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A B S T R A C T

Using a new Bayesian Optimization algorithm to guide the design of mechanical metamaterials, we design
nonhomogeneous 3D structures possessing the Cauchy symmetry, which dictates the relationship between
continuum and atomic deformations. Recent efforts to merge optimization techniques with the design of
mechanical metamaterials has resulted in a concentrated effort to tailor their elastic and post elastic properties.
Even though these properties of either individual unit cells or homogenized continua can be simulated using
multi-physics solvers and well established optimization schemes, they are often computationally expensive
and require many design iterations, rendering the validation stage a significant obstacle in the design of new
metamaterial designs. This study aims to provide a framework on how to utilize miniscule computational cost
to control the elastic properties of metamaterials such that specific symmetries can be accomplished. Using
the Cauchy symmetry as a design objective, we engineer structures through the strategic arrangement of 5
different unit cells in a 5×5×5 cubic symmetric microlattice structure. This lattice design, despite constituting
a design space with 510 3D lattice configurations, can converge to an effective solution in only 69 function calls
as a result of the efficiency of the new Bayesian optimization scheme. To validate the mechanical behavior
of the design, the lattice structures were fabricated using multiphoton lithography and mechanically tested,
revealing a close correlation between experiments and simulated results in the elastic regime. Ultimately, a
similar methodology can be utilized to design metamaterials with other material properties, aspiring to control
properties at different length scales, an endeavor that requires inordinate computation cost.
1. Introduction

The continued development of advanced three dimensional man-
ufacturing processes such as multiphoton polymerization has enabled
the fabrication of complex geometries with sub-micron resolution at
increasingly fast rates [1,2]. Furthermore, merging spatial light mod-
ulation technologies with multiphoton lithography has resulted in the
production of larger arrays with the same feature resolution [3]. Conse-
quently, these techniques have provided the avenue to design scalable
architectures, yielding bulk material properties that exceed those of
natural materials [4]. These architected materials can be employed
for various engineering applications such as ultralight [5–8], ultra-
strong [9], reconfigurable [10], high energy absorption materials [11,
12], as well as different engineering domains such as wave mechan-
ics [13] and optics [14]. Furthermore, the fabrication of flexible struc-
tures with tailored mechanical properties has resulted in bio-inspired
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designs, inducing enhanced properties on significantly weaker bulk
materials [15]. Lessons from nature can be derived from the most
unexpected cases, such as the flower beetle Torynorrhina flammea [16]
or the deep sea sponge Euplectella aspergillum, showing how the ‘‘op-
timization’’ of nature can lead to complex designs that resemble the
features and patterns of optomechanical or purely mechanical meta-
materials [17,18].

Evidently, from a structural standpoint, the lattice nature of mi-
croscale metamaterial structures has led to the predominant design
strategy of truss-like structures. These structures mimic the crystalline
structure and defect formation of metals and alloys [15,19–21]. These
architected lattices, plate or triply periodic minimal surface structures
have been revealed to provide high stiffness and increased strength at
extremely low relative densities [22–25]. This is also reflected in the
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plethora of results aiming specifically in the control of elastic proper-
ties, as they are determined by the stiffness tensor [26–28]. The vast
majority of the literature focuses in the control of properties such as
isotropy, leading to mechanical behavior independent of direction [29–
31], as well as auxeticity, a property leading to negative Poisson’s ratio
and resilience to collapse mechanisms such as necking and barrel shape
formation [32,33].

Apart from design approaches such as the addition of beam ele-
ments, and the reconfiguration of beam sizes [12,19,34], accelerating
the design process and circumventing the inherent challenges of con-
tinuum modeling [35,36] has been accomplished through optimization.
Several studies have attempted employing optimization techniques to
obtain the elastic properties of the structure. Techniques such as topol-
ogy optimization [27,37], artificial neural networks [38,39] and ma-
chine learning [40–43] have risen in metamaterial design and have
steadily become a key aspect in the investigation of controlled elastic
properties. Nevertheless, in these publications, the required number
of evaluations to obtain the optimum is thousands, tens of thousands
or even millions of data to explore the design space [27], creating
a high computational cost. As a consequence, the number and type
of design variables (continuous, discrete, qualitative and ordered) has
to be limited and in many cases isolate the study to 2D or uniform
homogeneous 3D structures to sustain a feasible computational budget.
Some techniques with low computational budget using Radial Basis
Function networks and Quasi-Monte Carlo methods for the interpo-
lation of the objective functions have also been proposed [40,44–
46]. In our previous work, we explored how these challenges can
be successfully surpassed by the development of a novel Bayesian
Optimization scheme [12]. We combined this algorithm with a new ap-
proach to model different building blocks in the metamaterial structure
as states, which are discrete, qualitative design variables [12,47]. This
approach required only 250 cost function evaluations, and resulted in
nonuniform mechanical metamaterials with architected defects, facili-
tating enhanced mechanical behavior which was orders of magnitude
higher than the thoroughly studied monolithic metamaterial struc-
tures [11,48]. This study aims to expand our improved Mixed-variable
Multi-Objective Bayesian Optimization (MixMOBO) framework on the
following fronts: (a) decrease the computational cost by an order of
magnitude even with a larger number of states, rendering such ex-
orbitant problems more accessible even with meagre computational
sources using MixMOBO. (b) Design lattice structures that are non-
homogeneous in every direction, expanding the design of arbitrary
metamaterials [49] to complex 3D problems.

