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J-CURVATURE TENSOR ON A SEMI-RIEMANNIAN MANIFOLD

MUKUT MANI TRIPATHI AND PUNAM GUPTA

ABSTRACT. We introduce a new curvature tensor named as the T-curvature ten-
sor. We show that the quasi-conformal, conformal, conharmonic, concircular,
pseudo-projective, projective, M-projective, W;-curvature tensors (i = 0,...,9),
W} -curvature tensors (j = 0, 1) are the particular cases of the T-curvature tensor.
Some properties for the T-curvature tensor are given. We obtain the results for
T-conservative and T-flat semi-Riemannian manifolds.

1. INTRODUCTION

The Weyl conformal curvature tensor [2] is the well known tensor, which is invari-
ant of every conformal transformation. In particular, if a conformal transformation
transforms a harmonic function into a harmonic function, then it is called a con-
harmonic transformation; and the conharmonic curvature tensor [3] is an invariant
under conharmonic transformations. Next, it is well known that a semi-Riemannian
manifold is locally projectively flat if and only if the projective curvature tensor
[2] vanishes. Apart from conformal and projective curvature tensors, the concir-
cular curvature tensor [8] is the next most important curvature tensor from the
semi-Riemannian point of view, which is an invariant of concircular transforma-
tions. Later, Yano and Sawaki [10] generalized the conformal curvature tensor and
concircular curvature tensor to the quasi-conformal curvature tensor. Note that con-
formal and concircular curvature tensors are curvature like tensors, while projective
curvature tensor is not curvature like. Keeping these facts in mind, the first au-
thor introduced the J-curvature tensor, which in particular cases reduces to several
known curvature tensors and some new curvature tensors.

The object of this paper is to study T-curvature tensors in semi-Riemannian
manifolds. The paper is organized as follows. In section 2, the definition of a
T-curvature tensor is given. We give the properties and some identities of T-
curvature tensor. In section 3, we define J-conservative semi-Riemannian manifolds
and give necessary and sufficient conditions for semi-Riemannian manifolds to be
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T-conservative. In section 4, we prove that every T-flat semi-Riemannian manifold
is Einstein. We also give the conditions for semi-Riemannian manifold to be T-flat.
In the last section, we give complete classifications of quasi-conformally flat and
pseudo-projectively flat semi-Riemannian manifolds.

2. J-CURVATURE TENSOR

Let (M, g) be an n-dimensional semi-Riemannian manifold and X(M) the Lie
algebra of vector fields in M. Throughout the paper we assume that X, Y, Z, VW €
X(M), unless specifically stated otherwise.

Definition 2.1. In an n-dimensional semi-Riemannian manifold (M, g), a T-curva
ture tensor is a tensor of type (1,3), which is defined by

T(X,)Y)Z = aR(X,Y)Z
+a1SY,2) X 4+a2S(X,2)Y +a35(X,Y)Z
+a1g(Y,2)QX +a59(X,2) QY +as9(X,Y)QZ
+arr(g(V,2) X —g(X,2)Y), (2.1)
where ag,...,a7 are some smooth functions on M; and R, S, Q and r are the
curvature tensor, the Ricci tensor, the Ricci operator of type (1,1) and the scalar
curvature respectively.
In particular, the T-curvature tensor is reduced to
(1) the curvature tensor R if
ap=1, a1 =---=ay =0,

(2) the quasiconformal curvature tensor C, [10] if

1 ag
ag =—ax=a4=—as, a3=as=0, ar=—— + 2a1 |,
n\n—1

(3) the conformal curvature tensor C [2, p. 90] if
1 1

a=1,a=—a=a=—as=———,a3=0a=0, a7 = ——————,
0 1 2 = Q4 5 S 437 s - Dm -2
(4) the conharmonic curvature tensor L [3] if
1
a=1 a=—-aw=wu=—-a=——F7: a=a=0, a7=0,
n—2

(5) the concircular curvature tensor V ([8], [9, p. 87]) if
a():l, a1:a2:a3:a4:a5:a6:0, a7 = —

(6) the pseudo-projective curvature tensor P, [7] if

1 ag
ay=—az, az=as=as=as=0, ar=—— - +a |,
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(7) the projective curvature tensor P [9, p. 84] if

