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Abstract

Backstepping design is a recursive procedure that combines the choice of a Lyapunov function with the design of a
controller. In this paper it is proposed for synchronizing chaotic systems. There are several advantages in this method
for synchronizing chaotic systems: (a) it presents a systematic procedure for selecting a proper controller in chaos
synchronization; (b) it can be applied to a variety of chaotic systems whether they contain external excitation or not; (c)
it needs only one controller to realize synchronization between chaotic systems; (d) there is no derivatives in controller,
so it is easy to be complemented. Examples of Lorenz system, Chua’s circuit and Duffing system are presented.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Synchronizing chaotic systems and circuits has received great interest in recent years since the seminal paper by Ott—
Grebogi—Yorke [1]. Generally the two chaotic systems in synchronization are called drive system and response system
respectively. The idea of synchronization is to use the output of the drive system to control the response system, so that
the output of the response system follows the output of the drive system asymptotically. Some attempts to solve the
problem have been made recently [2-7]. However, although they derive some methods for solving the problem, some of
them can be only applied to chaotic systems with two dimensions like Duffing system [7] and some of them need several
controllers to realize synchronization [4]. Some focus on the condition with unknown parameters and disturbances [4,6].
This paper focuses on increasing the effectiveness of the method to a wider variety of chaotic systems by using only one
controller. So it has not studied the condition with unknown parameters and disturbances. The method here to use is
backstepping design [8]. It consists in a recursive procedure that links the choice of a Lyapunov function with the design
of a controller. It has been successfully used to stabilize and track chaotic systems by Saverio Mascolo and Giuseppe
Grassi [9]. The paper is organized as follows: In Section 2 the class of chaotic systems considered in this work and the
problem formulation are presented. In Section 3 the tool is utilized for several systems such as Lorenz system, Chua’s
circuit and Duffing system. Numerical simulations are carried out to confirm the validity of the proposed theoretical
approach. In Section 4 conclusion is presented.

2. Problem formulation

In general, typical dynamics of chaotic systems such as Lorenz system, Rossler system, Chua’s circuit and Duffing
system all belong to the system as following:
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x1 = fi(x1,x2)

X = fo(x1,x2,X3)

xn :/;z(xth?' . 7xn) +f;1+l(t)

where f; is a linear function and f; (i = 2,3,...,n+ 1) are nonlinear functions and when it comes to Lorenz system,
Rossler system and Chua’s circuit, f,,(¢) = 0.

Assume that drive system is expressed as Eq. (1). Then response system which is coupled with system (1) by u is as
following:

= fin,02)
=00, 2.33)

j;n :ﬁl(ylayZa e 7yn) +f;+l(t) +u

where £, (#) has similar characteristics as f,.(f).
By properly choosing u, synchronization between drive system and response system can be achieved.
Let us define the state errors between the response system and the drive system as

=P =X er=)—Xar =Yy — X, (3)
namely,
n=e+x; ym=e+x y=e +x, (4)

Subtract (1) from (2). Notice Egs. (3) and (4), finally error system can be derived as

e = gl(eluez)
& = @(x1,x2, X3, €1, €2, €3)
(5)

én = gn(x17x27 vy Xny €1,€2, ... 7el1) +f/;+1(t) _.ﬁl+1(t) +u
where g is a linear function and g; (i = 2,3,...,n) are nonlinear functions with input (x;,x,,...,x,) from system (1).
Apparently g; (i =2,3,...,n) depends not only on state variables but also on time 7. The problem to realize the
synchronization between two chaotic systems now transforms to another problem on how to choose a control law u to
make e; (i = 1,2,...,n) generally converge to zero with time increasing. Here backstepping design is used to achieve the

objective.

3. Adaptive synchronization via a backstepping design

In this section, Lorenz system, Chua’s circuit and Duffing system are presented for synchronizing by backstepping
design.