Investigating the controlled elastic behavior of imperfect and non-
homogeneous lattices will elucidate a new approach to address such
problems. However, instead of the thoroughly studied isotropy and
auxeticity, this study will explore another intriguing property derived
from crystalline materials, namely the Cauchy–Born Rule [50–52]. This
model shows that elastically deformed states of the lattice model at the
localized level are closely approximated by solutions of the continuum
model. Even though this kinematic rule is based on the absence of
lattice vibrations and ionic polarization, limiting its validity to describe
complex phenomena in the lattice, it has been thoroughly employed as
the constitutive behavior of continuum regions in multi-scale models.
Thus, this fine scale is proposed to depict the real behavior of crystalline
structure when the continuum description is incapable to accomplish
this [53]. As it will be explained later, this rule is referred with respect
to the stiffness tensor of the material as ‘‘Cauchy Symmetry’’. There-
fore, designing mechanical metamaterials with Cauchy Symmetry will
provide new metamaterial families that can be used for homogenized
continua and constitutive models, enabling the fabrication of structures
with homogeneous behavior.

Thus, using Cauchy Symmetry as an example of a non-intuitive de-
sign objective, we present a method to systematically tailor the mechan-
ical behavior of architected microstructures. By building a 5 × 5 × 5
2

icrolattice structure out of five different unit cells, we yield a large p
combinatorial design space. Such a design space with combinatorial
or categorical variables and with an expensive-to-evaluate black-box
cost function would be prohibitively expensive to optimize with con-
ventional optimization techniques. We use our Mixed-variable Multi-
Objective Bayesian Optimization (MixMOBO) algorithm [54] to op-
timize this large and expensive combinatorial design space. Through
finite element analysis simulations, we study the mechanical response
and calculate the elastic constants of the lattice which are the data
required for the algorithm. To validate our results, we employ multi-
photon lithography to fabricate the structures resulted by the optimiza-
tion, which enables the design of complex nonuniform 3D structures.
Finally, with in-situ SEM-microindentation experiments, we evaluate
the validity of the optimization algorithm. Our results illuminate how
complex 3D structures can be successfully optimized with a low com-
putational budget and can lead to new types of metamaterials that can
be employed for continuum modeling and controlled elastic behavior.

2. Problem setup

2.1. Modeling of Cauchy-Symmetric structures

The Cauchy–Born rule relates the position of atoms in a crystal to
the overall strain of the medium [52]. Assuming that the potential
energy of the lattice is a function of the distance between the atoms, or
in lattice metamaterials, the nodes, the elastic stiffness tensor C can be
btained through the second derivative of the potential energy with
espect to the strain. Databases possessing millions of geometries to
escribe the mechanical properties of truss metamaterials as a function
f the lattice node locations have been reported [27], indicating that
uch an assumption can be valid as long as higher gradient elasticity
s not dominant [36]. However, the particular form of the potential
nergy in the Cauchy–Born rule can lead to an additional symmetry
n the stiffness tensor, defined as ‘‘Cauchy Symmetry’’. This additional
ymmetry reduces the number of independent elastic constants in the
tructure, leading in some cases to unphysical results as in a triclinic
aterial. However, while the number elastic independent variables of

ulk materials cannot be physically reduced, the arrangement of beam
embers in the metamaterial structure can result in the control of the

lastic constants [55].
A particular case of interest is that of metamaterials possessing cubic

ymmetry, since the vast majority of thoroughly studied structures
uch as the Diamond, the Octet Truss, and the Kelvin foam exhibit
t [56]. In this reduced form, the effective stiffness tensor has only
hree independent elements: 𝐶11, 𝐶12, and 𝐶44, where 𝐶11 and 𝐶12
re stiffness components of normal stress and 𝐶44 specifies the shear
odulus of a cubically symmetric structure. This correlation between

tiffness elements and loading mode are conveyed in Fig. 1. However,
auchy-Symmetry is obtained in a cubic material when 𝐶12 = 𝐶44.
ccordingly, the cost function to minimize is defined as

(𝒘) = |𝐶12 − 𝐶44| (1)

his requirement will set the framework to define the problem and
ptimize it as it will be discussed in the next section.

.2. Cauchy symmetry problem setup

The objective of this work is to design a nonmonolithic microlattice
omposed of discrete unit cells that is Cauchy Symmetric. Fig. 2 depicts
he process used to identify and validate a near-optimal structure.
hroughout this process we use five different unit cells, shown in
ig. 2a, labeled A, B, C, D or E. For simplification, we choose unit
ells that have cubic symmetry so that they can be systematically
oined together to create a bulk microlattice. The unit cells are all face-
entered and contain nodes in the center of all six faces. This enables
rbitrary and independent combination of unit cells in a lattice and

revents overlapping of different beam elements. Each unit cell is 10 μm
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Fig. 1. The stiffness matrix of a cubic symmetric unit cell can be described by
three independent stiffness components which corresponded to the stress components
orthogonal to the direction of strain (left) the stress components in the direction of
loading (middle) and the shear modulus (right).