1
ap = 1, al:_@:_m’ az =ay = a5 = as = ay =0,
(8) the M-projective curvature tensor [5] if
1
ap=1, ag=—-ax=a4=—a5=—57——, a3z3=ag=ay =0,
2(n —1)
(9) the Wy-curvature tensor [5, Eq. (1.4)] if
1
ap=1, ar=—-a=— , ar=a3=as=as=ay =0,
(n—1)
(10) the W§-curvature tensor [5, Eq. (2.1)] if
1
ap=1, a1 =—a5= , ag=az=a4=ag=ar =0,
(n—1)
(11) the Wy -curvature tensor [5] if
1
ap=1, a1=—ay= ;a3 =ag=as=as=a7 =0,
(n—1)
(12) the W;-curvature tensor [5] if
1
ap=1, a3 =—az=— , ag=a4=as=as=ar =0,
(n—1)
(13) the Wsy-curvature tensor [4] if
1
ap=1, a=—a5=— ;a1 =ag=a3z=as=ay =0,
(n—1)
(14) the Ws-curvature tensor [5] if
1
ap=1, ar=—-as=— ;a1 =az3=as=ag=ay =0,
(n—1)
(15) the Wy-curvature tensor [5] if
1
ap =1, as=—as= ay =az = a3 = a4 = a7 =0,

(n—1)°

(16) the Ws-curvature tensor [6] if

ag =1, agz—a5:—(ni1), a1 =a3=a4=ag=ay =0,
(17) the Wg-curvature tensor [6] if

ag =1, alz—CLG:—(nil), ag =a3=a4=as=ay =0,
(18) the Wy-curvature tensor [6] if

apg=1, a1 =—aq4=— 1 as =az =as =ag =ay7 =0,
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(19) the Wg-curvature tensor [6] if

1
ap = 1, == Ty ag = a4 = a5 = ag = a7 = 0,
(20) the Wy-curvature tensor [6] if
1
a(]:l, a3 = — a4 = 7/, a1:a2:a5:a6:a7:0.
(n—1)

Even some new tensors may be retrieved from the definition of the T-curvature
tensor, which are not introduced so far. In [5], a (projective) curvature tensor is
defined by

W(X,Y)Z = R(X,Y)Z + ——(9(X, 2)QY ~ S(¥, 2)X),
which we shall call Wy-curvature tensor.
Denoting
T(X,Y,Z,V)=9(T(X,Y)Z,V),
we write the curvature tensor T in its (0,4) form as follows.
TX,Y,Z,V) = agR(X,) Y, Z,V)+a1 S(Y,2)g(X,V)+a2S(X,2)g(Y,V)
+ a3 S(X,Y)9(Z,V)+asg(Y,Z)S(X,V)
+a59(X,2)S (Y, V) +asS(Z,V)g(X,Y)
+arr(g(Y,2)9(X,V) —g(X,2)g(Y,V)). (2:2)
Lemma 2.1. In a semi-Riemannian manifold (M, g), the T-curvature tensor satis-
fies
TX,Y,Z,V)+T(Y,X,Z,V)
= (a1 +a)(S(Y,2)g(X, V) + 5(X,2)g(Y,V))
+ (e +a5)(9 (Y, 2) S (X, V) +9(X,2) S (Y, V))
+2a3 S(X,Y)g(Z, V) +2a6 S(Z,V)g9(X,Y),

T(X,Y,Z,V)+T(X,Y,V,Z)
= (a1 +a5)(S(Y,2)g(X,V)+ S (Y, V)g(X,2))
+ (a2 +a)(S (X, V)g (Y, 2) +5(X,2) g (Y, V))
+ 2a3S(X,Y)9(Z,V) 4+ 2a6 S(Z,V)g(X,Y),

T(X,Y,ZV)+T(Y,Z,X,V)+T(Z,X,Y,V)
= (a1 + a2 +a3)(S(X,Y)g(Z,V)
+ S(Y,Z)g(X,V)+ S(X,Z2)g(Y,V))
+ (a4 + a5 + a6)(S(X,V)g(Y, Z)
+ SY,V)g(X,Z)+ S(Z,V)g(X,Y)),



T-curvature tensor on a semi-Riemannian manifold 121

T(X,Y,2,V)—-T(Z,V,X,Y)
= (a1 —ag)(S(Y,2)g(X,V) = S(X,V)g (Y, 2))
+ (a3 - aG)(S (X,Y)g(Z,V) - S(Zv V)Q(X>Y))>

Remark 2.1. A (0,4)-tensor 7" is known to be a curvature like tensor if it satisfies

T(X,Y,Z,V)+T(Y,X,Z,V) =0,
T(X,Y,Z,V)+T(X,Y,V,Z) =0,
T(X,Y,ZV)+T(Y,Z,X,V)+T(Z,X,Y,V) =0.