3.1. Lorenz system

In Lorenz system, external excitation does not exit and drive Lorenz system and response Lorenz system can be
described respectively as (6) and (7)

=0y —x)
n=px1—y —xz (6)
21 = —fz1 + X1
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X3 = (32 —x2)
V= pxa — Y — Xz (7
Zy=—Pn+x0m+u

where g, p, f > 0. Let

e =X—X e =Wm—) e =z —2z (8)
namely,
Xa=e+x1 Y=e+y zz=e +z 9)

Subtract Eq. (6) from Eq. (7) and consider Egs. (8) and (9)

e, =oa(e, —e)
e, = pe, — e, —ee. —ez] — Xje; (10)

é. = —fe. +ee,+ey +xe,+u

variables xi, y|, z; in error system (10) can be considered as input signals from system (6). If system (10) did not have u,
it would have an equilibrium (0,0,0). If we choose a u which would not change the equilibrium (0,0,0), problem of
synchronization between drive and response system can be transformed into a problem on how to realize the as-
ymptotical stabilization of system (10). Now the objective is to find a control law u for stabilizing the error variables of
system (10) at the origin.

First we consider the stability of system (11)

e, =a(e, —e) (11)
where e, is regarded as a controller. Choose Lyapunov function ¥} as following:
1
Hle) =3¢ (12)

The derivative of V] is as following:

Vi = —gé’ + gee, (13)
Assume controller e, = o;(e,), Eq. (13) can be rewritten as

v, = —aef + oe,o (ey) (14)
if a;(e,) = 0 (controller must be as simple as possible), then

Vi =—ae? <0 (15)

makes system (11) asymptotically stable. Function o, (e,) is an estimative function when e, is considered as a controller.
The error between e, and o (e,) is

wy =e, —ay(e,) (16)
Study (e,,w,) system (17)
e =0o(w —e)

(17)

Wy = pe;y — Wy — exe; — €,z] — Xe;

Consider e, as a controller in system (17). Assume when it is equal to oy (e,, w,), it makes system (17) asymptotically
stable. Choose Lyapunov function Vs(e,, w>) = Vi(e,) + (1/2)w3. The derivative of V5 is

Vs = —ce® — w2 +wy oe, + pe, — z1e; — eye; — X1e; 18
x 2

If oy(e,,wa) = (0 + p — z1)e. /(e + x1) (according to paper [10] we have already known that x; and z; have boundaries

respectively), V5 is

Vy=—ce —wi<0 (19)
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negative definite. Define the error variable w; as

ws = e — ta(ex, wr)

Study full dimension (e,, wy, w3) system

e, =a(w —e)

=pe, —wy —ex(wy + o) —ez; — x1(wsy + o)
. do,
w3 = —f(ws + o) + ews + ey +xiwy +u — O
where
doy _ a(0+p —zi)(waxi —en) + (Bz1 —xip)(e] + ex1)
dr

Choose Lyapunov function V3(e,, wy, w3) =

(e + xl)2

VZ(exa WZ) +
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(1/2)w3. The derivative of 15 is

- do
Vi = —0e; — w3 + wa[oe, + pe, — zie, — (x1 + e)on] + w3 [ — Pws + o) + e +u— dz2
Considering ge, + pe, — zje, — (x; + e,)an = 0, Eq. (22) can be rewritten as
. do
V3:—0'effW§+W3 —Bws+ o) + ey +u— d;}
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Fig. 1. The control of Lorenz system is switched off: (a) comparison of time waveform of x; (b) comparison of time waveform of y; (c)

comparison of time waveform of z.
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Let u = fop, — ey + (dop/dr), and ¥, can be described as
Vs = —ae’ —wi— pwi <0
negative definite.

Substitute (fo, — e,y + dop/dt) for u in Eq. (10), equilibrium is still (0,0,0) and has not been changed. So following
above procedure we can conclude that equilibrium (0,0,0) of system (10) is asymptotically stable. As for an arbitrary
initial error between systems (6) and (7), after a finite period of time, the initial error will converge to zero and syn-
chronization between two Lorenz systems will be achieved.

By taking ¢ =10, § =8/3, p =28 and giving initial condition (x;(0) =20, 3;(0) =5, z(0) =2, x,(0) = 24,
12(0) = 20, z,(0) = 28) and the numerical resolves are reported in Fig. 1. Fig. 1 shows the time waveforms of x, y and z
without u# and Fig. 2 shows the waveforms of x, y and z with u.

