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Abstract

Interactions of thermodiffusive instabilities and turbulence have been investigated by large-scale Direct Numerical Simulations
(DNS) in this work. Two DNS of turbulent premixed lean hydrogen/air flames have been performed in a slot burner configuration
at the same jet Reynolds number of Re = 11, 000 and Karlovitz number of Ka ≈ 15 using a detailed chemical mechanism. Realistic
transport models are employed in one case, which features the characteristic patterns of thermodiffusively unstable flames, such as
strong variations of the heat release and super-adiabatic temperatures. In the other case, the diffusivities of all species are set equal
to the thermal diffusivity (unity Lewis numbers assumption) and thermodiffusive instabilities are therefore suppressed.

The local burning of the turbulent flame without thermodiffusive instabilities is similar to an unstretched laminar flame and the
turbulent flame speed increases only due to the increase of flame surface area in agreement with previous studies for flames at
similar conditions. In contrast, the thermodiffusively unstable flame features a strong enhancement of the turbulent flame speed,
which is not only caused by flame wrinkling, but is greatly increased due to significant variations of the local reaction rates.
These are caused by variations of the local equivalence ratio due to the differential diffusion of hydrogen. A comparison with a
thermodiffusively unstable laminar flame at the same conditions reveals that the variations of the local equivalence ratio and local
reaction rates are significantly enhanced in the turbulent flame due to higher fluctuations of curvature and an enhanced average
strain rate induced by turbulence. Thus, turbulence and thermodiffusive instabilities show synergistic effects, which are reflected
in a significantly higher fuel consumption rate per flame surface area. The flame surface area generation, which is governed by
the tangential strain and the flame propagation in curved flame segments, is also different in the two cases. Most noteworthy, the
tangential strain rate is shown to be determined by the smallest turbulent structures in both turbulent flames and to be unaffected
by the thermodiffusive instability mechanism. However, thermodiffusive instabilities lead to a production of flame surface area in
convexly curved flame segments, featuring the formation of tongue-like structures that penetrate into the unburned gas, which do
not exist in the turbulent flame with unity Lewis numbers. This is linked to an enhancement of the flame displacement speed with
curvature in the thermodiffusively unstable flame, while in the absence of instabilities, a reduction of the flame displacement speed
with increasing curvature is observed, leading to a destruction of flame surface area.

These findings suggest that thermodiffusive instabilities are sustained in turbulent flows and even show synergistic interactions
with turbulence, which needs to be accounted for in turbulent combustion models.

Keywords: Thermodiffusive Instability, DNS, Hydrogen, Premixed, Preferential Diffusion

1. Introduction

The recent rise of renewable energy sources is promoting the
use of hydrogen as a carbon-free energy carrier [1]. One pos-
sibility to harness the energy stored in hydrogen is its usage
in thermochemical energy conversion processes such as in gas
turbines, industrial burners, or piston engines [2]. However,
a variety of problems arise for combustion processes that in-
volve hydrogen as a fuel. Lean hydrogen/air flames are prone
to intrinsic combustion instabilities and, in particular, thermod-
iffusive instabilities, which can substantially change flame dy-
namics, heat release rates, and flame speeds. These aspects are
highly relevant for the safe operation of any combustion device,
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e.g., to avoid flame flashback, but can also increase thermal ef-
ficiencies [3].

Thermodiffusive instabilities originate from the large dispar-
ity of the mass and thermal diffusive fluxes, which induces
strong differential diffusion effects along the flame front. The
ratio of the mass and thermal diffusivity is the Lewis number,
which is particularly low for hydrogen. The strong differential
diffusion of hydrogen leads to an amplification of small flame
front perturbations such that strongly wrinkled flame fronts are
observed with a significantly enhanced flame speed and strong
variations of the local reaction rates. For example, Berger et
al. [4] showed that thermodiffusive instabilities can lead to four
times higher flame speeds compared to the unstretched lami-
nar burning velocity in laminar lean hydrogen/air mixtures at
ambient conditions.

The characteristic features of thermodiffusively unstable
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flames, such as the formation of small cellular structures, the
strong variability of reaction rates along the flame front, and
the enhanced consumption speed, have been extensively stud-
ied in laminar flows [4–10]. In particular, the enhancement of
the overall consumption speed is found to be not only caused
by an increase of flame surface area, but also by an enhanced
fuel consumption rate per flame surface area, which is referred
to as the stretch factor I0. Due to the differential diffusion of
hydrogen, significantly enhanced reaction rates are observed in
flame segments that are convexly curved towards the unburned
gas and extinction pockets are seen in concavely curved flame
segments leading to an overall enhancement of fuel consump-
tion rates. The variation of the local reactivity and consumption
speed with different conditions has been discussed by Berger et
al. [11, 12], who reported a significant increase of the flame
consumption speed and the stretch factor I0 towards lean mix-
tures, low temperatures, and high pressures indicating an in-
creasing impact of thermodiffusive instabilities on the flame re-
activity for these conditions.

However, combustion in applications of industrial relevance
is typically impacted by interactions with a turbulent flow, ne-
cessitating a comprehensive understanding of thermodiffusive
instabilities in turbulent flows. While theoretical works [13–
15] expect flame intrinsic instabilities to be particularly rele-
vant for low Karlovitz numbers, the exact region of influence
in the turbulent combustion regime diagram and the identifi-
cation of all relevant parameters is yet unclear. Early numeri-
cal studies [16–19] have assessed turbulent hydrogen flames in
two-dimensional configurations indicating that the existence of
the characteristic features of thermodiffusively unstable flames,
such as super-adiabatic temperatures and increased local burn-
ing rates, are also sustained in turbulent flows. To study
turbulence-flame interactions in three-dimensional flows, As-
pden et al. [20–23] investigated turbulent lean premixed hy-
drogen flames in homogeneous isotropic turbulence at different
Karlovitz numbers using Direct Numerical Simulations (DNS).
Similar to the two-dimensional studies, large cellular struc-
tures along with extinction events and super-adiabatic temper-
atures are visible at low Karlovitz numbers. At high Karlovitz
numbers, the large cellular structures become increasingly dis-
rupted and several smaller-scale structures with increased burn-
ing rates and thinner flame fronts are formed. Further, the vari-
ations of the local equivalence ratio within the flame front due
to differential diffusion become significantly smaller towards
high Karlovitz numbers as turbulent mixing increasingly dom-
inates molecular diffusion. While these findings suggest that
the effects of differential diffusion eventually disappear at suf-
ficiently high Karlovitz number, thermodiffusive instabilities
were found to be present for a large range of Karlovitz num-
bers. Significant super-adiabatic temperatures are still visible,
for instance, at a Karlovitz number of Ka = 100 [22]. Further
DNS of hydrogen/air flames have been performed [24, 25], but
these simulations do not feature thermodiffusive instabilities as
either stoichiometric conditions or sufficiently high unburned
temperatures are chosen to suppress thermodiffusive instabil-
ities. The existence of the effects of differential diffusion in
turbulent flames was also observed experimentally by Wu et

al. [26], who analyzed hydrogen/air flames at different equiv-
alence ratios in a coaxial round jet at jet Reynolds numbers
up to Re = 40, 000, where the Reynolds number is defined
by the pipe’s diameter and the bulk velocity. They reported
a higher distortion and higher turbulent burning velocity for the
lean cases due to the effects of differential diffusion. Similarly,
Ahmed et al. [27] experimentally showed that in spherically
expanding hydrogen flames, the effects of thermodiffusive in-
stabilities lead to a strong enhancement of the stretch factor,
indicating an increase of the local flame propagation due to
intrinsic instabilities. Recently, Rocco et al. [28] also inves-
tigated the effects of differential diffusion in a lean hydrogen
flame with an equivalence ratio of φ = 0.5 at ambient condi-
tions in a round Bunsen burner configuration, which features
realistic shear driven turbulence. They used a reduced five-step
mechanism and set the jet Reynolds number to Re = 3, 000 and
a Karlovitz number close to unity. Similar to previous stud-
ies, they observed super-adiabatic temperatures and significant
variations of the local reactivity and the local equivalence ratio
in flame segments that are convexly or concavely curved to-
wards the unburned. While two distinct states of locally richer
and leaner mixtures are seen in the statistics, the average local
equivalence ratio reveals less variations than in an unstretched
flamelet, so they conclude that turbulence homogenizes the lo-
cal state of the mixture towards the nominal equivalence ratio.

As the effects of differential diffusion are found to be sus-
tained in turbulent flames for a large range of Reynolds and
Karlovitz numbers, it is of particular interest to develop a de-
tailed understanding of the interactions of turbulence and ther-
modiffusive instabilities. In particular, it is yet unclear whether
their interactions possibly reveal synergistic effects beyond
their individual contributions. For instance, both mechanisms
affect the flame wrinkling and the local reactivity of the flame,
which both affect the fuel consumption rates and, hence, the tur-
bulent flame speed. Thus, it is critical to assess their individual
contributions and possible interactions.

To pursue a detailed investigation of such interactions, DNS,
which can provide instantaneous and highly resolved species,
temperature, and turbulent flow fields, are performed in this
work. The DNS feature lean hydrogen/air flames in a slot
burner configuration under realistic conditions such as shear
driven turbulence, at high jet Reynolds numbers, a detailed
chemical reaction mechanism, and realistic transport models
including for instance the Soret effect, which was shown to be
important in hydrogen flames [29, 30]. To systematically assess
the interactions of thermodiffusive instabilities and turbulence,
two DNS at ambient conditions with the same equivalence ratio
and at the same Reynolds number of Re = 11, 000 and Karlovitz
number of Ka ≈ 15 were performed. While one case uses re-
alistic transport models, identical thermal and species diffusivi-
ties are used in the other case to suppress thermodiffusive insta-
bilities. In the following, the DNS configuration and numerical
methods are described first, followed by an analysis of the two
flames that investigates the impact of turbulence, thermodiffu-
sive instabilities, and their interactions on the turbulent flame
speed.
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Figure 1: Visualization of the TurbUnstable flame represented by an iso-surface
of temperature that is colored by the heat release.

