41 GHz, v3 2 v1
5 59.77 GHz, and D 5 0.5 mm2/ns. The time integra-
tion step is Dt 5 1024 ps and the space integration step is
Dr 5 0.02 mm. Unless otherwise stated all the trans-
verse modes have the same optical injection strength
(ki

m 5 Km and ki
s 5 Ks). The optical feedback param-

eters of the master laser are Km 5 1.6 ns21, t 5 3 ns,
and the flight time is tc 5 2 ns.

We consider two different values for the master VCSEL
injection current Im . For low injection current the opti-
cal feedback induces large chaotic pulses of the dominant
fundamental mode LP01 , and smaller pulses of the first-
order transverse mode LP02 . The master laser dynamics
is displayed in Fig. 1(a). It can be observed that the
modal intensities are in-phase and that the total intensity
exhibits large pulses. For larger injection current the
master laser operates on three transverse modes [Fig.
2(a)]: the optical feedback induces larger antiphase cha-
otic oscillations of the LP01 and LP02 transverse modes,
and smaller oscillations of the LP03 mode. It can be ob-
served that in this case the total intensity exhibits small
oscillations around a constant mean value.

Let us first consider a slave laser that has the same in-
jection current as the master laser (Is 5 Im), and the
same level of optical injection as the master laser (Ks
5 Km). Figures 1(b) and 2(b) display the slave laser dy-
namics when the master laser operates in the regime of
in-phase and antiphase oscillations, respectively. It can
be observed that the feedback-induced oscillations in the
master VCSEL are transferred to the slave VCSEL by
unidirectional optical injection. Each master laser trans-
verse mode is synchronized with its counterpart in the
slave laser, but there is a lag time between them.

To quantify the degree of synchronization and the lag
time we computed the correlation function of total inten-
sities CT and LP01 modal intensities C1 :
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The results are displayed in Figs. 1(c), 1(d), 2(c), and 2(d).
Perfect synchronization of both the total and the modal
intensities occurs for a lag time of 21 ns, which is equal to
tc 2 t. This corresponds to the regime of complete syn-
chronization, and, since the value of tc 2 t is negative,
the slave laser anticipates the chaotic behavior of the
master laser.

Fig. 1. Complete synchronization when the lasers operate in the
in-phase regime. Is 5 Im 5 1.95 mA and Ks 5 Km 5 1.6 ns21.
(a) Master laser total intensity (IT

m 5 ( Ii
m : thick solid curve)

and modal intensities (Ii
m 5 uEi

mu2; LP01 , thin solid curve; LP02 ,
dashed curve). (b) Slave laser total and modal intensities. (c)
Correlation of the total intensities. (d) Correlation of the LP01
modal intensities.
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Fig. 2. Complete synchronization when the lasers operate in the
antiphase regime. Is 5 Im 5 3.2 mA and Ks 5 Km 5 1.6 ns21.
(a) Master laser total intensity (thick solid curve) and modal in-
tensities (LP01 , thin solid curve; LP02 , dashed curve; LP03 , dot–
dash curve). (b) Slave laser total and modal intensities. (c)
Correlation of the total intensities. (d) Correlation of the LP01
modal intensities.

Fig. 3. Injection-locking synchronization when the lasers oper-
ate in the in-phase regime. Is 5 Im 5 1.95 mA and Ks
5 100Km 5 160 ns21. (a) Master laser total intensity (thick
solid curve) and modal intensities (LP01 , thin solid curve; LP02 ,
dashed curve). (b) Slave laser total and modal intensities. (c)
Correlation of the total intensities. (d) Correlation of the LP01
modal intensities.
Next let us consider a strong optical injection level to
the slave laser (Ks @ Km). Figures 3 and 4 display re-
sults when the master laser operates in the regime of in-
phase and antiphase oscillations, respectively. It can be
observed that synchronization of the total and modal in-
tensities also occurs, but now with a lag time of 12 ns be-
tween the two lasers, which is equal to tc . This corre-
sponds to the regime of injection-locking (or lag)
synchronization, where the slave laser lags behind the
chaotic behavior of the master laser.

It is interesting to discuss the different dynamic re-
gimes that occur in the slave laser modal intensities as
the injection strength Ks increases. These regimes are
displayed in Fig. 5. If the injection strength is too small,
the slave laser modal intensities are only slightly per-
turbed [Fig. 5(a)]. If the injection strength is equal to the
feedback strength of the master laser, there is complete
synchronization [Fig. 5(b)]. An increase of the injection
strength leads to a regime in which the slave VCSEL
modal intensities exhibit large in-phase pulses [Fig. 5(c)].
Further increase of the injection strength leads to a dis-
tortion of the pulses, which gradually become out-of-
phase smooth oscillations [Fig. 5(d)]. For even stronger
injection the slave VCSEL is synchronized again with the
master laser [Fig. 5(e)].