3.2. Chua’s circuit

In order to further test the effectiveness of the method Chua’s circuit, which was the first physical dynamical system
capable of generating chaotic phenomena in the laboratory, is proposed for synchronizing. The circuit considered here

contains a cubic nonlinearity and the drive system (24) and response system (25) are described by the following set of
differential equations:

x1 =an —x? —cxp)

n=xi—n+z

(24)
z1=—fn
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Fig. 2. The control of Lorenz system is switched on: (a) comparison of time waveform of x; (b) comparison of time waveform of y; (c)
comparison of time waveform of z.
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B =a(n—x3 —cx)+u
n=x2—-n+zn (25)
Zy = —B»

where o, ¢ and f§ are the circuit parameters.

Subtract (24) from (25) and rearrange the order of the equations, the error system can be written as

é. = —fe,
e, =e.—e +e, (26)
e, = oe, — ae, (X + 3xje, + 3x7) — ace, +u

where e, = x, — x1; e, = )» — y1; e. = 25 — z1. The objective is to find a control law u so that system (26) is stabilized at

the origin. Starting from the first equation of system (26), an estimative stabilizing function o, (e,) has to be designed

for the virtual control e, in order to make the derivative of V;(e.) = (1/2)e?, namely ¥; = —fe.o (e.), negative definite
when o (e,) = e,. Define the error variable w, as

wy = e, —ay(e;) (27)
Study (e, w,) system (28)

éz = _ﬁ(WZ + ez)

Wy =e, —wy+ f(m +e,) (28)

Consider e, as a controller in system (28). Assume when it is equal to ay(e,, w,), it makes system (28) asymptotically
stable. Choose Lyapunov function V5(e,, ws) = ¥;(e,) + (1/2)w3. The derivative of V; is

V= —pe? — W% + wa(ey + fwn) (29)

If 062(€Z7W2) = —ﬁWZ, V2 is

Vh=—pe? —wi <0 (30)
negative definite. Define the error variable w; as

W3 = €x — Oﬂz(en Wz) (31)
Study full dimension (e,, w,, w;) system

e, = —ﬁ(Wz + ez)

Wz = W3 — Wy =+ ﬂez (32)

W} = O((WZ + ez) + ﬂ(W3 — W2 + Bez) - Cxex(e;z( + 3exx1 + 3x%) - O(C(W3 - ﬁWZ) +u

Choose Lyapunov function ¥;(e., ws, w3) = Vs (e, wa) + (1/2)w?. The derivative of 5 is
V= —Be2 — w3 +ws|way + a(wy + e.) + B(ws — wy + Pe.) — ae (2 + 3ex; + 3x7) — ac(wy — fwa) + ul. (33)

Let u = —wy — w3y — a(wy +e.) — (w3 — wy + fe.) + ae, (e + 3xie, + 3x3) + ac(w; — fws), and V5 can be described
as

Vi=—pe —wi—wi<0

negative definite.

Following above procedure we have chosen a control law u. As for an initial error between systems (24) and (25),
after a finite period of time, the initial error will converge to zero and synchronization between two Chua’s circuits will
be achieved (Fig 3).

By taking o =10, =16, ¢ = —0.143 and giving initial condition (x;(0) =1, »(0) =2, z(0) = 1, x,(0) = 10,
»(0) =5, 2,(0) = 5), the numerical resolves such as time waveforms of x, y and z are reported in Fig. 1. The control law
u is switched on at t = 5.
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(a) . | | (b)

time time

21,22

Fig. 3. Synchronization for Chua’s circuit using the backstepping design. The control is switched on at # = 5: (a) comparison of time
waveform of x; (b) comparison of time waveform of y; (c) comparison of time waveform of z.

3.3. Duffing system

Lorenz system and Chua’s circuit discussed above can generate chaotic phenomena under no external excitation
condition while Duffing system can generate chaotic phenomena only under external excitation. So here we classify
Duffing system to another chaotic system and make Duffing system an example to illustrate how to use this method to
synchronize chaotic systems with external excitation. The following set of differential equations formulates two Duffing
systems. The first is drive system and the second response system

L 3 (34)
= ax; + by; — x| + ccos(0.41)

X =

ne 3 (35)
W =ax;+ by, —x; +ccost+u

where a, b and ¢ are known parameters.
Subtract (34) from (35), the error system can be written as
T (36)

e, = ae, + be, — e;(e2 + 3xe; + 3x7) + c[cost — cos(0.4¢)] + u

where e, =x, — x5 e, =, — yi; e. = zp — z;. The objective is to find a control law u so that system (36) is stabilized at
the origin. Starting from the first equation of system (36), an estimative stabilizing function o, (e,) has to be designed for
the virtual control e, in order to make the derivative of ¥;(e,) = (1/2)e2, namely ¥; = e, (e,), negative definite when
a1 (e.) = —e,. Define the error variable w, as

wy = e, — o (ex) (37)
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Fig. 4. Synchronization for Duffing system using the backstepping design. The control is switched on at # = 5: (a) comparison of time
waveform of x; (b) comparison of time waveform of y.