If T is a curvature like tensor, then it follows that T (X,Y, Z, V) =T (Z,V, X,Y).
In general, T-curvature tensor is not a curvature like tensor. In particular, quasi-
conformal, conformal, conharmonic, concircular and M-projective curvature tensors
are curvature like tensors. But, pseudo-projective, projective, Wq, W§, Wi, W1,
Wo, W3, Wy, W5, Wg, W7, Wg, Wy curvature tensors are not curvature like tensors.

In a semi-Riemannian manifold (M, g), let {e;}, i = 1,...,n, be a local or-
thonormal basis. Define

(divD) (X,Y,2) = > eig(Ve, D)X, Y)Z, ),

=1

SHX,Y) =) &T(en, X,Y,e;), rr=Y eSr(eiei), |Srl* = (S7)nn(S7)™,

i=1 i=1

where g; = g(e;, €;). In particular, if T = R, then Sy and ry become the well known
Ricci tensor S and the scalar curvature r, respectively.

Lemma 2.2. In a semi-Riemannian manifold (M, g), we have the following identi-
ties:

S7(X,Y) = (ap + nay + az + a3z + a5 + as)S(X,Y) + (ag + (n — 1)a7)r g(X,Y),

ry = (ag + nay + ag + az + nayg + as + ag + n(n — 1)az)r,

”SU'HZ = (ao +nay + as +az + as + (16)2 HSH2
+ (2(ag + nay + az + as + as + ag)(aq + (n — 1)ar)
+n(as + (n — 1az)?) 72,

(diV‘T) (X,Y,Z) = (ap+ al)(VXS)(Y, Z)+ (—ao +a2)(VyS)(X, 2)

+a3(VzS)(X,Y) + <% + a7) (Vxr)g(Y,Z)

4 (@_25 - a7) (Vyr)g(X,Z) + %(VZT)Q(X, Y),
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(divT)(X,Y. Z) = % (a0 + a1)(VxS5) (Y, Z) + (—ao + a2) (Vy S5)(X, Z)

+ a3(Vz57)(X,Y))
2Bag 4+ 2Bay + Aag + 2Aar
2A(A+nB)

) (Vxry)g(Y, 2)

—2Bag + 2Bag + Aas — 2Aar
X, Z
(PRt Rt 2220 (9yrmg(x.2)
2Bas + Aag
<m> (Vzry)g(X,Y),

where
A=ag+na +ay+as+as+as, B=as+ (n—1)as.

3. T-CONSERVATIVE SEMI-RIEMANNIAN MANIFOLDS
We begin with the definition of T-conservative semi-Riemannian manifold.

Definition 3.1. A semi-Riemannian manifold is called T-conservative if divT = 0.

In particular, if T'is equal to R, C,, C, £, V, P,, P, M, Wy, W(, Wi, Wi, Wo, W3,
Wy, Ws, Wg, W7, Wg, Wy, then it becomes conservative, quasi-conformally conser-
vative, conformally conservative, conharmonically conservative, concircularly conser-
vative, pseudo-projectively conservative, projectively conservative, M-conservative,
Wo-conservative, Wy-conservative, Wi-conservative, Wj-conservative, Ws-conser-
vative, Ws-conservative, Wy-conservative, Ws-conservative, Wg-conservative, Wr-
conservative, Wg-conservative, Wg-conservative, respectively.

Theorem 3.1. Let M be an n-dimensional (n > 2) semi-Riemannian manifold.
Then M is T-conservative if and only if

—(ap +a1)g((VxQ)Y, Z) + (ag — a2)g((VzQ)X,Y) —a3g((VyQ)X, Z)
- <% n a7) g(Y, Z)Xr + (% - a7) 9(X,Y)Zr + %g(X, Z)Yr. (3.1)

Remark 3.1. In [11], for conformally flat Riemannian manifold, it is proved that

9(VxQ)Y,Y) —g((VyQ)X,Y) = (YY) Xr —g(X,Y)Yr).

2(n—1)
However, even for the weaker condition div € = 0, the above equation is true, which
is given in the following Table.

