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Systematicab initio study of curvature effects in carbon nanotubes
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We investigate curvature effects on geometric parameters, energetics, and electronic structure of zigzag
nanotubes with fully optimized geometries from first-principle calculations. The calculated curvature energies,
which are inversely proportional to the square of radius, are in good agreement with the classical elasticity
theory. The variation of the band gap with radius is found to differ from simple rules based on the zone folded
graphene bands. Large discrepancies between tight binding and first-principles calculations of the band gap
values of small nanotubes are discussed in detail.
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I. INTRODUCTION

Single wall carbon nanotubes~SWNT’s! are basically
rolled graphite sheets, which are characterized by two in
gers (n,m) defining the rolling vector of graphite.1 There-
fore, electronic properties of SWNT’s, at first order, can
deduced from that of graphene by mapping the band st
ture of two dimensional~2D! hexagonal lattice on a
cylinder.1–5 Such analysis indicates that the (n,n) armchair
nanotubes are always metal and exhibit one dimensio
quantum conduction.6 The (n,0) zigzag nanotubes are ge
erally semiconductor and only are metal ifn is an integer
multiple of three. However, recent experiments7 indicate
much more complicated structural dependence of the b
gap and electronic properties of SWNT’s. The semicondu
ing behavior of SWNT’s has been of particular interest, sin
the electronic properties can be controlled by doping
implementing defects in a nanotube-based optoelectr
devices.8–14 It is therefore desirable to have a good und
standing of electronic and structural properties of SWN
and the interrelations between them.

Band calculations of SWNT’s were initially performed b
using a one-bandp-orbital tight binding model.2 Subse-
quently, experimental data15–18 on the band gaps were ex
trapolated to confirm the inverse proportionality with the
dius of the nanotube.5 Later, first-principles calculation19

within local density approximation~LDA ! showed that the
s* -p* hybridization becomes significant at smallR ~or at
high curvature!. Such an effect were not revealed by t
p-orbital tight-binding bands. Recent analytical studies20–22

showed the importance of curvature effects in carbon na
tubes. Nonetheless, band calculations performed by u
different methods have been at variance on the values o
band gap. While recent studies predict interesting effe
such as strongly local curvature dependent chem
reactivity,14 an extensive theoretical analysis of the curvat
effects on geometric and electronic structure has not b
carried out so far.

In this paper, we present a systematicab initio analysis of
the band structure of zigzag SWNT’s showing interest
curvature effects. Our analysis includes a large numbe
zigzag SWNT’s withn ranging from 4 to 15. The fully op-
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timized structural and electronic properties of SWNT’s a
obtained from extensive first-principle calculations with
the generalized gradient approximation23 ~GGA! by using
pseudopotential planewave method.24 We used plane wave
up to an energy of 500 eV and ultrasoft pseudopotential25

The calculated total energies converged within 0.5 me
atom. More details about the calculations can be found
Refs. 26,27.

II. GEOMETRIC STRUCTURE

First, we discuss effects of curvature on structural para
eters such as bond lengths and angles. Figure 1 show
schematic side view of a zigzag SWNT which indicates t
types of C-C bonds and C-C-C bond angles, respectiv
The curvature dependence of the fully optimized structu
parameters of zigzag SWNT’s are summarized in Fig. 2. T
variation of the normalized bond lengths~i.e.,dC-C/d0 where
d0 is the optimized C-C bond length in graphene! and the
bond angles with tube radiusR ~or n) are shown in Figs. 2~a!

FIG. 1. A schematic side view of a zigzag SWNT, indicatin
two types of C-C bonds and C-C-C bond angles. These are lab
as d1 , d2 , u1, and u2. Radius dependence of these variables
important in tight-binding description of SWNT’s as discussed
the text.
©2002 The American Physical Society05-1
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and 2~b!, respectively. Both the bond lengths and the bo
angles display a monotonic variation and approach
graphene values as the radius increases. As pointed ou
lier for the armchair SWNT’s,28 the curvature effects, how
ever, become significant at small radii. The zigzag bo
angle (u1) decreases with decreasing radius. It is about
less than 120°, namely, the bond angle betweensp2 bonds of
the graphene, for the (4,0) SWNT, the smallest tube we s
ied. The length of the corresponding zigzag bonds (d2), on
the other hand, increases with decreasingR. On the other
hand, the length of the parallel bond (d1) decreases to a
lesser extent with decreasingR, and the angle involving this
bond (u2) is almost constant.

