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TABLES FOR THE TWO-SAMPLE HAGA TEST OF LOCATION

STANISLAV HoJEK

(Received December 31, 1976)

Description of the test. Let X, ..., X,,, Y, ..., Y, be two random samples with
densities f, f,, respectively. Suppose that the samples are denoted so that we have
m < n. We want to test the hypothesis H,, that f; and f, are identical (but otherwise
arbitrary) against the alternatives of shift in location which may be expressed by
fi(x) = f(x — 4), f5(x) = f(x), where 4 >0, or 4 <0 (one-sided alternatives),
or 4 =+ 0 (two-sided alternative).

When testing this hypothesis by means of the Haga test we proceed as follows:
First, we find the quantities 4, and B’, being equal to the number of observations
among X, ..., X,, larger than max Y, or smaller than min Y;, respectively, and

tsjsn 1<jgn

the quantities A, and B, being equal to the number of observations among Y, ..., Y,

larger than max X, or smaller than min X, respectively. (Of course, only one of
12ism 15i<m

the numbers 4, A’ (or B, B') is positive, while the other must be equal to zero.)

The statistic for the Haga test is then equal to

Rl

H=A+B—- A —B.

This test based on H can be applied both against two-sided alternatives and against
one-sided alternatives. However, against one-sided alternatives 4 > 0 we could
apply a simpler statistic 4 + B, which generates the locally most powerful rank test
of the hypothesis H, against a shift 4 of a uniform distribution on the interval
(o, B) for A close to § — o, i.e. in some region f —a — & < A < f — a. (Cf. Hdjek -
Sidak [2], Section 111. 1.2 and Problem 11.13.)

Description of the table. In Table 1 we tabulate (in per cents) the upper tails
100 P{H = k} of the distribution of H under the hypothesis H,, i.e. the one-sided
significance levels for the Haga test in percents for

k= 7,8 ..,11; max(2,n —10) <m < n £ 25,
k= 9,10,...,13; max(2,n —15)<m<n—10; 13<n <25,
k=11,12, ...,15 2 <m<n-—15; 18<n 25.
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This range of levels includes almost all practically used significance levels for 3 <
<m=<n=<25

For the computation of Table 1 we have used the formulas

-1
P{H=m+n}=P{H=—n1—n}=(m+n) ,
m

PH=m+n—-1}=PH=-m—n+1} =0,

PiH — i = {”Z motn =i - z>+um~fwﬂ <m fon =] -2 - 2) N

i=1\ m~—1i—| i=1 n—2

Wn=1th2) 4o t| = 2i = 2\) /m + n\"!
+ X
=1 m— 2 n

for t=-m—-—n+2,....m+n-2,

valid for m = 2, n = 2. (Cf. Hdjek - Sidak [2], Theorem 1V. 2.2.a, where however
the restriction of the validity to m = 2, n = 2 is not mentioned (for m=1lorn =1
the formula is not true); similarly, this formula with a detailed derivation may be
found in Haga [1], where the mentioned restriction is also missing.)

The distribution of the statistic H under the hypothesis H, is symmetric about 0,
so that P{H < —k} = P{H = k}.

If we are testing H, against the one-sided alternative 4 > 0 (i.e. fy is shifted
to the right with respect to f,), we use the critical region {H 2 k} and its significance
level may be found in Table 1. If we are testing against the alternative 4 < 0 (i.e. f;
is shifted to the left with respect to f,), we use the critical region {H < —k}, but its
significance level is equal to P{H = k} so that it may be found again directly in
Table 1. If we are testing against the two-sided alternative 4 = 0, we use the critical
region {|H| Z k} whose significance level is equal to 2P{H = k}.

Example. Let us have two samples, and let one of the samples consists of values 27,
36, 35, 42, 37, 32, while the other sample consists of values 18, 31, 20, 34. For the
use of Table 1 we must have m < n, and therefore the latter sample with 4 values
will be denoted as X, ..., X4, while the former sample with 6 values as Y, ..., Ys.
We can easily find 4 =0, B =2, A’ =4, B=0, so that H = —6. If we want
to test against the alternative 4 < 0, we may use e.g. the critical region {H < -6},
and in Table 1 for n = 6, m = 4, k = 6 we find its significance level P{H = 6} =
= 3.810%. If we want to test against the alternative 4 #= 0, we may use e.g. the critical

0,/

region {IHI > 6} whose significance level is twice the tabulated level, that is 7.620%.