× 10 μm × 10 μm, which is compatible with the feature resolution
of the multiphoton lithography (MPL) apparatus. These unit cells are
positioned in a 5 × 5 × 5 array. Thus, the layout scheme of unit cells
depicted in Fig. 2b was selected. The micro lattices consist of an outer
‘‘shell’’ (Layer 1, with 5 × 5 unit cells), a middle layer (Layer 2, with
3 × 3 unit cells), and the inner core unit cell (Layer 3, with 1 × 1
unit cell). The ten positions 1–10 of the different layers ensure that
the boundary condition of cubic symmetry is fulfilled. Accordingly, the
same unit cells must be positioned at locations with the same number.
Thus, specific microlattice structures can be described by a unique 10
component 𝜔-vector. For instance, the corresponding vector for the
microlattice shown in Fig. 2a is 𝜔2𝑎 =

[

𝐸𝐸𝐵𝐸𝐸𝐷𝐶𝐶𝐴𝐶
]

.
This layout scheme was strategically chosen to provide two key

benefits. The first benefit is that it reduces the stress tensor to three
independent stiffness values which simplifies the number of simulations
and mechanical tests required to probe the stiffness values. The second
benefit is that it substantially reduces the number of possible combi-
nations of lattices. With this restriction, the design space reduces from
2.3*1087 states to 9 765 625. Even though the searched design space
potentially has multiple sufficiently low values of the cost function,
the reduction in the dimensionality of the design space should still
significantly reduce the number of function evaluations required. In
addition, it is important to state that even though symmetries in the
lattice structure will also decrease the design space, the optimization
algorithm determines the overall number of required evaluations based
on the overall size of the design space.

Fig. 3 shows the pseudocode for the optimization utilized to find
a Cauchy-Symmetric microlattice. Fabricating and physically testing
structures is a very expensive process (fabrication, sample preparation,
testing and validation). In addition, the noise caused my the mechanical
testing will also affect the required number of data. Therefore, finite
element analysis is used as a proxy for calculating stiffness components
for the cost function in our MixMOBO algorithm, which is detailed
in [54]. To converge to a near-optimal solution we input the calcu-
lated stiffness values from our finite element code into our MixMOBO
algorithm. The optimization of lattice properties requires that this
computation must be done repeatedly. In turn, even this more time-
effective method remains prohibitively expensive to search the entire
design space or employ other optimization techniques that still require
thousands of function calls. As it will be explained in the following
sections, despite the fact that the problem presented in this study is
linear elastic, the high computational cost is derived by the generation
of the CAD of the structure and the iterations of the optimization as the
number of data increases. A deviation of less than 1% between 𝐶12 and
𝐶44 is defined as tolerance for an optimal solution. Once our algorithm
converged on an acceptable solution, the optimum was fabricated and
3

mechanically tested (further information about the mechanical testing
process is provided in Materials and Methods).

The material that was used was the hybrid organic–inorganic Zr-
DMAEMA [(2-dimethylaminoethyl) methacrylate] (further details
about the fabrication and the material properties are provided in
Materials and Methods). Based on previously conducted work [47], the
stiffness values measured by mechanical testing can only be repeatedly
measured within the elastic regime, since the photoresist material
is highly sensitive in the plastic domain due to variations in the
fabrication parameters. To incorporate the noise caused by fabrica-
tion imperfections and the experimental measurement, a 0.005 noise
variance (7% standard deviation) is built into the test function based
on previously reported results [12]. Mechanical testing and structural
analysis are conducted inside a scanning electron microscope (SEM).

2.3. Bayesian optimization

Optimization for expensive black-box functions involving categori-
cal or mixed variables is an area of active research. For such complex
problems, Bayesian optimization (BO) uses a small number of function
calls compared to other optimization strategies, proving to be extremely
efficient [57]. A large range of these problems require optimizing
combinatorial or categorical design spaces. Bayesian optimization is a
natural candidate for architected material design [12,58–62], hyper-
parameter tuning for machine learning algorithms [63–65] and drug
design [66,67]. However, for problems such as the design of archi-
tected materials, the design space can include categorical or ordinal
variables [12].

Bayesian optimization (BO) has been thoroughly studied for con-
tinuous design spaces with minimum number of expensive function
calls [57,68]. Albeit the success of continuous Bayesian optimization
strategies, combinatorial problems remain an area where new and more
versatile approaches are developed. The inherent continuous nature of
Gaussian processes (GP) renders categorical variables challenging.

In our past work, detailed in [54], a Mixed variable, Multi-Objective
Bayesian Optimization (MixMOBO) algorithm was developed. This is a
generalized framework that can address categorical problems and can
optimize a noisy black-box function with a small number of function
calls. A categorical variable Bayesian optimization algorithm was em-
ployed (previously known as Evolutionary Monte Carlo Simulations,
EMCS) for the design of an architected metamaterial that possesses
maximum strain–energy density [12]. The fabrication and testing of
this new material showed that it had a normalized strain energy
density that is 104 times greater than existing unblemished microlattice
structures reported in literature [12]. The principal improvement of
the algorithm used in the present study is the utility of a hedge
strategy which hedges acquisition functions. This approach uses a set
of acquisition functions instead of a single one, rendering the algorithm
much more efficient and versatile than EMCS. MixMOBO is further
detailed in Section 3.2.