2. Configuration and Numerical Methods

2.1. Configuration
Large-scale DNS of a three-dimensional premixed lean hy-

drogen/air flame have been performed in a slot burner config-
uration surrounded by a coflow of burned gas. Simulations in
the same type of configuration have been already performed,
e.g. for methane/air flames by Sankaran et al. [31] and Luca et
al. [32], and for stoichiometric hydrogen/air flames, which do
not feature thermodiffusive instabilities, by MacArt et al. [25].
Fig. 1 shows a visualization of the slot burner configuration and
the flame. The unburned mixture is set to an equivalence ratio
of φ = 0.4, an unburned temperature of Tu = 298 K, and a
pressure of p = 1 bar as significant thermodiffusive instabilities
were observed for these conditions in laminar flames [4, 12].
The coflow consists of burned gas at the same conditions as the
central jet with a temperature equal to the adiabatic tempera-
ture of Tb = 1418 K. The mass fractions of all species for the
central jet and coflow are provided in Tab. A2 in the supplemen-
tary material. Since thermodiffusive instabilities result from the
significantly different diffusivity of the hydrogen molecule with
respect to the other species, an additional DNS with diffusivi-
ties of all species equal to the thermal diffusivity and without
the Soret effect was conducted as a reference case to suppress
thermodiffusive instabilities and rigorously assess their effects
(details on the different diffusivity models are provided further
below). The two cases will be referred to as the TurbUnstable
and TurbStable case, respectively.

An overview of the simulation parameters can be found in
Tab. 1. The smaller computational domain for the TurbUnstable
case results from a shorter flame due to a larger turbulent flame
speed. As shown in Fig. 1 and similar to the configuration
of Luca et al. [32], the central jet and the coflow streams are
separated at the inlet by walls of thickness H/20, where H is

Table 1: Simulation parameters and features of the two turbulent flames: Slot
width H and bulk velocity U of central jet inflow, velocity UCoflow of lami-
nar coflow, laminar burning velocity sL and thermal flame thickness lF of an
unstretched laminar flame, Kolmogorov length scale η evaluated on the mean
flame sheet at half of the flame height, grid resolution ∆ in x- and z-direction
and for |y| < 2.5H in y-direction, flame height LFlame, jet Reynolds number
Re, Karlovitz number Ka in the plateau region of Fig. 2, domain size Li, and
number of grid points Ni in each direction.

TurbUnstable TurbStable
H [mm] 8 4
U [m/s] 24 48

UCoflow [m/s] 3.6 7.2
sL [m/s] 0.17 0.34
lF [µm] 714 374
η [µm] 180 90
∆ [µm] 70 35

LFlame/H 8.5 26.3
Re 11,000 11,000
Ka 20 16

[ Lx
H ,

Ly

H ,
Lz
H ] [15, 12.5, 4.6] [30, 20, 4.6]

[Nx,Ny,Nz] [1792, 1024, 512] [3300, 1062, 512]

the slot width. It is worth noting that the wall temperature is
set to TWall = 298K to avoid possible flashback events and
for the velocities, a no-slip boundary condition is applied at
the walls. The domain is periodic in the spanwise direction
(z), open boundary conditions are prescribed at the outlet in
streamwise direction (x), and slip conditions are imposed at the
boundaries in crosswise direction (y). The inlet velocities of
the central jet are taken from an auxiliary fully developed tur-
bulent channel flow simulation and laminar coflows are applied
outside of the central jet, featuring a uniform velocity, which
corresponds to 15% of the bulk velocity U of the central jet, cf.
Tab. 1.

Both DNS feature the same jet Reynolds number of
Re = 11, 000, which is defined as

Re =
UH
νu

, (1)

where νu is the kinematic viscosity. The Karlovitz number is
defined by the ratio of the flame and Kolmogorov time-scales,
which can be written in terms of flame thickness lF and Kol-
mogorov length scale η as

Ka =

(
lF

η

)2

, (2)

where the flame thickness is defined by the maximum tempera-
ture gradient criterion in an unstretched laminar flame as

lF =
Tb − Tu

max(|∇T |)
, (3)

where Tb and Tu are the adiabatic and unburned temperature.
The Kolmogorov length scale η is determined from the Favre-
averaged energy dissipation rate ε̃ and the average kinematic
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viscosity ν as η = (ν3/̃ε)1/4 [33]. Ensemble averages are per-
formed in time and the statistically homogeneous z-direction.
The value of η is taken at the position of the mean flame sheet,
which is defined by the Favre-averaged progress variable field
at C̃H2 = 0.8 (the definition of the progress variable CH2 is dis-
cussed later). To obtain the same Karlovitz number in both
flames, the slot width H of the TurbStable case is halved com-
pared to the TurbUnstable case as the flame thickness lF of case
TurbStable is approximately half of the flame thickness of case
TurbUnstable due to the different diffusivity models in the two
flames. Consequently, the bulk velocity of case TurbStable is
doubled compared to case TurbUnstable, so the same Reynolds
number is obtained. Fig. 2 shows the evolution of the local
Karlovitz number Ka in the streamwise direction. For both
flames, a Karlovitz number of Ka ≈ 15 is obtained for large
parts of the flame even though an increase of Karlovitz number
towards the flame tip occurs in the TurbUnstable flame resulting
from a flame-induced increase of the turbulent kinetic energy,
similar to the observations of Chakraborty et al. [15]. The value
of Ka in Tab. 1 is taken at half of the jet height for both flames.

The simulations of the two flames were initialzied by inject-
ing the unburned gas of the central jet into a quiescent fluid,
whose temperature and species mass fractions have been set to
the conditions of the burned gas. To remove any effects from
the initialization, the simulations were run sufficiently long and
at least for one flow-through time based on the velocity of the
coflow. Thereafter, statistics were collected for at least one flow
through time based on the velocity of the central jet.

In addition to the two turbulent flames, a DNS of a three-
dimensional laminar initially planar hydrogen/air flame at the
same thermochemical conditions (φ = 0.4, Tu = 298K, p =

1bar) has been considered for comparison. This case, referred
to as LamUnstable case, allows for the rigorous separation of
the impact of the turbulent flow and the intrinsic flame insta-
bilities on the flame evolution. Fig. 3 shows a snapshot of the
laminar flame, where unburned mixture is entering the simu-
lation domain at the lower boundary in y-direction, the burned
gas leaves the simulation at the upper boundary in y-direction,
and periodic boundary conditions are applied in the lateral x-
and z-directions. The domain sizes are Lx = Lz = 34lF in
the lateral directions and Ly = 95lF in y-direction. While this
domain confines the large-scale corrugations and is hence not
large enough to feature a domain-independent value of the con-
sumption speed [4], this DNS allows for an analysis of the local
flame state and stretch factor, which are not affected by the do-
main size as they are determined by the small-scale wrinkling
rather than the large-scale corrugations. In particular, the same
simulation with a halved lateral domain size, Lx = Lz = 17lF,
has been performed, yielding different consumption seeds, but
the same local flame state and stretch factor, which is shown
in Figs. A1 and A2 in the supplementary material. The simu-
lation is initialized by a harmonically perturbed flat flame and
the constant velocity at the inlet is chosen such that the flame
is stabilized sufficiently long in the simulation domain, a proce-
dure which has been described in detail in Berger et al. [12]. In
Fig. 3, strong variations of the heat release on the flame sheet
are visible due to the thermodiffusive instability mechanism,

Figure 2: Variation of the local Karlovitz number Ka in the streamwise direc-
tion for the TurbUnstable and TurbStable case. Ka is evaluated on the mean
flame sheet, which is defined by the Favre-averaged progress variable field at
C̃H2 = 0.8. LFlame represents the flame height, which is defined when 99% of
the average fuel mass flux is consumed.

Figure 3: Snapshot of the flame surface area of the LamUnstable case colored
by the heat release. The flame surface area is defined by an iso-surface of
progress variable at CH2 = 0.8. The initially flat flame is propagating towards
an inlet and the flame propagation indicated by arrow.

which lead to the formation of small cellular structures and dis-
tinct cusps, yielding a strongly corrugated flame front.

2.2. Governing Equations and Numerical Methods

The flow is modeled by the reacting Navier-Stokes equations
in the low-Mach limit [34]. The fluid is assumed to be an ideal
gas and chemical reactions are modeled by the mechanism of
Burke et al. [35] that contains 9 species and 46 reactions. The
viscosity of the mixture is determined according to Wilke [36]
and the species viscosities are determined according to kinetic
theory [37]. The thermal conductivity of the species are com-
puted according to Eucken [38] and the thermal conductivity
of the mixture is evaluated according to Mathur et al. [39].
The species diffusivities Di are determined from the thermal
conductivity λ, the density ρ, and the specific heat capacity cp
as Di = λ/(ρcpLei) by imposing spatially homogeneous species
Lewis numbers Lei. For cases TurbUnstable and LamUnstable,
the Lewis numbers were taken from the burned gas region of a
one-dimensional unstretched premixed flame. All Lewis num-
bers for these two cases are provided in Tab. A1 in the supple-
mentary material. For the TurbStable case, all Lewis numbers
were set to unity to suppress effects of differential diffusion.
Following Zhou et al. [29] and Schlup et al. [30], molecular
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diffusion due to the Soret effect is also included in the Turb-
Unstable and LamUnstable case, while the Soret effect is dis-
regarded in the TurbStable case to enforce equal diffusivity of
all scalars. A summary of the model for the Soret effect is pro-
vided by Schlup et al. [40]. For the species diffusion velocity
appearing in the species and temperature equations, a velocity-
correction approach [41] is applied to enforce mass conserva-
tion.

A semi-implicit finite difference code, based on the Crank-
Nicolson time advancement scheme and an iterative predictor
corrector scheme, is employed [42]. Spatial and temporal stag-
gering is used to increase accuracy and stability. The Poisson
equation for the pressure is solved by the preconditioned conju-
gate gradient HYPRE solver [43]. Momentum equations are
discretized with a second order scheme. In the species and
temperature equations, the convective term is discretized with a
fifth order WENO scheme [44] and the diffusion operator is dis-
cretized with second order central differences. The temperature
and species equations are advanced by utilizing Strang’s oper-
ator splitting [45]. The time integration of the chemical source
terms employs a time-implicit backward difference method, as
implemented in the stiff ODE solver CVODE as part of the
SUNDIALS suite [46].