From Theorem 3.1, we have the following

Theorem 3.2. Let M be an n-dimensional (n > 2) T-conservative semi-Riemannian
manifold. Then

—(ao + a1)g((VxQ)Y,Y) + (ap — a2 — a3)g((Vy Q) X,Y)
= (% + a7) gV, Y)Xr + <a5 as a7> g( X, Y)Yr. (3.2)
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Consequently, we have the following:

Condition Result
dive, =0 —(a0 +a1)(9((VxQ)Y,Y) —g((VyQ)X,Y))
:% ”_24 il na01> (Y,Y)Xr — g(X,Y)Y7)
dive=0 g((Vle)Y, V) —g((VyQ)X
— 20 T) gV, Y)Xr (X Y)Yr)
divL =0 g((Vle)Y, Y) - g((VyQ)X,Y)
— 20 3) gV, Y)Xr —g(X,Y)YT)
divV =0 g((Vle)Y, Y) - g((VyQ)X,Y)
= oY Y) X — (X Y)Y
divP, =0 g((VxQ)ZC )1— 9(VyQ)X,Y)
ag+ (n—1)ay
w(n —1)(a0 + 1)( g Y, Xr —g(X,Y)Yr)
divM =0 g((VxCiQ)Y, Y) —g((VyQ)X,Y)
- m( gV, Y)Xr —g(X,Y)Yr)
divWy = 0 —2(n—2)g9((VxQ)Y,Y) +2(n - 1)g((VyQ)X.Y)
=g9(X,Y)Yr
divW§ = 2ng(VxQ)Y,Y) —2(n—1)g((VyQ)X,Y)
= g(X Y)YT
divW, =0 ((VXQ)Y V) —g((VyQ)X,Y)
= 31 (YY) Xr —g(X,Y)Yr)
TV W5 =0 S5 - DV QYY) + 2 (VW Q) X, V)
=gV, Y)Xr
divWs =0 —2(n—1)g((VxQ)Y,Y) + 2ng(VyQ)X,Y)
= g(X Y)YT
divWs =0 —2(n—2)9((VxQ)Y,Y) +2(n — )g((VyQ)X,Y)
= g(X Y)YT
W, =0 =2(n— 2)g(VxQ)Y, V) + 20— Dg((Vy Q) X, V)
=gV, Y)Xr
T Wy =0 20— Dg((VxQ)Y,Y) = 2(n — 2)g((Vy Q) X, V)
=gV, Y)Xr
div{®, Wi, Wi, Wy, Ws} = 0] g((VxQ)Y,Y) —g((VyQ)X,Y) =0

Proof. Replacing Z by Y in (3.1), we get (3.2).

4. T-FLAT SEMI-RIEMANNIAN MANIFOLDS

In this section, we define and study T-flat semi-Riemannian manifold.

Definition 4.1. A semi-Riemannian manifold is said to be T-flat if T = 0.

123
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In particular, if 7'is equal to R, C,, C, £, V, P, P, M, Wy, W(, Wi, Wi, Wo, W3,
Wy, Ws, Wg, W7, Wg, Wy, then it becomes flat, quasi-conformally flat, conformally
flat, conharmonically flat, concircularly flat, pseudo-projectively flat, projectively
flat, M-flat, Wo-flat, Wi-flat, Wi-flat, Wi-flat, Wo-flat, Ws-flat, Wy-flat, Ws-flat,
We-flat, Wr-flat, Wg-flat, Wo-flat, respectively.

Theorem 4.1. Let M be an n-dimensional (n > 2) semi-Riemannian manifold. Let

M be a T-flat.

(i) If ap + nay + as + as + a5 + ag # 0, then it is Einstein with

where

Ch =

S = Olgv

B r(aq + (n —1)ay)
ap +nay + as +az +as + ag”

(ii) If ag — a1 — a3 — ag — nas — ag # 0, then it is Einstein with

where

Co

Consequently we have

S = 0297

_ r(ag — (n — 1)ay)
ag — a) — as — a4 — nas — ag"
the following:

Curvature tensor S =

C,=0 %g if ap+(n—2)a; #0

P.=0 %g ifagp+(n—1)ay #0 orag—a; #0
r

W3 =0 _n—2g

V.2MWLWa) = {0} | 1y

{W§, W1, Wy, ..., Wo} ={0} | 0

(4.1)

(4.2)

Proof. Let M be an n-dimensional semi-Riemannian manifold. Consider T = 0,

then by (2.2), we have
—agyR(X,Y,Z,V)

= a1 SY,2)g(X,V)+a2S(X,Z)g(Y,V)
+ a3 S(X,Y)9(Z,V)+as9(Y,Z2)S(X,V)
+a59(X,Z2)S(Y,V)+asS(Z,V)g(X,Y)
F+amr(g(Y,2)g(X,V)—g(X,2)g(Y,V)).