3. Materials and methods

3.1. CAD modeling and FEA design

All of the structures called by the optimization algorithm were
manually designed using SOLIDWORKS. All FEA simulations were per-
formed with the multipurpose finite element code ANSYS (Workbench
18.0). The following beam lattice properties were used in the FEA:
1.281 GPa elastic modulus and 0.4999 Poisson’s ratio. The structures
were meshed with 10-node, tetrahedral finite elements. Each structure
roughly contained between 100,000 and 900,000 nodes. The average
element size was selected by conducting a mesh convergence study.
Even though for the case of linear elasticity the use of beam elements
would decrease the computational cost of the FEA analysis, for the
present study the required number of simulations is too small and



International Journal of Mechanical Sciences 236 (2022) 107741H.M. Sheikh et al.
Fig. 2. (a) Five types of cubic unit cells, labeled A-E, used to construct a 5 × 5 × 5 lattice. Unit cells are all face-centered cubic geometry to ensure compatible connectivity
within the lattice (b) Unit cells are placed together into three layers that are cubic symmetric. Unit cells of the same type are placed into one of 10 positions, labeled 1–10, which
are elements of the 𝜔-vector. Layer 1, located on the outside of the structure is composed of 5 × 5 unit cells. Layer 2 is the middle layer and is composed of 3 × 3 unit cells,
and Layer 3 is a singular unit cell located in the center of the microlattice.
Fig. 3. Pseudocode beginning with the selection of 50 initial random microlattices. Afterwards the process iteratively loops between (i) application of the MixMOBO algorithm to
choose new parameters and (ii) the modeling, simulation, and evaluation of the Cauchy-symmetry cost function. Once a microlattice with sufficiently small cost function value is
found, the iterative loop ends and the optimal design is fabricated and tested to validate its properties.
the total computational time is dictated by the CAD generation and
the iteration process. To put this into perspective, beam elements in
the range of 100,000 to 200,000 nodes require 73% less CPU time
compared to solid tetrahedral elements with 6% difference in the
value of the elastic constants using the same hardware system (1.5 s).
However, this is only 0.56% of the total time of each iteration if
the time of the optimization process and CAD generation is included.
Therefore, the computational cost is dominated by the number of iter-
ations as in every stochastic optimization scheme. Nonlinear problems
would require computational time commensurate with the optimization
iteration and would necessitate more efficient simulation techniques.
However, in the present study the principal challenge is to minimize
the number of iterations by reducing the number of required data
points instead of the FEA time. For uniaxial compressive testing, an
infinitely stiff plane attached to the top surface of the structure was
displaced downwards and 𝐶12 was calculated by averaging 𝜎𝑥𝑥 (Figure
S1 in supplementary information (SI)) across all elements. For shear
testing and a vertice on the structure was displaced laterally and 𝐶44
was calculated by averaging 𝜏𝑥𝑦 across all elements (Figure S2 in SI).
In both cases, the bottom face of the structure was attached to the
substrate and fully constrained. This methodology has been employed
before for the precise calculation of the polar stiffness map of structure,
leading to a close correlation between theoretical and experimental
results [69]. Further information on the applied boundary conditions
and FEA models can be found in SI.

3.2. Optimization (MixMOBO)

For minimizing the objective, we pose the categorical variable
problem as:

𝒘 = 𝑎𝑟𝑔𝑚𝑖𝑛 (𝑓 (𝒘)) (2)
4

𝑜𝑝𝑡 𝒘∈
𝑓 (𝒘) is the objective to be minimized, and 𝒘 ∈  is a categorical
variable vector, defined as 𝒛 = [𝑤1,… , 𝑤𝑚] for 𝑚 total variables.  is
the combinatorial space. Each categorical variable takes a value 𝑤𝑗 ∈
{𝐶1,… , 𝐶𝑗} from 𝐶𝑗 unordered categories (that cannot, by definition,
be ordered on the real-number line).

For practical engineering problems 𝑓 (𝒘) can be extremely expensive
to evaluate. In addition, gradient based algorithms cannot be used for
combinatorial problems. The difficulty of optimization is also exac-
erbated due to the dimensionality of the design space making some
problems intractable to optimize using conventional optimization tech-
niques. For every iteration in the Bayesian optimization process, a sur-
rogate model 𝑔, is fit over the data set  = {(𝑤1, 𝑓 (𝑤1)),… , (𝑤𝑖, 𝑓 (𝑤𝑖))}.
Here 𝑖 is the total number of points evaluated until the 𝑖th iteration.
Gaussian processes (GP) are usually used as the surrogate models. Once
the surrogate surface has been fit to the data, the surrogate surface
is explored to determine which point has the highest probability of
finding the optimum (exploitation) point as well as improving the fit
of the surrogate surface (exploration). An acquisition function is used
to balance the exploitation and exploration trade-off and determine the
next point 𝒘𝑖+1 for evaluation with 𝑓 . 𝒘𝑖+1 is then evaluated using 𝑓
and appended to the data set,  =  ∪ (𝑤𝑖+1, 𝑓 (𝑤𝑖+1)). The process is
repeated until the evaluation budget for 𝑓 or the global optimum is
reached.

For combinatorial or mixed variable problems, conventional
Bayesian optimization techniques cannot be used due to the smooth na-
ture of GP. In our previous work [12], EMCS was introduced, a Bayesian
optimization algorithm for combinatorial variables using Stochastic
Monte-Carlo (SMC) acquisition function. In the current work, we use
MixMOBO, a mixed variable algorithm we developed to optimize find
a Cauchy-Symmetric structure within the design space. It also uses
HedgeMO, a hedging strategy introduced as part of MixMOBO that
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Table 1
Benchmark test functions.