The mesh of the TurbUnstable and TurbStable cases is uni-
form in the streamwise (x) and spanwise (z) directions with a
resolution of about ∆x,z = 70µm and ∆x,z = 35µm for the Turb-
Unstable and TurbStable case, respectively. The same resolu-
tion is applied in the crosswise (y) direction in the center of the
domain, defined by |y| < 2.5H, while a weak stretching of the
grid is applied sufficiently far away from the flame by a hy-
perbolic tangent profile towards the domain boundaries. The
number of grid points is displayed in Tab. 1 and the resolu-
tion is such that η is well resolved at all times. The thermal
flame thickness is resolved by ten grid points such that the lam-
inar flame speed, heat release, temperature, and species profiles
of a one-dimensional premixed unstretched flame computed
by FlameMaster [47] are recovered adequately. It is worth
noting that an additional simulation of the TurbUnstable case
has been performed with half the resolution, but no significant
effects on the flame statistics and drawn conclusions are ob-
served as shown in Sec. 4 of the supplementary material. The
timestep is controlled by the Courant-Friedrichs-Lewy (CFL)
condition based on the local velocities and a maximum CFL
number of 0.5 is allowed. This yields timesteps of approxi-
mately ∆t ≈ 0.55 µs in the TurbUnstable case and ∆t ≈ 0.22 µs
in the TurbStable case, respectively.

The mesh of the LamUnstable case is equidistant in x- and
z-direction with a resolution of ∆ = 70 µm and for numerical
efficiency, a constant mesh size with a resolution of ∆ = 70 µm
is chosen in y-direction for 20 < y/lF < 70, while a weakly
stretched mesh is applied sufficiently far away from the flame
towards the inlet and outlet. Thus, the thermal flame thick-
ness is adequately resolved by ten grid points and a timestep
of ∆t = 4 µs is applied. The simulation of the LamUnstable
case features a computational mesh of 352 × 695 × 352 grid
cells and an overall run time of 35τF, where τF = lF/sL is the
flame time. Statistics are collected after a statistically steady

(a) TurbUnstable case

(b) TurbStable case

Figure 4: Instantaneous snapshots of the fuel mass fraction, heat release rate,
and temperature for the two turbulent flames.

state is reached at 20τF.

3. Results & Discussion

Fig. 4 shows a comparison of the TurbUnstable and Turb-
Stable cases for the hydrogen mass fraction, the heat release,
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and the temperature field. The TurbUnstable flame possesses
a significantly shorter height if measured in terms of the slot
width H, indicating a higher turbulent flame speed compared
to the TurbStable case. The flames’ visual appearance also
differs significantly. The TurbStable case possesses an intact
flame front with a relatively constant heat release while the
heat release in the TurbUnstable case reveals strong fluctua-
tions marked by local extinction and regions of intense burn-
ing. In the TurbUnstable flame, super-adiabatic temperatures
are observed in the burned gas behind the flame front (note
that the coflow temperature is set to the adiabatic temperature),
which does not occur in the TurbStable case. Both features have
been similarly observed by Aspden et al. [22] in homogeneous
isotropic turbulence and also in the LamUnstable case and are
clear markers of thermodiffusive instabilities [12].

3.1. Definitions and Assessment of Entrainment Effects

A progress variable based on the hydrogen mass fraction is
defined as

CH2 = 1 − YH2/YH2,u, (4)

where YH2,u refers to the value in the unburned gas. An example
for the instantaneous distribution of the progress variable for the
case TurbUnstable is shown in Fig. 5a.

While a progress variable could be also defined based on the
mass fraction of water, Berger et al. [12] showed that such a
progress variable possesses sub- and super-equilibrium values
in the post flame region similar to the temperature, so unity val-
ues that typically define the burned gas are ambiguous. The
sub-unity values in the post flame region also lead to long tails
of the iso-surfaces of the water mass fraction into the burned
gas, leading to a spurious increase of the flame surface area;
further details are provided in Berger et al. [12]. As the deter-
mination of flame surface area and combustion process are well
posed for a hydrogen-based progress variable, CH2 is used in
the following.

The super-equilibrium values of temperature and combustion
products, such as water, are illustrated in Fig. 5b for the mass
fraction of water, which is normalized by the equilibrium value
YH2O,b. For the TurbUnstable case, the variation of the local
equivalence ratio is expressed in Fig. 5c by means of the mix-
ture fraction Z, which is defined by the Bilger formula [48] as

Z =
ZH + ν(YO2,air − ZO)

1 + νYO2,air
. (5)

The stoichiometric coefficient ν is defined by the ratio of the
molar masses of oxygen and hydrogen as ν = 2MH2/MO2 , ZH
and ZO represent the element mass fractions of hydrogen and
oxygen, and YO2,air is the mass fraction of oxygen in air. The
variations of mixture fraction are clearly visible in Fig. 5c,
where locally higher and smaller values of Z are seen in the
flame front compared to the value of Zeq = 0.012 in the fully
mixed equilibrium region. However, it is worth noting that the
variations of mixture fraction do not exceed the stoichiometric
value, which is Zst = 0.028, such that hydrogen is always fully
consumed. Hence, the progress variable CH2 always reaches

unity values in the burned gas as visible in Fig. 5a. The fluctua-
tions of the local equivalence ratio in thermodiffusively unstable
flames have been similarly observed in laminar flames [12, 49]
and by Aspden et al. [22] in homogeneous turbulence. While
there are positive and negative fluctuations of mixture fraction
within the flame front, it is interesting to note that in the post
flame region before the coflow is reached, the values of mixture
fraction and the mass fraction of water are seen to be higher
than the value in the unburned gas or coflow, respectively; this
observation will be discussed in detail later. Variations of mix-
ture fraction do not occur in the TurbStable case as the effects
of differential diffusion are suppressed. In particular, the water-
based and hydrogen-based progress variables are almost identi-
cal in this case as all scalars possess equal diffusivities.

It has been shown that mixing and entrainment of coflow
might have an effect on the flame dynamics [50, 51], so it is im-
portant to assess their presence in the two turbulent flames. For
this, an additional transport equation for a passive non-reactive
scalar ξ, whose diffusion is equal to the thermal diffusivity, has
been solved in both turbulent cases. The value of ξ is set to
ξ = 1 at the central jet inlet and to ξ = 0 at the coflow boundary
conditions. Thus, the scalar ξ corresponds to a mixture fraction
that indicates the mixing between the coflow and the central jet,
but should not be confused with the previously introduced mix-
ture fraction Z that is based on the element mass fraction and
indicates the local equivalence ratio. Fig. 6 shows the condi-
tional mean of ξ with respect to progress variable at different
heights above the burner, where LFlame is the flame height of
each case, which is based on the fuel flux and will be defined in
the next section. While close to the inlet for the TurbStable
case, high values of the progress variable show some minor
interaction with the coflow and lead to a reduction of ξ, the
other axial positions are characterized by ξ ≈ 1 for all values of
the progress variable. Thus, the flames are located in regions,
where entrainment is not relevant and additional information is
provided in Sec. 5 of the supplementary material. Note that
the significant reduction of ξ at CH2 = 1 is expected as these
states represent the post flame region and the coflow. Thus, the
effects of dilution and preheating of the unburned gas prior to
combustion may be neglected for the present analyses.

3.2. Analysis of Turbulent Flame Speed

Fig. 7a shows the fuel consumption along the axial direction
by means of the axial fuel flux F , which is defined as

F =
1

ρuUHYH2,u
·

∫
〈ρuxYH2〉dy. (6)

The operator 〈...〉 represents averaging in time and the statisti-
cally homogeneous z-direction and ρ, ux, and YH2 are the local
density, axial velocity, and hydrogen mass fraction. For conve-
nience, the fuel flux F is normalized by its value at the inlet,
which is given by the bulk velocity U, the slot width H, the
unburned gas density ρu, and the hydrogen mass fraction in the
unburned gas YH2,u. Consistent with the visual appearance in
Fig. 4, the fuel is consumed much faster in the TurbUnstable
case, yielding a significantly shorter flame. This is caused by a
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(a) Progress variable CH2 (b) Mass fraction of water YH2O normalized
by its equilibrium value YH2O,b

(c) Mixture fraction Z

Figure 5: TurbUnstable case: Instantaneous snapshot of the hydrogen-based progress variable CH2 , the water mass fraction YH2O normalized by its equilibrium
value YH2O,b, and mixture fraction Z.

(a) Case TurbUnstable (b) Case TurbStable

Figure 6: Conditional average of the mixture fraction ξ, which indicates the
mixing of the central jet with the coflow, with respect to progress variable CH2
at different heights above the burner for the two turbulent flames.

significantly higher fuel consumption rate in the TurbUnstable
case as discussed in the following. The flame height LFlame in
Tab. 1 is determined from the location, where F = 0.01.

Following Attili et al. [52], it is appropriate to define a lo-
cal turbulent flame speed that evolves in the streamwise direc-
tion due to the strong spatial inhomogeneity of the flow in the
streamwise direction x. It is defined by the consumption speed
sc as

sc = −
1

ρuA0YH2,u

∫
V

ω̇H2 dV. (7)

Here, A0 refers to a reference flame surface area that is dis-
cussed in the following, and ω̇H2 represents the fuel consump-
tion rate due to chemical reactions, which is integrated over a
volumeV. For the volumetric integral in Eq. 7, the streamwise
direction is divided in a number of equally sized volumes V∗.
Each of these extends along the entire spanwise z and crosswise
direction y. The size of these volumes in the streamwise direc-
tion is as small as possible but finite such that converged statis-
tics are obtained. An instantaneous flame surface area Ainst. in
each volume V∗ is determined based on the progress variable
CH2 according to [53]

Ainst. =

∫
V

δ(CH2 −C0)|∇CH2 |dV. (8)

The flame sheet is defined by C0 = 0.8, which is close to the
most reactive iso-surface in both flames, but similar conclusions
are obtained for other definitions of the flame sheet as shown in
Fig. A6 in the supplementary material. The Dirac δ-function is
defined by a top-hat function with a sufficiently small width of
∆C = 0.05. The temporal average of Ainst. yields the turbulent
flame surface area A. The reference flame surface area A0 rep-
resents the surface area of the Favre-averaged progress variable
field defined by C̃H2 = C0.