Remark on the asymptotic distribution. Let m, n — oo, and m/(n + m) — p,
g = 1 — p. Then it is not difficult to prove (cf. Haga [1]) that
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P+ar _ (P+daq

— - Pt = e —yg" for p=*%
—q)(1 + —q) (1 +
lim P{H 2 k) = (Pk q])( P (r—a)(1+q)
m.n— oo ; 4= 2—k for — l’
<2 3) 14 Z
for k = 1. These values are given at the end of Table 1 for k = 5, 6, ..., 13 and for
p = 0.25; 0.30; ...; 0.50; the values of these limits are symmetric with respect to p

about the point p = 0.5.

For the tied observations an analogous remark may be applied as for E-test (cf.
Siddk 3). Moreover, in Siddk [3] one can find also a bibliographical remark concern-
ing the test based on the number of exceeding observations.
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Souhrn
TABULKY PRO DVOUVYBEROVY HAGUV TEST POLOHY
STANISLAV HOJEK

Potadova statistika H zaloZena na poctu piesahujicich pozorovani ve dvou vy-
bérech je vhodna pro testovani polohy dvou vybért. Tyto tabulky obsahuji jedno-
stranné hladiny vyznammnosti
P{H z k} pro

k= 7,8 ..,11;max(2,n -~ 10) <m<n <25
k= 9,10, ...,13; max(2,n — 15) <m=n —10; 13 <n £ 25
k=11,12, .. ;152 <m=Zn—15 18 n =25

IA

lIA

coz zahrnuje téméf vSechny obvykle uzivané hladiny vyznamnosti pro 3 < m <
< 25, kde m, n jsou rozsahy vybért.

IIA
IIA

Author’s address: Stanislav Hojek, Matematicky ustav CSAYV, Zitn4 25, 115 67 Praha 1.
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Table 1. One-sided significance levels 100 P{H = k} (i.e. in percents)

|

L 5-000

5714

5714

7-143
6349

6349 |

8-333
7-143
6710
6710

! 10-000

6-993
6-993

9:293
8-081
7-459
7211
7-211

| 13-182
| 10-490
8-941
8052
7-579
| 7-384
7384

14-685
11-688

9-857
i 8729
| 8052

7-681

8-182 |
7323 |

‘ 11-515

3-571
3175
3-175

4-762

3810 |

3-463
3-463

5-833
4-545
3-914
3-671
3-671

7-273
5:455
4-507
4-029
3-838
3-838

8-636
6-434
5-195
4-496
4-126
3-974
3-974

10-140
7-493
5-961
5-045
4-504
4-210

2-857

1-429

1-786
1-587
1-587

2-381
1-905
1-732
1-732

3-333
2-424
2-020
1-865
1-865

4-:242
3-:030
2-409
2-098
1-974
1-974

5-455
3:776
2-897
2:418
2-168
2:065
2-065

6-643
4-595
3-463
2:810
2:432
2:228

1-429

1-786
0-794
0-794

1-190
0-952
0-866
0-866

1-667
1-212
1-010

0-932
0:932 3
|

2:424 |
1-616 |
1:243 |
1-066
0-995
0-995

3-182
2098
1-548
1-259
1-110
1-049
1-049

4-196
2:697
1-931
1-511
1:275
1-150

k
9 \ 10 ’ 11
0794 | - -
0397 | 0397
11196 | —
0-476 . 0-476| -
0-433 | 0-216| 0216
0433 | 0216| 0108
0-833 | 0833 ~—
0-606 | 0-303 | 0-303
0-505 | 0-253| 0-126
0-466 | 0-233| 0117
0-466 | 0-233| 0117
1212 0606 0-606
0-808 | 0-404| 0-202
0622 0:311| 0155
0-533 | 0-266| 0-133
0497 | 0249 0124
0-497 | 0249 | 0-124
1-818 | 0-909 | 0-455
11119 | 0-559 | 0-280
0799 | 0-400| 0-200
0-639 | 0320 0-160
0-559 | 0280 0-140
0-527| 0263 0-132
0-527| 0263 0132
2:448 | 1399 | 0-699
1499 | 0-799 | 06-400
1-032| 0533 0-266
0-787 | 0-400| 0-200
0-653 | 0-329| 0-165
0-583 | 0-293| 0-146
|

12

13
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Table 1.