An internal strain is implemented upon the formation
tubular structure from the graphene sheet. The associ

FIG. 2. ~a! Normalized bond lengths (d1 /d0 andd2 /d0) versus
the tube radiusR (d051.41 Å). ~b! The bond angles (u1 andu2)
versusR. ~c! The curvature energy,Ec per carbon atom with respec
to graphene as a function of tube radius. The solid lines are the
the data as 1/R2.
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strain energy, which is specified as the curvature energyEc is
calculated as the difference of total energy per carbon a
between the bare SWNT and the graphene~i.e., Ec
5ET,SWNT-ET,graphene) for 4<n<15. The calculated curva
ture energies are shown in Fig. 2~c!. As expectedEc is posi-
tive and increases with increasing curvature. Conseque
the binding~or cohesive! energy of carbon atom in a SWNT
decrease with increasing curvature. We note that in the c
sical theory of elasticity the curvature energy is given by
following expression:29–31

Ec5
Yh3

24

V

R2
5

a

R2
. ~1!

HereY is the Young’s modulus,h is the thickness of the tube
andV is the atomic volume. Interestingly, theab initio cur-
vature energies yield a perfect fit to the relationa/R2 as seen
in Fig. 2~c!. This situation suggests that the classical the
of elasticity can be used to deduce the elastic propertie
SWNT’s. In this fit a is found to be 2.14 eV Å2/atom,
wherefromY can be calculated with an appropriate choice
h.

III. ELECTRONIC STRUCTURE

An overall behavior of the electronic band structures
SWNT’s has been revealed from zone folding of t
graphene bands.2–4 Accordingly, all (n,0) zigzag SWNT
were predicted to be metallic whenn is multiple of 3, since
the double degeneratep andp* states, which overlap at th
K point of the hexagonal Brillouin zone~BZ! of graphene
folds to theG point of the tube.2,4 This simple picture pro-
vides a qualitative understanding, but fails to describe so
important features, in particular for small radius ormetallic
nanotubes. This is clearly shown in Table I, where the ba
gaps calculated in the present study are summarized
compared with results obtained from other methods in
literature. For example, our calculations result in small b
non-zero energy band gaps of 93, 78, and 28 meV for (9
(12,0), and (15,0) SWNT’s, respectively~see Table I!. Re-
cently, these gaps were measured by scanning tunne
spectroscopy~STS! experiments7 as 80, 42, and 29 meV, in
the same order. The biggest discrepancy noted in Table
between the tight-binding and the first-principles values

to
4

8

TABLE I. Band gapEg as a function of radiusR of (n,0) zigzag nanotubes.M denotes the metallic state. Present results forEg were
obtained within GGA. First row of Ref. 19 is LDA results while all the rest are tight-binding~TB! results. Two rows of Ref. 33 are for two
different TB parametrization.

n 4 5 6 7 8 9 10 11 12 13 14 15

R ~Å! 1.66 2.02 2.39 2.76 3.14 3.52 3.91 4.30 4.69 5.07 5.45 5.8

Eg ~eV! M M M 0.243 0.643 0.093 0.764 0.939 0.078 0.625 0.736 0.02
Ref. 19 M 0.09 0.62 0.17
Ref. 19 0.05 1.04 1.19 0.07
Ref. 2 0.21 1.0 1.22 0.045 0.86 0.89 0.008 0.697 0.7 0.0
Ref. 33 0.79 1.12 0.65 0.80
Ref. 33 1.11 1.33 0.87 0.96
5-2
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the gaps for small radius tubes such as (7,0). These re
indicate that curvature effects are important and the sim
zone folding picture has to be improved. Moreover, t
analysis of the LDA bands of the (6,0) SWNT calculated
Blaseet al.19 brought another important effect of the curv
ture. The antibonding singletp* ands* states mix and repe
each other in curved graphene. As a result, the purelyp*
state of planar graphene is lowered with increasing cur
ture. For zigzag SWNT’s, the energy of this singletp* state
is shifted downwards with decreasingR ~or increasing cur-
vature!. Here, we extended the analysis of Blaseet al.19 to
the (n,0) SWNT’s with 4<n<15 by performing GGA cal-
culations.