For the TurbUnstable and TurbStable cases, Fig. 7 shows the
normalized consumption speed sc/sL along the streamwise di-
rection x, where sL is the burning velocity of a laminar un-
stretched flamelet, which is computed at the nominal equiva-
lence ratio of φ = 0.4 with the same diffusivity model as the cor-
responding turbulent case1. It is evident that the TurbUnstable
flame features a significantly larger turbulent flame speed than
the TurbStable case, reaching a peak value that is about 15 times
larger than sL, while a significantly smaller enhancement of the
turbulent flame speed with a maximum value of sc/sL ≈ 5 is
obtained in the TurbStable case. To assess this large difference
of the turbulent flame speed in the two flames, the latter can
be decomposed into three components: the laminar unstretched
burning velocity sL, the surface area increase of the turbulent
flame, which is the ratio of the turbulent and reference surface
area A/A0, and a stretch factor I0, which accounts for variations
of the flame structure, such as reactivity and local flame thick-
ness, compared to a laminar unstretched flamelet. This yields
the expression

sc = sL
A
A0

I0. (9)

The contributions of surface area increase A/A0 and the
stretch factor I0 are shown in Fig. 7. In both cases, the flame sur-
face area increases towards the tip of the flame and a rapid de-

1Since the axial position of the tip of the average flame contour, defined by
C̃H2 = C0, is different from the flame height LFlame, defined by F = 0.01, the
curves in Fig. 7 end at x < LFlame.
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(a) Fuel flux F for both flames. (b) Consumption speed decomposition
for case TurbUnstable

(c) Consumption speed decomposition
for case TurbStable

Figure 7: Fuel flux, consumption speed, surface area increase, and stretch factor at different heights above the burner for both turbulent flames.

struction of flame surface area is observed at the tip2. While the
contribution of flame wrinkling appears to be similar in Fig. 7,
as a maximum value of A/A0 ≈ 4-5 is observed in both flames,
it is worth noting that the TurbUnstable case features a signif-
icantly shorter flame. Thus, the mechanisms of flame surface
area formation need to be assessed in greater detail in the fol-
lowing. Further, significantly different values of the stretch fac-
tor are observed in the two cases. In the TurbStable case, a unity
stretch factor is observed indicating a local burning behavior
that is close to an unstretched laminar flamelet and, hence, the
increase of the turbulent flame speed can be only attributed to
the increase of flame surface area. This is in agreement with
the findings of Attili et al. [52], who showed that the increase
of the turbulent flame speed in methane/air flames, which do
not feature thermodiffusive instabilities, is almost only caused
by flame wrinkling due to turbulence. On the contrary, the
TurbUnstable case possesses a remarkably high stretch factor
of I0 ≈ 4, which results in a significantly enhanced turbulent
flame speed and, hence, a shorter flame. It is worth noting that
the stretch factor in the turbulent TurbUnstable flame is larger
compared to the value I0 = 2.6 obtained in the LamUnstable
case even though the two flames are performed at the same
equivalence ratio, unburned temperature, and pressure. This
enhancement of reactivity due to the presence of turbulence is
a first indication of a synergistic effect of turbulence and ther-
modiffusive instabilities on the flame propagation and will be
discussed in detail in the subsequent sections.

3.3. Generation and Destruction of Flame Surface Area
Based on the flame surface area density formalism, Vervisch

et al. [53] defined a flame surface area density Σ(x, t) of a
progress variable iso-surface at CH2 = C0 per unit volume.
Σ(x, t) is given by

Σ(x, t) = 〈|∇CH2 |δ(CH2 −C0)〉. (10)

It is worth noting that the flame surface area A within a certain
volume V and the flame surface area density Σ are connected

2Note that a detailed analysis of the flame tip dynamics, which feature
flame-flame interactions, is outside the scope of this work as the present study
focuses on the analysis of the flame-turbulence interactions.

via

A =

∫
V

Σ(x, t)dV. (11)

For the flame surface area density Σ(x, t), a transport equation
can be derived as [53]

∇ ·
[
〈u + sdn〉S Σ(x, t)

]
= 〈K〉S Σ(x, t), (12)

where K is the local stretch rate, sd is the flame displace-
ment speed, 〈...〉S represents surface-averaging, and the tem-
poral derivative of Σ(x, t) disappears due to the statistically sta-
tionary flame configuration in this work. The surface-average
of a quantity Q is defined as

〈Q〉S =
〈Q |∇CH2 | |C0〉

〈|∇CH2 | |C0〉
, (13)

where 〈...|C0〉 is the conditional average with respect to the
value of the progress variable that defines the flame sheet. The
stretch rate K depends on the flame curvature κ, the tangential
strain rate KS, and the flame displacement speed sd. These pa-
rameters are defined as

K = κsd + KS, (14)
κ = ∇ · n, (15)

KS = ∇ · u − n · ∇u · n, (16)

where n = −∇CH2/|∇CH2 | is the flame normal vector that points
towards the unburned gas and u is the gas velocity. The flame
displacement speed sd is given by [54]

sd =
1

|∇CH2 |

(
∂CH2

∂t
+ u · ∇CH2

)
(17)

The left hand side of Eq. 12 describes the convection of
the flame sheet, whose propagation velocity w is given by
w = u + sdn [54], and the right hand side term represents a
source term that is proportional to the stretch rate K, which
according to Eq. 14 can be decomposed into contributions of
strain rate KS and the term κsd, which is referred to as ’curva-
ture term’.

Fig. 8 shows the surface-averaged stretch rate, strain rate, and
curvature term for both turbulent flames. Consistent with the
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(a) Case TurbUnstable

(b) Case TurbStable

Figure 8: Surface-averaged stretch, strain rate, and curvature term at different
heights above the burner and normalized by the flame time τF.

increase of flame surface area in axial direction in Fig. 7, the
surface-averaged stretch rate is positive for both cases until the
tip of the flame is reached, leading to a monotonic increase of
flame surface area. At the tip, a strong destruction of flame sur-
face area due to large negative stretch rates is observed. For
both cases, the mean positive strain rate is seen to generate
flame surface area while the curvature term is mostly negative
and leads to a destruction of flame surface area. In the follow-
ing, it will be shown that the flame surface area generation by
the mean positive strain rate is dictated by turbulence and is not
affected by the thermodiffusive instabilities, while the dynam-
ics of the curvature term are closely linked to the interactions
of the thermodiffusive instabilities and turbulence.

3.3.1. Analysis of Strain Rate
The positive tangential strain rates are consistent with several

earlier studies of turbulent premixed flames [55–58]. The tan-
gential strain rate KS is generally found to be positive for both
non-reactive and reactive turbulent flows and remains mostly
unaffected by a flame’s heat release. This is in contrast to the
normal strain rate, which is affected by the heat release and con-
sequently also by the effects of differential diffusion that sensi-
tively affect the heat release [55]. If normalizing the strain rate
by the Kolmogorov time scale τη, a value of 〈KS〉Sτη ≈ 0.28
has been reported by Rutland et al. [56] for turbulent premixed
flames in decaying homogeneous isotropic turbulence. Luca et

al. [59], who studied turbulent premixed methane/air flames in
a slot burner configuration at different jet Reynolds numbers up
to Re = 22, 400 and the same Karlovitz number as this study,
observed an almost constant value of 〈KS〉Sτη ≈ 0.24 over the
different flame heights and also showed that this value is inde-
pendent of the Reynolds number if scaled with τη. The Kol-
mogorov time scale is determined as τη = (ν/̃ε)1/2 [33]. Thus,
Fig. 9 shows the surface-averaged stretch rate, strain rate, and
curvature term normalized by the Kolmogorov time scale τη.
Consistent with the findings of Luca et al. [59] and Rutland et
al. [56], an almost constant value of the surface-averaged strain
rate is obtained over the height of the flame if normalized by τη,
yielding a value of 〈KS〉Sτη ≈ 0.28 for the two turbulent flames.
Further, Fig. 10 shows the probability density function (PDF) of
the strain rate that is normalized by τF and τη at different axial
positions for the TurbUnstable case. Only if normalized by the
Kolmogorov time scale τη, the PDFs become self-similar indi-
cating that the strain rate is strongly correlated with the small
scales of the turbulent flow. The PDFs of the TurbStable case
are shown in Fig. A7 in the supplementary material, but since
τη is constant along the flame height both normalizations yield
self-similar PDFs. Note that for the TurbUnstable case, τη de-
creases towards the flame tip. This can be seen from Fig. 2,
where an increase of Karlovitz number, which can be also de-
fined as Ka = τF/τη, is seen. Hence, the consistency of 〈KS〉Sτη
with values obtained in flames that do not feature thermodiffu-
sive instabilities and the self similarity of the PDF if normalized
by τη suggest that surface area generation by strain rate is dom-
inated by turbulence rather than a flame intrinsic mechanisms
and, in particular, thermodiffusive instabilities.

3.3.2. Analysis of Curvature Term
Regarding the normalized curvature term in Fig. 9, a constant

value is observed up to half of the flame height for the Turb-
Stable case and then, a strong decrease of 〈κsd〉Sτη is seen close
to the flame tip. This was similarly observed by Luca et al. [59]
in the turbulent premixed methane/air slot burner flames. How-
ever, for the TurbUnstable case, the curvature term is not con-
stant over the flame height irrespective of its normalization by
τη or τF, giving a first indication that the underlying physics of
the flame destruction mechanism are entirely different for this
case. To assess the differences of the curvature term in the two
flames, it is instructive to first qualitatively discuss its effects
on the flame surface area formation and thereafter, the curva-
ture term is analyzed by means of a statistical analysis. It will
be shown that the curvature term possesses a distinctly different
behavior in the two turbulent flames, which is directly linked
to the presence of thermodiffusive instabilities. In particular,
thermodiffusive instabilities are shown to generate characteris-
tic tongue-like structure and a comparison of the TurbUnstable
and LamUnstable case reveals that the generation of flame sur-
face area by the thermodiffusive instability mechanism is even
amplified in the TurbUnstable case due to the higher values of
curvature in the turbulent environment.