Study (e,,w,) system (38):

éx =Wy — €&

38

Wy = (b+ D)wy + (a — b — 1)e, — ec(e? + 3x1e, + 3x7) + clcost — cos(0.4¢)] + u (38)
Choose Lyapunov function Vs(e,, w») = V;(e,) + (1/2)w3. The derivative of V5 is

Vy = —e +wy|(b+ 1)wy + (a — b)e, — e.(€? + 3ewx; + 3x}) + c[cost — cos(0.4¢)] + u] (39)

Let u = —(b+2)wy — (a — b)e, + e.(€? + 3e,x; + 3x3) — c[cost — cos(0.4¢)], and V5 can be described as
Vy=—e—wi<0

negative definite.

Following above procedure we have chosen a control law u. As for an initial error between systems (34) and (395),
after a finite period of time, the initial error will converge to zero and synchronization between two Duffing systems will
be achieved.

By taking o = 1.8, f = —0.1, ¢ = —1.1 and giving initial condition (x;(0) =1, »(0) =1, x,(0) = 2, 3»(0) = 2), the
numerical resolves such as time waveforms of x and y are reported in Fig. 4. The control law u is switched on at ¢t = 5.

4. Conclusion

In this paper, backstepping design has been used to synchronize chaotic systems. The advantages of this method can
be summarized as follows: (a) it is a systematic procedure for synchronizing chaotic systems; (b) it can be applied to a
variety of chaotic systems no matter whether it contains external excitation or not; (c) it needs only one controller to
realize synchronization no matter how much dimensions the chaotic system contains; (d) there is no derivatives in
controller, so it is easy to be complemented. The technique has been successfully applied to the Lorenz system, Chua’s
circuit and Duffing system. Numerical simulations have verified the effectiveness of the method.

Acknowledgement

The work is supported by the Natural Science Foundation of Southwest Jiaotong University (No. 2001B09).

References

[1] Ott E, Grebogi C, Yorke JA. Controlling chaos. Phys Rev Lett 1990;64:1196-9.
[2] Carroll TL, Pecora LM. Synchronizing chaotic circuits. IEEE Trans Circ Syst I 1991;38:453-6.



X. Tan et al. | Chaos, Solitons and Fractals 16 (2003) 37-45 45

[3] Bai EW, Lonngran EE. Synchronization of two Lorenz systems using active control. Chaos, Solitons & Fractals 1997;8:51-8.

[4] Liao TL. Adaptive synchronization of two Lorenz systems. Chaos, Solitons & Fractals 1998;9:1555-61.

[5] Cuomo KM, Oppenheim AV, Strogatz SH. Synchronization of Lorenz-based chaotic circuits with applications to communi-
cations. IEEE Trans Circ Syst I 1993;40:626-33.

[6] Liao T-L, Tsai S-H. Adaptive synchronization of chaotic systems and its application to secure communications. Chaos, Solitons &
Fractals 2000;11:1387-96.

[7] Bai E-W, Lonngren KE. Synchronization and control of chaotic systems. Chaos, Solitons & Fractals 1999;10:1571-5.

[8] Krstic M, Kanellakopoulos I, Kokotovic P. Nonlinear and adaptive control design. New York: John Wiley; 1995.

[9] Mascolo S, Grassi G. Controlling chaotic dynamics using backstepping design with application to the Lorenz system and Chua’s
circuit. Int J Bifur Chaos 1999;9:1425-34.

[10] Rodrigues HM, Alberto LFC, Bretas NG. On the invariance principle: generalizations and applications to synchronization. IEEE

Trans Circ Syst—I: Fundamental Theory Appl 2000;47:730-9.



	Synchronizing chaotic systems using backstepping design
	Introduction
	Problem formulation
	Adaptive synchronization via a backstepping design
	Lorenz system
	Chua&rsquo;s circuit
	Duffing system

	Conclusion
	Acknowledgements
	References