(Continued)

k
5 | 6 1 7 ! 8 } 9 . 10 i
R |
7525 | 4-085| 2:142| 1-097 0-553i 0277
7-525| 4-085| 2-142| 1-097 | 0-553| 0277,
16209 11:538 | 7967 | 5220 3297 1923,
12894 8-571| 5495 | 3370 | 1978 ;| 1099 |
10-806 | 6777 | 4-098 | 2:381 | 1-328 0 0-710
9-462 | 5-656| 3-264 | 1-818 0-978 . 0-509
8:600 | 4-952| 2:756| 1486 | 0-779 0399 !
8068 | 4-522| 2:450| 1291 | 0-666 0-337
7769 | 4-282| 2:281| 1-184| 0604 0304 |
7-641 | 4:179| 2208 | 1-138 | 0-577 . 0-290 |
7-641 | 4-179| 2-208 | 1-138 ] 0-577 0290 !
17:582 1 12967 | 9231 | 6374 4176 2637 |
14066 | 9670 | 6429 | 4-121 2-527 . 1-484
11765 | 7628 | 4783 | 2:893  1-681 | 0937 |
10229 | 6313 | 3771 | 2176 | 1:212! 0-652
9-201 | 5454 3-130| 1-740| 0-939; 0-492
8-521| 4-895| 2:722| 1471 0775, 0-399
8091 | 4-545 | 2:470 | 1-307 | 0677 | 0345 |
7846 | 4345 2:327| 1215 0'623% 0-3153
7739 | 4258 | 2:265 | 11175 0-599 | 0302
7739 | 4258 | 2:265| 11175 0:599 @ 0302
|
15210 | 10756 | 7-395 | 4916 | 3151 1933
12722 84971 5509 3-455| 2089 | 1214
11:017 ¢ 7003 ' 4320 2:-580| 1-489° 0-829
9-836 | 5-996| 3-546 | 2:034| 1131 0610
9-022| 5314 3-036| 1-686| 0-911. 0480
8:472| 4-859| 2-702 | 1-462| 0-773. 0-400
8-118 | 4-569 | 2:490 | 1:322| 0-688 1 0-352
7913 | 4401 | 2368 | 1-243 | 0640 0-325
7-822| 4327 | 2:315| 1-207 | 0-618 | 0-313 |
7-822 | 4327 2:315| 1207 | 0618 0313
13665 | 9:374| 6261 | 4059 | 2:546 1539
11-811 | 7-714| 4-902: 3-024 | 1806 1042 |
10-494 | 6569 | 3-998 . 2:364 | 1-356 0-754
9-557| 5770 3386 1.932| 1-073 0579 |
8-897 | 5216 2:969 | 1-646| 0-890; 0-470
8443 | 4-838 | 2:690 ! 1457 | 0772 0-401
8146 | 4-593 ! 2-510| 1337 | 0-698  0-359 |
|

lllllk

0-139
0-139

1-099
0-586
0-366
0:259

H
i

|

0-210

0-169
0-152
0-145
0-145

1-538 |

0-824

0-501 |

0-339
0-252

0-202 .

0-174

0158 |

0-151

0-151

1-134
0:677
0-446

0320 ,
0-247 .
0204 -

0-178

0-164 |
0157 |
0-157 .

0-894
0-580
0-407
0-305
0-244
0-205
0-182

0-069
0:069

0-549
0-293
0-183
0-129
0-101
0-085
0-076
0-073
0073

0-879
0-440
0-259
0-172
0-127
0-102
0-087
0-079
0:076
0-076

0630
0:362
0-232
0-164
0-125
0-103
0-089
0-082
0-079
0-079

0:499
0312
0-213
0-157

0-124
0-104 |

0-092

0-035 l
0-035

0-275 |
0-147 .
0-092 :
0-065 |
0-050
0-042
0-038 |

0036

0036 |

0-440
0-220
0-129
0-086
0-064
0-051
0-044
0-040
0-038
0-038

0-336
0-187
0-118
0-083
0-063
0-051
0-045
0-041
0-039
0-039

0-267
0-163
0-109 \
0-080 :
0-063
0-052
0-046
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16

17

m

12
13
14

10
i1
12
13
14
15
16

o

10
11
12
13
14
15
16
17

10
11
12
13

|

7-972
7-894 |
7-894 |
12605 |

| 11-166
110-117 |
9354
8:807 ;
8426 |
8173 !
8:024 |
7-957
7-957

11843 |
10:692
9-836 |
9-203 ]
8742 !
8-417
8-200 |
8:070 |
8-:012 |
8012

11278
10 335
9-622
9-088
8695 .
8415 |
8:226 |
8112 .
8:060
8-060

10-846

. 10-059
9-456 !
8-999
8-660

o

6 |
b
|

4450 |
4-386 |
4386 |

|

8:438 |
7-164
6:255 |
5:606 |
5-145
4-827
4617 |
4-493 :
4438 |
4438

7774 |

6761 |
6022
5-482
5-094 |
4822 |
4641 |
4532
4-484
4-484

7-284
6458 |
5844
5389 |
5-056 |
4821
4-663 |
4-568 |
4524 |
4524
\
6911 |
6225
5706
5316
5028