To illustrate the differences of the curvature term, Figs. 11
and 12 show three-dimensional visualizations of the flame front
for the two turbulent flames. The view is from the centerline of
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(a) Case TurbUnstable

(b) Case TurbStable

Figure 9: Surface-averaged stretch, strain rate, and curvature term at different
heights above the burner and normalized by the Kolmogorov time τη.

the slot burner looking at the flame sheets from the unburned
gas (the average flame propagation direction is indicated by an
arrow). The flame sheet is colored by the stretch rate, the strain
rate, the curvature term, the heat release, the mixture fraction,
and the normalized flame displacement speed s∗d, which is de-
fined as

s∗d =
ρisosd

ρu
(18)

to compensate for the change of density in the flame, where ρiso
is the density at the flame sheet. Hence, s∗d would be equal to sL
for any iso-surface in an unstretched laminar flame.

In the TurbUnstable case, several finger- or tongue-like struc-
tures that are convexly shaped towards the unburned gas with
large values of the stretch rate at their tip are formed. Since
stretch acts as a source term for the flame surface area, the large
positive values of stretch at the tip of the flame tongues lead to
a further enlargement of these structures supporting their prop-
agation into the unburned gas and are a clear marker of ther-
modiffusive instabilities. In contrast, the TurbStable case does
not possess such recurring finger- or tongue-like structures and,
in particular, the leading flame edges that are convexly curved
towards the unburned gas are destroyed as negative values of
stretch are seen at these locations. For both cases, large nega-
tive values of stretch are seen in the cusp regions and the large
positive and negative values of stretch are closely linked to the
curvature term, while the dependence of strain rate on the flame

(a) Normalization by flame time τF

(b) Normalization by Kolmogorov time τη

Figure 10: TurbUnstable case: Different normalizations of the PDF of strain
rate at different heights above the burner; the data for building the PDF have
been weighted by |∇CH2 | to be consistent with the surface-averages in Figs. 8
and 9.

topology is less pronounced. It is worth noting that the tongue-
like structures in the TurbUnstable case are similar to the flame
fingers, which have been observed in laminar thermodiffusively
unstable flames with large domain sizes [4, 12].

The remarkable difference of the curvature term at the tip
of the flame edges and tongue-like structures in the turbulent
flames is related to a different behavior of the flame displace-
ment speed. The value of sd is determined by the local reaction
rate and the diffusive fluxes (note that in Eq. 17, sd is evaluated
from the left hand side of the progress variable transport equa-
tion, but could be also determined from the right hand side,
which contains the reaction rate and the diffusive fluxes). Since
the diffusive fluxes are proportional to curvature [60], they tend
to reduce sd in flame segments that are convexly curved towards
the unburned gas and increase sd in the cusp regions. In the
TurbStable case, the heat release is almost constant along the
flame sheet, so a reduction of s∗d, which even yields negative
values, is seen at the leading flame edges, while s∗d is increased
in the cusp regions. In contrast, the TurbUnstable case fea-
tures strong variations of the heat release, which are caused by
the differential diffusion of hydrogen. To highlight the effects
of differential diffusion, Fig. 11 also shows the distribution of
mixture fraction, whose values are enhanced at the tip of the
flame tongue and diminished in the cusp regions. Thus, the
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Figure 11: TurbUnstable case: Three-dimensional snapshots of the instantaneous flame front defined by CH2 = 0.8 and colored by stretch, the curvature term, strain
rate (left to right; top row), the normalized displacement speed, heat release, and mixture fraction (left to right; bottom row). The view is from the centerline of the
slot burner looking at the flame sheets from the unburned gas (the average flame propagation direction is indicated by an arrow). Figures are taken at x/H = 2.7
above the nozzle.

Figure 12: TurbStable case: Three-dimensional snapshots of the instantaneous flame front defined by CH2 = 0.8 and colored by stretch, the curvature term, strain
rate (left to right; top row), the normalized displacement speed, and heat release (left to right; bottom row). The view is from the centerline of the slot burner looking
at the flame sheets from the unburned gas (the average flame propagation direction is indicated by an arrow). Figures are taken at x/H = 9.5 above the nozzle.
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(a) Case TurbUnstable

(b) Case TurbStable

(c) Case LamUnstable

Figure 13: Analysis of the curvature term by means of the joint distribution
P(κ, sd) times κsd. Qi indicate the different quadrants of the distribution.

impact of the diffusive term is more than compensated by the
increase of reaction rates at the tip of the flame tongues lead-
ing to a significantly increased value of s∗d. In the cusp regions
of the TurbUnstable case, where the heat release vanishes, still
an increase of s∗d is seen similar to the TurbStable case indicat-
ing that the diffusive fluxes dominate the flame propagation in
the cusp regions of both flames irrespective of the variations of
the heat release in the TurbUnstable case. Hence, the curvature
term leads to flame surface area destruction in the cusp regions
in both flames, while surface area is generated at the tip of flame
tongues in the TurbUnstable case and destroyed at the leading
edges of the TurbStable case.

To quantify the differences among the curvature terms in the
two cases, the joint distribution P(κ, sd) of curvature κ and dis-
placement speed sd is studied in the following. By means of
P(κ, sd), the surface-averages in Fig. 8 can be expressed as

〈κsd〉S =

∫
κsdP(κ, sd) dκdsd, (19)

where the joint distribution P(κ, sd) has been determined by

Figure 14: Contributions of each quadrant Qi to the surface-averaged curvature
term at different heights above the burner for the TurbUnstable case (solid lines)
and TurbStable case (dashed lines)

considering |∇CH2 | as a weighting factor to ensure consistency
with the surface-averages. Fig. 13 shows the joint distribution
P(κ, sd) multiplied by κsd for both cases to highlight the posi-
tions in the κ-sd-space that have a relevant contribution to the
integral in Eq. 19. The statistics of P(κ, sd) in Fig. 13 are taken
at half of the flame height for the two flames, but, as shown in
Figs. A12 and A13 the supplementary material, no significant
differences are observed at other axial locations. The curvature
term can be split into four characteristic contributions that are
given by the four different quadrants Qi in Fig. 13, for which κ
and sd possess either positive or negative values. Contributions
from quadrant Q1 and Q3 lead to an increase of flame surface
area, since κsd > 0, and contributions from quadrant Q2 and Q4
lead to a destruction of flame surface area, since κsd < 0. Quad-
rant Q1 represents convexly curved flame segments that propa-
gate into the unburned gas (e.g., the tip of the flame tongues in
the TurbUnstable case). In Q2, the flame is concavely curved
with a positive propagation towards the unburned gas (e.g. the
cusp regions), whereas in Q3 and Q4, the flame possess a nega-
tive propagation (e.g. the leading flame edges in the TurbStable
case are located in Q4). Consistent with the three-dimensional
visualizations in Figs. 11 and 12, surface area consumption in
the second quadrant Q2, where the flame corrugations are flat-
tened due to the strong diffusion in the cusp regions, has an
equally significant contribution for both cases. This is similarly
seen in the LamUnstable case with an overall smaller contribu-
tion as less negative curvature values are obtained in this case.

For the quadrant Q1, a significant contribution exists in the
TurbUnstable and LamUnstable cases, which corresponds to
the aforementioned surface area increase due to the propaga-
tion of the flame tongues into the unburned gas and is a dis-
tinct marker of thermodiffusive instabilities. In contrast, in
the TurbStable case, only a very minor contribution is seen
in quadrant Q1 and also a small contribution of quadrant Q4
appears, which corresponds to the destruction of surface area
at the leading edges that are convexly curved towards the un-
burned gas. This behavior of the TurbStable case is very similar
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to the methane/air flames studied by Luca et al. [32], where the
contribution of quadrant Q2 is dominant and the contribution of
quadrant Q1 is much less pronounced.

For the turbulent flames, Fig. 14 shows the contribution of
each quadrant over the flame height, which, for example, for
the first quadrant Q1 is defined as

〈κsd〉
Q1
S =

∫ ∞

0

∫ ∞

0
κsdP(κ, sd) dκdsd. (20)

From Fig. 14, it is evident that the TurbUnstable case possesses
a large contribution of the first quadrant to the overall curvature
term, which is missing in the TurbStable case and also in the
methane/air flames of Luca et al. [32] and is a clear marker of
the presence of thermodiffusive instabilities. The surface area
destruction by the second quadrant Q2 is of similar importance
in both flames, indicating that this mechanism is not related to
the thermodiffusive instability mechanism while the contribu-
tions from the other quadrants are negligible.

Several similarities are seen among the TurbUnstable and
LamUnstable cases, e.g., only contributions from quadrants Q1
and Q2 are significant in both cases. However, in the Lam-
Unstable case, they are significantly smaller compared to the
TurbUnstable case, which is linked to the significantly smaller
values of curvature and the flame displacement speed in the
LamUnstable case. Hence, as turbulence enhances the curva-
ture fluctuations, which is further discussed in the following,
and the flame’s response in terms of the flame displacement
speed in the TurbUnstable case, it leads to an amplification of
the flame surface area destruction in the quadrant Q2, but also
enhances surface area generation in the quadrant Q1, indicat-
ing a synergistic interaction with the thermodiffusive instability
mechanism.