The transition from complete synchronization to
injection-locking synchronization for increasing injection
strength Ks is illustrated in Fig. 6, which displays the cor-
relation coefficients CT,1(tc 2 t) [Fig. 6(a)] and CT,1(tc)
[Fig. 6(b)] as Ks increases. It can be observed that

Fig. 4. Injection-locking synchronization when the lasers oper-
ate in the antiphase regime. Is 5 Im 5 3.2 mA and Ks
5 100Km 5 160 ns21. (a) Master laser total intensity (thick
solid curve) and modal intensities (LP01 , thin solid curve; LP02 ,
dashed curve; LP03 , dot–dash curve). (b) Slave laser total and
modal intensities. (c) Correlation of the total intensities. (d)
Correlation of the LP01 modal intensities.
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CT,1(tc 2 t) steadily decrease as Ks increases, indicating
that complete synchronization is gradually lost. It can
also be observed that CT,1(tc) increase abruptly for
Ks /Km ; 40, indicating a sharp transition to injection-
locking synchronization.

Let us now discuss the synchronization regimes when
the lasers have different parameters. The simulations
indicate that complete synchronization is strongly sensi-
tive to all parameter differences, whereas injection lock-
ing is robust under particular differences. First let us

Fig. 5. Dynamics of the slave laser for increasing injection
strength. Km 5 1 ns21 and t 5 1 ns. Ks 5 (a) 0.1 ns21, (b) 1
ns21, (c) 25 ns21, (d) 50 ns21, (e) 100 ns21. Total intensity, thick
solid curve; LP01 , thin solid curve; LP02 , dashed curve; LP03 ,
dot–dash curve.

Fig. 6. Correlation coefficient of the total intensities (solid
curve) and of the LP01 modal intensities (dashed curve) for in-
creasing injection strength. Km 5 1.6 ns21. CT and C1 are cal-
culated with a lag time of (a) tc 2 t and (b) tc .
consider the case in which the lasers have different injec-
tion currents. Figures 7(a) and 7(b) show that, when
Im . Is , good synchronization occurs for large enough op-
tical injection, whereas when Im , Is the degree of syn-
chronization is poorer. This is expected because, when
the master laser has larger injection current, its output
power is larger and therefore there is larger optical injec-
tion to the slave laser.

The numerical simulations also show a different sensi-
tivity of injection locking and complete synchronization to
a detuning V between the two lasers. Figure 8 shows
that in the injection-locking regime the effect of detuning
is asymmetric: the synchronization is robust to rela-
tively large negative detunings but is lost for similar val-
ues of positive detuning. This occurs independently of
the transverse-mode behavior: Figs. 8(a) and 8(b) show
results when the transverse-mode behavior is in phase
(for low injection current), whereas Figs. 8(c) and 8(d)
show results when the transverse-mode behavior is an-
tiphase (for larger injection current). Figure 8 also
shows that the detuning range in which synchronization
can be achieved increases with the optical injection
strength. Figure 9 shows that the regime of complete
synchronization is sensitive to detuning: the synchroni-
zation degrades badly for positive and negative detunings
of a few gigahertz. We note that in both regimes the ef-
fect of detuning is similar to that previously found in
single-mode semiconductor lasers.43

The asymmetry of injection-locking behavior with re-
spect to detuning is probably due to the a factor (as in the
CW case). The sharp transition to injection-locking syn-
chronization observed in Figs. 6(b), 7(a), 8(b), and 8(d)
suggest the existence of hysteretic behavior. We point
out that we have not checked for hysteresis as these fig-
ures were done with the same initial conditions for all val-
ues of Ks or V. To check for hysteresis, scans for increas-
ing and decreasing Ks or V should be done, using as
initial conditions for the next parameter value the final

Fig. 7. Correlation coefficient of the total intensities (solid
curve) and of the LP01 modal intensities (dashed curve) for in-
creasing injection strength. The lasers have different injection
currents. (a) Im 5 3.2 mA and Is 5 1.95 mA. (b) Im
5 1.95 mA and Is 5 3.2 mA.
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Fig. 8. Correlation of the total intensities (solid curve) and of
the LP01 modal intensities (dashed curve) as a function of detun-
ing V. Km 5 1.6 ns21. (a) Im 5 Is 5 1.95 mA, Ks 5 16 ns21.
(b) Im 5 Is 5 1.95 mA, Ks 5 50 ns21. (c) Im 5 Is 5 3.2 mA,
Ks 5 16 ns21. (d) Im 5 Is 5 3.2 mA, Ks 5 50 ns21.

Fig. 9. Correlation of the total intensities (solid curve) and of
the LP01 modal intensities (dashed curve) as a function of detun-
ing V. Ks 5 Km 5 1.6 ns21. (a) Im 5 Is 5 1.95 mA. (b) Im
5 Is 5 3.2 mA.
condition of the previous value. This study is left for fu-
ture work, however, it can be anticipated that multista-
bility and hysteresis would be observed as these are well-
known features of diode lasers with CW optical
injection.52–54

Finally, let us address the case in which the transverse
modes of the slave laser receive a different amount of op-
tical injection. As an example, we consider the case in
which only the fundamental mode of the slave VCSEL re-
ceives optical injection (k1

s 5 Ks ; k2,3
s 5 0). Figures 10

and 11 display the results for low and large injection cur-
rents corresponding to the master laser operating in the
in-phase and antiphase regimes respectively.