Table 1. (Continued)

0-042 |
0-041 |

0-041

0-223

0-145 |

0-103 |
0-078

0-062

0-053 |
0-047
0-044 -

0-042

0-042

0193 -
0133

0-097
0-076

| 0-062

k
7;si9110;11‘12
2405 1267 1 0655 | 0-334. 0-169 | 0-085
2358 1236 . 0636 0323| 0-163 | 0:082
2358 | 1-236 | 0-636| 0323 0-163 | 0-082
5-510 3~501“ 2-160 1-290 1 0-745i 0-415
4479 | 2726 | 16121 0:925| 0514 0277
3766 | 2:208 1266 0-700 | 0-378  0-199
3268+ 1857 11029 | 0-556 | 0-2941 0-152
2921 1-617  0-875| 0463 0-241| 0-123
2:684 | 1-456 | 0-773 | 0-403 0~2071< 0-105
2:529 | 1351 0-707 0365 | 0-186 ! 0-094
2437| 1289 0669 0342 0173 | 0:087
2-396 . 1-262 | ossz‘ 0332 0-168 | 0-084
2396 | 1262 0-652 0332 0168 0-084
4984 | 3116 | 1896 ' 1:121 0643 0-358
4172 25111 1:472 0840 | 0466 0252
3594 | 2:092 11188 0658 osssi 0-188
3-180 , 1-800 | 0995, 0-538 | 0285 0-148
2:886 1 1-596 | 0-863 | 0-458 | 0239 0-123
2:682 0 1456 0774 0-405  0-208  0-106
2547 1364 0716 0-370, 0-189 0-096
2467 13101 04682 0-350| 0178  0-090
24301 1285| 0667 0-341| 0173 0-087
2:430 | 1-2353 0-667 | 0341 0173 | 0-087
|
4599 | 2837 1707 1001 = 0:571] 0317
3-942 1 2350 | 1368 | 0-777| 0431 0-233
3462 2:004 | 1133 0627 0339 0-179
3112 1756 | 0970 0-524 ' 0278 0-145
2:860 | 1-580 0-855 | 0-454 0237 0122
2682 1458 0776 0-407 0210 0-107
2564 | 1376 | 0725 0376 | 0-192 0.098
2493 1328 0-694 0357  0-182 0.092
2461 1 1306 0680 0-349 0-17” 0-089
2:461 | 1-306 0680 | 0-349| 0-177 | 0:089
! I !
4309 2:628 | 1-567 0912 0-518 | 0-287
37641 22271 1288 0729 | 0-403 | 0-218
3360 0 1-935' 1-090 1 0-6021 0-325 0-173
3060 | 1722 0949 0513 0273‘ 0-142
2-841 1-568 0-849 0-451 i

0236 | 0-122 |

0-054
0-048
0-045

0-044 -

0-044

0-171

0123 |
0-093

0-074

0-062

0-054
0-049
0-046

0-045 -

0-045

0-155

0-115

0-090
0-073
0-062



20

21

m

14
15
16
17
18

10
11
12
13
14
15
16
17
18

19

1]
12
13
14
15
16
17
18
19
20

12
13
14
N
16
17
18
19
20

13
14
5

8:416
8:250
8150
8-104

8104

10509

9-842 |
9-326 '

8930
8-634

8-419 |

8:273

8184 !

8-143
8-143

110-242
9-669
9-221
8-876
8-615
8:425
8:295

8215
8178
8178 |

10-026

9-529 |

9137

8:833
8-601

8-432

8-315
8243
8:209
8:209

9-850
9-415
9-069

4-823
4-683
4:599

4-561 |
4561

6-622

6042
5-597
5-259 |
5-008 -

4-827 |

4:703
4628 :