3.4. Flame State and Reaction Rates

Generally, the consumption speed of a turbulent flame can be
enhanced by an increase of flame surface area or by variations
of the flame’s structure, i.e. variations of the reactivity or the
flame thickness, which is accounted for by the stretch factor I0
in Eq. 7. The underlying processes leading to the significantly
increased super-unity value of I0 in Fig. 7 for the TurbUnstable
case are investigated in this section. All statistics of the Turb-
Unstable and TurbStable case are presented at half of the flame
height, but no significant change of statistics is seen for other
axial positions. The respective figures at different flame heights
are provided in Sec. 10 of the supplementary material.

3.4.1. Mixture Fraction Fluctuations
The joint distribution of the progress variable source term

ω̇C, which is defined as

ω̇C = −ω̇H2/YH2,u , (21)

and CH2 is shown in Fig. 15 for the two turbulent flames. Ad-
ditionally, the unstretched laminar flamelets at φ = 0.4, Tu =

298K, and p = 1bar that use the same diffusivity models as the
TurbUnstable and TurbStable cases, respectively, are shown.
While the source term of the TurbStable case follows closely

(a) Case TurbUnstable

(b) Case TurbStable

Figure 15: Joint distribution of the source term ω̇C and the progress variable
CH2 . Red lines represent the conditional mean and the black line corresponds
to the unstretched laminar flamelet.

the values of the laminar unstretched flamelet, the source term
of the TurbUnstable case reveals a strong scatter due to the
strong variations of the local equivalence ratio. Hence, an ade-
quate parametrization of the local flame state needs to include
the mixture fraction Z, defined in Eq. 5, to account for the fluc-
tuations of the local equivalence ratio.

To highlight the improvement of flame state parametrization
of case TurbUnstable if mixture fraction is included, an optimal
estimator analysis [61, 62] has been performed. In such an anal-
ysis, the capability of a set of parameters ψ, e.g. ψ = [CH2 ,Z],
to parametrize a target quantity Q, e.g. Q = ω̇C, is quantified
by an error norm referred to as irreducible error. In particu-

Figure 16: TurbUnstable case: Irreducible errors of ω̇C if parametrized by dif-
ferent sets of parameters.
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(a) TurbUnstable case

(b) LamUnstable case

Figure 17: Joint PDF of progress variable and mixture fraction P(CH2 ,Z).

lar, the amount of scatter of Q with respect to the conditional
mean 〈Q|ψ〉 is measured by the quadratic error norm. Thus, the
parametrization is good if small irreducible errors are observed.
In the following, the irreducible errors are conditionally aver-
aged with respect to progress variable yielding

ε2
irr, ω̇C

= 〈
(
ω̇C − 〈ω̇C|ψ〉

)2
| CH2 〉. (22)

For reference, the conditionally averaged irreducible error is
normalized by the maximum value of ω̇Flamelet

C in the un-
stretched flamelet yielding

εnorm
irr, ω̇C

=
ε2

irr

max(ω̇Flamelet
C )2

. (23)

Fig. 16 shows the irreducible errors if ω̇C is parametrized by
different parameters and their combinations: The progress vari-
able CH2 , mixture fraction Z, the curvature of the flame front κ,
the tangential strain rate KS, the flame stretch K, and temper-
ature T . Using only the progress variable for the parametriza-
tion, large irreducible errors are obtained, which is consistent
with the large scatter visible in Fig. 15. A significant reduction
of irreducible errors is seen if progress variable and mixture
fraction are used since Z accounts for the variations of the local
equivalence ratio. Using any of the parameters K, KS, κ or all
of them does not improve the parametrization as much as using
mixture fraction in addition to progress variable. This indicates

Figure 18: Temperature distribution in the post flame region for all three cases.
Statistics are collected for 0.95 < CH2 < 0.99 and the adiabatic flame tempera-
ture or all cases is Tb = 1418K.

that ω̇C is not only determined by the instantaneous values of K,
KS, or κ, which represent the topology and local environment of
the flame and whose variation causes the differential diffusion
of hydrogen lateral to the flame front, but possibly also by their
temporal evolution as suggested by Klimenko [63]. In contrast,
the local value of mixture fraction represents the result rather
than the cause of differential diffusion and, hence, yields a sig-
nificantly improved parametrization of ω̇C. It is worth noting
that a similar good parametrization can be achieved if using
temperature and progress variable, as similar to mixture frac-
tion, one coordinate describes the combustion progress and the
other one the effects due to differential diffusion. A similar
analysis with the same conclusions has been provided for lami-
nar thermodiffusively unstable flames by Berger et al. [12].

Fig. 17a shows the joint distribution of the progress variable
CH2 and mixture fraction Z for case TurbUnstable. To assess the
impact of turbulence on the local flame state, the same joint dis-
tribution is also shown for case LamUnstable in Fig. 17b. How-
ever, the fluctuations of Z are significantly enhanced in the tur-
bulent case and the average mixture fraction 〈Z|CH2〉 is signifi-
cantly above the flamelet solution in the turbulent case, while it
is closer to the flamelet solution in the LamUnstable case. As
will be shown, the large mixture fraction fluctuations in the tur-
bulent flame arise from the significantly higher fluctuations of
flame front curvature in the TurbUnstable case compared to the
LamUnstable case and the differences of the conditional means
is linked to an enhanced mean strain due to turbulence in the
TurbUnstable case.

The enhanced fluctuations of mixture fraction in the turbu-
lent flow compared with the laminar flow also lead to enhanced
fluctuations of the combustion products, e.g. the water mass
fraction, and temperature in the burned gas. This is illustrated
in Fig. 18, which shows the distribution of temperature in the
post flame region, defined by 0.95 < CH2 < 0.99 (the upper
value is not set to unity to exclude the coflow in the turbulent
flames or regions far away from the flame front in the Lam-
Unstable case). While a narrow distribution of temperature
is seen in the TurbStable case, broad distributions with super-
adiabatic temperatures are seen for the two other flames similar
to observations in previous works [22, 64]. The distribution of
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(a) TurbUnstable case

(b) LamUnstable case

Figure 19: Conditionally averaged source term ω̇C with respect to progress
variable and mixture fraction including the conditional average 〈Z|CH2 〉 (red
line) and the solution of an unstretched laminar flamelet (black line). Grey
dashed lines mark the values of ω̇C = 10, 100, and 1000 s−1 (grey dashed
lines).

the TurbUnstable case features larger super-adiabatic temper-
atures up to 400K above the adiabatic temperature, compared
to the LamUnstbale case, indicating that turbulence enhances
thermodiffusive effects. Note that the high super-adiabatic val-
ues are also relevant for the formation of nitric oxides via the
thermal pathway, which features an exponential dependence of
their source term on temperature.

After the analysis of the mixture fraction distribution and
scatter, it is of interest to assess the impact of mixture frac-
tion fluctuations on the reaction rate. For this, Fig. 19 shows
the progress variable source term conditionally averaged on
progress variable and mixture fraction. In addition to the con-
ditional averages 〈Z|CH2〉 and the unstretched flamelets, three
iso-lines of ω̇C = 10, 100, and 1000 s−1 are shown to im-
prove the visualization. ω̇C strongly non-linearly varies with
CH2 and Z in the two cases (note the logarithmic color scale),
so the significantly higher fluctuations of mixture fraction in
the TurbUnstable case also lead to significantly higher values
of ω̇C. In particular, the shift of the conditional mean towards
higher mixture fraction values in the TurbUnstable case leads to
a significant enhancement of reaction rates in the TurbUnstable
case.

3.4.2. The Effects of Curvature on Differential Diffusion and
Mixture Fraction Fluctuations

While mixture fraction was shown to adequately describe

the effects of differential diffusion and being well suited to
parametrize reaction rates and the local flame state, in the fol-
lowing, the relationship between mixture fraction and the topo-
logical parameters of the flame front, such as curvature and
strain rate, which cause the fluctuations of mixture fraction,
are discussed. Fig. 20 shows the distribution of stretch, strain
rate, and curvature on the flame sheet. The turbulent cases re-
veal much broader distributions compared to the laminar flame
while little differences are visible between the TurbStable and
TurbUnstable cases. This is particularly pronounced for the
strain rate. For curvature, similar minimum values are obtained
for all flames, but significantly larger positive curvature values
are seen in the turbulent flames. To highlight the link between
mixture fraction fluctuations and curvature, Fig. 21 shows the
conditional average of stretch, curvature, and strain rate with
respect to progress variable CH2 and mixture fraction Z for the
TurbUnstable and LamUnstable cases. A good correlation of
curvature and stretch with mixture fraction is observed. In addi-
tion, a good correspondence of the conditional mean of mixture
fraction 〈Z|CH2〉 and the line of vanishing curvature is visible in
Fig. 21, indicating that the fluctuations of mixture fraction are
caused by positive or negative curvature values. This effect is
similar in the laminar and turbulent flames; however, the exis-
tence of larger positive and negative values of curvature in the
TurbUnstable case enhance this behavior. For the strain rate,
a reduction of mixture fraction is seen for increasing values of
strain rate. This trend is also visible in the laminar case but is
less pronounced as there is overall less variation of the strain
rate. However, the fluctuations of mixture fraction are mainly
caused by the different values of curvature rather than the vari-
ations of the strain rate. To highlight this, an optimal estimator
analysis concerning the fluctuations of mixture fraction is per-
formed in Fig. 22 for the TurbUnstable case. The irreducible
error is defined as

εnorm
irr, Z =

〈
(
Z − 〈Z|ψ〉

)2
| CH2 〉

Z2
eq

, (24)

where Zeq = 0.012 is the value in the fully mixed equilibrium
region in the burned gas. The high irreducible errors associated
with the parameter set ψ = [CH2 ,KS], which are indeed close
to those obtained with ψ = [CH2 ], demonstrate that the mix-
ture fraction fluctuations depend on the variations of the strain
rate only marginally. In contrast, irreducible errors are signifi-
cantly reduced if curvature and progress variable are employed
for the parametrization, indicating the strong link between mix-
ture fraction and curvature. This is consistent with the optimal
estimator analysis or the source term ω̇C as variations of ω̇C
and mixture fraction are closely linked to each other. Thus,
the strong curvature fluctuations due to turbulence and the sub-
sequent response of the flame in terms of enhanced differen-
tial diffusion represent a synergistic coupling of turbulence and
thermodiffusive instabilities.