(4.3)

Contracting (4.3) with respect to X and V', we get (4.1). This gives the statement

(i)-



T-curvature tensor on a semi-Riemannian manifold 125

Next, (4.3) can be rewritten as
aR(X,)Y,V.Z) = a1 S(Y,Z2)g(X,V)+a2S(X,Z)g(Y,V)
+ a3 S(X,Y)g(Z,V)+as9(Y,Z)S(X,V)
+a59(X,2)S(Y, V) +a65(2,V)g(X,Y)
+arr(g(YV,2)g(X,V)—g(X,Z2)g(Y,V)). (44
Contracting (4.4) with respect to X and Z, we get (4.2). This gives the statement
(ii). O
Theorem 4.2. Let M be an n-dimensional (n > 2) semi-Riemannian manifold. Let
M be T-flat.
(i) If ap + nay + a2 + as + a5 + ag # 0, then
—aoR(X,Y)Z = (a1C1+ asCi+arr)g(Y,Z)X
+ (a2C1 + a5Cy — arr)g(X, Z)Y
+ (a3C1 + agCh)g(X,Y) Z. (4.5)
(ii)) If ag — a1 — a3 — ag — nas — ag # 0, then
—aoR(X,Y)Z = (a1Cy+ asCo+arr)g(Y,Z)X
+ (a2Cs + a5Cy — arr)g(X, Z)Y
+ (a3Cs + agCo)g(X,Y) Z. (4.6)

Consequently, we have the following:

Condition R(X,Y)Z =

Ci=0 ﬁ(g(Y,Z)X—g(X,Z)Y)

if ap + (n—2)a; #0

P, =0 [7] ﬁ(gw Z)X — g(X,2)Y)
ifao+ (n—1)a; #0 orag —ay #0
Wy =0 (Y, 2)X — g(X, 2)Y)

(n—1)(n—-2)
(9(Y, 2)X = g(X, 2)Y)

{V, P, M, Wi, Wy} = {0} n(n —1)

{WE W1, Wy, ..., W} ={0} | 0

Proof. Using (4.1) in (2.1) and taking T = 0, we get (4.5). Next, using (4.2) in (2.1)
and taking T = 0, we get (4.6). O
Theorem 4.3. Let M be an n-dimensional (n > 2) semi-Riemannian manifold. If

(i) ap+nai+az+as+as+ag # 0, (4.5) is true and agC1+ B1C1+(n—1)azr =0
or
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(ii) ap—a1—ag—ags—nas—ag # 0, (4.6) holds and agCa+ B1Co+ (n—1)azr = 0,
then M is T-flat. In particular, for T € {Cy,V, Py, P, M, W§, Wi, Wa, Wy, Ws, Wg},
if (4.5) or (4.6) is true, then M is T-flat.

Proof. Let M be an n-dimensional (n > 2) semi-Riemannian manifold. Let (4.5)
holds. Then contracting (4.5), we get

—apS = (B1C1 + (n — 1)arr) g, (4.7)
where
B1 = nay + az + az + nay + as + ag.
Using (4.5) and (4.7) in (2.1), we get
—a0T(X,Y)Z = (apCyr+ B1C1+ (n—1)arr) x
(a1 +aa)g(Y, 2)X + (a2 + a5)9(X, Z2)Y + (a3 + ag)9(X,Y)Z),

which gives the statement (i). The proof of statement (ii) is similar to statement
(i). This completes the proof. O

5. TWO CLASSIFICATIONS

In this section, we give complete classifications of quasi-conformally flat and
pseudo-projectively flat semi-Riemannian manifolds.