In Fig. 3~a!, we show the double degeneratep states
~which are the valence band edge at theG point!, the double
degeneratep* states~which become the conduction ban
edge atG for largeR), and the singletp* state~which is in
the conduction band for largeR). As seen, the shift of the
singletp* state is curvature dependent, and below a cer
radius determines the band gap. For tubes with radius gre
than 3.3 Å~i.e., n.8), the energy of the singletp* state at
the G point of the BZ is above the doubly degeneratep*
states~i.e., bottom of the conduction band!, while it falls
between the valence and conduction band edges forn57,8,
and eventually dips even below the double degenerate
lence bandp states for the zigzag SWNT with radius le
than 2.7 Å~i.e., n,7). Therefore, all the zigzag tubes wit
radius less than 2.7 Å are metallic. Forn57,8, the edge of
the conduction band is made by the singletp* state, but not

FIG. 3. ~a! Energies of the double degeneratep states~VB!, the
double degeneratep* states~CB!, and the singletp* state as a
function of nanotube radius. Each data point corresponds ton rang-
ing from 4 to 15 consecutively.~b! The calculated band gaps as
function of the tube radius shown by filled symbols. Solid~dashed!
lines are the plots of Eq.~3! @Eq. ~2!#. The experimental data ar
shown by open diamonds~Refs. 7, 17,18!.
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by the double degeneratep* state. The band gap derive
from the zone folding scheme is reduced by the shift of t
singletp* state as a result of curvature induceds* -p* mix-
ing. This explains why the tight binding calculations pred
band gaps around 1 eV forn57,8 tubes while the self-
consistent calculations predict much smaller value.

Another issue we next address is the variation of the b
gapEg as a function of tube radius. Based on thep-orbital
tight binding model, it was proposed5 that Eg behaves as

Eg5g0

d0

R
, ~2!

which is independent from helicity. Within the simpl
p-orbital tight binding model,g0 is taken to be equal to the
hopping matrix elementVppp . (d0 is the bond length in
graphene.! However, as seen in Fig. 3~b!, the band gap dis-
plays a rather oscillatory behavior up to radius 6.0 Å. T
relation given in Eq.~2! was obtained by a second ord
Taylor expansion of one-electron eigenvalues of
p-orbital tight binding model5 around theK point of the BZ,
and hence it fails to represent the effect of the helicity.
extending the Taylor expansion to the next higher ord
Yorikawa and Muramatsu32,33 included another term in the
empirical expression of the band gap variation

Eg5Vppp

d0

R F11~21!pg cos~3u!
d0

R G , ~3!

which depends on the chiral angleu as well as an indexp.
Hereg is a constant and the indexp is defined as the intege
from k5n22m53q1p. The factor (21)p comes from the
fact that the allowedk is nearest to either theK or K8 point
of the hexagonal Brillouin zone. For zigzag nanotubes st
ied here, the chiral angle is zero, so the second term
givesR22 dependence as6gVppp(d0 /R)2. Hence, the solid
lines in Fig. 3~b! are fits to the empirical expressionEg

5Vpppd0 /R6Vpppgd0
2/R2, obtained from Eq.~3! for u50

by using the parametersVppp52.53 eV andg50.43. The
experimental data obtained by STS~Refs. 17,18! are shown
by open diamonds in the same figure. The agreement
tween our calculations and the experimental data is v
good considering the fact that there might be some uncert
ties in identifying the nanotube@i.e., assignment of (n,m)
indices# in the experiment. The fit of this data to the empi
cal expression given by Eq.~2! are also presented by
dashed line for comparison.

The situation displayed in Fig. 3 indicates that the var
tion of the band gap with the radius is not simply 1/R, but
additional terms incorporating the chirality dependence
required. Most importantly, the mixing of the singletp*
state with the the singlets* state due to the curvature, an
its shift towards the valence band with increasing curvat
is not included in neither thep orbital tight binding model,
nor the empirical relations expressed by Eqs.~2! and ~3!.
This behavior of the singletp* states is of particular impor
tance for the applied radial deformation that modifies
curvature and in turn induces metallization.12,27,34
5-3
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In conclusion, we investigated structural and electro
properties that result from the tubular nature of the SWNT
The first-principles total energy calculations indicated t
significant amount of strain energy is implemented in
SWNT when the radius is small. However, the elastic pr
erties can be still described by the classical theory of elas
ity. We showed how the singletp* state in the conduction
band of a zigzag tube moves and eventually enters in
band gap between the doubly degeneratep* -conduction and
p-valence bands. As a result, the energy band structure
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the variation of the gap with radius~or n) differs from what
one derived from the zone folded band structure of graph
based on the simple tight binding calculations.
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