3.4.3. The Effects of Strain Rate on Differential Diffusion:
Scalar Gradients

While larger mixture fraction fluctuations in the Turb-
Unstable case compared to the LamUnstable case arise from
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Figure 20: PDF of curvature, strain rate, and stretch on an iso-surface of CH2 = 0.8 for all three cases; statistics are collected at half of the flame height in the
turbulent flames.

(a) TurbUnstable case

(b) LamUnstable case

Figure 21: Conditionally averaged stretch, strain rate, and curvature (left to right) with respect to CH2 and Z. Additionally the line, where the conditional averages
become zero (red dashed line), the conditional average 〈Z|CH2 〉, and the unstretched flamelet are displayed.

larger curvature values, the differences of the conditional means
〈Z|CH2〉 in the TurbUnstable and LamUnstable cases, e.g., in
Fig. 19, need to be discussed. In the following, this difference is
shown to be linked to a significantly enhanced mean strain rate
in the TurbUnstable flame compared to the LamUnstable case,
which strongly affects the differential diffusion within the flame
front and yields higher scalar gradients and reaction rates. For
this, it is worth noting that the previously discussed insignifi-
cant reduction of irreducible errors of mixture fraction and the
progress variable source term by strain rate in Figs. 16 and 22
only shows that the instantaneous flame response is insensitive
to strain rate fluctuations, which has been similarly observed by
Im et al. [65] in oscillating premixed counterflow flames at suf-
ficienlty high frequencies. However, Im et al. [65] also showed
that, in contrast to the fluctuations of strain rate, the mean strain
rate still significantly affects the flame’s consumption speed,
which is similarly observed in this work and discussed in the

following. In particular, an irreducible error analysis only as-
sesses how well the fluctuations of a parameter correlate with
the fluctuations of a quantity of interest, so irreducible errors
remain unaffected by a shift of the mean values, e.g. by a larger
mean strain rate in the TurbUnstable case compared to the Lam-
Unstbale case. In the following, the effects of the mean strain
rate on scalar gradients and the local reaction rates are discussed
and to disentangle the effects of curvature and strain rate in the
TurbUnstable and LamUnstable flames, a comparison to lami-
nar premixed counterflow flames is performed.

Fig. 23 shows the gradient of progress variable |∇CH2 | condi-
tionally averaged with respect to progress variable for all cases.
For comparison, the values are normalized with the maximum
gradient max(|∇CH2 |) obtained in the corresponding unstretched
laminar flamelets (two flamelets are computed; one with the dif-
fusivity model of case TurbUnstable, which is used for the nor-
malization of the TurbUnstable and the LamUnstable case and
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Figure 22: TurbUnstable case: Irreducible errors of mixture fraction Z if
parametrized by different sets of parameters.

Figure 23: Conditional average of the progress variable gradient |∇CH2 | with
respect to CH2 for all three cases and the two flamelets, which have been com-
puted with the diffusivity models of the TurbUnstable and TurbStable case and
are labeled by Le , 1 and Le = 1, respectively. The gradients are normalized by
|∇CH2 |Ref, which is the maximum gradient max(|∇CH2 |) of the corresponding
unstretched laminar flamelet.

one with the diffusivity model of case TurbStable, which is used
to normalize the TurbStable case). In the TurbUnstable and
LamUnstable cases, an increase of |∇CH2 | and, hence, a reduc-
tion of flame thickness is observed compared to the unstretched
flamelet; however, in the turbulent TurbUnstable flame, this ef-
fect is much more pronounced. In contrast, for the TurbStable
case, the mean progress variable gradients are very similar to
an unstretched flamelet, while a small reduction of gradients
and, hence, flame thickening is observed for small values of the
progress variable.

To disentangle the effect of curvature and strain rate on the
progress variable gradient |∇CH2 |, Fig. 24 shows the conditional
mean of the gradient |∇CH2 | on curvature κ for an iso-surface
of progress variable at CH2 = 0.8 for the three cases. As ex-
pected, large positive and negative values of curvature lead to a
reduction of |∇CH2 | as highly curved flame segments typically
lead to a thickening of the flame. While this reduction is sym-
metric for the TurbStable case, a skewed distribution is seen
for the TurbUnstable and LamUnstable case. This relates to
the thermodiffusive instability mechanism as positive curvature
values represent flame segments with higher mixture fractions
and, hence, higher reaction rates, which lead to a steepening of
gradients. To highlight this, Fig. 25 shows the conditional av-
erage of ω̇C with respect to κ, indicating a strong increase of

ω̇C towards positive curvature values. As this effect counter-
acts the flame thickening with increasing curvature values, an
asymmetric profile of |∇CH2 | with respect to κ is obtained in the
TurbUnstable and LamUnstable case. However, in the Turb-
Stable case, no variation of ω̇C with κ is seen, as ω̇C was shown
to closely follow the flamelet solution in Fig. 15b, yielding a
symmetric profile of |∇CH2 | with respect to κ. Further details on
the reaction rates are discussed at the end of this subsection.

For all flames, the value of |∇CH2 | at κ = 0, which represents
a locally flat flame, is significantly different from the value of
the unstretched laminar flamelet that is used for normalization.
This is caused by the mean positive strain rate. In the turbu-
lent flames, the mean positive strain rate was shown to be deter-
mined by the smallest turbulent eddies, yielding 〈KS〉Sτη ≈ 0.28
or 〈KS〉SτF ≈ 6.5, respectively, and also for the LamUnstable
case, a positive mean strain rate of 〈KS〉SτF ≈ 0.4 is obtained.
〈KS〉S is significantly smaller in the LamUnstable case com-
pared to the turbulent flames since the effect of turbulence is
missing and the strain rate is only determined by the flame
intrinsic instability mechanism. To highlight the effect of the
mean strain rate on the progress variable gradient, the value
of |∇CH2 | of laminar premixed counterflow flames that are ex-
posed to the same strain rate as the TurbUnstable, TurbStable,
and LamUnstable flames are depicted in Fig. 24 (green dot)
and good agreement with the value |∇CH2 | at κ = 0 is seen.
For reference, the value of ω̇C of the same counterflow flame
is also depicted in Fig. 25, indicating good agreement3. In
the counterflow configuration, unburned and burned gas are in-
jected against each other from two opposed nozzles and compu-
tations have been performed with the FlameMaster code [47].
The same diffusion models and reaction mechanism as for the
turbulent flames have been applied (constant Lewis numbers
and the inclusion of the Soret effect in the TurbUnstable case
and unity Lewis numbers and no Soret effect in the TurbStable
case). To compare the strain rate within the turbulent and coun-
terflow flames, Fig. 26 shows a comparison of the conditional
average of the normal and tangential component of the strain
rate tensor, aN and KS, where the former is defined as

aN = n · ∇u · n, (25)

and the dilatation term ∇ · u in the TurbUnstable case and the
corresponding values of a counterflow flame. The conditions
of the counterflow flame are chosen such that the same tangen-
tial strain rate is obtained within the counterflow and turbulent
flame.

A positive constant value of the tangential strain rate, which
corresponds to 〈KS〉Sτη ≈ 0.28 if normalized by τη instead of
τF, is observed throughout the flame and generally, good agree-
ment of the local tangential and normal strain rates among the
laminar counterflow flame and the TurbUnstable case is ob-
served. Further, the evolution of these terms is consistent with
the findings of Chakraborty et al. [55], who found that for low

3Note that small discrepancies are still seen since curvature fluctuations and
strain rate, while being the cause of differential diffusion, are not as well suited
for the parametrization of the source term as mixture fraction, as pointed out by
the irreducible error analysis.
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(a) TurbUnstable case (b) TurbStable case (c) LamUnstable case

Figure 24: Dependency of |∇CH2 | on curvature for the TurbUnstable, TurbStable, and LamUnstable case (left to right) on an iso-surface of CH2 = 0.8. The gradients
are normalized by |∇CH2 |Ref, which is the gradient |∇CH2 | in an unstretched laminar flamelet at CH2 = 0.8. Note that two different flamelets with the two different
diffusivity models are used; one to normalize the cases TurbUnstable and LamUnstable and one for the TurbStable case. The green dot represents |∇CH2 | in the
selected counterflow flame for each turbulent flame.

(a) TurbUnstable case (b) TurbStable case (c) LamUnstable case

Figure 25: Dependency of ω̇C on curvature for the TurbUnstable, TurbStable, and LamUnstable case (left to right) on an iso-surface of CH2 = 0.8. ω̇C is normalized
by ω̇C,Ref, which is the value of ω̇C in an unstretched laminar flamelet at CH2 = 0.8. Note that two different flamelets with the two different diffusivity models are
used; one to normalize the cases TurbUnstable and LamUnstable and one for the TurbStable case. The green dot represents ω̇C in the selected counterflow flame for
each turbulent flame.

Karlovitz number flames, in which the heat release or dilatation
term, respectively, dominates the normal strain rate, as shown
in Fig. 26 for the TurbUnstable case, the flame tends to align
with the most compressive principal strain rate for low progress
variable values yielding a negative normal strain rate and with
the most extensive principal strain rate for intermediate values
of progress variable due to the heat release leading to positive
values of the normal strain rate. Reasonable agreement of the
tangential and normal strain rate and the dilation term with the
premixed counterflow flames is also obtained for the TurbStable
and LamUnstable cases as shown in Figs. A8 and A9 in the sup-
plementary material.

3.4.4. The Effects of Strain Rate on Differential Diffusion: Mix-
ture Fraction Variations

In the previous section, the analysis of the local flame state
by means of curvature and strain rate showed that local progress
variable gradients and reaction rates are strongly affected by
curvature and the mean positive strain rate. In this section, the
effects of the mean strain rate on mixture fraction and, in par-
ticular, the difference of the conditional mean mixture fraction
〈Z|CH2〉 compared to the unstretched flamelet solution in the
TurbUnstable and LamUnstable cases are discussed.