Name Objective functions Notes

Encrypt. Spherical 𝑓 (𝒘) = 𝑤2
𝑖 , 𝑤𝑖 ∈ (−10, 10) Convex

Encrypt. Rastringin 𝑓 (𝒘) = [10 +𝑤2
𝑖 − 10𝑐𝑜𝑠(2𝜋𝑤𝑖)], 𝑤𝑖 ∈ (−5.12, 5.12) Non-convex

Encrypt. Syblinski-Tang 𝑓 (𝒘) =
𝑤4

𝑖 − 16𝑤2
𝑖 + 5𝑤𝑖

2
, 𝑤𝑖 ∈ (−5, 5) Non-convex

Encrypt. Amalgamated

𝑓 (𝒘) =
𝐷𝑡
∑

𝑖=1
𝑔(𝑤𝑖)

𝑔(𝑤𝑖) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

−𝑠𝑖𝑛(𝑤𝑖), if 𝑘 = 0, 𝑤𝑖 ∈ (0, 𝜋)
𝑤4

𝑖 −16𝑤
2
𝑖 +5𝑤𝑖

2
, if 𝑘 = 1, 𝑤𝑖 ∈ (−5, 5)

𝑤2
𝑖 , if 𝑘 = 2, 𝑤𝑖 ∈ (−10, 10)

[10 +𝑤2
𝑖 − 10𝑐𝑜𝑠(2𝜋𝑤𝑖)], if 𝑘 = 3, 𝑤𝑖 ∈ (−5.12, 5.12)

[100(𝑤𝑖 −𝑤2
𝑖−1)

2 + (1 −𝑤𝑖)2], if 𝑘 = 4, 𝑤𝑖 ∈ (−2, 2)
−|𝑐𝑜𝑠(𝑤𝑖)|, if 𝑘 = 5, 𝑤𝑖 ∈ (−𝜋∕2, 𝜋∕2)
𝑤𝑖 , if 𝑘 = 6, 𝑤𝑖 ∈ (−30, 30)

𝑘 = 𝑚𝑜𝑑(𝑖 − 1, 7), 𝑖 = 1,… , 𝑛

Non-convex,

Non-uniform,

Anisotropic
Fig. 4. Benchmarks for MixMOBO. The vertical axis is the Normalized Cost, defined
as (global optimum - current optimum)/(global optimum - random sampling optimum) and
the horizontal axis is the number of black-box function evaluations.

uses a portfolio of acquisition functions rather than a single one. Hedge
algorithms have proven to be efficient in dealing with a diverse set of
problems since they do not rely on a single acquisition function which
might affect the efficiency of the BO algorithm [70].

To test the efficacy of MixMOBO for our problem, we test MixMOBO
on a range of test functions with the same design space as our problem,
i.e. 10 categorical variables with 5 categories for each variable. These
tests demonstrate the number of function calls that would be necessary
to optimize a design space of this size. MixMOBO is run 5 times for
each test function to ensure reproducibility with 50 initial random
data points. Encrypted Amalgamated, Encrypted Rastringin, Encrypted
Syblinski-Tang, and Encrypted Spherical are used as the test functions.
These test functions are commonly used for performance benchmarking
of optimization algorithms [71] and have been modified for testing
categorical variables.

All test functions are defined to be minimized. Analytical test func-
tions are generally not able to mimic mixed variables. Therefore, a
method to ‘Encrypt’ the test functions is formulated, which renders
them suitable for mixed variable problems. The categorical variable
dimension of the test function is first discretized into the required
number of categories by equally spaced points within the bounds. A
random vector for each categorical variable is generated which scram-
bles or ‘encrypts’ the indices of these values. Thus, random landscapes
are created, same as categorical variables with a latent space. The
optimization algorithm only sees the encrypted space and the random
vector is only used when evaluating the black-box function. For ordinal
variables, the design space is discretized.
5

A new test function is also defined, called the Amalgamated func-
tion, a piece-wise function formed from commonly used analytical test
functions with different features. More details on these functions are
provided elsewhere Tušar et al. [71]. The Amalgamated function is
non-convex and anisotropic, unlike conventional test functions where
isotropy can be exploited. The other test functions used in Encrypted
mode are commonly used for testing optimization algorithms [71] and
are detailed in Table 1.

For categorical variables, equally spaced points are taken within the
bounds defined above. In the present work, 𝐷𝑡 = 10 space categorical
variables is used with 5 states, each similar to our lattice optimiza-
tion problem. The results of our benchmarks are shown in Fig. 4.
The plots show Normalized Cost, defined as (global optimum - current
optimum)/(global optimum - random sampling optimum) versus number
of black-box function evaluations, with the Normalized global minima
at 0. The mean Normalized Cost of 5 runs for each test function and
the standard deviation is plotted. For each test function run, global
optimum is found within 150 function calls, demonstrating the efficacy
of the MixMOBO setup.