Theorem 5.1. Let M be a semi-Riemannian manifold of dimension n greater than
2. Then M is quasi-conformally flat if and only if one of the following statements
18 true:

(i) ag+ (n —2)a; =0, ag # 0 # a1 and M is conformally flat.
(ii) ap+ (n —2)a; # 0, ap # 0, M is of constant curvature.
(iii) ap + (n —2)ay # 0, ag =0 and M is Einstein manifold.
Proof. The quasi-conformal curvature tensor in M is given by
e*(X,KZ,V) = CL()R(X,Y,Z,V) + a1 (S(Y?Z)Q(X>V) - S(X7 Z)g(Y>V)

— % (na—ol +2a1> (g(Y,2)g(X,V)—g(X,Z)g(Y,V)).
(5.1)

This can be rewritten as
C(X,Y, Z,V)=—-(n—2)a1 C(X,Y, Z,V) + (ap + (n — 2)a1)V(X,Y, Z, V). (5.2)
Using C, =0 in (5.1) we get
0 = aR(X,)Y,ZV)+a1(S(Y,Z2)g(X,V)-8S(X,Z)g(Y,V)
+ 9, 2)S(X,V)—g(X,Z2)5(Y,V))
r

- <n_ 1 +2a1> (Y, 2)g(X,V)—g(X,Z)g(Y,V)), (5.3
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from which we obtain
.
(a0 + (n — 2)az) (S - g) = 0. (5.4)

Case 1. ap+ (n — 2)a; = 0 and ag # 0 # a1. Then from (5.1) and (5.2), it follows
that (n — 2)a; € = 0, which gives € = 0. This gives the statement (i).
Case 2. ap + (n —2)a; # 0 and ag # 0. Then from (5.4)

S(Y,Z) = %g(Y, 2). (5.5)
Using (5.5) in (5.3), we get

aO(R (X7 Y, Z, V) - (Q(Y7 Z)g(X7V) - g(X7 Z)Q(Y7V))) = 0. (56)

n(n —1)

Since ag # 0, then by definition of concircular curvature tensor, V = 0 and using

(5.6) and (5.3), we get € = 0. This gives the statement (ii).

Case 3. ap+ (n—2)a; # 0 and ag = 0, we get (5.5). This gives the statement (iii).
Converse is true in all cases. O

Remark 5.1. In [1], the following three results are known:

(a) [1, Proposition 1.1] A quasi-conformally flat manifold is either conformally
flat or Einstein.

(b) [1, Corollary 1.1] A quasi-conformally flat manifold is conformally flat if the
constant ag # 0.

(c) [1, Corollary 1.2] A quasi-conformally flat manifold is Einstein if the con-
stants ag = 0 and ay # 0.

However, the converses need not be true in these three results. But, in Theorem 5.1
we get a complete classification of quasi-conformally flat manifolds.

Theorem 5.2. Let M be a semi-Riemannian manifold of dimension n greater than
2. Then M is pseudo-projectively flat if and only if one of the following statements
18 true:
(i) ap+ (n —1)a; =0, ap # 0 # a1 and M is projectively flat.
(i) ap+ (n —1)a1 #0, ag # 0, M s of constant curvature.
(iii) ap+ (n —1)ay # 0, ap = 0 and M is Einstein manifold.

Proof. The pseudo-projective curvature tensor in M is given by
P(X, Y, Z,)V) = aoR(X,Y,Z,V)+a1(S(Y,Z2)g(X,V) - S(X,Z)g(Y,V))

_ Z( ag +a1> (9(Y, 2)g(X,V) — g(X, Z)g(Y,V)). (5.7)

n\n—1

This can be rewritten as

P (XY, Z,V)=—(n—1)ayP(X,Y,Z, V) + (ao + (n — D)a))V (X,Y, Z,V). (5.8)
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Using P, =0 in (5.7) we get
0 = aR(X,Y,Z,V)+a(S(Y,2)g(X,V)-5(X,2)g(Y,V))

(M) 02XV g (XD V). 69)
from which we obtain
(ap + (n —1)ay) <S - %g) =0. (5.10)

Case 1. ap+ (n — 1)a; = 0 and ag # 0 # a1. Then from (5.8) and (5.9), it follows
that ap P = 0, which gives P = 0. This gives the statement (i).
Case 2. ap + (n —1)a; # 0 and ag # 0. Then from (5.10)

S(Y,Z) = %g(Y, 2). (5.11)

Using (5.11) in (5.9), we get

r
n(n—1)
Since ag # 0, then by definition of concircular curvature tensor, V = 0 and by using
(5.12), (5.11) in the definition of projective curvature tensor, we get P = 0. This
gives the statement (ii).
Case 3. ap+ (n — 1)a; # 0 and a9 = 0, we get (5.11). This gives the statement
(ii).

Converse is true in all the three cases. O

ao(R(X,Y,2,V) — (9(Y, 2)9(X, V) = g(X, Z)g(Y,V))) = 0. (5.12)
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