4-593
4-593

6-393

5-896 |

5-510

5-215 .
4-993

4-832

4-722 |

4-654

4623 |

4623

6-209

5-777
5-440
5179
4-982
4-838
4-739
4-678
4650
4-650

6058

5-680

5-382

i
\
i
|
|
|

|
1
|
|
I
|
|
|
i
H
i
|
i
i

Table 1. (Continued)

k
7 \ 8 ! 9

i I
o

2685 1460 | 0-779
2:580  1-388 | 0-733
2-517 1345 0-705
2:488 . 1325 | 0-692
2488 1:325 | 0-692
4084 2467 1459
3625 2130 1226
3279 | 1:880 | 1:056
3019 | 1695 | 0933
2:827 . 1-360 | 0-844
2:689 ° 14464 1 0-782
25961 1399 | 0-740
2539 1360 0715
25131 1342 0-703
2513, 1:342| 0-703
3:907 . 2:341° 1374
3-514 1 2053 | 1-175
3214 1836 1:029
2986, 1674 | 0920
2:816 | 1554 | 0-841
2694 | 1-468| 0785
2:610 | 1409 0-747
2-559 ' 1374, 0-724
2-535; 1357 0-713;
2:535 ¢ 1357 | 0-713
3765 | 2239 | 1307
3424 | 1990 @ 1-135
31611 1-800  1-006 .
2960 . 1656 0910
2:809 | 1-549 | 0-839
2:699 , 14721 0788
2:623 1419 | 0-753
2577 1-387 ' 0-732
25561 1-372 0722
2-556§ 1-372‘ 0722
3649 2156 | 1-252
3351 1939 1-102
3119 17711 0988

0-409
0-381
0-364
0-356
0-356

0-844
0691
0-582
0-504
0-449

0-411 .
0-385
0370
0-363 |

0-363

0-791

0660 '
0-566

0-497

0-448 |
0413
0-390 :
0-376 |
0-369 |
0-369 |

0-748
0-635
0-553
0-492

0-447 :

0-415
0-394
0-381
0-375

0375

0713
0-615 !

0-542

11

‘ 0211
| 0195
' o186
0-181
| 0181

0-477
0-381
0-315
0-268

0-213
0-198

0185
0-185

0446
0-364
" 0-306
| 0-264

0-201

0-189

0-420

0-235

0-189 .

0235
0215

0-193 ¢
0-189 :

0-349 |
0-298
0261 !

0-235
0-216
0-203
0-196
0-192
0-192

0-399
0338
L 0292

|
s

0-108
0-099
0-094
0-092
0-092

0-264
0-206
0167
0-140
0-122
0-109
0-101
0-096

0-094

0-094

0-246
0-197
0-162
0-139
0-122

0-110

0-103

- 0052

0-098 |
0-096 :
0-096 °

0-231
0-189
0-159
0-137

0-122 .

0-111
0-104

0100 !
0-098

0-098

0-220
0-182
0-155

0-055 |
0-050 |
0-047 |
0-046 |
0-046 -

0-143

0-109
0-087
0-072
0-062
0-055
0-051
0-048
0-047
0-047

0133
0-104
0-085
0-072
0-062
0-056

0-049
0-048
0-048

0125
0-100
0-083
0-071
0-063
0-057
0-053
0-050
0-049
0-049

0-119
0-097
0-082
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Table 1. (Continued)

B j

n n [ - — e - e D | - "”7*'[

5 ' 6 | 7 \ 8 } 9 } 10 ] 11 | 12 L 13

£ ! | |

16 8798 | 5151| 2939 1643, 0902 0‘487‘} 0259 | 0136 | 0-071 w

17 8-591| 4-974| 2:804| 1-546| 0-838 ' 0-447| 0-235 0122 | 0-063 |

18 8439 4845 2-705| 1476 0-791| 0-418 | ()‘218‘ 0-112 | 0:057

19 83341 4755| 2636 1-428| 0-760 0-398' 0206 | 0-105 | 0-054 |

20 8269 4700 2:594 1:399| 0-740 0-386| 0-199 0-101 | 0051

20 8238 | 4674 2:574| 1-385| 0731 | 0-380, 0195 0-099 | 0050 -

22 | 8238 46747 2:574| 1385 0:731| 0-380| 0-195| 0-099 | 0-050 |

| | 1 j

23 14 9705 | 5934 | 3-553| 2:088| 1206 | 0-685| 0-382 0-210 | 0-113 .

15 9320 | 5-600 | 3:290 | 1896 | 1074 | 0598 | 0:328 0-177 | 0-094 |

16 | 9012 5335, 3-083| 1747 0972 0-533| 0-287| 0-153 | 0:080 |

17 . 8770| 5128| 2922| 1632 0895 0483| 0257 0:135 | 0070

18 | 8585| 4969 | 2:800| 1-545| 0-837| 0-446| 0-235| 0-122 | 0-063

19 8447, 4852| 2710| 1481 0795 o~4zo‘ 02191 0-113 | 0-058

20 8352 4771 2:648| 1437 0765 0-402i 0-208 ' 0-107 | 0-054

21 8:293 | 4720 | 2:610| 1-410 0747 | 0390 0-201| 0-103 | 0:052 |
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