In Fig. 10 one can observe that weak optical injection
[Fig. 10(b)] and strong optical injection [Fig. 10(d)] also
induce chaotic oscillations in the slave VCSEL LP01 mode
(because only the LP01 mode receives injection, there is
not enough gain for the LP02 mode to turn on). The plot
of the correlation coefficient C1 versus the lag time for
weak optical injection [Fig. 10(c)] shows that there is no
clear lag time between the master laser and the slave la-
ser oscillations. On the other hand, for strong optical in-
jection the plot of C1 versus t lag shows a global maximum
for t lag 5 2 ns [Fig. 10(e)], indicating injection-locking
synchronization.

Similar results are observed for a larger injection cur-
rent, such that the master laser operates on the antiphase
regime [Fig. 11(a)]. Under weak optical injection the
slave laser transverse modes also exhibit antiphase oscil-
lations [Fig. 11(b)], but the plot of the correlation coeffi-
cients C1,2,3 versus t lag [Fig. 11(c)] reveals no clear lag

Fig. 10. (a) Total and modal intensities of the master laser.
Im 5 1.95 mA and Km 5 1.6 ns21. (b) Total and modal intensi-
ties of the slave laser when Is 5 Im , k1

s 5 Km , k2,3
s 5 0. (c)

Correlation coefficients. (d) Total and modal intensities of the
slave laser when k1

s 5 100Km , k2,3
s 5 0. (e) Correlation coeffi-

cients.
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time for which synchronization occurs. Under strong op-
tical injection only the LP01 and LP02 modes of the slave
laser turn on [Fig. 11(d)] and there is again a global maxi-
mum of C1(t lag) for t lag 5 2 ns [Fig. 11(e)], indicating
injection-locking synchronization. The LP02 transverse
mode of the slave laser does not receive optical injection
but still synchronizes to its counterpart in the master la-
ser through out-of-phase oscillations with the transverse
mode that is subjected to injection. This mechanism for
synchronization is similar to that observed experimen-
tally by Fujiwara et al.23 in mutually coupled VCSELs,
where only one of the two polarization modes showed syn-
chronized oscillations, and the other polarization compo-
nent was synchronized as a result of the effect of anticor-
related oscillations.

4. CONCLUSIONS
In conclusion, we have studied numerically the synchro-
nization of unidirectionally coupled VCSELs and have
shown that injection-locking and complete synchroniza-
tion regimes occur in multi-transverse-mode VCSELs.
We found that injection-locking synchronization requires
high injection powers and thus it is perhaps difficult to
observe experimentally, but complete synchronization oc-
curs for weak and moderate optical injection from the
master laser and is therefore more amenable to experi-
mental observation. We considered the case in which all
the transverse modes of the slave laser receive injection
from the master, and the case in which only the funda-

Fig. 11. (a) Total and modal intensities of the master laser.
Im 5 3.2 mA and Km 5 1.6 ns21. (b) Total and modal intensi-
ties of the slave laser when Is 5 Im , k1

s 5 Km , k2,3
s 5 0. (c)

Correlation coefficients. (d) Total and modal intensities of the
slave laser when k1

s 5 100Km , k2,3
s 5 0. (e) Correlation coeffi-

cients.
mental mode receives injection. When all the modes re-
ceive injection, each transverse mode of the slave laser
synchronizes with its counterpart of the master laser.
When only the fundamental transverse mode receives in-
jection, the second-order transverse mode also synchro-
nizes through out-of-phase oscillations.

Although many results reported in this paper for the
synchronization of multi-transverse-mode VCSELs are
similar to results previously found for conventional multi-
longitudinal-mode edge-emitting lasers, there are also im-
portant differences that result from the strong correla-
tions between the VCSEL transverse modes. In VCSELs
transverse inhomogeneities of the optical field lead to
strong transverse hole burning effects, whereas in edge
emitters longitudinal hole burning is less relevant be-
cause of the fast longitudinal carrier diffusion. As a re-
sult, the transverse modes of a VCSEL are strongly
coupled to each other, and the longitudinal modes of con-
ventional lasers are weakly coupled to each other. Vik-
torov and Mandel12 reported that for multi-longitudinal-
mode Fabry–Perot lasers the synchronization of the total
output power does not require the synchronization of
modal intensities. Because in our VCSEL model the
transverse modes are strongly coupled to each other
through the carrier dynamics, the synchronization of the
total output is observed only when there is synchroniza-
tion of the modal outputs.

We believe that our results will stimulate further ex-
perimental research on VCSEL synchronization, which,
because of their multi-transverse-mode behavior, pre-
sents new interesting features compared to edge emitters.
The opportunity to achieve multiplexed chaotic communi-
cations based on multi-transverse-mode synchronization
will provide further motivation for experimental explora-
tion of the phenomena examined here. The influence of
polarization-switching dynamics offers further opportuni-
ties for the exploration and exploitation of VCSEL syn-
chronization and will be treated in future research.
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