3.3. Fabrication

The microlattice structures were fabricated with a hybrid organic–
inorganic resin Zr-DMAEMA (30 wt%). The resin is composed of
70 wt% zirconium propoxide and 10 wt% (2-dimethylaminoethyl)
methacrylate (DMAEMA) (Sigma-Aldrich). The structures for mechani-
cal testing were fabricated by sub-micron resolution direct femtosecond
laser writing, which uses MPL and the aforementioned photoresist
for high-resolution fabrication. The basic optical system consists of
a FemtoFiber pro NIR laser emitting 780 nm wavelength, with a
pulse width of 100 fs, and a repetition rate of 80 MHz. The local
photopolymerization of the photosensitive material was accomplished
with a 100×microscope objective lens (Plan-Apochromat 100×/1.40 Oil
M27, Zeiss). The laser output energy for the fabrication was measured
before the objective lens at 4.2 mW, and the scanning speed used was
set to 20 μm/s. The resin sample is attached to a stage with both piezo
and servo elements with movements in the XYZ directions.

3.4. Mechanical testing

Compression and shear tests were performed in situ with a nanoin-
dentation apparatus (PI 87 SEM PicoIndenter, Hysitron) mounted inside
the chamber of a scanning electron microscope (SEM) (FEI Scios 2,
Thermo Fisher Scientific). A molybdenum flat tip indenter (model
72SC-D3/035 (407A-M) Probing Solutions, Inc.) with a diameter of
70 μm is applied in all mechanical tests. The glass substrates on which
the microlattices are fabricated are fixed onto an SEM pin stub mount
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Fig. 5. Optimization progress for Cauchy-Symmetric structures. The vertical axis is the
Normalized Cauchy-Symmetry, defined as current optimum/random sampling optimum and
the horizontal axis is the number of black-box function evaluations.

(TED PELLA) with PELCO® Pro C100 Cyanoacrylate Glue (TED PELLA).
Test structures for compression testing are aligned such that the top
face contacts the indenter tip while the side profile is imaged by the
electron beam. Test structures for shear testing are aligned such that a
side face with a flat bar attached on the side contacts the indenter and
the top is imaged. Each structure was deformed at a rate of 250 nm/s,
and to ensure repeatability, 4 tests were performed on each structure.
These tests are preformed using the same methodology reported in our
previous studies [12]. While similar in-situ SEM indentation experi-
ments have also been reported elsewhere [20,22,23,26,44], a frame
by frame juxtaposition of the deformation with the force displacement
curve is conducted to identify the critical deformation events of the test
(i.e. post contact, buckling or fracture).

4. Results

4.1. Convergence of the algorithm

Based on 50 random sampling data of the search space, the mean
cost function value and variance of search space are �̄� = 1.038 and
𝑠2 = 0.190, whereas the cost function value of an optimal cauchy
symmetric structure is equal to zero. The convergence of the algorithm
is summarized in Fig. 5. A sequential history of Normalized Cauchy-
Symmetry is plotted, which is defined as: (current optimum∕random
sampling optimum). The random sampling optimum is the value of the
objective function obtained after the initial 50 random evaluations.
It is noted that despite the fact that the design space is comprised
of almost 107 structures, the algorithm converged after 69 function
evaluations, which is at least 3 orders of magnitude lower compared
to other optimization schemes reported elsewhere [54]. The structure,
as it is mathematically described in Fig. 2b is shown in Fig. 5 and has
the following sequence 𝑤𝑜𝑝𝑡 = [𝐸𝐸𝐵𝐸𝐸𝐷𝐸𝐶𝐴𝐸].

It is noted that this structure does not have any specific pattern
or layer arrangement that shows some periodicity or uniformity in
specific directions. To experimentally validate the optimized structure,
it was fabricated by the MPL apparatus provided in the previous
section. Specifically, to control the uniformity of the cross section of
the structures, all tested structures were made from the same batch of
resin, printed within a 24 h period of each other, and the laser power,
scan speeds and beam alignment held constant. Likewise each beam
member was fabricated using multiple passes of the laser beam at the
same location.
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4.2. Properties of optimum structure

To extract the elastic constants from the experimental results, the
directional elastic properties were obtained following the method-
ology that is provided elsewhere [72]. Specifically, the directional
Young’s Modulus, Poisson’s ratio and Shear Modulus are provided by
the following equations:

𝐸(𝐧) = 1∕𝑆′
11 (3)

𝐺(𝐧,𝐦) = 1∕𝑆′
44 (4)

𝜈(𝐧,𝐦) = −𝑆′
12∕𝑆

′
11 (5)

where 𝐧 is the direction normal to the loading, 𝐦 is the perpendicular
direction in the shear plane, 𝑆′

11, 𝑆
′
12 and 𝑆′

44 are the tensor products
of the vectors 𝐧 and 𝐦 with the compliance tensor 𝐶−1. Based on these
definitions, for the direction 𝐧 = [100] and 𝐦 = [010], the ratio of the
elastic constants 𝐶12 and 𝐶44 is given by the following equation:

𝐶12∕𝐶44 =
𝐹𝜀22𝜀12

𝜀211𝑇 (1 − 𝜀22∕𝜀11)(1 + 2𝜀22∕𝜀11)
(6)

where 𝐹 is the measured force during compression, 𝑇 is the measured
force during shear, 𝜀11 is the strain in loading direction during compres-
sion, 𝜀22 is the strain in the perpendicular direction during compression
and 𝜀12 is the strain during shear. To obtain the measurements for the
aforementioned quantities, compression and shear test were conducted.
The fabricated optimal structure is presented in Fig. 6(a) (isometric
view) and (b) (top view), captured in the Helium Ion Microscope,
enabling high resolution imaging and large depth of focus to observe
the internal nonuniformity.