To highlight the effect of strain rate on the differential dif-
fusion of hydrogen and the local flame state for the Turb-
Unstable case, Fig. 27 shows the evolution of the normalized
mass fractions of water YH2O and hydrogen YH2 , mixture frac-

Figure 26: Comparison of normal and tangential strain rate and dilatation term
in a selected counterflow flame (dashed line) with the conditional averages ob-
tained in the TurbUnstable case (solid line).

tion Z, and the progress variable source term ω̇C in space for
the selected counterflow flame in comparison to an unstretched
planar flamelet; both are computed with the diffusion model
employed in the TurbUnstable case. It is evident that the coun-
terflow flame features a significantly thinner flame with higher
gradients and that the mean positive strain rate sensitively af-
fects the reaction rates, diffusive fluxes, and, in particular, the
differential diffusion of hydrogen within the flame. During
the consumption of hydrogen, the counterflow flame features
higher mixture fraction values, which corresponds to a burn-
ing behavior at a higher local equivalence ratio, leading to sig-
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Figure 27: Comparison of YH2O, YH2 , Z, and ω̇C in a selected counterflow flame
(solid line) and an unstretched flamelet (dashed line) using the diffusivity model
of the TurbUnstable case. For both cases, the spatial coordinate is normalized
by the thermal flame thickness lF of the unstretched laminar flame. The con-
sumption speeds of the counterflow and unstretched flames are sc = 0.49 m/s
and sc = 0.17 m/s, respectively.

nificantly higher reaction rates and super-equilibrium values of
the combustion products, such as water and temperature, in the
post-flame region. This is also reflected by a significantly in-
creased consumption speed of the counterflow flame4, which
is sc = 0.49 m/s compared to sc = 0.17 m/s in the unstretched
flamelet. For the diffusivity model of case TurbStable (unity
Lewis numbers and no Soret effect), the same comparison of
a counterflow flame, which is selected such that its tangential
strain rate matches the value of the TurbStable case, and an un-
stretched flamelet is shown in Fig. 28. A significantly smaller
reduction of flame thickness is observed among the counterflow
and unstretched flame compared to the flames that include the
effects of differential diffusion in Fig. 27. By construction, a
constant mixture fraction is obtained for the counterflow and
unstretched flame in Fig. 28, as differential diffusion is sup-
pressed, and the effect of strain rate is found to have almost no
effect on the progress variable source term. Hence, the strong
reduction of flame thickness in Fig. 27, which includes the ef-
fects of differential diffusion, is not only caused by the com-
pression of the flame due to the flow field, but is also strongly
linked to the enhancement of reaction rates in this case. In
other words, the enhancement of gradients due to the positive
strain rate leads to higher reaction rates, which further steepens
the flame, yielding eventually a significantly thinner flame with
significantly higher reaction rates. To highlight the strong sen-
sitivity of the reaction rates and scalar gradients to strain rate
if the effects of differential diffusion are considered, the vari-
ations of ω̇C and |∇CH2 | with different strain rates in counter-
flow flamelets are shown for the two diffusivity models in Fig.
A11 in the supplementary material. These findings are consis-
tent with Fig. 24 for the turbulent flames, where the increase
of gradients and reaction rates is much more pronounced in the

4 sc is computed according to Eq. 7

Figure 28: Comparison of YH2O, YH2 , Z, and ω̇C in a selected counterflow flame
(solid line) and an unstretched flamelet (dashed line) using the diffusivity model
of the TurbStable case. For both cases, the spatial coordinate is normalized by
the thermal flame thickness lF of the unstretched laminar flame. The consump-
tion speeds of the counterflow and unstretched flames are sc = 0.32 m/s and
sc = 0.34 m/s, respectively.

TurbUnstable case than in the TurbStable case.
A comparison of the conditional mean 〈Z|C〉 of the Turb-

Unstable and LamUnstable cases with the profile of mixture
fraction in progress variable space for the selected counterflow
flames is shown in Fig. 29. Further, the profiles of the un-
stretched flamelet and an additional counterflow flamelet fea-
turing a tangential strain rate that is significantly larger than the
TurbUnstable case are shown to highlight the effect of strain
rate on mixture fraction. It is evident that higher strain rates
lead to an enhancement of mixture fraction during the combus-
tion process. Further, good agreement between the conditional
mean 〈Z|C〉 of the TurbUnstable and LamUnstable cases and
the selected counterflow flamelets is observed, indicating that
the shift towards higher mixture fractions is caused by the mean
strain due to turbulence. Thus, the super-equilibrium values of
YH2O in Fig. 5 that are seen in the post flame region around the
flame (the flame is shielded by red colors while a yellow color
is seen in the coflow) can be linked to the mean positive strain
rates, which lead to an overshoot similar to that observed in a
counterflow flame.

3.5. Effects of the Local Flame State on the Stretch Factor

In this section, the variations of the heat release and flame
thickness in the TurbUnstable case are linked to the strongly en-
hanced stretch factor I0 ≈ 4 and contrasted with the TurbStable
and LamUnstable case, where values of I0 ≈ 1 and I0 = 2.6
are observed, respectively. Generally, a non-unity value of I0
can be obtained if the local fuel consumption rate deviates from
the values in an unstretched flamelet solution or if variations of
the local flame thickness occur as I0 is computed by the integral
of reaction rates across the entire flame, cf. Eq. 7 and Attili et
al. [52]. Thus, the unity value of I0 for the TurbStable case and
the previous analyses of the reaction rates and flame thickness
indicate a local burning that is close to a laminar unstretched
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Figure 29: Comparison of the conditional mean mixture fraction with respect
to progress variable in the TurbUnstable case (red line) and LamUnstable case
(blue line), three selected counterflow flames at different strain rates, KS · τF ≈

0.4, 6.5, 30, (grey dotted lines) and the unstretched flamelet (black line). The
arrow indicates the direction of increasing strain rate.

flamelet. In particular, Figs. 25 and 24 suggest that there is a
small variability of |∇CH2 |, which is a measure of flame thick-
ness, and reaction rates with respect to the unstretched flamelet,
but both effects compensate each other to yield I0 ≈ 1.

In the thermodiffusively unstable cases TurbUnstable and
LamUnstable, super-unity values of I0 are obtained due to
the significant increase of reaction rates compared to the un-
stretched flamelet. While the flame fronts become thinner, as
indicated by the increase of gradients |∇CH2 | in Fig. 24, this ef-
fect is overcompensated by the increase of reaction rates. In
particular, Fig. 25 shows up to 40 times higher reaction rates
in the TurbUnstable case compared to an unstretched flamelet,
while it is worth stressing that almost no effect on the flame re-
activity is seen in the TurbStable case. As reaction rates are
significantly larger in the TurbStable compared to the Lam-
Unstable case due to the larger fluctuations of curvature and
the mean positive strain rate and only a maximum increase of
gradients by a factor of two is seen in the TurbStable case, a
larger overcompensation occurs in the turbulent flame, yielding
a higher value of I0.

4. Conclusion

Large-scale Direct Numerical Simulations of three-
dimensional premixed lean hydrogen/air flames have been
performed in a slot burner configuration to study the interac-
tions of turbulence and thermodiffusive instabilities. Two jet
flames at the same jet Reynolds number of Re = 11, 000 and
Karlovitz number of Ka ≈ 15 with different diffusivity models
were computed. Realistic diffusivities were employed in one
case while in the other case, the diffusivities of all species
were set to the thermal diffusivity to suppress thermodiffusive
instabilities. The thermodiffusively unstable flame clearly
shows the typical features of thermodiffusive instabilities
such as super-adiabatic temperatures, local extinction, and a
significant enhancement of the turbulent flame speed resulting
in a significantly shorter flame due to more intense burning. For
the analysis, the turbulent flame speed is split into contributions

arising from the wrinkling of the flame surface area and the
effects due to variations of the heat release.

As the generation and destruction of flame surface area is de-
termined by the surface-averaged stretch rate, an analysis of the
different components of stretch, such as the tangential strain
rate and the product of curvature and the flame displacement
speed, was performed. Most noteworthy, the generation of sur-
face area due to strain rate is found to be similar in both flames
and, in particular, to be governed by the smallest scales of tur-
bulence rather than flame intrinsic processes. For the curvature
term, the three following conclusions were drawn: i) the de-
struction of flame surface area in the cusp regions due to flame
propagation was found to be similar in both turbulent flames,
ii) the thermodiffusively unstable flame features a strong sur-
face area generation in flame segments that are convexly curved
towards the unburned gas, leading to the formation of tongue-
like structures that penetrate into the unburned gas and do not
exist in the stable turbulent flame, and iii) the flame surface
area generation and destruction by the curvature term and, in
particular, the formation of the tongue-like structures are sig-
nificantly enhanced in the thermodiffusively unstable turbulent
flame compared to a thermodiffusively unstable laminar flame
as higher curvature values are obtained in the turbulent environ-
ment, indicating a synergistic interaction between instabilities
and turbulence.

Thermodiffusive instabilities are found to lead to significant
fluctuations of the local equivalence ratio and, hence, feature
strong variations of the local reactivity. These fluctuations are
closely linked to the local curvature of the flame front and a
comparison with a laminar thermodiffusively unstable flame
shows that these effects are significantly enhanced in a turbu-
lent flame, as significantly higher curvature fluctuations prevail
in the turbulent flow. Further, the mean positive strain due to
turbulence was shown to steepen scalar gradients, which sig-
nificantly affects the differential diffusion of hydrogen, leading
to an enhancement of the mean mixture fraction and, hence,
higher mean reaction rates within the turbulent flame. Both ef-
fects represent synergistic interactions of turbulence and ther-
modiffusive instabilities as higher curvature values and the
mean strain rate in the turbulent flow amplify the effects of dif-
ferential diffusion. This is also reflected in a significantly higher
stretch factor I0 in the turbulent flame of I0 = 4, while a value of
I0 = 2.6 is obtained in the laminar thermodiffusively unstable
flame.

These findings suggest that thermodiffusive instabilities are
sustained in turbulent flows and even show synergistic interac-
tions with turbulence, which needs to be accounted for in tur-
bulent combustion models.
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