Characteristic force–displacement curves for the two types of exper-
iments are shown in Fig. 7(a). Through the experimental curves and the
video recordings provided in the supplementary material (Video A for
compression and Video B for shear), the parameters of Eq. (6) can be
obtained. A representative frame of the compression measurement and
a shear measurement are shown in Fig. 7(b) and (c) respectively. For
a set of shear tests and compression tests, the ratio 𝐶12∕𝐶44 was found
equal to 0.9752±0.0035, a result close to the theoretical estimate of the
FEA simulations which is 1.

5. Discussion

It was demonstrated how the stiffness tensor of the lattice structure
was controlled, such that the Cauchy symmetry rule was accomplished
using our MixMOBO scheme. The versatility and efficiency of the algo-
rithm is reflected on the minuscule number of simulations required to
obtain the optimum. Specifically, the optimum structure was obtained
using 69 function calls to calculate the elastic behavior of the lattice.
This is a result of the hedge strategy, which enabled us to converge
to a solution in a lower number of simulations compared to previous
work [12] and two or three orders of magnitude less compared to other
problems using other optimization schemes [73–75]. As a reference,
a genetic algorithm would have required a number of function calls
at least three orders of magnitude greater to optimize a similar prob-
lem [54]. Furthermore, since this algorithm is able to work with mixed
variables (a mixture of categorical, discrete and continuous variables)
and multi-objectives, one could imagine expanding this framework to
a variety of different types of problems.

The structure possessing the Cauchy symmetry rule from a sample of
approximately 107 geometries does not show any inherent pattern that
could be predicted by intuition or mechanical principles. This result
highlights the necessity of optimization for the design of nonmono-
lithic structures, but also the versatility of MixMOBO for black box
and extortionate problems. Future work should focus on the utility of
mixed variables frameworks for monolithic structures that also possess
nonuniform thickness [27].
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Fig. 6. (a) Orthogonal view of the Cauchy Symmetric structure taken in a helium ion microscope. (b) Top view of structure highlighting with a large depth of focus to resolve
internal beam members. Scale bars are both 20 μm.
Fig. 7. (a) Mechanical loading response curves of the optimal Cauchy Symmetric lattice structure measured using a PI-87 Picoindenter. Points are added to both curves to identify
slopes that can be employed for the validation of the cost function. (b) Representative frame of the compression measurement. The indenter applies a compressive load to the
structure in the lateral direction. (c) Representative frame of the shear measurement. The indenter is attached to the bar that is fabricated on the edge of the structure, applying
a shear load to the geometry. Scale bars are both 20 μm.
Regarding the mechanical performance of the optimal structure, a
juxtaposition of the force–displacement curve with the video caption
also demonstrates the reverberations of Cauchy Symmetry to the me-
chanical performance. These results are depicted in Fig. 8. In previous
work the introduction of architected defects led to controlled densifi-
cation and tailored buckling, but the small number of unit cells that
can be realized by the MPL also leads to boundary effects [7,20,26].
However, a frame by frame comparison of the compression measure-
ment shows that whole array of lattices follows the overall strain of the
medium (Fig. 8a), without substantial localized failure events as they
had been observed before [12]. While this is one of the necessary as-
sumptions for the Cauchy–Born rule to be valid in a crystalline material,
the observation of this effect to the optimal array signifies the potential
utility of such structures for the design of homogenized microscale lat-
tices. In addition, during a loading mode such as shear at the edge of the
structure, localized buckling and post contact phenomena are shown
(Fig. 8b), leading to a serrated profile in the force–displacement curve
and densification. The buckling deformation is dominant on the ±45◦

plane. This same mechanism was observed under compression in lattice
structures with architected defects or different types of unit cells [12]
and resembles the formation of mechanical twinning during shear that
has been investigated when the Cauchy–Born rule is satisfied [76]. The
consequence of this mechanism in shear loading mode can result in
architected materials with improved tribological properties, enhanced
post linear elastic mechanical performance and strain hardening [47].

Furthermore, future work should focus on the exploration of the
design space with different types of unit cells. Different unit cells will
significantly increase the design space. For instance, utilizing 6 or 7
7

types of different unit cells instead of 5 leads to a design space com-
prised of 60 466 176 and 282 475 249 lattice structures respectively.
Moreover, increasing the size of the lattice increases the size of the
design space. While a 5 × 5 × 5 3D cubic lattice has 10 design variables,
it can be shown that the number of design variables increases each
two steps. A 6 × 6 × 6 array still has 10 design variables, while a
7 × 7 × 7 and 8 × 8 × 8 have 20 design variables. Utilizing 5 different
types of unit cells will lead to a design space of approximately 9.53 ∗
1013 lattices. Therefore, different strategies should also be explored to
decrease the computational cost for such design spaces and identify
different methodologies to define the design space. To this end, the
generation of data-bases to easily extract specific geometries and use
for the optimization algorithm would be a versatile tool to automate
this process.

Future work should also focus on the effect of such lattices on
the vibrational behavior of the structure and the effect of the Cauchy
symmetry on the dispersion curves of the lattice. This investigation will
reveal how the tailored stiffness tensor will affect the wave propagation
to the medium and control the energy absorption in the materials,
creating band-gaps and deformation isolation as it has been reported
elsewhere [77]. This effect is related with the directional stiffness of
the material, which controls the slope of the dispersion curve. The
directional stiffness map of the Cauchy symmetric optimum compared
with the monolithic structures (i.e. structures comprised of only one
type of unit cell) can be calculated by the following equation:

𝐸(𝑛) = 1 (7)

(𝑛 ⊗ 𝑛) ∶ 𝐶−1(𝑛 ⊗ 𝑛)
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Fig. 8. In situ analysis of the force displacement curves for compression and shear. (a) The response of the structure during compression shows a smooth linear response
without discernible boundary effects (stage A–B), until the critical failure load is reached and the first layer collapses (stage C), leading to permanent deformation (stage D).
(b) The response of the structure during shows the transition from linear behavior to instability and buckling of the lattice members (stage A–B), which result the initiation of
microbuckling phenomena and densification, creating a serrated profile (stage B–C) without extensive permanent deformation (stage C–D). The black scale bar is 50 μm.
where 𝑛 is the normal vector of the loading direction and ⊗ denotes the
tensor product. The various maps are presented in Fig. 9. To quantify
the variance of the stiffness for the different structures, the Zener ratio
A is used [69], defined as

𝐴 = 2𝐶44∕(𝐶11 − 𝐶12) (8)

The Zener ratio is a metric that shows how a cubic structure deviates
from isotropy. Structures with 𝐴 = 1 are isotropic, despite having cubic
symmetry. Even though none of the monolithic structures is either
Cauchy symmetric or isotropic, it is observed that the Cauchy sym-
metric Optimum has Zener ratio larger than the monolithic structures
(𝐴 = 0.7 compared to 0.03 ≤ 𝐴 ≤ 0.57 for the monolithic states).
This is a counter intuitive result considering that the Optimum is a
combination of unit cells from the different monolithic structures. It
is also noted that the monolithic state E is the only one that has 𝑓 (𝑤)
closer to 0 compared to the other monolithic states (𝑓 (𝑤)𝐸 = 0.54).
All of the others have 3–4 times larger value for the cost function.
However, even though the optimum has several positions with state E
(Fig. 5), Cauchy symmetry is accomplished by using states that deviate
far more from the optimum compared to E. These results highlight how
Bayesian Optimization can reveal these optimal points that cannot be
derived by intuition. In addition, due to the versatility of our MixMOBO
scheme, multi-objective optimization problems that search for Cauchy
Symmetry combined with isotropy, auxeticity or controlled band gap
ranges should be further investigated. This will explain how states that
deviate from the respective cost functions can create optimal structures
if combined together in a 3D configuration.

For the experimental validation of these effects, experimental tech-
niques such as heterodyne interferometry and laser Doppler vibrometry
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can be employed to record a reflection of a laser beam through time and
calculate the velocity of the vibration through the medium [78]. These
results illuminate the necessity of larger scale printing that can capture
the required feature resolution of the lattice members fabricated by
MPL and can facilitate a tailored mechanical performance in the bulk
material. To achieve this, more advanced additive manufacturing tech-
niques such as projection lithography [3] can increase the printing area
and also reduce the fabrication time to efficiently produce mesoscale
samples. Therefore, these structures possessing Cauchy symmetry will
lead to macroscale structures with simpler constitutive behavior and
controlled post contact deformation as it was shown on the experimen-
tal results. While other lattices possess controlled directional stiffness,
such as orthotropic or hexagonal [56], Cauchy symmetry lattices can
pave the way for the control of more complex phenomena. Thus,
models with a smaller number of parameters would enable the control
of coupling shear deformation, warping and twisting similar to higher
gradient models [36,79–81]. This would lead to materials that could
also be used to optimize the complex deformation of thin-walled struc-
tures with enhanced stiffening, high energy absorption and reversible
deformation [7,82], as it has been investigated in other theoretical
studies regarding the deformation of hollow nanotubes [83]. These
results will accentuate the systematic optimization and utility of hollow
microscale structures for high energy absorption materials used in
biomimetic design and tissue engineering.

6. Conclusions

In this work, a new Bayesian optimization scheme, MixMOBO, was
used for the design of nonmonolithic architected materials described
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Fig. 9. Directional stiffness map of the monolithic structures and the Cauchy symmetric Optimum obtained by the Bayesian optimization algorithm. It is observed that none of the
monolith structures is close to Cauchy symmetry. However, their combination provides a Cauchy symmetric structure. In addition, the Cauchy symmetric optimum has Zener ratio
larger than the monolithic structures, a result counter-intuitive considering that the optimum is a combination of the five different states A through E configured in the 3D space.
by discrete and qualitative design variables. Utilizing 69 data points,
the optimum of the structure that possesses Cauchy symmetry was
obtained in a design space of 510 structures. Utilizing MPL and in-
situ mechanical testing for compression and shear, it was revealed
that the structure’s mechanical response shows the formation of shear
planes and controlled buckling and a smooth strain, alluding how the
assumptions of Cauchy–Born rule in the crystal lattice can be harnessed
for the controlled mechanical performance of mechanical metamateri-
als. These results elucidate how the mitigation of the computational
cost can pave the way for the exploration of exorbitant design spaces
and the strategic design of architected nonmonolithic materials with
tailored mechanical performance.
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tion of optimum structure in compression (magnification = 1500X,
voltage = 2 kV, beam current = 0.2 nA).

Video B: Deformation of optimum structure in shear (magnification
= 1200X, voltage = 2 kV, beam current = 0.2 nA).
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